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G -homotopy invariance of the analytic signature of
proper co-compact G -manifolds and equivariant
Novikov conjecture

Yoshiyasu Fukumoto

Abstract. The main result of this paper is the G-homotopy invariance of the G-index of the signa-
ture operator of proper co-compact G-manifolds. If proper co-compact G-manifolds X and Y are
G-homotopy equivalent, then we prove that the images of their signature operators by the G-index
map are the same in the K-theory of the C *-algebra of the group G. Neither discreteness of the
locally compact group G nor freeness of the action of G on X are required, so this is a general-
ization of the classical case of closed manifolds. Using this result, we can deduce the equivariant
version of Novikov conjecture for proper co-compact G-manifolds from the strong Novikov con-
jecture for G.

1. Introduction

Before discussing our case of proper action of a locally compact group G, let us review
the classical case of closed manifolds. For even-dimensional oriented closed manifold M,
the ordinary Fredholm index of the signature operator dps is equal to the signature of the
manifold M which is defined using the cup product of the ordinary cohomology of M. In
particular, it follows that ind(d,z) is invariant under orientation-preserving homotopy. We
have the following classical and important result.

Theorem 1.1 ([7-9]). Let M and N be even-dimensional oriented closed manifolds.
Assume that M and N are orientation-preserving homotopy equivalent to each other.
The fundamental groups of M and N are identified with each other via the isomorphism
m1(M) = 71 (N) induced by the homotopy equivalent map and let I" denote this group.
Let 0pr and Oy be their signature operators. Then, indr(dys) = indr(dy) € Ko(T').

Notice that we can deduce the Novikov conjecture from the strong Novikov conjecture
by using this theorem. Moreover, we also have a more generalized result.

Theorem 1.2 ([13, Proposition 3.3 and Theorem 3.6]). Let a finite group G act on M
and N. Assume that M and N are orientation-preserving G-equivariantly homotopy
equivalent. The fundamental groups of M and N are identified with each other via the iso-
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morphism 71 (M) = 1(N) induced by the homotopy equivalent map and let " denote
this group. Let ind? be the G-equivariant T'-index map with value in KOG (Cy(I)) ~
Ky (Cr:d(GF)), where GT denotes the group extension {1} —T' — G' — G — {1}. Then,
indZ (9p) = indZ (In) € Ko(CX(GD)).

Our main theorem is a generalization of them. Let us fix the settings. Let X and Y be
oriented even-dimensional complete Riemannian manifolds and let G be a second count-
able locally compact Hausdorff group acting on X and Y isometrically, properly, and
co-compactly.

Theorem A. Let X and Y be oriented even-dimensional complete Riemannian mani-
folds and let G be a second countable locally compact Hausdorff group acting on X and
Y isometrically, properly, and co-compactly. Let dx and dy be the signature operators.
Assume that we have a G-equivariant orientation-preserving homotopy equivalent map
f:Y — X. Then, indg(dy) = indg(dy) € Ko(C*(G)).

This claim is also stated in [1] without proofs and here we will give a proof for it to
obtain Corollary B. The method we use in this paper is based on [7], so we will construct
a map that sends indg (dx) to indg (dy ). Our group C *-algebras can be either a maximal
or a reduced one.

Theorem 1.1 is the case when X and Y are the universal covering of closed manifolds
M and N. Thus, analogously to the case of closed manifolds, the equivariant version of
the Novikov conjecture can be deduced from the strong Novikov conjecture for the acting
group G. In particular, by using this theorem and the result discussed in [3], we obtain the
following equivariant version of Novikov conjecture for low-dimensional cohomologies.

Corollary B. Let X, Y, and G be as above and let L be a G-Hermitian line bundle
over X which is induced from a G-line bundle over &G, or more generally, G-Hermitian
line bundle L over X satisfying c1(L) = 0 € H%(X;R). Suppose, in addition, that G is
unimodular and Hy(X;R) = H1(Y;R) = {0}. Then,

/ cx (x)E(TX) A ch(L) =/ cy (D) E(TY) Ach(f*L),
X Y

where cx denotes the cut-off function, that is, cx is an Rxq-valued compactly supported
function on X satisfying fG c(y™'x)dy = 1 for any x € X. In the case of the closed
manifold, that is, when X is obtained as the universal covering of a closed manifold M,
and the acting group is the fundamental group, the above value is equal to the ordinary,
so called, higher signature (£(TX) U ch(L), [M]). The same result in this case of closed
manifolds was obtained in [5,12].

Moreover, in Section 5, we will prove the G-homotopy invariance of the analytic sig-
nature twisted by almost flat bundles as in [7, Section 4]. However, we will use a different
method from [7] to deal with general G -invariant elliptic operators. To be specific, we will
prove the following Theorem C to obtain Corollary D.
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Theorem C. Let X be a complete oriented Riemannian manifold and let G be a lo-
cally compact Hausdorff group acting on X isometrically, properly, and co-compactly.
Moreover, we assume that X is simply connected. Let D be a G-invariant properly sup-
ported elliptic operator of order 0 on G-Hermitian vector bundle over X .

Then, there exists € > 0 satisfying the following: for any finitely generated projective
Hilbert B-module G-bundle E over X equipped with a G -invariant Hermitian connection
such that |RE || < &, we have

indg ([E] ®cy(x) [P]) = 0 € Ko(Cyiox (G) @wiax B)
ifindg ([D]) = 0 € Ko(Cyx (G)). If we only consider commutative C*-algebras for B,
then the same conclusion is also valid for C%,(G).

Corollary D. Consider the same conditions as Theorem A on X, Y, and G and assume
additionally that X and Y are simply connected.

Then, there exists € > 0 satisfying the following: for any finitely generated projective
Hilbert B-module G-bundle E over X equipped with a G -invariant Hermitian connection
such that |RE || < &, we have

indg ([E] ® [0x]) = indg ([f*E] ® [0y]) € Ko(Cyiax (G) ®max B).

If we only consider commutative C*-algebras for B, then the same conclusion is also

valid for C%i(G).

2. Preliminaries on proper actions

Definition 2.1. Let G be a second countable locally compact Hausdorff group. Let X be
a complete Riemannian manifold.

e X is called a G-Riemannian manifold if G acts on X isometrically.

e The action of G on X is said to be proper or X is called a proper G-space if the
following continuous map is proper: X x G — X x X, (x,y) — (x, yx).

e The action of G on X is said to be co-compact or X is called G-compact space if the
quotient space X /G is compact.

Definition 2.2. The action of G on X induces actions on TX and T*X given by

Y:iTeX — Ty X y:TeX — T, X

and .
v y(v) 1=y E v =07
The action on X(X) and Q*(X) is given by
yIVI:=yV and ylo]:= ()

fory e G,V € ¥(X), and w € Q*(X). Obviously, y[w A 1] = y[w] A y[n] and d(y[w]) =
y[dw].
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Proposition 2.3 (Slice theorem). Let G be a second countable locally compact Hausdorff
group that acts properly and isometrically on X. Then, for any neighborhood O of any
point x € X there exists a compact subgroup K C G including the stabilizer at x, K D
Gy :={y € G | yx = x} and there exists a K-slice {x} C § C O. [

Here S C X is called K-slice if the following are satisfied:
e S is K-invariant; K(S) = S,
o the tubular subset G(S) C X is open,

o there exists a G-equivariant map ¥: G(S) — G/K satisfying ¥ ~!([e]) = S, called a
slice map.

Corollary 2.4. We additionally assume that X is G-compact. Then, for any open covering
X =, cx Ox, there exists a subfamily of finitely many open subsets { Ox; . . ., Oxy } such

that N
U U V(Oxi) = X.

yeGi=1

In particular, X is of bounded geometry, namely, the injective radius is bounded below
and the norm of Riemannian curvature is bounded. ]

Lemma 2.5. Let X and Y be manifolds on which G acts properly. Suppose that the action
on Y is co-compact. Let f:Y — X be a G-equivariant continuous map. Then, [ is a
proper map.

Proof. Since the action on Y is co-compact, there exists a compact subset /' C Y satisfy-
ing G(F) = Y. Fix a compact subset C C X and assume that the closed set f~!C C Y
is not compact. Then, there exists a sequence {y;} C f ~1C tending to the infinity, that is,
any compact subset in Y contains only finitely many points of {y;}. Since the action on
Y is proper, there exists a sequence {y;} C G tending to the infinity satisfying y; € y; F.
Then, it follows that f(y;) € f(y; F) = y; f(F). Due to the compactness of f(F) C X
and the properness of the action on X, the sequence { f(y;)} C X tends to the infinity.
However, the compact subset C cannot contain such a sequence. So, f~!C is com-
pact. |

3. Perturbation arguments

In this section, we will discuss on some technical methods introduced in [7, Sections 1 and
2]. For now, we will forget about the manifolds and group actions. Let A be a C *-algebra,
which may not be unital. Especially we will consider A = C*(G). Let & be a Hilbert
A-module equipped with A-valued scalar product (-, -). Let us fix some notations:

e IL(&;, &) denotes a space consisting of adjointable A-linear operators, and we also
use L(&) :=1L(¢&,68);
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o (&1, &>) denotes a subspace of L(&7, &) consisting of compact A-linear operators,
namely, the norm closure of the space of operators whose A-rank are finite. We also
use K(&) := K(¢&, &).

3.1. Quadratic forms and graded modules

Definition 3.1 (Regular quadratic forms). Q:& x & — A is called a quadratic form on &
if it satisfies

0EV)=0W,86* and Q,£a) = Q(v,€E)a forv,£ € &, a € A. 3.1

A quadratic form Q is said to be regular if there exists an invertible operator B € 1L(§)
satisfying that Q (&, Bv) = (&, v).

For an operator T € IL(€), let T’ denote the adjoint with respect to Q, that is, an
operator satisfying that Q(T€,v) = Q(£, T'v). Using B, itis writtenas 7’ = BT*B~!.

Definition 3.2 (Compatible scalar product). Another scalar product (-,:);: & x & — A4
is called compatible with (-, -) if there exists a linear bijection P: & — & satisfying that

(V,E)] = (va%‘)

Note that P is a positive operator with respect to both scalar products, and
VP: (8, (- )1) = (&, (- ) is a unitary isomorphism. In particular, neither the space
LL(&) nor K(&) depends on the choice of a compatible scalar product.

