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Poisson cohomology, Koszul duality, and
Batalin—Vilkovisky algebras

Xiaojun Chen, Youming Chen, Farkhod Eshmatov, and Song Yang

Abstract. We study the noncommutative Poincaré duality between the Poisson homology and coho-
mology of unimodular Poisson algebras, and show that Kontsevich’s deformation quantization as
well as Koszul duality preserve the corresponding Poincaré duality. As a corollary, the Batalin—
Vilkovisky algebra structures that naturally arise in these cases are all isomorphic.

1. Introduction

In this paper, we study the noncommutative Poincaré duality between the Poisson homol-
ogy and cohomology of unimodular Poisson algebras, and show that Kontsevich’s defor-
mation quantization as well as Koszul duality preserve the corresponding Poincaré duality.

Let A = R[xq,.. ., x,] be the real polynomial algebra in n variables. A Poisson bivec-
tor on A, say 7, is called quadratic if it is in the form
= Y 9 9 i ¢ R (w1
T = Ciiy Xi1Xia FrAS Citiy . .
ii5i2,]1,J2 ] 2

Several years ago, Shoikhet [30] observed that if 7 is quadratic, then the Koszul dual alge-
bra A' of 4, namely, the graded symmetric algebra A (£, ..., &,) generated by 7 elements
of degree —1, has a Poisson structure (let us call it the Koszul dual of ), given by

nt = Z Cijlli';zgjl Siz% A %
12,1, )2 " 2
He also proved that Kontsevich’s deformation quantization preserves this type of Koszul
duality. Shoikhet’s result motivates us to study some other properties of a Poisson algebra
under Koszul duality.
First, the following theorem is clear from Shoikhet’s article, once we explicitly write
down the corresponding complexes.

(1.2)

Theorem 1.1. Let A = R[xy, ..., x,] be a quadratic Poisson algebra. Denote by A' the
Koszul dual Poisson algebra of A. Then there are isomorphisms
HP.(A) = HP®*(A'; A") and HP®(A) =~ HP*(4"), (1.3)

where Al := Homg (A', R) is the linear dual of A'.
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In the above theorem, HP,(—) is the Poisson homology, HP®(—) is the Poisson coho-
mology, and HP*(A4'; A1) is the Poisson cohomology of A' with values in its dual space.

Historically, the Poisson homology and cohomology were introduced by Koszul [20]
and Lichnerowicz [24], respectively. In 1997, Weinstein [37] introduced the notion of
unimodular Poisson manifolds, and two years later Xu [40] proved that in this case, there
is a Poincaré duality between the Poisson cohomology and homology of M. A purely
algebraic version of Weinstein’s notion was later formulated by Dolgushev in [9] (see also
[22,27]), and in this case we also have

HP*(A4) = HP,_.(A), (1.4)

for some n depending on A.

For a finite-dimensional algebra such as A' above, Zhu, Van Oystaeyen, and Zhang
introduced in [42] the notion of Frobenius Poisson algebra and proved that if they are uni-
modular in some sense (to be recalled below), then there also exists a version of Poincaré
duality:

HP®(A') = HP* ™" (4'; A1). (1.5)

Combining the above two versions of Poincaré duality, (1.4) and (1.5), as well as
Theorem 1.1, we have the following theorem.

Theorem 1.2, Let A = R[xy, ..., x,] be a quadratic Poisson algebra. Then (A, ) is
unimodular if and only if its Koszul dual (A', *) is unimodular Frobenius. In this case,
one has the following commutative diagram:

>~

HP*(4) ———— HP,_(4)

E |=

HP*(4') ————— HP* ™" (4"; 4).

The main technique to prove the above theorem is the so-called “differential calcu-
lus”, a notion introduced by Tamarkin and Tsygan in [31]. Later, Lambre [21] used the
terminology “differential calculus with duality” to study the “noncommutative Poincaré
duality” in these cases.

In the above-mentioned two references [40,42], the authors also proved that the Pois-
son cohomology of a unimodular Poisson algebra (in both cases) has a Batalin—Vilkovisky
algebra structure. The Batalin—Vilkovisky structure is a very important algebraic structure
that has appeared in, for example, mathematical physics, Calabi—Yau geometry, and string
topology. For unimodular quadratic Poisson algebras, we have the following theorem.

Theorem 1.3. Suppose A = Rx1, ..., x,] is a unimodular quadratic Poisson algebra.
Denote by A its Koszul dual. Then

HP®(A) = HP*(4")

is an isomorphism of Batalin—Vilkovisky algebras.
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The above three theorems have some analogy to the case of Calabi—Yau algebras which
was introduced by Ginzburg [15] in 2006. Suppose a Calabi—Yau algebra, say A, is Koszul,
then its Koszul dual, denoted by A', is a symmetric Frobenius algebra. For these two
algebras, we also have a version of Poincaré duality, due to van den Bergh [36] and Tradler
[33], respectively (compare with (1.4) and (1.5)):

HH®(A) =~ HH,_.(4) and HH®(A') = HH""(4"; 4).

In [15, §5.4] Ginzburg stated a conjecture, which he attributed to R. Rouquier, saying
that for a Koszul Calabi—Yau algebra, say A, its Hochschild cohomology is isomorphic to
the Hochschild cohomology of its Koszul dual A':

HH"®(A) =~ HH"(4"), (1.6)

as Batalin—Vilkovisky algebras. This conjecture has recently been proved by two authors
of the current paper together with G. Zhou in [6]. In fact, Theorem 1.3 may be viewed as
a generalization of Rouquier’s conjecture in Poisson geometry, which has been a folklore
for several years.

More than just being an analogy, in [9, Theorem 3], Dolgushev proved that for the
coordinate ring A of an affine Calabi—Yau Poisson variety, its deformation quantization
in the sense of Kontsevich, say Ay, is Calabi—Yau if and only if A is unimodular. Sim-
ilarly, Felder and Shoikhet [12] and later Willwacher and Calaque [39] proved that, for
a Frobenius Poisson algebra, its deformation quantization is again symmetric Frobenius
if and only if it is unimodular. Based on these results, Dolgushev asked two questions in
[9, §7] (see also [10]). The first question is whether there exists a relationship between
the Poincaré duality of the Poisson (co)homology of A and the Poincaré duality of the
Hochschild (co)homology of Aj. The following theorem answers this question in the case
of polynomials (the second half also includes the case of Frobenius algebras).

Theorem 1.4. (1) Suppose A = R[xy, ..., Xxn] is a unimodular Poisson algebra. Let
Ay, be its deformation quantization. Then the diagram

HP* (A[A]) ——=—— HP,—o (A[])

L I

IR

HH®(43) —5 " HHn— (A4n)
commutes.
(2) Similarly, suppose A' = A(1,. . .,&,) is a unimodular Frobenius Poisson algebra,

and let A 'h be its deformation quantization. Then the diagram

HP* (A'[A]) —=—— HP*— (A'[A]; AI[A])

| I

HH®(A}) ——=—— HH* 7" (4} 4})

IR

commutes.
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In other words, the two versions of Poincaré duality, one between the Poisson coho-
mology and homology and the other between the Hochschild cohomology and homology,
are preserved under Kontsevich’s deformation quantization.

The second question that Dolgushev asked is whether there is any relationship between
the roles that the unimodularity plays in the above two types of deformation quantization.
The following theorem partially answers this question, although both cases that Dolgushev
and Felder—Shoikhet/Willwacher—Calaque considered are more general (i.e., not necessar-
ily Koszul).

Theorem 1.5. Suppose A = R[x1,...,x,] is a quadratic Poisson algebra. Denote by A'
the Koszul dual algebra of A, and by Ay and A ;l the Kontsevich deformation quantization
of A and A', respectively. If A is unimodular (and by Theorem 1.2 A' is unimodular
Frobenius), then Ay, is Calabi—Yau, A;l is symmetric Frobenius, and the diagram

HP*(A[#]) ———=—— HP*(A'[A])

F

HH®(4;) ———— HH*(4})

IR

(1.7)

is commutative as Batalin—Vilkovisky algebra isomorphisms, where A[h] and A'[h] are
equipped with the Poisson bivectors h and hrt', respectively.

