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1. Introduction

Approximation theory plays a fundamental role in complex analysis, holomorphic
dynamics, the theory of minimal surfaces in Euclidean spaces and in many other
related fields of mathematics. In this paper, our goal is to study quaternionic
analogs of the classical complex Runge theory, in particular analogs of the classical
topological characterization of domains in the complex plane on which holomorphic
functions may be approximated by entire functions. We recall that the classical theory
of holomorphic approximation started in 19th century with the amazing results of
Runge and Weierstrass (1885) and continued in the 20th century with the work of Oka
and Weil, Mergelyan, Vituskin and others: here we prove the analog of Behnke and
Stein theorem in the more modern quaternionic setting, hoping that this paper will
bring a new stimulus for future developments in this important area of mathematics.
Throughout this paper the integers, real, complex and quaternionic numbers are
denoted by Z, R, C, and H respectively. We recall that H is a skew field, a four-
dimensional associative R-algebra with basis 1, I, J, K subject to the rules

[1?=J?>=K?>=—-1, I[J+JI=IK+KI=KJ+JK=0, IJK=-1.

The set of imaginary units S = {g € H : ¢g> = —1} is a real two-dimensional
sphere, because

S={xI +yJ +zK:x*+y*+22 =1}
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Our goal is to study (slice) regular functions on domains in H which are the
analog of holomorphic functions on C.

Definition 1.1. Let 2 be an open subset of H with Q NR # { }. A real differentiable
function f:Q — H is said to be (slice) regular if, V I € S its restriction f7 to the
complex line C; = R + R/ passing through the origin and containing 1 and / is
holomorphic on 2 N Cj.

This notion was introduced by Gentili and Struppa [16, 17].
For a ball in H centered at the origin regularity is the same as the condition that
the function can be represented by a convergent power series

@) =" q"a.
k=0

In the last decade the theory of slice regular functions has been investigated in
many directions, see, as samples, the papers [1,2,4-11].

In this article, we call an open subset D C C symmetric if it is invariant under
complex conjugation. An open subset Q@ C H is called axially symmetric if it
is invariant under all R-algebra automorphisms of H. This is equivalent to the
condition that for any x,y € R, I,J € S the condition x + y/ € Q holds if and
only if x + yJ € Q.

There is a one-to-one correspondence between symmetric open subsets D C C
and axially symmetric open subsets 2 p C H which may described as follows.

Given an axially symmetric open subset Q2 C H, we may choose an element
I € S and define D C C as

D={x+yi:x+yl €, x,y e R}.

Conversely, given a symmetric open subset D C C, we define the corresponding
axially symmetric subset 2 C H (which we often denote as 2p) via

Q={x+yl:1€8S, x,yeR, x+yieD}.

Let D be a symmetric open subset of C. Then a “stem function” on D is a
holomorphic function F: D — H ®g C such that F(z) = F(z) forall z € D. Here
“holomorphic” is to be understood with respect to the complex structure on H Qg C
induced by the complex structure on the second factor of the tensor product.

Given a symmetric open subset D C C with D N R # { } and its associated
axially symmetric open subset 2p we have a one-to-one correspondence between
slice regular functions on 2 p and “stem functions on D”.

Given a stem function F: D — H ®g C, we write F as

Fz)=F(2)®1+ F(2)®!
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with F;: D — H and define
f(x+yl)=Fi(x+yi)+ IF(x+yi) (x,yeR,I€S)

Conversely, given f:Q — H, we fix an element / € S and define

Fi(x+ yi) = 3 (£ -+ D) + fGx = D)),
Fatx + yi) = =13 (fx + 31) = fx = y1).

It can be shown (using the “representation formula™) that the F; are independent of
the choice of 1, see [18].

For arbitrary axially symmetric domains in H (for which the intersection with the
real axis may be empty) we use the definition below.

Definition 1.2. Let D be a symmetric domain in C and let Q2 p be its associated
axially symmetric domain in H, i.e.,

Qp={x+yJ:x,yeR, JeS, x+yi € D}

A function f:Qp — H is regular if it is induced by a holomorphic stem function
F:D - H®gC.

Our main result is the following:
Theorem 1.3. Let D C D, be symmetric open subsets of C and let Qp C Qp,

be the corresponding axially symmetric open subsets in H. Then the following are
equivalent:

(i) D C D;p is a Runge pair, i.e., every holomorphic function on D can be

approximated by holomorphic functions on D1 (uniformly on compact sets),

(ii) Qp is Runge in Qp, in the sense that every regular function on Qp can be
approximated (uniformly on compact sets) by regular functions on Qp,.

(iii) i«: H1(D) — Hy(Dy) is injective, where i denotes the homology group hom-
omorphism induced by the inclusion map i: D — D.

(iv) ix: H(p) — Hy(Rp,) is injective for k € {1,3} where iy is the homomor-
phism induced by the inclusionmap i: Qp — Qp,.