Lemma 3.3. Let Q be a regular quadratic form on &. Then, there exists a compatible
scalar product (-, -) o with the initial scalar product of & and U € (&) satisfying that
Q(5,Uv) = (§,v) g and U? = 1. Moreover; they are unique.

Proof. With respect to the initial scalar product (-, -), we have that

(v.B7'E) = Q(v.§) = Q(€, )" = (§.B™'v)" = (B”'v. &) = (v.(B7)*¢).

which implies that B~! is an invertible self-adjoint operator. Thus, it has the polar decom-
position B~! = UP in which B~!, U, and P commute one another; here U is unitary and
P is positive. To be specific, U and P are given by the continuous functional calculus. Let
f and g be continuous functions given by f(x) := |x7| and g(x) := |x| on the spectrum

of B~!, which is contained in R \ {0}, and set U := f(B~')and P := g(B~!). Note that
U=P'B'=pP'B Y =P 'PU*=U",
so it follows that U2 = U*U = 1. Let us set (v, £) o := (v, P§). Then,
Q. U§) = Q(v,U™'§) = Q(v, BPE) = (v, PE) = (v, €)o.

If there is another such operator U; satisfying that U2 = 1 and that Q (v, U;£) is another
scalar product, then U; ! U is a positive unitary operator, which implies that U] 'U = 1.
Thus we obtained the uniqueness. ]
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Remark 3.4. A regular quadratic form Q on a Hilbert A-module & determines the re-
newed compatible scalar product (-, -)p associated to Q and the (Z/27Z)-grading given
by the +1-eigen spaces of U. Conversely, if a Hilbert A-module & is equipped with
a (Z/27)-grading, then it determines a regular quadratic form Q given by Q(v, §) =
(v, (=1)%e®¢) for homogeneous elements.

Definition 3.5. Let A be a C*-algebra. J(A) denotes the space consisting of unitary
equivalent classes of triples (&, Q, §), where & is a Hilbert A-module, Q is a regular
quadratic form on &, and §: dom(8) — & is a densely defined closed operator satisfying
the following conditions:

(1) 8’ = =6, namely, Q(—38(v), &) = Q(v,8(§)) for v, § € dom(d);

(2) Im(8) C dom(§) and 6% = 0;

(3) there exists 0, T € K(&) satisfying 0§ + 67 — 1 € K(8).

The typical example, which we will use for dealing with the signature, is given by Def-

inition 4.7. Roughly speaking, & is a completion of the space of compactly supported dif-
ferential forms 7, Q is given by the Hodge *-operation, and § is the exterior derivative.

Remark 3.6. This definition is slightly different from Ly,(A4) in [7, Définition 1.5] and
our J (A) is smaller. However, it is sufficient for our purpose.

Lemma 3.7. If a closed operator § satisfies the condition (3), then both operators (8 +
8* £ i)~ can be defined and they belong to K(&). Here, 8* denotes the adjoint of § with
respect to a certain scalar product on §.

Proof. Since § is a closed operator, § + &* is self-adjoint. Thus Im(6 + §* &£ i) are equal
to & and both operators § 4+ 6* + i are invertible. We now claim that both (6 + 6* +
i)~! € L(&) are compact operators. Since Im((§ + §* £i)™!) = dom(§ + 8* + i) =
dom(8) N dom(6*) and § and §* are closed operators, the operators

oar =80 +8*+£i)! and Bi:=86*G+8*+i)!

are closed operator defined on entire &, which implies that they are bounded; «, B € L(&).

On the other hand, note that (6§)? = (¢8)(1 — §t) = 0§ and (§7)> = §t modulo
K(&). Let p be the orthogonal projection onto Im(§7) and let ¢ = 1 — p. Then, we have
that p(§t) = 8t and (§1) p = p modulo K(&). Moreover,

(68)gq=0-=6t1)(01—p)=1=-86t—p+ Br)p=1-387 =04,

qg(@d) =(1—-p)(1-ér)=1-p—-3dt+p@r)=1-p=gq,
1—(8*c)g—B)p=1—(q68)*—p=1—g*—p=1—g— p = 0modulo K(&).

Then, set £ := 1 — (§*6*)q — (6t) p € K(&). Now we conclude that
1=4+ (8%c*q — étp),
G+8*Li) ' =@+ L£i) U+ (ako*q - prp) € K(E)
because ¢, o, and t belong to K(&); and ox and S+ belong to IL(6). |
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Definition 3.8. For (&, Q,6) € J(A), we define the K-theory class W(E, Q,8) € Ko(A4)
as follows. As in Lemma 3.3, let & be equipped with the compatible scalar product (-, ) o
and (Z/27)-grading associated to Q. Next, put

Fy = (5 +8(1 + (6 +89%) 7 € L(&),

where §* is the adjoint of § with respect to the scalar product (-, -)g. Obviously Fj is
self-adjoint and Fj is an odd operator since USU = §' = —§. Moreover, it follows that

1—F2=(1+@+692) 7 €K(©)

by the previous lemma. Then, we define W(&, Q, ) := (8, Fs) € KK(C, A) =~ Ky(A).
The action of C on & is the natural multiplication.

Lemma 3.9. For (8, Q,0) € J(A) satisfying Im(8) = Ker(§), W(&€, Q,8) =0 € Ko(A).

Proof. First, remark that Im(§) and Ker(6*) are orthogonal to each other, and hence,
Im(8) N Ker(6*) ={0}. Indeed, for §(n) € Im(§) and v € Ker(§*), it follows that (5(n),v) =
(n,6*(v)) = 0.Now let & € Ker(§ + 6*). Then,

0=(£ (84 8")%(©) = (£.6%8(€) + 88*(§))
= (8(£),8(5)) + (8*(5).8*(®)),

which implies that & € Ker(5) N Ker(§*) = Im(6) N Ker(6*) = {0}. Therefore, Ker(Fs) =
{0}. Since Fjy is a bounded self-adjoint operator, it is invertible. To conclude, (&, Fs) =
0 e KK(C, A). [

3.2. Perturbation arguments

Lemma 3.10 ([7, Lemme 2.1]). Let (8x, Qx,dx), (8y, Qy,dy) € J(A). Suppose that
we have
(1) T € L(Ex, Ey) satisfying T(dom(Sx)) C dom(8§y), Téx = 8y T and T induces
an isomorphism [T]: Ker(8x )/ Im(8x) — Ker(dy)/ Im(8y);,
(2) ¢ € L(Ex) satisfying ¢(dom(Sx)) C dom(Sx) and 1 — T'T = Sx¢ + ¢pdx;
(3) e e L(Ex) satisfyinge? =1,¢ =¢, e8x = —6xe, ande(1 —=T'T)=(1—-T'T)e.
Then, ¥(&x, Qx,6x) = V(Ey, Oy, dy) € Ko(A).

Proof. First, we may assume that ¢’ = —¢. Indeed, since 1 — T'T = (1 —T'T) =
(bxd + ¢pdx) = —(6x¢’ + ¢’'8x), we may replace ¢ by %(qﬁ — ¢') which satisfies the
same assumption.

Set& :=Ex ®Ey, Q0 := 0x ®(—Qy),and V := [8(’)‘ _gy ]- Note that the replacing
of Oy by —Qy means the reversing of the grading of &y. Then, it is easy to see that
(&, Q,V)=VY(Ex, Ox,8x) — V¥(6y, Qy, §y). Therefore, it is sufficient to verify that

(€, 0.V) =0.
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Let us introduce invertible operators R; € IL(&) and a quadratic form B; on & given
by
1 0
R; = |: i| and  B;(v,§) := Q(R,v, Ri§) = Q(R; Ry, §)
itTe 1
for ¢t € [0, 1]. We claim that (&, B;, V) € J(A).

It is easy to see that VR; = R;V, and hence, B;(v, V&) = B;(—Vv, §). Clearly the
scalar products associated to B; and Q are compatible with each other, also the condi-
tions (2) and (3) in the definition of J(A) are satisfied. Therefore, (&, B;, V) € J(A4) and
(&, B, V) =W¥(E,0,V).

Next let us introduce

=TT e+ ip)T
YT Tlie + 1) 1

:| and C;(v,&) := Q(Lv,§).

Let T’ denote the adjoint of T with respect to Qx and Qy. Notice that since Q = Qx &
(—Qy). the adjoint of the matrix [ £ § | with respect to Q is equal to [ 3 =" ]. Thus we

: To
have that R} = [} 767" ] and that

, e(1—=T'T)e ieT’ (1-T'T)e?* ieT’
R\R, = , - . = Lo.
iTe 1 iTe 1

In particular, B; = Cy. Since L, is invertible at t = 0, there exists #y > 0 such that L, is
invertible for 7 € [0, #o]. Besides, it is clear that L} = L, so C; is a regular quadratic form
for ¢t € [0, to].

Moreover, consider the operator V; := [5(’)‘ ig; ] We claim that (&, Cy, Vy) € J(A),
for z € [0,1o]. The adjoint of V, with respect to the quadratic form Cy is equal to L;'V/ L,
so in order to check that it is equal to —V;, we should check that L, V; = —V;L;. We have

v - (A=T'T)sx t(1—=T'T)T' —(ie+t$)T'Sy
T Tlie + t)8x tT(ie+tp)T' — Sy ’

ViL = [ —$x(1—=T'T) —Sx(ie +1)T’ } |

—tT(1=T'T)=8yT(ie+1p) —iT(ic+1$)T + 8y

Obviously, the (1, 1)- and (2, 2)-entries are the negative of each other. Besides, we can see
that

[(1,2)-entry of L, V| = t(8x¢ + pSx)T' — (ie + t¢)Sx T’
= t5X¢T/ —ielyT' = dx(ie + l‘¢)T/
= —[(1,2)-entry of V;L,].