In other words, the theorem says that the unimodularity that appears in the deformation
quantization of Calabi—Yau Poisson algebras and Frobenius Poisson algebras is related by
Koszul duality. Note that in the theorem, A3 and A!h are Koszul dual to each other by
Shoikhet [30].

Thus as a corollary, one obtains that if A = R[xy, ..., x,] is a unimodular quadratic
Poisson algebra, then the homology and cohomology groups (Poisson and Hochschild)
in Theorems 1.4 and 1.5 are all isomorphic. That is, we have the following commutative
diagram of isomorphisms:

HP* (A'[#]) HP* " (A'[A]; Al[R])
HP* (A[#]) l HP,—. (A[%])
HH*(4}) ‘ HH*™" (A} A})
HH®(A) HH,, _+(A43),

where the horizontal arrows are the Poincaré duality, the vertical arrows are given by
deformation quantization, and the slanted arrows are given by Koszul duality.

The rest of the paper is devoted to the proof of the above theorems. It is organized as
follows: in Section 2 we collect several facts on Koszul algebras, and their application to
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quadratic Poisson polynomials; in Section 3 we first recall the definition of Poisson homol-
ogy and cohomology, and then prove Theorem 1.1; in Section 4 we study unimodular
quadratic Poisson algebras and their Koszul dual, and prove Theorem 1.2; in Section 5 we
prove Theorem 1.3 by means of the so-called “differential calculus with duality;” in Sec-
tion 6 we discuss Calabi—Yau algebras, their Koszul duality and the Batalin—Vilkovisky
algebras associated to them; and at last, in Section 7 we discuss the deformation quantiza-
tion of Poisson algebras and prove Theorems 1.4 and 1.5.

This paper has a sequel [5], where the cyclic homology groups of the Poisson mixed
complexes discussed in this paper were studied and the gravity algebra structure on them
was discussed.

Convention. Throughout the paper, k is a field of a characteristic zero, which we may
assume to be R as in Section 1. All tensors and morphisms are graded over k unless
otherwise specified. All complexes are graded such that the differential has degree —1; for
a cochain complex, it is viewed as a chain complex by negating the original grading, and
it is cohomology H*(—) := H_.(—).

2. Preliminaries on Koszul algebras

In this section, we collect some necessary facts about Koszul algebras. The interested
reader may refer to Loday—Vallette [26, Chapter 3] for some more details.

Let V be a finite-dimensional vector space over k. Denote by T'V the free (tensor)
algebra generated by V' over k. Suppose R is a subspace of V' ® V, and let (R) be the
two-sided ideal generated by R in T'V, then the quotient algebra A := T'V/(R) is called
a quadratic algebra.

Consider the subspace

v=Pt. =D
n=0 n=0i

of TV, then U is a coalgebra whose coproduct is induced from the de-concatenation of
the tensor products. The Koszul dual coalgebra of A, denoted by Ai, is

(\ I/®i@>R(8‘V®j
+j+2=n

[e.o]

Al = P =" (Ua).

n=0

where X is the degree shifting-up (suspension) functor. Ai has a graded coalgebra structure
induced from that of U with

(Ao =k, (A) =XV, (4)2 =(2Q Z)(R),

The Koszul dual algebra of A, denoted by Al is just the linear dual space of Af, which
is then a graded algebra. More precisely, let V* = Hom(V, k) be the linear dual space of
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V, and let R+ denote the space of annihilators of R in V* ® V*. Shift the grading of V*
down by one, denoted by >~V *, then!

A'=TEv/(2' @ =7 o RY).

Choose a set of basis {e;} for I and let {e} be their duals in V*. There is a chain
complex associated to A, called the Koszul complex:

8 - § ) .8
> A A, > ARA — - —> AR Ay — k, 2.1
where forany r @ f € AQ A, 8(r @ f) =Y, eir @ 7 te f.

Definition 2.1 (Koszul algebra). A quadratic algebra A = T'V/(R) is called Koszul if the
Koszul chain complex (2.1) is acyclic.

Example 2.2 (Polynomials). Let A = k[x1, x2, ..., x,] be the space of polynomials (the
symmetric tensor algebra) with n generators. Then A is a Koszul algebra and its Koszul
dual algebra A' is the graded symmetric algebra A (£.&.. .., &,), with grading |&;| = —1.

Lemma 2.3 (Shoikhet [30]). Let A = k[xq,..., x,] with a bivector 7 in the form (1.1).
Then (A, ) is quadratic Poisson if and only if (A', ') is quadratic Poisson, where 7" is
given by (1.2).

So far, we have assumed that V' is a k-linear space. In Section 7, we will study the
deformed algebras, which are algebras over k[#]. In [30], Shoikhet proved that the defini-
tions and results in the above subsections remain to hold for algebras over a discrete evalu-
ation ring, such as k [[]]. For example, k[x1,. .., x,][#] is Koszul dual to A (&1, ..., &) [R]
as graded algebras over k%] (see [30, Theorem 0.3]).

3. Poisson homology and cohomology

The notions of Poisson homology and cohomology were introduced by Koszul [20] and
Lichnerowicz [24], respectively. Later, Huebschmann [16] studied both of them from a
purely algebraic perspective.

For a commutative algebra A, in the following we denote by Q27 (A) the set of p-th
Kihler differential forms of A, and by X7 (A; M) the space of skew-symmetric multilin-
ear maps A®? — M that are derivations in each argument (note that, by our convention,
elements in Q7 (A) and in X7 (A; M) have gradings p and — p, respectively). In the fol-
lowing, if M = A, we write X?(A; M) simply by X?(A). Note that from the universal
property of Kéhler differentials, there is an identity of A-modules:

XP(A; M) = Homy (Q7(A). M). 3.1)

. 'In the literature such as [26], A' is defined to be T(V*)/RL, or equivalently, (A4'); =
! Hom((A');, k), but not Hom((A');, k). This will cause some issues in our later calculations, so in this
paper, we take A' as given above, or equivalently A' = Hom(4i, k).
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Definition 3.1 (Koszul [20]). Suppose (A, ) is a Poisson algebra. Then the Poisson chain
complex of A, denoted by CP4(A), is

ooty Laray Lot L S0y =4, (2

where 9 is given by

p
0 fodfi A=+ Adfy) = D (=1 fo, fiydfy A---dfi--- Adfy

i=1

+ Z (—1)7 7 fod{ fi. £} Adfy /\...jfl....gﬁ..../\dfp_

1<i<j=<p
The associated homology is called the Poisson homology of A and is denoted by HP.(A).

Definition 3.2 (Lichnerowicz [24]). Suppose (A4, ) is a Poisson algebra and M is a left
Poisson A-module. The Poisson cochain complex of A with values in M, denoted by
CP*(A; M), is the cochain complex

§ 8 §
M=%°A4M)— - — XP(A;M) — XPTH A M) — -,
where § is given by

SPY(fo i s fp) = Y (=D fis P(forooos fineoos )}

0<i<p

~

+ Y O PUf b e fi i ).

0<i<j<p

The associated cohomology is called the Poisson cohomology of A with values in M and
is denoted by HP®*(A4; M). In particular, if M = A, then the cochain complex is denoted
by CP*(A), and the cohomology is called the Poisson cohomology of A and is denoted by
HP*(A).

Note that in the above definition, the Poisson cochain complex, viewed as a chain
complex, is negatively graded, and the coboundary § has degree —1. However, by our
convention, the Poisson cohomology is positively graded.

