J. Noncommut. Geom. 15 (2021), 1105-1128 ©2021 European Mathematical Society
DOI 10.4171/INCG/433 Published by EMS Press
This work is licensed under a CC BY 4.0 license

Rapid decay and polynomial growth
for bicrossed products

Pierre Fima and Hua Wang

Abstract. We study the rapid decay property and polynomial growth for duals of bicrossed products
coming from a matched pair of a discrete group and a compact group.

1. Introduction

In the breakthrough paper [4], Haagerup showed that the norm of the reduced C *-algebra
C}(Fy) of the free group on N-generators F can be controlled by the Sobolev /2-
norms associated to the word length function on . This is a striking phenomenon which
actually occurs in many more cases. Jolissaint recognized this phenomenon, called Rapid
Decay (or property (RD)), and studied it in a systematic way in [6]. Property (RD) has
now many applications. Let us mention the remarkable one concerning K -theory. Property
(RD) allowed Jolissaint [5] to show that the K-theory and C*(I") equal the K-theory of
subalgebras of rapidly decreasing functions on I' (Jolissaint did attribute this result to
Connes). This result was then used by V. Lafforgue in his approach to the Baum—Connes
conjecture via Banach KK -theory [8,9].

In this paper, we view discrete quantum groups as duals of compact quantum groups.
The theory of compact quantum groups has been developed by Woronowicz [12-14].
Property (RD) for discrete quantum groups has been introduced and studied by Vergnioux
[11]. Later, in [2], it has been refined in order to fit in the context of non-unimodular
discrete quantum groups.

In this paper, we study the permanence of property (RD) under the bicrossed product
construction. This construction was initiated by Kac [7] in the context of finite quantum
groups and was extensively studied later by many authors in different settings. The general
construction, for locally compact quantum groups, was developed by Vaes—Vainerman
[10]. The case of bicrossed products coming from a matched pair of classical locally
compact groups is discussed by Baaj—Skandalis—Vaes [ 1] in which they provide interesting
concrete examples of bicrossed products. In the context of compact quantum groups given
by matched pairs of classical groups, an easier approach, that we will follow, was given
by Fima—Mukherjee—Patri [3].
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Following [3], the bicrossed product construction associates to a compact quantum
group G, called the bicrossed product, to a matched pair (I', G) of a discrete group I' and
a compact group G (see Section 2.2). Given a length function / on the set of equivalence
classes Irr(G) of irreducible unitary representations of G, one can associate in a canonical
way, as explained in Proposition 4.2, a pair of length functions (Ir,/g) on I" and Irr(G),
respectively. Such a pair satisfies some compatibility relations and every pair of length
functions (Ir, lg) on (T, Irr(G)) satisfying those compatibility relations will be called
matched (see Definition 4.1). Any matched pair (Ir, [g) on (T, Irr(G)) allows one to
reconstruct a canonical length function on Irr(G). The main result of the present paper is
the following.

Theorem 1. Let (T, G) be a matched pair of a discrete group I" and a compact group G.
Denote by G the bicrossed product. The following are equivalent.

@))] G has property (RD).

(2) There exists a matched pair of length functions (Ir, lg) on (T, Irr(G)) such that
both (T, Ir) and (G, lg) have (RD).

For amenable discrete groups, property (RD) is equivalent to polynomial growth [6]
and the same occurs for discrete quantum groups [11]. Hence, for the compact classical
group G, one has that ((A}, /) has (RD) if and only if it has polynomial growth. Note that a
bicrossed product of a matched pair (I, G) is co-amenable if and only if I" is amenable [3].
The following theorem shows the permanence of polynomial growth under the bicrossed
product construction.

Theorem 2. Let (I, G) be a matched pair of a discrete group I and a compact group G.
Denote by G the bicrossed product. The following are equivalent.

H G has polynomial growth.

(2) There exists a matched pair of length functions (Ir, lg) on (U, Irr(G)) such that
both (T, It) and (G, lg) have polynomial growth.

The main ingredient to prove Theorems | and 2 is the classification of the irreducible
unitary representation of a bicrossed product and the fusion rules.

The paper is organized as follows. Section 2 is a preliminary section in which we
introduce our notations. In Section 3, we classify the irreducible unitary representations
of a bicrossed product and describe their fusion rules. Finally, in Section 5, we prove
Theorems 1 and 2.

2. Preliminaries

2.1. Notations

For a Hilbert space H, we denote by U(H) its unitary group and by B(H) the C*-
algebra of bounded linear operators on H. When H is finite dimensional, we denote by
Tr the unique trace on B(H) such that Tr(1) = dim(H). We use the same symbol ®
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for the tensor product of Hilbert spaces, the unitary representations of compact quantum
groups, and the minimal tensor product of C*-algebras. For a compact quantum group
G, we denote by Irr(G) the set of equivalence classes of irreducible unitary represen-
tations and by Rep(G) the class of finite dimensional unitary representations. We will
often denote by [u] the equivalence class of an irreducible unitary representation u. For
u € Rep(G), we denote by y(u) its character; i.e., viewing u € B(H) ® C(G) for some
finite dimensional Hilbert space H, one has y(u) := (Tr® id)(u) € C(G). We denote by
Pol(G) the unital C *-algebra obtained by taking the span of the coefficients of irreducible
unitary representation, by C,,(G) the enveloping C*-algebra of Pol(G), and by C(G)
the C*-algebra generated by the GNS construction of the Haar state on C,,(G). We also
denote by ¢ : C,,(G) — C the counit and we use the same symbol ¢ € Irr(G) to denote the
trivial representation and its class in Irr(G). In the entire paper, the word representation
means a unitary and finite dimensional representation.

2.2. Compact bicrossed products

In this section, we follow the approach and the notations of [3].