(v) Every bounded connected component of C \ D intersects C \ D.

(vi) Every bounded connected component of H \ Qp intersects H \ Qp,.

The equivalences (i) <= (iii)) <= (v) are classical (see Proposition 2.1
below). The implication (vi) = (ii) has been proven before by Colombo, Sabadini,
and Struppa [12, Theorem 4.13].

The equivalence (i) <= (ii) is Proposition 2.4. The equivalence (iii) <= (iv)
is Proposition 2.15.
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The equivalence (v) <= (vi) is an easy consequence of the fact that each
bounded connected component C of D, resp. Dp, corresponds to a bounded
connected component Q¢ of Qp, resp. Qp,, via

Qe={x+yl;x,y,eR, x+yieC, IS}

In the context of proving our results on Runge pairs we obtain a precise description
of the homology of 2 p in terms of the topology of D; see Proposition 2.5.

1.1. Examples.

Example 1.4. C* is a symmetric domain with corresponding axially symmetric
domain H*. H* is simply-connected, but not Runge in H, because

is not injective.

Example 1.5. C \ R is a symmetric domain with corresponding axially symmetric
domain @ = H \ R. The domain 2 is homotopic to the 2-sphere, thus simply-
connected but not contractible. However, Q2 is Runge in H: H;(2) and H3(R2)
vanish both, hence Hy(2) — Hy(H) is injective for k = 1,3. Thus we have a
Runge pair although

7 ~ Hy(2) — H>(H) = {0}

is not injective.

Example 1.6. Let
D={zeC:|z|>1} and D =DU{zeC:—-1/2<3Im(z) <1/2}.

Then Q2 p is Runge in Qp,.

Evidently Qp is the complement of the closed unit ball in H and therefore
homotopic to the 3-sphere. Now D; # C, hence 3 p ¢ Qp, and we have inclusion
maps

j J
Qp <> Qp, S H\ {p}.

Since the composition map j o i is a homotopy equivalence, all the homology group
homomorphisms i, induced by i must be injective. Hence our results imply that D
is Runge in D;.

2. Runge

2.1. The complex situation. In the complex case one has the following well known
result.
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Proposition 2.1. Let D C Dy be open subsets of C. Then the following properties
are equivalent:

(1) The inclusion map induces an injective group homomorphism H1(D)— H1(D1).
(ii) Every bounded connected component of C \ D intersects C \ Dj.

(iii) For every holomorphic function f on D, every € > 0 and every compact subset
K C D there exists a holomorphic function F on Dy with

sup | f(p) — F(p)| <e.
PEK

If one (hence all) of these properties are fulfilled, then D C D is called a Runge
pair, or we say that D is Runge in Dj.

See [3] and [20, §13.2.1].

2.2. Symmetric complex situation. Werecall (see §1) thatasubset D C C is “sym-
metric” if it is invariant under complex conjugation.

Lemma 2.2. Let D C D, be symmetric open subsets of C.
Then the following are equivalent:

(1) Every holomorphic function f on D can be approximated (locally uniformly) by
holomorphic functions on D1 (i.e., D C D is a Runge pair).

(ii) Every holomorphic function f on D which is symmetric,i.e., for which f(z) =
f(2) holds, can be approximated (locally uniformly) by symmetric holomorphic
functions on Dj.

Proof. (i) = (ii). Assume that D is Runge in D; and that f:D — C is
holomorphic with f(z) = f(z). If f, is a sequence of holomorphic functions
on D; converging to f, then also

&) = 5 (/o) + 1)

converges to f and in addition fulfills g, (z) = g,(2).

(il) = (i). Let f: D — C be an arbitrary holomorphic function. We define

§2) = 5 (/=) + TE)
he) = o (/) - FE)
Then g and /& are both symmetric holomorphic functions and f(z) = g(z) + ih(z).

By assumption the functions g and /& may be approximated by holomorphic functions
on Dy. It follows that f = g + i/ can be approximated, too. O



718 C. Bisi and J. Winkelmann

2.3. Passing from D to 2 p. Let a symmetric open subset D C C be given. The
associated axially symmetric subset 2 p in H has been defined in §1 as:

Qp={x+yl:x,yeR, 1 €S, x+yi eD}

(withS = {g e H : g> = —1}).
This construction may be reformulated as follows. Define

DT =DnN{zeC:3m(z) >0}, Dr=DNR.

Let Z = Dt x S. Then Qp ~ Z/~ where (p,I) ~ (¢, J) iff p = ¢ and one of
the following conditions is fulfilled:

G I =J,or

(i) p=gqg €R.

In other words, for each p € Dg, the subset {p} x S of Z is collapsed to one point.

2.4. Quaternionic situation.
Lemma 2.3. Let f:H — H be a slice function induced by a stem function F. Then
1
V2

Joreveryx,y e R, I €S.