Remark 3.3 (The graded case). The Poisson homology and cohomology can be defined
for graded Poisson algebras as well. In this case,

QP (A) = D {fodfi A---Ndfu | fi € A I fol +1/il + -+ | ful + 1 = p}

nez

and X7 (A; M) is again given by Homy4 (27 (A), M). The boundary maps are completely
analogous to those of Poisson chain and cochain complexes (with Koszul’s sign conven-
tion taken into account).
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Proof of Theorem 1.1. (1) We first show the first isomorphism in (1.3). Since A =

k[x1,...,xn], we have an explicit expression for 2°(A), which is
Q*(A) = A(x1, ..., xp, dx1,...,dxy), 3.3)
where A means the graded symmetric tensor product, |x;| = 0, and |dx;| = 1, fori =

1,...,n. Similarly,

QA = AE1,. .. En dEr, ... dEy),

where |§;| = —1 and |d§;| =0, fori = 1,...,n, and therefore

X (4% A1)
= Homy: (2°(4"), 4Y)
=Homa ... (AG1,... . En,dE1, ..., dE), Hom (A(E1, ... &), k))
=Homp,,.6) (A1, ... &) ® A(dE1,...,dE,), Hom (A(E1, ... . En).k))
= Hom (A(d&1,...,d&,), Hom (A (&1, ... &), k))
= Hom (A(d&y.....d&) ® A(Er, ... &) k)
= Hom (A(d&1,....d&n. E1v ... En). k)

=A(%,...,%,g;‘,...,g§). (3.4)

Thus, from (3.3) and (3.4), there is a canonical grading preserving an isomorphism of

vector Spaces:
D Q°(4) > X°(4'; 4D,

(3.5)

dxi— &', i=1,...,n.

It is a direct check that ® is a chain map, and thus we obtain an isomorphism of Poisson
complexes:
® : CP.(A) = CP~*(4"; A1), (3.6)

which then induces an isomorphism on the homology.
(2) We now show the second isomorphism in (1.3). Similar to the above argument, we
have

CP*(4) = Homy (2°(A). A)

w) (A1, X dxy, . dXy), A, ..., X))

,,,,, %) (A(xl,...,xn) Q Adxy,...,dx,), Alxy, x,,))
= Hom (A(dx1,...,dx,), A(x1,...,xn))

=A( 0 .,i)@)A(xl,...,xn) 3.7

ax1 T xy

.....
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and
CP*(A') = Homy: (2°(4"), 4"

= HomA(g1 ..... &) (A(El, . ,%‘n,di:l, . ,dén),A(El, . ,én))

= Homp (gy,..6) (AE1. . £n) ® A(dEr. ... dEn). AEr. ... . £n))

= Hom(A(dél,...,dé,,),A(El,...,S,,))

ad 0

:A(%,...,@)®A(El,...,§n). (3.8)

Under the identity
0 0
Xi — a_‘i.‘i’ E = Ei, (39)

we again obtain an isomorphism of chain complexes:
W : CP*(A) = CP*(4").

This completes the proof. ]

4. Unimodular Poisson algebras and Koszul duality

In this section, we study unimodular Poisson algebras. We are particularly interested in
the algebraic structures on their Poisson cohomology and homology groups, which are
summarized by a differential calculus, a notion introduced by Tamarkin and Tsygan in
[31].

Definition 4.1 (Differential calculus; Tamarkin-Tsygan [31]). Let H* and H, be graded
vector spaces. A differential calculus is the sextuple

(H®, Ha, U, 1, [-, ], d)

satisfying the following conditions:

(1) (H®,U,[—,—]) is a Gerstenhaber algebra; that is, (H®, U) is a graded commutative
algebra, (H®, [—, —]) is a degree 1 or —1 graded Lie algebra, and the product and
Lie bracket are compatible in the following sense:

[PUQ.Rl=PU[Q.R]+ (=D Q U[P.R],

for homogeneous P, Q, R € V of degree p, q, r, respectively;
(2) H, is a graded (left) module over (H®, U) via the map

t:H'®@Hpy > Hyp, [ Qo ira,

forany f € H" and o € Hy,;
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(3) there is a map d : He — Heq; satisfying d? = 0. Moreover, if we set Ly :=
[d.if]l =diy — (—l)mtfd, then

DY gy = [Lyotg] = Lytg = (=)D 1y,

In the following, if U, (, [—, —] and d are clear from the context, we will simply write
a differential calculus by (H®, H,) for short.

4.1. Differential calculus on Poisson (co)homology
Suppose A is a commutative algebra. Besides the de Rham differential on 2°(A4), we have
the following operations on X*(A4) and Q2°(A).

(1) Wedge (cup) product: suppose P € X?(A) and Q € X9(A), then the wedge prod-
uct of P and Q, denoted by P U Q, is a polyvector in X774 (A) defined by

(P U Q)(fl»fzs"'sfp'f‘Q)
= Z Sgn(U)P(fU(l)’---’fo(p))' Q(fcr(p+1)’---7f0(p+q)),

0€Spq
where o runs over all (p, ¢)-shuffles of (1,2,..., p + g).

(2) Schouten bracket: suppose P € X7 (A) and Q € X4 (A), then their Schouten bracket,
denoted by [P, O], is an element in 277471 (A) given by

[P, O1(f1: f2s - fptq—1)
= Z Sgn(o)P(Q(fo(l)v---vfa(q))’fo(q+1),---sfcr(q+p—1))

0€Sq,p-1

— (=D)PPED N son(6) Q (P (for): - - -+ So(p)-

UESp,q_l

fo(erl)» ey fa(p+q71))-

(3) Contraction (inner product): suppose P € XP(A) and w = df1 A --- Adfy €
Q" (A), then the contraction of P with w, denoted by tp(w), is an A-linear map
with values in Q"77(A) given by

tp(w)

Z Sgn(G)P(fa(l)a'--afa(p))dfa(p+l) /\"'/\dfa(n)a lfn 2 p,

=\ 9€Spu-p

0, otherwise.

(4) Lie derivative: the Lie derivative is given by the Cartan formula, namely, for P €
X?(A) and w € Q"(A), the Lie derivative of w with respect to P is given by

Lpw :=[tp,d] = tp(dw) — (—1)Pd(tpw),

where d is the de Rham differential.
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Theorem 4.2. Suppose A is a Poisson algebra. Then
(HP*(A),HP4(4), U, ¢, [, =], d),
where d is the de Rham differential, is a differential calculus.

Proof. We only have to show that the operations listed above respect the Poisson boundary
and coboundary. It is a direct check and can be found in [23, Chapter 3]. ]

In the following, we will give another differential calculus structure for a Poisson
algebra, which will be used later.
(1) Forany P € XP(A) and ¢ € X9(A; A¥),letp(9) € XPH4(A; A*) be given by

(‘;¢)(fla'~wfp+q)
= Z Sgn(o)P(fU(l)""’fU(p))'¢(f0'(p+1)7""f0'(p+q))' (4.1)

0E€Syq

It is clear that ¢ * is associative, i.e., L*Q o L; = L}UQ. Also, * respects the Poisson cobound-
ary maps, which is completely analogous to the proof of that U commutes with the Poisson
coboundary map (cf. [23, §4.3]).
(2) Observe that
X°(A; A*) = Homy (Q°(4), A¥)
= Homy ($2°(A), Hom(4, k))
= Homy (2*(4) ® 4. k)
= Hom (Q°(4). k). 4.2)
By dualizing the de Rham differential d on Q°(A), we obtain a differential d* on
Hom(2°(A), k), i.e., on X°(A; A*). It is proved in [42, Theorem 4.10] that d * commutes
with the Poisson boundary.
(3) For any P € X°(A) and w € X*(A4; A¥), let Lpw := [1},d*](w); it is a direct
check that
[Lp. 5] = p.or-
By (1)—(3) listed above, we obtain the following.

Theorem 4.3. Suppose A is a Poisson algebra and let A* be its dual space. Then
(HP*(A),HP®*(A; A*), U, %, [—,—],d")
is a differential calculus.