Let (I", G) be a pair of a countable discrete group I' and a second countable compact
group G with a left action @ : I' — Homeo(G) of I" on the compact space G by home-
omorphisms and a right action 8 : G — S(I") of G on the discrete space I', where S(T")
is the Polish group of bijections of I', with the topology being the one of pointwise con-
vergence, i.e., the smallest one for which the evaluation maps S(I') — I", o — o (y) are
continuous, for all y € T", where I' has the discrete topology. Here, « is a group homo-
morphism and B is an antihomomorphism. The pair (', G) is called a matched pair if
I' N G = {e}, with e being the common unit for both G and I', and if the actions « and j
satisfy the following matched pair relations:

ay(gh) = ay(g)ap, ) (h),
Be (Vi) = Baye)(V)Bg (), Vg heG, yuel. 2.1
ay(e) = Bgle) =e,

We also write y - g := Bg(y). From now on, we assume that (I', G) is matched. It is
shown in [3, Proposition 3.2] that 8 is automatically continuous. By continuity of 8 and
compactness of G, every f orbit is finite. Moreover, the sets G, s :={g € G :r-g = s}
are clopen (see [3, Section 2.1]). Let v,y = 1g,, € C(G) be the characteristic function
of G, . It is shown in [3, Section 2.1] that, for all S-orbits y - G € I'/G, the unitary
Vy-G 1= Dy seyG €rs ® Urs € B(I*(y - G)) ® C(G) is a unitary representation of G as
well as a magic unitary, where e, € B(I?(y - G)) are the canonical matrix units and the
Haar probability measure v on G is a-invariant.

It is shown in [3, Theorem 3.4] that there exists a unique compact quantum group G,
called the bicrossed product of the matched pair (I, G), such that C(G) = 'y, x C(G) is
the reduced C *-algebraic crossed product, generated by a copy of C(G) and the unitaries
uy,y el and A : C(G) — C(G) ® C(G) is the unique unital *x-homomorphism satisty-

ing Alc(c) = Ag (the comultiplication on C(G)) and A(uy) = . ). Uy Vyr ® Uy, for
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all y e I'. It is also shown that the Haar state on G is a trace and is given by the formula
h(uy F) =36, [ Fdv,forally e T and F € C(G).

3. Representation theory of bicrossed products

3.1. Classification of irreducible representations

In this section, we classify the irreducible representations of a bicrossed product. Let
(T, G) be a matched pair of a discrete countable group I' and a second countable compact
group G with actions «, f.

For y € I', we denote by G, := G,,,, the stabilizer of y for the action § : I' \» G.
Note that G, is an open (hence closed) subgroup of G, and hence of finite index: its index
is |y - G|. We view C(Gy) = v,,,C(G) C C(G) as a non-unital C*-subalgebra. Let us
denote by v the Haar probability measure on G and note that v(G,) = Iyl_Gl so that the
Haar probability measure v, on G, is given by v, (4) = |y - G|v(A) for all Borel subset
Aof Gy.

For y e I', we fix a section, still denoted by y, y : ¥ - G — G of the canonical surjection
G —y-G:gr> y-g. This means that y : y - G — G is an injective map such that
y-y(r) =r, forall r € y - G. We choose the section y such that y(y) = 1, forall y €
L. Forr,s € y - G, we denote by ¥ the v-preserving homeomorphism of G defined
by ¥7s(g) = y(r)gy(s)~L. It follows from our choices that ¥,,, = id, for all y € T.
Moreover, for all g € G, one has ¥} s(g) € G, if and only if g € G, ;. It follows that v/,
is an isomorphism and a homeomorphism from G, to G, intertwining the Haar probability
measures.

Let u : G, — U(H) be a unitary representation of G, and view u as a continuous
function G — B(H) which is zero outside Gy, i.e., a partial isometry in B8(H) ® C(G)
such that uu™* = u*u = idg ®v,,,. Define, for r, s € y - G, the partial isometry u, s :=u o
Uis = (g u(¥ls(g)) € B(H) ® C(G) and note that u} su,s = ursuy =idy ®1lg,,.
In the sequel, we view u, s € B(H) ® C(G) C B(H) ® C(G) and we define

y) = Y ers ® (1 @upvpitrs € B(1*(y - G)) ® B(H) ® C(G),
r,s€y-G

where we recall that e,, for r, s € y - G, are the matrix units associated to the canonical
orthonormal basis of [2(y - G).

The irreducible unitary representations of G are described as follows.
Theorem 3.1. The following hold.

(1) Forally € T and u € Rep(Gy), one has y(u) € Rep(G).

(2) The character of y(u) is x(y(u)) = Y_,c,.¢ Urvrr () 0 Y.

(3) Forally,n € ', u € Rep(Gy), and w € Rep(G,,), one has

dim (MorG (y(u), ,u(w))) = 8y.G6,.G dim (MorGV (u,wo wll/fy))'
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(4) Forall y € T and u € Rep(Gy), one has y(u) ~ y~'(u o a,-1) (which makes
sense since a,—1 . G,-1 — Gy is a group isomorphism and a homeomorphism).

(5) y(u) is irreducible if and only if u is irreducible. Moreover, for any irreducible
unitary representation u of G, there exists y € I' and an irreducible representation
v of Gy such that u >~ y(v).

Proof. (1) Writing y(u)=)", ; ers ® Vy.s, where V, s := (1@ u, v,5)ur s € B(H)RC(G),
it suffices to check that, forall r,s €y - G, one has (id®@A)(V;.5) =Ztey‘G(Vr,,)12(V,,s)13.
We first claim that, forall 7,5 € y - G, (d ®A) (ur,s) = D). (Ur,e)12(Ur,5)13. To check
our claim, first recall that, for all , s € y - G, one has ¥} s(g) € G, if and only if r - g = 5.
Letr,s €cy-Gandg,h € G.Fort =r-g €y -G, one has

urs(gh) = u(y(rgy@)~"y@)hy(s)™")

Urt(Quss(h) ifr-gh=s,
0 otherwise.

WLV ) = {

Since we also have u; s (h) = 0 whenever r - gh # s, we find, in both cases, that u, s(gh) =
ur;(g)us,s(h). Now, for ¢t # r - g we have u,(g) = 0, so the following formula holds for
anyr,s € y-Gandany g,h € G:

VUr,t (§)tr,s(8h) = ure (g)ur,s(h).
Hence, forall r,s,t € y - G, (1 ® vy ® 1)(id ®A) (Ur,s) = (Urs)12(Us,5)13. Using this,

we find

Y V(i =Y (1@ urve ® D(ur)12(1 ® 1@ usvg) (tr,0)13

tey-G t

= Z(l Q uUrvre ® UrVrs) (Ure)12(Ur,s)13
1

= (1 ® (Zurvrt ® uzvts))(id ®A)(ur,s).

