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An analog of the Krein—-Milman theorem for
certain non-compact convex sets

George A. Elliott, Zhigiang Li, and Xia Zhao

Abstract. We make a contribution towards extending the remarkable Krein—-Milman analog result
of K. Thomsen and L. Li, in which a certain non-compact convex set is shown to be generated by
its extreme points.

1. Introduction

The classical Krein—-Milman theorem states that any convex and compact subset of a
locally convex topological space is the closure of the convex hull of its extreme points.
The Krein—Milman theorem has many applications in different areas of mathematics, e.g.,
dynamical systems, operator algebras, etc. A strikingly new result resembling the Krein—
Milman theorem, but without the compactness, was obtained by K. Thomsen in [3] and
(in a stronger form) by L. Li in [1], for the convex set of unital positive linear maps on
C[0, 1]. These maps are also called Markov operators on C [0, 1].

Although this set is closed in the topology of pointwise convergence (the strong oper-
ator topology), it is not compact. In spite of this, Thomsen and Li succeeded in showing
that this closed convex set is the closed convex hull of its extreme points. These are of
course the unital algebra homomorphisms.

In this paper, we study the possibility of extending this result. To be precise, we
investigate the approximation problem for a Markov operator on CJ0, 1] leaving a cer-
tain subspace invariant, which corresponds to the space of continuous affine functions on
the cone of traces on a certain subhomogeneous C *-algebra. We want to use an aver-
age of homomorphisms on C [0, 1] to do an approximation, additionally requiring that the
average also leaves the subspace invariant.

In one case, we have succeeded in making these homomorphisms themselves leave the
subspace invariant—they are exactly extreme points. We present such an approximation
for the subspace of C[0, 1] arising from a Razak C*-algebra, namely, the following C *-
algebra (see [2]):

Ra.k)= {f cCNOMy | f0) = (" 45y, ). /() =W idare, W eMn},
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where a, k, m, and n are non-zero natural numbers. Such a C*-algebra is non-unital
and stably projectionless. The space of continuous affine functions on the tracial cone of
R(a, k) is isomorphic to the subspace C[0, 1](4 k) of C[0, 1] given by

CMH@M={f€CMHIﬂ®=g%;ﬂU}

(see [2, Proposition 2.1]). Note that, for ease of notation, we consider complex-valued
functions.
The first main result of this paper is the following theorem (of Li type).

Theorem 1.1. Given any finite subset F C C|0, 1](q ) and & > 0, there is an integer
N > 0 with the following property: for any unital positive linear map ¢ on C|[0, 1] which
preserves C|0, 1](q k), there are N unital homomorphisms ¢1, ¢, ..., ¢n from C[0, 1] to
C[0, 1] such that each ¢; leaves C|[0, 1](4 k) invariant (and hence % vazl ¢i (f) will also
do the same job) and

<é&

1 N
Hmn—NZ@U)
i=1

forall f € F.

For the case of different subspaces C[0, 1], k) and C[0, 1] x), there is no unital
positive linear map on C [0, 1] which sends C [0, 1](4 k) to C[0, 1] 5 k) if b < a; see Remark
3.8. So, we only need to deal with the case b > a, and a theorem of Thomsen type is
obtained.

Theorem 1.2. Given any finite subset F C C[0, 1](4.x), € > 0, and any unital positive
linear map ¢ on C|0, 1] which sends C[0, 1](q 1) to C[0, 1]@p.x) with b > a, there are
N unital homomorphisms ¢1, ¢a, ..., ¢y : C[0, 1] — CJ0, 1] such that % va=1 ¢i (f)
belongs to C[0, 1]y k) for all f € C[0, 1](4 k) and

<é&

1 N
Hmn—NZ@U)
i=1

forall f € F.

To achieve these results, we keep tracking the approximation process of Li’s theorem
in [1] and Thomsen’s theorem in [3], and the crucial point is that we must argue if we
are able to choose proper eigenvalue maps to define homomorphisms such that their aver-
age preserves the subspace. The existence of such a choice relies on an analysis of the
measures induced by the point evaluations of a given Markov operator at O and 1.

The paper is organized as follows. Section 2 contains some preliminaries on Markov
operators and basic properties of the subspace C[0, 1](4,x) of C[0, 1]. In Section 3, con-
crete analyses of the measures induced by evaluations of a given Markov operator at 0 and
1 are given, and based on this the proofs of Theorems 1.1 and 1.2 are presented.
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2. Preliminaries

Definition 2.1. A Markov operator T from C(X) to C(Y), where X and Y are compact
Hausdorff spaces, is a unital positive linear map.

In S. Razak’s paper [2], he considered certain stably projectionless building blocks—
necessarily non-unital. The space of continuous affine functions on this building block’s
tracial cone is a non-unital subspace of C|0, 1]; see [2, Proposition 2.1]. Therefore, we
consider Markov operators on C [0, 1] which preserve this subspace. Fix a positive integer
a and a positive integer k, and denote by C [0, 1](4 «) the subspace of C [0, 1]:

CI0. ) = {f e Cl.1]] f0) = ﬁf(l)}.

Next, we shall see some examples of Markov operators on C [0, 1] which preserve this
subspace.

e Example I:let A : [0, 1] — [0.1] be a continuous function with A(0) = 0 and A(1) = 1,
and define a Markov operator 7' from C|0, 1] to C[0,1] by T(f) = f o A. Then, T
sends functions in C[0, 1] x) to C[0, 1](4 k).

e Example 2: let A1, A5 : [0, 1] — [0, 1] be two continuous functions such that A1 (0) =0,
A1(1) =1,and A,(0) = 1, A»(1) = 0, and let k1, k, be natural numbers with k1 > k5.
Define a Markov operator 7 on C|[0, 1] as follows:

kifodi+kafols
ki + ks .

T(f) =

kiat+kya+kok
ek, 20

Then, T sends functions in C[0, 1]4 k) to C[0, 1] k), where b =
(one can choose suitable k1, k, to guarantee b being an integer).

« Example 3: in general, one has similar examples involving more points. With A1, A,
as above, as well as choosing A3 : [0, 1] — [0, 1] by A3(¢) = 1/2, then, for any natural
numbers k1, k», one can define a Markov operator 7" as follows:

kifodi+kafody+s(t)fods
ki + ks +s(2)

T(f)@) =

)

where s(1) = (,fjr‘; +k)(1 —1) + (,ffr‘fl + k1)t. One can verify that T sends func-

tions in C [0, 1](4 k) to C[0, 1] x) for some b > 0. This process can continue to involve
more points in [0, 1].

The following direct sum decomposition holds.

Lemma 2.2. C[0, 1] = CJ0, 1](zx) ® C as vector space direct sums, where C denotes
the multiple of the constant function 1.

Proof. Suppose f € C[0,1] and let A = ((a + k) f(0) —af(1))/k,g(x) = f(x)—A.
Then, f(x) = A + g(x) and g(x) € C[0, 1](4,x). Next, we show the decomposition is
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unique. Assume that f(x) = g1(x) + A1 = g2(x) + A2. Then, A1 — A, = g1(x) — g2(x)
for any x € [0, 1]. It follows that A1 — A, = g1(0) — g2(0) = g1(1) — g2(1) for any
x € [0, 1]. But g1(0) — g2(0) = ﬁ(gl(l) — g2(1)). Since a # 0, we have A; = A,
and g1(x) = g2(x). u

Looking at things from the opposite point of view, one might consider positive linear
maps on these subspaces which can be extended to Markov operators on C [0, 1]. Based on
the direct sum decomposition, any positive linear map ¢ from C[0, 1](4 k) to C[0, 1] can
be extended naturally to a unital linear map ¢ from C[0, 1] to C[0, 1], given by ¢(f) =
A + ¢(g). Moreover, this algebraic extension needs to be positive.