Since (L,V;)’ = V;L,, it automatically follows that [(2, 1)-entry of L,V,] = —[(2, 1)-
entry of V;L,] as well, and now we obtained that L,;V, = —V,L,. It is easy to see that
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(V))?=0.Ifox, 7y € K(Ex) and oy, 1y € K(Ey) satisty ox Sy + Sxtx — 1 € K(Ex) and
oy8y + vty — 1 € K(Ey), then it follows that [ ¥ _gy Vi + Vi _gy] —1 e K(&),
since T € L(Ex, Ey). Thus we obtained that (&, C;, V;) € J(&) and V(&, C;, V) =
V(&,B,,V)=¥(E,0,V).

Finally, check that Ker(V;) = Im(V;) for any ¢ € (0, ¢¢]. Ker(V;) D Im(V;) is implied
by (V;)? =0, so let [z;] € Ker(V,). Then, 6, € Ker(dy) and tT'6, = —5x6; € Im(Sx).
Since T’ induces an isomorphism [T”]: Ker(6y )/ Im(dy) — Ker(dx)/ Im(Sx), it follows
from the injectivity that 6, € Im(8y ). There exists € &, such that §y n = 6,. On the other
hand, 6; + ¢t T'n € Ker(8x) and the surjectivity of [7’] imply that there exists { € Ker(8y)
such that 7'¢ = 1(6; + ¢T"n). Therefore, Im(V;) 3 V;[ .2, | = [’f;‘f(j?’;’] = [3;], which
concludes that Ker(V;) C Im(V,).

Due to Lemma 3.9, it follows that ¥(&, C;, V;) = 0 € KK(C, A) and we conclude

that U(8x, Ox.8x) — ¥(8y, Qy.8y) = W(E,0.V) = 0. .

4. G-signature

4.1. Description of the analytic G -index

Let G be a second countable locally compact Hausdorff group. Let X be a G-compact
proper complete G-Riemannian manifold. And let V be a G-Hermitian vector bundle
over X. In this section, we will define and investigate a C *(G)-module denoted by & (V)
obtained by completing C.(X; V). This will be used for the definition of the index of
G-invariant elliptic operators, in particular, the signature operator.

Definition 4.1 ([11, Section 5]). First, we define, on C.(X; V), the structure of a pre-
Hilbert module over C.(G) using the action of G on C.(X; V) given by y[s](x) =

y(s(y~lx)) fory € G.
e The action of C;(G) on C.(X; V) from the right is given by

s-b= /G yIs]- by HAY) 2dy € Ce(X: V) “.D

fors € C.(X;V)and b € C.(G). Here, A denotes the modular function.
e The scalar product valued in C.(G) is given by
_1
(Sl, 32)8()/) = A(V) 2<S17 V[SZ])Lz(V) (42)
fors; € C.(V).
1
Define &(V) as the completion of C.(V) in the norm || (s, s) ”é‘*(G)'

Theorem 4.2 ([11, Theorem 5.8]). Let G be a second countable locally compact Haus-
dorff group. Let X be a G-compact proper complete G-Riemannian manifold. Let

D:CX(X;V) - C(X;V)

be a formally self-adjoint G-invariant first-order elliptic operator on a G-Hermitian vec-
tor bundle V. Then, both operators D + i have dense range as operators on &(V) and
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(D +i)7! belong to K(E(V)). The operator D(1 + D?)~1/2 € IL(§(V)) is a Fredholm
operator and determines an element indg (D) € Ko(C*(G)). |

In this paper, mainly we consider V as A" T*X equipped with the Z/2Z-grading
given by the Hodge *-operation and D as a signature operator.

Definition 4.3. Let X and Y be proper and co-compact Riemannian G-manifolds and let
V and W be G-Hermitian vector bundles over X and Y, respectively. Let 7: C>°(X; V) —
C(Y; W) be a linear operator. The support of the distributional kernel of 7 is given by the
closure of the complement of the following union of all subsets Ky x Ky C X x Y:

U KXxKy.

(T s1,52)=0 for any sections
51€C¢(X;V) and s,€C, (Y ;W) satisfying
supp(s1)CKx, supp(s2)CKy

T is said to be properly supported if both
suppkr) U (Kx xY) and suppkr)U (X xKy) C X xY

are compact for any compact subset Ky C X and Ky C Y.
T is said to be compactly supported if supp(k7) C X x Y is compact.

The following proposition is used for the construction of the bounded operators on
&(V).

Proposition 4.4 ([11, Proposition 5.4]). Let G, X, Y, V, and W be as above. Let
T:C.(X;V)— C.(Y; W)
be a properly supported G-invariant operator which is L*-bounded. Then, T defines an
element of L(6(V), E(W)).
For the proof, we will use the following two lemmas.

Lemma4.5. Let P € L(L?(X;V), L2(Y; W)) be a compactly supported bounded oper-
ator. Then, the operator

P = /G y[P]dy

is well defined as a bounded operator in 1L(L*>(X; V), L2(Y; W)) and the inequation
| Pllop < C||Pllop holds, where C is a constant depending on its support.

Proof. Assume that the support of the distributional kernel of P is contained in Ky x Ky
for some compact subsets Ky C X and Ky CY. We will follow the proof of [2, Lem-
mas 1.4 and 1.5]. Fix an arbitrary smooth section with compact support s € C>°(X; V)
and let us consider Fy € L?(G; L*(Y; W)) given by

Fs(y) :== y[P]s.
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Note that for any y € G the support of the distributional kernel of y[P] is contained in
v(Kx) x y(Ky). This is because for any s € C°(X; V), it follows that supp(y[P]s) C
y(Ky) and y[P]s = 0 whenever supp(s) N y(Kx) = @. In particular, since the actions
are proper, Fg has compact support in G. In addition, again since the actions are proper,
y(Ky) Nn(Ky) = y(Ky Ny~ n(Ky)) = @if y~n € G is outside some compact neigh-
borhood Z C G in particular,

” Fs(y) ||L2(Y;W) N EsMlz2r;wy =0

for such y and n € G. Recall that Z is determined only by Ky being so independent of s.
Then,

” /G Fy(y)dy

2
_ H / Fy(y)dy H / Fy(n) dy
L2(Y ;W) G L2(Y ;W) G L2(Y ;W)
< /G /G Vs 2w | Fs (D) L2y vy dy dn
< /G ||Fs<y>||Lz(Y;W)( /G XZ<V—1n>||Fs<n)||L2(Y;W>dn)dy

< W Fsllez@ylxz 2oyl Fsllze)
< |ZIIF5 1726y

where yz: G — [0, 1] is the characteristic function of C, thatis yz(y) = 1 fory € Z and

xz(y) =0fory ¢ Z.
Next, take a compactly supported smooth function ¢; € C2°(X; [0, 1]) such that ¢y = 1
on Ky. Noting that P = Pcy, we obtain

2 _
1172y = /G | E o owy a7 = /G lyPery™ s\ acriw) dy
< /G 1P lery ™ 5112 xyy dy
2 2 —1 2
<121, [, [ lenPly sl axay
GJX
_ 2 2
< ||P||§p/ / e ()P s @) | dx dy
GJX
_ 2
<1PR, sup( / a6 dy)nsnzZ(X;V).
xeX G

Since the action of G is proper, {y € G | y~'x € supp(c1)} C G is compact, so the value
Jg le1(y~'x)| dy is always finite for any fixed x € X. Besides, since X/G is compact,
this value is uniformly bounded:

102 —1.4)2
C := sup (/ |cl(y 1x)| dy) = sup (/ |cl(y 1x)| dy) < 00.
xeX G [x]leX/G G
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Recall that C depends only on Kx, not on s. We conclude that
” / y[Plsdy
G

Lemma 4.6 ([11, Lemma 5.3]). Let P be a bounded positive operator on L*>(X ; V) with
a compactly supported distributional kernel. Then, the scalar product

(s1,82) — <s1, (/G y[P]dy)S2>8(V) € C*(G)

is well defined and positive for any s1 = s € C.(X; V).

2
= H / Fs(y)dy
L2(Y;W) G

<|Z|C - ||P||§p||s||1%2(x;v)- m

2

< 1ZIIF )26,
L2(Y;W)

Proof. Note that
(vs]. P(V[S]))Lz(X;V) = (\/F(V[S])’ \/F(V[S]))LZ(X;V)

for y € G and 5 € C.(X; V). Regarding each side of the above equation as a function
in y € G, it is clear that the left-hand side vanishes outside some compact subset in G
depending on the support of s and P. This implies that ~/P (y[s]) has a compact support
in G. Take any unitary representation space K of G and i € J#. By the above observation
of the compact support,

vi= L A(y)_%ﬁ(y[s]) Qylhldy € L2(X;V) Q@ H

is well defined. Then, we obtain that

0 < [lv)?
- [G /G A)2 AV P(Y[s1). VP (0ls])) 2 xovy (Y 1] 111) 5 dy iy
=/G/GA(J/)_%A(VI)_%@,y‘l[P(n[s])])Lz(X;V)(h’y—ln[h])]edydn
:/G/GA(V)_IA(V_ln)_%<s,y_l[P](y_ln[s]))Lz(X;V)(hy—ln[h])%dyd(y—ln)

- [G /G A, y TIPS gy - £ Ay 0
:LA(E)_2<S,(/(;)’[P]d)’)(é'[s])>L2(X;V)(h,f[h])xdé'

:[G<s,(/Gy[P]dy)(s)>€(V)(§)-(h,é[h]);g dé.

Recall that the action of f := (s, (f5 y[P]dy)(5))g(v) € Cc(G) on K is given by f[h] =
Jg f(©)¢[h]d¢ for h € H. Thus, by rewriting the above inequality, we have (h, f[h]) 3 >0
for any /, which means that this f is a positive operator on any unitary representation
space J. To conclude, f is positive in C*(G) for any s € C.(&(V)). |
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Proof of Proposition 4.4. Let Ty := %(CT*T + T*Tc), which is a bounded self-adjoint
operator L2(X;V) — L?(X; V). Moreover, the distributional kernel of T} is contained
in K x K for some compact subset K C X. By Lemma 4.5, fG y[T1] is well defined in
L(L?*(X;V)) and

1 * * )
/Gy[Tl] :/GE()/[C]T T +T*Tylc]) = T*T.