We next introduce two DG Lie algebras associated to the above two differential calculi.
Let us start with the notion of negative cyclic homology.
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Definition 4.4 (Cyclic homology; cf. Jones [17] and Kassel [18]). Suppose (Ce, b, B) is
a mixed complex, with || = —1 and | B| = 1. Let u be a free variable of degree —2 which
commutes with b and B. The negative cyclic chain complex of C, is

(Celul.b + uB),

and is denoted by CC, (C,). The associated homology is called the negative cyclic homol-
ogy of C, and is denoted by HC, (C.,).

Remark 4.5 (Cyclic cohomology). Suppose (C®, b, B) is a mixed cochain complex,
namely, || = 1 and |B| = —1. By negating the degrees of C®, we obtain a mixed chain
complex, denoted by (C., b, B) with |b| = —1 and | B| = 1. By our convention, the cyclic
cohomology of (C®, b, B), denoted by HC®*(C®), is the cohomology of the negative cyclic
complex of (C., b, B).

Consider the mixed complex 2°(A) with differential (0, ), where d is the de Rham
differential. Equip X°(A) with trivial differential. Since 2°(A) is a Lie module over
X°(A) whose action commutes with d, the negative cyclic complex (2°(A)[u], ud) is
a DG module over X°(A). Consider the semi-direct product

P(A)* := ZX°(A) x T17"Q°(A)[u], 4.3)

where 7 is an arbitrary integer number. It is a DG Lie algebra with differential (0, ud).
Similarly, for the mixed complex (X(A4*), 0, d*), we have the DG Lie algebra

B(A) 1= ZX(A) x T E(A; A¥)[u], (4.4)
with a differential given by (0, ud ™).

4.2. Unimodular Poisson algebras

Suppose A is a commutative algebra and n € Q"(A4). We say 7 is a volume form if
L=

xX*(A) 2 Q"7*(A) is an isomorphism of vector spaces. Now suppose A is Poisson,

then we have the diagram

x0(4) — 2T qne(a)

Ts Ta 4.5

‘%ofl(A) ‘on Qn70+1(A)’

which may not be commutative, i.e., 7 may not be a Poisson cycle. We say A is unimodular
if there exists a volume form 7 such that (4.5) commutes.
In terms of the DG Lie algebra (4.3), being unimodular is equivalent to the following.

Proposition 4.6. Let A, w, and n be as above. Then the bivector i is unimodular Poisson
if and only if (27, 271""n) is a Maurer—Cartan element of the DG Lie algebra (4.3).
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The proof is a direct check, and we leave it to the interested reader. Recall that for
a DG Lie algebra (L, d), any Maurer—Cartan element, say a € L, gives a new DG Lie
algebra structure on L with differential d=d+ [a, —]. Denote this DG Lie algebra by
L,. Going back to the above proposition, in the following we write

BA 1) 1= Bl g1y

which will be used later in Section 7.
The following is also immediate from (4.5).

Theorem 4.7 (Xu [40]). Suppose A is a unimodular Poisson algebra with the volume
form of degree n. Then (HP®*(A), HP,_s(A)) forms a differential calculus with duality,
and therefore there exists an isomorphism (the Poincaré duality)

HP®(A4) =~ HP,_.(A).

4.3. Unimodular Frobenius Poisson algebras

Now, we go to unimodular Frobenius Poisson algebras, a notion introduced by Zhu, Van
Oystaeyen, and Zhang in [42].

Suppose A' is a finite-dimensional graded not-necessarily commutative algebra. A' is
called symmetric Frobenius if it is equipped with a bilinear, non-degenerate symmetric
pairing

(——):A'®A >k

of degree n which is cyclically invariant, that is, (a,b - ¢) = (—1){el+IEDlel(c o . b), for
all homogeneous a, b, ¢c € A'. This is equivalent to saying that there is an A'-bimodule
isomorphism

n': (AY® = (A)p4e, forsomen € N,

where Ai = (A')*. In this case, we may view 7' as an element in Hom,:(4', A1) C
X°(A'; A1). Now assume A' is Poisson, then we have a diagram

x° ! L;(k_)n‘ o—n o4
(A7) ————— = X" (4 A)

TS ' TS (4.6)

o—1 ! " o—1—n |
A ——— % (4% AD).

According to Zhu—Van Oystaeyen—Zhang [42], if there exists ' € X°(A4'; A) such that
LZL)U! is an isomorphism, then ' is called a volume form, and if furthermore the diagram
(4.6) commutes, then A' is called a unimodular Frobenius Poisson algebra of degree n (in
[42] the authors call it unimodular Frobenius Poisson). From the definition, we immedi-
ately arrive at the following theorem.

Theorem 4.8 (Zhu—Van Oystacyen—Zhang [42]). Suppose A' is a unimodular Frobenius
Poisson algebra with the volume form of degree n. Then (HP*(A'), HP*™"(A'; A")) forms
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a differential calculus with duality and therefore there exists an isomorphism
HP*(A') = HP* " (4"; A1).

In this paper, since we are interested in A = k[xy,...,x,] or Al = Aq,..., &), we
always assume that the volume form is constant. The following is completely analogous
to Proposition 4.6.

Proposition 4.9. Suppose A' = A (&1, . ... Ey) with volume form n'. Then a bivector 7t is
unimodular Frobenius Poisson if and only if (7', 2~17"n') is a Maurer—Cartan element
of the DG Lie algebra B°(A')* given by (4.4).

In Section 7, we shall use the DG Lie algebra
AL ) = B (A g gy

Proof of Theorem 1.2. First, we show that a quadratic Poisson algebra (A = k[x1,...,X,],
) is unimodular if and only if (A", 7') is unimodular Frobenius. In fact, recall that for

A=klxy,...,xn],
d 0
x*(A) =A(x1,...,x,,,—,...,—),

ox1 0x,

Q*(A) = A(xq,...,xp,dxq,...,dxy,),

2! = A(sl,...,én, 0 i),

T,
T * « 0 0
%.(A,A‘)ZA(EI,,En,a—él,,E)

Let
n=dxidx,---dx, and np' = EFES &),
where 77! is understood as a contraction, namely,
|
NG = > (BB B e -
0ESpn—p

Then under the identification

d " d
Xi = 8—&, dxi = Ei s E = Ei (47)
the diagram
R 0 0 N
X(A)=Alx1,....xn,—,...,— | —> Q*(A)=Ax1,..., Xn,dx1,...,dxy)
0x1 0xp, l
d EREL) . d 3
x°(A =A( ey n,—,...,—)—)%‘ Al Al =A(*,..., ,f,—,...,—)
( ) gl S 351 agn ( ) é:l ag_—l ag_—n

(4.8)
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commutes. This means 7 is a Poisson cycle for A if and only if ' is a Poisson cocycle for
A', which proves the claim.
Second, for A as above, we show that the diagram

HP*(A) ———=— 5 HP,_.(A)

lg lg (4.9)

HP*(A)) —=—— HP*"(4; A1)

commutes. In fact, the two vertical isomorphisms are given by Theorem 1.1, and the two
horizontal isomorphisms are given by Theorems 4.7 and 4.8, respectively. The commuta-
tivity of the diagram (4.9) follows from the chain level commutative diagram (4.8). ]

Remark 4.10. By the same identification (4.7), one immediately sees that for a quadratic
Poisson algebra A and its Koszul dual 4', the two DG Lie algebras given by (4.3) and
(4.4) are isomorphic.

5. Poisson cohomology and the Batalin—Vilkovisky algebra

The purpose of this section is to show that for unimodular quadratic Poisson polynomial
algebras, the horizontal isomorphisms in (4.9) naturally induce on HP®(A) and HP®(A')
a Batalin—Vilkovisky algebra structure, and the vertical isomorphisms in (4.9) are isomor-
phisms of Batalin—Vilkovisky algebras. We start with the notion of differential calculus
with duality.

