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The adiabatic groupoid and the Higson—-Roe exact
sequence

Vito Felice Zenobi

Abstract. Let X be a smooth Riemannian manifold equipped with a proper, free, isometric, and
cocompact action of a discrete group I'. In this paper, we prove that the analytic surgery exact
sequence of Higson—Roe for X is isomorphic to the exact sequence associated to the adiabatic
deformation of the Lie groupoid X Xr X. We then generalize this result to the context of smoothly
stratified manifolds. Finally, we show, by means of the aforementioned isomorphism, that the o-
classes associated to a metric with a positive scalar curvature defined by Piazza and Schick (2014)
correspond to the p-classes defined by Zenobi (2019).

1. Introduction

Let X bea proper metric space equipped with a proper and cocompact action of a discrete
group I'. In [39], Roe proved that the assembly map can be realized as the boundary map
in K-theory associated to the short exact sequence of C *-algebras

0—>C*X)" > D*X)F - p*X)T/c*X)TF —o. (1.1)

We will call it the coarse assembly map. In their seminal papers [24—26], Higson and Roe
constructed a map from the surgery exact sequence of Browder, Novikov, Sullivan, and
Wall

<o = Ly (ZT) = Se(X) = Nu(X) — -~ 1.2)

to
oo K (CFXOD) = K (DT = K (D*X)T/C* (D)) - - (13)

which was called the analytic surgery exact sequence, in analogy with its topological
counterpart (1.2).

In [34], Piazza and Schick use index theoretic techniques to map the Stolz positive
scalar curvature sequence to (1.3). In [35], they then revisit the mapping from (1.2) to
(1.3). The main results of those papers are the definition of certain K-theoretic secondary
invariants and the proof of the delocalized APS index theorem.
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The papers of Higson and Roe stimulated a fervent activity resulting in a number of
different realizations of the analytic surgery exact sequence. In what follows we list a few
of the main contributions. In [50], the author of the present paper uses Lipschitz structures
to generalize the results of [35] from the setting of smooth manifolds to the one of topolog-
ical manifolds. In the same paper, a new exact sequence is introduced, isomorphic to (1.3).
This new realization was then used for proving product formulas for secondary invariants.
The group ST (3(/ ), which corresponds to K (D*(?)r), is given roughly speaking by the
homotopy fiber of the Kasparov assembly map. Let us point out that if I" is a topologi-
cal groupoid acting on a topological space X and A is a I'-algebra, one also has a more
general definition of §1 (Sf) which fits into the following exact sequence:

o> KK (C,Co(0,1) @ AxT) — ST (X; 4) — KKL(Co(X), A4) — -+, (1.4)

involving the assembly map for a groupoid action with coefficients in the C *-algebra A4;
see [29,42]. In their two recent works [6,7], Benameur and Roy introduce the Higson—Roe
exact sequence for the action of a transformation groupoid.

In [48], Yu introduces the so-called localization algebras and another assembly-type
map (the local index map), which is proved to be equivalent to the coarse assembly map;
see also [38]. Using the localization algebras, many authors have contributed to the study
of K-theoretic analytic invariants associated to the surgery theory and metrics of positive
scalar curvature; see [45-47,49]. In [19-21], Deeley and Goffeng produce a geomet-
rical version of the analytic surgery exact sequence in the spirit of Baum’s geometric
K-homology theory.

A further way of implementing the index map was given in [10] by Alain Connes,
where he gave the definition of the tangent groupoid associated to a smooth manifold, by
now also called adiabatic groupoid. In [51], the author of the present paper used the group
K. (C} (G£g’1))) appearing in the exact sequence

oo K (CF(G % (0,1))) = K (CHGIV)) =2 Ku(CHAG)) —» -+ (15)

as a receptacle for K-theoretic secondary invariants. Here G is a Lie groupoid, %G is
its Lie algebroid, and G‘,Eg’l) is its adiabatic deformation. The case of a smooth manifold
X with a proper and free I' action is realized by the particular groupoid X xr X. But
this approach can also be applied to other geometric situation encoded by a general Lie
groupoid, such as foliations. We refer the reader to [37, Subsection 1.3] for a short expla-
nation of the advantages of the Lie groupoid approach. Here it is worth to mention that an
important feature of the groupoid C *-algebras is that they are smaller and easier to work
with than the C *-algebras arising in the coarse setting. In particular, this approach (actu-
ally the exact sequence involving pseudodifferential operators of Remark 4.6, obtained as
a by-product of the proof of Theorem 1.1) was a key, in the recent paper [36] of the author
with Paolo Piazza and Thomas Schick, to construct a mapping from the Higson—Roe exact
sequence to the non-commutative de Rham homology of any Frechet completion of CT'.
In turn, this allowed to construct a well-defined pairing of the analytic structure group
with delocalized cyclic cocycles.



The adiabatic groupoid and the Higson—Roe exact sequence 799

The main results of this paper are the following.

Theorem 1.1. Let X be a smooth Riemannian manifold equipped with a proper, free,
isometric, and cocompact action of a discrete group T'. Let G be the Lie groupoid X xr X.
Then there exists a commutative diagram

o — K+ (CF(G) ® Co(0,1)) — K (C(GSV)) ——— Ku(CF(TX)) —— -+

I S

i K1 (C*(X)T) —— Kt (D*X)T) — Kyt (D*X)T/C*(X)T) — ---
such that the vertical arrows are isomorphisms.

The vertical maps are given by the composition of the Connes—Thom isomorphism
and the vertical maps of diagram (4.1).

In [37], the methods from [51] are used to define secondary invariants associated to
metrics with a positive scalar curvature on stratified manifolds and other singular situ-
ations such as foliations which degenerate on the boundary. In order to deal with the
singularities, a slightly different exact sequence of groupoid C *-algebras is used. The
proof of Theorem 1.1 can be easily adapted to the context of stratified manifolds and we
obtain the following result.

Theorem 1.2. Let SX be a Thom—Mather stratified space with a fundamental group T
and let SX be its universal covering with the associated I"-equivariant stratification. Let
the regular part of SX be equipped with an incomplete iterated edge metric, then there
exists a commutative diagram

s = Ku(CF(G g) ® Co(0, 1) — Ku(CF(GIGM)) —— Ku(CF(TNCX)) —— -

| | |

s K1 (CHOX)T) —— K1 (D*CX)T) = Kagt (D*CX)T/CHEX)T) = -
1.7
such that the vertical arrows are isomorphisms.

The vertical maps of this diagram are defined as the composition of the Connes—Thom
isomorphism and the vertical maps of diagram (5.3). The definition of the groupoids in
the first row will be recalled in Section 5.3.

Here it is worth noticing that in the first row we make use of non-compact manifolds
equipped with complete metrics, whereas the second row is constructed from compact
stratified manifolds equipped with a metric which is non-complete on the regular stratum,
and the two rows are related by a conformal change of metrics.

In the last section of the paper, we will consider the p-class associated to a metric with
positive scalar curvatures o(g) defined in [34] and 0*(g) defined in [51], respectively.
The precise relation between these two classes remained the subject of an open question.
Thanks to Theorem 1.1, we will prove the following.
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Theorem 1.3. The classes o(g) and 0*(g) correspond to each other through the central
vertical isomorphism in diagram (1.6).

2. Roe’s algebras

In this section, we are going to recall the fundamental definitions and results about coarse

geometry, coarse C *-algebras, and coarse index theory. We will not enter into the details

of the proofs, which one can easily find in the literature. See, for instance, [23,26,41].
Let X beanyset. If A C X x X and B C X x X, we will use the following notation:

A7 = {(r.x) | (x.y) € A}

and
AoB:={(x,z) |3y e X :(x,y) € Aand (y.z) € B}.

Definition 2.1. A coarse structure on X is a collection of subsets of X x X, called
entourages, that have the following properties:

o for any entourages A and B, the subsets A™!, Ao B, and A U B are entourages;

e every finite subset of X x X is an entourage;

e any subset of an entourage is an entourage.

If {(x, x) | x € X} is an entourage, then the coarse structure is said to be unital.

Definition 2.2. Let (X, d) be a metric space and let S be any set. Two functions
f1, f2: S — X are said to be close if {d( f1(s), f2(s)) : s € S} is a bounded set of R.

Definition 2.3. Let (X, d) be a metric space. A subset £ C X x X is said to be controlled
if the restriction of the projection maps 7y, 12: X x X — X to E is close.

The controlled sets are the ones that are contained in a uniformly bounded neighbor-
hood of the diagonal. The metric coarse structure on (X, d) is given by the collection of
all controlled subsets of X x X.

Let X bea proper metric space equipped with a free and proper action of a countable
discrete group I' of isometries of X.

Definition 2.4. Let H be a Hilbert space equipped with a representation

p: Co(X) — B(H)
and a unitary representation

U:T - B(H)

such that U(y)p(f) = p(y ! f)U(y) forevery y € T and f € Co(f)\(l). We will call such
atriple (H, U, p) a I'-equivariant Cy (X )-module.
Exemple 2.5. Letusset H = Lz(?, ), where w is a I'-invariant Borel measure on X.
Put
e p:Cy (35) — B(H) the representation given by multiplication operators and
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e U:T — B(H) the representation given by translation U,¢(x) = ¢(y~'x) for every
x e X.

Then (H, U, p) is a I'-equivariant Cy (Y)—module.
Definition 2.6. Let A be a C*-algebra and let H be a Hilbert space. A representation
p: A — B(H) is said to be ample if
e pis non-degenerate, meaning p(A)H is dense in H and
e p(a)is compact fora € A if and only if @ = 0.
Moreover, we will say that a representation p: A — B(H) is very ample if it is the

countable direct sum of a fixed ample representation.

If H is equipped with a unitary representation U of I', then we say that an operator
T € B(H) is I'-equivariant if Uy TU,-1 =T forall y € T'.

2.1. Controlled operators
Definition 2.7. Let X and Y be two proper metric spaces. Let px: Co(X) — B(Hy) and
py: Co(Y) — B(Hy) be two representations on separable Hilbert spaces.

e The support of an element £ € Hy is the set supp(€) of all x € X such that for every
open neighborhood U of x there is a function f € Co(U) with px ()& # 0.

e The support of an operator T € B(Hy, Hy) is the set supp(7) of all (y,x) € Y x X
such that for all open neighborhoods U > y and V > x, there exist f € Co(U) and
g € Co(Y) such that py (f)Tpx (g) # 0.

e An operator T € B(Hy, Hy) is properly supported if the slices {y € Y : (y,x) €
supp(7T)} and {x € X : (y,x) € supp(T)} are compact sets.

