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C � exponential length of commutators unitaries
in AH-algebras

Chun Guang Li, Liangqing Li, and Iván Velázquez Ruiz

Abstract. For each unital C�-algebra A, we denote celCU.A/ D sup¹cel.u/ W u 2 CU.A/º, where
cel.u/ is the exponential length of u and CU.A/ is the closure of the commutator subgroup of
U0.A/. In this paper, we prove that celCU.A/ � 2� provided that A is an AH-algebra with slow
dimension growth whose real rank is not zero. On the other hand, we prove that celCU.A/ � 2�

when A is an AH-algebra with ideal property and of no dimension growth (if we further assume that
A is not of real rank zero, we have celCU.A/ D 2�).

1. Introduction

Let A be a unital C �-algebra and U.A/ its unitary group. We denote by U0.A/ the con-
nected component of U.A/ containing the identity. A unitary element u 2 U.A/ belongs
to U0.A/ if and only if u has the form

u D

nY
jD1

exp.ihj /;

where n is a positive integer and hj is self-adjoint for every 1 � j � n. For u 2 U0.A/,
the exponential rank of u was defined by Phillips and Ringrose [45] and the exponential
length of u was defined by Ringrose [46]. Recall the definition of C � exponential length
as follows.

Definition 1.1. For u 2 U0.A/, the C � exponential length of u, denoted by cel.u/, is
defined as

cel.u/ D inf

´
kX

jD1

khj k W u D

kY
jD1

exp.ihj /; hj D h�j

µ
:

Define
cel.A/ D sup

®
cel.u/ W u 2 U0.A/

¯
:

From [46], cel.u/ is exactly the infimum of the lengths of rectifiable paths from u to
1A in U.A/. Equivalently, cel.u/ is also the infimum of the lengths of smooth paths from
u to 1A.
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Exponential rank and exponential length have been studied extensively (see [33,41–43,
46, 50, 51]) and they have played important roles in the classification of C �-algebras (see
[11, 17, 32, 34, 35]).

Phillips [41] proved that the exponential rank of a unital purely infinite simple C �-
algebra is 1C " and its exponential length is � . Lin [30] proved that for any unital C �-
algebraA of real rank zero, u 2U0.A/, and " > 0, there exists a self-adjoint element h 2A
with khk D � such that u � exp.ih/

 < ":
This means that cel.u/ � � . Phillips [43] showed that when A does not have a real rank
zero, even for A DMn.C.Œ0; 1�//, cel.A/ can be1.

Definition 1.2. We denote by CU.A/ the closure of the commutator subgroup of U0.A/
and define the C � exponential length of CU.A/ to be

celCU.A/ D sup
®

cel.u/ W u 2 CU.A/
¯
:

In the study of the classification of simple amenable C �-algebras, one often has to
calculate the exponential length of unitaries in CU.A/. Pan and Wang [39] constructed a
simple AI algebra (inductive limit of Mn.C.Œ0; 1�//) A such that celCU.A/ � 2� . Apply-
ing Lin’s Lemma 4.5 in [36], one has that celCU.A/ is exactly 2� .

Definition 1.3. An AH-algebra A is the C �-algebra inductive limit of a sequence A D
lim.An; �n;nC1/ with An D

Ltn
jD1 Pn;jMŒn;j �.C.Xn;j //Pn;j , where Œn; j � and tn are

positive integers, Xn;j are compact metrizable spaces, and Pn;j 2 MŒn;j �.C.Xn;j // are
projections. In this paper, we will only consider unital AH-algebras, and hence we will
always assume that all the maps �n;nC1 are unital.

At first look, the class of AH-algebras is a quite special class of C �-algebras, but
remarkably, many important C �-algebras arising from the study of foliation manifolds
and dynamical systems have been proved to be in the class of AH-algebras. These C �-
algebras include the foliation algebra of Kronecker foliation, two-dimensional and higher-
dimensional non-commutative tori (see [6, 31]), and the cross product C �-algebras of a
minimal dynamical system over a finite-dimensional space provided that the image of
the K0-group in the affine space of tracial state space is dense (see [38]). In fact, it is
a conjecture that all stably finite simple separable nuclear C �-algebras are the inductive
limits of sub-algebras of the above An’s (see [13, 37]). Let us point out that the class
of AH-algebras plays an important role in the classification programs (see [7–12, 14–17,
26–29, 31]).

In [36], Lin has obtained the following two main theorems (we rephrase the theorems
in the language of AH-algebras).

Theorem A ([36, Theorem 4.6]). Suppose that A is a Z-stable simple C �-algebra such
that A˝UHF is an AH-algebra of slow dimension growth (this class includes all simple
AH-algebras of no dimension growth and the Jiang–Su algebra Z). Then celCU.A/ � 2� .
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Theorem B ([36, Theorem 5.11 and Corollary 5.12]). For any unital non-elementary
simple AH-algebra B (i.e., B is not isomorphic to Mn.C/) of slow dimension growth,
there exists a unital simple AH-algebra A of no dimension growth such that�

K0.A/;K0.A/C; K1.A/
�
Š
�
K0.B/;K0.B/C; K1.B/

�
and celCU.A/ > �:

It is proved in [49] that the class of simple unital non-elementary AH-algebras with no
dimension growth and the class of simple unital non-elementary AH-algebras with slow
dimension growth are the same (see also [11, 17, 34]).

Our main theorem in this article is that, for all (not necessarily simple) AH-algebras
A with slow dimension growth, if A is not of real rank zero, then celCU.A/ � 2� . This
theorem greatly generalizes and strengthens Lin’s Theorem B above. If we further assume
A to be simple, combining with Lin’s Theorem A above, then celCU.A/ D 2� . This gives
the complete calculation of celCU.A/ for simple AH-algebrasA of slow dimension growth
(note that for the real rank zero case, it is already known by [30] that cel.A/D �). We will
extend such a calculation of celCU.A/ of simple AH-algebras A to the AH-algebras of no
dimension growth with ideal property. We will also prove that celCU.Mn.Z//� 2� for the
Jiang–Su algebra Z. Combining with Lin’s Theorem A, we have celCU.Mn.Z// D 2� .

In Section 2, we will introduce some notation and some known results for preparation.
In Section 3, we will prove our main theorem. In Section 4, we will deal with AH-algebras
with ideal property. In Section 5, we will calculate celCU.Mn.Z//.

2. Notation and some known results

First, we give some useful lemmas.

Proposition 2.1 ([39, Lemma 2.5]). Let u 2 C.Œ0; 1�/ be defined by u.t/ D exp.i˛.t//.
Then

cel.u/ D min
k2Z

max
t2Œ0;1�

j˛.t/ � 2k�j:

Proposition 2.2 ([39, Corollary 3.5]). Let Hs be a rectifiable path in U.Mk.C.Œ0; 1�///.
For any " > 0, there exists a piecewise smooth path Fs in U.Mk.C.Œ0; 1�/// such that

(1) kHs � Fsk1 < " for all s 2 Œ0; 1�;

(2) j lengths.Hs/ � lengths.Fs/j < ";

(3) Fs.t/ has no repeated eigenvalues for any .s; t/ 2 Œ0; 1� � Œ0; 1�.

Moreover, if for any t 2 Œ0; 1�, H1.t/ has no repeated eigenvalues, then F can be chosen
to satisfy that F1.t/ D H1.t/ for all t 2 Œ0; 1�.

Remark 2.3. In Proposition 2.2, if Hs.0/ and Hs.1/ have no repeated eigenvalues, re-
spectively, then F can be chosen to satisfy that Fs.0/ DHs.0/ and Fs.1/ DHs.1/ for all
s 2 Œ0; 1�.
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Let Y be a compact metric space. Let P 2Mk1.C.Y // be a projection with rank.P /D
k � k1. For each y, there exists a unitary uy 2Mk1.C/ (depending on y) such that

P.y/ D u�y

266666664

1
: : :

1
0

: : :

0

377777775uy ;

where there are k 1’s on the diagonal. If the unitary uy can be chosen to be continuous
in y, the projection P is called a trivial projection. It is well known that every projection
Q 2 Mk1.C.Y // is locally trivial. That is, for each y0 2 Y , there exists an open set Uy0
containing y0 such that one can choose the above uy to be continuous on Uy0 . If P is a
trivial projection in Mk1.C.Y //, we have

PMk1

�
C.Y /

�
P ŠMk

�
C.Y /

�
:

Following the notations in [39], we give the following definitions.

Definition 2.4. Given a metric space .Y; d/, we write

Y k D Y � Y � � � � � Y„ ƒ‚ …
k

:

We define an equivalent relation on Y k as follows: two elements .x1; x1; : : : ; xk/;
.y1; y2; : : : ; yk/ 2 Y

k are equivalent if there exists a permutation � 2 Sk such that
x�.i/ D yi for each 1 � i � k. Define

P kY D Y k= �

with the metric

d
�
Œx1; x2; : : : ; xk �; Œy1; y2; : : : ; yk �

�
D min
�2Sk

max
1�j�k

jxj � y�.j /j:

Let us further assume that Y is compact. Let F kY D Hom.C.Y /;Mk.C//1, the space
of all unital homomorphisms from C.Y / to Mk.C/. Then for any � 2 F kY , there are k-
points y1; y2; : : : ; yk (with multiplicity) and a unitary u 2Mk.C/ such that

�.f / D u

2664
f .y1/

f .y2/
: : :

f .yk/

3775u� for all f 2 C.Y /:

Define Sp.�/ to be the set ¹y1; y2; : : : ; ykº (counting multiplicity, see [17]). Considering
Sp.�/ as a k-tuple, .y1; y2; : : : ; yk/, it is not uniquely determined since the order of k-
tuple is up to a choice; but as an element in P kY , it is unique. Therefore, we write Sp.�/ 2
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P kY . Then F kY 3 � 7! Sp.�/ 2 P kY gives a continuous map… W F kY ! P kY . (Note
that F kY is endowed with the standard topology so that for any �1; �2; : : : ; �n; : : : 2 F kY
and � 2 F kY , �n ! � if and only if, for any f 2 C.Y /, �n.f /! �.f /.)

Proposition 2.5 ([39, Remark 3.9]). Let Fs be a path inU.Mk.C.Œ0;1�/// such that Fs.t/
has no repeated eigenvalues for any .s; t/ 2 Œ0; 1� � Œ0; 1�. Let ƒ W Œ0; 1� � Œ0; 1�! P kS1

be the eigenvalue map of Fs.t/, that is, ƒ.s; t/ D Œx1.s; t/; x2.s; t/; : : : ; xk.s; t/�, where
¹xi .s; t/º

k
iD1 are eigenvalues of the matrix Fs.t/. Then there are continuous functions

f1; f2; : : : ; fk W Œ0; 1� � Œ0; 1�! S1 such that

ƒ.s; t/ D
�
f1.s; t/; f2.s; t/; : : : ; fk.s; t/

�
:

For each .s; t/ 2 Œ0; 1� � Œ0; 1�, there exists a unitary Us.t/ such that

Fs.t/ D Us.t/ diag
�
f1.s; t/; f2.s; t/; : : : ; fk.s; t/

�
Us.t/

�:

Fix 1 � i � n. For each .s; t/ 2 Œ0; 1� � Œ0; 1�, let pi .s; t/ be the spectral projection
of Fs.t/ 2Mn.C/ with respect to the eigenvalue fi .s; t/ (of Fs.t/); this is a well-defined
rank one projection continuously depending on .s; t/, since the continuous matrix-valued
function Fs.t/ has distinct eigenvalues. Hence Fs.t/ D

Pk
iD1 fi .s; t/pi .s; t/. Since all

projections in Mn.C.Œ0; 1� � Œ0; 1�// are trivial, it is straightforward to prove that the uni-
tary Us.t/ above can be chosen to depend on s and t continuously.

Proposition 2.6 ([39, Lemma 3.11]). Let Fs be a path in U.Mn.C.Œ0; 1�/// and f 1s .t/;
f 2s .t/; : : : ; f

n
s .t/ be continuous functions such that

Fs.t/ D Us.t/ diag
�
f 1s .t/; f

2
s .t/; : : : ; f

n
s .t/

�
Us.t/

�;

where Us.t/ are unitaries. Suppose that for any .s; t/ 2 Œ0; 1� � .0; 1/, f is .t/ ¤ f
j
s .t/ if

i ¤ j . Then
lengths.Fs/ � max

1�i�n

®
lengths.f

i
s /
¯
;

where f is is regarded as a path in U.C.Œ0; 1�//.

Proof. If the unitary Fs satisfies the stronger condition that for any .s; t/ 2 Œ0; 1� � Œ0; 1�
and i ¤ j , f is .t/¤ f

j
s .t/, then this is Lemma 3.11 of [39]. To prove the general case one

can apply Lemma 3.11 of [39] to FsjŒ0;1��Œı;1�ı� (whose length is at most lengths.Fs/)
and note that lengths.f

i
s / D supı¹lengths.f

i
s jŒ0;1��Œı;1�ı�/º.

Definition 2.7 ([3, Definition 1.1]). Let aD a� 2PMn.C.X//P , whereX is a connected
compact metric space. For each x 2 X , the eigenvalues of a.x/ 2 P.x/Mn.C/P.x/ Š
Mrank.P /.C/ form a set of rank.P / real numbers (with multiplicity), which could be
regarded as an element of P kR, where k D rank.P /, and we will denote this element
by Eg.a/.x/. On the other hand, the topology on the space R is given by the linear order
on R which induces a natural continuous map from P kR to Rk , by labeling the k-tuple in
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the increasing order. Namely, for any Œx1; x2; : : : ; xk � 2 P kR with xi 2R (for 1 � i � k),
define

˛
�
Œx1; x2; : : : ; xk �

�
D
�
x�.1/; x�.2/; : : : ; x�.k/

�
2 Rk ;

where � is a permutation of ¹1;2; : : : ; kº and x�.1/ � x�.2/ � � � � � x�.k/. This ˛ identifies
P kR as a subset of Rk . The map x 7! Eg.a/.x/ 2 P kR � Rk gives k continuous maps
from X to R. We will call these k continuous maps the eigenvalue list E.a/ of a. Namely,
the eigenvalue list of a is defined as

E.a/.x/ D
®
h1.x/; h2.x/; : : : ; hk.x/

¯
;

where hi .x/ is the i th lowest eigenvalue of a.x/, counted with multiplicity.
The variation of the eigenvalues of a is denoted by EV.a/ and is defined as

EV.a/ D max
1�i�n

°
max
t;s2X

jhi .t/ � hi .s/j
±
:

Here, when we use Eg.a/ WX!P kR andE.a/ WX!Rk , we haveE.a/D � ıEg.a/,
where � W P kR! Rk is the natural inclusion.

Remark 2.8. (1) In this paper, we will often consider a 2AC with kak� 1. Then Sp.a/�
Œ0; 1�. This element a naturally defines a homomorphism � W C.Œ0; 1�/! A by �.h/ D a,
where h W Œ0; 1�! Œ0; 1� is the identity function: h.t/ D t . Let A D PMn.C.X//P as in
Definition 2.7. Then E.a/ is a map from X to Œ0; 1�k (where k D rank.P /) and Eg.a/ is
a map from X to P k Œ0; 1�.