Definition 2.3. A positive linear map ¢ from C[0, 1], k) to C[0, 1] is called positively
extendible if ¢ is still positive.

It is not hard to see that if ¢ is positively extendible, then it must be a contraction.
However, the converse is not true, even in the case that ¢ is of norm one.

Remark 2.4. Fix an xo € (0, 1) and define a map ¢ from CJ0, 1] k) to C[0, 1] as

o (g)(x) = g(xo) “afrkkx forany g € C[0, 1](4 k). It is obvious that ¢ is positive and linear.

Moreover, ¢ has norm one. First, for any g € C [0, 1](4.k), | ()| = supxeo,17 [#(8)(x)| =

SUP,.cqo,17 1€ (xo0) “;_kkx | < |lgll. Next, we construct a function g1 (x) by

1— 4
o a0, x),

g1(x) = { Yoo

1, x € (xo, 1];

then ¢ (1)l = supxepo.11 1$(81)(X)| = sup.eqo.1) |81(x0) S| = llg1]l = 1. However,

the natural extension ¢ is not positive. Take

0, x € [0, xo],
fx) = { " o
=D +k  xe(x.l1];
then f(x) > 0. Consider its direct sum decomposition f = A + g, where
(@ +k)f(0)—af(1) a, x € [0, xo],
)= =—a, g ={",
k X —D+a+k, xe(x1]

Then, (f)(x) = A + $(g) = —a + a%tkx = k&) <,

Definition 2.5. For each 1 > § > 0, the lower test function es € C[0, 1](4 k) is the con-
tinuous function which has value 1 on [§, 1] and value a/(k + @) at 0, and is linear on the
interval [0, §]. Denote by L the set of all such lower test functions. For each 1 > o > 0,
the upper test function y; € C[0, 1](4,x) is the continuous function which has value 1 on
[0,1 — o] and value (a + k)/a at 1, and is linear on the interval [1 — o, 1]. Denote by S
the set of all such upper test functions.
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Proposition 2.6. Let there be given a positive linear map ¢ from C|0, 1](4 k) to CI0, 1].
Then, ¢ is positively extendible if and only if the following inequalities hold:

inf {p(}=1> sup {p(e)}.

Proof. First, suppose ¢ is positively extendible; then ¢~3 is positive. Forany y € S,e € L,
y>1>e.¢(y)z1=¢(e). theng(y) = 1= ¢(e), and infyes{¢(y)} = 1 Zsup,ep{#(e)}.

Conversely, suppose inf,es{¢(y)} > 1 > sup,cz{¢(e)}, and let us show that ¢( f) =
A + ¢(g) is positive. For any positive f € C[0, 1] with the decomposition f = A + g,
we need to show ¢( /) = A + ¢(g) > 0. Thus, we need to prove ¢(g) > —A if g > —A.

Case . If A =0, then f € C[0, 1](4.k). We have #(f) = ¢(f) > 0since ¢ is positive.

Case Il. If A < 0, then —A > 0. Then, we can find a y, € S such that (—1)y, < g. Since
¢ is positive, one has ¢(g) > dp(—Ays) = —AP(ys) = —A.

Case III. If A > 0, then —A < 0. Then, we can find a e¢5 € L such that g > —Aeg. Since
Supgs<; $(es) < 1, one has —A¢(es) > —A. Therefore, ¢(g) > —A¢(es) > —A.
Hence, ¢ is positively extendible. |

3. Approximation results on [0, 1]

Given a Markov operator between C [0, 1] leaving the subspace C[0, 1](4 k) invariant, we
want to approximate it by an average of homomorphisms on C[0, 1] and additionally
require that the average also leaves the subspace invariant. Since the sub-homogeneity in
consideration arises at 0 and 1, we need to investigate the measures induced by the point
evaluations of a Markov operator at the endpoints O and 1.

Lemma 3.1. Let there be given a unital positive linear map ¢ on C |0, 1] which preserves
C0, 1](q,k). Then, the measures induced by the evaluations of ¢ at 0 and 1 actually con-
centrate on 0 and 1, respectively. In other words, ¢(f)(0) = f(0) and ¢(f)(1) = f(1)
forall f € C[0,1].

Proof. For any fixed y € [0, 1], f — ¢(f)(y) gives a positive Borel probability measure
on [0, 1], say zy. Thus, ¢ (£)(y) = [y f dpay.

Then, for all g € C[0, ), #(2)(0) = [, g dpeo, and ¢(g)(1) = [y g du1, and
since ¢(g)(0) = ;{7 ¢(g)(1), one has

1 a 1
dig = —— du.
/Ogﬂo a—i—k/(‘,g/“

For any 6 > 0, choose a finite §-dense subset {x1, x2,...,x,} C [0, 1] with x; = 0,
Xn = 1. Then, for every x € [0, 1], there is an x; in the finite subset above such that
dist(x, x;) < 8. Then, there exists a partition of [0, 1], denoted by { X1, X5, ..., X}, with
each X; being a connected Borel set, satisfying the following conditions:

1) x;eX;,i=1,2,...,n;
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Q[0 1=U"_ Xi, XiNX; =@ifi #j;

(3) dist(x,x;) <difx € X;.
For the above fixed partition {X; }_, there exists a §o > 0 such that [0, 6] S X;. Choose
a function es € C[0, 1](4 k) as follows:

T 4! “*" x, x €][0,8)].

es, =
’ 1, x € (80, 1].

Then,

1

$(es)(0) = / s, djto = [X esy djto + jto(Xa) + jto(X3) + -+ 10(Xy)
0 1

=/ esoduo+1—uo(X1)=1+/ (esy — 1) dpo,

X] Xl
1

@ (es,)(1) =/ es, Ay =/X es, dpr + wi(X2) + 1 (X3) + -+ 4+ pn1(Xn)
0 1

=/ esod,ul-i-l—ﬂl(xl):l‘i‘/ (esy — 1) dps.
X1 Xl

Since
$(es)(0) = —¢( es,) (1),
one has
1+/ (es0 — Vo = —— (1+/ (eso—l)dul)
Then, .
- /(980—1)01#0— +k/ (s, — 1) dyir. G0

Since a/(a + k) < es, < 1 and jip, 1 are positive measures, one has that —k/(a + k) <
Jx,(es, —1)dpo < 0and —k/(a + k) < [y (es, — 1) dp1 < 0. Therefore,

0<
T a+k

—Ddug < .
+/Xl(""”° Yo = —

Then, the left-hand side of equation (3.1) is > 0 and the right-hand side is < 0. Hence,

k
a+k

a
Dduo = —— —1)du; =0.
+ [ = ndno= S [ e, -nam

Then, we have [y (1 — es) dpo = k/(a + k) and 0 < [y (1 — e5,) duo <
k/(a + k)po(X1). Hence, no(Xy) > 1, and so uo(X;) = 1. Since § is arbitrary, this
shows that o ({0}) = 1.
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In a similar way, for the partition above, there exists a 6; such that [§1, 1] € X,,. One
can choose a function ys, € C[0, 1](4 k) as follows:

1, x €1[0,6y),
Vs = atk 4
1+ {1—81 (X — 51), X € (51, 1]

Then,

1
¢()/81)(0)=/0 s, dito =/ vs, dito + 1o(X1) + Ho(Xa) + - + po(Xn—1)

n

=1—po(Xyn) +/ s, dino = 1 +/X (vs, — 1) duo,

n

1
d(ys,)(1) = /0 Y, ditg = /X vs, dpr + p1(X1) + p1(X2) 4+ -+ 4+ pu1(Xn—1)

=1 (X +/ o +/X (s — Dy,
Since .
a—+
T¢(Vsl)(0) = ¢(ys,)(1),
one has
a-+k
<1+/ (ysl—l)duo)=1+/ (s, — D,
a X, X
k a+k
-+ / (s, — D dpo =/ (s, — D du. (3.2
a a X, X,

While 0 < y5, — 1 <k/aand0 < [y (ys, —1)dpo <k/a,0 < [y (ys, — 1) du1 <k/a,
the left-hand side of equation (3.2) is > k/a and the right-hand side is < k /a. Hence,
k a+k

—+
a a

k
/ (s, — D dpo =/ (Vs —Dduy = —.
Xn Xn

a
Then, we have . .
= [ s = Ddw = T
a Xn a
then w1 (X,) > 1, s0 w1 (X,) = 1. Since § is arbitrary, 11 ({1}) = 1.
Hence, ¢(f)(0) = f(0) and ¢(f)(1) = f(1) forall f € C[O0, 1]. L]

Corollary 3.2. Let ¢ : C[0,1] — C|0, 1] be a Markov operator which preserves the sub-
space C|0, 1] (g k), defined by ¢(f) = f o A for some continuous A : [0, 1] — [0, 1]. Then,
A(0) =0and A(1) = 1.

Proof. Choose some injective function f and apply the lemma above. ]
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Next, we proceed to prove Theorem 1.1 (which is of Li type).

Proof of Theorem 1.1. The proof is inspired by Li’s proof in [1]; the thing is we need more
accurate analysis for the endpoints. We spell it out in full detail for the convenience of the
readers.

Step I. Forall f € F and y € [0, 1], we approximate ¢ ( f)(y) by a finite sum of point
evaluations of f with continuous coefficients.
For any ¢ > 0, there is a §o such that for any x, x € [0, 1], if dist(x1, x2) < &9, then

[fe) = fl)] < 5

for all f € F. Choose a finite subset {x;, X2, ..., x,} C [0, 1] which is §p-dense in [0, 1]
with x; = 0, x,, = 1. Then, for every x € [0, 1], there is an x; in the finite subset such that
dist(x, x;) < 8. Choose a partition of [0, 1], denoted by {X;, X5, ..., X,}, with each X;
being a connected Borel set, satisfying the following conditions:

) x;eX;,i=1,2,...,n;

@ [0, 1]=U/"L; Xi, XiNX; =@ fori # j;

(3) dist(x, x;) < 6o if x € X;.
Then, for any probability measure p on [0, 1], there are non-negative numbers A1, A5, ...,
An with 37, A; = 1 such that

1(f) = Aif(xi)
i=1

<§ forall f € F.

Actually, we have

&

n
&
< < ; ZM(Xi) =12

p(f) =D (X)) f(xi)
i=1

; /X (00 = f) d

So one may choose A; = pu(Xj).

For any fixed y € [0, 1], f +— ¢(f)(y) is a probability measure on [0,1], and thus
from above, there are non-negative numbers A1y, Aay, ..., Ayy With Y} 7, A;y = 1 such
that

‘¢(f)(y)—2)kiyf(x,~) <§ forall f € F.

i=1

By continuity of ¢ ( f), this estimation holds in a neighborhood of y. Since [0, 1] is com-
pact, we can find a finite open cover {V; : j = 1,2,..., R} of [0, 1], such that

) 0eV,0g U,V 1eVa 1¢ ULV,
() yieVi,y1=0yr=1,j=2,...,R— 1.

Then, one has

<§ forally € V; and f € F.

i=1

‘¢(f)(y) — > iy, f(xi)
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Let {hj}]R=1 be a partition of unity subordinate to {Vj}]R=1. Define A;(y) =
Z,R:l Aiy;hj(y). Then, A; € C[0,1],4;(0) = Ao = po(X;), Ai(1) = Ai1 = pu1(X;), and

n

n R R
da =) <Zliy,~hj(y)) =Y hi) =1
i=1 Jj=1 j=1

Hence,

() =D M) f(x)

i=1

e
< p—

4
forally € [0,1] and f € F.
Step II. We approximate the finite sum of point evaluations above by a linear map w on
C[0, 1] defined as an integral of the composition with some continuous function %(y, )
from [0, 1] x [0, 1] to [0, 1].

Let there be given a § > 0 to be used later with 5nd supscp | /|| < /4.
First, we define continuous maps Gg, Gy, ..., G, : [0,1] — [0, 1] by

J
Go(y) =0, Gj(y)=Z/\i(y), j=12...,n.
i=1

For each y € [0, 1], these points {G; (y)}}_, give rise to a partition of [0, 1]. Moreover, for
each j, we define

Jj(y) = min {G.il(J’) + 8 Gf—l(y)2+ G;(») }

and

gj(y) = max {Gj(y) -5 Gj—l(y)2+ G;(y) }

To define h(y, t), we only need to define i (y, t) oneach [0, 1] x [G;—1(¥), G; (¥)]; let
us denote by /2 (y, t) this restriction. For our purpose, we choose the following /; (y, t):

(=G
M’ 1 €[Gj—1(y). (],
. (Gi(—Gj—
hy(y,1) = { min (xj’ W) telfir).g ]
AG telgi(.Gi»)]

Then, h; (y, t) satisfies that, for any y € [0, 1],
Xj |l1 — l2|
8 9
and h;(y,t) : [0, 1] x [Gj—1(¥), G;(y)] — [0, 1] is continuous. Then, h(y,¢) : [0, 1] x
[0,1] — [0, 1] is continuous and

|hj(y,11) = hj(y,12)| <

Ih(y.11) — h(y.12)| < “g—t'
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Definew : C[0,1] = C[0, 1] by w(f)(y) :fol f(h(y,t))dt for f €CJ0,1],y €]0,1].
Then, for all f € F, one has

ZA () f(xi) = w(f)(y)

Gi(»)

1
fedi = [ f (v )ar

thy
n

<Z

Gi(y)
/ £ — £y, 0))dr

Gl 1 y
fiy) i (y) Gi(y)

= (/ ) f(xi) = f(h(y.0)))dt

i=1 Gi- 1(y) fi(») i(¥)
=< 28 sup || fl +0+28 Sup (WAl

ZZI( feF )
=4nd sup || f| <—

feF

Step III. Finally, we shall choose N continuous maps on [0, 1] to define the homomor-
phisms. Such maps come from A(y, ¢) by specifying N values of ¢. First, we shall choose
these maps such that their average approximates the map w above.

Choose an integer N; > 0 with 1/N; < 88y, and choose specified values of ¢ as t; =
j/N1 €]0,1], j = 1,2,..., Ny. Then, the linear map w can be approximated by the
average of the homomorphisms induced by i(y.¢;), j =1,..., N;.