Definition 2.8. Let X be as in the previous definition. An operator 7 € B(Hy) is said to
be controlled if its support is a controlled subset of X x X.

This means that an operator is controlled if it is supported in a uniformly bounded
neighborhood of the diagonal of X x X. These operators are also said to have finite prop-
agation.

Proposition 2.9. The set of all controlled operators for px: Co(X) — Hy is a unital
*-algebra of B(Hy).

2.2. The C*-algebras C*(X)T and D*(X)T

Let (Hy, U, p) be an ample I"-equivariant Cy X )-module.

Definition 2.10. We define the C *-algebra C *(X )T as the closure in B(Hy) of the *-
algebra of all I'-equivariant operators 7' such that

e T has finite propagation, i.e., there is an R > 0 such that p(¢)Tp(yy) = 0 for all
9. ¥ € Co(X) with d(supp(¢). supp(¥)) > R;
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e T islocally compact, i.e., Tp(¢) and p(p)T are compact operators for all ¢ € Cy (Y)
Definition 2.11. Let Hy be a very ample I'-equivariant X -module. The algebra D* (’)\(/)F
is the closure in B(H7) of the *-algebra of all I'-equivariant operators 7" such that

e T has finite propagation;

e T ispseudolocal, i.e., [T, p(¢)] is a compact operator for any ¢ € Cy (3(/)

If T is the trivial group, then we will suppress it from the notation and write C *(3(/ )
and D*(X).

Remark 2.12. The C*-algebra D*(X) is a *-subalgebra of the multiplier algebra of
c*(X)T.

Remark 2.13. The algebras C* (3(’)1“ and D* (3(’)1" depend on the Cy (y)-module used to
construct it, but one can prove that their K-theory does not.

2.3. Paschke duality

Since C*(X)T is a two-sided x-ideal in D*(X)T, we can consider the quotient C*-
algebra D*(X)T'/C*(X)T. By a truncation argument one can prove the following iso-
morphism of C *-algebras:

D*X)T/c*(X)T = D*(X)/C*(X). 2.1

where X is the quotient space X /T.
The Paschke duality is the isomorphism

P: Ko(D*(X)/C*(X)) - KK, (C(X),C) (2.2)

that sends the projection p € D*(X)/C*(X) to the Kasparov bimodule (H, p,2p — 1),
where p: C(X)— H is the C(X)-module used to define D*(X)/C*(X). See, for instance,
[26, Proposition 1.3].

We can see & as an asymptotic morphism in E'(D*(X)/C*(X) ® C(X),C); see
[38]. Indeed consider the generator u of E'(Q(H),C), where Q(H) is the Calkin algebra
of H. It is the class associated with the following extension of C *-algebra:

0—->K(H)—>BH)—QH)—O0

and u is given by the boundary map of the long exact sequence in E-theory associated to
the previous exact sequence.
Let u: D*(X)/C*(X) ® C(X) — Q(H) be the x-homomorphism given by

T®fr— MT,
where My is the multiplication operator. It is a well-defined *-homomorphism because
D*(X)/C*(X) and C(X) commute in Q(H ). Then P is a map of K-groups given by the

product with
u*(u) € EN(D*(X)/C*(X) ® C(X),C). (2.3)
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More precisely, u*(u) arises from the pull-back extension

0 K(H) E D*(X)/C*(X) ® C(X) — 0
- |
0 K(H) B(H) Q(H) 0

as the boundary morphism of the long exact sequence in E-theory associated to the top
TOW.

2.4. The analytic surgery exact sequence

Let X be a proper metric space such that the countable discrete group I' acts properly,
freely, and isometrically on it. The algebras defined in the previous section fit in the fol-
lowing exact sequence:

= K (C*XOT) = K (D*X)T) = Ku(D* T /X)) - -, 24

called the Higson—-Roe analytic surgery exact sequence. Notice that K, (C* (Y)F) is
isomorphic to K.(C(T")) and recall that K, (D*(y)F/C*(Y)F) is isomorphic to
KKy_1(Cyo(X), C) by Paschke duality. In [39], Roe proves that the boundary morphism
of (2.4) is equivalent to the assembly map. In other words, the diagram

Kep1 (D*(X)T/C* (X)) — Ku(C*(X)T)

lf F 25)
T

KT X)) —— K. (CH(D))

is commutative. Here we used the fact that, because the action of I" on X is proper and free,
the equivariant K-homology group KK (Co(X), C) is isomorphic to K K.(Co(X), C).

3. The adiabatic groupoid and the gauge adiabatic groupoid

We refer the reader to [14] and the bibliography inside it for the notations and a detailed
overview about groupoids and index theory. A more recent overview about the subject can
be found in [18].

3.1. Lie groupoids and Lie algebroids
Definition 3.1. Let G and G(© be two sets. A groupoid structure on G over G @ is given
by the following morphisms.

e An injective map u : G©© — G, called the unit map. We can identify G© with its
image in G.
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e Two surjective maps r,s : G — G©, which are, respectively, the range and source
map.
e Aninvolutioni : G — G,y — y~!, called the inverse map. It satisfies s 0 i = r.

e Amapp:G® — G, (y1.y2) — y1 - 2, called the product, where the set

G® :={(y1,72) € GxG | s(y1) = r(y2)}

is the set of composable pair. Moreover, for (y1,y2) € G®, wehave r(y; - y2) = r(y1)
and s(y1 - y2) = s(y2).
The following properties must be fulfilled.

e The product is associative: for any y1, y2, y3 in G, such that s(y1) = r(y2) and s(y2) =
r(y3), the following equality holds:

1-y2)-va=v1-(y2-v3).

o ForanyyinG,r(y)-y=y-s(y)=yandy-y~ ' =r(y).

We denote a groupoid structure on G over G by G = G, where the arrows stand
for the source and target maps.

We will adopt the following notations:
Gq =514, GB=r"Y(B), and GZ =G4nG?B

in particular if x € G©, where the s-fiber (respectively, the r-fiber) of G over x is G, =
s71(x) (respectively, G* = r~1(x)).

Definition 3.2. We call G a Lie groupoid when G and G© are second-countable smooth
manifolds with G(© Hausdorff, the structural homomorphisms are smooth, u is an embed-
ding, r and s are submersions, and i is a diffeomorphism.

Definition 3.3. A Lie algebroid & = (p : A — TM, [, ]n) on a smooth manifold M is
a vector bundle 2 — M equipped with a bracket [, Jgr : T'(2) x T'(A) — T'(A) on the
module of sections of 2, together with a homomorphism of fiber bundle p : A — TM
from 2l to the tangent bundle TM of M, called the anchor map, fulfilling the following
conditions:

« the bracket [, ]y is R-bilinear, antisymmetric and satisfies the Jacobi identity;

e [X,fYlu= fIX.Y]u+ p(X)(f)Y forall X,Y € I'(A) and f is a smooth function
of M,

« p(X.Y]w) = [p(X). p(Y)] forall X, Y € I'(2).

The tangent space to s-fibers, thatis 75G :=kerds = | J +ec©® T Gy, has the structure
of a Lie algebroid on G©, with an anchor map given by dr. It is denoted by G and we
call it the Lie algebroid of G. One can prove that it is isomorphic to the normal bundle of
the inclusion G©@ < G; see [8, p. 43].
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3.2. The adiabatic groupoid and the gauge adiabatic groupoid

Let My be a smooth compact submanifold of a smooth manifold M with normal bundle
MN. As a set, the deformation to the normal cone is

DNC(My, M) := N x {0} U M x R. 3.1)

In order to recall its smooth structure, we fix an exponential map, which is a diffeomor-
phism 6 from a neighborhood V"’ of the zero section My in N to a neighborhood V' of M
in M. We may cover DNC(M,, M) with two open sets: M x R*, with the product differ-
entiable structure, and W = N x 0 U V x R*, endowed with the differentiable structure
for which the map

W:{(m, &, t)e N xR |(m,t§) e V'} > W (3.2)

given by (m,&,t) — (8(m,t€),t), fort # 0, and by (m, &,0) > (m,£,0),fort =0, isa
diffeomorphism. One can verify that the transition map on the overlap of these two charts
is smooth; see, for instance, [27, Section 3.1].

Definition 3.4. The adiabatic groupoid G9! is given by the groupoid
AG x {0} UG x (0,1] = G@ x [0, 1],

with the smooth structure given by the deformation to the normal cone associated to the
embedding G < G. We will use the notation Ggg’l) for the restriction of the adiabatic
groupoid to the interval open at 1, given by

AG x {0} UG x (0,1) = G@ x0,1).

Remark 3.5. Letevy: C* (Gig’ll) — C¥(UG) be the evaluation at ¢ = 0, then the asso-
ciated KK-element is a KK-equivalence. Indeed notice that C;*(2G) is nuclear and that
the kernel of evy is isomorphic to the contractible C *-algebra C;*(G) ® Co((0, 1]). Then
levo]: KK(A,C} (G‘Eg’l])) — KK(A,C}(AG)), understood as the Kasparov product with
[evo] on the right, is an isomorphism for all C*-algebras A. This implies that there exists
an element [evo] ™! € KK(C}(AG), Cr*(G,Eg’l])) such that [eve] ™' ® [evo] = 1cx e

and [evoy] ® [evo] ™! = IC:(G‘[g,ﬂ)-

Now we recall a definition from [16, Section 2.3]. We have a natural action of the
group R compatible with the groupoid structure on GzEg’l) defined as follows. Define

a:(0,1]xRL — (0,1), a(t.A) = ;arctan (/\ tan (%I))

Then one can easily check that a(x(f, 1), ') = a(t, AL).
Thus we have that the map defined by (y,7; A1) (y,«(t, 1)) fort #0 and (x, V,0; 1) —
(x, %V, 0) gives an action of Rj_ on GZEg’l). Notice that this action is isomorphic to the

action on G,q from [16, Section 2.3].
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Definition 3.6. The gauge adiabatic groupoid Gég’l) is the Lie groupoid obtained as the
crossed product of this action:

GOV .= GIYY % R% = 6@ x[0.1).