(2) Let P; Q 2 Mn.C.X// be projections which satisfy P < Q. An element a 2
.PMn.C.X//P /C can also be regarded as an element in QMn.C.X//Q. The eigen-
value list EPMn.C.X//P .a/ of a as an element in PMn.C.X//P and the eigenvalue list
EQMn.C.X//Q.a/ of a as an element in QMn.C.X//Q are related in the following way.
Suppose rank.P / D k and rank.Q/ D l . If

EPMn.C.X//P .a/ D
®
h1.x/; h2.x/; : : : ; hk.x/

¯
;

then
EQMn.C.X//Q.a/ D

®
0; : : : ; 0„ ƒ‚ …
l�k

; h1.x/; h2.x/; : : : ; hk.x/
¯
:

In particular, the eigenvalue variation of a positive element a 2 PMn.C.X//P �

QMn.C.X//Q is independent of the choice of PMn.C.X//P or QMn.C.X//Q. (This
is not true for general self-adjoint elements.) So when we discuss eigenvalue list or eigen-
value variation of a positive element a in an upper left corner sub-algebra PMn.C.X//P

of QMn.C.X//Q, we do not need to specify in which algebra the calculations are made;
that is, we will omit those l � k constant 0 functions from our eigenvalue list.

(3) Let P; Q 2 Mn.C.X// be projections which satisfy P < Q. Suppose that a 2
PMn.C.X//P �QMn.C.X//Q is a (not necessarily positive) self-adjoint element such
that none of the functions in the eigenvalue listE.a/ of a (considered as inPMn.C.X//P )
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is crossing over point 0; that is, they are either non-positive functions or non-negative func-
tions. Then we can also ignore in which algebra (in the corner sub-algebra PMn.C.X//P

or in the algebra QMn.C.X//Q) the calculations are made when we calculate the eigen-
value list and the eigenvalue variation.

More precisely, if

EPMn.C.X//P .a/ D
®
h1.x/; : : : ; hi .x/; hiC1.x/; : : : ; hk.x/

¯
with hi .x/ � 0 � hiC1.x/ for all x 2 X , then

EQMn.C.X//Q.a/ D
®
h1.x/; : : : ; hi .x/; 0; : : : ; 0„ ƒ‚ …

l�k

; hiC1.x/; hk.x/
¯
:

In this case, we will also omit those l � k constant 0 functions from our eigenvalue list
for EQMn.C.X//Q.a/.

In general, for a self-adjoint element a 2 PMn.C.X//P � QMn.C.X//Q, one has

EVPMn.C.X//P .a/ � EVQMn.C.X//Q.a/:

Definition 2.9. If AD lim.An D
Lkn
jD1Pn;jMŒn;j �.C.Xn;j //Pn;j ; �n;m/ is a (non-zero)

unital inductive limit system with simple limit, then the following slow dimension growth
condition was introduced by Blackadar et al. [4]:

lim
n!1

max
j

²
dim.Xn;j /C 1

rank.Pn;j /

³
D 0:

For a general AH inductive limit system, we will use the following slow dimension growth
condition: for any summand Ain D Pn;iMŒn;i�.C.Xn;i //Pn;i of a fixed An,

lim
m!1

max
i;j

²
dim.Xm;j /C 1

rank
�
�
i;j
n;m.1Ain/

� ˇ̌̌ �i;jn;m.1Ain/ 6D 0³ D 0;
where �i;jn;m is the partial map of �n;m from Ain to Ajm. This notion of slow dimension
growth condition is used in most literatures (see [5]). In particular, in this definition, it is
automatically true that limm!1 rank.Pm;j / D1.

An inductive limit system A D lim.
Lkn
jD1 Pn;jMŒn;j �.C.Xn;j //Pn;j ; �n;m/ is called

of no dimension growth if supn;j dim.Xn;j / < C1. For a general non-simple inductive
limit system, no dimension growth does not imply slow dimension growth, as it does not
automatically imply that limm!C1 rank.Pm;j / D1.

We avoid to use the more general concept of slow dimension growth introduced by
Gong [15] which does not imply that limm!1 rank.Pm;j / D 1, since, in this case, our
main theorem is not true (see Proposition 3.11).

Notation 2.10. For inductive limit

A D lim
�
An D

knM
iD1

Ain; �n;m

�
;
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where Ain D Pn;iMŒn;i�.C.Xn;i //Pn;i , we will use �i;jn;mWAin ! A
j
m to denote the partial

map �j ı �n;mjAin , where �j WAm ! A
j
m is the projection map from Am to its j th block.

Let us also denote �j ı �n;m by ��;jn;m which is the homomorphism from An to Ajm.

Proposition 2.11 ([5, Corollaries 1.3 and 1.4]). Let A D lim
�!
.An; �n;m/ be a C �-algebra

inductive limit system. Assume that each An is of the form

An D

knM
iD1

Ain D

knM
iD1

Pn;iMŒn;i�

�
C.Xn;i /

�
Pn;i ;

where kn and Œn; i � are positive integers, Xn;i are connected compact Hausdorff spaces,
and MŒn;i� are Œn; i � � Œn; i � matrices. If A has slow dimension growth (see [5, Corol-
lary 1.4]) or has no dimension growth (see [5, Corollary 1.3]), then the following are
equivalent:

(1) A has a real rank zero;

(2) for any a 2 .An/C with kak D 1 and " > 0, there exists an m > n such that for
any block

Ajm D PjMŒm;j �

�
C.Xm;j /

�
Pj ; 1 � j � km;

one has
EV

�
��;jn;m.a/

�
< ":

In general, (1) implies (2) is always true. Predated [5], it was proved in [3] that if
dimXn;k � 2 for all n and k, then (2) implies (1).

The following proposition and remark are to discuss how the eigenvalue functions
behave under a homomorphism from a single block to a single block.

Proposition 2.12 ([8, Section 1.4]). Let � WQMl1.C.X//Q! PMk1.C.Y //P be a uni-
tal homomorphism, where X , Y are connected compact metric spaces, and P , Q are
projections inMl1.C.X// andMk1.C.Y //, respectively. Assume that rank.P /D k, which
is a multiple of rank.Q/ D l . Then for each y 2 Y , �.f /.y/ only depends on the value
of f 2QMl1.C.X//Q at finite many points x1.y/; x2.y/; : : : ; xk=l .y/, where xi .y/ may
repeat. In fact, if one identifies Q.xi .y//Ml1.C/Q.xi .y// with Ml .C/, and still denotes
the image of f .xi .y// in Ml .C/ by f .xi .y//, then there is a unitary Uy 2 Mk1.C.Y //

such that

�.f /.y/ D P.y/Uy

2666666666664

f .x1.y//l�l
f .x2.y//l�l

: : :

f .xk=l .y//l�l
0

: : :

0

3777777777775
U �y P.y/:

Obviously, Uy depends on the identification of Q.xi .y//Ml1.C/Q.xi .y// and Ml .C/.
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We denote the set (possibly with multiplicity) ¹x1.y/;x2.y/; : : : ;xk=l .y/º by Sp.�jy/.

Remark 2.13. One can regard Sp.�jy/ WD Œx1.y/; x2.y/; : : : ; xk=l .y/� as an element in
P k=lX . Then Y 3 y 7! Sp.�jy/ 2 P k=lX defines a map �� W Y ! P k=lX .

Let X;Y;Z be connected compact metric spaces, and let ˛ W Y ! P kX and ˇ W Z!
P lY be two maps. Then ˛ naturally induces a map Q̨ WP lY !P klX . We will call the map
Q̨ ı ˇ W Z! P klX the composition of ˛ and ˇ and denote it by ˛ ı ˇ. Namely, if ˛.y/D
Œ˛1.y/; ˛2.y/; : : : ; ˛k.y/� 2 P

kX , for all y 2 Y , and ˇ.z/ D Œˇ1.z/; ˇ2.z/; : : : ; ˇl .z/� 2
P lY , for all z 2 Z, then ˛ ı ˇ is defined as follows:

˛ ı ˇ.z/ D
�
˛i
�
ǰ .z/

�
W 1 � i � k; 1 � j � l

�
2 P klX for all z 2 Z:

We have the following facts.
(a) Let � WQMl1.C.X//Q!PMk1.C.Y //P , WPMk1.C.Y //P!RMm1.C.Z//R

be two unital homomorphisms. Then . ı �/� D �� ı  � W Z ! P stX , with �� W Y !
P sX and  � W Z ! P tY , where s D rank.P /= rank.Q/ and t D rank.R/= rank.P /.

(b) Let � WQMn.C.X//Q!PMm.C.Y //P (rank.Q/D k, rank.P /D kl) be a unital
homomorphism and let f 2 .QMn.C.X//Q/s:a. Using the above notation, we have

Eg
�
�.f /

�
D Eg.f / ı �� W Y ! P klR;

see Definition 2.7. Let us write the eigenvalue list E.f / W X ! Rk (of f ) as

E.f /.x/ D
®
h1.x/ � h2.x/ � � � � � hk.x/

¯
with hi W X ! R being continuous functions for all i . It follows that

Eg
�
�.f /

�
.y/ D

�
.h1 ı �

�/.y/; .h2 ı �
�/.y/; : : : ; .hk ı �

�/.y/
�
2 P klR:

For each 1� i � k, we write the element .hi ı ��/.y/ 2P lR as element .gi;1.y/;gi;2.y/;
: : : ; gi;l .y// 2 Rl in increasing order (gi;j .y/ � gi;jC1.y/). Then gi;j W Y ! Œ0; 1� are
continuous functions with rang.gi;j / � rang.hi /. Also we have Eg.�.f //.y/D Œgi;j .y/I
1 � i � k; 1 � j � l �. (Note that, in this calculation, we did not get a precise order of all
the eigenfunctions gi;j , so we use Eg.�.f //.y/ instead of E.�.f //.y/.)

3. Main theorem

First we give some useful results.

Lemma 3.1. If a unitary u satisfies ku � 1Ak < " < 2, then cel.u/ � �
2
".

Proof. For ˛ 2 .0; �/, a direct calculation shows that j exp.i˛/ � 1j D 2 sin.˛
2
/ and

¹exp.i�/ W � 2 Œ�˛; ˛�º D ¹z 2 S1 W jz � 1j � j exp.i˛/ � 1jº. By ku � 1Ak < " < 2,
we have u D exp.ih/ with h D h� and khk < 2 arcsin. "

2
/. Since arcsin.x/ < �

2
x for

0 < x < 1
2

, it follows that cel.u/ < 2 arcsin. "
2
/ < �

2
".
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Corollary 3.2. If u; v 2 U0.A/ and ku � vk < " < 2, then j cel.u/ � cel.v/j � �
2
".

Proof. It is easy to see that j cel.u/ � cel.v/j � cel.u�v/ and ku�v � 1Ak D ku � vk <
" < 2. Then the conclusion follows from Lemma 3.1.

Theorem 3.3. Suppose that u 2 U0.Mn.C.Œ0; 1�/// has distinct eigenvalues ˛1.t/; ˛2.t/;
: : : ; ˛n.t/, where ˛1; ˛2; : : : ; ˛n W Œ0; 1�! S1 are continuous and regarded as elements in
U0.C.Œ0; 1�//. Then

cel.u/ � max
1�j�n

cel. j̨ /:

Proof. Let Hs. � / be a unitary path from u to 1. Applying Proposition 2.2, for any " > 0,
we may assume that there exists a piecewise smooth path Fs. � / such that

(1) kHs � Fsk1 < " for all s 2 Œ0; 1�;

(2) j lengths.Hs/ � lengths.Fs/j < ";

(3) Fs.t/ has no repeated eigenvalues for any .s; t/ 2 Œ0; 1� � Œ0; 1�;

(4) ƒ.F1.t// D Œ˛1.t/; ˛2.t/; : : : ; ˛n.t/�, where ƒ. � / denotes the eigenvalue list of
an n � n matrix.

By Proposition 2.5, there exist continuous functions ˇ1.�; �/; ˇ2.�; �/; : : : ; ˇn.�; �/ such that

ƒ
�
Fs.t/

�
D
�
ˇ1.s; t/; ˇ2.s; t/; : : : ; ˇn.s; t/

�
:

Then

ƒ
�
F1.t/

�
D
�
˛1.t/; ˛2.t/; : : : ; ˛n.t/

�
D
�
ˇ1.1; t/; ˇ2.1; t/; : : : ; ˇn.1; t/

�
and

ƒ.F0.t// D
�
ˇ1.0; t/; ˇ2.0; t/; : : : ; ˇn.0; t/

�
:

For each 1 � j � n, we haveˇ̌
ǰ .0; t/ � 1

ˇ̌
� max
1�j�n

ˇ̌
ǰ .0; t/ � 1

ˇ̌
�
Fs. � / �Hs. � / < ":

By Lemma 3.1, we have

cel
�
ǰ .0; �/

�
�
�

2
"; 1 � j � n:

Hence,
cel
�
ǰ .1; �/

�
� cel

�
ǰ .0; �/

�
C lengths

�
ǰ .s; �/

�
; 1 � j � n:

By Proposition 2.6, we have

lengths.Fs/ � max
1�j�n

®
lengths

�
ǰ .s; �/

�¯
:

It follows that

lengths.Fs/ � max
1�j�n

®
cel
�
ǰ .1; �/

�¯
�
�

2
" D max

1�j�n
cel. j̨ / �

�

2
":
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Applying the above theorem, we will prove the following result.

Theorem 3.4. Let u 2 Mn.C.Œ0; 1�// with u.t/ D exp.iH.t//, where the eigenvalue list
of H ,

E.H/.t/ D
®
h1.t/; h2.t/; : : : ; hn.t/

¯
;

satisfies that
˛ � h1.t/ � h2.t/ � � � � � hn.t/ � ˛ C 2�

for some ˛ 2 R. Then

cel.u/ � max
1�j�n

cel
�
exp

�
ihj . � /

��
D max
1�j�n

min
k2Z

max
t2Œ0;1�

ˇ̌
hj .t/ � 2k�

ˇ̌
:

Proof. By [47, Corollary 1.3], without loss of generality, we may assume that

H.t/ D diag
�
h1.t/; h2.t/; : : : ; hn.t/

�
:

Denote a WD mint2Œ0;1� h1.t/.