IF(x + yi)| < max {| f(x + yDI, | f(x = yDI} < V2| F(x + yi)|

Proof. From f(x + yI) = Fi(x + yi) + I F>(x + yi) one deduces
|/ +yD] = [[Fi(x + y)| + [ F2(x + yi)|
— £+ yDP? = (I1F1(x + D) + [ Fax + yi)l)°
= [+ yDP < IF(x + y)IP + 21 Fi(x + yi)ll - |1 Fax + yi)
< 2| F(x + yi)|?
= |/(x+yD] = V2 F(x + yil.
On the other hand,

1
Fi(x +yi) = S(fx +yD) + f(x = yD))
implying that

IF1(x + )l < max {| f(x + yDI. | f(x =y DI}

Similarly: || F>(x+ yi)|| < max{| f(x+yI)|,|f(x—yI)|}. Combining these bounds
we obtain:

IF(x + y)|* < 2max {|| f(x + y DI | f(x = y D)%}

which implies the first inequality of the lemma. O
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Proposition 2.4. Let D C Dj be a symmetric open subsets of C with corresponding
axially symmetric open subsets Qp C Qp, in H. Then every regular function
on Q p may be approximated locally uniformly by regular functions on Qp, if and
only if D is Runge in D;.

Proof. For any symmetric subset C C D the corresponding subset
Qec={x+yl:Ix+yieC, I €S}

of H is compact if and only if C is compact. We measure the size of a function by
using the sup-norm. From the euclidean scalar product on C ~ R? and H ~ R* we
deduce a scalar product on H ® C ~ R3. The norm induced by this scalar product
is denoted by || ||. From the preceding lemma we deduce that

1
2

for any compact symmetric subset C C D (where ||F|c = sup,ec |F(2)].)
Therefore the space of slice functions on €2 p is isomorphic as a topological vector
space to the space of stem functions on D (both spaces endowed with topology of
locally uniform convergence). This implies the assertion. 0

IFlc < flec < V2IFlc

2.5. Homology of axially symmetric domains. In this section we show that (and
how) the homology of an axially symmetric domain in H is determined by that of the
corresponding symmetric open setin C. We will study the topology of this procedure
aided by the Mayer—Vietoris sequence.

We introduce some notation which we will keep throughout this section.

Convention. Let D be a symmetric open subset of C (i.e. a domain such that
zeD < zeD),

D+={zeD:Sm(z)20}, D™ ={ze D :3m(z) <0},
Dr=DNR, D*=DT\R.

For any subset A C C a subset 24 of H is defined as
Qu={x+yl :x,yeR, x+yieA IS}

Let the boundary of D in C be denoted by dD. Define a real positive function %
on Dg by
h(x) = dist(x,dD) = inf |z — x]|.
zedD

Using the triangle inequality, it is easy to check that 4 is continuous. Furthermore,
we define

W={x+yieC:xeDr:0<y<h(x)}, W*"=W\ Dg.
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We observe that

W ={x+rh(x)i :x € Dg, r €[0,1[},
W* ={x +rh(x)i : x € Dg, r €]0,1[},
Dr ={x +rh(x)i : x € Dr, r = 0}.
Since [0, 1], ]0, 1], and {0} are all contractible, it is clear that the natural inclusion
maps W* — W and Dr — W are homotopy equivalences. The inclusion map
D* — D7 is likewise a homotopy equivalence.
We recall the definition of Hy: An element « in Hy(X) is a formal finite Z-linear
combination of points & = Y n;{p;} (p; € X) and therefore admits a natural degree

function by deg(e) = Y _n;. The “reduced homology group” Hy is defined as the
kernel of the degree map Hy — Z.

Proposition 2.5. Let D be a symmetric open subset of C. We assume that the corre-
sponding axially symmetric set Qp is connected. Then H,(2p) = {0} if Dr #{ }
and Hy(2p) ~ Z if DR is empty.

There are natural exact sequences

0— Hi (DY) = Hs(Qp) — Hy(Dr) — 0 2.1
and
0— H{(D%)—> H(2p) — 0. (2.2)

Proof. Observe that Qp = Qp+ U Qw and Qp= N Ly = Qw=. This yields a
Mayer—Vietoris sequence for homology:

-+ = Hiq1(Q2p) = Hi(Qw=) > Hi(Qp+) & Hi(Q2w) — Hi(Qp) — -+
We claim that there are homotopy equivalences
Qw+ ~Sx Dr, Qw ~Dgr, Qp+~SxD*~SxDT.

The first of these homotopy equivalences holds because

Qw+={x+yl :xeDr, 0<y<h(x), I €S}.
We observe that D is a deformation retract of Q2y. Indeed

Qw ={x+yl:xe€Dr, 0<y<h(x), I €S}
may be retracted to Dy via

O:(x+yIl)—>(x+syl) (0<s=<1).