3.3. Groupoid C *-algebras
We can associate to a Lie groupoid G the *-algebra C°(G, 1/2(kerds @ kerdr)) of the

compactly supported sections of the half densities bundle associated to ker ds @ kerdr,
with
 the involution given by f*(y) = f(y~!) and
_ -1
o the product defined as f * g(y) = f,,eGS(y) flyn=)gm).

For all x € G©, the algebra CX (G, Q2 (kerds @ ker dr)) can be represented on
L?(G, R'2(Gy)) by

Ax(NE(y) = FlnHg).

n€Gx
where f € CX(G, QY2 (kerds @ kerdr)) and & € L2(G, QY2(Gy)).

Definition 3.7. The reduced C *-algebra of a Lie groupoid G, denoted by C*(G), is the
completion of C°(G, 1/2(ker ds @ ker dr)) with respect to the norm

A1l = sup [[Ax(H)].

xeG©

The full C*-algebra of G is the completion of C2(G, Q'/2(ker ds @ ker dr)) with
respect to the norm

IS N s = Sljipllﬂ(f)ll,

where 7 ranges over all non-degenerate *-representation of C2°(G, Q2 (kerds @kerdr))
on Hilbert spaces.

Definition 3.8. Let G be a Lie groupoid, then we associate to it a short exact sequence of
C *-algebras:

0— C(G x (0,1)) - (G5 =% ¢ G) — 0 3.3)
and we are going to call the long exact sequence in K-theory
co > K (CF(G % (0, 1)) > Ku(CH(GIV)) 25 Ku(CFAG)) — - (34)
the (reduced) adiabatic exact sequence of G.

The boundary map of (3.4) is given by the composition of the KK-element

[evo] ! ® [evi] € KK(CF(AG), C}(G)). (3.5)
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and the suspension isomorphism S. Finally, notice that there is an analogous extension for
the full groupoid C *-algebras.

It is worth to point out that the Connes—Thom isomorphism [9, 22] gives a natural
isomorphism of long exact sequences of KK-groups:

o= KK*(4,CF(G)® Co(0, 1)) — KK*(4,C(GSY)) ——— KK*(4,CF(AG)) — -

l‘rc lTC lTC

o KK*TH(A,CF(G) @ K) — KK*H1(4,CF(GEV)) = KK*1(4,CHAG) xRE) — -
(3.6)

for any separable C*-algebra A, where the vertical arrows are given by the Kasparov

product by the element constructed in [22, Proposition 1 (i)]. Notice that the map R x

R% — R% xR givenby (x1,x2) = (x2, fc—;) gives an isomorphism of Lie groupoids over

R?* . Now, up to identify R* and (0, 1), we have that the last isomorphism of groupoids

induces the following isomorphism of C *-algebras:

C*(G)® Co(0,1) xR* =~ C*(G) ® K. 3.7)

3.4. The Lie groupoid X Xr X

Let 7: X — X be a Galois I"-covering. Then the diagonal action of I" on X xXis proper
and free. Let G = X xr X be the quotient of this action. It has a Lie groupoid structure
over X described as follows:

o the source and the range are given by s([X1, X2]) = 7(X2) and r([X1, X2]) = 7(X1);
o the product of [X1, X»] and [X3, X4] is given by [X1, Y (X2, X3) - X4], where y (X, X3) is

the element of T" that sends X3 to X,.

The reduced C *-algebra C* (X xr f) is the C *-closure of the Cg’o(f XT f) with
respect to the reduced norm. One can see this x-algebra simply as ['-equivariant smooth-
ing kernels on the universal covering of X . It is easy to prove that C,* (35 xr X ) is Morita
equivalent to C*(I").

The Lie algebroid of G is isomorphic to 7X, the tangent bundle of X, and the anchor
map is given by the identity. The reduced C*-algebra of the tangent bundle C,"(T'X) is
isomorphic to the C*-algebra Co(T* X)) of continuous function vanishing at infinity. This
isomorphism is given by the fiber-wise Fourier transform.

Let us denote by 8}; € KK(Co(T*X), C(T)) the element defined in (3.5) (up to
Fourier transform and Morita equivalences). In [31], it is proved that the map induced by
the Kasparov product with 3)1; is the I"-equivariant analytical index of Atiyah—Singer.

3.5. Poincaré duality

Let us consider the Lie groupoid of the pairs X x X over X. The groupoid C *-algebra
C}(X x X) is isomorphic to K(L?(X)), the algebra of compact operators on L2(X). Its
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Lie algebroid is still 7X and
-®0x: KK*(C,Co(T*X)) - KK*(C,C) (3.8)

is equivalent to the analytic index of Atiyah—Singer.
Now, let m: Co(T*X) ® C(X) — Co(T*X) be the morphism given by

o® fro-n*f
where 7 is the bundle projection. Then the so-called Dirac element
Dy := [m] ®cy(r+x) 0x € KK(Co(T*X) ® C(X),C)
implements, by the Kasparov product, the Poincaré duality
-®Dx: KK(C,Co(T*X)) - KK(C(X).C) (3.9)

whose inverse is given by the principal symbol map. See [11, 12,28] for a detailed proof.

3.6. Pseudodifferential operators

Let us recall the definition of a pseudodifferential G-operator. We refer the reader to [32,
43, 44] for pseudodifferential calculus on Lie groupoids. All along the paper, we will
consider classical pseudodifferential operators and classical symbols, without specifying
it anymore.

Definition 3.9. A linear G-operator is a continuous linear map
P:C2(G. Q%) —» C®(G,Q'/?)

such that

e P restricts to a continuous family (Px),cg of linear operators Py: C°(Gy, Ql/z) —
C%(Gy, 21/2) such that

Pf(y) = Psoy fson(¥) VS € C(G,Q'?),

where f denotes the restriction of f to G;

o the following equivariance property holds:
Uy Psiy) = Prin Uy,

where U, is the map induced on functions by the right multiplication by y.
A linear G-operator P is pseudodifferential of order m if

e its Schwartz kernel k p is smooth outside GO and
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» for every distinguished chart v : U C G — Q x s(U) C R"™? x R? of G:

U Qxs(U)

N A

s(U)

the operator (Y~ H)*Py* : CX(Q x s(U)) — CX(2 x s(U)) is a smooth family
parametrized by s(U) of pseudodifferential operators of order m on 2.

We say that P is smoothing if kp is smooth and that P is compactly supported if k p
is compactly supported on G.

The space W} (G) of the compactly supported pseudodifferential G-operators is an
involutive algebra. Observe that a pseudodifferential G-operator induces a family of pseu-
dodifferential operators on s-fibers. So we can define the principal symbol of a pseudod-
ifferential G-operator P as a function o(P) on &*G, the cosphere bundle associated to
the Lie algebroid 2G by

o(P)(x.§) = a(Pr)(x.§).

where o (Py) is the principal symbol of the pseudodifferential operator P, on the manifold
G .. Conversely, given a symbol f of order m on A*G together with the following data:

(1) asmooth embedding # : U — AG, where U is an open set in G containing G©,
such that (G©) = G©, (dB)| 50 = 1d, and H(y) € Ws)G forally € U;

(2) a smooth compactly supported map ¢ : G — R such that =1 (1) = G(©;
then a G-pseudodifferential operator Prg 4 is obtained by the formula

Progu(y) = [ OYVE £ (r (). )by ()

y’EGS(y), EE%:(V)G

withu € C°(G, Q1/2). The principal symbol of Pyg,4 is just the leading part of f.

The principal symbol map respects a point-wise product while the product law for
total symbols is much more involved. An operator is elliptic when its principal symbol
never vanishes and in that case, as in the classical situation, it has a parametrix inverting
it modulo W;*°(G) = C°(G).

Remark 3.10. All these definitions and properties immediately extend to the case of oper-
ators acting between sections of bundles on G® pulled back to G with the range map 7.
The space of compactly supported pseudodifferential operators on G acting on sections of
r* E and taking values in sections of r* F will be noted ¥} (G, E, F).If F = E, we get
an algebra denoted by (G, E).

The operators of zero order W2(G) form a subalgebra of the multiplier algebra
M(C}(G)) and we will denote by WO(G) its closure in the C*-norm. Moreover, the
closure of the operators of negative order is C,*(G).



V. F. Zenobi 810

From now on, G will be the Lie groupoid X xr X = X, where I acts on X freely
and properly with X = X /T.

Remark 3.11. In our particular case, it turns out that the algebra of 0-order pseudod-
ifferential G-operators is nothing but the algebra \I!?, prOP(X ) of a properly supported
I"-invariant pseudodifferential operator on X; see [32, Example 4.4]. We will denote by

WO(X) its C*-closure.
As in the classical case, one has the following pseudodifferential extension:
0— C*(G) - ¥°(G) > C(G*G) — 0,

where the role of compact operators is played by the groupoid C *-algebra and symbols
are functions on the cosphere bundle of the Lie algebroid.

If we take the pseudodifferential extension of the adiabatic groupoid, we have the
following short exact sequence:

0— C(GIOY) - w6l L c(e*(G19Y)) —o. (3.10)

Since ‘)I(Gig’l)) is isomorphic to 2(G) x [0, 1), it follows that K (C(@*(Ggg’l)))) is triv-
ial and then, by exactness, one has that the first arrows of (3.10) induce the isomorphism

K.(CF(61) = K. (v0(GBV)). G.11)

Let us investigate then more closely the algebra W° (Gig’l)). It is a Cy ([0, 1))-algebra
such that

o att # 0 we have the algebra W°(G), that is isomorphic to lIJIQ (35); so fort € (0,1)
we have a path P; of I'-equivariant operators on X such that P; = 0 and the propa-
gation of P; goes to 0 as ¢ goes to O (recall the differential structure of the adiabatic
deformation given by (3.2));

o att =0 wehave WO(TX), where we are seeing TX = X as a Lie groupoid. Since the
source and the target maps are the same for T'X , it turns out that an element in W (7°X)
is a family of R¥-invariant pseudodifferential operators on R¥, with k = dim X . Since
a pseudodifferential operator is uniquely determined by its total symbol and since
we are considering polyhomogeneous symbols, it is easy to check that lI!I%k (R¥) is

isomorphic to the closure of SO(IRk)Rk, the algebra of the R¥-equivariant symbols on
R¥. But this algebra is isomorphic to the algebra of continuous functions on the closed
unit ball B¥. Hence at = 0 we have the algebra C(8* X) of the continuous functions
on the co-disk bundle of X.