Case 1. ˛ < a. For any 0 < " < min¹a � ˛; 1º, choose "i , i D 1; 2; : : : ; n, satisfying that

�" < "1 < "2 < � � � < "n < 0:

Then
˛ < a � " < h1.t/C "1 < � � � < hn.t/C "n � 2� C ˛:

Let gj .t/ D hj .t/C "j , G.t/ D diagŒg1.t/; g2.t/; : : : ; gn.t/�, and v.t/ D exp.iG.t//. It
is obvious that

kv.t/ � u.t/k D
 diag

�
exp

�
ig1.t/

�
� exp

�
ih1.t/

�
; : : : ; exp

�
ign.t/

�
� exp

�
ihn.t/

��
D max
1�j�n

® exp
�
igj .t/

�
� exp

�
ihj .t/

�¯
D max
1�j�n

®ˇ̌
exp.i"j / � 1

ˇ̌¯
D max
1�j�n

²
2j sin

�
"j

2

�ˇ̌̌̌³
� max
1�j�n

®
j"j j

¯
< " < 1:

By Corollary 3.2, we have ˇ̌
cel
�
v. � /

�
� cel

�
u. � /

�ˇ̌
�
�

2
":

Notice thatˇ̌
hj .t/C "j � 2�k

ˇ̌
�
ˇ̌
hj .t/ � 2�k

ˇ̌
� j"j j

>
ˇ̌
hj .t/ � 2�k

ˇ̌
� " for all 1 � j � n; k 2 Z:
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It follows from Theorem 3.3 and Lemma 2.1 that

cel
�
v. � /

�
� max
1�j�n

cel
�
exp

�
igj .t/

��
D max
1�j�n

min
k2Z

max
t2Œ0;1�

ˇ̌
hj .t/C "j � 2�k

ˇ̌
� max
1�j�n

min
k2Z

max
t2Œ0;1�

ˇ̌
hj .t/ � 2�k

ˇ̌
� ":

Hence we have

cel
�
u. � /

�
� max
1�j�n

min
k2Z

max
t2Œ0;1�

ˇ̌
hj .t/ � 2�k

ˇ̌
� " �

�

2
":

Case 2. ˛ D a. Fix " 2 .0; 1/. For any 1 � j � n, set gj .t/ D max¹hj .t/; ˛C "º. Define
G.t/ D diagŒg1.t/; : : : ; gn.t/� and v.t/ D exp.iG.t//. It follows that

˛ < ˛ C " � g1.t/ � � � � � gn.t/ � 2� C ˛ for all t 2 Œ0; 1�:

By the proof of Case 1, we have

cel
�
v. � /

�
� max
1�j�n

cel
�
exp

�
igj . � /

��
:

Since jgj .t/ � hj .t/j < " < 1 for all t 2 Œ0; 1�, we also have kv. � / � u. � /k < " < 1.
Applying Corollary 3.2, we haveˇ̌

cel
�
exp

�
igj . � /

��
� cel

�
exp

�
ihj . � /

��ˇ̌
�
�

2
"; for all 1 � j � n;

and ˇ̌
cel
�
v. � /

�
� cel

�
u. � /

�ˇ̌
�
�

2
":

This means that

cel
�
exp

�
igj . � /

��
� cel

�
exp

�
ihj . � /

��
�
�

2
"; for all 1 � j � n;

and
cel
�
u. � /

�
� cel

�
v. � /

�
�
�

2
":

Hence

cel
�
u. � /

�
� max
1�j�n

cel
�
exp

�
ihj . � /

��
� �"

D max
1�j�n

min
k2Z

max
t2Œ0;1�

ˇ̌
hj .t/ � 2�k

ˇ̌
� �":

Corollary 3.5. Let X be a connected compact metric space. Let P 2 Mm.C.X// be a
projection with rank.P / D n and let u 2 PMm.C.X//P be with u.x/ D exp.iH.x//,
where the eigenvalue list of H ,

E.H/.x/ D
®
h1.x/; h2.x/; : : : ; hn.x/

¯
;

satisfies
˛ � h1.x/ � h2.x/ � � � � � hn.x/ � ˛ C 2�

for some ˛ 2 R. Then

cel.u/ � max
1�j�n

min
k2Z

max
x2X

ˇ̌
hj .x/ � 2k�

ˇ̌
:
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Proof. Fix j 2 ¹1; 2; : : : ; nº, and let x0 2 X and x1 2 X be a minimum point and a max-
imum point of ¹hj .x/ºx2X , respectively. Choose an embedding � W Œ0; 1�! X satisfying
that �.0/ D x0 and �.1/ D x1. Then

min
k2Z

max
x2X

ˇ̌
hj .x/ � 2k�

ˇ̌
D min

k2Z
max
t2Œ0;1�

ˇ̌
hj
�
�.t/

�
� 2k�

ˇ̌
:

Note that cel.u/� cel.��.u//, where �� WPMm.C.X//P!P jŒ0;1�Mm.C.Œ0;1�//P jŒ0;1�Š

Mn.C.Œ0; 1�// is given by ��.f /.t/D f .�.t//. (Note that any projection inMm.C.Œ0; 1�//

is trivial, so P jŒ0;1�Mm.C.Œ0; 1�//P jŒ0;1� Š Mn.C.Œ0; 1�//.) Applying Theorem 3.4, we
get the corollary.

We shall use the following lemma and its corollary.

Lemma 3.6. Let f1; f2; : : : ; fn be a set of continuous functions fromX to Œ0; 1�, whereX
is a connected compact metric space. Let Œc; d �� Œ0; 1� be a non-degenerated subinterval.
Suppose that there exists no 1 � j � n such that Œc; d � � rang.fj /. Let hk.x/ be the kth
lowest value of ¹f1.x/; f2.x/; : : : ; fn.x/º for any 1 � k � n and any x 2 X . Then there
does not exist 1 � k � n such that Œc; d � � rang.hk/.

Proof. If there exists some 1� k � n such that Œc;d �� rang.hk/, we can choose x;y 2X
such that hk.x/D c and hk.y/D d . Let AD ¹j W fj .x/� cº, B D ¹i W fi .y/� dº. Since
hk.x/ D c, we have jAj � k. Similarly, from hk.y/ D d , we have jBj � n � k C 1. But
jA [ Bj � n. There exists a p 2 A \ B . That is, fp.x/ � c and fp.y/ � d . Since fp is
continuous, we have Œc; d � � rang.fp/, a contradiction.

Corollary 3.7. (a) Let � W PMn.C.X//P !QMm.C.Y //Q be a unital homomorphism,
where X; Y are connected compact metric spaces, and let a 2 PMn.C.X//P be a self-
adjoint element such that E.a/ D .h1; h2; : : : ; hrank.P // and E.�.a// D .f1; f2; : : : ;

frank.Q// with hi W X ! R and fk W Y ! Œ0; 1� being continuous functions. Let Œc; d � � R
be an interval. Then if there is a k such that Œc; d �� rang.fk/, then there is an i , such that
Œc; d � � rang.hi /. Consequently, EV.�.a// � EV.a/.

(b) Let p1; p2 2 PMn.C.X//P be two orthogonal projections and let a1 2
p1Mn.C.X//p1, a2 2 p2Mn.C.X//p2 be two self-adjoint elements, where X is a con-
nected compact metric space. Then EV.a1 C a2/ � max¹EV.a1/;EV.a2/º.

Proof. (a) By Remark 2.13 (b), there are continuous functions ¹gi;j W 1� i � rank.P /; 1�
j � rank.Q/= rank.P /º, with gi;j W Y ! R, such that for each y 2 Y , as elements in
P rank.Q/R,

Œf1; f2; : : : ; frank.Q/� D
�
gi;j W 1 � i � rank.P /; 1 � j � rank.Q/= rank.P /

�
and such that rang.gi;j / � rang.hi /. Then part (a) follows from Lemma 3.6.

(b) Part (b) also follows from Lemma 3.6.
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Lemma 3.8. Let AD lim
�!
.An; �n;m/ be a C �-algebra inductive limit system. Assume that

each An is of the form

An D

knM
iD1

Ain D

knM
iD1

Pn;iMŒn;i�

�
C.Xn;i /

�
Pn;i ;

where kn and Œn; i � are positive integers, Xn;i are connected compact metric spaces, and
MŒn;i� are Œn; i � � Œn; i � matrices. Suppose condition (2) of Proposition 2.11 does not
hold for the inductive limit system (in the case of slow dimension growth or no dimension
growth, this is equivalent to the condition that A is not of real rank zero). There exists an
interval Œc; d � � Œ0; 1�, a positive integer n, and x 2 .An/C with kxk D 1 such that for
any m � n, �n;m.x/ admits the following representation:

�n;m.x/ D
®
ymk
¯km
kD1
2 Am D

kmM
kD1

Pm;kMŒm;k�

�
C.Xm;k/

�
Pm;k ; (3.1)

and there exist 1 � k.m/ � km and 1 � i.m/ � rank.Pm;k.m// such that

Œc; d � � rang
�
h
k.m/

i.m/

�
;

where hk.m/j .t/ is the j th lowest eigenvalue of ym
k.m/

.t/, for 1 � j � rank.Pm;k.m//, and
rang.h/ is the range of function h.

Proof. Since condition (2) of Proposition 2.11 does not hold, there exist " > 0, a positive
integer n, and x 2 .An/C with kxk D 1 such that for any m � n and �n;m.x/ admit-
ting representation (3.1), there exist 1 � k.m/ � km, 1 � i.m/ � rank.Pm;k.m//, and
ti.m/; si.m/ 2 Xm;k such thatˇ̌

h
k.m/

i.m/
.ti.m// � h

k.m/

i.m/
.si.m//

ˇ̌
� ";

where hk.m/i .t/ is the i th lowest eigenvalue of ym
k.m/

.t/ for 1� i � rank.Pm;k.m//. Form�

n, we denote by I k.m/
i.m/

the closed interval with end points hk.m/
i.m/

.si.m// and hk.m/
i.m/

.ti.m//.

We also denote by J k.m/
i.m/

the closed interval satisfying

middle point of J k.m/
i.m/

D middle point of I k.m/
i.m/

and
ˇ̌
J
k.m/

i.m/

ˇ̌
D
1

2

ˇ̌
I
k.m/

i.m/

ˇ̌
�
"

2
:

Choose a positive integer N such that 2
N
< ". We denote ap D p

N
for 0 � p � N .

Since jJ k.m/
i.m/
j �

1
2
" and J k.m/

i.m/
� Œ0; 1� for all m � n, then there exist a 0 � p � N and a

subsequence mj such that

ap 2 J
k.mj /

i.mj /
for all j � 1:
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Denote I D Œap � "
4
; ap� and J D Œap; ap C "

4
�, then I � I k.mj /

i.mj /
or J � I k.mj /

i.mj /
for each

j � 1. Without loss of generality, we assume that I � I k.mj /
i.mj /

for each j � 1. Otherwise,
we shall choose a subsequence of ¹mj º1jD1.

We have proved that the conclusion holds for mj for each j � 1. For m � n, there
exists j � 1 such that mj�1 < m � mj .m0 D n/. We consider

�
l;k.mj /
m;mj W Pm;lMŒm;l�

�
C.Xm;l /

�
Pm;l ! Pmj ;k.mj /MŒmj ;k.mj /�

�
C.Xmj ;k.mj //

�
Pmj ;k.mj /

the homomorphism which is the composition of the restriction of �m;mj on the l th block
of Am and the quotient map from Amj to the k.mj /th block of Amj .

We claim that there exist 1 � k.m/ � km and 1 � i.m/ � rank.Pm;k.m// such that

I � rang
�
h
k.m/

i.m/

�
;

where hk.m/i .t/ is the i th lowest eigenvalue of ym
k.m/

.t/. Otherwise, for each 1 � k � km
and 1 � i � rank.Pm;k/, rang.hki / does not contain the interval I . By Corollary 3.7, we
conclude that there exists no 1 � k � kmj and 1 � i � rank.Pmj ;k/ such that

I � rang.gki /;

where gki .t/ is the i th lowest eigenvalue of ymj
k
.t/, a contradiction.

In the proof of the following theorem, we will use, from Notation 2.10, ��;jn;m D

�j ı �n;m, which is the homomorphism from An to Ajm, where �j W Am ! A
j
m is the

projection map to the j th block.

Theorem 3.9. Let A be a unital AH-algebra with slow dimension growth condition which
is not of real rank zero. Then

celCU.A/ � 2�:

Proof. Let A D lim.An; �n;nC1/ be an AH-algebra with

An D

tnM
jD1

Pn;jMŒn;j �

�
C.Xn;j /

�
Pn;j :

By [2], without loss of generality, one may assume that Xn;j are finite simplicial com-
plexes (see also [10, Theorem 2.1]). Furthermore, we can assume that each Xn;j is con-
nected.

Since A is unital, there is a k0 such that for all k � k0, �k;kC1.1Ak / D 1AkC1 and
�k;1.1Ak / D 1A. Without loss of generality, we assume k0 D 1. For any " > 0, choose
an integer L such that 2�

L
< ". Since A has slow dimension growth, it follows from a

standard argument by using the stability property of vector bundles (see [23, Chapter 9,
Theorem 1.2]) that there exist a positive integer n and a full projection p 2 An such that

LŒp� < Œ1An � < L1Œp� (3.2)
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for some positive integer L1. Note that A is not of real rank zero. We know that
�n;1.p/ � A�n;1.p/ is stably isomorphic to A, and hence

�n;1.p/A�n;1.p/ D lim
�
�n;m.p/Am�n;m.p/; z�m;m0

�
is also not of real rank zero, where z�m;m0 denotes the restriction map

�m;m0 j�n;m.p/Am�n;m.p/ W �n;m.p/Am�n;m.p/! �n;m0.p/Am0�n;m0.p/;

for m0 � m � n. That is, condition (1) of Proposition 2.11 – the limit algebra to be of real
rank zero – does not hold for the inductive system .�n;m.p/Am�n;m.p/; z�m;m0/. By the
equivalence in Proposition 2.11, condition (2) of the proposition also does not hold. By
Lemma 3.8, there exist an interval Œc; d �� Œ0; 1�, an integer n1 � n, and a positive element
x 2 .�n;n1.p/An1�n;n1.p//C with kxk D 1 such that for every m � n1, z�n1;m.x/ has the
following representation:

z�n1;m.x/ D
�
ym1 ; y

m
2 ; : : : ; y

m
km

�
2

kmM
iD1

��;in;m.p/A
i
m�
�;i
n;m.p/:

There exist 1 � k.m/ � km and 1 � i.m/ � rank.��;k.m/n;m .p// such that

Œc; d � � rang
�
h
k.m/

i.m/

�
;

where hk.m/i .t/ is the i th lowest eigenvalue of ym
k.m/

.t/ for 1 � i � rank.��;k.m/n;m .p//.
Since p is a full projection in An and LŒp� < Œ1An �, there exists a set of mutually

orthogonal rank one projections p1; p2; : : : ; pL 2 An such that p1 D p, pi � pj � p andPL
iD1 pi < 1An . Let

q D

LX
iD1

pi :

It is easy to see that qAnq andML.pAnp/ are isomorphic. So we can identifyML.pAnp/

with qAnq�An and identifyML.�n;n1.p/An1�n;n1.p//with �n;n1.q/An1�n;n1.q/�An1 .
We define the continuous functions

� W Œ0; 1�! Œ0; 1�; �.t/ D

8̂̂<̂
:̂
0; t 2 Œ0; c�;

1
d�c

.t � c/; t 2 Œc; d �;

1; t 2 Œd; 1�;

�1 W Œ0; 1�!
h
0;
1

L

i
; �1.t/ D

1

L
t;

and
�2 W Œ0; 1�!

h
� 1C

1

L
; 0
i
; �2.t/ D

�
� 1C

1

L

�
t:
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Set

h D

266664
e2�i�2ı�.x/ 0 � � � 0

0 e2�i�1ı�.x/ � � � 0
:::

:::
: : :

:::

0 0 0 e2�i�1ı�.x/

377775
L�L

2 �n;n1.q/An1�n;n1.q/;

where �.x/ 2 �n;n1.p/An1�n;n1.p/ and �i ı �.x/ 2 �n;n1.p/An1�n;n1.p/, i D 1; 2, are
functional calculus of positive element x. We also identify

�n;n1.q/An1�n;n1.q/ ŠML

�
�n;n1.p/An1�n;n1.p/

�
:

Let u D h ˚ .1An1 � �n;n1.q//. It is easy to check that det.u.z// D 1 for all z 2
Sp.An1/ and u 2 U0.An1/. It follows from [44] that u 2 CU.An1/.