Thus, Q2w is homotopy equivalent to Dg.
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Finally, Q px ~ S x D follows from
Qp« ={x+yl, x+yieD* I e€S}~D*xS

and the fact that D and D* are homotopy equivalent. Thus our Mayer—Vietoris
sequence yields this exact sequence:

v — Hi1(Q2p) = Hi(Sx DRr) — Hp(Sx DY) @ Hy(Dr) — Hi(2p) — -+

Since the homology groups of the sphere S are torsion-free, the Kiinneth formula
tells us that

Ho(S x X) ~ Hy(S) ®z Hy(X)
~ (Ho(S) ®z H«(X)) & (H2(S) ®z H«(X))
~ Hyo(X) @ [S] - Hi(X),

where [S] € H(S) is the fundamental class. Hence

+ = Hi11(R2p) — (Ho(S) ® Hp(DR)) @ (H2(S) ® Hr—»(Dr))
— (Ho(S) ® Hi(DY)) & (H2(S) ® Hy—2(D")) & Hi(Dr)
— H(Rp) = -
We know that Hy (Dg) = {0} fork > 0and Hx(D ™) = {0} for k > 1 for dimension

reasons. Therefore our long exact Mayer—Vietoris sequences yield the following two
exact sequences:

0— H,(S)® Hi(DV) - H3(Qp)
— H>(S) @ Hy(DRr) — H»(S) ® Ho(DT) — H»(Qp) = 0 (2.3)

and

0— H()(S) ® Hl(D+) d Hl(QD)
— Ho(Dr) — Ho(D™") @ Ho(Dr) = Ho(Qp) - 0 (2.4)
Case (1). Assume now that D is not empty. Then inclusion map from Dy into Dt
yields a surjective group homomorphism Ho(Dr) — Ho(D ™) with Hy(DR) as
kernel. Let o denote the homomorphism H(S) ® Ho(Dr) — H2(S) ® Ho(D ™)
in (2.3). Then the exact sequence (2.3) can be split into two parts
0— H>(S)® Hi(D") - H3(Qp) = kerae — 0 (2.5)
and
0 — (H2(S) ® Hy(DR)) / kera % H>(S) ® Hy(D") — Hy(Rp) — 0. (2.6)

Since kera ~ ﬁO(DR), (2.5) now implies (2.1). Furthermore (2.6) implies that
H>(Qp) is zero, because « is surjective.
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Case (2). Now let us discuss the case where D is empty. Then Ho(Dr) = {0} and
consequently from (2.3) we obtain two sequences

0 — H>(S) ® H1(Dr) — H3(S2p) — 0 = Hz(S) ® Ho(DRr)
and
0= H>(S) ® Hy(Dr) = Z =~ H>(S) ® Ho(D") — H,(Qp) — 0.

Using H»(S) ~ Z >~ Hy(S) we get (2.1) and H,(RQp) = {Z}.
It remains to show (2.2). For this purpose we return to (2.4). The map

Ho(Dr) — Ho(D") & Ho(Dr)

in (2.4) is obviously injective, therefore (due to exactness of the sequence) the
preceding map is zero and H;(Qp) is isomorphic to Hy(S) ® H;(D™). However,
Hy(S) ~ Z and therefore

Hy(S) ® Hi(D*) ~ H(D").

Hence
Hl(QD)ZHl(D*). O

Corollary 2.6. Assume in addition that D is a bounded domain with smooth
boundary. Then all the homology groups are finitely generated and Proposition 2.5
implies the following description of the Betti numbers by, = dimgr Hi( ,7Z) ®z R:
Let r = bo(Dr) — 1 if DR is not empty and set r = 0 if Dg is empty. Then

hi(@p) = 5 (b1(D) 1)

b3(@0) = 5 (b1(D) +7)
and

1 if DR is empty,

b (R2p) =
2(82p) 0 if Dr is not empty.

Corollary 2.7. Let D be a symmetric open subset and let 2 p denote the correspond-
ing axially symmetric set (not necessarily connected). Then H»(S2p) ~ Z* where k
denote the number of connected components of DV which do not intersect R.

Let ﬁO(DR) denote the kernel of the homomorphism i: Hy(Dr) — Ho(DT).
There are natural exact sequences

0— H{(D") - H3(Qp) — Ho(Dr) — 0 2.7)
and
0— Hi(D") — H\(Qp) — 0. (2.8)
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Proof. This is an easy consequence of Proposition 2.5, since the homology of a
disconnected space is isomorphic to the direct sum of the homology of its connected
components. 0

Corollary 2.8. For an axially symmetric open subset 2 C H all homology groups
are torsion-free.

Proof. First observe that there is no loss in generality in assuming that Qp is
connected, because the homology groups of €2 p are isomorphic to the direct sum of
the homology groups of its connected components.