Consider a compactly supported continuous function f € C.(X; [0, 1]) satisfying that
c¢1 = 1l on K sothat ¢;T7¢c; = T; holds. Consider the following self-adjoint operator:

Po=ci(ITI?lell = T)er = T IPllel = Th € L(L*(X; V).

Obviously P is compactly supported and since 77 < ||T1|| < | T||?|lc|l, P is positive.

Using Lemma 4.6, for any s € C.(V), the following value is positive:

0= <S’ (/G V[P] dy)s>8(V)

< CITIlels.s)ecw) - <s, ( /G y[m)s>w) e C*(G).

where C is the maximum of a G-invariant bounded function fG y[c?], which is indepen-
dent of s. To conclude,

(T(s), T(s))g(W) = (s, T*T(s))g(v) = <s, (/G )/[Tl])s>8(v)

< CITIPllell (s, s)ew)- =

4.2. Proof of Theorem A
The theorem we will discuss is the following.

Theorem A. Let X and Y be oriented even-dimensional complete Riemannian manifolds
and let a locally compact Hausdorff group G act on X and Y isometrically, properly,
and co-compactly. Let f:Y — X be a G-equivariant orientation-preserving homotopy
equivalent map. Let dx and 0y be the signature operators. Then, indg(dx) = indg (dy) €
Ko(C*(G)).

From now on we will slightly change the notation for simplicity. We will only consider
V for the cotangent bundle /\" T*X ® C. Letus use Ex for 6 (A" T*X ® C). Let Q¥ (X)
be the space consisting of compactly supported smooth differential forms on X, namely,
C°(X; V). We will prove Theorem A using Lemma 3.10.

Definition 4.7. Let us introduce the following data (&, Q, §) to present the G-index of
the signature operator.



Y. Fukumoto 774

e Let C*(G)-valued quadratic form Qx be defined by the formula

0x (0.6)(y) = KR A ) /X 5 A ylE]
forv e QK(X), v e Q' *(X), y € G; (4.3)

here v denotes the complex conjugate. If deg(v) + deg(€) # dim(X), then Qx (v,§) :=
0. This “deg” means the degree of the differential form.

o The grading Uy determined by Qy is given by
Ux(§) = i * M % £ for € € QE(X), (4.4)

where * denotes the Hodge *-operation.
Clearly, U2 = 1 and Qx (v, Ux (§)) = (v, £)gy hold.

o 8x(£):=ikdy&forf e QIC‘(X), here dy denotes the exterior derivative on X.

We will also use similar notations for Y.

Lemma 4.8. (8}(, Qx, Sx) S J(C*(G)) and \P(gx, Qx, 6}() = indG(ax), where 3)( is
the signature operator of X.

Proof. First, obviously §2 = 0. Applying Theorem 4.2 to the signature operator on X, it
follows that §y — Ux 8x Ux: 2 (X) — &y is closable and its closure is self-adjoint. Let us
use 8y — Ux 6y Uy for also its closure. Since Im(8y) and Im(—Uy §x Uy ) are orthogonal
to each other with respect to the scalar product (-, -)g, , it follows that §x itself is a closed
operator on &. Moreover, set

_ %
1+ (8% +8x)*

They belong to K (&) since Fran pe by € K(&x). Then, from Theo-

+8 + € L(6x) and e e

+8 +i
rem 4.2, we obtain

—1
§ Sx1—1= ———— € K(Ex).
o8y +8xt 1+(8§+5x)26 (€x)
Therefore, (§x, Qx,d0x) € J(C*(G)) and ¥(Ex, Qx, 8x) = indg(dx) by the definition
of W, [

Let f:Y — X be a G-equivariant proper orientation-preserving homotopy equivalent
map between n-dimensional proper co-compact Riemannian G-manifolds. In order to
construct amap T €L (Ey, &y) satisfying the hypothesis of Lemma 3.10, it is sufficient to
construct an L2-bounded G -invariant operator 7: Q*(X)— (Y due to Proposition 4.4.

Remark 4.9. Note that /*: Q*(X) — Q2 (Y) may not be L?-bounded unless f:Y — X
is a submersion. For instance, let Y = X = [—1,1] and f(y) = y>. Consider an L2-form
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w on X given by w(x) = IX\+/4 Actually ”“’”22()() = f_ll |x|+/2dx = 2, however,

1

1
* 12 — —
I f w”LZ(y) —/_1 |y|3/2dy +o0.

So we need to replace f* by a suitable operator.

Let us construct operator 7' that we need and investigate its properties in a slightly
more general condition.

e X and Y are Riemannian manifolds and G acts on them isometrically and properly.
For a while, X and Y may have a boundary and the action may not be co-compact if
not mentioned.

e Let W be an oriented G-invariant fiber bundle over Y whose typical fiber is an even-
dimensional unit open disk B¥ € R¥. Let g: W —» Y denote the canonical projection
map and qr: QK(W) — Q¥ (Y) be the integration along the fiber.

o Letus fix w € QX(W) to be a G-invariant closed k-form with fiber-wisely compact
support such that the integral along the fiber is always equal to 1; g7 () (y) = J, W, @ =
1 for any y € Y. Let ¢, denote the operator given by e, ({) = ¢ A w for ¢ € Q*(W).
We can construct a G-invariant  as follows. Let 7 € Q¥ (W) be a k-form inducing
a Thom class of W. We may assume that ny Tt =1 for any y € Y. Then, w :=
[ vlct]dy is a desired G-invariant form.

e Suppose that we have a G-equivariant submersion p: W — X whose restriction on
supp(w) C W is proper.

Definition 4.10. For the above data, let us set T, := greep™: QE(X) — QF(Y). We
may write just 7, for simplicity.

w

{\i QLX) — QW) — QW) — Q).
p ] 1

Y X

Lemma 4.11. If the actions of G are co-compact, then Ty ,, determines an operator in
L(&x, Ey).

Proof. By Proposition 4.4, it is sufficient to check that T, ,, is L2-bounded.

Since gy is obviously L?-bounded, only the boundedness of e, p*: Q¥ (X) — QX (W)
is non-trivial. Note that our proper submersion p restricted on supp(w) C W is a locally
trivial G-invariant fibration. Let p; denote the integration along this fibration. Then,

|REI R

holds for any compactly supported differential form ¢ € Q7 (W) satisfying supp(¢) C
supp(w), in particular, { = |(p*£) A w|?>voly € QIK(W) for & € Q¥(X). Let C,, be the
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maximum of the norm of bounded G-invariant form p; (|w|?voly) € Q" (X). We have
* 2 _ * (T) 2 2
lewr™ @ z2am, = | 10*0) Aofvol £ | 162 ps (0 volw)
= o [ lePvoly = ca,nsnzz(x) for £ € Q2(X).
X

The equation (1) holds because the function p*|£|? is constant along the fiber p~!(x). m

Lemma 4.12. Let us consider proper co-compact G-manifolds X, Y, and Z and let q;:
W — Y and q»:V — Z be G-invariant oriented disk bundles over Y and Z with typical
fiber B¥' and B*>. Fix G-invariant closed forms wy € QK1 (W) and w, € Q*2(V) with
fiber-wisely compact support satisfying (q;)r(wj) = 1. Let pi1: W — X p:V =Y be
G -equivariant submersions whose restriction on supp(w;) is proper.

On the other hand, as in the diagram below, let us consider the pull-back bundle
W ={(v,w) € Vx W | pa(v) = qi(w)} over V and let us regard it as a fiber bundle
over Z with projection denoted by q»1. Let us set wy1 = p2*w1 A q1*wy € Q*(p5W),
P21 1= p1pa, where gi: psW — V denotes the projection and p3: p; W — W denotes
the map induced by p,.

Then, Tp, Ty, = Tp,,:6x — Ez.

nw
N
a1 p2
D21
|4 921 |V w
qzl\) l \l
VA X VA Y X
szTm gx—>gy—>82, Tp2158X_>82~

Proof. First we can see that for £ € Q7 (X),

Tpoy () = (q21)1 © €wy, P2, (£)
= (¢2)1(@)1{P2" PTE A (P2 w01 A 1" 02)}
= (92)1(@)1{P2"(pT§ A1) A G102}
= (¢2)1{(@)1(P2" (pT§ A w1)) A w2}
= (92)1€w,(q1)1 72" €w, P1 (§),
Tp, Tp, (§) = (q2)1€0, P © (q1)1€0, PT ().

Note that (g7); in the second bottom row is well defined because the differential form
D2 *ew, py(§) is compactly supported along each fiber of gi: p*W —> V. We need to
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prove the commutativity of the following diagram:

Q*(psW)
- P
(41)1‘[
Q*(V) QW) 4.5)
12
l(ql)I
Q*(Y)

It is easy to check this using local trivializations. Suppose that W — Y is trivialized on
U C Y. Then, p;W is trivialized on p;'U C V. We write these trivializations as W |y =~
U x B¥ and pXW |y ~ p5'U x B¥. Then, for {(y,w) = f(y,w)dy Adw € Q*(W|p),

(@7 = [ (f(pa(0). ) p3 ey
= (p;(ql)Ié')(v) forve p U c V. m
We will use the following proposition repeatedly.

Proposition 4.13. Let Wy and W, be oriented G -invariant disk bundles over Y with typ-
ical fiber BXt and B*2, and let qj: W; —> Y be the projection. Let w; € Q¥ be closed
Sforms with fiber-wisely compact support satisfying (q; )1 (w)w; = 1.

Suppose that there exist G-equivariant submersions pj: W; — X whose restrictions
on the O-sections pj(:,0):Y — X are G-equivariant homotopic to each other.

Then, there exists a properly supported G-equivariant L2-bounded operator r:
QI(X) — QI(Y) satisfying that Ty, o, — Tp, 0, = dx ¥ + ¥ dy.

First, let us prove the following lemma.

Lemma 4.14. Let Q: W — Y x [0, 3] be a G-invariant disk bundle over Y x [0, 3] and
let w € QF (W) be a closed form with fiber-wisely compact support satisfying Q(w) = 1.
Suppose that there exists a G-equivariant submersion P: W — X whose restriction on
supp(w) is proper. Then, there exists a properly supported G-equivariant L?-bounded
operator : Q7 (X) — QI (Y) satisfying that Tp(. 3y w(,3) — TP(.0),0¢,0) = dx ¥ + ¥dy.