Consider the map m: C(X) — \IJIQ (Y) which associates to a function f the operator
(/) of multiplication by f. The mapping cone C *-algebra of m is given by

€ = {(/.P1) € CLX) ® VRX)[0, 1) | Po = m(f)}.
Observe that such a path P; defines an element in \IJO(G‘,Eg’l) ), thus inducing a *-

homomorphism n: € — ¥O(Gl3").
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Lemma 3.12. The x-homomorphism 1 induces an isomorphism
. 0 0,1
[n): Ku(€) — Ku(0(GLI0D)).

Proof. The commutative diagram

evo

0—— W(X) ® Co(0,1) € C(X) ——0

| Lo

0 —— WA(X) ® Co(0,1) —— WO (GI9V) =2 wO(TX) —— 0

has exact rows. Moreover, up to the isomorphism between W°(7TX) and C(8*X), the
right vertical arrow is exactly given by the pull-back of functions induced by 7: B*X —
X. Since 7 is a homotopy equivalence, 7 * induces an isomorphism in K-theory. By the
Five Lemma, it follows that 7 induces an isomorphism of K-groups. ]

4. The main theorem

From now on, let G = X be the Lie groupoid X X1 X of Subsection 3.4. In this section,
we are going to compare the adiabatic exact sequence (3.4) associated to G and the ana-
Iytic surgery exact sequence (2.4) for X and we establish an explicit isomorphism between
them.

4.1. First approach

First consider the Hilbert space # := LZ(F(/ x (0, l)). It is a very ample I'-equivariant
Co(X)-module. Now observe that the essential *-ideal C;*(G) ® Cp(0, 1) x R% of

cr (Gég’l)) is isomorphic to the subalgebra C *(X)T of B(H ). This implies that the alge-
bra C* (G?Eg’l)) is faithfully represented on # through a *-homomorphism

CHGYY) - B().
Remark 4.1. One can see the C *-algebra
CF(G) ® Co(0,1) xR* = C(G) ® K(L?(0, 1))

(remember (3.7) for this isomorphism) as the I'-equivariant elements of a subalgebra sit-
ting inside the multipliers of the groupoid C *-algebra of G:=XxXx(0,1)x(0,1)=
X . Notice that, although one is tempted to say that C*(G) ® K(L?(0, 1)) is the I'-
equivariant part of C* (5) itself, this is not true: indeed C/* (5) is defined as the closure
of compactly supported elements and it is isomorphic to K(#), whereas the equivari-
ant lifts of elements in C*(G) ® K(L?(0, 1)) are supported near the diagonal: in other
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words they are properly supported, but not compactly supported. The same reasoning
holds for C* (G[0 l)) which is the I"-equivariant part of a subalgebra in the multipliers of
C ( G[O 1))

Finally, observe that if E € C°°(G L0, 1)) is the I"-equivariant lift of an element & €
C °°(G [0, 1)) then ¢ (§) is the image of the lift é through the extension to multiplier algebras
of the morphism 7 C,*(E) ® Co(0,1) x R} — K(H).

Lemma 4.2. The image of i is contained in D*(’)?)F.

Proof. By Remark 4.1, we deduce that f - ((§) =T(r* f -E) and ((§) - f =T(s* f -'5)
forall f € Cy (35) and forall £ € C} (Gg[;”“). Since at the parameter O the range and the
source maps coincide, we have that 7* f = s* f and then that, at the parameter 0, [¢(£), f]
vanishes. Therefore, for all £ € C* (G[0 1)) and f € CO(Y), [¢(€), f]is not only in the
image of C*(G) ® K(L2(0, 1)), but in K(L2(X) ® L2(0, 1)) because f is a limit of
compactly supported functions.

Finally, observe that the image of C* (G[o 1 ) into B(H) is the closure of a x-algebra
of I'- equlvarlant operators of finite propagation. It follows that ¢ (C,* (G [0, 1))) is contained
in D*(X )F. ]

As a consequence of the previous lemma, we have the commutative diagram of C*-
algebras

0—— C*G) @ K —— C(GIV) —— C*(TX xR%) ——0

lﬂc,* (68K lz lz 4.1

0——C*X)F —— D*X)F —— D*X)T'/Cc*(X)F ——0

where the first and the third vertical arrows are the restriction of ¢ to C,*(G) ® K and the
well-defined map induced on the quotient by ¢, respectively.

Theorem 4.3. The vertical arrows of diagram (4.1) induce isomorphisms in K-theory.

Proof. Obviously :C}(G) @ K — C* ()7 )T induces an isomorphism. So if we prove that
[t: Ku(CH(TX xRY)) — Ki(D* (X)F/C (X)F) is an isomorphism, thanks to the Five
Lemma, we obtain the desired result.

First of all recall that, by using isomorphism (2.1), we can replace D*(f)F/C* (})r
with D*(X)/C*(X). Since Paschke duality is an isomorphism, it follows that proving
that P o [1]: K« (C}(TX xR%)) - KK*T!(C(X),C) is an isomorphism is equivalent
to prove that [t] is so.

Recall that Paschke duality is given by the asymptotic morphism p* (1) in (2.3), hence
P o [] is given by the asymptotic morphism

(C®idcox) 1™ (u) € E! (C (TX xR%Y) ® C(X), (C) 4.2)
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Observe that, since C(TX x R%) ® C(X) is nuclear, (t ® idc(x))*p*(u) is an ele-
ment of KK (C}(TX x R%) ® C(X),C). Moreover, (t ® idcx))*u*(u) = (no (1 ®
idc(x)))*(u) and o (I ® ide(x)) = T o i, where

i CHTX xRY) ® C(X) — CF(TX xR%)

is the x-homomorphism of C *-algebras given by § ® f +— & -r* f (notice that & - r* f =
s* f - & so that i is well defined, with the source and the target maps of 7X x R* being
equal).

Hence & o [t] is given by the KK-element *7* (u). But 7* (u) is exactly the boundary
map of the second row of (3.6) for G = X x X and then for C*(G) =~ K(L*(X)). So
TC o1*(u) o TC™! is equal to the composition of the KK-element dx in (3.8) and the
suspension isomorphism S. Moreover, since Cy(0, 1) x R4 =~ K, the composition of the
suspension isomorphism and 7C corresponds to the Morita equivalence KK(C, A) =~
KK(C, A ®K).

Finally, observe that TC o [ji] o TC ™! is equal to [m], the morphism used in Section
3.5 to define the KK-element Dy . It follows that 7C o P o [i] o TC~! o ™1 is equal to
Dy, which defines the Poincaré duality (3.9). In conclusion, we have that

(=P loTC oDy 4.3)

and consequently that [¢] is an isomorphism. |

4.2. Second approach

Let D"‘(’)?)F be the structure Roe algebra associated to the very ample I'-equivariant
Co(X)-module L?(X) ® H, with H = [?(N). Let us consider the subalgebra

L¥(X)®B(H) =~ L®X)F @ B(H) C B(LA(X) ® H);

it is immediate to see that L°°(X) ® B(H ) is contained in D*(F}?)F.

Lemma 4.4. Let j be the inclusion L*°(X) ® B(H) — D*(f)r and let SD*(?)F
denote the suspension of D*(X)Y. Then the inclusion of SD*(X)' into €}, the mapping
cone C*-algebra of j, induces an isomorphism in K -theory.

Proof. Consider the following exact sequence:
0— SD*(X)F' > € — L®(X) @ B(H) — 0.

By the Kiinneth theorem, since K. (B(H)) is trivial, the K-theory of L*°(X) ® B(H) is
trivial too. Then the desired isomorphism follows. ]

Theorem 4.5. The following maps induce isomorphisms in K -theory:

SD*(X)T = € « €y —» VO (GI9Y) « (6. (4.4)
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Proof. The first arrow induces the isomorphism stated in Lemma 4.4, the third arrow
induces the isomorphism of Lemma 3.12, and the last arrow gives the isomorphism in
(3.11). The only isomorphism to check is the one induced by the second arrow. The dia-
gram

SC*(X)F ——— SC*(X)T +— SC*(G) —— SC*(G) +——— SC*(G)

sD*(X)T € Cu WO(GODY e cr(GY) (4.5
S(D*(X)/C*(X)) € €y VO(GID)/SCH(G) +— CHTX)
0 0 0 0 0

is commutative with exact columns and, using the Five Lemma, one can prove that all the
horizontal arrows but €, — €; and €+« — €;- induce isomorphisms in K-theory.

Here €~ is the mapping cone of 7*: C(X) — C(S*X) and €; is the mapping cone
of j': L°(X) ® B(H) — D*(X)/C*(X). Notice that here we freely identify the algebra
D*(X)T/C*(X)T with the algebra D*(X)/C*(X).

In order to apply the Five Lemma for the second and third columns, we are proving
that €+ — €} induces an isomorphism. To that aim we are going to use, as in the proof
of Theorem 4.3, the naturality of Paschke and Poincaré duality.

First notice that C(X) is a subalgebra of the multipliers of all the algebras in the
bottom row of diagram (4.5). Moreover, C (X ) commutes with all of them into their mul-
tipliers algebra: €y, ‘lJO(GbEg’l)) /SC}(G) and C¥(TX) are commutative, so for them
it is obvious; for D*(X)/C*(X) it is true by definition of pseudolocality; finally C(X)
commutes with L°°(X) ® B(H) because it acts only on the factor L>°(X). Let A denote
any among the algebras in the bottom row of diagram (4.5), then we have a well defined
x-homomorphism m4: C(X) ® A — A, because of the commutativity just observed.

Secondly observe that, if we substitute C*(X)T with C*(X), D*(X)T with D*(X),
and G with the groupoid X x X, by considering the diagram analogous to (4.5) (that we
will call the non-equivariant diagram), in the bottom row we obtain the same algebras we
have in the bottom row of diagram (4.5), and in the first row we have the suspension of
compact operators K (L2 (X)) everywhere.