For connected €2 p the assertion follows from the preceding proposition, because
the homology groups of open sets in R and R? are known to be always torsion-free
and DR, resp. D*, is an open subset in R resp. R2. O

We now explain the geometric meaning of the short exact sequence (2.1). Given
anelement @ € Hy(D™) we may represent « as a finite formal Z-linear combination
of closed curves y;: S' — D™. Each such curve y; defines a map 7 from S! x S
to Qp via

(e, I) = NRe(y; (1)) + 1 Im(y;(1)).
The fundamental class of the real three-dimensional manifold S! x S then defines
the corresponding element in H3(2p).

An element § € Hy(DRr) may be represented as a formal Z-linear combination
of points > n;{p;}. Assume that § is in the kernel of the natural map to Z which is

given by
Y onikpit Y ni.

Then B is the sum of elements of the form +1{p;} — 1{¢; }. Given such an element,
we choose a curve y:[0,1] — DT with y(0) = p;, y(1) = ¢;, y(t) € DT\ R
for0 <t < 1. Then 2, [o,1]) is a 3-sphere defining an element in H3(£2p). Note that
this construction depends on the choice of the curve y. Therefore the sequence (2.1)
has no natural splitting.

Lemma 2.9. Let D C C be a symmetric open subset. With DT, Dg and H (Dr)
defined as in Corollary 2.7 there is natural exact sequence

0— H\(DY)® H{(D™) — Hy(D) — Ho(Dg) — 0. 2.9)
Proof. Let W be as above in the proof of Proposition 2.5 and define

V={zeC:zeWorze W},
Ut=DYuVv, U =D UV.

Observe that we have homotopy equivalences

Ut~DY, U ~D", (U'NU")=V ~ Dg.
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We use the Mayer—Vietoris sequence associatedto D = UT U U™:
-+ = Hg41(D) — Hy(DR) — Hy(D™) @ Hy(D™) — Hi(D) — -+
The details (which we omit) are very much similar to the proof of Proposition 2.5. [

Corollary 2.10. Let D C D; be symmetric open subsets in C. Assume that
H\(D) — H(D)) is injective. Then H\(DV) — H{(D ™) is injective, too.

Proof. The inclusion map from D to D; combined with (2.9) yields the following
commutative diagram

0 - H\(D")® H\(D") — Hi(D) — Ho(Dr) — 0
0 — Hy(D\")® Hi(D17) - Hi(D1) - Ho(Dir) = 0
Now the assertion follows from the snake lemma (see e.g. [19, II1.§9]). O

Proposition 2.11. Let D be a symmetric open subset of C. Then there is a natural
exact sequence

0 —— H(DY) —— H\(D) —— HyQp) —— 0. (210

Here «, B are as follows: Let 1: C — C denote complex conjugation on C and let
{:D xS — Qp be the map given by

((x+yi,J)=x+yJ.

Then a(y) = y — ty and B(y) = C«(y X [S]), where [S] € H,(S) denotes the
Sfundamental class.

Proof. There is no loss in generality in assuming that DT is connected (and
therefore Q p, too). We cover D by the two open subsets D* and W as in the proof
of Proposition 2.5. This induces corresponding coverings of D, D x S and Qp:

D=(D\Dr)UV withV ={zeC:zeWorze W},
D xS =({(D\Dr)xS) U ((VxS),
Qp =Qp+ U Qw.

For each of these coverings we obtain a Mayer—Vietoris sequence for homology.
We utilize the map {: D X S — Qp given by

x4+ yi;J)—>x+yJ.
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This yields a morphism between the respective Mayer—Vietoris sequences:

- = Hiy(V\DRr)XS) > Hi((D\ Dr) xS)® Hp(V xS) - Hi(D xS) — ---

s Hy (Qw+) - Hyi(Qp+) ® Hr (Qw) — Hi(Qp) — -
In particular, we get

H3((V\DR) XS) — H3((D\DR) XS) D H3(V X S) — H3(D X S) - C —- 0

H3(Qw~) - H3(Qp+) ® H3(Qw) — H3@Qp) — C' =0
with
C = ker [H2((V \ DR) x S) = H>((D \ Dr) x S) ® H2(V x S)]

and
C’ = ker [Hz(Qw*) — Hy(Qp=) & Hz(Qw)].

Recall that H3(M x S) ~ H{(M) and Hy(M x S) >~ Ho(M) forany M C C
due to Kiinneth formula and dimension reasons. Observe also that V' \ D is the
disjoint union of two open subsets (namely D+ N (V' \ Dg) and D~ N (V' \ Dr))
both of which are homotopic to Dr. Recall moreover that V' and Dr are homotopy
equivalent. Hence

C ~ker[Ho(V \ Dr) — Ho(D \ Dr) & Ho(V)]
and consequently
Hy(DR) ~ ker [Ho(V \ Dr) — Ho(V)],

where the isomorphism may be describe as
Ho(Dr) > € =Y n;{p;}
J

= D ni(tpj — €l = {p; +€}) e ker[Ho(V \ Dr) > Ho(V)] (pj € Dr)
J

for a sufficiently small €.
Let

n= Z”j({l?j —e}—{pj +€}) eker[Ho(V \ Dr) — Ho(V)].
7
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Then the homomorphism to Hy(D \ Dr) may be described as
7> (Zn,,—an) € 7% ~ Ho(D \ Dg).
J J
It follows that

C ~ Hy(Dg).