Definition 5.1 (Lambre [21]). A differential calculus (H®, Ho, U, ¢, [—, —], d) is called a
differential calculus with duality if there exists an integer n and an element € H,, such
that

(@) tyn =n,where 1 € HO is the unit, d(n) =0, and
(b) foranyi € Z,
PD(—) :=¢—yn:H — H,_; 5.1
is an isomorphism.

Such isomorphism PD is called the van den Bergh duality (also called the noncommutative
Poincaré duality), and 1 is called the volume form.
Definition 5.2 (Batalin—Vilkovisky algebra). Suppose (V, e) is a graded commutative
algebra. A Batalin—Vilkovisky algebra structure on V' is the triple (V, e, A) such that

(1) A : Vi — Vi~lis adifferential, that is, A2 = 0, and

(2) A is a second-order operator, that is,

Alaebec)=Aaeb)ec+ (—1)%geAbec)+ (—1)14DIPp e A(gec)
—(Aa)ebec—(—=1)¥ge(Ab)ec—(=1)4*Plg e pe(Ac).
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Equivalently, if we define the bracket
[a,b] := (=D (A(a 0 b) — Aa) ¢ b — (=)la » AD)),

then [—, —] is a derivation with respect to e for each component. In other words, a Batalin—
Vilkovisky algebra is a Gerstenhaber algebra (V, », [—, —]) with a differential A : Vi —
Vi=1 such that

[a,b] = (=) (A(a 0 b) — A(a) o b — (~=1)9la o A(D)), (5.2)

for any a,b € V (cf. [14, Proposition 1.2]). A is also called the Batalin—Vilkovisky oper-
ator or the generator (of the Gerstenhaber bracket).

Now suppose (H®, Ho, U, ¢, [, —], d, n) is a differential calculus with duality. Let
A : H* — H*"! be the linear operator such that

H* A Ho—l

lm lPD (5.3)
d

H}’L—‘ _— Hn—o+1
commutes. Then we have the following theorem.

Theorem 5.3 (Lambre [21]). Let (H*,H,, U, (,[—,—],d, n) be a differential calculus with
duality. Then the triple (H®, U, A) is a Batalin—Vilkovisky algebra.

The proof can be found in the work of Lambre [21, Théoréme 1.6]; however, since
some details in loc. cit. are omitted, we give a proof here for completeness.

Proof. Since (H®, U, [—, —]) is a Gerstenhaber algebra, we only need to show that the
Gerstenhaber bracket is compatible with the operator A in (5.3); that is, equation (5.2)
holds. For any homogeneous elements f, g € H®, by the definition of Poincaré duality PD
(5.1) and the Cartan formulae (Lemma 6.3), we have

(—D/TIPD([ £, g])

= (DY) = [Lyo gl = Lyig () = (=DEV D e ()

=disig(n) — (—l)mtfdtg(n) _ (—l)lgl(‘flﬂ)tgde(n) + (_l)lg\(|f|+1)+|f\LgLfd(n)
=d oPD(f Ug)— (D)W, q o PD(f) — (=1)1ird o PD(g)

=PD (A(f Ug)) — (=DEIHDPD (A(F)) — (=D PD (A(g))

= tacrug () = DDy () = (DY lipiage ()

= (tacrug) = DBV oa gy = (DY i Gagg) ()

=PD(A(fUg)— A Ug— (=D fUA@).

Since PD is an isomorphism, we thus have

[f.g]l = (DT (A(f Ug) — A Ug— (DT F U A(g)). .



Poisson cohomology, Koszul duality, and Batalin—Vilkovisky algebras 17

Corollary 5.4 (see also Xu [40] and Zhu—Van Oystaecyen—Zhang [42]). Suppose A is a
unimodular Poisson or a unimodular Frobenius Poisson algebra. Then HP®(A) admits a
Batalin—Vilkovisky algebra structure.

Proof. If A is unimodular Poisson, then Theorems 4.2 and 4.7 imply that the pair (HP®(A4),
HP,.(A)) is, in fact, a differential calculus with duality; similarly, if A is unimodular Frobe-
nius Poisson, then Theorems 4.3 and 4.8 imply that the pair (HP*(A), HP*(A4; A*)) is a
differential calculus with duality. The theorem then follows from Theorem 5.3. ]

Proof of Theorem 1.3. Note that in Theorem 1.2, the right vertical isomorphism preserves
the Kahler differential as well as the volume form, that is, the two differential calculi with
duality

(HP®(A),HP.(4)) and (HP®(A'),HP*(A'; A"))

are isomorphic. Combining with Corollary 5.4, the theorem follows. |
Remark 5.5. Not all quadratic Poisson algebras are unimodular. For example, for 4 =

R[x1, X2, x3], Etingof-Ginzburg [11, Lemma 4.2.3 and Corollary 4.3.2] showed that any
unimodular Poisson structure is of the form

I
9z’

d¢

0
D=0 =g

x, v} = 3y’

for some ¢ € A (taking ¢ to be cubic then the Poisson structure is quadratic); for 4 =
C[x1, x2, X3, x4], Pym [28, §3] showed that any unimodular quadratic Poisson bracket on
A may be written uniquely in the form

df Ndg A da
dxl /\de /\dX3 /\dX4,

{f.gr= g €A,

where o = Z?:l a;dx; € Q1(A) such that o A da = 0, and ;’s are homogeneous cubic
polynomials satisfying Z?:l xia; = 0.

6. Calabi-Yau algebras

At the end of Section 1, we sketched some analogy between unimodular Poisson algebras
and Calabi—Yau algebras. In the following two sections, we study their relationships in
more detail.

6.1. Calabi-Yau algebras and the Batalin—Vilkovisky algebra structure
Definition 6.1 (Calabi—Yau algebra; Ginzburg [15]). Let A be an associative algebra over
k. A is called a Calabi—Yau algebra of dimension n if

(1) A is homologically smooth, that is, A, viewed as an A°-module, has a bounded
resolution of finitely generated projective A°-modules, and
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(2) there is an isomorphism
RHomge (A, A ® A) = 7" A4 6.1)

in the derived category D(A¢) of A°-modules.

In the above definition, A¢ is the enveloping algebra of A, namely, 4¢ := A ® A°P.
There are a lot of examples of Calabi—Yau algebras, such as the universal enveloping
algebra of semi-simple Lie algebras, the skew-product of complex polynomials with a
finite subgroup of SL(#n, R), the Yang—Mills algebras, etc.

We next study van den Bergh’s noncommutative Poincaré duality for Calabi—Yau alge-
bras [36]. To this end, we first recall the differential calculus structure for associative
algebras.

For a unital associative algebra A, let A = A/k be its augmentation, and A — A :
a — a be the projection. Denote by (C*(A4), §) and (Ce(A), b) the reduced Hochschild
cochain and chain complexes of A (the reader may refer to Loday [25] for notations).
Recall that the Gerstenhaber cup product and the Gerstenhaber bracket on C*(A) are
given as follows: for any f € C*(A) and g € C"(A),

f Ug(C_ll,...,C_l,H_m) = (—1)”mf(c_11,...,Eln)g(c_ln+1,...,c_l,,+m)

and
{(fgt:=fog— (_1)(|f\+1)(\g|+l)g o f,

where

foglay.....antm—1)

n—1
= Z(—l)(‘gH—l)lf((_ll, ce ,Zzi,g(diH, ce adi+m),5_li+m+l7 ces ,dn+m_1).
i=0

Gerstenhaber proved in [13, Theorems 3-5] that U and {—, —} are well-defined on the
cohomology level, and moreover, U is graded commutative. Therefore, we obtain on the
Hochschild cohomology HH® (A4) a Gerstenhaber algebra structure.