This is shown as follows: set

w(f)(y) = Z / £ (h(r.0)d

then

Ny
w(H0) - 5 Zf(h(y,rj>)| =
ji=1

2 / f(h(y.0) = £ (h(y.1)dr

J=1

forall f € F,where | f(h(y.t)) — f(h(y,t;))| <e/4,since |h(y,t) —h(y,t;)| < 8o (note
that |l —lj| < 1/N1 < 868p).

Next, we make more delicate choices of maps to get new homomorphisms such that
each of them leaves the subspace invariant, and hence the average will also do the same
job.
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By Lemma 3.1, we know that, for ¢»( f)(0), the coefficients are
A1) =1, A0)=---=21,(0) =0.
Similarly, for ¢( f)(1), one has
A1) =2A2(1) =+ = Ap,—1(1) =0, A,(1) = 1.

Therefore, 4(0,7) = 0 and

g, t €[0,4],

h(l,t) =41, tels,1-4],

Lt re1-4.1]
If we can choose new #; such that /(0,¢;) = 0 and A(1,¢;) = 1, then the corresponding
homomorphisms will fit our purpose. Choose those j such that § < j/N; < 1—16;i.e,
6N1 < j < (1 —6)N;. Denote by N the number of such j; then N = |(1 —§)N;| —
[6N1] + 1.

We are going to show that the average of these N homomorphisms can approximate
the average of the original N; homomorphisms:

1 Ny [(1=8)N1]
A UCRDI B DI CC) ‘
Lj=1 Jj=[8N11
N, L(1=8)N1]
= ,'))—W Z f(h()’,[j))‘
J=[8N1]
[N161—1 Ny
= Z [ (h(y.17)) > f(hkap)
LN1(1—8)J+1
N [N1(1-8)]
+(1—W) ) f(h(y,tj))‘
J=[N18]
1
< (V18 sup 1 1l + (M8 + 1) sup [L£1] + (2N18 + 1) sup 1/1)
fEeF feF feF
<5§sup || f]| < .
feF

Note that the above estimation holds since

Ny =N =N — (A =8N —[8N11+ 1) = N1 — 1 — (| (1 = )Ny | — [8N17)
<N —1—[1=8Ny—1— (N, +1)] =28N; + 1.
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For those new j, let us define ¢; : C[0,1] — C[0, 1] by ¢; (f(»)) = f(h(y.t;)). Then,

L(A=8)N1]

'¢<f)(y)—ﬁ > %(HY)

J=[8N1]
' L(1=8)N1] ‘

=N -5 2 0.y

J=T8N11

D M) f(x) = w()()

i=1

<) =Y M) fex)| +

i=1

L(l 8)N1|

Zf W)=~ D S(hG.1)

J [8N1]

Ny
+ w(f)(y)—N%Zf(h(y,t,

- + + + - Ze u

4 4 4 4
Remark 3.3. From the proof above, one can see that, for any integer M; > Nj, there
are a corresponding integer M and M homomorphisms such that the average of these M
morphisms also meets the requirements.

Hence, under the assumption of Theorem 1.1, there is a sequence of positive integers

{L;}72, with a large enough lower bound, and there are L; corresponding morphisms for
each j, such that the average of these L; morphisms meets the requirements.

Consider the C*-algebras

= {f €C([0,1], M) | f(0) = diag(d ® ids,0 ® idy), f(1) = d ® idgs),
= {f € C([0,1], My) | £(0) = diag(e ® idg, 0 ® idg), £(1) = ¢ ® idgrs ),

where d and e are matrices of the appropriate sizes. Theorem 1.1 can be used to build up
*-homomorphisms between certain C *-algebras.

Corollary 3.4. With A a C*-algebra as above, for any ¢ > 0, and any finite subset F C
AffT A = CJ0, 1](q k), there is an integer N > 0 such that, for any C*-algebra B of the
form above, with generic fiber size N times the generic fiber size of A, and any unital
positive linear map & on C|0, 1] which preserves C [0, 1](q k), there is a x-homomorphism
¢ from A to B such that

|ECF) — AT ()] <&
forall f € F.

Proof. We take N as in Theorem 1.1 and the corresponding N continuous maps h(y, #1),
.. h(y,ty) on [0, 1]. By the constructions of the function h(y, t;), there are unitary
matrices Uy and U; such that, for each g € A,

Uo diag (g(h(0,11)).....g(h(0,15))) Uy = diag(e ® ids, 0 ® idk)
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and
U, diag (g(h(l, tl)), ey g(h(l,tN)))Ul* = e ®idgg,

for some matrix e. By choosing a continuous path of unitaries U(¢) connecting Uy and
U,, one can define ¢ : A — B as

$(g)(y) = U(y)diag (g o h(y,11).....g o h(y.tn))U*(p).

Keep in mind the correspondence f = (tr ® 8;)(g) (see [2, Proposition 2.1]), and, apply-
ing Theorem 1.1, one has that

|ECF) — AT o(f)] <&
forall f € F. |

Now, we consider the case involving different subspaces.

Lemma 3.5. Let y be a Borel probability measure on [0, 1]. Then, for any x € [0, 1] and
e > 0, there is a § > 0 such that 1(B°(x,8)) < & (where B%(x, 8) denotes the open ball
centered at x with radius §, but excluding the center x).

Proof. Let Dy = (B(x,1/k)\ B(x,1/(1 4+ k))) N[0, 1], where B(x, 1/k) refers to the
open ball centered at x with radius 1/k. Set S, = Y ;_, (D), then S, is increasing
and bounded above, so {S,} converges. Then, for any & > 0, there exists N > 0 such
that Y o v 4(Dg) < e. Hence, there exists § = 1/N such that u(B%(x, §)) < e, since
B%(x,8) = Ur=n Dk- [

Examples in Section 2 show that the measures induced by evaluations of a Markov
operator at 0 and 1 actually could involve as many points as you want, so we investigate
the behavior of induced measures with respect to a given partition of [0, 1] coming from
an approximation.

Lemma 3.6. Given a unital positive linear map ¢ from C[0, 1] to C[0, 1] which sends
C[0, 1]gx) to C[0, 1] k), denote by Lo and 11 the measures induced by evaluations of
¢ at 0 and 1. Let there be given a partition {X1, X2, ..., Xy} of [0, 1], where X; is a
connected Borel set (i.e., an interval) and 0 € X1, 1 € X,.

Then, one has the following distribution of |1y and 1 with respect to the partition:

b
,bLo(Xi)=—b+k/L1(X,-) i=2,....,n—1), (3.3)
a X X,) = 2 a X X 3.4
a—i—k’uO( 1) + o n)—m(a+kﬂl( 1) + pa( n))- (3.4)

Proof. The first relation is shown as follows. Choose a continuous function which is
almost supported on X; (i = 2,...,n — 1), and then apply ¢. Comparing the evaluations
at 0 and 1, one can get the relation.
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For fixedi = 2,...,n—1,seta; = sup{x : x € X;}, b; = inf{x : x € X;}. We only
spell it out in one case; a similar proof works for the other cases.

Let us focus on the case X; = [b;, a;]. For all £ > 0, by Lemma 3.5, there exists a
8 > 0 such that

po((bi —8,bi)) <&, pui((bi —8,bi)) <
and
po((ai.a; +8)) < e pni((@i.a;i +8)) <e.