Now

C" = ker [H2(Qw+) — Ha2(Q2p+) & Ha2(Qw)]

~ ker[H2(Dr x S) = H2(D" x S) & H2(DR)]

due to the homotopy equivalences (which were verified in the proof of Proposition 2.5)

Qw*ZDRXS, QD*2D+XS, QW:DR.
It follows that
C' ~ ker[Ho(Dr) — Ho(D") @ {0}] = ker [Ho(Dr) — Ho(DT)] = Ho(DR).

The aforementioned homotopy equivalences also imply H3(Qp+) ~ Hy(D™T)
and H3(Qw) = {0}. Combining all these facts, the above commutative diagram
turns into the following commutative diagram:

0 —— Hy(DY) @ Hi(D") —— H(D) —=— Hy(Dgr) —> 0

1 | A e

0 — > H\(DY) M Hy(Qp) 2 Hy(Dr) — 0

The homomorphism p; is induced by the embedding
D\Dr=DtUD™ — Qp=

and
H3(Qp+) ~ H3(D' xS) ~ Hi(DV).

Hence pi(cy,c2) = c¢1 + t4cp if ¢y is a 1-cycle in D and ¢, a 1-cycle in D™. In
particular, p; is surjective with kernel

ker p1 = {(c, —t4c) 1 c € Hi (D)}

P2 1s defined by
Ex
H](D) ~ H3(D X S) —> H3(QD)
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We set = p, and define o via a(c) = n1(c, —t«c). Injectivity of « is implied
by injectivity of 1. To check surjectivity of 8, let s € H3(Q2p). Since p3 is an
isomorphism, we find an element ¢ € Hy (D) with n2(c) = u2(s). Then

s — p2(c) € ker pp = image(yey).

Now p; is surjective. Therefore there exists a € H{ (D) & H,(D~) with

s —p2(c) = pi(p1(a)) = p2(n1(a)) = s = p2(c + n1(a)).

Let us check that 8 o = O:

Bla(c)) = p2(a(c)) = p2(nic, —txc)) = p(pi(c, —7xc)) = p1(0) = 0.

Finally, assume b € ker 8. We have to show that b is in the image of «. Now B(b) =
p2(b) = 0 implies

u2(p2(b)) = p3(n2(b)) = n2(b) = 0.

Thus
b € ker(n,) = image(n1),

i.e., thereis an element (¢’,¢”) € H{(DT)@® H{(D ™) with ny(c’,¢”) = b. Since 1,
is injective, and p,(b) = 0, we know that

0=p1(c",c") = + 1"
Hence ¢” = —7,¢’. Tt follows that b = a(c’). O

Corollary 2.12. Let D C Dy be symmetric open subsets in C such that Hi(Qp) —
H(22p,) and H3(2p) — H3(2p,) are both injective. Then Hi(D) — Hi(D1)
is injective, too.

Proof. First recall that Hy(2p) ~ H1(D™") (and H;(Qp,) =~ H{(D")) due
to (2.2).

Second, we consider the following commutative diagram induced from (2.10) via
the map D — D,

0 —— H{(D") —— H{(D) —— H3(Qp) —— 0

! l l ! l

0 —— H{(D:Y) —— H{(D;) —— H3(Qp,) —— 0.

Now the snake lemma (see e.g. [19, II1.§9]) yields the statement. O
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Lemma 2.13. Let P be a symmetric compact connected subset of C such that P N R
is non-empty and connected. Let P’ be a non-empty symmetric closed subset of P
and define

D=C\P,
D;=C\P.

Then H3(2p) — H3(2p,) is injective.
Proof. By construction we have
Hi(D)~Z, Hy(Dg)~Z.

Using (2.9) it follows that H; (D) = {0}. Then we may apply (2.1) to conclude
that H3(2p) ~ Z.

Let R > max{|z| : z € P}. Regard the 3-sphere S with center O and radius R
in H. Because P is contained in the interior of the sphere, S defines a non-trivial
homology class in H3(Q2p). Since P’ is also non-empty and in the interior of
the sphere, the homology class of S in H3(2p,) is likewise non-zero. Thus the
homomorphism

I H3(QD) — H3(QD1)

maps a non-trivial element of H3(2p) to a non-trivial element of H3(2p,). This
implies the statement because H3(2p) ~ Z. O

Proposition 2.14. Let D C D; be symmetric open subsets of C such that the natural
homomorphism H(D) — Hi(Dy) is injective. Then H3(2p) — H3(Qp,) is
injective, too.