Next, we consider the action of the Hochschild cochain complex on the Hochschild
chain complex. Given any homogeneous elements f € C*(A) and o = (ag,dy,...,dm) €
Cm(A),

(1) the cap product N : C*(A) x Cpu(A) = Cr_n(A) is given by

6.2)

fﬂo{'— (aof(dl,...,c_ln),c_l,,+1,...,c_1m), ifm>n,
0, otherwise.

If we denote by (s (—) := f N — the contraction operator, then

lrlg = (_1)|ng|LgUf = lfug;
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(2) the Lie derivative L : C"(A) x Cpy(A) = C_n(A) is given as follows: for any
a = (ap,ai,....am) € Cu(A),if n <m + 1, then

m—n
L) =Y (-D"*"Vag.ay....a;. f@is1..-- @itn).---dm)
i=0

m
+ Z (=D (F @iy, .o Gnemtio1)-
i=m—n+1 _ _
An—m+is - - - 7ai)7

where the second sum is taken over all cyclic permutations such that aq is inside
of f,and otherwise if n > m + 1, Ly (a) = 0;

(3) the Connes operator B : Co(A) — Cay1(A) is given by
m .
B(a) =Y (=D (L.a.....dm.do.....ai1).
i=0

The following two lemmas first appeared in the work of Daletskii—Gelfand-Tsygan
[7], which we learned from Tamarkin—-Tsygan in [31].

Lemma 6.2. Keep the notations as in the above definition. Then
€))] (C.(A), b, N) is a DG module over (C’(A), 8, V), that is,
lgf = (—l)|f|+1[b,tf], Lflg = Lfug,
for any homogeneous elements f,g € C*(A);
(2) for any homogeneous elements f,g € C*(A),
[Ly.Lgl = Lisgy
and in particular (—1)//1H1[p, Lel+ Lss =0.

Lemma 6.3 (Homotopy Cartan formulae). Suppose ¢, L, and B are given as above and
f, g € C*(A) are any homogeneous elements.

(1) Define an operation (cf. [31, Equ. (3.5)])

m—n m
Sp@@) =" > (D" (Ldjt1.....dm.Ao. .. i [@it1.- - dign).
i=0 j=i+n _

ditn41s--..0j)

for any a = (ag,ay,...,am) € Cp (A; A) (the sum is taken over all cyclic per-
mutations and ao always appears on the left of f), where n;; := (n + 1)m +
(m—j)ym+ (n+ 1)(j —i). Then one has

Ly =[B,ir] +[b,Sr] — Ssr. (6.3)
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(2) Define
1 n+i—I1-2
T(f@:= Y Y D% (f(@t1,....a1do.....4a,
i=l-n+2 j=0

@it Ajtm)s e Angpmepioi—2)s-- - Qi)

forany a = (ag.ay,...,a;) € C;(A; A), where O =m+D)(+j+D+I3G+1).
Then one has

[Lf,ig] — (=D poy = [b.T(f.9)] - TG6f.8) —T(£.88). (6.4

The above two lemmas say that Definitions 4.1 (2) and 4.1 (3) hold up homotopy on
the chain level. Together with Gerstenhaber’s theorem, we have the following.

Theorem 6.4 (Daletskii—Gelfand-Tsygan [7]). Let A be an associative algebra. Then the
sextuple
(HH®*(A),HHq(A), U, ¢, {—,—}. B)

is a differential calculus.

In [8, Proposition 5.5], de Thanhoffer de Volcsey and van den Bergh proved that, for
a Calabi—Yau algebra A of dimension #, there exists a class n € HH,(A) such that the
contraction

HH® (4) — HH,,_.(A) (6.5)
is an isomorphism. This immediately implies the following.

Theorem 6.5 ([15,21]). Suppose A is a Calabi—Yau algebra A of dimension n. Then
(HH'(A), HHo(A4), U, ¢, {—,—}, B)

is a differential calculus with duality and, in particular, (HH®(A), U, A) is a Batalin—
Vilkovisky algebra.

6.2. Symmetric Frobenius algebras and the Batalin—Vilkovisky algebra structure

We now recall a differential calculus structure on the Hochschild complexes of symmetric
Frobenius algebras.

First, for an associative algebra A, denote A* := Hom(A4, k), which is an A-bimodule.
Denote by C*(A4; A*) the reduced Hochschild cochain complex of A with values in A*.
Then under the identity

C*(4: A4*) = @) Hom(4®", 4*) = @D Hom(4 ® A®". k) = Hom (Cu(A). k). (6.6)

n>0 n>0

one may equip on C*(A4; A*) the dual Connes differential, which is denoted by B*,
ie., B*(g) := (—1)'¢lg o B for homogeneous g € C*(A4; A*). B* commutes with the
Hochschild coboundary map § and thus is well-defined on the homology level.



Poisson cohomology, Koszul duality, and Batalin—Vilkovisky algebras 21

Second, let
C*(A) x C*(A; A*) 55 C*(4: 4%)
(fa) — () := (_1)|f\|a\a otr,
f f

for any homogeneous f € C*(A4) and o € C*(A4; A*). We have the following.

6.7)

Theorem 6.6. Let A be an associative algebra. Then
(HH®(A), HH®(4; 4%), U, *, {—, -}, B¥)
is a differential calculus.

Proof. By the definition of differential calculus, we only need to show the last two equal-
ities given in Definition 4.1.
(1) By the definition of ¢* and Lemma 6.2 (1), one has

L}[;(a) — (_1)|g\|fxlt}(a olg) = (_1)|g|\a|+|f|(|a|+\g|)(a otg)ous
— (_1)|g\|¢¥|+|f|(la|+|g|)a o (lguf) = (_1)\f|lgltzufa — L;Ug(a)’

for any homogenous elements f, g € HH®*(A) and « € HH®(A; A*). This means that the
cap product is a left module action.
(2) Given any homogenous elements f € HH®*(A) and @« € HH®*(A4; A*), define

L¥(e) := (=) leFleltly o 1 (= [B* 1f](w). (6.8)
and by Lemma 6.3 one has
[LF. 5 )(@) = (L — (D)l 1% (@)
= ()W 1DGal+lgDHellal+1y o (o, 1, ) — (~1) (S HglDIal 1y o (1)

— (_1)(|f|+\g|+1)|a\a ° ([Lf, Lg])

= (— ) Hel+Dlaly o (1)1 )

— [fl+1
=(-1) g (@).
This completes the proof. ]

Now suppose A' is a symmetric Frobenius algebra. Recall that the existence of the
degree n cyclic pairing is equivalent to an isomorphism
n: A= 274
as A'-bimodules. Such 7 may be viewed as an element in C™"(A'; A1), which is a cocycle,

and hence represents a cohomology class. By abuse of notation, this class is also denoted
by 1. The following map:

—N*p:C(4h

= P Hom ((4H)®7, 4') = D Hom ((4)®7, 7" A1) = C*"(4: A1), (6.9)
q>0 q>0
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where 1 o — means composing with 7, gives an isomorphism on the cohomology (due to
Tradler [33]). Thus we have the following.

Theorem 6.7 ([21,33]). Suppose A' is a symmetric Frobenius algebra of degree n.
(HH®(A4), HH®(4; A*),U,* {-, -}, B¥)

is a differential calculus with duality and, in particular, HH*(A") is a Batalin-Vilkovisky
algebra.

Remark 6.8. Suppose (H®, He, U, ¢, {—, —}, B) is a differential calculus, then ¢ and the
Lie derivative L = [, B] is nothing but saying that H, is a Gerstenhaber module over
H®. From this point of view, the two differential calculus structures given in Theorems
4.8 and 6.7 can be understood in the following way: since (HP®(A'), HP,(A')) already
forms a differential calculus and HP®(A4'; A1) is the linear dual of HP,(A") (see (4.2)), the
Gerstenhaber module structure on HP®(A'; A7) is exactly the dual (or say adjoint) of Ger-
stenhaber module structure on HP,(A4'). Analogously, by (6.6), HH*(A4'; A1) is the linear
dual of HH, (A"), and thus the differential calculus structure on (HH®(A'), HH®(A4'; A'))
can also be understood from this point of view.