As before, let A denote any among the algebras in the bottom row of diagram (4.5),
then let us denote by d4 € E(A, C) == E(A,K) the E-theory element associated to the
boundary map of the column in the new diagram corresponding to A.
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So for each A, by pulling-back through m,4, we obtain E-theory elements m’(d4) €
E(A®C(X),C), which give in turn group morphisms m7% (4): K«(4)—KK*(C(X),C).
By the commutativity of the non-equivariant diagram we deduce that

K+ (A) "‘ K (A)

(4.6)
m’ (@) )

KK*(C(X),C)

is commutative, for any arrow «: A — A’ in the bottom row of diagram (4.5). We obtain
the following isomorphisms.
o Ifa:A— Ais given by S(D*(X)/C*(X)) — €/, we have that m}(d4) is the
Paschke duality, and in Lemma 4.4 it was proven that the map in K-theory induced by
« is an isomorphism: by the commutativity of (4.6), mg (8@}./) is an isomorphism.
J

» Analogously, ifa: 4 — A’ is given by C(TX) — \IJO(Gig’l))/SCr* (G), we have that
m(04) is the Poincaré duality and we deduce by (3.11) and the Five Lemma that the
map in K-theory induced by « is an isomorphism. Then in this case also m7%,(d4) is
an isomorphism.

 In the exactly same way, if a: A — A’ is given by €+ — lIJO(GZE(?’I))/SC,* (G), we

deduce from Lemma 3.12 and the Five Lemma that « induces an isomorphism in K-
theory and then that mg _ (de,. ) is an isomorphism.

* Finally, since mg __ (de,.) and m;l(éifj,) are isomorphisms, then by the commu-
b4 J
tativity of (4.6) we deduce that the map in K-theory induced by €+ — €, is an
isomorphism.
Thanks to the last isomorphism we can use the Five Lemma to deduce that €, — €;
induces an isomorphism and this completes the proof of the theorem. ]

Remark 4.6. As a by-product of this proof, we obtain that the Higson—Roe exact se-
quence associated to the I'-space X is isomorphic to the long exact sequence in K-theory
induced by the following short exact sequence:

0—> SCH(G) = €y = Cpx — 0.

This exact sequence is fundamental in the recent work of the author with Paolo Piazza and
Thomas Schick [36].

5. Stratified spaces

In this section, we are going to see that the previous results apply without much more
effort to the context of smoothly stratified spaces. For the comfort of the reader, it seems
suitable to treat first the non-singular case and then to explain why it works in the same
way for the singular context. This allows to separate the difficulties of the proof (which is
the same in both settings) from the issues arising when one treats stratified spaces.
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5.1. Blow-up groupoid

We quickly recall the blow-up construction in the groupoid context from [17]. Let ¥
be a smooth compact manifold, let X be a submanifold of Y, and let DNC(Y, X) be
the associated deformation to the normal cone; see Section 3.2. The group R* acts on
DNC(Y, X) by

A ((x,8),0) = ((x,)k_lé),O), A-(y,t) =(y,At) with (x,§) € Ng, (r,t) €Y xR*.
Given a commutative diagram of smooth maps

XC———Y

ool
Xy’
where the horizontal arrows are inclusions of submanifolds, we naturally obtain a smooth

map DNC( f): DNC(Y, X) — DNC(Y’, X').
This map is defined by

DNC(f)(y,2) = (f(y), 1), fory € ¥ and A € R,
DNC(f)(x.£,0) = (f(x). fn(£).0) for (x.£) € Ny

where fiy: Ny — Ny is the linear map induced by the differential df . Moreover, it is
equivariant with respect to the action of R*.

The action of R* is free and locally proper on DNC(Y, X) \ X x R and we define
Blup(Y, X) as the quotient space of this action.

If H= HO is a closed subgroupoid of a Lie groupoid G = G©, then DNC(G, H)
is a Lie groupoid over DNC(G @, H©®), where the source and target maps are simply
given by DNC(s) and DNC(r) as defined above. On the other hand, Blup(G, H) is not a
Lie groupoid over Blup(G(®, H®), since the Blup construction is not functorial.

Definition 5.1. The blow-up groupoid of H in G is defined as the dense open subset of
Blup(G, H) given by

Blup, (G, H)
:= (DNC(G, H) \ (H x R UDNC(s)""(H©® x R) UDNC(r) ' (H® x R)))/R*;
it is a Lie groupoid over Blup(G©, H®),
We shall be also interested in a variant of this construction: we consider
DNC(G, H) = DNC(G©, H®)

and define DNC™ (G, H) as its restriction to (Ng((g)))+ x {0} U GO x R with (Ng((g)))+

denoting the positive normal bundle, where, for he H® (N g ((3; )Z‘ is defined by (R") 4 :=
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R’} once we fix a linear isomorphism (N I_CI"((S)) ), with R”. We also define Blup* (G, H) as
the quotient of DNC™ (G, H) \ H x R by the action of R* . We obtain in this way the
groupoid

Blup," (G, H) = Blup* (G, H©®).

5.2. Manifolds with fibered corners and iterated edge metrics
Let us recall the notion of a manifold with fibered corners, due to Melrose.

Definition 5.2. Let X be a compact manifold with corners and let Hy, ..., Hy be an
exhaustive list of its set of boundary hypersurfaces M;X. Suppose that each boundary
hypersurface H; is the total space of a smooth fibration ¢;: H; — S;, where the base S; is
also a compact manifold with corners. The collection of fibrations ¢ = (¢1, . . ., ¢x) is said
to be an iterated fibration structure if there is a partial order on the set of hypersurfaces
such that

(1) for any subset I C {1,...,k} with (\;c; H; # @, the set {H; | i € I} is totally
ordered;

(2) if H; < Hj, then H; N H; # 9, ¢;: H; N H; — §; is a surjective submersion,
and Sj; := ¢; (H; N H;) C S} is a boundary hypersurface of the manifold with
corners Sj. Moreover, there is a surjective submersion ¢;;: S;; — S; such that on
H; O Hj we have ¢j; o ¢j = ¢i;

(3) the boundary hypersurfaces of S; are exactly the S;; with H; < H;. In particular,
if H; is minimal, then S; is a closed manifold.

Denote by Z; the fiber of the fibration ¢;: H; — S;.

The quotient space SX = X/ ~, where
X~y <& x=yordisuchthat x,y € H; with ¢; (x) = ¢; (y),

is a so-called Thom—Mather stratified space with strata {S1, ..., Si}; see [30]. In turn, X
is called a resolution of S X .

Recall from [1-3] that an incomplete iterated edge metric g (shortly an iie-metric) is
a metric on X such that in a collar neighborhood of a hypersurface H; it takes the form

dx} +x%gz, + ¢*gs,,

where x; is a boundary defining function of H; and g z; oand gs; are metrics with the same
structure on Z; and S;. In particular, an iie-metric on X induces a Riemannian metric on
each stratum of X and that these metrics fit together continuously.

In particular, by [33, Theorem 2.4.7], the topology on X is that of the metric space
with distance between two points given by taking the minimum over rectifiable curves
joining them. As a metric space, 3 X is complete and locally compact [33, Theorem 2.4.17]
and hence a length space.
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Remark 5.3. Consider a Galois I"-covering SX of SX and its resolution X . They come
with Galois I'-coverings H ; and §i over H; and S;, respectively for all i. Moreover,
we have a I"-equivariant lift @;: H i = E of ¢; such that the links are still Z;; see, for
instance, [37, Section 2.4]. Finally, from an iie-metric g on S X we obtain a I'-equivariant
iie-metric g on SX.

As in [4, Section 3.5], we can consider the analytic surgery sequence of Higson and
Roe for Thom—Mather spaces, induced by the exact sequence of C *-algebras

= K (C*CX)D) = Ku(D*CX)T) = Ku(D*CX)T/C* X)) — -, (5.
and, as before, we have that K*(D*(S}\(/)F/C*(S’)\(/)F) ~ KK411(C(X),C) by Paschke
duality.

5.3. Poincaré duality for stratified spaces

We can associate a Lie groupoid to a manifold with fibered corners in the following way.
Let {H,,..., Hy} be alist such that if H; < H; = i < j and observe that if H; < H;,
then H; xs; H; = H; is a closed Lie subgroupoid of H; Xs; H;.

Definition 5.4. Let G(X, ¢) = X be the Lie groupoid
Blup;, (- (Blup/, (Blup; (X x X, Hy x5, H1), Hy X5, H>) -+, Hy X5, Hy).

Notice that in this definition the order of the blow-ups is important: if H; < H;, then
there is no immersion of H; Xs; H; into the blow-up of H; x5, Hj into X X X. As a set
G(X, ) is given by

k
X x X U | _|(H) xs; TS; xs; H)jx; xR,
j=0

where X; = H; \ (H; N Y;

z>]

Definition 5 5. Consider the adiabatic deformation groupoid G (X, go)[o 1) = X x[0,1).
Set Xy : =XU (0X x [0, 1)) and define the non-commutative tangent bundle of X as the
Lie groupoid

TNX = (G(X, )" 1y, = Xo.

As a set TNCX is equal to TX U |_|j o((Hj xs; TSj x5, Hj)|x; NR) [0.1)
We thus obtain an exact sequence of C *-algebras analogous to (3.3):

0 CH(X x X x(0,1) > CHGX.0GY) > CHTNX) 0. (5.2)

Denote by d(x,q): KK(C,CX(T)°X)) - KK(C,C} ()? x )?)) the boundary map asso-
ciated to (5.2), up to a suspension isomorphism.



The adiabatic groupoid and the Higson—Roe exact sequence 819

Denote by g: Xy — S X the obvious quotient map. Observe that
gos=gqor:T)°X —5X;

this implies that the morphism Sm: C* (TJ,‘ICX) ® CEX) —> Cr*(T(})\JcX) given by £ ®
f = E-(qos)*f is well defined.

Definition 5.6. The Dirac element is defined as the following KK-element:
SDx := [’m] @cyrycx) dxp) € KK(CH(TX) ® C(PX),C).