Proof. Assume the contrary. Let
a € ker (H3(QD) — H3(2p,)). a#0.

The injectivity of H,(D) — H;(D;) implies that H;(D1) — H;(D; %) is injective
too (Corollary 2.10). The inclusion map D — D; applied to (2.1) yields the
following commutative diagram

0 —— H{(DY) —— H3(Qp) —— Hy(Dr) — 0

! ! ! ! l

0 —— Hy{(D\") —— H3(Qp,) —— Ho(D1r) — 0.

Let o9 denote the image of « in ﬁo (DRr). First, we claim that og can not vanish.
Indeed, if ag = 0, then « is induced by an element B € H{(D ™). Evidently a # 0
implies B # 0. But now we obtain a contradiction, since H;(D*) — H(D;™)
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and Hy(D; ") — H3(Qp,) are both injective, but « is mapped to zero in H3(Q2p, ).
Hence o # 0.

Second, by assumption the image of @ in H3(£2p,) vanishes, implying that the
image in ﬁo (D1,r) also vanishes. Thus «y is in the kernel of ﬁo (Dr) — ﬁo (D1R).
Let ag be represented by the formal Z-linear combination ) .; nx{x} where [ is a
finite subset of Dg. Since ag # 0, but > ny = 0 ( because « is in the kernel of the
morphism from Hy(Dgr) to Ho(D)), we can find a point ¢ € R \ D such that

Z n, #0.
PEl;p>q

Fix such a point g. Let B denote the connected component of D¢ = C \ D
containing ¢. Fix py, p» € I with p; < ¢ < p, and such that IN]py, p2[={ }.
Note that g is mapped onto zero in I-AIO(DLR) which implies that [py, p»]is contained
in DI,R-

Because « is mapped to zero in Ho(D ™), we know that p; and p, are contained
in the same connected component of D*. Therefore p; and p, can be connected
by a path y in D*. This path, combined with its image under conjugation, yields
a closed curve inside D which surrounds g. Therefore B must be bounded, and
BNR Clp1, paf.

Combining the latter fact with [p;, p2] C D r implies that

RN(B\Dy) =1}
Since we assumed that Hy(D) — Hy(D1) is injective, boundedness of B implies
BN Di“#4{}.

We choose a path ¢:[0,1] — B such that £(0) = ¢, {(1) &€ Dy and £(¢) € R
fort > 0. Define

P={zeC:31e]0,1], z=2C(t) or (1)}

Observe that P N R = {q}.
Now we consider the following diagram of inclusion maps

D — D,

| |

C\P — C\ (PN D).

From Lemma 2.13 we obtain injectivity of

H3(Qc\p) = H3(Qc\(PnD,¢))
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Figure 1.

which leads to a contradiction: First, by construction op is mapped to a non-zero
element of Ho(R \ P). Due to (2.1) it follows that « is mapped to a non-zero element
of H3(2c\p). Second, its image in H3(2p,) is zero, which forces its image in
H3(Qc\(pnp,¢)) to be zero, because Dy C C \ (P N D). O

Proposition 2.15. Let D C Dy be symmetric open subsets of C with corresponding
axially symmetric subsets Qp C Qp,in H. Then H\(D) — H(D) is injective if
and only if both Hi(Q2p) — H,(Qp,) and H3(Qp) — H3(Qp,) are injective.

Proof. First we recall that the homology of a disjoint union X = A U B is simply
the direct sum of the homology of A and B. For this reason there is no loss in
generality in assuming that € p is connected. If both H;(2p) — H;(2p,) and
H3(2p) — H3(S2p,) are injective, injectivity of Hy(D) — H;(D) follows from
Corollary 2.12.

Now assume H;(D) — H;(D;) is injective. Then H3(Q2p) — H3(2p,) is
injective due to Proposition 2.14. Furthermore injectivity of H1(R2p) — H1(Rp,)
follows from Corollary 2.10 combined with (2.2). ]

3. Appendix

3.1. Some planar topology. Here we show that for a pair of domains G C H in C
the group homomorphism i,: H1(G) — H;(H) induced by the inclusion map i
is injective if and only if every bounded connected component of G¢ = C \ G
hits a bounded connected component of H¢. This is well known, but we provide
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a new proof based on an identification of H;(G) with a certain function space,
namely €. (G, Z).

Proposition 3.1. Let G be an open subset of C and denote its complement by G€.
Then there is a natural isomorphism & between H1(G,Z) and €.(G€,Z) (i.e. the

space of Z-valued continuous (locally constant) functions with compact support
on G°).

Proof. A cycle y € H\(G, Z) defines a function n, on C \ supp(y) by the winding

number 4
w
ny(z) :/ .
yW—12

The winding number 7, is locally constanton C\ |y |, therefore n, is continuous on G¢.
Itis compactly supported, because n,, (z) = Oforall z with |z| > max{|w|: w € |y[}.