Since vy, is a unitary representation of G and a magic unitary, we also have
Aurvrs) = E (Urvre @ Us) (Ve @ Vprg) = E UrVrs ® UpVss.
t,t t

This shows that y(u) is a representation of G. We now check that y(u) is unitary. As
before, since, for all 7, s € y - G, one has ¥} s(g) € Gy if and only if - g = 5 and because
u is a unitary representation of G,,, we have, forallr,t €y -G, (1® vrt)ur,,u:", =1Q® v.
Hence,

Z Vi V;; = Z(l ®ur)(l® Urt)ur,tu;:t(l ® vsr)(1 ® u:)
tey-G t

=46;(1® ur)(Z(l ® Urt)ur,tuj,t)(l ® M:)
t
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= 55(1® u,)(Z(l ® vrt))(l ® uy)
= 8r,s-

A similar computation shows that > ;¢ V. Vi,s = 0rs.
(2) The character of y(u) is given by

@) = Y (Tr@id)(Vyy)

rey-G

= ZM,U,«;«(TI"@id)(M,«J)
-

= Zurvrr)((u) ° 1Aﬂry,r
-

(3) Let y, u € I' and u, w be representations of G, and G, respectively. Since the
Haar measure on G is invariant under the action o and the homeomorphisms ¥, and
wﬁf r, we find, by the character formula in (2) and the crossed-product relations,

dim (Mor (y(u), t(w)))

= h(x(y ) x(n(w)")
= Z h(ursflas (Urrvss)((u) © Wry,r (X(w) © Wﬁfs)*))
rey-G,seu-G

= ]/G/,LG Z /ar VUrr X(u) 1»[/rr)()((w) I;//rr))
rey-G

—SVGMG Z[ (”) 1prr)( (w) 1prr)
rey-G

=Sy Y / 1) 0 (W)™ (1) 0 Yt o (W) o (W) Y) d
rey-G

Now, note that ¥/ o (¥7,) "1 o () ™' = Ad(h), where h = ju(r)y (r) "' su(y) ™. More-
over, |4 - h = | since

pwep@yE) tum T =y v =y opnn) T =

Hence, h € G,. Since the characters of finite dimensional unitary representations of a
group A are central functions, i.e., invariant under Ad(A) for all A € A, we have y(w) o

Yl o (W)~ o (lty) ™1 = 1(@) 0 Ad(h) = (). Hence,
dim (Mor (7). p(w))) = 8606 Y / $(0) o (Ylt,) ™ 4 () dv

rey-G

= 8y6.06 f $(w) o ()~ 4 () v,

"
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= 8,.6.u-6 dim (Morg,, (1o (¥1,) ™", w))
= byoua [ a002 o vy dv,

Y
= 8y.G.u-G dim (Morg, (u, w o Y1!.)).

(4) Note that, by the bicrossed product relations, we have, for all y € I" and g € G,
(y-&) ' =y7' a,(g). Hence, v,-1,-1 o, = vy, and (y - G)~! =y~ - G. In particu-
lar, oy : Gy — Gyfl is a homeomorphism and, by the bicrossed product relations, one has,
forallg € G, and h € G, a, (gh) = ay (g)aty.g (h) = ay (g)ay (h) so thatay : G, — G-
is also a group homomorphism.

Forr € y-G,onehas y™ ' -y, (y(r)) = (y - y(r))" ' =r~t = y~1.y~1(+71). This
implies that, forall y € I', there existsamap 1, : y - G — G,-1 such that, forallr € y - G,
one has a, (y(r)) = 0, (N)y ™' (r™).

Letnow r € y - G and g € G,. One has, using the bicrossed product relations, that
e =a;(y(r)y(r™") = ay(y(r)e,(y(r)™"), and hence

(o o Y7 )(g) = ay (y(r))ar () (y(r)7")
oy (Y1) (8) oy (1))~
=y (W7 o) (©)(my (1)

Hence, forall y € I', if w € Rep(G,,-1), since y(w) € C(Gy-1) is central we have

-1
x(w)oay oyl (g) = y(w)oy), oa(g) forallrey-G, geG,.

Since, as we have seen above, y~! - G = (y - G)~! and because y(u o oy,-1) =

x (@) o -1, we find, by the character formula in (2),

1,— . -1
X(V l(u ° ayfl)) = Z Up1Vp—1,-1 X (U) © Oy-10 w:—l’r—l :
rey-G

It then follows from the crossed-product relations and the discussion above that

1 ,— _ -1
X(y l(u © ay—l)) = Z ur—lvr—lr—IX(u) O Qy-10 1[/3/—1,,—1

rey-G
-1
= Z (x@) o o1 0 W;’—l,r—l o Olr)(vrflrfl oy )Up—1
rey-G
= Z x@)o I;/fry,rvrru: = Z ()((M) ° W’,rvrr)*uf
rey-G rey-G
= 1(va)”.

(5) From the statement on irreducibility following from (3), it suffices, by the general
theory, to show that the linear span X of coefficients of representations of the form y(u),
y € I' and u being an irreducible unitary representation of G, is a dense subset of C(G).
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Note that, for all y € T, the relation 1 = Zrey.G vy implies that any function in C(G) is
a sum of continuous functions with supportin G, :={g€G:y-g=r},forr ecy-G.
Moreover, since Gy, = (¥5.,)1(Gy), any continuous function on G with support in
Gy, is of the form F o v, ., where F € C(G,). Since the linear span of coefficients of
irreducible unitary representation of G, is dense in C(G,), it suffices to show that, for any
y € I, for any irreducible unitary representation of G, u : G, — U(H ), any coefficient
ui; € C(Gy) = vy, C(G) C C(G) satisfies u,u;; € X. But this is obvious since one has

- R . - .
UyUij = UyVyyUi,j = UyVyyUjj OV, = Y(W)y,yij € X. u

Finally, the fusion rules are described as follows.

Lety,u e andletu : G, — U(Hy), v : G, — U(H,) be unitary representations
of G, and G, respectively. For any r € (y - G)(u - G), we define the r-twisted tensor
product of u and v: ¥ ® v, as a unitary representation of G, on K, ® H, ® H,, where

r

K, :=Span({e; ®e;:s€y-Gandt € -G suchthatst =r}) CI*(y-G) @ *(u-G).
For g € G, we define

U ®v)(g) = D ey ® e ® vew (s (@) Vi (Qu (WY (e (9))) ® v (YL, (2))

s,s'€y-G
t,t'en-G
st=r=s't’

€ WK, ® Hy ® Hy).

Theorem 3.2. The following hold.