Theorem 5.7 (Poincaré duality [13,15]). Let S X be a Thom—Mather stratified space, then
SDyx gives a Poincaré duality. In particular, the Kasparov product with S Dx induces the
following isomorphism of KK-groups:

KK(C,CHT)X)) = KK(C(°X).C).

Remark 5.8. Observe that the Lie algebroid AG (X, ¢) of G(X, ¢) is non-canonically
isomorphic to 7X and the anchor map G (X, ¢) — TX is an isomorphism over X and it
is the projection onto the kernel of d¢; over H;. In particular, we have that the continuous
sections of AG (X, ¢) are given by the Lie subalgebra of vector fields over X

Ve(X) = {E € Vp(X); &|m, is tangent to the fibers of ¢; : H; — S; Vi},

where
Vp(X) = {§ € C®(X,TX); x; € x;C®(X) Vi}.

In particular, a continuous metric g, for 2AG (X, ¢) is given by a so-called iterated edge
metric, which is defined as p?g, where g is an iie-metric and the conformal factor is given
by p € C*°(X), the product of all the boundary defining functions x;, withi € {1,...,k}.

It is worth to point out that the proof of Poincaré duality in [15, Theorem 11.1] takes
place in the context of iterated fibered corners metrics which are associated to a slightly
different Lie groupoid: as a set it is the same, whereas the smooth structure is different.
Nevertheless, one can rewrite the entire work in [15, Section 11] by using iterated fibered
corners metrics and the proof of Theorem 5.7 goes, word by word, exactly in the same way.
To have a further insight of why that is true, observe that the proof of Poincaré duality in
[15] corresponds up to KK-equivalence to the one in [13], see [15, Corollary 11.5], but
the last one does not depend on the metric we choose to put on 5 X .

5.4. The main theorem: the stratified case
Let X be as in Remark 5.3 and let us denote X \ X by X2, Consider the Lie groupoid
G(X,9) = X given by

k
'X"reg X ')}'reg @] |_| (Iti/ X’S(j T’S‘/j X’E’j ﬁ/)‘
j=0

}'jXJR
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and observe that there is a proper and free action of I'" on G(f,?p’) through groupoid
automorphisms: let g be an element of T" and let (x, y) be in Xre¢ x X™°¢_ then g-(x,y)=
(g-x,g-y);ifinstead (x, &, y, ) is an element over the boundary, then g - (x, &, y,t) =
(g-x,dg-§.8-y.0).

Definition 5.9. Define the groupoid ¥ = X as the quotient of G(’)\(/ ,O) = X by the
action of I'. As a set, it is given by

k
Xree Xr Xreey I_l(H, xs; TSj xs; Hj)x; © R.
j=0

Remark 5.10. The fact that, in the restriction of § to the boundary, no product over '
appears is explained in a detailed way in [37, Section 5].

Consequently, we have the following exact sequence of C *-algebras:
0 — CF (X" xp X" x (0, 1)) — CF(9)) — CF(TNCX) — o.

Notice that C* (X™e xp X" x (0,1) x R ) is a subalgebra of ¥’ := L2(X™¢ x (0,1),g),
where we endow X with a complete iterated edge metric g’. Through the multiplication
by the total boundary function p we get an isomorphism m(p): H — H' with # :=
LZ(E(Jreg x (0,1), g), where g := p~2g’ is an iie-metric. It is a ['-equivariant CO(S})-
module and one can immediately see that the conjugation by m(p) maps C (Yfeg X1
xXree x (0,1) x R4 ) isomorphically onto C*(Sf)r. As in Section 4.1, this isomorphism
extends to an injective map S¢: Ccr (ﬁg[g’l)) — B(H).

Lemma 5.11. The image of St is contained in D*(SY)F.

Proof. The proof is similar to the one of Lemma 4.2: one checks in the exactly same
way that the commutator of f € Co(S Sf) and an element of S¢(C* (ﬁg[g ’1))) is zero at the
parameter O of the deformation. The only additional thing to check is that the commutator
of f isin Co(% 35) and that an element of $ u(Cr (ﬁg[g ’1))) is zero on the singular part,
which is a necessary condition for being locally compact: indeed compact operators are in
the closure of smoothing operators whose kernel is compactly supported on Xree x Xreg x
(0,1) x (0, 1). Recall, from the discussion in Remark 4.1, that we can see C,* (ﬁg[g’l)) asa
subalgebra in the multiplier algebra of C* (G(Y?a’)) generated by properly supported I"-
equivariant elements. Let § o pr: X x [0,1) > 5 X be the composition of the projection
to X and the quotient map. Then it follows that g* f is constant along the fibers of ¢;
foralli = 1,...,k and this implies that r*(g o pr)* f = s*(¢ o pr)* f is constant on
G(X.9),5%- Consequently, [f.51(x)] = Si((r*(§ o pr)*f — s*(§ o pr)* f)x) is zero
on the singular part of ¥ X. Then, since f is a limit of compactly supported functions,
[£.St(x)] is compact. Finally, observe that the image of S¢ in B(#) is the closure of a
x-algebra of I'-equivariant operators of finite propagation, which implies that the image
of $1 is contained in D*(S?)F. [
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Now we are able to state the main result of this section whose proof follows exactly
the proof of Theorem 4.3.

Theorem 5.12. There exists a commutative diagram

0 — Cr (X xp X8) @ K — CF (95°)) —— CX(TNXX xR%) — 0

lsto lSL lsz (5.3)

00— C*CX) ——— D*X) — D*X)/C*X)F —0
such that the vertical arrows induce isomorphisms in K-theory.

Remark 5.13. Let us highlight that one can also follow the second approach in Section
4.2, since Lemma 3.12 holds also for §. More precisely, we obtain that the analogous of
the middle column of (4.5) is given by

0 — CF(Gxne) ® Co(0, 1) = €(C(X) = WO()) = €(C(X) = Tpe(X)) = 0,
(5.4)
where Z,c(X) := WO(8)/C (G xw:) is the C*-algebra of non-commutative symbols.
This C *-algebra is given by the following pull-back:

Sne(X) —— WO((Gax)S )

L

C(C*g) —— C(&"G)px)

Remark 5.14. Notice that Theorem 5.12 reveals the correspondence between K-theoretic
invariants associated to incomplete metrics and the complete metrics obtained under a
conformal change of the metric. Indeed in the first row, complete metrics are used to
define the C *-algebras, whereas in the second row the metrics are incomplete.

6. Comparing secondary invariants

In this section, we shall give the proof of Theorem 1.3. In particular, we are going to
prove that the isomorphism K*+1(D*(Y)r) ~ K. (C} (Ggg’l))), induced by (4.5), puts
in correspondence the p-classes associated to a metric g with a positive scalar curvature,
defined in [34,51], respectively.

Let X be a smooth spin manifold with a free, proper, and isometric action of I". Let
$ denote the spinor bundle over X. Let g be a I'-invariant complete metric on X and
assume that the scalar curvature of g is positive everywhere on X. The Lichnerowicz
formula implies that the Dirac operator J) associated to g is invertible.

Denote by y: R — R the sign function and by ¥: R — R the chopping function ¢ —

\/1’+7. There is a path of functions ¥s:7 + (7= ) such that Yo = ¢ and ¥ = x
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(actually it is a continuous path of continuous functions on R \ {0}, where continuity here
is with respect to the sup norm).

6.1. Coarse invariants
Let us recall the definition of the p-classes of Piazza and Schick in [34].

Definition 6.1. Let dim(Y) be odd. Since I is invertible, the operator y(3) is a symme-
try in D*(X)T'. Then we can define o(g) as the class

B(){(E) + 1)} € Ko(D*(®)F).

Here D* ()7 )T is represented on the very ample I'-equivariant Co ()7 )-module L2(§)®
2N and %(X(ZD) + 1) is intended as the infinite matrix with %()((lﬁ) + 1) in the top left
corner and the identity along all the diagonal.

Remark 6.2. Notice that, in the odd dimensional case, %( x(P) + 1) is exactly -, the
projection on the positive part of the spectrum of I3. Consequently, o(g) is the image of
[P~ ] through the map Ko(V2(X)) — Ko(D*(X)T).

Let us now consider the even dimensional context. In this case, the spinor bundle is
graded by the chirality element and it splits in the following way: § = §, @ §_. In turn,

the Dirac operator is odd with respect to the grading and it is of the following matrix form:
0o D
[ D_ 0+ ]
Notice that, even though $+ and §_ are not isomorphic as smooth bundles, there

exists an isometric I'-equivariant isomorphism u: § _ — §, of measurable bundles, which
is given by the Clifford multiplication by any I'-invariant vector field whose zero set is of a
measure equal to zero. It induces the unitary I'-equivariant maps U: L (§_) — L®($ )
and U: L%2($_) — L%($4).

Definition 6.3. Let x4 ([?) be the positive part of y (/). Then o(g) is defined by the class
[Ux+(B)] € Ky (D*(X)T).

Here D*(X)T is represented on the I-equivariant Co(X)-module L2($,) ® I2N.
Moreover, notice that the definition does not depend on the choice of U; see [35, Sec-
tion 2B2].

6.2. Adiabatic invariants

Since X is spin, the Lie algebroid of the adiabatic deformation of G = X xr X, which
is TX x [0, 1], is obviously spin. So we can consider I§,q, the Dirac operator of Ga[g’l],
defined on the Cf"(G‘Eg’l])-module CC°°(G£3’1], r*f ® 91/2); see [51, Definition 3.21]
for the definition of the Dirac operator on a Lie groupoid with a spin Lie algebroid. Let us
denote by 8&3’1] its Cf (Gig’l])-completion and let us denote by & its restriction at 1 = 1.
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As explained in Section 3.6, we can consider it as a field of operators such thatatz = 1
it is the I"-equivariant Dirac operator ) of X and at7 = 0 it is the one given by the Fourier
transform of its symbol, namely by Clifford multiplication.

Notice that ¥ (/},q) belongs to \IJO(G;Eg’l]). Moreover, since the restriction of JJ,q at
t = 11is invertible, we have a continuous path of operators g () from v (D) to y (D).