Proof. Let§ € Q2 (X) and 0 := Q1 (P*E Aw) € Q%(Y x [0,3]). Then, it is easy to see

that
/ df = — ([ 9)—%—(1';9—1’3“9),
[0,3] [0,3]

where i;: Y x {t} < Y x [0, 3] denotes the inclusion map. Note that i;*0 = Tp(. 1) w(.)&.

Now, set ¥: Q% (X) — Q2 (Y) by the formula; ¥ (§) := f[0,3] Qr(P*¢ Aw) for & €
Q*(X). Note that the identity map L ([0, 3]) — L?([0, 3]) is a continuous inclusion due
to the finiteness of vol([0, 3]); hence, the map f[o,3]: QI(Y x[0,3]) » QX(Y) E L2-
bounded. Moreover, since P*§ A @ vanishes at the boundary of each fiber of W, the
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integration along the fiber commutes with taking exterior derivative, in particular,
40 = dQ;(P*E Aw) = Qrd(P*E Aw) = 01 (P*(d) A w).

To conclude, we obtain

¥ (d) = /[0 40P E A )
= —=d¥(é) + Tpr(.3).00.3& — TP(.0).00.0& u

Proof of Proposition 4.13. We need to construct W and P as above satisfying

Tp,0),06,0 = Tpror  and  TP(3).0(,3) = Tps.0,-

Leth:Y x[0,3] — X be are-parametrized G -homotopy between p; (-,0) and p;(-,0),
that is, & is a G-equivariant smooth map satisfying

h(y,t) = p1(y,0)fort € [0,1] and h(y,t) = p2(y,0)fort € [2,3].

Here G acts on [0, 3] trivially. Moreover, consider the following fiber product W xy W, =
{(y1,wy), (y2,w2) € Wy x Wa | yo = y1}. Let us introduce a smooth map y:[0,3] — [0, 1]
satisfying that

x(t) =0forr €[0,15) U ($5.3] and x(1) =1forr € (75, 35)-

Then,
h: (Wi xy Wa) x [0,3] > X

pi(y. (1= x(@)wy) forz e [0,1],
((y,f),wl,wz) = 9 h(y,t) fort €[1,2],

p2(y. (1= x(@))wp) forr € [2,3].

This / is submersion as long as x(t) # 1 due to the submergence of p; and p,. Let
BX :={v e TX||v]| < 1} be the unit disk tangent bundle; consider the pull-back bundle
W := h* BX; let us regard it as a bundle over Y x [0, 3] and set

P:W—X
(1), w1, w2, v) = XD,y (XD)V)-

Due to the (y(¢)v)-component, P is a submersion also when y(¢) # 0 not only when
x(@) # 1. B _

Moreover, define w € Q*(W) as w := w{ w1 A 5w A h*wpx, where wj: W — W;
for j = 1,2 and wpxy € Q*(BX) is a G-invariant differential with fiber-wisely compact
support satisfying |, Bx, @Bx = 1. These W, P,and satisfy the assumption of Lemma
4.14.
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Itis easy to see that Tp(.0),0(.,00 = Tp;,0, a0d TP(. 3),w(,3) = Ip,,0, as follows. For the
simplicity, let r: WN/YX{O} —»> W denote the projection. Note that P(y,0) = pym and we
can write w(-,0) = 7*w; A @, using some @ € Q*(WYX{O}) satisfying 77w = 1. Then,
we obtain that

Tp(0),06,0&) = (q) 177 (7" pTéE A ¥ w1 A D)
= (g1 (7" (pi§ A1) A D)
= (qD)1((pT& A @1) A @)
= (q)1(p1§ A1) = Ty 0, (§),

and similarly, Tp(. 3),w(,3) = Tp;,0,- [

Now let us define a map T € IL(Ex, &y) which satisfies the assumption of Lemma
3.10. First, remark that our map f:Y — X is a proper map by Lemma 2.5.

Definition 4.15. Let BX := {v € TX | ||v|| < 1} be the unit disk tangent bundle and let
W := f*BX be the pull-back on Y, thatis, W = {(y,v) € Y x BX | v € BX|r(y)}.
Let f: W — BX be a map given by f(x, v) := (f(x),v). Since the action of G on X is
isometric and f is G-equivariant, G acts on BX and also on W. Consider a G-equivariant
submersion given by the formula

pW—-X 46)
¥, v) = epr(y)(v)~ '

Let us fix a G-invariant R-valued closed n-form wg € Q" (BX) with fiber-wisely compact
support whose integral along the fiber is always equal to 1, and let w := f*wg € Q"(W).
For these W, p,and w, letus set T := T 4.

Lemma 4.16. The adjoint with respect to quadratic forms Qx and Qy is given by T' =
presq™.

Proof. Note that deg(w) = dim(X) is even; hence, @ commutes with other differential
forms. For v € QK(Y) and £ € Q"% (X),

[pzewq*wms:/pz(q*vAw)As=/ 1@ Aw A p*E)
X X X
:/ q*MwAp*Ezfqz(q*Mp*E/\w)
BX Y
=/qu1(p*sAw>=[vAT<s>.
Y Y

Since Qx (v, &) (y) := ik("’k)A()/)fé [x U A y[£], the proof ends by replacing v and £ by
v and y[£], respectively, and using the G-invariance of T'. |

Proposition 4.17. There exists ¢ € L.(Ex) such that 1 — T'T = dy¢ + ¢dy.
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Proof. Consider the fiber product W xy W and let g; and g: W xy W — W denote the
projections given by g; (y, v1,v2) := (y,v;). Take { € Q7 (W), here W is regarded as the
first component of W xy W. Using the commutativity of the diagram (4.5),

Q*(W Xy W)
| ™
(g2)r
Qr(W) QW)

Q*(Y)
we obtain that

ewq*q1(§) = ew(q2)147 (§) = (42)1(@70) Ao = (42)1(47¢ A g5 0)
= (92)1eg3047 (§),
and hence,
T'T = prewq*qreop™ = pr(@2)regzwdicop”
On the other hand, since ¢;(y,0) = ¢2(y, 0), by Proposition 4.13, there exists a properly
supported G-equivariant L2-bounded operator Yy : QX (W) — Q*(W) satisfying
(@2)regz095 — (@2)1eg30q1 = dYw + Ywd.

Moreover, it is obvious that (g2); eq;wq; = idg, (w), so we obtain

preop™ —T'T = pr(ida,w) — (q2)1eg30491 )0 P”
= pr(dyw + ywd)ewp*
=do prywenp” + prywesp* od. 4.7
Remark that p; o d = d o p; because the act on differential forms with compact support,

and e, od = d o ¢, because w is a closed form.
Next let us consider submersion px: BX — X given by (x, v) > exp, (v). Note that

P = pr-
r*Bx - Bx

X
Now we want to check that pye, p* = (px)rew, Py - Forany v € Q% (X) and { € Q7 (BX),

/prl(f*o=/Wp*vAf*;=/Wf*<p;vA;)
=deg(f>/BXp;vAc=/BXp;vAé
- / v A (P01 (©),
X
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since f is orientation-preserving proper homotopy equivalent. In particular, we obtain

pr(f*0) = (px)1(0).

Put ¢ := py& A wp for & € Q7(X) to obtain

prewp* €)= pr(f*pye A f*wo) = pr(f*(p3E A wo))
= (px)1(Px& A wo) = (Px)1€w, P (€). (4.8)

Let 7: BX — X be the natural projection. Since px(x, 0) = 7 (x, 0), by Proposition
4.13, there exists a properly supported G-equivariant L?-bounded operator yrx: QX(X) —
Q7 (X) satistying

Trew, " — (px)1ew, Py = d¥x + Yxd. (4.9)

On the other hand, it is obvious that wyeq,,n* = idg,(x). Therefore, combining (4.7),
(4.8), and (4.9), we conclude that

idg,(x) = T'T = d¢ + ¢d,

where ¢ = pr¥wen,p* + V¥x. Since ¢ is properly supported G-invariant L2-bounded
operator, it defines an element in L(Ey). ]

Proof of Theorem A. First, let us check that T satisfies the assumption (1) of Lemma 3.10.
Since w is a closed form and has fiber-wisely compact support, it follows that T8y = §y T .
Let g: X — Y be the G-equivariant homotopy inverse of f and consider a map S €
L(&y, &x) constructed in the same method as T from g instead of f in Definition 4.15.
By 4.12, the composition ST is equal to the map 7, € L(Ex) for p satisfying that p(-,0)
is G-equivariant homotopic to idy. Then, by Proposition 4.13, there exists ¢x € L(Ex)
satisfying that ST — (8x¢x + ¢x0x) = Tiay = idg,. Thus, ST induces the identity map
on Ker(8y)/ Im(8x). Similarly 7'S induces the identity map on Ker(§y)/ Im(Sy), and
hence, T induces an isomorphism Ker(x)/ Im(6x) — Ker(Sy )/ Im(Sy).

The assumption (2) of Lemma 3.10 is obtained from Proposition 4.17.

Finally, let £(£) := (—1)¥& for £ € Q]C‘(X ). Clearly, ¢ determines an operator ¢ €
L(8x), €2 = 1 and satisfies ¢/ = ¢, e(dom(8x)) C dom(8x) and &8y = —8ye. More-
over, since neither 7 nor T’ changes the order of the differential forms, & commutes with
1 — T'T. Thus ¢ satisfies the assumption (3) of Lemma 3.10. To conclude, we obtain
indg (dx) = W(Ex. Ox.8x) = V(Ey, Qy,dy) = indg (dy). u

4.3. Proof of Corollary B

To prove Corollary B, we will combine [3, Theorem A] with Theorem A. Suppose, in
addition, that G is unimodular and H;(X;R) = H{(Y;R) = {0}. Let f:Y — X be a
G-equivariant orientation-preserving homotopy invariant map and consider a G -manifold
Z := X U (—Y), the disjoint union of X and the orientation reversed Y . Let dz be the sig-
nature operator, then we have that indg (dz) = indg (dxy) — indg(dy) = 0 € Ko(C*(G)).
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Although the G-manifold should be connected in [3, Theorem A], however in this case,
we can apply it to Z after replacing some arguments in [3] as follows.