(1) Forally,p e, allr € (y-G)(u-G), and all u, v finite dimensional unitary rep-
resentations of Gy, G, respectively, the element u ® v is a unitary representation
r

of G;.
(2) The character of u @ w is
r

e (%v) B Z (vss 0 @)y (x () o Y 0 o) (x(v) 0 Yrry).
s€y-G, 1ewG, st=r

(3) Forallyy,y2,y3 € I and all u, v, w unitary representations of G, Gy,, and G,,
respectively, the number dim(Morg (y1 (1), y2(v) ® y3(w))) is equal to

1

| Gl Z dim (MorGr (uo 1/[%‘,, vV ® w))

YU ey160026)(0rs-6) . '
fyi-GN(y2-G)yz-G) #0,

0 otherwise.

Let us observe that, by the bicrossed product relations, we have, for all y1, v»,y3 € T,

71-GN(2-G)y3-G)#0S y1-G C(y2-G)(y3-G).
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Proof. (1)Putw =u ® vandlet g,h € G,. Then, w(gh) is equal to
r

Z ess' Qerp gy (Olt (gh)) v (gh)u (W;/,S/ (al (gh))) v (W,’ft/ (gh)) .

s,s'€y-G, t,t'eu-G, st=s't'=r

Since vy (g) # 0 precisely when ¢ - g =y, the factor

vss' (e (gh))ver (gh)u (V] o (e (gh))) ® v(V1, (gh))

is equal to

Z Usx (at(g))vxs/ (at g(h))vty (g)vyl (h)u(l//s x(at(g))) ( x s (at g(h)))

xey-G,yeu-G

® v(Vr,y (2)v(Vy., ()
= Z Vsx (at(g))vxs’ (O{y (h))vty (g)vyt’(h)u(l//sy,x (Ott (g)))u( x,s' (O‘y (h)))

xey-G,yeu-G

® v(Viy (&) v (¥, ().

Moreover, since, for all g € G, and all s, ¢ such that st = r, one has, whenever¢-g =y
and s - a;(g) = x,that xy = (s - a;(2))(t - g) = (st) - g = r - g = r. It follows that the
only non-zero terms in the last sum are for x € y - G and y € u - G such that xy = r. By
the properties of the matrix units, we see immediately that w(gh) = w(g)w (k). To end the
proof of (1), it suffices to check that w(1) = 1, which is clear, and that w(g)* = w(g™!)
forall g € G,. Solet g € G,. One has

w(g)* = Z ess' @ e @ Vg s(at (g))vt t(g)u(( (a,/(g))) )

s,s'€y-G,t,t'eu-G, st=r=s't’ .
(Y, (9) )

Note that, for all ,# € T" and all g € G, one has vy(g) = vss(g™1). Also, using the
bicrossed product relations, one finds that o, (g) ™! = .o (¢g™1) forallr e 'and g € G.
In particular, vy (cs(g)) Vs (g) = vsg (et (g7 1))V (g7 1) and, when ¢’ - g = ¢, one has
Y (@)™ = 9] (@ (g")). It follows immediately that w(g)* = w(g™").

(2) Is a direct computation.

(3) One has dim(Morg (y1(u), y2(v) ® y3(w))) = h(x(y1()* x(r2(v)) x(y3(w)))
which is equal to

> h(x i) 0 Yl ivprufusvss X (V) 0 Y22 ve x () 0 Y13

rey1-G, sey»-G, teys-G

= 3 i sggt1g 1 () 0 b0 et (v (0) 0 Y23 ver () 0 Y5

r,s,t

- L [X(u) Vi vrre (vss X (W) 0 Y5 vee x (w) o Yy dv

rey;-G sey,-G, teys-G, st=r
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1
-y L / X @) 0 Y2 1(v ® w) dv,
|r-G| G, r

rey1-GN(y2-G)(y3-G)

1
= Gl Z dim (Morg, (u o Y}L. v @ w)).
M e 6n026)056) ’

Note that, whenever y; - G N ((y2 - G)(y3 - G)) = @, there are no non-zero terms in
the sum above. ]

3.2. The induced representation

In this section, we explain how the induced representation may be viewed as a particular
twisted tensor product.

Fory eI'andu : G, — U(H) is a unitary representation of G,,, we define the induced
representation

Indf(“) = EG, le u:G — u(lz(y -G) ® H); g = Z ers ® Urs(g)u(w;,s(g))~
rsey-G

It follows from Theorem 3.2 that Indf (u) is indeed a unitary representation of G. We
collect some elementary and well-known facts about this representation in the following
proposition. Note that, in property (3), we use the symbol Resgy (u) for u € Rep(G) to
denote the restriction of u to a representation of G,,. Hence, property (3) motivates the
name induced representation for the representation Ind? (u).

Proposition 3.3. The following hold.
(1) Forally € T and all u € Rep(Gy), one has

2(dS ) () = > v (@x (¥}, (g)) forallgeG.

rey-G

(2) Forally e T"and all u,v € Rep(Gy), one hasu ~ v — Indf(u) ~ Ind?(v).

(3) Forally €', u € Rep(G), and v € Rep(G,,), one has dim(Morg (u,Indg ) =
dim(Morg, (Resgy (u),v)).

Proof. (1) Itis obvious, by definition of Ind¥ ().

(2) If u >~ v, then y(u) = y(v). Hence, )((Indg (w)) = )((Indg (v)) by (1). It follows
that Indf (u) ~ Indf (v).

(3)Lety € I', u € Rep(G), and v € Rep(G). One has

dim (Morg (u, Indf(v))) = Z / 1 @) vy x(v) oY) dv
G

rey-G

1
~ ly-G| 2

rey-G

/ 1@ (W) 0 Y2, dvy.
G,
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Since ¥, : G, — Gy is a Haar probability preserving a homeomorphism, we obtain

dim (Morg (u,Indf(v))) |Z/ x@) o (Y)) " x(v) dvy.

rey-G

Finally, since, for all g € G, () o (),) 1 (g) = x(u)(g) (because y(u) is a central
function on (), it follows that

dim (Morg (u, IndG(v) G| Z/ 1@ x(v)dv,

rey-G
= dim (MorGy (ResGy (u),v)). n

4. Length functions

Recall that, given a compact quantum group H, a function [ : Irr(H) — [0, 00) is called
a length function on Irr(H) if [([¢]) = 0, [(X) = [(x), that [(x) < I(y) + [(z) whenever
X C y ® z. A length function on a discrete group A is a function / : A — [0, 00) such that
I(1)=0,I(r) =1(r"Y),and [(rs) < I(r) + I(s) forall 7, s € A.