Definition 6.4. Let us define
0,1 o 1
0"(g) = [V vV ()]

astheclassin KK*(C,C} (Gig’ 1])) given by the concatenation of the Kasparov bimodules
[8;2’1], Y (Dag)] and [6 @ Co[0, 1), Y5 (ID)], after a suitable reparametrization.

This definition makes sense in both the odd and the even dimensional cases, because
the definition of KK-groups takes the grading of the spinor bundle into account.
6.3. Comparison of g-classes

Let us first calculate the image of 0*(g) in KK*(C, \IIO(Gig’l))) under the inclusion
cr (G[0 1)) — \IJO(G[0 l)) From the definition of 8[0 Ditis easy to see that

8[0 1) ® \IJO(G[O 1)) ( [0,1) $)

woGHY)

whereas the operator can be seen as unchanged.
We are going to treat the odd and the even dimensional cases separately. Let us start
with the odd case and let us denote by A the isomorphism

K (SD*(X)T) — Ky (CF(GIDY).

Recall that in the odd dimensional case o(g) is the image of [#-] through the inclusion of
lIJIQ (X) into D*(X)T'. Since the following triangle

K1 (SW2(X))

T

Ki(SD*(X)F) - Ki(¥°(Gyg™)

is obviously commutative, it is enough to compare the image of the suspension of [~ ]
and the image of 0*(g) inside K;(¥° (G [o. 1))) The suspension of [#-] is given by the
path of unitaries

expritPs) = 2P, 4+ (1 — o) € Co(0, 1) ® V(X . §).
First observe that the identification KK(C, 4) = K;(A) is given by the map

[H, F] — [exp(2miP)],
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where P = %

parov bimodule

. An easy calculation shows that [exp(27it P )] corresponds to the Kas-

[H,tx(D) + (1 — 1)] € KK'(C,Co(0,1) ® ¥(X)),

where J is the Cy(0,1) ® \IJ(I" (’)\(/)-module Co(0,) ® \IJIQ (3("5) The operator ¢ y () +
(t — 1) extends to the W° (Gig’l))—module \IJO(Gig’l), $) and we obtain the corresponding
element in KK (C, \IJO(G;Eg’l))), obtained through the inclusion Cy(0, 1) ® IIJIQ (3{) —
\IJO(G[O 1))

Finally, observe that ty() + (¢t — 1) and w[o 1)(ﬂ), both of them operators on
\IJO(Gig 1), %), commute. Then by [40, Lemma 11] there is a homotopy connecting them,
hence the images of o(g) and 0*(g) coincide in KK'(C, \IJO(GE?I’I))).

Let us now pass to the even dimensional case. We refer the reader to [5, Sections 2.2
and 2.3] for a detailed account of the isomorphism between the relative K-group of a mor-
phism and the K-theory group of its mapping cone C *-algebra. In this case, we are going
to start with the class of Ky (D*(X )F ) induced by the unitary U X(¢)+ of Definition 6.3.
Following the arrows in (4.5), we see that it induces the class [L°°(X $+) L°°(X $+)
Uy(Ip)+] in the relative group Ko 0(/)- Using any / path of unitaries from U to the iden-
tity and the fact that U~ 1L‘X’(X $+) = L°°(X, §_), we see that the last class is equal
to [L°°(X $+) Le(X, g ), y(19)+], which in turn is clearly the image of [C(X, §).
c(X, g ), x(IP)+] € Ko(m) through the second arrows in (4.5). Now observe that mt is
injective and, as explained in [5, Section 2], one can easily see that the realization of our
class in Ko(Cy,) is given by

cos? (%t)1+ €08 (%t> sm( )X(¢)+ _[(0 O)] 1€10.1]
cos (%t) sin (%l)){(lﬁ)— sin? (Et) - o

) 6.1)
where 14 is the identity of the W2 (X)-module C(X, $+) ®c(x) ¥2(X) = WA(X, $4)

and the second matrix is meant to denote the constant path. The first term of (6.1) is
obtained by conjugating ( 16’ g) with the path of invertible matrices

g b4
1) ()
cos ( 5 sin (3 x(D) 1
b4 b4
(G (3
sin ( 3 x(D) cos (5
and the last path of invertible martices is homotopic, through paths of invertible elements,
to T T
G (3)
cos ( 3 sin ( 3 x(D)+
Fid Fid
n(F)a)- oo (1)
sin ( 3 x(D) cos* (5

6.2)

6.3)
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Now conjugating (IJ g) by (6.3) instead of (6.2), we obtain exactly the image of
(WX, $4) ® W(X. $_), F] by means of the standard identification of KK(C, Cy)
and Ko(Cy); here the operator in the Kasparov bimodule is given by

0 sin (%t))((ﬂh
sin (gt))((w)— 0

Finally, if we move to KK (C, \IIO(GaEg’l))) through the map 7 from Lemma 3.12, we
obtain the class [WO(Gig’l), $), F] which is, by [40, Lemma 11], operatorially homotopic
to the image of 0*(g) in KK (C, ¥° (Ggg’ l))). Observe that this is true because the identity
is a compact operator on the module ¥°(G zEg’ 1]). This completes the proof of Theorem 1.3.

Acknowledgments. It is a pleasure to thank Moulay-T. Benameur, Paolo Piazza, Thomas
Schick, and Georges Skandalis for many interesting discussions.

References

[1] P. Albin, E. Leichtnam, R. Mazzeo, and P. Piazza, The signature package on Witt spaces. Ann.
Sci. Ec. Norm. Supér. (4) 45 (2012), no. 2, 241-310 Zbl 1260.58012 MR 2977620
[2] P. Albin, E. Leichtnam, R. Mazzeo, and P. Piazza, The Novikov conjecture on Cheeger spaces.
J. Noncommut. Geom. 11 (2017), no. 2, 451-506 Zbl 1375.57034 MR 3669110
[3] P. Albin, E. Leichtnam, R. Mazzeo, and P. Piazza, Hodge theory on Cheeger spaces. J. Reine
Angew. Math. 744 (2018), 29-102 Zbl 1434.58001 MR 3871440
[4] P. Albin and P. Piazza, Stratified surgery and K-theory invariants of the signature operator.
2017, arXiv:1710.00934
[5] P. Antonini, S. Azzali, and G. Skandalis, Flat bundles, von Neumann algebras and K-theory
with R /Z-coefficients. J. K-Theory 13 (2014), no. 2, 275-303 Zbl 1315.46077
MR 3189427
[6] M.-T. Benameur and 1. Roy, The Higson-Roe sequence for étale groupoids. I. Dual algebras
and compatibility with the BC map. J. Noncommut. Geom. 14 (2020), no. 1, 25-71
Zbl 1444.19008 MR 4107510
[7]1 M.-T. Benameur and I. Roy, The Higson-Roe sequence for étale groupoids. II. The universal
sequence for equivariant families. J. Noncommut. Geom. 15 (2021), no. 1, 1-39
Zbl 07377299 MR 4248206
[8] P. Carrillo-Rouse, Indices analytiques a support compact pour des groupoides de Lie. Ph.D.
thesis, Université Paris-Diderot - Paris VII, 2007
[9] A. Connes, An analogue of the Thom isomorphism for crossed products of a C *-algebra by
an action of R. Adv. in Math. 39 (1981), no. 1, 31-55 Zbl 0461.46043 MR 605351
[10] A. Connes, Noncommutative Geometry. Academic Press, San Diego, CA, 1994
Zbl 0818.46076 MR 1303779
[11] A. Connes and G. Skandalis, The longitudinal index theorem for foliations. Publ. Res. Inst.
Math. Sci. 20 (1984), no. 6, 1139-1183 Zbl 0575.58030 MR 775126
[12] C. Debord and J.-M. Lescure, K-duality for pseudomanifolds with isolated singularities. J.
Funct. Anal. 219 (2005), no. 1, 109-133 Zbl 1065.58014 MR 2108361


https://zbmath.org/?q=an:1260.58012&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2977620
https://zbmath.org/?q=an:1375.57034&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3669110
https://zbmath.org/?q=an:1434.58001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3871440
https://arxiv.org/abs/1710.00934
https://zbmath.org/?q=an:1315.46077&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3189427
https://zbmath.org/?q=an:1444.19008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4107510
https://zbmath.org/?q=an:07377299&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4248206
https://zbmath.org/?q=an:0461.46043&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=605351
https://zbmath.org/?q=an:0818.46076&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1303779
https://zbmath.org/?q=an:0575.58030&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=775126
https://zbmath.org/?q=an:1065.58014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2108361

(13]

(14]

[15]

[16]
(17]
(18]

(19]

(20]

(21]

(22]
(23]
[24]
(25]
[26]

(27]

(28]
(29]
(30]
(31]
(32]

(33]

V. F. Zenobi 826

C. Debord and J.-M. Lescure, K-duality for stratified pseudomanifolds. Geom. Topol. 13
(2009), no. 1, 49-86 Zbl 1159.19303 MR 2469513

C. Debord and J.-M. Lescure, Index theory and groupoids. In Geometric and Topological
Methods for Quantum Field Theory, pp. 86—158, Cambridge Univ. Press, Cambridge, 2010
Zbl 1213.81209 MR 2648649

C. Debord, J.-M. Lescure, and F. Rochon, Pseudodifferential operators on manifolds with
fibred corners. Ann. Inst. Fourier (Grenoble) 65 (2015), no. 4, 1799-1880 Zbl 1377.58025
MR 3449197

C. Debord and G. Skandalis, Adiabatic groupoid, crossed product by ]R{’_';_ and pseudodifteren-
tial calculus. Adv. Math. 257 (2014), 66-91 Zbl 1300.58007 MR 3187645

C. Debord and G. Skandalis, Blowup constructions for Lie groupoids and a Boutet de Monvel
type calculus. 2017, arXiv:1705.09588

C. Debord and G. Skandalis, Lie groupoids, pseudodifferential calculus and index theory.
2019, arXiv:1907.05258

R.J. Deeley and M. Goffeng, Realizing the analytic surgery group of Higson and Roe geomet-
rically part II: relative n-invariants. Math. Ann. 366 (2016), no. 3-4, 1319-1363

Zbl 1370.19001 MR 3563239

R. J. Deeley and M. Goffeng, Realizing the analytic surgery group of Higson and Roe geomet-
rically part III: higher invariants. Math. Ann. 366 (2016), no. 3-4, 1513-1559