We shall show that cel.�n1;m.u// � 2� � " for all m � n1. For a fixed m � n1, we
have z�n1;m.h/ D exp.2�iH/, where

H D

266664
�2 ı �

�
z�n1;m.x/

�
0 � � � 0

0 �1 ı �
�
z�n1;m.x/

�
� � � 0

:::
:::

: : :
:::

0 0 0 �1 ı �
�
z�n1;m.x/

�
377775
L�L

:

It follows that
z�n1;m.x/ 2 �n;m.p/Am�n;m.p/

and hence H 2ML.�n;m.p/Am�n;m.p// D �n;m.q/Am�n;m.q/ � Am.
Note that z�n1;m.x/ D .y

m
1 ; y

m
2 ; : : : ; y

m
km
/ with each ymj 2 �

�;j
n;m.p/A

j
m�
�;j
n;m.p/. There

exist 1 � k.m/ � km and 1 � i.m/ � rank.��;k.m/n;m .p// such that

Œc; d � � rang
�
h
k.m/

i.m/

�
;

where hk.m/i .t/ is the i th lowest eigenvalue of ym
k.m/

.t/ for 1 � i � rank.��;k.m/n;m .p//.
Again notice that

�2 ı �
�
z�n1;m.x/

�
D
�
�2 ı �.y

m
1 /; �2 ı �.y

m
2 /; : : : ; �2 ı �.y

m
km
/
�
2

kmM
iD1

��;in;m.p/A
i
m�
�;i
n;m.p/

and

�1 ı �
�
z�n1;m.x/

�
D
�
�1 ı �.y

m
1 /; �1 ı �.y

m
2 /; : : : ; �1 ı �.y

m
km
/
�
2

kmM
iD1

��;in;m.p/A
i
m�
�;i
n;m.p/:
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Write H D .H1;H2; : : : ;Hkm/ 2
Lkm
iD1 �

�;i
n;m.q/A

i
m�
�;i
n;m.q/. It follows that

Hi D

266664
�2 ı �.y

m
i / 0 � � � 0

0 �1 ı �.y
m
i / � � � 0

:::
:::

: : :
:::

0 0 0 �1 ı �.y
m
i /

377775
L�L

:

This means that

z�n1;m.h/ D exp.2�iH/ D
�
exp.2�iH1/; exp.2�iH2/; : : : ; exp.2�iHkm/

�
;

and hence
cel
�
z�n1;m.h/

�
� cel

�
exp.2�iHk/

�
for all 1 � k � km:

In particular, we have cel.z�n1;m.h// � cel.exp.2�iHk.m/// and

cel
�
�n1;m.u/

�
� cel

�
exp.2�iHkm/˚

�
1
A
k.m/
m
� ��;k.m/n;m .q/

��
:

Let rank.��;k.m/n;m .p// D K. The eigenvalue list of Hk.m/ satisfies that

�1C
1

L
� �2 ı � ı h

k.m/
K � �2 ı � ı h

k.m/
K�1 � � � � � �2 ı � ı h

k.m/
1

� �1 ı � ı h
k.m/
1 � �1 ı � ı h

k.m/
1 � � � � � �1 ı � ı h

k.m/
1„ ƒ‚ …

L�1

� �1 ı � ı h
k.m/
2 � �1 ı � ı h

k.m/
2 � � � � � �1 ı � ı h

k.m/
2„ ƒ‚ …

L�1

� � � �

� �1 ı � ı h
k.m/
K � �1 ı � ı h

k.m/
K � � � � � �1 ı � ı h

k.m/
K„ ƒ‚ …

L�1

�
1

L
:

That is, z��;k.m/n1;m .h/ D exp.2�iHk.m// satisfies the condition of Corollary 3.5. Note that
each function in the above list is either non-negative (with range Œ0; 1

L
�) or non-positive

(with range Œ�1C 1
L
; 0�) – none of the functions is crossing over point zero. Applying (3)

of Remark 2.8, we know that ��;k.m/n1;m .u/ D exp.2�iHk.m//˚ .1Ak.m/m
� �
�;k.m/
n;m .q// also

satisfies the condition of Corollary 3.5. By the corollary, we have

cel
�
��;k.m/n1;m

.u/
�
� min
j2Z

max
y2Xm;k.m/

2�
ˇ̌
�2 ı � ı h

k.m/

i.m/
.y/ � j

ˇ̌
:

Noting that Œc; d � � rang.hk.m/
i.m/

/ � Œ0; 1�, by the definitions of � and �2, we have

rang
�
�2 ı � ı h

k.m/

i.m/

�
D

h
� 1C

1

L
; 0
i
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and hence

min
j2Z

max
y2Xm;k.m/

2�
ˇ̌
�2 ı � ı h

k.m/

i.m/
.y/ � j

ˇ̌
D

�
1 �

1

L

�
2� � 2� � ":

Remark 3.10. Evidently, our proof also works for the case of no dimension growth pro-
vided that limn!1 mini¹rank.1Ain/º D 1. Note that we use the slow dimension growth
in two places: one is to get (3.2); the other is to get the implication from that the algebra
is not of real rank zero to that condition (2) of Proposition 2.11 does not hold. For the
above case, both can be done without the above-mentioned slow dimension growth condi-
tion but with slow dimension condition in [15] (which includes all non-dimension growth
inductive limits) and limn!1mini¹rank.1Ain/º D 1.

For all k � 1 and u 2 CU.Mk.C.Œ0; 1�///, Lin [36] proved that cel.u/ � 2� . In fact, it
will be proved that cel.u/ � k�1

k
2� in the following proposition. This proposition shows

that the slow dimension growth condition used in this article cannot be replaced by Gong’s
slow dimension growth condition in [15], which does not imply that

lim
n!1

min
i

®
rank.1Ain/

¯
D1:

Proposition 3.11. celCU.Mk.C.Œ0; 1�/// D
k�1
k
2� .

Proof. From the construction in [39], we know that celCU.Mk.C.Œ0; 1�/// �
k�1
k
2� . The

following proof of celCU.Mk.C.Œ0; 1�/// �
k�1
k
2� is inspired by [21, Section 3] (see also

[36, proof of Lemma 4.2]). Let u 2 CU.Mk.C.Œ0; 1�/// and " > 0. Using the proof of
Lemma 4.2 in [36], one can find v 2 CU.Mk.C.Œ0; 1�/// satisfying the following condi-
tions:

(1) v.t/D
Pk
jD1 exp.2�ihj .t//pj .t/, where hj .t/2C.Œ0;1�/s:a and ¹p1;p2; : : : ;pkº

is a set of mutually orthogonal rank one projections;

(2)
Pk
jD1 hj .t/D 0 for all t 2 Œ0; 1�, which implies that det.v.t//D 0 for all t 2 Œ0; 1�

and hence v 2 CU.Mk.C.Œ0; 1�///;

(3) hj .t/� hl .t/ … Z for any t 2 Œ0; 1� when j ¤ l . This implies that v.t/ has distinct
eigenvalues. Furthermore, one can require that

max
1�j�k

hj .0/ � min
1�j�k

hj .0/ < 1;

which implies 0 < max1�j�k hj .t/ � min1�j�k hj .t/ < 1 for all t 2 Œ0; 1�, by
continuity of the functions hj ;

(4) jhj .t/j < 1 for all t 2 Œ0; 1� and 1 � j � k;

(5) ku � vk < ".

We shall show that

khj k <
k � 1

k
for all 1 � j � k:
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By condition (3), without loss of generality, we can assume that

h1.t/ > h2.t/ > � � � > hk.t/ and h1.t/ � hk.t/ < 1 for all t 2 Œ0; 1�:

For fixed 1 � k0 � k and t 2 Œ0; 1�, we have

0 D h1.t/C h2.t/C � � � C hk0.t/C � � � C hk.t/

> k0hk0.t/C .k � k0/hk.t/

> k0hk0.t/C .k � k0/
�
h1.t/ � 1

�
> k0hk0.t/C .k � k0/

�
hk0.t/ � 1

�
D khk0.t/ � k C k0:

Hence

hk0.t/ <
k � k0

k
:

On the other hand,

0 D h1.t/C h2.t/C � � � C hk0.t/C � � � C hk.t/

< .k0 � 1/h1.t/C .k � k0 C 1/hk0.t/

< .k0 � 1/
�
1C hk.t/

�
C .k � k0 C 1/hk0.t/

< .k0 � 1/
�
1C hk0.t/

�
C .k � k0 C 1/hk0.t/

< khk0.t/C k0 � 1:

Hence

hk0.t/ > �
k0 � 1

k
:

It follows that

khk0k <
k � 1

k
:

Let

vs.t/ D

kX
jD1

exp
�
2�ishj .t/

�
pj .t/ for all s 2 Œ0; 1�; t 2 Œ0; 1�:

Then vs is a path with v0.t/ D v.t/ and v1.t/ D 1. Furthermore,

lengths.vs/ D
Z 1

0

dvs
ds

ds
D

Z 1

0

 kX
jD1

2�ihj .t/ exp
�
2�ishj .t/

�
pj .t/

ds
D 2�

Z 1

0

max
1�j�k

khj kds

< 2�
k � 1

k
:
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By condition (5) and Corollary 3.2, it follows that

cel.u/ � cel.v/C
�

2
" � lengths.vs/C

�

2
" < 2�

k � 1

k
C
�

2
":

Since " can be arbitrarily small, we have cel.u/ � 2� k�1
k

.

4. Exponential length in AH-algebras with ideal property

Definition 4.1. We say that a C �-algebra A has the ideal property if every closed two-
sided ideal of A is generated as ideals by the projections inside the ideal.

It is easy to see that all simple AH-algebras and all real rank zero C �-algebras have
the ideal property. In this part, we shall show that celCU.A/ � 2� for all AH-algebras with
the ideal property of no dimension growth.

As in [8], we denote by TII;k the two-dimensional connected simplicial complex with
H 1.TII;k/ D 0 and H 2.TII;k/ D Z=kZ, and also, we denote by Ik the subalgebra of
Mk.C.Œ0; 1�// D C.Œ0; 1�;Mk.C//, consisting of functions f satisfying f .0/ 2 C1k and
f .1/ 2 C1k . Ik is called Elliott dimension drop interval algebra. As in [18], we denote
by HD the class of algebras of direct sums of building blocks of forms Ml .Ik/ and
PMn.C.X//P , with X being one of the spaces ¹ptº, Œ0; 1�, S1, and TII;k , and with
P 2 Mn.C.X// being a projection. A C �-algebra is called an AHD algebra if it is an
inductive limit of algebras in HD . In [19, 20, 24], it is proved that all AH-algebras with
ideal property of no dimension growth are AHD algebras.

Lemma 4.2 ([39, Corollary 3.2]). LetZD¹u2U.Mn.C// Wu has repeated eigenvaluesº.
Then Z is the union of finitely many submanifolds of U.Mn.C// of codimensions at least
three.

Since dim.TII;k/ D 2, the following lemma follows from Lemma 4.2 and a standard
transversal argument.

Lemma 4.3. Let u 2 U.PMn.C.TII;k//P /, where P is a projection in Mn.C.TII;k//.
For any " > 0, there exists v 2 U.PMn.C.TII;k//P / such that

(1) ku � vk � ";

(2) Sp.v.y// D ¹ˇ1.y/; ˇ2.y/; : : : ; ˇk.y/º, where k D rank.P / and ˇi .y/ ¤ ǰ .y/

for all i ¤ j and y 2 TII;k .

Let F kS1 D Hom.C.S1/;Mk.C//1 and … W F kS1 ! P kS1 be defined as in Def-
inition 2.4. Let VF kS1 be the set of homomorphism with distinct spectrum and VP kS1 D
…. VF kS1/.

Lemma 4.4. �1. VP kS1/ D Z is torsion free.
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Proof. Note that F kS1 is homeomorphic to Uk.C/ D U.k/ and VF kS1 corresponds to
the set of all unitaries u 2 U.k/ with distinct spectrum, which is a union of finitely many
sub-manifolds ofU.k/ of codimensions at least three. Hence �1. VF kS1/D�1.U.k//DZ.

Consider the fibration map …j
VF kS1
W VF kS1 ! VP kS1 whose fiber is the simply con-

nected flag manifoldU.k/=U.1/ � U.1/ � � � � � U.1/„ ƒ‚ …
k

; hence we get the desired result.

Lemma 4.5. Let F W TII;k ! P kS1 be a continuous function. Suppose

F.t/ D
�
x1.t/; x2.t/; : : : ; xk.t/

�
;

and for all t 2 TII;k , xi .t/ ¤ xj .t/ for i ¤ j . Then there are continuous functions
f1; f2; : : : ; fk W TII;k ! S1 such that

F.t/ D
�
f1.t/; f2.t/; : : : ; fk.t/

�
for all t 2 TII;k :

Proof. Note that the restriction of the map � W .S1/k ! P kS1 on ��1. VP kS1/ is a cover-
ing map and �1.TII;k/ D Z=kZ is a torsion group. The lemma follows from Lemma 4.4
and the lifting Proposition 1.33 in [22].

Theorem 4.6. Let u 2 CU.PMn.C.TII;k//P /, then, for any " > 0, there exists a self-
adjoint element h 2 PMn.C.TII;k//P with khk � 1 such that ku � exp.2�ih/k < ". In
particular, cel.u/ � 2� .

Proof. The proof is inspired by the proof of Lemma 4.2 of [36] (see also Remark 3.13
of [21]). By Lemma 4.3, for any " > 0, there exists v 2 CU.PMn.C.TII;k//P / such that
v.y/ has distinct eigenvalues for all y 2 TII;k and ku � vk � ". By Lemma 4.5, one can
write

Sp
�
v.y/

�
D
®
ˇ1.y/; ˇ2.y/; : : : ; ˇq.y/

¯
for continuous functions ǰ W TII;k ! S1, j D 1; 2; : : : ; q, where q D rank.P / and
ˇl .y/ ¤ ǰ .y/ for all l ¤ j and y 2 TII;k .

Fix a base point y0 2 TII;k . We can choose some bj 2 C.TII;k/s:a: such that ǰ .y/ D

exp.2�ibj .y//, where bj .y0/2.�12 ;
1
2
�, jD1;2; : : : ;q. Since v2CU.PMn.C.TII;k//P /,

one obtains det.v.y// D 1 for all y 2 TII;k . Then
Pq
jD1 bj .y0/ D m for some integer m.

Since bj .y0/ 2 .0; 1�, we have �q < m < q.
If m � 1, without loss of generality, we can assume that b1.y0/ > b2.y0/ > � � � >

bq.y0/. It follows that bm.y0/ > 0. Define aj .y/ D bj .y/ � 1, for j D 1; 2; : : : ; m, y 2
TII;k , and aj .y/ D bj .y/, for j > m, y 2 TII;k .

Then

qX
jD1

aj .y0/ D 0 and
ˇ̌
aj .y0/

ˇ̌
< 1 for all j D 1; 2; : : : ; q: (4.1)
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Also, since bj .y0/>�12 , we have minj aj .y0/Dbm.y0/�1. Note that maxj aj .y0/<
bm.y0/, we have

max
j
aj .y0/ �min

j
aj .y0/ < 1: (4.2)

If m � �1, we directly assume that b1.y0/ < b2.y0/ < � � � < bq.y0/. It follows that
bm.y0/ < 0. Define aj .y/D bj .y/C 1, for j D 1;2; : : : ;m, y 2 TII;k , and aj .y/D bj .y/,
for j > m, y 2 TII;k . Then (4.1) and (4.2) also hold.