6.3. Koszul Calabi-Yau algebras and Rouquier’s conjecture

Analogously to the quadratic Poisson algebra case, the Koszul dual of a Koszul Calabi—
Yau algebra is symmetric Frobenius (chronologically this fact is discovered first), and we
have the following theorem due to van den Bergh (see [35, Theorem 9.2] or [6, Proposition
28] for a proof): Suppose A is a Koszul algebra and let A" be its Koszul dual algebra. Then
A is Calabi—Yau of dimension n if and only if A' is symmetric Frobenius of degree n.

It has been well-known that for a Koszul algebra, say A,

HH®(A4) =~ HH®(4"),

as Gerstenhaber algebras, and Rouquier conjectured (it is stated by Ginzburg [15]) that, for
a Koszul Calabi—Yau algebra, the above two Batalin—Vilkovisky algebras are isomorphic,
which turns out to be true (see [6, Theorem A] for a proof).

Theorem 6.9 (Rouquier’s conjecture). Suppose A is a Koszul Calabi—Yau algebra. De-
note by A" and by Al the Koszul dual algebra and coalgebra of A, respectively. Then

(HH®(A),HH.(A)) and (HH®(A'),HH®(A'; A7)

are isomorphic as differential calculi with duality. In particular, HH®*(A) and HH®(A")
are isomorphic as Batalin—Vilkovisky algebras.

The key point of the proof is that, with the differentials properly assigned on A ® A’
and A ® Al, respectively,

C'A;A)~A® A ~C* (4 4") and Co(4;4) >~ A® Al ~C*(A"; A),
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and via these quasi-isomorphisms, the volume forms as well as the contractions given
by (6.2) and (6.7) are identical on the above middle terms (compare with the proof of
Theorem 1.2).

Example 6.10 (The polynomial case). Let A = R[xq, X3, ..., X,], which is n-Calabi—
Yau. Its Koszul dual algebra A' = A(£1, &, ..., &,) is symmetric Frobenius. As in the
Poisson case, the volume classes on HH,(A) and HH®(A4'; A7) are, via the above quasi-
isomorphisms, represented by 1 ® £ ---£; in A @ A'.

We would like to summarize some results of the previous two subsections in terms of
DG Lie algebras analogous to the ones given by (4.3) and (4.4).

For an n-Calabi-Yau algebra A with volume form 7, (0, 2717"5) is a Maurer—Cartan
element of the following DG Lie algebra of semi-direct product:

D(A)* := =C*(4) x Z717"CC, (A). (6.10)

Let
DA ) 1= DAy 10my)-

then it is a DG Lie algebra, and it will be studied in the next section.
For a symmetric Frobenius algebra A' with volume form 7', we similarly have the DG

Lie algebra

DAY 1= =C*(4") x =7'7"CC (4, 6.11)
and (0, Z~'"p') is a Maurer—Cartan element. However, this is not exactly the DG Lie
algebra that we will discuss in the next section. In fact, let us first consider the Connes
cyclic cochain complex CC} (A", which is a cyclically invariant subcomplex of C*(4"),
the linear dual of the Hochschild chain complex of A (recall that it is identified with
C®(A; A*)). It is then a direct check that CC} (A") is closed under the Lie derivative of
C*(A"), and hence

D°(4h* 1= 2C* (4 x =717 ecs(4h (6.12)
is a DG Lie algebra. Since 7' is a cyclically invariant inner product of 4', then (0,X~17"7")
is a Maurer—Cartan element of this DG Lie algebra. Observing that @.(A!) is quasi-
isomorphic to the Connes cyclic cochain complex CC} (A") (see Loday [25, §2.4] for
more details), which is compatible with the Lie derivative actions, we thus have a quasi-
isomorphism of DG Lie algebras:

DAY ~ D°(4H*.
In the following, we write
D(A,n) 1= DAy g1y, and DA ) := DAY 51y (6.13)
7. Deformation quantization

In this section, we take k to be a field containing R. Dolgushev [9, Theorem 3] proved that
for a Calabi—Yau algebra, if it is unimodular Poisson, then its deformation quantization is
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again Calabi—Yau. Analogously, Felder—Shoikhet in [12, Corollary 1] and Willwacher—
Calaque in [39, Theorem 37] proved that for a symmetric Frobenius algebra, if it is uni-
modular Frobenius Poisson, then its deformation quantization is again symmetric Frobe-
nius. We use their results to prove Theorems 1.4 and 1.5.

The following proposition is a rephrase of the results of Section 4 for A[[4] (see Propo-
sitions 4.6 and 4.9).

Proposition 7.1. (1) Let A = k[x1,...,x,] and h be a formal variable. For the alge-
bra A[h] over k[h] together with a bivector

T 2=h-7‘[0+h2‘7[1 +“‘€h‘:’£2(14|[h]])
and an n-form
nh=h-m +h2-n2+---eh-9"(A|[h]]),

the pair (13, o + ns) gives on A[h] a unimodular Poisson structure if and only if
(Emy, 271" ny) is a Maurer—Cartan element of the DG Lie algebra B(A[A], no).

(2) Suppose A' = A(&,. ..., &) with a volume form 776. Then for a bivector n;l €
h - X72(A'[h]) and an n-form 'fh € h-X°(A'[h]; Al[R]), the pair (7‘[;1, r}é) + 77;!)
gives a unimodular Frobenius Poisson structure on A'[#] if and only if (Ent!,’
xoi-n n;l) is a Maurer—Cartan element of the DG Lie algebra B3°(A'[#] r]z)).

For Calabi—Yau algebras and symmetric Frobenius algebras, we have similar results
(see (6.10)—(6.13)), due to de Thanhoffer de Volcsey—van den Bergh [8] and Terilla—
Tradler [32], respectively (the interested reader may refer to these two works for proofs).

Proposition 7.2. (1) ([8, Theorem 8.1]) Suppose A is an n-Calabi-Yau algebra with
multiplication 1o and volume form no. Then an element jiy, € h - C"2(A[h]) and
an n-formny, € h -@;(A[[h]]) such that (jLo + s, No + Ng) gives a Calabi—Yau
structure on A[h] if and only if (Z s, X~1"n3,) is a Maurer—Cartan element of
the DG Lie algebra D(A[h], no)-

(2) ([32, Theorem 3.7]) Suppose Alisa symmetric Frobenius algebra with volume n-
form 772)- Then an element /,L;l € h- C2(A'[A]) and an n-form n;l eh-CC} (A'TA])
such that (,U,E) + /L!h, 776 + 77;[) gives a symmetric Frobenius algebra structure on
A'[#] if and only if(E/L;l, »1-n 77;,) is a Maurer—Cartan element of the DG Lie
algebra D°(A'[A]. nz)).

In fact, in both works, the authors also showed that the DG Lie algebras appeared in
the above proposition are quasi-isomorphic, up to a degree shift, to the negative cyclic
chain complex and the cyclic cochain complex, respectively.

7.1. Deformation quantization of Calabi—Yau Poisson algebras

In this subsection, we prove Theorem 1.4 (1).
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Recall that for a Poisson algebra A with bracket {—, —}, its deformation quantization,
denoted by Ay, is a k[A]-linear associative product (called the star-product) on A[#]

axb=a-b+ ui(a,b)h+ pr(a,byp> +---,

where 7 is the formal parameter and p; are bilinear operators, satisfying
1
lim —(a*xb—bxa)=1{a,b}, foralla,be A.
h—0 h

In [19], Kontsevich constructed, for A being the algebra of smooth functions on a Poisson
manifold, an explicit L,-quasi-isomorphism from the space of polyvector fields to the
Hochschild cochain complex of A, and therefore there is a one-to-one correspondence
between the equivalence classes of star-products and the equivalence classes of Poisson
algebra structures on A[#A]. Thus via Kontsevich’s map, the Poisson bivector s on A[#]
gives a star-product on A[A], which is called Kontsevich’s deformation quantization.