We choose a function g; (x) as follows:

0, x € (b —6,a; + 0)¢,
hip 1, xebi—8.b),
gix)=4
=+ 1, xe€(aj,a;+98),
1, x € [b;,ai];
then
#(gi)(0) =/ gi duo ZMO(Xi)‘l'/ gi duo+/ gi duo
[0,1] (bi—6,b;) (ai,a;+8)
and
d(gi)(1) :/ gi duy =M1(Xi)+/ gi duq +/ gidur.
[0,1] (bi—8,b;) (ai,a;+6)
Let us take
€io =/ gi dpo +/ gi dpo
(bi—8,b;) (a;,a;+9)
and

&1 = / gidu +/ gidur;
(bi—8,b;) (aiai+38)

then g;9 < 2¢, 651 < 2¢ and

po(Xi) +eio _ b
/,L](Xi)+8i1 b+k

(since ¢(gi) € C[0, (px))-
Hence,

b
Xi) — —— i (Xo)| < 4e,
o (X;) b+k“1( )| < de

and since ¢ is arbitrary, one concludes that

b
X)=—— X;), i=2,....,.n—1.
Mo (Xi) b—i—k'ul( ), i n
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Next, we prove the second relation. We use similar ideas; i.e., we choose a function
which is almost supported on X; and X,,, apply ¢, and then compare the evaluations.

Fori = 1 and i = n, we know that 0 = inf{x : x € X1}, 1 = sup{x : x € X,;}, and
suppose that a; = sup{x : x € X1}, b, = inf{x : x € X,}. Consider the case X; = [0,a,],
Xn = [bn, 1]. For all £ > 0, by Lemma 3.5, there exists a § > 0 such that

1o((bn = 8.0n)) <& pi((by —8.bn)) <&

and
po((ar.ar +98)) <&, pi((ar.a1 +9)) <e.

We choose a function g(x) as follows:

ra x €[0,a4],
—qose) 4 2 x € @ +9),
gx)=40, x € lar + 68, b, — 6],
b 41, x € (by —8.by).
1, x € [bn, 1].
Then,
a
$(2)(0) =/ ¢ djto = 110(Xn) + —— pio(Xy) +/ gd,U«o-i-/ ¢ dyio
[0,1] a+k (a1,a1+5) (bu—8,bn)
and
a
¢>(g)<1)=/ gy = (Xa) + m(xl)+/ gdm +/ gdur.
[0,1] a+k (@1,a1+6) (bu—8.b2)
Let us take
80=[ gdﬂ0+f gdpo
(a1,a1+8) (bn—8,bn)
and
&1 =/ gdp +/ gdur.
(a1,a1+8) (bn—5.bn)
Then,
- 2a +k - 2a +k
£ ——s, & —e.
O™ u ¥k YT a Ttk
Moreover, one has
a
MO(Xn) + ar kﬂO(Xl) + &o B b
t -
1 (Xy) + n1(X1) + &1 b+k

a-+k
(since ¢(g) € C[0, 1](p,x))-
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Then,

1o (X1) + o (Xo) — bik( G () £ (X, )) <rs

+k

for some r, since ¢ is arbitrary, one has

b
kMo(Xl) + po(Xy,) = —(a j_

.y kMI(X1)+H1(Xn))-

Similar proofs go through in the other cases. ]

Corollary 3.7. With the same assumption as above, one has

b a+k

mo(X1) = Tk Ml(X1)+ b~|—k (3.5)
b

Ho(Xy,) = b—l—k“l( Xn) — b+k‘ (3.6)

Proof. By adding (3.3)overi = 2,...,n — 1 and (3.4), we have

n—1 a
Xi) +
;/‘LO( l) Cl+k

:Zb

=2

po(X1) + po(Xn)

b
n1(X l)+b+k( 2 Ml(Xl)-i-Ml(X ))

Then, we add uo(X1) + ﬁ,ul(X 1) to both sides of the equation above, and since
po([0,1]) = 1, 1 ([0, 1]) = 1, we get

b b b
/Lo( 1)+ ,Ml( 1) = m‘f‘ﬂo( 1)+m +kﬂ1( 1)

1+
a
Then, one can solve 1o(X1) to get (3.5). Equation (3.6) follows from (3.4) and (3.5). =
Remark 3.8. By (3.5), we have

a+k a+k
>

b
X
Ho(Xq) = Ml( 1)+b+k_b+k

and po(X1) < 1; thus b > a. In other words, if b < a, there is no unital positive linear
map on C [0, 1] which sends C[0, 1] k) to C[0, 1] k).

Lemma 3.9. Given puo(X;) and u1(X;) (i = 1,...,n) as above in Lemma 3.6, for any
n > 0, there exist rational numbers 0 <ry,...,1, <1and0 < s1,...,8, < 1 which add
up to 1, respectively, such that

0<|ri—po(X)|<n O=I|si =i (X)) <n, i=12,...,n
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Moreover, the relations among [Lo(X;) and 1(X;) hold for these r; and s;; i.e.,

b
i =—5 ((=2,....,n—1 .
rl b+kSl (l k] ’n )7 (37)
a + b ¢ + 3.8)
—_r rp=——|——s Sn |. .
atk b+k\a+k"

Proof. For all n > 0, take a rational approximation s, for 1 (X,) with0 <s, — 11 (X) <
n. Then, take rational approximations s; for wq(X;) with |1 (X;) —s;| <nforl <i <
n — 1, such that s; + -+ 4+ s,—1 = 1 — s,. Then, take corresponding r; = ﬁsi for
2<i<n-—1;thusr; (2<i <n—1)approximates jto(X;) based on the relation between
po(X;) and ey (X;) 2 <i < n—1). Set

b a

Cab b v

which is non-negative since s, > 1(X,) > a/b, and then r, approximates j1 (X, ) based
on (3.6). Set
rn=1=@2+-+rm-1)—rn

then based on (3.5) rq approximates (to(X1). Moreover, one can verify all of the data fit
in the requirement (3.8). ]

Corollary 3.10. For any positive integer N, any collection of N points {x; € (0,1) | 1 <
i < N}, and any integers k1, ky,, my, my, satisfying the relation (3.8), one has

N b N
k1 fO) + Dbl f () + b f(1) = (m1f<0) + 30 + 0l f (i) + mnfa))

i=1 i=1

forall f € C[0,1](4 k), where l1, ..., In are arbitrarily chosen positive integers.

Proof. Since f € CJ0, 1]y k), one has f(0) = ai z ./ (1). Then, the left-hand side of the

above equals (;5zk1 + kn) f(1) + ZIN=1 bl; f(x;). Hence, it coincides with the right-

hand side by the relation (3.8). [ ]

The rest of the paper will be devoted to the proof of Theorem 1.2; before we start, let
us make some explanations and comments.