Let (T, G) be a matched pair with a bicrossed product G. In view of the description
of the irreducible representations of G, the fusion rules, and the contragredient repre-
sentation, it is clear that, to get a length function on Irr(G), we need a family of maps
Iy, 1 Irr(Gy) — [0, +o0, for y e I, satisfying the hypothesis of the following definition.

Definition 4.1. Let (T, G) be a matched pair and let [ : Irr(G) — [0, +oo[and [ : T —
[0, +o00[ be length functions. The pair (I, /r) is matched if, for all y € T, there exists a
function /,, : Irr(G,,) — [0, +o0[ such that

M h=1andly(e6,) = Ir(y):
(i) foranyy € I',r € y-G,and x € Irr(G,), we have I, (x) = I, ([u* o ¥}, ]);
(iii) forany y € I and x € Irr(G,), we have I, (x) = [,-1([u* o a,-1]);
(iv) for any y1,y2,y3 € I', x € Irr(Gy,), ¥ € Irr(Gy,), and z € Irr(Gy,), if y3 €
(y1-G)(y2-G) and
dimMorg, (u” o )5, u* ®, u’) #0 4.1

for some r € y3 - G, then

Lyy(2) < Ly (%) + 1y, (). 4.2)

The next proposition shows that our notion of a matched pair for length functions is
the good one, as expected.

Proposition 4.2. Let (I, G) be a matched pair with a bicrossed product G.
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(1) Ifl is alength function on Irr(G), then the maps I : Irr(G) = Irr(G1) — [0, +00],
x = I([1(x)]), and Iy : T — [0, +00[, y = I([y(eg,)]) are length functions and
the pair (It, lg) is matched.

(2) Iflr is any B-invariant length function on T, then the map I’ : Trr(G) +— [0, +00],
[y@™)] + Ir(y) is a well-defined length function on Irr(G).

3) Iflr.lg)isa matched pair of length functions on (I, Irr(G)), then lr is B-invari-
ant and the maps [, I: Irr(G) — [0, +oof, I([y(w™))]) := [, (x), and l([y(ux)]) =
ly(x) + Ir (y) are well-defined length functions.

Proof. (1) Since 1(gg) is the trivial representation of G, one has Ir(1) = 0. Lety,u € T
and note that yu € (y - G)(u - G). Moreover,

dim (Mor(eg,, . €6, }(/23 £G,)) = / x(ec, )(/8) £6,) dvg,,
Y

= |yn- G| / (vss 0 s) Vs dV
Gyu

sey-G,teu- G St=yu

= lyn- G| > v(@1(Gs) N G N Gyy)
sey-G,ten-G,st=yu

U(Olufl(Gy) NG, N GW).

Hence, since a,-1(Gy) N G, N Gy, is open and non-empty (it contains 1), we deduce
that
dim (Mor(eg,, . ¢, ® €6,)) > 0.
Yie

So, €G,, C €6, ® &g, and, by the fusion rules of G in Theorem 3.2,
yi
(rw)(ea,,) C y(eg,) ® nleg,).

Hence, since / is a length function,

Ir(yw) = ([yu(ee,)]) < ([y(ec,)]) + [([n(e6,)]) = Ir(y) + Ip ().

Finally, note that, by point (4) of Theorem 3.1, forall y € I, one has y ! (esc;y,1 )~ y(eg).
Hence,

r(™Y =1y, )]) = ([rEo)]) = U[r(ea)]) = Ir ().

So, It is a length function on I'. It is obvious that /g is a length function on Irr(G). Let
us prove that the pair (Ir, /g) is matched. Indeed, defining [, : Irr(G,) — [0, +-o0[ by
I, (x) = I([y(u*)]), point (i) of Definition 4.1 is clear while point (ii) follows from point
(3) of Theorem 3.1, since it implies [y (u*)] = [r(u™ o ¥y, )], and thus

L) =I([y@)]) = 1([r@* oy )]) = L([w* o yy,]).



Rapid decay and polynomial growth for bicrossed products 1117

Next, by point (4) of Theorem 3.1, we have [y (u*)] = [y~!(u¥) o a,-1]. Thus,

1) = 1[@n]) = 1y~ @ oa™]) = b ([ oo ),
which proves point (ii) of Definition 4.1. Finally, for point (iv), the fusion rules in Theorem
3.2 imply

dim Mor (y3(uz), y1(u®) ® Vz(uy))

1
=G >~ dimMorg, (u” o Y13 u* @, u”). (4.3)

reys-G

If dim Morg, (u? o ¥)3, u* ®, u”) # 0 for some r € y3 - G, then (4.3) is also non-zero,
which means by irreducibility of y3(u?) that [y3(u?)] C [y1 (4*)] ® [y2(u”)]. Hence, since
[ is a length function on Irr(G),

lyy(2) = ([ys?)]) < H([y1@™]) + L([r2)]) = Ly, (x) + 1, (¥).

(2) Since [r is B-invariant, the map [’ is well defined by Theorem 3.1. It is clear that
I’(eg) = 0 and, by point (4) (and (5)) of Theorem 3.1 and since !’ is a length function,
we also have that /’(z) = I’(Z) for all z € Irr(G). Let now y1, y2, y3 € T, x € Irr(Gy,),
y € Irr(Gy,), and z € Irr(Gy,) be such that y; (u*) C y2(u”) ® y3(u?). Then, by point
(3) in Theorem 3.2, there existr € 1 - G, s € y» - G,and ¢ € y3 - G such that r = st (and
u* o l/fﬁl’}. C u? ® u?). Then,

r

U'([yi@]) = ir(y1) = Ir(r) <Ir(s) +Ir (1)
= Ip(y2) + Ir(y3) = I'([y2”)]) + ' ([y3(?)]).

(3) Let (I1, lg) be a matched pair of length functions. By points (i) and (ii) of Defini-
tion 4.1, we have, forally € T'and all r € y - G, Ir(y) = [y (e6,) = Iy ([eg, © vl =
l;(¢g,) = Ir(r). Hence, I is B-invariant. By assertion (2) we just proved above, we get
a length function !’ on Irr(G). Now, it is clear from Definition 4.1, the fusion rules, and
the adjoint representation of a bicrossed product (point (3) of Theorem 3.2 and point (4)
of Theorem 3.1) that / : [y(u™)] — [, (x) is a length function on Irr(G). Since I=1+1,
Tisalsoa length function on Irr(G). |

5. Rapid decay and polynomial growth

In this section, we study property (RD) and polynomial growth for (the dual of) bicrossed
products.