Hence, ǰ .t/ D exp.2�ibj .y// D exp.2�iaj .y// for each 1 � j � q. Since

det
�
v.y/

�
D 1 for all y 2 TII;k ;

we have
qX

jD1

aj .y0/ 2 Z for all y 2 TII;k :

By the continuity of the functions aj and the connectedness of TII;k , we know thatPq
jD1 aj .y/ is a constant function of y 2 TII;k . By (4.1), we have

qX
jD1

aj .y/ D 0 for all y 2 TII;k : (4.3)

Since ˇl .y/ ¤ ǰ .y/ for any l ¤ j and y 2 TII;k , we have

al .y/ � aj .y/ … Z for all y 2 TII;k ; l ¤ j:

Again, by the continuity of the functions aj and the connectedness of TII;k , and also
by (4.2), we have

0 < max
j
aj .y/ �min

j
aj .y/ < 1 for all y 2 TII;k : (4.4)

For each fixed y, by (4.3), either aj .y/ D 0 for all 1 � j � q, which is impossible
since aj .y/ ¤ al .y/ when j ¤ l , or aj .y/ < 0 for some j and al .y/ > 0 for some other
l . By (4.4), we have ˇ̌

aj .y/
ˇ̌
< 1 for all y 2 TII;k :

Fix j 2 ¹1; 2; : : : ; qº. For any y 2 TII;k , let pj .y/ be the spectrum projection of v.y/
with respect to the spectrum exp.2�iaj .y//, which is rank one projection continuously
depending on y. Then v.y/ D

Pq
jD1 exp.2�iaj .y//pj .y/.

Let h 2 .PMn.C.TII;k//P /s:a be defined by h.y/ D
Pq
jD1 aj .y/pj .y/. Then v D

exp.2�ih/. Furthermore, khk D maxj;y jaj .y/j � 1. Consequently, ku � exp.2�ih/k D
ku � vk < ".

Using a similar method, we can get the following result.
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Theorem 4.7. Let u 2 CU.PMn.C.X//P /, whereX is one of the spaces ¹ptº, Œ0; 1�, and
S1; and P is a projection in Mn.C.X//. Then for any " > 0, there exists a self-adjoint
element h 2 PMn.C.X//P with khk � 1 such that ku � exp.2�ih/k < ". In particular,
cel.u/ � 2� .

Proof. The theorem for the cases of ¹ptº and Œ0; 1� is trivial and can be proved in a way
similar to, but simpler than, the proof of the theorem for the case TII;k . For the case of S1,
we can do it as follows. First one perturbs u 2Mk.C.S

1// to an element v 2Mk.C.S
1//

such that v.z/ has a distinct spectrum for any z 2 S1. Then z 7! Sp.v.z// defines a map,
Sp.v/ W S1! VP kS1. Note that this map defines the zero element in �1. VP kS1/DZ, since
Œv� D 0 2 K1.C.S

1//. Hence the map Sp.v/ can be lifted to a map from S1 to .S1/k as
in Lemma 4.5. Then the other part of the proof of the theorem for the case of TII;k (see
Lemma 4.3 and Theorem 4.6) can be applied here.

Now we are going to prove the following result. Its proof is similar to that of Lemma
3.14 in [21] (see also [21, Lemma 3.12]).

Theorem 4.8. Let u2CU.Ml .Ik//. Then for any " > 0, there exists a self-adjoint element
h 2Ml .Ik/ with khk � 1 such that ku � exp.2�ih/k < ". In particular, cel.u/ � 2� .

Proof. By [21, Lemma 3.10], a unitary w 2 Ml .Ik/ is in CU.Ml .Ik// if and only if
for any irreducible representation  W Ml .Ik/ ! M�.C/ (where � D l or lk),  .w/ 2
CU.M�.C//, which is equivalent to det. .w// D 1.

By [21, Lemma 3.10], one can write u.0/ D a0 ˝ 1k 2 Ml .C/ ˝ 1k and u.1/ D
a1 ˝ 1k 2Ml .C/˝ 1k , where ai 2 CU.Ml .C// for i D 1; 2. After a small perturbation
of the unitary u inside CU.Ml .Ik//, one can assume that both a0 2 Ml .C/ and a1 2
Ml .C/ have l distinct spectra. This can be done as follows. Let � > 0 and ı > 0 be
fixed. Choose a00 2 CU.Ml .C// and a01 2 CU.Ml .C//, both with distinct spectra, such
that ka00 � a0k < � and ka01 � a1k < �. Define two paths �0 W Œ�ı; 0�! CU.Ml .C// and
�1 W Œ1; 1C ı�! CU.Ml .C// such that �0.�ı/D a00, �0.0/D a0, �1.1/D a1, �1.1C ı/D
a01, k�0.t/ � a0k < � for t 2 Œ�ı; 0�, and k�1.t/ � a1k < � for t 2 Œ1; 1 C ı�. Define
Qu W Œ�ı; 1C ı�! CU.Mlk.C// by

Qu.t/ D

8̂̂<̂
:̂
�0.t/˝ 1k ; t 2 Œ�ı; 0�;

u.t/; t 2 Œ0; 1�;

�1.t/˝ 1k ; t 2 Œ1; 1C ı�:

Reparametrising Qu so as to shrink the interval of definition of Qu from Œ�ı; 1C ı� to Œ0; 1�
proportionally, we obtain u0 2 CU.Ml .Ik// with u0.0/ D a00 ˝ 1k and u0.1/ D a01 ˝ 1k .
Evidently, ku0 � uk can be made arbitrarily small provided that � and ı are small enough.
By [21, Lemma 3.10], u0 2 CU.Ml .Ik//. Without loss of generality, we simply assume
that a0 (for u.0/ D a0 ˝ 1k) and a1 (for u.1/ D a1 ˝ 1k) have distinct spectra.

It is easy to prove (see (4.1) and (4.2) and the corresponding paragraphs in the proof
of Theorem 4.6) that there exists �1 < �1 < �2 < � � � < �l < 1 with

Pl
jD1 �j D 0 (note
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that by [21, Lemma 3.10], det.a0/ D 1) and �l � �1 < 1, such that

Sp.a0/ D
®

exp.2�i�1/; exp.2�i�2/; : : : ; exp.2�i�l /
¯
:

Similarly, there exist �1 < �01 < �
0
2 < � � � < �

0
l
< 1 with

Pl
jD1 �

0
j D 0 and �0

l
� �01 < 1,

such that
Sp.a1/ D

®
exp.2�i�01/; exp.2�i�02/; : : : ; exp.2�i�0l /

¯
:

One can find two self-adjoint elements b0; b1 2Ml .C/ with

Sp.b0/ D ¹�1; �2; : : : ; �lº and Sp.b1/ D ¹�01; �
0
2; : : : ; �

0
lº

such that a0 D exp.2�ib0/ and a1 D exp.2�ib1/. In fact, since maxj �j � minj �j D
�l � �1 < 1, one can choose a branch of logarithm function log which takes exp.2�i�j /
to 2�i�j and define b0 D 1

2�i
log.a0/ (the element b1 can be defined similarly).

By [21, Lemma 3.12], there exist mutually orthogonal rank one projections, ¹pj ºkljD1�
Mkl .C Œ0; 1�/, and continuous functions, hj W Œ0; 1�!R, such that the unitary

v WD

lkX
jD1

exp.2�ihj /pj 2Mlk

�
C Œ0; 1�

�
satisfies the following:

(1) v.0/ D u.0/, v.1/ D u.1/, and, consequently, v 2Ml .Ik/;

(2) v.t/ has distinct spectra for any t 2 .0; 1/;

(3) v 2 CU.Mkl .C Œ0; 1�// (combining with (1), v 2 CU.Ml .Ik//);

(4) kv � uk < ".

Since
Plk
jD1 exp.2�ihj .0//pj .0/D v.0/D u.0/D exp.2�ib0/˝ 1k , there exist inte-

gers nj 2 Z such that®
h1.0/ � n1; h2.0/ � n2; : : : ; hkl .0/ � nkl

¯
D
®
�1; : : : ; �1„ ƒ‚ …

k

; �2; : : : ; �2„ ƒ‚ …
k

; : : : ; �l ; : : : ; �l„ ƒ‚ …
k

¯
as sets with multiplicity. Replacing each function hj by the function hj � nj for any
j 2 ¹1; 2; : : : ; klº, we can assume that

Pkl
jD0 hj .0/pj .0/D b0˝ 1k (in fact, both of them

are the logarithm functions (of the same branch) of the unitary u.0/ D v.0/, multiplying
by 1

2�i
).

Let hD
Plk
jD0 hjpj 2Mkl .C Œ0; 1�/. Then we have v D exp.2�ih/. We need to prove

that h 2Ml .Ik/ and khk � 1.
By [21, Lemma 3.10], det.v.t// D 0 for all t 2 Œ0; 1�. And note that v.t/ has distinct

spectra for any t 2 .0; 1/. The following argument is used in Remark 3.13 and the proof of
Lemma 3.14 in [21] (we refer to [21] for details). From

Plk
jD1 hj .0/D k � .

Pl
jD1 �j /D 0,

we get
Plk
jD1 hj .t/D 0 for all t 2 Œ0; 1/; and from max1�j�kl hj .0/�min1�j�kl hj .0/D

�l � �1 < 1, we get max1�j�kl hj .t/ � min1�j�kl hj .t/ < 1 for all t 2 Œ0; 1/. Further-
more, one gets �1 � hj .t/ � 1 for all t 2 Œ0; 1� and hence khk � 1.
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We still need to prove that h2Ml .Ik/. Since h.0/D b0˝ 1k 2Ml .C/˝ 1k , it suffices
to prove that h.1/2Ml .C/˝ 1k . Let us prove that h.1/D b1˝ 1k . From exp.2�ih.1//D
v.1/ D u.1/ D exp.2�ib1/˝ 1k , one gets®

h1.1/; h2.1/; : : : ; hkl .1/
¯
D
®
�01; : : : ; �

0
1„ ƒ‚ …

k

; �02; : : : ; �
0
2„ ƒ‚ …

k

; : : : ; �0l ; : : : ; �
0
l„ ƒ‚ …

k

¯
mod Z:

From

kX
jD1

�0j D 0;

klX
jD1

hj .1/ D 0;

max
1�j�l

�j � min
1�j�l

�j < 1; max
1�j�kl

hj .1/ � min
1�j�kl

hj .1/ � 1;

it is easy to prove that hj .1/ 2 ¹�01; �
0
2; : : : ; �

0
l
º for all j 2 ¹1; 2; : : : ; klº. In fact, for each

j , there is a unique mj 2 Z and i.j / 2 ¹1; 2; : : : ; lº such that hj .1/ D �0i.j / C mj . We
claim that all mj D 0. If one of them is positive, say mj1 > 0, then there is j2 such that
mj2 < 0. Therefore,

hj1.1/ � hj2.1/ D
�
�0i.j1/ Cmj1

�
�
�
�0i.j2/ Cmj2

�
D .mj1 �mj2/C

�
�0i.j1/ � �

0
i.j2/

�
> 2C .�1/ D 1;

which is a contradiction. Hence h.1/ D b1 ˝ 1k (again both of them are the logarithm
functions (of the same branch) of the unitary u.1/ D v.1/, multiplying by 1

2�i
). Thus we

get that h 2Ml .Ik/, as desired.

Now we get the following result.

Theorem 4.9. Let A be an AH-algebra with the ideal property and with no dimension
growth. Then for any " > 0 and any u 2 CU.A/, there exists a self-adjoint element h in A
with khk � 1 such that ku � exp.2�ih/k < ". In particular, celCU.A/ � 2�

Proof. We assume that A D lim.An; �n;nC1/, where An 2 HD for each n � 1. Using
Theorems 4.6, 4.7, and 4.8, for any u 2 CU.An/we have cel.�n;m.u//� 2� for allm� n.
Noting that cel.�n;1.u// D infm�n cel.�n;m.u// � 2� , hence cel.�n;1.u// � 2� .

The above theorem generalizes Theorem 4.6 of [36] (see Theorem A in the introduc-
tion) for the case of simple AH-algebra.

The following theorem is the main theorem of this section. This theorem is not quite a
consequence of Theorem 3.9 and Theorem 4.9 since it does not assume that

lim
n!1

rank.Pn;i / D1:

But we assume that A has the ideal property.

Theorem 4.10. Let A be an AH-algebra with the ideal property and with no dimension
growth. If we further assume that A is not of real rank zero, then celCU.A/ D 2� .
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To prove the above result, we need the following Pasinicu dichotomy lemma.

Proposition 4.11 ([40, Lemma 2.11]). Let

A D lim
�!

�
An D

tnM
iD1

Pn;iMŒn;i�

�
C.Xn;i /

�
Pn;i ; �n;m

�
be an AH-algebra with the ideal property and with no dimension growth condition. Then
for any n, any finite subset F in � Pn;iMŒn;i�.C.Xn;i //Pn;i � An, any " > 0, and any
positive integer N , there exists m0 > n such that each partial map �i;jn;m with m � m0
satisfies either:

(1) rank.�i;jn;m.Pn;i // � N.dimXm;j C 1/ or

(2) there is a homomorphism

 i;jn;m W A
i
n ! �i;jn;m.Pn;i /A

j
m�

i;j
n;m.Pn;i /

with a finite-dimensional image such that k�i;jn;m.f /� 
i;j
n;m.f /k<" for all f 2F in .

Remark 4.12. LetX;Y be connected finite simplicial complexes. Let f 2PMn.C.X//P

be a self-adjoint element and �;  W PMn.C.X//P ! QMm.C.Y //Q be two unital
homomorphisms with factoring through a finite-dimensional algebra such that k�.f /�
 .f /k < ". Then all functions in the eigenvalue list of  .f / are constant functions and,
consequently, EV. .f // D 0. Also by Weyl’s inequality in [48], EV.�.f // < ".

Proof of Theorem 4.10. Since A is not of real rank zero, by Proposition 2.11 (for the case
of no dimension growth), there exist ı0 > 0, N , x 2 .AN /C, with kxk D 1, and a subse-
quence ¹Ank º

1
kD2

with n2 > N such that for any k � 2, there is a block Ajnk with

EV
�
�
�;j
N;nk

.x/
�
� ı0: (4.5)

To save notations, we can directly assume that N D 1 and nk D k for every k � 2.
For any " > 0 and L > 2�

"
, by Proposition 4.11 and Remark 4.12, there existsm0 > 1

such that for any m � m0 and Ajm D Pm;jMŒm;j �.C.Xm;j //Pm;j , either

rank.Pm;j / � L.dimXm;j C 1/

or
EV

�
�
�;j
1;m.x/

�
< ı0:

We denote

ƒ D
®
1 � j � tm0 W rank.Pm0;j / � L.dimXm0;j C 1/

¯
:

Let P D
L
j2ƒ Pm0;j , R D

L
j…ƒ Pm0;j , and xj D ��;j1;m0

.x/. Set

x1 D
M
j2ƒ

xj D P�1;m0.x/P and x2 D
M
j…ƒ

xj D R�1;m0.x/R:
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Then EV.xj / < ı0 for j …ƒ. By Corollary 3.7, for anym>m0 and any j 2 ¹1;2; : : : ; tmº,
we have ��;jm0;m.x2/ < ı0. By (4.5), for any m > m0, there is a j 2 ¹1; 2; : : : ; tmº such
that ��;j1;m.x/ � ı0. Note that ��;j1;m.x/ D �

�;j
m0;m.x1/ C �

�;j
m0;m.x2/. By Corollary 3.7 (b),

EV.��;jm0;m.x1// � ı0.
Hence by Proposition 2.11,

�m0;1.P /A�m0;1.P / D lim
�
�m0;m.P /Am�m0;m.P /; �m;m0

�
is not of real rank zero.