Remark 3.11. (1) The basic strategy is the same as the proof of Theorem 1.1, which
consists of two essential issues. One is we define properly a continuous function %(y, t) :
[0, 1] x [0, 1] — [0, 1] which provides necessary eigenvalue maps later by specifying some
values of the second parameter ¢ at y = 0 and y = 1. The other one is we must specify
certain values of ¢ (as many as possible) to meet two requirements; namely, /(0, ;) and
h(1,t;) together must guarantee that the average of corresponding homomorphisms fits
the compatibility of subspaces, as well as the purpose of approximation.
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(2) However, due to different sub-homogeneity, evaluations of a Markov operator at
endpoints lead to a more refined measure distribution, which causes some technical com-
plexity when we try to realize the two issues above. To be precise, when we define i (y, )
on [0, 1] x [0, 1], we take a partition of second interval [0, 1] which comes from the natural
measure representation, but, in this case, at endpoints 0 and 1, the non-degenerate (o (X;)
and w1 (X;) are not equalized, which is very inconvenient for later analysis. We first make
some adjustments to equalize them somehow. The other trouble is to make right choices of
eigenvalue maps. We need to involve not only 0 and 1, but also the points x; from certain
approximation net. On one hand, to guarantee the compatibility of subspaces, we need to
choose those #; such that all chosen (0, ¢;) and A (1, ¢;) satisfy the corresponding relation
coming from the measure distribution. To achieve this, we have to drop some /(0, t) and
h(1,t) in corresponding proportion such that the remaining ones satisfy the required rela-
tion. But we cannot drop too much; otherwise it will violate the approximation purpose,
which is controlled by taking some small enough parameter 8.

(3) Those technical arrangements we did are not complicated; the thing is to spell out
full detail costs expressions, which might cover the idea. So we put some figures during
the proof to demonstrate the idea and convince people.

Now we proceed to prove Theorem 1.2 (which is of Thomsen type).
Proof of Theorem 1.2. We have divided the proof into four steps.

Step 1. The first step is exactly the same as the first step of the proof of Theorem 1.1.
To avoid redundancy, we skip this but still use the same notation there. In particular, take
those points x; € [0, 1] and functions A; on [0, 1] foralli = 1,...,n. Recall that we already
have

<eg/d, Vyel0,1], Vf eF.

n n
Y Ai(y)=1 and ‘aﬁ(f)(y) = > () f(xi)
i=1 i=1
Step II. In a similar way, we approximate the finite sum of point evaluations by a linear
map w on C|[0, 1], defined as the integral of the composition with some continuous func-
tion A(y, t) from [0, 1] x [0, 1] to [0, 1], and A(y, t) is formulated based on a partition of
the second [0, 1].

Recall in Step I that A;(0) = puo(X;) and A;(1) = pu1(X;), i = 1,...,n. By Lemma
3.6 and Corollary 3.7, we know

b a+k

M(O)_b+k)”(l)+—b+k’
b a

An(0) = —2, (1) — ——,

©) b+k M b+k

b
i(0) = ——A;(1 | =2,....,n—1,
A (0) b+k)tl( ), i , n
which imply that
A1(0) > A1(1), A:(0) <A; (1), i=2,...,n.
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X=1
Xn—1

X3

X2

X1

G0 Gi(0)—— G:(0)——G3(0) " Gy2(0)—— Gp1(0)—— G, (0) =1
A1(0) A2(0) A3(0) An—1(0) An (0)

Xn=1
Xn—1

X3

X2

X1

Gi(1) —— Gi() —— G())——G5(D) Gi2() —— G () ——G, () =1
AL () Aa (1) A3(1) Ap—1 (1) An(1)

Figure 1. Naive choice of 4(0,7) and (1, 1).

Later on, (0, ¢) and h(1,t) are built up as some piecewise linear functions. All pieces of
domain form a partition of the second [0, 1]. If we still use the naive partition of the second
[0, 1] as before, namely, the successive intervals of length A; (0) and A;(1),i = 1,...,n,
then we have the naive choice of (0, ¢) and i(1, ) as in Figure 1 above. Such a choice is
not good for later analysis, instead we would better have somehow equalized pieces for the
domain of /(0, ¢) and A (1, ¢). To achieve this, we make some technical adjustments such
that the real choice of /(0, ¢) and (1, ) looks like in Figure 2. Namely, in Figure 1, we
move the first interval of length A (1) to be the last one and equalize the other A;(0) and
A (1) by borrowing an additional piece from A1 (0) to A1 (1). So we take the corresponding
partition of [0, 1] after the equalization; see Figure 2.

For y € (0, 1), we try to do similar things for the domain of 4(y, t) and A(1,¢), but it
may happen that 1;(y) < A1(1) or A;(1) < A;(y) for some i. Then, we do equalizations
of piecewise domains whenever it is possible and necessary and do nothing otherwise.

So, we define

h(y) = 22(p).
l(y) = max {0, min {41 (y) — A1(1), A2(1) — A2()}}.

bi—3(y) =Ai(y), i=2,...,n,

bi—2(y) = max {0, min {41 (y) — A1 (1) = (y) — -+ — Li—a(¥). Li (1) = X, (»)}}.
i1=2,...,n,
2n—2
bn-1(y) = 1= (),
j=1

Ln(y) = 0.
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A2(1)

A3(1) An—1(1) An(1)

Figure 2. Real choice of 4(0, ¢) and h(1,?).

Note that we have

D bi() + () =1=) hLja(y) =1=) () =1

i=1 j=2 j=2

and we get what we expect for the piecewise domains of (0, ¢) and h(1,¢):

[1(0) = po(X2), L (1) = p1(X2),
12(0) = pu1(X2) — po(X2), (1) =0,

l2n—3(0) = po(Xn), lan—3(1) = p1(Xn),
lan—2(0) = p1(Xn) — po(Xn),  lan—2(1) =0,

l2p—1(0) = p1(X1), lan—1(1) = p1(X1),
l2n(0) = 0. L (1) = 0.

Next define Gy, ..., Gy, : [0,1] = [0, 1] by

J
Gi(y) =Y L(y). j=12...2n.
i=1

Then, for j = 2k, we have the consistency that

k+1

G;(0) = G;(1) = Y i (Xy).

i=2

(3.9)
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-
=
Q
L
<
\
&
)
-

Figure 3. Graph of /1 (y, t).

Let § > 0 be a rational number. For each y € [0, 1], the points {G; (y)};,i = 1,...,2n,
give rise to a partition of [0, 1]. Moreover, for each j, we define

Gj-1(y) + Gj (y)}
2

£(y) = min {GH(y) +5,

and

gj(y) = max {Gj(y) —8, Gj—l(y)2+ G;(y) }

To define i(y, t), we only need to define i(y,¢) oneach [0, 1] X [G;j—1(y), G; (»)]. Let
us denote by /1, (y, t) this restriction. For our purpose, we choose the following £; (y, t):

(=G
LG ), t € [Gioi(»). ()],
. (G —Gi_
hyj(v.1) = § min (z;, OGOV -y e [ £(3), g, (0],
4G t € g (.G,

wherez; =x;if j =2i =3( =2,...,n),z;=x1=0if j =2i (i =1,...,n—1),and
Zpn—1 = X1 = 0. The graph of /; (y, t) is shown in Figure 3 (depending on §). Moreover,
we can choose § being further small enough later such that the tent case does not appear
for h(0,¢) and h(1,1); i.e., they really enjoy the shape shown in Figure 2.