5.1. Generalities

We use the notion of property (RD) developed by Vergnioux in [11] (see also [2]) and
recall the definition below. Since we are only dealing with Kac algebras, we recall the
definition of the Fourier transform and rapid decay only for Kac algebras.
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Let H be a compact quantum group. We use the notation / oo(H’-]\I) =, clre(E) B(Hy)

to denote the /*° direct sum. The ¢ direct sum is denoted by co(H) - / °°(H) and the
algebraic direct sum is denoted by c, (H) C co (H) An element a € ¢, (H) is said to have
finite support and its finite support is denoted by Supp(a) := {x € Irr(H) : ap, # 0}, where
Px, for x € Irr(H), denotes the central minimal projection of / °°(I/P\]I) corresponding to the
block B(Hy).

For a compact quantum group H which is always supposed to be of Kac type and
aeC, (ﬁ), we define its Fourier transform as

Fula) = Y dim(x)(Try ®id)(u*(apx ® 1)) € Pol(H)
x €lrr(1H)

and its “Sobolev 0-norm” by ||a ”]%11 0= erln(H) dim(x) Try ((a*a) px).

Given a length function / : Irr(H) — [0, 00), consider the element L= xetn(m) [ (X) Px
which is affiliated to co(H). Let g,, denote the spectral projections of L associated to the
interval [n,n + 1).

The pair (H, /) is said to have
e polynomial growth if there exists a polynomial P € R[X] such that for every k € N

one has

> dim(x)* < P(k);
xelrr(H), k<l(x)<k+1
e property (RD) if there exists a polynomial P € R[X] such that for every k € N and
a € gice(H) we have || 7 (a)llcay < P(k)llallm,o-

Finally, H is said to have polynomial growth (resp. property (RD)) if there exists a length
function / on Irr(IH) such that (ﬁ, !) has polynomial growth (resp. property (RD)).

It is known from [11] that if (ﬁ, [) has polynomial growth, then (ﬁl, [) has a rapid
decay and the converse also holds when we assume H to be co-amenable. Moreover, it
is also shown in [11] that duals of compact connected real Lie groups have polynomial
growth. The fact that polynomial growth implies (RD) can easily be deduced from the
following lemma.

Lemma 5.1. Let H be a CQOG, F C Irr(H) a finite subset, and a € loo(ﬁ) withap, =0,

forall x ¢ F. Then,
|Fr@] <2 | dim(x)2|allmo.
x€F

Proof. One can copy the proof of Proposition 4.2, assertion (a), in [2] or the proof of
Proposition 4.4, assertion (ii), in [11]. [

5.2. Technicalities

Let (T', G) be a matched pair with actions («, ) and denote by G the bicrossed product.
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Recall that Irr(G) = Uy ez Irr(G,, ), where I C I' is a complete set of representatives for
I'/G.Fory € I and x € Irr(G, ), we denote by y(x) the corresponding element in Irr(G).
If a complete set of representatives of Irr(G, ), x € Irr(G,) is given by u* € B(Hy) ®
C(Gy ), then a representative for y(x) is given by

W= 3" ey ® (1@ urvr)u® o Yrs € B(I*(y - G)) ® C(G).

r,sey-G

The following lemma gives a way of obtaining an element @ € ¢, (6) from an a €
¢c(G,) in a suitable way so that they are compatible with the Fourier transforms.

Lemma5.2. Lety € Tanda € ¢, (6y). Define d € c, (@) by

dim(Morg (y.Ind$ (x)))

~ dim(x)
“= Z dim(y) Z (Siy)*(e)’y ® apx)Siy,
x€supp(a), yCIndy (x) i=1

where Sl-y € Mor(y, Indf (x)) is a basis of isometries with pairwise orthogonal images.
The following hold.

(1) If (Ir, 1) is a matched pair of length functions on (I, Irr(G)), then, for all y €
supp(@), one has

[(y) < max ({ly(x) 1X € supp(a)}) + Ir(y),

where (l,)yer is any family of maps realizing the compatibility relations of
Definition 4.1.

2) 3'va (a) = UVV?G(a)-
3) lldllc,o < llallg,,o-

Proof. (1) Since any y € supp(a) is such that y C IndG (x) =¢¢ 1 ® x for some x €
supp(a), it follows that any y € supp(a) satisfies

[(y) =1i(y) < ly-1(eg,-) + 1, () = Ir(y™) + 1, (x) = Ip(y) + 1,(x)

for some x € supp(a).
(2) One has

Vyy F6 (@) = vyy Y dim(y)(Tr, ®id)(u’@py ® 1)

y
dim(Mor(y,Ind¢ (x)))
= Uyy Z Z dim(x)(Tr, ®id)(uy((Sl.y)*(eyy®apx)Sl,y)®1)
xe&supp(a), yCIndff (x) i=1

= vyy Y dim(x)(Tr, ®id) (((S7)* ®1) Ind§ () (ey, ®apx ® 1)(S} ®1))

X,¥,1
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=vyy Y dim(x)(Tr2(.6)@ 1, ®id)(IndS (¥)(e,y ® apx ® 1)(S7(S))* @ 1))

X,V,1

=vyy Y dimx)(Tr2g.6)em, ®id)(IndS (%) (e,y ® apx ® 1))
xesupp(a)

=vyy Y dim(x)(Tr, @ id) (¥ apy ® 1) = Fg, (a).,
x€supp(a)

where, in the 3rd equation, we use the fact that (Siy )* € Mor(Ind? (x), y) and, in the last

equation, we use the definition of the representation Indf (u*).
(3) One has

1al|g o =) dim(y) Tr,@*a@p,)
y

dim(Mor(y,Ind$ (x))) ' dim(x)2
= Z Z dim(y) dim(y)?
xesupp(a), yCIndf,; (x) i,j=1
x Try ((Siy)*(eyy ® a*px)Siy(S]y)*(eyy & apx)S]y)
dim(x)

= Z dim(x)(m) Try ((S7)*(eyy ® a* px)S; (S])*(eyy ® apx)S;]).
X,Y,1

Since, for all y,i, S} (S;})* is a projection, one has S}’ (S?)* < 1. Hence,
Try ((Siy)*(eyy ® a*px)S7(S])*(eyy ® apx)Siy) <Try ((Siy)*(eyy ® a*apx)Siy).
Moreover, by Proposition 3.3, one has y C Indf (x) if and only if
dim (MorGy (Resgy ), x)) = dim (MorG (y, Ind)(,; (x))) # 0.