Zbl 1370.19002 MR 3563244

R. J. Deeley and M. Goffeng, Realizing the analytic surgery group of Higson and Roe geo-
metrically, part I: the geometric model. J. Homotopy Relat. Struct. 12 (2017), no. 1, 109-142
Zbl 1370.19003 MR 3613023

T. Fack and G. Skandalis, Connes’ analogue of the Thom isomorphism for the Kasparov
groups. Invent. Math. 64 (1981), no. 1, 7-14 Zbl 0482.46043 MR 621767

N. Higson and J. Roe, Analytic K-Homology. Oxford Math. Monogr., Oxford University Press,
Oxford, 2000 Zbl 0968.46058 MR 1817560

N. Higson and J. Roe, Mapping surgery to analysis. I. Analytic signatures. K-Theory 33
(2005), no. 4, 277-299 Zbl 1083.19002 MR 2220522

N. Higson and J. Roe, Mapping surgery to analysis. II. Geometric signatures. K-Theory 33
(2005), no. 4, 301-324 Zbl 1083.19003 MR 2220523

N. Higson and J. Roe, Mapping surgery to analysis. III. Exact sequences. K-Theory 33 (2005),
no. 4, 325-346 Zbl 1085.19002 MR 2220524

M. Hilsum and G. Skandalis, Morphismes K -orientés d’espaces de feuilles et fonctorialité en
théorie de Kasparov (d’aprés une conjecture d’A. Connes). Ann. Sci. Ecole Norm. Sup. (4) 20
(1987), no. 3, 325-390 Zbl 0656.57015 MR 925720

G. G. Kasparov, Equivariant K K -theory and the Novikov conjecture. Invent. Math. 91 (1988),
no. 1, 147-201 Zbl 0647.46053 MR 918241

P-Y. Le Gall, Théorie de Kasparov équivariante et groupoides. I. K-Theory 16 (1999), no. 4,
361-390 Zbl 0932.19004 MR 1686846

J. Mather, Notes on topological stability. Bull. Amer. Math. Soc. (N.S.) 49 (2012), no. 4, 475—
506 Zbl 1260.57049 MR 2958928

B. Monthubert and F. Pierrot, Indice analytique et groupoides de Lie. C. R. Acad. Sci. Paris
Sér. I Math. 325 (1997), no. 2, 193-198 Zbl 0955.22004 MR 1467076

V. Nistor, A. Weinstein, and P. Xu, Pseudodifferential operators on differential groupoids.
Pacific J. Math. 189 (1999), no. 1, 117-152 Zbl 0940.58014 MR 1687747

M. J. Pflaum, Analytic and Geometric Study of Stratified Spaces. Lecture Notes in Math. 1768,
Springer-Verlag, Berlin, 2001 Zbl 0988.58003 MR 1869601


https://zbmath.org/?q=an:1159.19303&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2469513
https://zbmath.org/?q=an:1213.81209&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2648649
https://zbmath.org/?q=an:1377.58025&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3449197
https://zbmath.org/?q=an:1300.58007&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3187645
https://arxiv.org/abs/1705.09588
https://arxiv.org/abs/1907.05258
https://zbmath.org/?q=an:1370.19001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3563239
https://zbmath.org/?q=an:1370.19002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3563244
https://zbmath.org/?q=an:1370.19003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3613023
https://zbmath.org/?q=an:0482.46043&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=621767
https://zbmath.org/?q=an:0968.46058&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1817560
https://zbmath.org/?q=an:1083.19002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2220522
https://zbmath.org/?q=an:1083.19003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2220523
https://zbmath.org/?q=an:1085.19002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2220524
https://zbmath.org/?q=an:0656.57015&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=925720
https://zbmath.org/?q=an:0647.46053&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=918241
https://zbmath.org/?q=an:0932.19004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1686846
https://zbmath.org/?q=an:1260.57049&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2958928
https://zbmath.org/?q=an:0955.22004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1467076
https://zbmath.org/?q=an:0940.58014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1687747
https://zbmath.org/?q=an:0988.58003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1869601

(34]
(35]
(36]
(37]
(38]
(39]
(40]
(41]
[42]
(43]
(44]

[45]

[40]
[47]
(48]
[49]
(50]

(51]

The adiabatic groupoid and the Higson—Roe exact sequence 827

P. Piazza and T. Schick, Rho-classes, index theory and Stolz’ positive scalar curvature
sequence. J. Topol. 7 (2014), no. 4, 965-1004 Zbl 1320.58012 MR 3286895

P. Piazza and T. Schick, The surgery exact sequence, K-theory and the signature operator. Ann.
K-Theory 1 (2016), no. 2, 109-154 Zbl 1335.46063 MR 3514938

P. Piazza, T. Schick, and V. E. Zenobi, Mapping analytic surgery to homology, higher rho
numbers and metrics of positive scalar curvature. 2021, arXiv:1905.11861

P. Piazza and V. F. Zenobi, Singular spaces, groupoids and metrics of positive scalar curvature.
J. Geom. Phys. 137 (2019), 87-123 Zbl 1430.58013 MR 3893404

Y. Qiao and J. Roe, On the localization algebra of Guoliang Yu. Forum Math. 22 (2010), no. 4,
657-665 Zbl 1204.19005 MR 2661442

J. Roe, Comparing analytic assembly maps. Q. J. Math. 53 (2002), no. 2, 241-248

Zbl 1014.46045 MR 1909514

G. Skandalis, Some remarks on Kasparov theory. J. Funct. Anal. 56 (1984), no. 3, 337-347
Zbl 0561.46035 MR 743845

G. Skandalis, J. L. Tu, and G. Yu, The coarse Baum-Connes conjecture and groupoids. Topol-
ogy 41 (2002), no. 4, 807-834 Zbl 1033.19003 MR 1905840

J. L. Tu, La conjecture de Novikov pour les feuilletages hyperboliques. K-Theory 16 (1999),
no. 2, 129-184 Zbl 0932.19005 MR 1671260

E. van Erp and R. Yuncken, A groupoid approach to pseudodifferential calculi. J. Reine Angew.
Math. 756 (2019), 151-182 Zbl 1433.58025 MR 4026451

S. Vassout, Unbounded pseudodifferential calculus on Lie groupoids. J. Funct. Anal. 236
(2006), no. 1, 161-200 Zbl 1105.58014 MR 2227132

S. Weinberger, Z. Xie, and G. Yu, Additivity of higher rho invariants and nonrigidity of topo-
logical manifolds. Comm. Pure Appl. Math. 74 (2021), no. 1, 3-113 Zbl 07363247

MR 4178180

Z. Xie and G. Yu, Positive scalar curvature, higher rho invariants and localization algebras.
Adv. Math. 262 (2014), 823-866 Zbl 1306.58008 MR 3228443

Z. Xie and G. Yu, Higher rho invariants and the moduli space of positive scalar curvature
metrics. Adv. Math. 307 (2017), 1046-1069 Zbl 1355.53029 MR 3590536

G. Yu, Localization algebras and the coarse Baum-Connes conjecture. K-Theory 11 (1997),
no. 4, 307-318 Zbl 0888.46047 MR 1451759

R. Zeidler, Positive scalar curvature and product formulas for secondary index invariants. J.
Topol. 9 (2016), no. 3, 687-724 Zbl 1354.58019 MR 3551834

V. F. Zenobi, Mapping the surgery exact sequence for topological manifolds to analysis. J.
Topol. Anal. 9 (2017), no. 2, 329-361 Zbl 1408.57033 MR 3622237

V. F. Zenobi, Adiabatic groupoid and secondary invariants in K-theory. Adv. Math. 347 (2019),
940-1001 Zbl 1419.22003 MR 3922452

Received 2 May 2019; revised 8 October 2019.

Vito Felice Zenobi
Dipartimento di Matematica, Sapienza Universita di Roma, Piazzale Aldo Moro 5, 00185 Roma,
Italy; vitofelice.zenobi@uniromal.it


https://zbmath.org/?q=an:1320.58012&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3286895
https://zbmath.org/?q=an:1335.46063&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3514938
https://arxiv.org/abs/1905.11861
https://zbmath.org/?q=an:1430.58013&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3893404
https://zbmath.org/?q=an:1204.19005&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2661442
https://zbmath.org/?q=an:1014.46045&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1909514
https://zbmath.org/?q=an:0561.46035&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=743845
https://zbmath.org/?q=an:1033.19003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1905840
https://zbmath.org/?q=an:0932.19005&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1671260
https://zbmath.org/?q=an:1433.58025&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4026451
https://zbmath.org/?q=an:1105.58014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2227132
https://zbmath.org/?q=an:07363247&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4178180
https://zbmath.org/?q=an:1306.58008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3228443
https://zbmath.org/?q=an:1355.53029&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3590536
https://zbmath.org/?q=an:0888.46047&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1451759
https://zbmath.org/?q=an:1354.58019&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3551834
https://zbmath.org/?q=an:1408.57033&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3622237
https://zbmath.org/?q=an:1419.22003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3922452
mailto:vitofelice.zenobi@uniroma1.it

	1. Introduction
	2. Roe's algebras
	2.1. Controlled operators
	2.2. The C^\ast-algebras C^\ast(\widetilde{X})^\Gamma and D^\ast(\widetilde{X})^\Gamma
	2.3. Paschke duality
	2.4. The analytic surgery exact sequence

	3. The adiabatic groupoid and the gauge adiabatic groupoid
	3.1. Lie groupoids and Lie algebroids
	3.2. The adiabatic groupoid and the gauge adiabatic groupoid
	3.3. Groupoid C^\ast-algebras
	3.4. The Lie groupoid \widetilde{X}\times_\Gamma\widetilde{X}
	3.5. Poincaré duality
	3.6. Pseudodifferential operators

	4. The main theorem
	4.1. First approach
	4.2. Second approach

	5. Stratified spaces
	5.1. Blow-up groupoid
	5.2. Manifolds with fibered corners and iterated edge metrics
	5.3. Poincaré duality for stratified spaces
	5.4. The main theorem: the stratified case

	6. Comparing secondary invariants
	6.1. Coarse invariants
	6.2. Adiabatic invariants
	6.3. Comparison of \varrho-classes

	References