When constructing a U(1)-valued cocycle & € Z(G; U(1)) from the given line bundle,
we just use a line bundle L over X ignoring f™* over Y (see [3, Subsections 6.1 and 6.2]).
When constructing a family of line bundles {L;} on which the central extension group
Gy acts, just construct a family of line bundles {L,} over X in the same way and pull
back on Y to obtain a family { f*L,}. To be specific, f*L, is a trivial bundle ¥ x C,
equipped with the connection given by V! = d + it f *7, and the action of G is given by

(y.u)(y.2) = (yy.exp[—itf ™y, (x)]uz)

for (y,u) € Gor, y € Y, z € C = (Ly)x. Then, consider a family of Gg:-line bundles
{L:U f*L,} over Z. We also need the similar replacement in [3, Definition 7.19] to
obtain the global section on L, LI f*L,. Then, the remaining parts proceed similarly.

5. Index of Dirac operators twisted by almost flat bundles

Now we will discuss the Dirac operators twisted by a family of Hilbert module bundles
{ E*} whose curvature tends to zero and prove Theorem C. Such a family is called a family
of almost flat bundles. In this section, it is convenient to formulate the index map using
KK-theory.

5.1. G-index map in KK -theory

Lemma 5.1 ([10, Theorem 3.11]). Let G be a second countable locally compact Haus-
dorff group. For any G-algebras A and B there exists a natural homomorphism

j¢:KKS(A, B) — KK(C*(G; A),C*(G; B)).
Furthermore, if x € KK9(A, B) and y € KK° (B, D), then
Jex®8y) = %) &8 i ° () u
Lemma 5.2. Using a cut-off function ¢ € C.(X), one can define an idempotent p €
C:(G; Co(X)) by the formula
Ey)x) = Ve@e(y~ )AL

In particular, it defines an element of K-theory denoted by [c] € Ko(C*(G; Co(X))).
Moreover, the element of K-theory [c] € Ko(C*(G; Co(X))) does not depend on the
choice of cut-off functions. ]

Definition 5.3 (G-index [11, Theorem 5.6]). Define
pe: KK%(Co(X),C) — Ko(C*(G))

as the composition of
e jO9KKY(Co(X),C) — KK(C*(G;Cy(X)),C*(G)) and
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e []®:KK(C*(G:Co(X)).C*(G)) - KK(C,C*(G)) = Ko(C*(G)). ie.,

16 () = [c] ®cx@G:cox)) 1€ () € Ko(C*(G)).

Remark 5.4. As in [11, Remark 4.4] or [3, Subsection 5.2], for calculating the index
indg[D], it is sufficient to consider the case when the operator D is a Dirac type operator.

Let B be a unital C *-algebra. Following Definition 5.3, we define the index maps with
coefficients.

Definition 5.5. For unital C *-algebras B, define the index map
indg: KK (Co(X), B) — Ko(C*(G; B))

as the composition of
e j9:KK9(Co(X),B) = KK(C*(G;Cy(X)),C*(G; B)) and
« [c]®: KK(C*(G;Co(X)), C*(G; B)) — Ko(C*(G; B)), ie.,

indg (-) := [c] ®c+G:cox)) 1 ¢ () € Ko(C*(G; B)).

The crossed product C*(G; B) is either maximal or reduced one. In this paper, we assume
that G acts on B trivially. Then, Cy;,,(G; B) and C.,(G; B) will be naturally identi-
fied with Cy;,,(G) ®max B and C.%i(G) ®min B, respectively. Moreover, if B is nuclear,

®max B and ® nin B are identified.

Definition 5.6. Let E be a finitely generated projective (Z/27)-graded Hilbert B-module
G-bundle. Define Co(X; E) as a space consisting of sections s: X — E vanishing at
infinity. It is considered as a Z /27Z-graded Hilbert Co(X; B)-module with the right action
given by point-wise multiplications and the scalar product given by

(51, 82)(x) := (s1(x),52(x))E, € Co(X; B).

Remark 5.7. The C*-algebra Co(X; B) consisting of B-valued function vanishing at
infinity is naturally identified with Co(X) & B by [14, Theorem 6.4.17]. Similarly, if £ =
X x Ey is a trivial Hilbert B-module bundle over X, then Cy(X; E) is naturally identified
with Co(X) ® Ey as Hilbert (Co(X; B) = Co(X) ® B)-modules.

Definition 5.8. E defines an element in KK -theory
[E] = (Co(X; E).0) € KK (Co(X), Co(X) ® B).
The action of Co(X) on Co(X; E) is the point-wise multiplication.

Definition 5.9. Let E be a finitely generated Hilbert B-module bundle over X equipped
with a Hermitian connection VZ. Let RE € C®°(X;End(E) ® /\Z(T*(X ))) denote its
curvature. Then, define its norm as follows: first, define the point-wise norm as the opera-
tor norm given by

IRE |« := sup {| R (u /\v)||L(E) lu,veTeX, lunv| =1} forxeX.
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Then, define the global norm as the supremum in x € X of the point-wise norm; | RZ || :=
supyex R -

Theorem C. Let X be a complete oriented Riemannian manifold and let G be a locally
compact Hausdorff group acting on X isometrically, properly, and co-compactly. More-

over, assume that X is simply connected. Let D be a G-invariant properly supported
elliptic operator of order 0 on G-Hermitian vector bundle over X .

Then, there exists € > 0 satisfying the following: for any finitely generated projective

Hilbert B-module G-bundle E over X equipped with a G -invariant Hermitian connection
such that |RE || < &, we have

indg ([E] ®cy(x) [P]) = 0 € Ko(Cy(G) ®max B)

if indg ([D]) = 0 € Ko(Cy,x(G)). If we only consider commutative C *-algebras for B,
then the same conclusion is also valid for C 4 (G).

5.2. Infinite product of C *-algebras

Definition 5.10. Let By be a sequence of C *-algebras.

Define [ [, cp Bk as the C*-algebra consisting of norm-bounded sequences

[] Bk := {{b1.ba... .} | b € Br. sup {llbels,} < oo}
keN k
The norm of By is given by [[{b1, b2, .. .} 1B, := supi{llbkllB, }-

Let Py Bk be a closed two-sided ideal in [ [, oy Bx consisting of sequences van-
ishing at infinity

@ By := {{b1,ba, ...} | by € By, klim Ibx || = 0F.
keN o

In other words, @ Bk is a closure of the subspace in [[; oy Bx consisting of
sequences {b1, bz, ...,0,0,...} whose entries are zero except for finitely many of
them.

Define @ By as the quotient algebra given by

& Bi=([T5)/(ED Be)-

The norm of @ By, is given by ||{b1, b2, .. .}|@ B, := limsupy_, . |6k |l B, -

If & are Hilbert Bx-modules, one can similarly define [ & as a Hilbert [] Bg-
module consisting of bounded sequences

[] 6= {{s1.52...} | sx € &. sup{llsille,} < oo}
keN k
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The action of [ | By and [ ] Bg-valued scalar product are defined as follows:
(s} by = {sw - bicy € [ ] &
(sih A5t ye, = {lswsele, ) € T T B

for {sx}, {s{}. {s7} € 16k, {bx} € [] Bx.
One can define similarly

@ &k = {{s1.52....} | 5% € . lim |sillg, = O}
k—o00
keN

as a Hilbert [ | Bx-module, and define

ng &= (] [ &) ®x (@ Br) = (][] &)/ (EP &)

as a Hilbert @ Bj-module, where 7: [| By — @ By denotes the projection.

Example 5.11. If all of By are C, then [[C = £*°(N) and @ C = Cy(N).

Following [4, Section 3], we will construct “infinite product bundle [ E;” over X

which has a structure of finite generated projective [ [ Bx-module.

Definition 5.12. Let us fix some notations about the holonomy.

Two paths pg and p; from x to y in X are thin homotopic to each other if there exists
an endpoint preserving homotopy 4: [0, 1] x [0, 1] — X with 4(:, j) = p; that factors
through a finite tree 7,

h:[0,1] x[0,1] > T — X,
such that both restrictions of the first map [0, 1] x {j} — T are piecewise-linear for
j =01
The path groupoid #; (X) is a groupoid consisting of all the points in X as objects. The

morphism from x to y is the equivalence class of piece-wise smooth paths connecting
two given points

PrX)[x,y] = {p:[0.1] = X | p(0) = x, p(1) = y}/ ~.
The equivalent relationship is given by re-parametrization and thin homotopy.

If a Hilbert B-module G-bundle E over X is given, the transport groupoid 7 (X; E)
is a groupoid with the same objects as &1 (X). The morphisms from x to y are the
unitary isomorphisms between the fibers 7 (X; E)[x, y] := Isog(Ex, Ey).

Definition 5.13. A parallel transport of E is a continuous functor ®%: P, (X) — 7 (X ; E).
®F is called e-close to the identity if for each x € X and contractible loop p € Py (X)[x, x],
it follows that

H @5 —1idg, || < g-area(D)

for any two-dimensional disk D C X spanning p. D may be degenerated partially or
completely.
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Remark 5.14. Let E be a Hermitian vector bundle, in other words, a finitely generated
Hilbert C-module bundle, equipped with a compatible connection V. Let ®€ be the paral-
lel transport with respect to V in the usual sense. If its curvature R € C%°(X;End(E) ®
/\Z(T*(X ))) has uniformly bounded operator norm ||RZ || < C, then for any loop p €
P1(X)[x, x] and any two-dimensional disk D C X spanning p, it follows that ||d>£ —
dg, |l < [p |RE|| < C -area(D); so it is C-closed to identity.

Proposition 5.15. Let { EX} be a sequence of Hilbert By-module G-bundles over X with
By unital C*-algebras. Assume that each parallel transport ®F for E* is e-close to the
identity uniformly, that is, € is independent of k.