Since x is irreducible, we find that y C Indf (x) & x C Resgy (»)- In particular, for any
y C Indf,; (x), one has dim(x) < dim(y). Hence,

la@llE o < > dim(x) Try ((S7)*(eyy ® a*apx)S;)
X,Y,i
= Y dim(x) 2.6y m, (€yy ® a*apx(S])*S])

X, p,0

Y ) Trgaren e ®a%and
xesupp(a)
= Z dim(x)Trx(a*apx)=||a||%},,,0' "

x€supp(a)

Lemma 5.3. Let (Ir, 1) be a matched pair of length functions on (I, Irr(G)). If(a, l) has
polynomial growth, then there exist C > 0 and N € N such that
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o |F(@)| < Clk+ 1DV |al|goforallac cc(a) with supp(a) C {x € Irr(G) : [(x) <
k+1};

e |y-G|dim(x) < C(r(y) +1,(x) + DN forally € T, x € Irr(G,);

o forally € T, Y cin,),1, (0 <kt1 dim(x)> < C?(k +Ir(y) + 1>V,

Proof. Let P € R[X] be such that 3, 1.6, k<i(x)<k+1 dim(x)? < P(k) forallk € N

and let C; > 0 and N; € N be such that P(k) < C;(k + 1) for all k € N. By Lemma
5.1, one has, for all a € c.(G), with supp(a) C {x € Irr(G) : k <l(x) <k + 1},

|76 (@) < 2vP®)llalco < vCitk + 1) 7 lallg.o.

Now, suppose that supp(a) C {x € Irr(G) : I(x) < k 4+ 1} so thata € chc(?;), where
k
Gk = Xj=0 Pj a0d pj =} cin(G), k<l(x)<k+1- One has

k k
|Fe@] =" | Fetapn| <Y VCi( + D llalico
j=0

j=0
< VCilk + 1) alg . 5.
Now, let y € I" and x € Irr(G,, ). By Proposition 3.3, one has
|y - G| dim(x) = dim (Indf (x)) = Z dim (MorG (y, Ind)(,; (x))) dim(y)
yelr(G)
= Z dim (Morg, (Resgy (). x)) dim(y).

yelrr(G), yCnd§ (x)

Note that dim(Morg, (Resgy (¥),x)) < dim(y) for all x, y. Moreover, since Indg (x) ~
€6, ® x and the pair (I, /) is matched, one has
1

{y €m(G), y CIndj/ (1)} € {y € Im(G) : 1(y) < Ir(y) + Ly ()}
Hence,
ly - Gl dim(x) =< > dim(y)?
yelr(G), [(y)<Ir (y)+1, (x)+1
Ir()+1y (%)

= ) > dim(y)?

j=0  yemr(G),j=<l(y)<j+1

Ir(Y)+1y (x) Ir(¥)+1y (x)
< Y PG )Y G+v™
j=0 j=0

< Ci(Ir() + L) + )M

It follows from (5.1) and (5.2) that C := Max(C1y, +/C1) and N := N; + 1 do the job.

(5.2)
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Let us show the last point. Fix y € I" and let F C Irr(G,,) be a finite subset. Define
pr € cc(Gy) by pr =) .cr Px and note that ¥, (pr) = D, dim(x) y(x) and
||a||sz,0 = Y .er dim(x)%. Suppose that F C {x € Irr(Gy) : [, (x) < k + 1}. Using

Lemma 5.2 and the first part of the proof, we find, since pr € ¢, (@) with supp(pF) C
{x elrr(G) : I(x) <Ip(y) + k + 1},

2
Y dim(x) ()| = |Fa, (pr)|) = v Fe PR < |Fa (7P|’

X€F

IA

N, —
C2(k +ir() + 1M 157115,

N
C2k+ir() + 1) Iprl3, 0
C2(k + Ir(y) + 1)*" Y dim(x)2.

xXeF

IA

It follows that

( Z dim(x) ) ( Z dlm(X)x(X)(l))

xeF xeF

> aim(o|

xeF

Cc(G)

C(k +Ir(y) +1)° Z dim(x)2.

xX€F

Hence, for all non-empty finite subsets F C {x € Irr(G,) : [, (x) < k + 1}, one has
Y ep dim(x)? < C2(k + Ir(y) + 1)2VN . The last assertion follows. |

5.3. Polynomial growth for bicrossed product
We start with the following result.

Theorem 5.4, Suppose that (Ig, It) is a matched pair of length functions on I, G). If
both (T, Ir) and (G lg) have polynomial growth, then ((G ) ) has polynomial growth.

Proof. Let I C I" be a complete set of representatives for I'/G so that Irr(G) =
Uyes Irr(Gy). Let k > 1 and define

Fi={z €t(G) : I(z) <k} C Uyer, Tyx,

where Iy :={y e :ir(y) <k + 1} N1 and Ty := {x € Irr(G,) : [, (x) < k + 1}.
Since (T, Ir) has polynomial growth, there exists a polynomial P; such that, for all k € N,
|Ix| < P1(k). Moreover, since (6 ) has polynomial growth, we can apply Lemma 5.3 to
get C > 0and N € N such that, forall k € N and all y € I, one has erTy,k dim(x)? <

C2(2k +2)*M and |y - G| = |y - G|dim(eg) < C(2k + 3)". Hence, forall k > 1,
Y dim(z)? = > |y-GP > dim(x)* < C?(2k +2*V ) |y -G

zeFy yely xGTy’k yel
< C*(2k +2)?N 2k + 3)*N | I |
<C*2k +2*N 2k +3)*Y Pi(k). =
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To complete the proof of Theorem 2, we need the following proposition.

Proposition 5.5. Assume that there exists a length function [ on Irr(G) such that (@, [)
has polynomial growth and consider the matched pair of length functions (Ir, lg) associ-
ated to | given in Proposition 4.2. Then, (I, Ir) and (G, lg) both have polynomial growth.