Then, h; (y, t) satisfies that, for any y € [0, 1],

It — 2]

8 9
and hj(y,t) : [0,1] x [Gj—1(¥), G;(y)] — [0, 1] is continuous. Then, h(y,¢) : [0, 1] x
[0,1] — [0, 1] is continuous and

|hj(v.11) = hj(y.02)| <

|h(y. 1) = h(y.12)| < "‘8;’2'

Define w : C[0, 1] — CJ0, 1] by
1

w(f)(y) = /0 F(h(y.0))dt,

where f € C[0,1], y € [0, 1].
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Then, for all f € F, due to calculations before (especially (3.9)), we have

n 2n
Do) —w(HO| = | DL fE) —w(f) ()

i=1 Jj=1
G;(y) 1
= Ndt — h(y,t))d
;/Gllyf(z,)t /O F(h(y.0)di
5" /G’m ) — £ (A 0)d
< Zi) — 1 t
_j= Gj—l()’) g
Ji (y) gi(») G;(»)
/ Fe)—f (h(y.0)di
1(y) i) g

< Z (25 sup .1 +0 +28 sup ||f||)

—1 feF

=8ndsup | fl <5
feF

The last inequality holds because of the choice of § to be made later.

Step I1I. We shall choose N; continuous maps /(y, t;) on [0, 1] by specifying N; values
of ¢ so that the corresponding average of homomorphisms approximates the map w above
on F.

Among all X;,7 = 2,...,n — 1 (keeping in mind that they are intervals), there might
be some ones degenerating, i.e., with po-measure zero. Let t be the number of all non-
degenerating ones. Denote them by X, , ..., X;_ . Then, these ones also enjoy 1 (X;) # 0
by (3.3).

For some counting convenience later, we approximate these o(X;) and wq(X;) by
rational numbers which still keep the relations among 1o (X;) and w1 (X;). By Lemma 3.9,
for the tolerance §/n, there exist rational numbers 0 < ry, 7, ..., i, 7y, < 1, and 0 <
S1,8iys.--,58i,,Sx < 1 such that

T
)
r1+E ri, +rm=1; Oflri—,uo(Xi)lfz(i=l,i1,...,if,n),
i=1

T
8
St+ Y s s =1 0= s —u(X)| < — =Lt den),
i=1

and
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Choose an integer N1 > 0 such that 1/Ny < §8¢ and N6, Nys;, Niri (i = 1,iq,...,iz,n)

are integers. Lett; = j/Ny €[0,1], j =1,2,..., Ny.
To save notation, rewrite Nys;, Nyr; still as s;, r; (i = 1,iy,...,i¢,n). Then,

T T
Zs,'l+sn+sl =Zril+rn+r1 =M

and
§ . . .
0 < |ri — po(Xi)Ni| 51\/1; (G =1,i1,...,ig,n), (3.10)
§ .
0<|si — 1 (Xi)Ny| < N (i = 1,i1,...,iz,n), (3.11)
fi b 1 (3.12)
_— = L= R .
si,  b+k’ e
and
= (s (3.13)
—r = .
+k 1 I'n b+k +k S1 n

Define ¢; : C[0, 1] = C[0, 1] by ¢; (/)(¥) = f(h(y.1;)). Then,
w(f)(y)=/ £ (h(r,0)dr = Z[ £ (h(y.0))d
and

Z/tj F(hy,0)) = f(h(y.t)))dt

j=1v%-1

Ny
w()() - Nil S 6 ()0)
j=1

forall f € F, where | f(h(y.t)) — f(h(y,t;))| < &/4, because |h(y,1) —h(y,t;)| < o
(note that |t — ;| < 1/Ny < 68p).

Step IV. We shall choose N new maps (as many as possible) from the N; maps above
to guarantee that the corresponding average of homomorphisms fits the compatibility of
subspaces, and also the new average of these N guys approximates the average of the
original Ny homomorphisms. We have to involve points other than 0 and 1. By Corollary
3.10, to fit compatibility of subspaces, we must choose such points in proportion as well
as keep the proportion between the numbers of 0 and 1 chosen for values of /(0, ¢) and
h(1,t). Recall the graph of 4(0,¢) and A(1,t) shown in Figure 2; roughly speaking, we
will not choose those j/ Ny whose function value lies in the slant part of the graph, instead
we choose as many as possible those j/ Ny whose function value lies in the horizontal part.
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Figure 5. Process of choosing/dropping /(0, ;) and h(1,¢;).

The crucial point is that we must keep corresponding relations for our choices. This
can be done if we drop a little bit more than the slant part, which is explained for one
piece of domain of 4(0, ¢) and /(1,¢) as in Figure 4. Namely, we drop those j/N; lying
in the two O parts and the A part simultaneously for 4(0, ¢) and A(1,¢) such that the
remaining j/N; satisfy the required proportion /(b + k), which by a simple calculation
amount to a certain proportion of [1 and A. Similarly corresponding operations can be
done for all pieces of domains of /#(0, ¢) and h(1, ). Finally, the slant parts are controlled
by the parameter §; i.e., if § is small enough, then the slant parts will be small, and so are
O and A. Hence, we can also meet the purpose of approximation. The global process of
choosing/dropping is shown in Figure 5. The idea is somehow straightforward, but the full
detail in the following might be tedious.
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Based on Step 111, define new integers

14
Si, =0, S,'yZZS,'l y=1...,t), Sp=3Si +sn
=1

and
Rilzri17 Ri},ZSiy_l"l'riy ('}/:1,...,7:), Rn:Sir+rn~
Then,
Y
0= Siy_[Z/il(Xit):|N1 §N18 ()/:1’,”’-[)’
=1
T
0<|S, — |:ZH1(XiL) + Ml(Xn):|N1 < N{6,
=1
y—1
0=|Ri, - |:Z/‘1(Xil) +/‘L0(Xiy):|N1 <N$S§ (y=1,...,1),
=1
and

T

R, — |:ZM1(X1'L) + Mo(Xn)]Nl
=1

To ensure the compatibility of subspaces, we drop some functions A(y, t;) for which

h(O,tj) 75 Xi, when j € (Sit—l’ RiL], h(l, lj) 75 Xi, when j € (Si¢—17 SiL] t=1,...,1),

h(0,t;) # 1 when j € (S;,, R,],and i(1,¢;) # 1 when j € (S;,, Su].

Assume that we throw out m;, functions /(0, t;) for j € (S;_,,R;] ¢t =1,...,7),
m,, functions £(0, t;) for j € (S;,, Ry], and m, functions 4(0, ¢;) for the remaining j;
z;, functions h(1,¢;) for j € (S;_,.S;,] ¢ =1,..., 1), z, functions h(l,¢;) for j €

(Si,, Sx], and z; functions h(1,t;) for j € (Sn, N1].
By Corollary 3.10, to achieve our goal, we need to throw out functions in proportion
so that the remaining ones could satisfy the relations (3.12) and (3.13). So we need to

require
m; b
= :1 - .]4
Z bk (t yees T), (3.14)
T b 4 i+ (3.15)
my = —\| —Z Z . .
at kT =\ g T

It might happen that o(X,) = 0 or po(X,) # 0; we exhibit our concrete choices in
both cases. We always choose the rational approximation s, > u1(X,) and s; < u1(X1),
which can be done by the proof of Lemma 3.9.

Case I: j19(X,) = 0. Of course, we take r, = 0 and s, = u1(X,) = a/b. Then, take
my, = 0. Let us assume

m;, = 46N 1D, zi, =4N1(b+k) (=1,...,7),
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m,,zO, Zn =1,

mp = 46N1kt +t, z;=0.

By (3.15), we know that

a
—— (46N 1k t) = t,
a+k( 1kt +1)

b+k

sot = W. Then, we take

mi, =46N1(b —a)b, z;, =45N1(b—a)(b+k) (=1,...,7),
m, =0, zy = 46Nrat(b + k),
my = 48N1(a + k)b, z; =0.