Note that 2°(A) and C,(A) are modules over X°(A) and over C*(A), respectively, and
in [34, Conjecture 5.3.2], Tsygan conjectured that Kontsevich’s deformation quantization
also gives an Lo-quasi-isomorphism of Ls.-modules between Co(A4) and 2°(A). This
is known as Tsygan’s Formality Conjecture for chains, and is proved by Shoikhet in [29,
Theorem 1.3.1]. Shoikhet also conjectured that such an L ,-morphism is also compatible
with the cap product, which was later proved by Calaque and Rossi in [3, Theorem A].

Recall that on ©2°(A4) and Co(A4), we have the de Rham differential operator and
the Connes boundary operator, respectively. One naturally expects that the L ,-quasi-
isomorphism constructed above respects these two operators. This is known as the Cyclic
Formality Conjecture for chains, and is proved by Willwacher in [38, Theorem 1.3 and
Corollary 1.4].

With the above results, one obtains the following theorem, due to Dolgushev [9, The-
orem 3] (see also [8, equation (1.3)]), whose proof is therefore only sketched.

Theorem 7.3. Let A = k[xy, ..., x| be a Poisson algebra. Then the deformation quan-
tization of A is Calabi-Yau if and only if A is unimodular.

Sketch of proof. Denote by U and & the L-quasi-isomorphisms of Kontsevich and
Willwacher, respectively. Then the works [19,38] are equivalent to saying that there exists
a roof of L -quasi-isomorphisms

TX°(A[h]) x =~17"CC, (A[h])

TX(A[A]) x =71 Q(A[R]) [u] >C (A[R]) x =1"CC, (A[A])

of DG Lie algebras (see [8, §11.3] for a proof).
Recall that from Example 6.10 the volume forms in the three DG Lie modules are
the same on the homology level. Twisting the differentials with the corresponding volume
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forms in each of the DG Lie algebra in the above roof we get a new roof of L,-quasi-
isomorphisms. This then implies that we have an L,-quasi-isomorphism of DG Lie
algebras:

where the dotted arrow means that the quasi-isomorphism is given by a sequence of (roofs
of) Lso-morphisms.

As a corollary, the Maurer—Cartan elements of L(A[A], no) (up to gauge equiva-
lence) are in one-to-one correspondence, via the above Lo,-quasi-isomorphisms, with the
Maurer—Cartan elements of D (A[[A], no)- In particular, by Propositions 7.1 (1) and 7.2 (1),
if A is unimodular Poisson, then Ay is Calabi—Yau, and vice versa. [

Proof of Theorem 1.4 (1). Tt is proved by Calaque and Rossi in [3, Theorem 6.1] that we
have a commutative diagram

X2 (A[A]D ~~rry Q0 (A]R])

:lu :T@ (7.1)

C*(A[A]) ~~~~s Co(A[R]).

where the horizontal curved arrows mean the cap product. Since A is unimodular Poisson,
Ay, is Calabi—Yau, and © maps the volume form of A[#%] to the volume form of Az under
the Hochschild—Kostant—Rosenberg map, then we thus obtain the commutative diagram

HP* (A[#]) ——— HP,—o(A[R])

F F

HH®(A43) ———— HH,—o (Ap)

by Theorem 4.7 and the noncommutative Poincaré duality (6.5). ]

7.2. Deformation quantization of Frobenius Poisson algebras

We first rephrase Kontsevich’s Cyclic Formality Conjecture for cochains, published by
Felder—Shoihket [12, §1], in the case k" Note that, in this case, the space of functions
0Ky = A' := A1, ..., &).

Recall that, by Cattaneo and Felder [4, Appendix], Kontsevich’s L ,-quasi-isomor-
phism holds for the supermanifold case. Denote this quasi-isomorphism again by U. The
following is stated by Felder—Shoikhet [12] and proved by Willwacher—Calaque [39, The-
orem 2] (see also [12] for some partial results).

Lemma 7.4 (Formality for cochains). For A' = O(k°) = A®(&,, ..., &), there exists
an L o-quasi-isomorphism of Lie modules:

B (2°(A'[A]; AT[A]) [u], ud*) —> (CC3(A'TA]). ).
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In other words, there exists an L o-quasi-isomorphism of Lie algebras:
Ux B 52 (A'[A]) x S7E0 (A'[A]: ATTRD) [u] —> £C°(A'[A])
x 717" (A'[A]).
Again we recommend [8, §11] for the formulae of the (Taylor) expansion of
U x B. Also, we mention that the first term of the above L ,-quasi-isomorphism 8 is

the Hochschild—Kostant—Rosenberg map, which then preserves the volume forms on each
side. Therefore, we get a quasi-isomorphism

B (4[] o) = D° (4[] mp)
as DG Lie algebras. As a corollary, we have the following theorem, due to Felder—Shoikhet
[12, Corollary 1] and Willwacher—Calaque [39, Theorem 37].

Theorem 7.5. For A' = A*(&1, ..., &), the deformation quantization of A* is symmetric
Frobenius if and only if A" is unimodular Frobenius.

Proof of Theorem 1.4 (2). Recall that Q®(A'[#]) and Ce(A'[#]) are Lie modules over
X°(A'[A]) and C*(A'[%]), respectively. Applying Calaque—Rossi’s result (7.1) to A'[#],
we have the commutative diagram

X (A'[A]) ~~~ms Q0 (A'[A])
:lu :T@
C*(A'[A]) ~~—~~~~ Co(A'[A]).

Now consider the adjoint actions of the Lie algebras to the linear dual spaces of the Lie
modules (see Remark 6.8), then we obtain the commutative diagram

2 (A ~~nns B (AL T[]
{u :J@*
C* (A []) ~~mmmms C(A'[AT: ATTAD).

Taking the homology in the above commutative diagram and applying the Poincaré dual-
ity, whose existence is guaranteed by Theorem 7.5, we obtain the commutative diagram

HP* (A'[A]) ———=—— HP* " (A'[#]; Ai[A])
HH®(4}) ——=—— HH*""(4}: 4}).
This completes the proof. u

Proof of Theorem 1.5. By Shoikhet [30, Theorem 0.3] (see also [2, Theorem 8.6]), A3 and
A 'h are Koszul dual algebras over k [#]], and hence the theorem follows from a combination
of Theorems 1.3, 1.4, and 6.9. [
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7.3. Twisted Poincaré duality for Poisson algebras

For a general associative algebra, say A, it may not be Calabi—Yau, and therefore there
may not exist any Poincaré duality between HH®(A) and HHe(A). In [1], Brown and
Zhang introduced the so-called “twisted Poincaré duality” for associative algebras. That
is, for such A, keeping its left A-module structure (the multiplication) as usual, the right
A-module structure of A is the multiplication composed with an automorphismo : A — A.
Denote such A-bimodule by A, then Brown and Zhang showed that for a lot of algebras,
there exists a twisted Poincaré duality HH®*(A4) =~ HH,,—.(A; As) for some n € N (cf.
[1, Corollary 5.2]). In this case, A is called a twisted Calabi—Yau algebra of dimension 7.

Such a phenomenon also occurs for Poisson algebras. Namely, not all Poisson alge-
bras are unimodular, and hence there may not exist an isomorphism between HP®(A) and
HP.(A). In [22,27,41,42], the authors studied the so-called twisted Poincaré duality for
Poisson algebras, similarly to that of associative algebras. They also studied some compar-
isons with twisted Calabi—Yau algebras. However, it would be very interesting to study the
relationships between the deformation quantization of twisted unimodular Poisson alge-
bras and twisted Calabi—Yau algebras, and obtain a theorem similar to Theorem 1.5 in this
twisted case.
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