By [23, Theorem 1.2, p. 112], for each j 2ƒ, there exists a set of mutually orthogonal
rank one projections p.j /1 ; p

.j /
2 ; : : : ; p

.j /
L with p.j /

l
< Pm0;j and p.j /

l
� p

.j /
1 for each

1 � l � L. Let q D
L
j2ƒ p

.j /
1 . There exists an integer W 2 N such that

P < W Œq�:

It follows that �m0;1.q/A�m0;1.q/ is stably isomorphic to �m0;1.P /A�m0;1.P / and
hence �m0;1.q/A�m0;1.q/D lim.�m0;m.q/Am�m0;m.q/; �m;m0/ is not of real rank zero.
By Lemma 3.8, there exist an interval Œc; d � � Œ0; 1�, an integer m1 � m0, and y 2
.�m0;m1.q/Am1�m0;m1.q//C with kyk D 1 with the following property. For anym � m1,
writing z�m1;m WD �m1;mj�m0;m1 .q/Am1�m0;m1 .q/ and writing z�m1;m.y/ as

z�m1;m.y/ D
�
zm1 ; z

m
2 ; : : : ; z

m
km

�
2

kmM
jD1

��;jm0;m
.q/Ajm�

�;j
m0;m

.q/ D �m0;m.q/Am�m0;m.q/;

then there exist 1 � k.m/ � km and 1 � i.m/ � rank.��;k.m/m0;m .q// such that

Œc; d � � rang
�
h
k.m/

i.m/

�
;

where hk.m/i is the i th lowest eigenvalue of ym
k.m/

for 1 � i � rank.��;k.m/m0;m .q//.

Let Q D
PL
lD1

L
j2ƒ p

.j /

l
. Then QAm0Q Š ML.qAm0q/. Hence one can identify

ML.qAm0q/ as a subalgebra of Am0 and ML.�m0;m.q/Am�m0;m.q// as a subalgebra of
Am.

Repeating the proof in Theorem 3.9, one can prove that there is a u 2 CU.A/ such that

cel.u/ � 2�
�
1 �

1

L

�
� 2� � ":

Consequently, celCU.A/ � 2� .

5. Exponential length in the Jiang–Su algebra

We shall show that there exists a unitary u 2 CU.Z/ such that cel.u/ � 2� . First, we
review the construction of the Jiang–Su algebra Z. We refer the readers to [25] for details.
Denote by I Œm0; m;m1� the dimension drop algebra®

f 2 C
�
Œ0; 1�;Mm

�
W f .0/ 2Mm0 ˝ 1m=m0 ; f .1/ 2 1m=m1 ˝Mm1

¯
;
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wherem0,m1, andm are positive integers withm divisible by bothm0 andm1. Ifm0 and
m1 are relatively prime and m D m0m1, then I Œm0; m; m1� is called a prime dimension
drop algebra.

The Jiang–Su algebra is constructed as below. Let A1 D I Œ2; 6; 3�. Suppose that a
prime dimension drop algebra Am D I Œpm; dm; qm� is chosen for some m � 1. We con-
struct AmC1 and �m;mC1 W Am ! AmC1 as follows.

Choose k.m/0 and k.m/1 to be the first two prime numbers that are greater than 2dm.
Then

k
.m/
0 > 2pm; k

.m/
1 > 2qm; .k

.m/
0 pm; k

.m/
1 qm/ D 1:

Let
pmC1 D k

.m/
0 pm; qmC1 D k

.m/
1 qm; dmC1 D pmC1qmC1;

and
AmC1 D I ŒpmC1; dmC1; qmC1�:

Obviously, AmC1 is a prime dimension drop algebra. Denote k.m/ D k.m/0 k
.m/
1 . Choose

r
.m/
0 such that

0 < r
.m/
0 � qmC1 and qmC1j.k

.m/
� r

.m/
0 /:

Choose r .m/1 such that

0 < r
.m/
1 � pmC1 and pmC1j.k

.m/
� r

.m/
1 /:

Define

�
.m/
j .x/ D

8̂̂<̂
:̂
x
2
; 1 � j � r

.m/
0 ;

1
2
; r

.m/
0 < j � k.m/ � r

.m/
1 ;

xC1
2
; k.m/ � r

.m/
1 < j � k.m/:

It follows that

�
.m/
j .0/ D

´
0; 1 � j � r

.m/
0 ;

1
2
; r

.m/
0 < j � k.m/;

and

�
.m/
j .1/ D

´
1
2
; 1 � j � k.m/ � r

.m/
1 ;

1; k.m/ � r
.m/
1 < j � k.m/:

Obviously, we have

r
.m/
0 qm � k

.m/qm D k
.m/
0 qmC1 � 0 .mod qmC1/:

It follows that qmC1jr
.m/
0 qm. Notice that qmC1j.k.m/ � r

.m/
0 /. There exists a unitary u0 2

MdmC1 such that

u�0

2666664
f
�
�
.m/
1 .0/

�
0 � � � 0

0 f
�
�
.m/
2 .0/

�
� � � 0

:::
:::

:::

0 0 � � � f
�
�
.m/

k.m/
.0/
�

3777775u0 2MpmC1˝1qmC1 �MpmC1˝MqmC1
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for all f 2 Am. Define the morphism �0 W Am !MpmC1 ˝ 1qmC1 �MpmC1 ˝MqmC1 by

�0.f / WD u
�
0 diag

�
f
�
�
.m/
1 .0/

�
; f
�
�
.m/
2 .0/

�
; : : : ; f

�
�
.m/

k.m/
.0/
��
u0; for all f 2 Am:

On the other hand, we have

pmC1jr
.m/
1 pm; pmC1j.k

.m/
� r

.m/
1 /:

There exists a unitary u1 2MdmC1 such that

u�1

2666664
f
�
�
.m/
1 .1/

�
0 � � � 0

0 f
�
�
.m/
2 .1/

�
� � � 0

:::
:::

:::

0 0 � � � f
�
�
.m/

k.m/
.1/
�

3777775u1 2 1pmC1˝MqmC1 �MpmC1˝MqmC1

for all f 2 Am. Define the morphism �1 W Am ! 1pmC1 ˝MqmC1 �MpmC1 ˝MqmC1 by

�1.f / WD u
�
1 diag

�
f
�
�
.m/
1 .1/

�
; f
�
�
.m/
2 .1/

�
; : : : ; f

�
�
.m/

k.m/
.1/
��
u1 for all f 2 Am:

Let u be any continuous path of unitaries in MdmC1 connecting u0 and u1 and let
�m;mC1 be given as follows:

�m;mC1.f / D u
�

266664
f ı �

.m/
1 0 � � � 0

0 f ı �
.m/
2 � � � 0

:::
:::

:::

0 0 � � � f ı �
.m/

k.m/

377775u for all f 2 Am:

Theorem 5.1 ([25, Proposition 2.5]). The Jiang–Su algebra Z can be written as the limit
Z D limn.An; �n;nC1/, such that each connecting map �m;n D �n ı �n�1 ı � � � ı �mC1 ı
�m has the form

�m;n.f / D U
�

26664
f ı �1 0 � � � 0

0 f ı �2 � � � 0
:::

:::
: : :

:::

0 0 � � � f ı �k

37775U;
where U is a continuous path in U.Mdn/, k D k

.m/k.mC1/ � � � k.n�1/ and

�1 � �2 � � � � � �k :

In fact, each �j can be chosen from the following list:

�.t/ D
l

2n�m
; where l 2 Z; 0 < l < 2n�m;
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or

�.t/ D
t C l

2n�m
; where l 2 Z; 0 � l < 2n�m:

In particular, among the above functions �i , the smallest function �1.t/ D t
2n�m

and
the largest function ��.t/ D

tC.2n�m�1/
2n�m

, where � D k. (For convenience, when we quote
this theorem, we will use �� for �k , so k can be used for another purpose.)

Remark 5.2. We shall use x�k to denote x;x; : : : ; x (k times) for the notation of set with
multiplicity. For example, ¹x�2; y�3º D ¹x; x; y; y; yº. As in the construction of Z, we
have ®

�1.0/; �2.0/; : : : ; �k.0/
¯
D

²
l

2n�m

�jl
³2n�m�1
lD0

;

where qnjjl for all 0 � l � 2n�m � 1, and

®
�1.1/; �2.1/; : : : ; �k.1/

¯
D

²
l

2n�m

�sl
³2n�m
lD1

;

where pnjsl for all 1 � l � 2n�m.

Lemma 5.3. Let Z D lim.An; �n;nC1/ be the Jiang–Su algebra defined above. If v 2 An
is a unitary and us is a smooth path of unitaries connecting v and 1An , then for any " > 0,
there exists another smooth path vs 2 An of unitaries such that

(1) kvs � usk < ";

(2) j length.vs/ � length.us/j < ";

(3) vs.0/ D exp.2�i
Ppn
jD1 hjaj /˝ 1qn , where ¹aj º

pn
jD1 is a set of mutually orthogo-

nal rank one projections in C.Œ0; 1�;Mpn/ and hj 2 C.Œ0; 1�/s:a:, with

exp
�
2�ihj .s/

�
¤ exp

�
2�ihk.s/

�
for j ¤ k and s 2 Œ0; 1�I

(4) vs.1/ D exp.2�i
Pqn
jD1 gj bj /˝ 1pn , where ¹bj º

qn
jD1 is a set of mutually orthogo-

nal rank one projections in C.Œ0; 1�;Mqn/ and gj 2 C.Œ0; 1�/s:a:, with

exp
�
2�igj .s/

�
¤ exp

�
2�igk.s/

�
for j ¤ k and s 2 Œ0; 1�:

Proof. For any 0 < " < 1, there is a number ı > 0 such that kus.t1/ � us.t2/k < "
2

and
k
dus
ds
.t1/ �

dus
ds
.t2/k <

"
3

for any s 2 Œ0; 1� and t1; t2 2 Œ0; 1� with jt1 � t2j < ı.
Since us 2 An, one can write us.0/ as us.0/ D  .0/.s/˝ 1qn , where  .0/ is a unitary

in C.Œ0; 1�;Mpn/. By [36, Lemma 4.1], there exist a set of mutually orthogonal rank one
projections ¹aj º

pn
jD1 in C.Œ0; 1�; Mpn/ and self-adjoint elements hj 2 C.Œ0; 1�/s:a: with

exp.2�ihj .s// ¤ exp.2�ihk.s// for j ¤ k and s 2 Œ0; 1� such that

k .0/.s/�  .0/.s/k <
"

6
�
1Cmaxs2Œ0;1�

dus.0/
ds

� and
d .0/.s/

ds
�
d .0/.s/

ds

 < "

3
;

for all s 2 Œ0; 1�, where  .0/.s/ D exp.2�i
Ppn
jD1 hjaj /.
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On the other hand, us.1/ can be written as us.1/ D  .1/.s/ ˝ 1pn , where  .1/ is a
unitary in C.Œ0; 1�; Mqn/. By [36, Lemma 4.1], there exist a set of mutually orthogonal
rank one projections ¹bj º

qn
jD1 inC.Œ0;1�;Mqn/ and gj 2C.Œ0;1�/s:a: with exp.2�igj .s//¤

exp.2�igk.s// for j ¤ k and s 2 Œ0; 1� such that

k .1/.s/ �  .1/.s/k <
"

6
�
1Cmaxs2Œ0;1�

dus.1/
ds

� and
d .1/.s/

ds
�
d .1/.s/

ds

 < "

3

for all s 2 Œ0; 1�, where  .1/.s/ D exp.2�i
Pqn
jD1 gj bj /.

Write v.0/.s/ D  .0/.s/˝ 1qn and v.1/.s/ D  .1/.s/˝ 1pn . Thenv.0/.s/ � us.0/ D � .0/.s/ �  .0/.s/�˝ 1qn
 < "

6
�
1Cmaxs2Œ0;1�

dus.0/
ds

�
and v.1/.s/ � us.1/ D . .1/.s/ �  .1/.s//˝ 1pn

 < "

6
�
1Cmaxs2Œ0;1�

dus.1/
ds

�
for all s 2 Œ0; 1�. Furthermore,dv.0/.s/

ds
�
dus.0/

ds

 < "

3
and

dv.1/.s/
ds

�
dus.1/

ds

 < "

3
:

Since u�s .0/v.0/.s/ � 1An
 D v.0/.s/ � us.0/ < "

6
<
1

6
;

there existsH 2Mdn.C.Œ0;1�//s:a: with kHk<1 such that u�s .0/v
.0/.s/D exp.2�iH.s//.

Also, there exists G 2Mdn.C.Œ0; 1�//s:a: with kGk < 1 such that

u�s .1/v
.1/.s/ D exp

�
2�iG.s/

�
:

In fact, H.s/ D 1
2�i

log.u�s .0/v
.0/.s// and G.s/ D 1

2�i
log.u�s .1/v

.1/.s//.
We denote

w.s; t/ D

8̂̂<̂
:̂
us.0/ exp

�
2�i �t

ı
H.s/

�
; �ı � t < 0;

us.t/; 0 � t � 1;

us.1/ exp
�
2�i t�1

ı
G.s/

�
; 1 < t � 1C ı:

Let vs.t/ D w.s; .1C 2ı/t � ı/ for .s; t/ 2 Œ0; 1� � Œ0; 1�. Then vs is a path in An and
it satisfies conditions (3) and (4).