Then, there exists a finitely generated Hilbert ([ [;, Bx)-module G-bundle V over X
with Lipschitz continuous transition functions in diagonal form and so that the kth com-
ponent of this bundle is isomorphic to the original E¥.

Moreover, if the parallel transport ®F for each of E¥ comes from the G-invariant
connection V¥ on E*, V is equipped with a continuous G-invariant connection induced
by E.

Proof. We will essentially follow the proof of [4, Proposition 3.12]. For each x € X take
an open ball U, C X of radius <« 1 whose center is x. Assume that each U is geodesically
convex. Due to Corollary 2.4 of the slice theorem, there exists a subfamily of finitely many
open subsets {Ux,, ..., Uxy } such that X =, ¢ U1N=1 y(Uy,).

Fix k. In order to simplify the notation, let U; := Uy, and ®,.x: E ;‘ — EX denote the
parallel transport of EX along the minimal geodesic from y to x for x and y in the same
neighborhood y (U;). Trivialize EX via ®y.y,: E J]f — E )]gi on each U;. Similarly, trivialize
E* on each y(U;) for y € G via Dyyiyx; E])fy — E’y‘xi. Note that since parallel transport
commute with the action of G, it follows that @,y yx, = y 0 ).y, 0y~ 1.

These provide local trivializations for EX whose transition functions have uniformly
bounded Lipschitz constants. More precisely, we have to fix unitary isomorphisms ¢y, :
El;fx,- — &% between the fiber on yx; and the typical fiber &%. Our local trivialization

is @yx; Py EJIf — &k If y,z e y(Up) N n(U;) # @, we can consider the transition
function

Y = Yy @pa@p () = Bnx; © Pyinx,) @y, © Pyiyx,) ™" € Endp, (€°).
Now we will estimate its Lipschitz constant as follows:
Yy ) = ¥y w(2)
= (d’nx,- qDy;ﬂxj')(‘f’yx, y;yxi)_l - (¢nx,~ z; nx,)(‘]ﬁyxl z;yx,-)_1
= ¢an {(q)y;ﬂxi)((by 1yx,) - (CIDZ.,,x/. Y'Z)(q> q)z ;x,)}(p;xll
= ¢an{(q)y;nx1- = Pz, y;z)( ; yx ) + (Pzipx; Py z)( Vs yx - o, q’z_yx,)}¢;xl,--
Since ¢’s and ®’s are isometry, it follows that

¥y nwp ) = Yy nwn @]
< Py, — Pasnx; Pyizll + ” (Dy i — D) CDz_yx, ”
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= H Dyinx; Pasy Pz _idE,’;xj H + H D2y Pysz Pyizy — gk H

VXi

< ¢ (area(Dy) + area(D>)). (5.1

Here D; C n(Uj;) is a two-dimensional disk spanning the piece-wise geodesic loops con-
necting 1x;, y, z, and nx; and D, C y(U;) is a two-dimensional disk spanning the
piece-wise geodesic loop connecting yx;, y, z, and yXx;.

We claim that there exists a constant C depending only on X such that

area(Dy), area(D,) < C - dist(y, z) 5.2)

if we choose suitable disks D; and D,.

We verify this using the geodesic coordinate exp;;j: n(Uj) — Tyx; X centered at
nx;j +— 0. More precisely, let p denote the minimal geodesic from y = p(0) to z =
p(dist(y, z)) with unit speed. Consider

Do :={(rcosf,rsinf) e R* |0 <r, 0 <6 <dist(y,z)} C R?
and F': Do — n(U;) C X given by
F(rcos6,rsinf) := exp,,, (r exp;;j (p(®))).
Set Dy := F(Dy). F is injective if exp_;j (y) and + exp;;j (z) are on different radial
directions, in which case F' is a homeomorphism onto its image, and hence F(Dy) is a
two-dimensional disk spanning the target loop. The Lipschitz constant of F is bounded by

a constant depending on the curvature on 1(U;), so there exists a constant Cy, ; depending
on the Riemannian curvature on n(U;) satisfying

area(D1) < Cy,; -area(Dy) < Cy,; - dist(y, z).

However, the constant Cy,,; can be taken independent of 7(U;) due to the bounded geom-
etry of X implied by the slice theorem (Corollary 2.4). In the case of exp;;j (y) and
+ exp;;j (z) being on the same radial direction, D; is completely degenerated and
area(D;) = 0. We can construct D, in the same manner so the claim (5.2) has been
verified.

Therefore combining (5.1) and (5.2), we conclude that the Lipschitz constants of the
transition functions of these local trivializations are less than 2C ¢, which are independent
of E k, U;, and y € G, in particular, the products of them

. k . k
Yy wnawy) = Wywnwyren: ¥ UD N0U;) > L Bk)<n € )
k

are Lipschitz continuous. So it is allowed to use them to define the Hilbert [ [, Bi-module
bundle V' as required. Precisely V' can be constructed as follows:

V::l_l(y(U,-)xl:[E;k)/w.

Vsl
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Here, (x,v) € y(U;) x [[, €* and (y, w) € n(U;) x [], € are equivalent if and only
if x =y € y(Ui) N n(Uj) # 0 and ¥y,;),5(w;)(v) = w. By the construction of V, if
Pn: [ [x Bk — Bn denotes the projection onto the nth component, V/ @)pn B, is isomorphic
to the original nth component E".

In order to verify the continuity of the induced connection, let {e; } be any orthonormal
local frame on U; for an arbitrarily fixed E* obtained by the parallel transport along the
minimal geodesic from the center x; € U;, namely, e; (y) = ®y;.,€; (x;). It is sufficient to
verify that || V¥e;|| < C. Letv € Ty X be a unit tangent vector and p(7) := exp,,(tv) be
the geodesic of unit speed with direction v,

1
VEei(y) = tll_I}(l) ;(q)p(t);p(O)ei (p(1)) —ei(p(0)))

o1
= }E}}) ;(®p(t);p(0)q>xi;p(t) - cI)xi;p(O))ei (i),

1
lim —

[Vie ] < lim

IA

” @p(1):p(0) Pxizp(t) = Pri:p(0) ”
1
< Zlg% me -area (D(1)),
where D(¢) is a two-dimensional disk in U; spanning the piece-wise geodesic connecting
xi, p(0) =y, p(t), and x;. As above, we can find a constant C > 0 and disks D(t)
satisfying
area (D(Z)) < C -dist (p(O),p(Z)) = C|t|
for || < 1. Hence, we obtain ||V§e,- )| < Ce. |
Definition 5.16. Let us define a Hilbert (@ By )-module bundle
W=V ®x (Q By).
where 7: [| Bx = @ By denotes the projection.

The family of parallel transport of E* induces the parallel transport ®" of W which
commutes with the action of G.

Proposition 5.17. If the parallel transport of E¥ is Cy-close to the identity with Cy \, 0,
then the G-bundle W constructed above is a flat bundle. More precisely, the parallel
transport ®W (p) € Hom(W, W,) depends only on the ends-fixing homotopy class of

p € P1(X)[x, y]

Proof. 1t is sufficient to prove that for any contractive loop p € £ (X)[x, x], it satisfies
&% (p) = idw,. Fix a two-dimensional disk D C X spanning the loop p. For arbitrary
& > 0, there exists ng such that every k > ng satisfies that oE , is
identity.

&
H—T&(D) -close to the

H % (p) —idw, H = li;n sup || o (p) — id“

< sup ||<I>Ek(p) — id||

ano
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e
D D
~ 14 area(D) area(D)

<e.
This implies ®% (p) = idy,. "
5.3. Index of the product bundle

Proposition 5.18. (1) Let pn:]] Bx — By denote the projection onto the nth com-
ponent and consider

(1® pn)«: KO(C*(G) ® (HBk)) — Ko(C*(G) ® Bn).

Then,
(1® pu)eindg ([ [] ] 8 [D1) = indg (1E") & (D).

(2) Let w: [ Bx — @ By denote the quotient map and consider
(1@ 1)« Ko(C*(G) & ([T Be)) — Ko(C*(G) & (@ B)).

Then,
(1® n)*indg<[ [1£41® [D]) = indg (W] ® [D]).

Proof. As for the first part, [E"] = (pp)«[[] E¥] € KK%(Co(X), Co(X) ® B,) by the
construction of [] EX. Then, it follows that

indg (IE") & [D]) = inde ((pa).[ [ ] EX] & 1D])
=118 j°([[] E*1® D1 @ pn)
=118 j°([[TEX1@1D1) & /% (ow)
= indg ([[] E¥]@1D1) & j© (pu)
= (1® pa).indg ([ [T E*] @1D)),
where pn = (By. pn.0) € KK([T;cny Bk» Bn). Then, note that

JéPn) = (C*(G)® By 18 py.0) € KK(C*(G)@ ( I1 Bk),C*(G)@)Bn).
keN

Since . [[] E¥] = [W] € KK (Co(X).Co(X) ® (Q By)) by the construction of W, the
second part can be proved in the similar way. ]

Proposition 5.19. Ler [D] € KK (Co(X), C) be the K-homology element of X deter-
mined by a Dirac operator on a G-Hermitian vector bundle V over X. Suppose that W
is a finitely generated flat B-module G -bundle. Assume that X is simply connected. Then,
indg (W] ® [D]) = 0 € Ko(C*(G) ® B) ifindg([D]) = 0.
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In order to prove this, we introduce an element [W ], € KK G(C, B) using the holon-
omy representation.

Definition 5.20. « Let ®,,, denote the parallel transport of W along an arbitrary path
from x € X to y € X. Since X is simply connected and W is flat, it depends only on
the ends of the path.

o Letus fix a base point xo € X and let Wy, be the fiber on xg. Define [W ], as
[Wlipn := (Wx,, 0) € KK®(C, B).
The action of G on Wy, is given by the holonomy p: G — Endg (Wy,),
PIYIw) = (Prgiyxe) 'v(w) fory € G, w € Wy,
Lemma 5.21. One has
[W]&c,cx) [D] = [D]&c [Wlpn € KK (Co(X). B).
Proof. Recall that [D]e KK (Cy(X),C) is given by (L?(X;V), Fp), where Fp denotes
the operator J%W’ and that
(W] ®c,(x) [D] = (Co(X: W) ®cyx) L*(X: V), Fpw).
where DW is the Dirac operator twisted by W acting on
L2 (X; W ® V) =~ Co(X; W) ®cyx) L*(X: V),

that is,
w . W o . A%
DY = Z (idw ® c(e)))(Ve, ®idy +idw ® V, ),
J
where {e; } denotes an orthogonal basis for 7X and c(-) denotes the Clifford multiplication
by Cliff(TX) on V. The action of Co(X) on Co(X; W) and L?(X; V) are the point-wise
multiplications. On the other hand,

[D]®c [Wlpn = (L*(X: V) ®¢c Way. Fp ®1).