To ensure r;, > m;,, s;, > zi,t =1,...,t,and r1 > my, s, > z,, as well as the purpose
of approximation, we require that § satisfies

8n8(b + k)b sup || £ < .
feF 4

58b(b—a) < po(X;) (=12,...,7),
58(a + k)bt < uo(Xy1),
and
58(b + k)at < pu1(Xy).
By (3.10) and (3.11), we have

ri, > 48N1(b—a)b (1 =1,2,...,1),
r1 > 46Ny (a + k)b,
S, >45N1(b—a)(b+k) (t=1,2,...,1’),
and
Sp > 46N1(b + k)ar.

Consider the set A of integers j which belong to one of the following intervals:

S,’y_l +26N1(b—a)pb+1<j < R,'y —26Ni(b—a)b (y=1,...,1),
Ri, +2N1(b—a)k +1 =< j < 8;, =205N1(b—a)k (y =1,...,7),
Si. +20N1(b+k)at +1<j <8, —26N1(b + k)ar,
and
Sy +1=<j <N

Set D = {NL1 | j € A1} and N = | Dq|. Then, by the construction of i(y, t), point eval-
uations of 4 at the points in D have the following distributions:

h(O, lj) = h(l,lj) = Xi,,
if Si, , +20N1(b—a)b+1<j <R, —2N1(b—a)b (y=1,...,1),

iy—1
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h(0.t;) =0, h(l.tj;) = x;,,

if R, +20N1(b—a)k +1=<j <8, —25Ni(b—-a)k (y=1,..., 7),
h(0,t;) =0, h(l,t) =1,

it S;, +26N1(b+k)at+1=<j <8, —26N,(b + k)ar,
h(0,t;)) =0 =h(l,¢;),

ifS, +1<j<Nj.

Note that N = N;(1 — 487 (b + k)b) and that one has
1 g
5 2o PO =+ Z £ (1(0.14))
d=1

(Z(rh mi) f(xi) + (r1 — ml)f(0)>

z| - |

and

z

1 1 Y
~ 2 %a(NW) =5 3 f(h(110))

d=1 d=1

- %(Z(Sit —2zi) f(xi,) + (sn — zn) f(1) + Slf(O))_

=1

It follows from Corollary 3.10 that

N
> 9alh)0) = qud(f)(l)
d=1

b+kN

Next, we show that the average of these N homomorphisms approximates the average
of the original N; homomorphisms:

|—Zf h(y. 1) ——Zf h(y, w))‘

_l
N |-

N
;f(h@,tj)) a 451(b+k)bz (h(y, rd)‘

N
Z f(h(y,1a)) + ( m) Z (h(y.1a))
d¢D; =
< —(N145‘L'(b k)b sup || £ + Ni48t(b + k)b sup ||f||)

fEF feF

=85t(b+k)bsup || f|| < - (sincet <n—2).
feF
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Case II: po(X,) # 0. In this case, we throw out m, = 46N (b — a)b functions h (0, t;),
and let us assume

m;, = 46N1(b —a)b, zi, =4N1(b—a)(b+k) (=1,...,1),
my = 46N (b — a)b, zy = 45N (b —a)b +1t,
my = 45N kt(b —a) +t, z; =0.

By (3.11), we know that

a
a+k

sot = 43N (at(b + k) 4+ b(a + k)). Then, we take

b

m;, = 46N, (b — a)b, zi, =4N1(b—a)b+k) (=1,...,7),
m, = 48N1(b — a)b, z, = 48N1(at + b)(b + k),
my; = 48N1(a + k)(a + 1)b, z; =0.

Similarly, we require that § satisfies
88n(k +b)b sup | £ < 7.
feF 4

58(b —a)b < po(Xy) (=12,...,1),
58(b —a)b < po(Xn),
58(a + k)(b + bt) < po(X1),

and
58(b + k)(at + b) < p1(Xn).

By (3.10) and (3.11), we have

ri, > 48N1(b—a)b (1 =1,2,...,7),

rn > 48N1(b — a)b,

r1 > 48N1(a + k)(1 + ©)b,

si, > 4N (b—a)(b+k) (=1,2,...,1),

L

and
Sp > 46N1(b + k)(at + b).

Consider the set A, of integers j which belong to one of the following intervals:

Si,y +26N1(b—a)b +1 =< j < R;, —25N1(b—a)b (y=1,....7),
Ri, +28N1(b—a)k +1 < j <8;, =20N1(b—a)k (y =1,...,7),
Si, +25N1(b—a)b+1<j <R, —25N1(b—a)b,
R, + 26N (abt + akt + bk + ba) +1 < j < S, —28N(abt + akt + bk + ba),
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and
Sy +1=<j <N

Set D, = {NL1 | j € Az} and N = | D;|. Then, by the construction of 4(y, t), point eval-
uations of 4 at the points in D, have the following distributions:

h(0,1j) = h(1,1j) = xi,,
if S;, , +20N1(b—a)b+1=<j <Ry, —28Ni(b—a)b (y=1,...,1),
h(0.2) =0, h(1.4j) = xi,,
if Ry, +26N1(b—a)k +1=<j <8;, —28N1(b-—a)k (y=1,...,7),
h(0.t;) = h(1.t;) =1,
if S;, + 26N1(b—a)b+1<j <R, —25N(b—a)b,
h(0.t;)) =0, h(l,t;) =1,
if Ry + 28Ny (abt +akt+bk+ba)+1<j <S8, —25N(abt +akt + bk + ba),
h(0,1;) = 0 = h(l.1;),
ifSy +1=<j <N

Note that N = N;(1 —46(1 + 7)(k + b)b) and that one has
1 ¥ 1<
~ 2 $a()O0) = N(Z(m —mj) f(xi,) + (ra —ma) f(1) + (11 —ml)f<0))
d=1 =1

and

1 & 1<
2 ga( (D) = ( > (51, = 2i) £ 0xi) + (5 — 2a) (1) + slf(O)).
d=1 =1
It follows from Corollary 3.10 that

b
5 qud(f)( )= RN Z«pd(f)(l)

Next, we show that the average of these N homomorphisms approximates the average
of the original N; homomorphisms:

1 Ny 1 N
ﬁl; f(h(y.1))) = ﬁ; f(h(y.ta))

1
Ny

N1 1

N
2 S0 = T T T B I;f(h(y’td))‘

J=1

N

1
2 fh0y-ta) + (1_ 1—48(1+t)(k+b)b) 2 (hy.1a) ‘

d¢D, d=1
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1
= (M40 + D)k + )b sup 1+ Nad3(1 + 0k + )b sup 1/1)
Ny feF
=85(1+t)(k +b)bsup || f|| <- (sincer <n—2).

feF

In other words, no matter in which case, we can always find N functions A(y, t7),
d=1,...,N,asrequired.

Finally, let us define ¢4 : C[0,1] — C[0,1] by ¢4 (f(y))= f(h(y.tz)) (d=1,...,N).
Then,

N
|¢(f)(y) 3 Y s
d=1

N
= ‘qﬁ(f)(y) — % > f(h(y.ta))
d=1

D L) f ) —w(H)

i=1

<16 =D M) )|+

i=1

Ny
0= 3 )|+
j=1

1 Ny N
N2 0 1)= Z (h(y. ta)) ‘
j=1 d=1

<SS +-4-+-<e -

ENICY
ENIC
ENII
1 ®
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