For t 2 Œ0; ı
1C2ı

/, by the choice of ı, we havevs.t/ � us.t/ D us.0/ exp
�
2�i

ı � .1C 2ı/t

ı
H.s/

�
� us.t/


�

us.0/ exp
�
2�i

ı � .1C 2ı/t

ı
H.s/

�
� us.0/k C kus.0/ � us.t/
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D

 exp
�
2�i

ı � .1C 2ı/t

ı
H.s/

�
� 1An

C us.0/ � us.t/
�
 exp

�
2�iH.s/

�
� 1An

C us.0/ � us.t/
<
"

6
C
"

2

D
2"

3
:

For t 2 Œ ı
1C2ı

; 1Cı
1C2ı

�, we have j.1C 2ı/t � ı � t j < ı and hencevs.t/ � us.t/ D us�.1C 2ı/t � ı� � us.t/ < "

2
:

For t 2 . 1Cı
1C2ı

; 1�, by the choice of ı, we have

vs.t/ � us.t/ D us.1/ exp
�
2�i

.1C 2ı/t � ı � 1

ı
G.s/

�
� us.t/


�

us.1/ exp
�
2�i

.1C2ı/t�ı�1

ı
G.s/

�
�us.1/

Cus.1/�us.t/
D

 exp
�
2�i

.1C 2ı/t � ı � 1

ı
G.s/

�
� 1An

 � us.1/ � us.t/
D
 exp.2�iG.s// � 1An

 � us.1/ � us.t/
<
"

6
C
"

2

D
2"

3
:

It follows that kvs � usk < ".
For t 2 Œ0; ı

1C2ı
/, a direct calculation shows thatˇ̌̌dvs

ds

 � dus
ds

ˇ̌̌
D

ˇ̌̌̌
sup
t2Œ0;1�

us.0/ exp
�
2�i

ı � .1C 2ı/t

ı
H.s/

�
2�i

ı � .1C 2ı/t

ı

dH.s/

ds

C
dus.0/

ds
exp

�
2�i

ı � .1C 2ı/t

ı
H.s/

� � sup
t2Œ0;1�

dus.t/
ds

ˇ̌̌̌
� sup
t2Œ0;1�

us.0/ exp
�
2�i

ı � .1C 2ı/t

ı
H.s/

�
2�i

ı � .1C 2ı/t

ı

dH.s/

ds


C sup
t2Œ0;1�

dus.0/
ds

exp
�
2�i

ı � .1C 2ı/t

ı
H.s/

�
�
dus.t/

ds


� 2�

dH.s/
ds

C sup
s2Œ0;1�

dus.0/
ds

�
dus.t/

ds
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C

dus.0/
ds

 sup
t2Œ0;1�

1An � exp
�
2�i

ı � .1C 2ı/t

ı
H.s/

�
�

 � u�s .0/dus.0/ds
u�s .0/v

.0/.s/C u�s .0/
dv.0/.s/

ds

C "

3

C

dus.0/
ds

1An � exp
�
2�iH.s/

�
�

dus.0/
ds

�
dv.0/.s/

ds

C 2dus.0/
ds

u�s .0/v.0/.s/ � 1An
C "

3

<
"

3
C
"

3
C
"

3

D ":

Similarly, ˇ̌̌dvs
ds

 � dus
ds

ˇ̌̌ < " for all t 2
�
1C ı

1C 2ı
; 1

�
:

For t 2 Œ ı
1C2ı

; 1Cı
1C2ı

�, we have j.1C 2ı/t � ı � t j < ı and henceˇ̌̌dvs.t/
ds

 � dus.t/
ds

ˇ̌̌ D dus..1C 2ı/t � ı/
ds

�
dus.t/

ds

 < "

3
:

It follows that jkdvs
ds
k � k

dus
ds
kj < " for all s 2 Œ0; 1�. Therefore,

ˇ̌
lengths.vs/ � lengths.us/

ˇ̌
D

ˇ̌̌̌ Z 1

0

dvs
ds

ds � Z 1

0

dus
ds

ds ˇ̌̌̌ < ":
Remark 5.4. Notice that

exp
�
2�ihj .s/

�
¤ exp

�
2�hk.s/

�
; exp

�
2�igj .s/

�
¤ exp.2�igk.s/

�
for any j ¤ k and s 2 Œ0; 1�. In Lemma 5.3, one can choose the initial values hj .0/ of hj
to satisfy

h1.0/ < h2.0/ < � � � < hpn.0/ and hpn.0/ � h1.0/ < 1:

Using the fact that hj .s/ � hk.s/ … Z (i.e., exp.2�ihj .s// ¤ exp.2�hk.s//), it is easy to
prove that (see [21, proof of Lemma 3.14])

h1.s/ < h2.s/ < � � � < hpn.s/ and hpn.s/ � h1.s/ < 1

for all s 2 Œ0; 1�. Similarly, in Lemma 5.3, we can also assume that

g1.s/ < g2.s/ < � � � < gqn.s/ and gqn.s/ � g1.s/ < 1

for all s 2 Œ0; 1�.
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Lemma 5.5. Let Z D lim.An; �n;nC1/ be the Jiang–Su algebra defined above. If v 2 An
is a unitary and us is a path of unitaries connecting v and 1An , then for any " > 0, there
exists another path vs 2 An of unitaries such that

(1) kvs � usk < ";

(2) j length.vs/ � length.us/j < ";

(3) vs.t/ D exp.2�iHs.t//, Hs.t/ D
Pdn
jD1 �j .s; t/pj .s; t/, where ¹pj º

dn
jD1 is a set

of mutually orthogonal rank one projections in C.Œ0; 1� � Œ0; 1�; Mdn/ and �j 2
C.Œ0;1�� Œ0;1�/s:a:, with �1.s; t/ < �2.s; t/ < � � �<�dn.s; t/ for all .s; t/ 2 Œ0;1��
.0; 1/ and �dn.s; t/ � �1.s; t/ < 1 for all .s; t/ 2 Œ0; 1� � Œ0; 1�.

Proof. For any 0 < � < 1, since us.t/ is uniformly continuous on Œ0; 1� � Œ0; 1�, there
exists ı1 > 0 such that us.t1/ � us.t2/ < �

4

for all s2Œ0; 1� and t1; t22Œ0; 1� with jt1 � t2j<4ı1. Since us.0/; us.1/2C.Œ0; 1�/˝Mdn ,
there are continuous functions fi ; gi W Œ0; 1�!C, i D 1;2; : : : ; dn, such that ¹f1.s/;f2.s/;
: : : ; fdn.s/º are the eigenvalues for us.0/ and ¹g1.s/; g2.s/; : : : ; gdn.s/º are the eigenval-
ues for us.1/, respectively. By Lemma 5.3, without loss of generality, we may assume that
us.0/ and us.1/ can be written in the following forms:

us.0/ D U
.0/.s/

2664
exp

�
2�if1.s/

�
exp

�
2�if2.s/

�
: : :

exp
�
2�ifdn.s/

�
3775 �U .0/.s/��

(5.1)
for all s 2 Œ0; 1� and

us.1/ D U
.1/.s/

2664
exp

�
2�ig1.s/

�
exp

�
2�ig2.s/

�
: : :

exp
�
2�igdn.s/

�
3775�U .1/.s/��

(5.2)
for all s 2 Œ0; 1�, where U .0/, U .1/ are unitaries in C.Œ0; 1�/˝Mdn . By Remark 5.4, we
can assume that

f1.s/ � f2.s/ � � � � � fdn.s/ and fdn.s/ � f1.s/ < 1 (5.3)

for all s 2 Œ0; 1� (note that dnD pnqn and each function hj for j D 1;2; : : : ;pn, in Remark
5.4 (also see Lemma 5.3), repeats qn times in the list of fj above). Similarly, we also have

g1.s/ � g2.s/ � � � � � gdn.s/ and gdn.s/ � g1.s/ < 1 (5.4)

for all s 2 Œ0; 1�.
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Let 0 < ı < ı1 be such that 2ı
1�4ı

< ı1. One can choose h1; h2; : : : ; hdn 2 C.Œ0; 1�/s:a:
such that

h1.s/ < h2.s/ < � � � < hdn.s/ and hdn.s/ � h1.s/ < 1; (5.5)

for s 2 Œ0; 1� and such that k exp.2�ihj .s// � exp.2�ifj .s//k <
�
4

for 1 � j � dn and
s 2 Œ0; 1�.

Also we can choose k1; k2; : : : ; kdn 2 C.Œ0; 1�/s:a: such that

k1.s/ < k2.s/ < � � � < kdn.s/ and kdn.s/ � k1.s/ < 1 (5.6)

for s 2 Œ0; 1� and such that exp
�
2�ikj .s/

�
� exp

�
2�igj .s/

� < �

4
for 1 � j � dn and s 2 Œ0; 1�:

We define a new path zus as follows:

zus.t/ D

8̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
<̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂̂̂̂̂
ˆ̂̂:

U .0/.s/ diag
h
exp

�
2�i

�ı � t
ı
fj .s/C

t

ı
hj .s/

��idn
jD1

�
U .0/.s/

��
;

t 2 Œ0; ı�;

U .0/.s/ diag
h
exp

�
2�i

� t � ı
ı
fj .s/C

2ı � t

ı
hj .s/

��idn
jD1

�
U .0/.s/

��
;

t 2 .ı; 2ı�;

us

� t � 2ı
1 � 4ı

�
; t 2 .2ı; 1 � 2ı�;

U .1/.s/ diag
h
exp

�
2�i

� t �1C2ı
ı

kj .s/C
1�ı� t

ı
gj .s/

��idn
jD1

�
U .1/.s/

��
;

t 2 .1 � 2ı; 1 � ı�;

U .1/.s/ diag
h
exp

�
2�i

� t � 1C ı
ı

gj .s/C
1 � t

ı
kj .s/

��idn
jD1

�
U .1/.s/

��
;

t 2 .1 � ı; 1�:

As in the construction, it is easy to see that zus is a path of unitaries in An.
For t 2 .0; ı�, it follows from (5.3) and (5.5) that

ı � t

ı
f1.s/C

t

ı
h1.s/ <

ı � t

ı
f2.s/C

t

ı
h2.s/ < � � � <

ı � t

ı
fdn.s/C

t

ı
hdn.s/

and that �ı � t
ı
fdn.s/C

t

ı
hdn.s/

�
�

�ı � t
ı
f1.s/C

t

ı
h1.s/

�
< 1:

Hence, zus.t/ has no repeated eigenvalues for any .s; t/ 2 Œ0; 1�� .0; ı�. Similarly, by (5.4)
and (5.6), zus.t/ has no repeated eigenvalues for any .s; t/ 2 Œ0; 1� � Œ1 � ı; 1/. Moreover,
when t 2 Œ0; ı�, we haveˇ̌

zus.t/ � us.t/
ˇ̌
�
ˇ̌
zus.t/ � zus.0/

ˇ̌
C
ˇ̌
zus.0/ � us.t/

ˇ̌
� max
1�j�dn

ˇ̌̌
exp

�
2�i

t

ı

�
hj .s/ � fj .s/

��
� 1

ˇ̌̌
C
ˇ̌
us.0/ � us.t/

ˇ̌
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� max
1�j�dn

ˇ̌
exp

�
2�i

�
hj .s/ � fj .s/

��
� 1

ˇ̌
C
�

4

D max
1�j�dn

ˇ̌
exp

�
2�ifj .s/

�
� exp

�
2�ihj .s/

�ˇ̌
C
�

4

�
�

2
:

For t 2 .ı; 2ı�, we haveˇ̌
zus.t/ � us.t/

ˇ̌
�
ˇ̌
zus.t/ � zus.ı/

ˇ̌
C
ˇ̌
zus.ı/ � zus.2ı/

ˇ̌
C
ˇ̌
zus.2ı/ � us.t/

ˇ̌
� max
1�j�dn

ˇ̌̌
exp

�
2�i

t � ı

ı

�
fj .s/ � hj .s/

��
� 1

ˇ̌̌
C
�

4
C
ˇ̌
us.0/ � us.t/

ˇ̌
� max
1�j�dn

ˇ̌
exp

�
2�i

�
fj .s/ � hj .s/

��
� 1

ˇ̌
C
�

4
C
�

4

D max
1�j�dn

ˇ̌
exp

�
2�ifj .s/

�
� exp

�
2�ihj .s/

�ˇ̌
C
�

2

�
3�

4
:

In the same way, we haveˇ̌
zus.t/ � us.t/

ˇ̌
�
3�

4
for all t 2 .1 � 2ı; 1�:

Furthermore, for t 2 Œ2ı; 1 � 2ı�, it is easy to see thatˇ̌̌ t � 2ı
1 � 4ı

� t
ˇ̌̌
D

ˇ̌̌4tı � 2ı
1 � 4ı

ˇ̌̌
<

2ı

1 � 4ı
< ı1:

Hence ˇ̌
zus.t/ � us.t/

ˇ̌
D

ˇ̌̌
us

� t � 2ı
1 � 4ı

�
� us.t/

ˇ̌̌
<
�

4
:

It follows that
kzus � usk <

3�

4
; for all s 2 Œ0; 1�:

In the construction of zus , it is easy to see that the lengths of zus and us are close if � is
small enough.

As we mentioned before, the unitaries zusj¹ıº 2 Mdn.C.Œ0; 1� � ¹ıº// and zusj¹1�ıº 2
Mdn.C.Œ0; 1� � ¹1 � ıº//, as the boundaries of zusjŒı;1�ı� 2 Mdn.C.Œ0; 1� � Œı; 1 � ı�//,
both have distinct eigenvalues. By Proposition 2.2 and Remark 2.3, there exists another
unitary, zzus 2 U.Mdn.C.Œ0; 1� � Œı; 1 � ı�///, such that zzus � zusjŒı;1�ı� < �

2
;ˇ̌

lengths
�
zzus
�
� lengths

�
zusjŒı;1�ı�

�ˇ̌
< �;

zzus has distinct eigenvalues for any .s; t/ 2 Œ0; 1� � Œı; 1 � ı�, and

zzus.ı/ D zus.ı/; zzus.1 � ı/ D zus.1 � ı/: (5.7)
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Define the path vs 2 C.Œ0; 1�; An/ by

vs.t/ D

8̂̂<̂
:̂
zus.t/; 0 � t � ı;

zzus.t/; ı < t � 1 � ı;

zus.t/; 1 � ı < t � 1:

Note that the initial value vs.0/ D zus.0/ D us.0/ is in the form of (5.1) with the
function fj described in (5.3). One can choose the functions �j W Œ0; 1� � Œ0; 1�! R with
�j .s; 0/ D fj .s/ and �1.s; t/ � �2.s; t/ � � � � � �dn.s; t/ such that

Sp
�
vs.t/

�
D
®

exp
�
2�i�j .s; t/

�¯dn
jD1

:

Since vs.t/ has distinct eigenvalues for any .s; t/ 2 Œ0; 1� � .0; 1/, by (5.3), we can prove
that

�1.s; t/<�2.s; t/ < � � �<�dn.s; t/; �dn.s; t/��1.s; t/<1 for any .s; t/2Œ0;1��Œ0;1/:

To see this, by (5.3)
�dn.s; 0/ � �1.s; 0/ < 1:

Since exp.2�i�dn.s; t// ¤ exp.2�i�1.s; t// for any .s; t/ 2 Œ0; 1� � .0; 1/, we have

�dn.s; t/ � �1.s; t/ … Z:

Notice that �dn.�; �/ and �1.�; �/ are continuous. We have

�dn.s; t/ � �1.s; t/ < 1 for all .s; t/ 2 Œ0; 1� � Œ0; 1/:

Furthermore, there exist a permutation � 2 Sdn and dn integers ¹mj º
dn
jD1 such that

�j .s; 1/ D g�.j /.s/Cmj for all 1 � j � dn:

It is easy to check that

�dn.s; t/ � �1.s; t/ < 1 for any .s; t/ 2 Œ0; 1� � Œ0; 1�:

For .s; t/ 2 Œ0; 1� � .0; 1/, let pj .s; t/ be the spectral projection of the unitary vs.t/
corresponding to the eigenvalue exp.2�i�j .s; t//, which is a rank one projection and con-
tinuously depends on .s; t/ 2 Œ0; 1�� .0; 1/. From the definition of vs.t/ (see the definition
of zus.t// for t 2 Œ0; ı�, we know that �j .s; t/ D ı�t

ı
f1.s/C

t
ı
h1.s/ and that

pj .s; t/ D U
.0/.s/ diag

�
0; : : : ; 0„ ƒ‚ …
j�1

; 1; 0; : : : ; 0„ ƒ‚ …
dn�j

�
U .0/.s/ for .s; t/ 2 Œ0; 1� � .0; ı�;

which are constant projection valued functions with respect to t 2 .0; ı�. Similarly,

pj .s; t/ D U
.1/.s/ diag

�
0; : : : ; 0„ ƒ‚ …
j�1

; 1; 0; : : : ; 0„ ƒ‚ …
dn�j

�
U .1/.s/ for .s; t/ 2 Œ0; 1� � Œ1 � ı; 1/;
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which are also constant projection valued functions with respect to t 2 Œ1 � ı; 1/. Hence,
the projection valued function pj can be continuously extended to Œ0; 1� � Œ0; 1�. Let
Hs.t/D

Pdn
jD1 �j .s; t/pj .s; t/. Then vs.t/D exp.2�iHs.t// holds for all .s; t/ 2 Œ0; 1��

.0; 1/, and, therefore, it holds for all .s; t/ 2 Œ0; 1� � Œ0; 1� by continuity.