Now assume that y is in the kernel of this map &:y — n,. For each k € Z
let Zj denote the cycle defined by the open set {z € G : ny,(z) = k}. Then
the homology class of y in H;(G, Z) vanishes, because y = 8(Zk ka) (here 9
denotes the boundary operator in homology). This proves injectivity of the group
homomorphism &: H1(G,Z) — €.(G¢, Z).

Conversely let f € €.(G¢,Z). Since f has compact support and takes values
in Z, f is a finite sum of functions + f; with f; € €.(G¢,Z) and f;(z) € {0, 1} for
all z,i. We may therefore without loss of generality assume that f(G¢) = {0, 1}.
Let R > sup{|z| : f(z) # 0}. Now we define a function g on G° U {z : |z| > R} as
follows

f(z) ifz e G,

Z) =
$OD=00 " =R

We extend g to a (real-valued) smooth function F defined on all of C. Sard’s theorem
implies that {z : F(z) = ¢} is a smooth submanifold of C for almost all ¢ €]0, 1].
Eachlevel set {z : F(z) = ¢} (0 < ¢ < 1) is compact, because F(z) = 0if |z| > R.
Therefore, almost every ¢ €]0, 1[ defines a finite union of disjoint closed smooth real
curves in C which circumscribe F = 1. The homology class of this curve defines
the element of H;(G, Z) corresponding to the function f. O

Lemma 3.2. Let A be a closed subset of C and let B be a bounded connected
component of A. Assume that B # A and let g € A\ B. Then there exists a function
f € €.(A, Z) which is identically 1 on B such that f(q) = 0.

Proof. Connected components are closed. Hence B is compact. Let R > max{|z| :
z € B}. Define C = {z € A : |z| = R} and for each w € C choose disjoint open
subsets Uy, Vy, of A with A = Uy, U V,,, B C Uy and w € V,,. Define f, as the
indicator function of U, i.e.,

1 ifz € Uy,
Sw(z) = . v
0 ifzeA\Uy =Vy.
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Now C is a compact set covered by the open sets Vy, (w € C). Hence there is a finite
set § C C with
C C UweS Vw .

We define
g(z) = Myes fw(z)

observing that g = lon Band g =0on C.

We choose a continuous function 4: A — {0, 1} such that & equals 1 on B and
h(g) = 0 (which is possible, since ¢ lies in a connected component of A different
from B). Now we can define the function f we are looking for as

g(2)h(z) ifz e Aand|z|] <R,

Z) =
1) 0 if z€ Aand |z| > R.

The function f is continuous on A, because g(z) = 0 for all z € A with |z| = R,
which implies that g(z)h(z) = 0 for |z] = R. By construction its support is
contained in the closed disc of radius R (and therefore compact) and we have f = 1
on B and f(q) = 0. O

Proposition 3.3. Let G C H C C be open subsets. Then the following properties
are equivalent:

(1) H¢ = C\ H intersects each bounded connected component of G€.
(ii) The restriction map from €.(G¢,7Z) to €. (H€, Z) is injective.
(i) H1(G,Z) — Hy((H,Z) is injective.

Proof. The equivalence of properties (ii) and (iii) has been shown above.

We prove the equivalence of (i) and (ii). Let B be abounded connected component
of G¢ with B C H. Let f € €.(G¢,7Z) be a function which equals 1 on B and
assumes only 0 and 1 as values. (Such a function exists due to Lemma 3.2). Let

K = supp(f) = {z: f(z) # 0}

be its support and define C = K \ H. For every x € C we choose a function
gx € €.(G¢,7Z) with g«(x) = 0and g = 1 on B. (This is possible by Lemma 3.2,
since B is compact). Due to compactness of C we may choose a finite subset S of C
such that

C C Uxes{z € G° : gx(z) = 0}.

Define
g(z) = f(2) - Mxesgx(2).

Then g equals one on B and vanishes identically on C. Since supp(g) Csupp(f)C K,
C = K\ H and g|c = 0, it is clear that g vanishes identically on H¢. Thus, we
have found a non-zero function g € €.(G*¢, {0, 1}) whose restriction to H¢ is zero.
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Therefore, the existence of a bounded connected component B of G¢ with B C H
implies that the restriction homomorphism €. (G¢, Z) — €. (H°, Z) is not injective.

To prove the opposite direction, let us assume that B N H¢ # { } for every
bounded connected component B of G¢. Let f € €.(G¢,Z). Since f is locally
constant and has compact support, it must vanish identically on every unbounded
connected component of G¢. Thus, if f % 0, there must be a bounded connected
component B of G¢ on which f is not zero. Since by assumption B N H€ is not
empty, it follows that the restriction of f to H€ is not everywhere zero. This proves
injectivity. 0
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