The action of Co(X) is the point-wise multiplications. Note that the action of G on Wy,
is given by the holonomy representation p. It is sufficient to give a G-equivariant isomor-
phism

@: L*(X; V) ®c Wy, = Co(X; W) Bcox) L (X3 V),

which is compatible with Dy and D & 1. Set a section for W given by
w:x = Oy w € Wy (5.3)
and define ¢ on a dense subspace C.(X; V) ® Wy, as

ps@w)=w-xy®s forse C(X;V)andw € Wy,,
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where y € Co(X) is an arbitrary compactly supported function on X with values in [0, 1]
satisfying that y(x) = 1 for all x € supp(s).

@ is independent of the choice of y and hence well defined. Indeed, Let 3’ € C.(X)
be another such function, and let p € C.(X) be a compactly supported function on X
with values in [0, 1] satisfying that p(x) = 1 for all x € supp(y) U supp(y’). Then, in
Co(X: W) ®cyx) Ce(X: V),

W-xQ@s—wW-YQ@s=w-(y—x)®s
wWep-(x—x)®s
w-p®(x—x)s

|
e

Now we obtain that
Dwop(s@w)=Dy(W®s)=w® D(s) =¢o(DR)(s @ w)

fors € C;(V) and w € Wy, . This is because VW W = 0 by its construction.
Compatibility with the action of G is verified as follows:

9(y(s @ ))(x) = Puyux (PlYI(W)) ® ¥(s(y ™' x))
= Dy (Pagiyne) " v (W) @ y(s(y~ 1))
= Dyxoix (v(0)) ® y(s(y~'x)),

(06 @ W) (x) = Y ((Prpy—12) (W) ® s(y~'x))
= @yypix (W) ® y(s(y~'x)).

Let us check that ¢ induces an isomorphism. For s; ® w1, 52 @ wp€ Co(X; V) Q¢ Wi
it follows that

((ﬂ(sl ® lU1), (p(SZ ® w2)>C0(X;W)§C0(X;X) L2(X;V)

= (s1. (w1 - x. W2 X)CO(X;W)SZ)Lz(X;V)

- /X (520 (@i 1) X (1), (Prgiaew2) 1))y, 52(3))y. dvol(x)

= [t s 10251 (61530}, dvol(x)

= (w1, w2)w, (51, 2) L2(x;V)
=(51Qwi,n® w2>L2(X;V)§Wx0’

where y € Co(X) is a compactly supported function on X satisfying that y(x) = 1 for all
x € supp(s1) U supp(sz2). This implies that ¢ is continuous and injective.

Moreover, choose arbitrary F € C.(X; W) and s € C.(X; V). Since CID;ol;x provides
a trivialization of W ~ X x Wy, we have an isomorphism C(X; W) ~ C.(X) Rc Wy,
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Remark that, however, this is not a G-equivariant isomorphism, just as pre-Hilbert
(Co(X; B) = Co(X) ® B)-modules. Then, there exist countable subsets { 1, f2,...} C
Cc(X) and {wy, wa, ...} C Wy, satisfying that ZjeN Jiw; = F in Co(X; W). Now it
follows that

w(Zﬁs@wj) =Y W x® fi9) =Y W xfi ®s)

jeN jeN jeN
= (Zw_jfj) A®s=F®s,
jeN

where y € Co(X) is a compactly supported function on X satisfying that y(x) = 1 for all
x € supp(F) Usupp(s). This implies that the image of ¢ is dense in Co(X; W) ® L2(X: V).
Therefore, ¢ induces an isomorphism. ]

Proof of Proposition 5.19. Due to the previous lemma, it follows that
indg ([W]® [D]) = indg ([D] & [Wlpn) = [c]® j € (ID] & [W]ipn)
= []® (jOIDN) & (j [Wlpn) = (indG[D]) & (j C[Wlkpn)-

Thus the assumption indg[D] = 0 implies indg ((W] & [D]) = 0. [

5.4. Proof of Theorem C

Proof of Theorem C. As in Remark 5.4, we may assume that D is a Dirac type operator.
Assume that indg[D] = 0 and we assume the converse, that is, for each k € N there exists
a Hilbert Bx-module G-bundle E¥ over X whose curvature norm is less than % satisfying
that

indg ([E¥] ® [D]) # 0 € Ko(C*(G) ® By).

To begin with, we have an exact sequence:
0> B~ [[ B = @Bk 0.

where ¢ and 7 are natural inclusion and projection. We also have the following exact
sequence [14, Theorem T.6.26]:

0= Ciia(G) Brtas (€D Be) 25 Ciin (G) i ([ Be)
18;”) Cl\*/(lax(G) @Max (Q Bk) — 0.

We have the exact sequence of K-groups

KO (C]\j[ax(G) ®Max (@ Bk)) - KO (C;[ax(G) @Max (1_[ Bk))
— Ko(Criax (G) ®max (@ By)).
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If all of B are commutative, then @ By is also commutative and hence nuclear. In that
case, we also have the same exact sequences in which Cy;,, (G) and ®wax are replaced by
Cty(G) and Pmins respectively.
Let us start with indg ([[] EX] ® [D]) € Ko(C*(G) ® ([ Bx)). Due to the flatness of
W (Proposition 5.17) and Propositions 5.19 and 5.18, we have

& n)*de( [1£41@ D]) — indg (W] 8 [D]) =
It follows from the exactness that there exists ¢ € Ko(C*(G) ® (& Bx)) such that
(1®0«(0) = indg ([]_[ EF]® [D]).
Lemma 5.22. A® (Dren Bk) is naturally isomorphic to
n
P By = h_n;EB(A ® By).
keN n k=1

Proof. Let C denote the direct product h_r)nn D (4 ® By ). Note that for the finite direct

product, we have the natural isomorphism @} _, (4 ® Bx) = A ® (P} _, Bx). For each
n € N, we have the following commutative diagram:

A®(@Bk) L A®(’§Bk)

k=1
~ lidA ®tnt1
idg @t

A@(@Bk).

keN

Now by using the universal property of the direct limit, we obtain a map ¢:
n n
1#(Gn) e &)
=1

R

A@(%Bk).

Since id4 ® t,, are isometric and injective, ¢ is isometric and injective on each subspace
AR (D, Bx) C lim A ® (D_, Bx)- Since the union of such subspaces is dense in
li_n)ln A® (D) —; Br). it follows that ¢ itself is isometric and injective.

As for the surjectivity of ¢, take any a ® {by} € A® (Dren Br)- For any € > 0, there

exists n € N such that ||bg|| < 1+||a|| for k > n. Then, replace by by 0 for all k > n to
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obtain an element 8 := {b1,b2,...,04,0n+1,...} € Oren Bi- Now we have that
a®B = ({d4®w)(a®{b1.bs,....by_1}) = p(a®{b1.ba.....by—1}) € Im(¢))

and
la ® {bk} —a ® Bl < llall{bx} — BIl <e.

These imply that Im(¢) is dense in 4 ® (D reN Bk) and hence, ¢ is surjective since it has
a closed range. ]

By this lemma, C*(G) ® (& By) is naturally isomorphic to @(C*(G) ® By).
Besides, we have the natural isomorphism Ko(ED(C*(G) ® Bx)) ~ @ Ko(C*(G) ® By)
[6, Proposition 4.1.15 and Remark 4.2.3], with the last @ meaning the algebraic direct
sum. Thus we can consider the following diagram:

Ko(C*(G) & ( Bi)) —— Ko(C*(G) & (TT Bi)) 225 Ko (C*(G) & @ By)

{(1®Pk)*}J/3 {(1®Pk)*)l
@ Ko(C*(G) ® Bx) ———— [ Ko(C*(G) & B)

inclusion
Since pg = tpg, this diagram commutes. Note that both € and [] in the bottom row are
in the algebraic sense. Again due to Proposition 5.18,

{indG ([E1® [D1)} ey = {(1® po)}(inds ([ ] EX]& (D))
= {(1 ® pr)«}((1 ® )x(0))
= {(1® )} (©) € P Ko(C*(G) ® By).

This implies that all of indg (([E"] ® [D]) € Ko(C*(G) ® By,) are equal to zero except for
finitely many n € N, which contradicts to our assumption. ]

5.5. Proof of Corollary D

To prove Corollary D, we will combine Theorem C with Theorem A. Consider the same
conditions as Theorem A on X, Y, and G and assume additionally that X and Y are
simply connected. Let f:Y — X be a G-equivariant orientation-preserving homotopy
invariant map. Assume that for each k € N there exists a Hilbert B;-module G-bundle
E* over X whose curvature norm is less than % satisfying that

indg ([E¥] ® [9x]) # indg ([f*E¥] ® [dy]) € Ko(C*(G) ® By).

as in the proof of Theorem C. Consider a G-manifold Z := X U (—Y), the disjoint union
of X, and the orientation reversed Y with the signature operator dz on it. Although Z is
not connected, however, we may apply Theorem C to dz, after replacing some argument
in the proof as follows. Consider a family of Hilbert Bx-module bundles {EX LI f* E*}
over Z and obtain a flat bundle W U f*W as in Subsection 5.2. In order to obtain a global
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section w as in (5.3) in the proof of Lemma 5.21, we have used the connectedness of the

base space. In this case, construct a section w: X — W on X in the same way and pull it
back on Y by f to obtain a global section on Z. The other parts are the same as above.

Funding. Research supported by the Natural Science Foundation of China (NSFC) grant
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