Theorem 5.6. Let Z be the Jiang–Su algebra. Then celCU.Z/ � 2� .

Proof. Let Z D limmAm be the Jiang–Su algebra. Fix ˛ 2 .0; 1/ such that 1 � ˛.> 0/ is
very small (it will be specified later about how small it should be). For each m � 1, we
define a unitary u 2 Am as follows:

u.t/ D

264exp
�
2�ih1.t/

�
: : :

exp
�
2�ihdm.t/

�
375
dm�dm

;

where hi .t/ D qm�1
qm

˛t for each 1 � i � pm, hi .t/ D � 1
qm
˛t for each pm C 1 � i � dm.

(Here we identify 1pm ˝Mqm 3 1˝ .aij /qm�qm with .aij 1pm/ 2Mpmqm .) It follows from
[21, Lemma 3.10] that u 2 CU.Am/. It is easy to calculate that

Sp.u/ �
²

exp.2�i�/ W �
1

qm
˛ � � �

qm � 1

qm
˛

³
: (5.8)

For any fixed n � m, denote v D �m;n.u/. Let us.t/ be a unitary path in An with u0.t/D
v.t/ and u1.t/ D 1An .

For any 0 < " < 1
2n�m

�
1�˛
4qm

, by Lemma 5.5, there exists another piecewise smooth
unitary path vs.t/ such that

(1) kvs � usk < "
2

;

(2) j lengths.vs/ � lengths.us/j <
"
2

;

(3)

vs.t/DUs.t/

26664
exp

�
2�if1.s; t/

�
exp

�
2�if2.s; t/

�
: : :

exp
�
2�ifdn.s; t/

�
37775Us.t/�;

where each fj .s; t/ W Œ0; 1��Œ0; 1�!R is continuous and f1.s; t/<f2.s; t/ < � � �<
fdn.s; t/ for all .s; t/ 2 Œ0; 1� � .0; 1/ and fdn.s; t/ � f1.s; t/ < 1 for all .s; t/ 2
Œ0; 1� � Œ0; 1�.

In particular, we have

exp
�
2�ifj .s; t/

�
¤ exp

�
2�ifk.s; t/

�
for j ¤ k and .s; t/ 2 Œ0; 1� � .0; 1/:

By the construction of the Jiang–Su algebra, we have

u0.t/ D v.t/ D �m;n.u/.t/
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D b�

266664
exp

�
2�i�1.t/

�
0 � � � 0

0 exp
�
2�i�2.t/

�
� � � 0

:::
:::

:::

0 0 � � � exp
�
2�i�dn.t/

�
377775 b;

where
�

1

qm
˛ � �1.t/ � �2.t/ � � � � � �dn.t/ �

qm � 1

qm
˛; (5.9)

for all t 2 Œ0; 1�, and b is a unitary element in Mdn.C.Œ0; 1�//.
Let

X˛ D

²
r � exp.2�i�/ 2C W r 2RC;

�qm � 1
qm

˛C
"

2�

�
<�< 1C

�
�
1

qm
˛ �

"

2�

�³
�C

and

Y˛ D

²
x C yi 2 C W x 2 R;

�
�

1

qm
˛ �

"

2�

�
2� � y �

�qm � 1
qm

˛ C
"

2�

�
2�

³
� C:

Then Sp.v0/;Sp.u0/�C nX˛ . Consider the logarithm function log WC nX˛! Y˛ . Then
k
1
2�

log.v0/� 1
2�

log.u0/k < "
2�

, since X˛ is a wedge shaped region with angle at 0 2 C
of angle size

1C
�
�

1

qm
˛ �

"

2�

�
�

�qm � 1
qm

˛ C
"

2�

�
D .1 � ˛/ �

"

�
> 2"

and kv0 � u0k < "=2. By Weyl’s inequality in [48],

kfj .0; t/ � �j .t/k <
"

2�
for all j 2 ¹1; 2; : : : ; dnº: (5.10)

From u1 D 1An and ku1 � v1k < "
2

, by the version of Weyl’s inequality for unitaries
(see [1]), one gets  exp

�
2�ifj .1; t/

�
� 1

 < "

2
:

Hence, for each j 2 ¹1; 2; : : : ; dnº, there is an integer lj such thatfj .1; t/ � lj < "

2�
: (5.11)

By Proposition 2.6, we have lengths.vs. � // � lengths.exp.2�ifj .s; �/// for each j .
Hence, by (5.10) and (5.11),

lengths
�

exp
�
2�ifj .s; �/

��
� 2� max

t2Œ0;1�

ˇ̌
�j .t/ � lj

ˇ̌
� 2":

From the construction of Jiang–Su algebra (see Theorem 5.1),

�1.t/ D �
˛

qm

�
��.t/

�
D
t C 2n�m � 1

2n�m
�
�˛

qm
� 0
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and

�dn.t/ D
qm � 1

qm

�
��.t/

�
D
t C 2n�m � 1

2n�m
�
.qm � 1/˛

qm
�
2n�m � 1

2n�m
�
.qm � 1/˛

qm
: (5.12)

We divide the discussion into the following cases.

Case 1. lj0 � 2 for some 1 � j0 � dn. Then

lengths
�
e2�ifj0 .s;�/

�
� 2� max

t2Œ0;1�

ˇ̌
�j0.t/ � lj0

ˇ̌
� 2" � 2� � 2":

Case 2. lj1 � �1 for some 1 � j1 � dn. Then

lengths
�
e2�ifj1 .s;�/

�
� 2� max

t2Œ0;1�

ˇ̌
�j1.t/ � lj1

ˇ̌
� 2" � 2� � 2":

Case 3. lj D 0 for all 1 � j � dn. Then

lengths
�
e2�ifdn .s;�/

�
� 2� max

t2Œ0;1�

ˇ̌
�dn.t/ � 0

ˇ̌
� 2":

It follows that

lengths
�
e2�ifdn .s;�/

�
� 2�

�2n�m � 1
2n�m

�
.qm � 1/˛

qm

�
� 2": (5.13)

Case 4. lj D 1 for all 1 � j � dn. Then

lengths
�
e2�if1.s;�/

�
� 2� max

t2Œ0;1�

ˇ̌
�1.t/ � 1

ˇ̌
� 2" � 2� � 2":

Case 5. All lj are either 0 or 1 (i.e., ¹1; 2; : : : ; dnº D ¹j W lj D 0º [ ¹j W lj D 1º) and
¹j W lj D 0º ¤ ;, ¹j W lj D 1º ¤ ;.

There exists 1�K < dn such that lj D 0 for all 1� j �K and lj D 1 for allK C 1�
j � dn. Note that fdn.s; t/ � f1.s; t/ < 1 for all .s; t/ 2 Œ0; 1� � Œ0; 1�. By the boundary
condition of vs 2 An, we have qn j K and pn j .dn � K/. Since dn D pnqn, we have
pn j K. It follows thatK D 0 orK D dn, a contradiction. This means that Case 5 will not
occur.

Furthermore, we can obtain the following more general result with almost the same
proof.

Theorem 5.7. Let Z be the Jiang–Su algebra and k a positive integer. Then

celCU
�
Mk.Z/

�
� 2�:

(Combining with Lin’s result, one gets celCU.Mk.Z// D 2� .)
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Proof (Sketch). Let Z D limmAm be the Jiang–Su algebra. Write

Mk.Z/ D lim
m

�
Mk.Am/; �m;n

�
:

We shall also use �m;n to denote �m;njAm when we identify Am as the upper left corner of
Mk.Am/. Fix m � 1. Let 0 < ˇ < ˛ < 1 be such that ˇ < 1 � ˛ and that 1 � ˛ is very
small. Define a unitary u1 2 Am as follows:

u1.t/ D

24e2�ih1.t/ : : :

e2�ihdm .t/

35
dm�dm

;

where hi .t/D qm�1
qm

.ˇC .˛ � ˇ/t/ for each 1� i � pm and hi .t/D� 1
qm
.ˇC .˛ � ˇ/t/

for each pm C 1 � i � dm. We denote

u D diagŒu1; u2; : : : ; uk � 2Mk.Am/;

where ui .t/ D 1Am for each 2 � i � k. It follows that u 2 CU.Mk.Am//.
For any n > mC 1, suppose that us is a path connecting �m;n.u/ and 1Mk.An/. Fix

a positive number " < 1
2n�m

�
ˇ
4qm

. Let vs be described in the proof of Theorem 5.6 with
properties (1), (2), and (3) there. In particular, we have

vs.t/ D Us.t/ diag
�
exp

�
2�if1.s; t/

�
; exp

�
2�if2.s; t/

�
; : : : ; exp

�
2�ifdnk.s; t/

��
Us.t/

�;

where each fj .s; t/ W Œ0; 1� � Œ0; 1�! R is continuous and

f1.s; t/ < f2.s; t/ < � � � < fdnk.s; t/ (5.14)

for all .s; t/ 2 Œ0; 1� � .0; 1/ and

fdnk.s; t/ � f1.s; t/ < 1 (5.15)

for all .s; t/ 2 Œ0; 1� � Œ0; 1�.
With our modified construction of u1, one gets

Sp
�
�m;n.u

1/
�
�Sp.u1/�

²
exp.2�i�/ W �2

�
�
1

qm
˛;�

1

qm
ˇ

�
[

�
qm � 1

qm
ˇ;
qm � 1

qm
˛

�³
which is stronger than (5.8) in the proof of Theorem 5.6. Denote w1 D �m;n.u

1/ and
w D �m;n.u/. Then for any t 2 Œ0; 1�, the eigenvalues of w1.t/ can be written as®

exp
�
2�i�j .t/

�¯dn
jD1

such that

�
1

qm
˛ � �1.t/ � �2.t/ � � � � � �L.t/

� �
1

qm
ˇ < 0 <

qm � 1

qm
ˇ � �LC1.t/
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� �LC2.t/ � � � � � �dn.t/ �
qm � 1

qm
˛

for some positive integer L < dn (compare with (5.9)). And the eigenvalues of w.t/ can
be listed as®®

exp
�
2�i�j .t/

�¯L
jD1

; exp.2�i0/�.k�1/dn ;
®

exp
�
2�i�j .t/

�¯dn
jDLC1

¯
:

Note that kv0 � wk < "=2. One has

Sp.v0/ �
²

exp.2�i�/ W �
1

qm
˛ �

"

2�
� � �

qm � 1

qm
˛ C

"

2�

³
:

Hence the above fj can be chosen to satisfy

�
1

qm
˛ �

"

2�
� f1.0; t/ � f2.0; t/ � � � � � fdnk.0; t/ �

qm � 1

qm
˛ C

"

2�
:

(Compare with (5.9).) Then similar to (5.10), one can getfj .0; t/ � �j .t/ < "

2�
for all j 2 ¹1; 2; : : : ; Lº;fj .0; t/ � 0 < "

2�
for all j 2

®
LC 1;LC 2; : : : ; dn.k � 1/C L

¯
;fdn.k�1/Cj .0; t/ � �j .t/ < "

2�
for all j 2 ¹LC 1;LC 2; : : : ; dnº:

The ranges of functions fj .0; �/ are in three mutually disjoint open intervals:

for 1 � j � L; fj .0; t/ 2
�
�

1

qm
˛ �

"

2�
;�

1

qm
ˇ C

"

2�

�
I

for LC 1 � j � dn.k � 1/C L; fj .0; t/ 2
�
�

"

2�
;C

"

2�

�
I

for dn.k � 1/C LC 1 � j � dnk; fj .0; t/ 2
�qm � 1

qm
ˇ �

"

2�
;
qm � 1

qm
˛ C

"

2�

�
:

Repeating the proof of Theorem 5.6, we can prove that

lengths.vs/ � 2�
�
2n�m � 1

2n�m
�
.qm � 1/˛

qm

�
� 2": (5.16)

Note that

�dn.t/ D
qm � 1

qm

�
ˇ C .˛ � ˇ/��.t/

�
D
qm � 1

qm

�
ˇ C .˛ � ˇ/

t C 2n�m � 1

2n�m

�
�

�2n�m � 1
2n�m

�
.qm � 1/˛

qm

�
:

(Compare with (5.12).)
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We are not going to give all the details. Instead, we will briefly describe some steps of
the proof of the corresponding part of Theorem 5.6 (see (5.13) there) and point out only
the new issue involved in our new case which needs a slightly different treatment.

As in the proof of Theorem 5.6 (see (5.11) there), by kvs � usk < "=2 and u1 D
1Mk.An/, for each j 2 ¹1; 2; : : : ; dnkº, there is an integer lj such thatfj .1; t/ � lj < "

2�
:

We will divide the proof of (5.16) into five cases according to the possible values of lj ,
the same as what we did in the proof of (5.13) (see the proof of Theorem 5.6).

For Cases 1, 2, 3, and 4, the proofs are exactly the same. So we only need to deal with
Case 5: all lj are either 0 or 1, with ¹j W lj D 0º ¤ ; and ¹j W lj D 1º ¤ ;.

So we have ¹1; 2; : : : ; dnkº D ¹j W lj D 0º [ ¹j W lj D 1º. By (5.14) and (5.15), there
exists 1�K <dnk such that lj D 0 for all 1� j �K and lj D 1 for allKC 1� j � dnk.

If K � dn.k � 1/, then, for j D dn.k � 1/ C 1, we have kfj .0; t/k < "
2�

and
kfj .1; t/ � 1k <

"
2�

. Then lengths.exp.2�ifj .s; �/// � 2� � 2". Consequently, (5.16)
holds for this case. If K > dn.k � 1/, we shall show that K D dnk. Otherwise, we have
dn.k � 1/ < K < dnk. By (5.14) and (5.15), we have qnjK and pnj.dnk � K/. Since
qnjdn, we have qnjŒK � .k � 1/dn�. We denote s D K�.k�1/dn

qn
and l D dnk�K

pn
. Then

s; l 2 N. Then we have

pnl C qns D .dnk �K/C
�
K � dn.k � 1/

�
D dn D pnqn:

Hence, we have pn j s and qn j l . We denote s0 D s
pn

and l 0 D l
qn

. Then l 0 C s0 D 1.
This leads to a contradiction. So we have K D kdn. This means that lj D 0 for each
1 � j � dnk. This is contracted to the fact that ¹j W lj D 1º ¤ ;. So “K > dn.k � 1/”
does not occur. It follows that (5.16) holds for any case.

Consequently, celCU.Mk.Z// � 2� .
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