Proof. Assume that (@, [) has polynomial growth. Since the map Irr(G) — Irr(G),
x > 1(x) is injective, dimension preserving, and length preserving (by definition of /g),
it is clear that (6, lg) has polynomial growth. Let us show that (I, /r) also has poly-
nomial growth. Let P be a polynomial witnessing (RD) for (@ [) and k € N. Define
Fp:={yeTl :k <lpr(y) <k +1}.Onehas, forall k € N,

| Fi| = > 1< > ly-GI?

k<i(ly(ec)D<k+1 k<I(ly(eg)D<k+1

- 3 dim ([y(s6)])” < 3> dim(z)> < P(k). m

k<l([y(eg)D)<k+1 zelmr(G), k<l(z)<k+1

5.4. Rapid decay for bicrossed product

Recall that [ (G) = ®D,. GeT/G @xeln(Gy) B(I*(y - G) ® Hy). Let us denote by py(x)
the central projection of / °°(G) corresponding to the block B(/%(y - G) ® H,) and define,
for y - G € T'/ G, the central projection

Z py(x) € 100(@)

x€lrr(Gy)

Note that pyl“(@) = @xem(G ) B(*(y-G)® Hy) ~ B(I*(y - G)) ® L(G,), where
L(Gy) = @xem(G y B(Hy) is the group von-Neumann algebra of G, (which is also
the multiplier C *-algebra of C}(Gy) = EBx eI (G,) !ﬁ (Hy)). Using this identification, we
define , : co(G) — B3y - G)) ® C}(Gy) C co(G) to be the x-homomorphism given
by my(a) =apy,foralla € co(G) We also write, fora € co(G) my(a) = Zr,sey Gérs ®
nr,s (a), where we recall that (e,s) are the matrix units associated to the canonical or-
thonormal basis (e;)rey.g of [2(y - G) and 7} : co(@) — C(Gy) is the completely
bounded map defined by 71/ := (we, ¢, ® id) 0 71 and we, ¢, € BU*(y - G)), We, e, (T) =
(Tes,er).
We start with the following result.

Theorem 5.6. Let (It, lg) be a matched pair of length functions on (F Irr(G)). Suppose
that (G lg) has polynomial growth and (T, Ir) has (RD). Then, (G l) has (RD).

Proof. Leta € c.(G) and write a = D_yes 2oxeT, APy(x)» Where S C I and T, C Irr(Gy)
are finite subsets.

Claim. The following hold.
(H ?G(a) = ZyeS |)’ ' G|(Zr,sey~G urvrs‘rf’va (ﬂzr(a)) ° 1pry,s)
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@ llalg = Yyes IV GUEssey Ints@], o).

Proof of the claim. (1) A direct computation gives

Fel@ = Y |y Gldmx)(Trap.gem, ®id)(yu )ap, ® 1)
y€eS, xeT),

>y Gldim(x) Y upvp(Try ®id) (u® o Y2 7wl (@) px ® 1)

y€eS, xeT), r,sey-G

Z ly - G| Z urvrs?gy(nsy’,(a)) oyl

yeS r,s€y-G

(2) Since 7y is a *-homomorphism, we have 7}s(a*a) = 3 ,c,.q 7/, (@)* 77 4(a).
Hence,

lalgo= > |y Gldimx) > (Tr,®id)(7},()* 7} (a))

y€eS, xeTy r,sey-G
2
=2 Ir-Gl 3 |7@lg, o .
yeS r,sey-G

Let us now prove the theorem. Let b = Y o/ 3", yicyg UtVe Fy 0 Y], € C(G),
where F,, € C(G,) and S’ C [ is a finite subset. For all » € I', we denote by y, the
unique element in / such that y, - G = r - G. We may re-order the sums and write

Fela) =) 1s(r)|r- GI( > urvns T, (2l (a)) o ry,’s)

rel’ ser-G

and

b= Zut1S’-G([)( Z Vi Fy, 0 wty,;’)'

tel t'et-G

Also, lallg o = Xrer Lsc (NI - Gl(Xyerg 1775 @I, o) Then, [Fe(@)bll3,, is
equal to

D urlsc(r)ls.gt)
ritel
2
X |r- G|( Z vrs o Fa,, (ns”,’r(a)) oY) o vy Fy, o wz;/)

ser-G,t'et-G

2,hg

-T

xel

Y lse(M)lsn(0)

ritel’
rt=x

x |r- G|( Z vrs o Fa,, (n}”’r(a)) o W’,'s ooV Fy, o wt’:’t/)

ser-G,t'et-G

2

2
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= Z Z ls.g(r)1s.c(t)

xell " ritel
rt=x
x|r - G|( Z Urs OOlthGy, (ﬂsyfr(a)) Oat)( Z Vi Fy, o, ,f)
ser-G t'et-G
sZ(Zuammm
X ritel
rt=x
S |rG| Z UrSOOl[?’Gyr( (a)) Oat Z Utt’F)/t °1//t 1! )
ser-G t'et-G
=z(z@wm
X ritel’
rt=x
2
<|r-Gl| Y vrsFa,, (nl5(a)) 0 ) (15, c®| Y viwFy 0yl ))
ser-G t'et-G
=y * ¢||122(r)7

where || - |2 and || - ||co denote, respectively, the L2-norm and the supremum norm on
C(G),and ¢, ¢ : I' — R are finitely supported functions defined by
Z vrsff’var (”A}/fr (Cl)) o

V(r):=lsg(r)|r-G|

’

ser-G o0
$(t) == 1s.6(O)| D virFy 0yl
t'et-G
Note that ||¢||122(1“) = ||b||§,hG. Moreover, one has, since ¥, : Gr5 — G, is a homeo-
morphism,
2
W lm =Y 1seMr-GP| > vsFa, (nl7(@) o
rel ser-G R
<D 1scOr-GP Y |vrsFs, (71h(@) 0
rel ser-G
- \ 2
= lsclr-GP? Y | %6, (22 (@) lew,)
rel’ ser-G
Fork € N, let
Pr = > Py €1%(G),
yel,xelr(Gy):k<l(y(x))<k+1
G o~
p = > px €1°(Gy)

xEIrr(Gy):ksle (x)<k+1
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and suppose from now on that a € pyc, (@) Hence, we musthave S C{y € " : Ir(y) <
k+1}and, forally € S, 7, C {x € Irr(G,,) le(x) <k +1}. Hence forall y € S and
allr,s € y - G, one has 7/ (a) € chc(G),) where qk = Zf o pl

Since (G lg) has polynomial growth, there exist C > 0 and N € N satisfying the
properties of Lemma 5.3. In particular, one has, forally € T, |y - G| < C(2Ir(y) + DY
Moreover, since S C {g € I" : Ir(g) <k + 1} and I is B-invariant, it follows that S - G C
{geTl:ir(g) <k+1}. By Lemma 5.2 (and Lemma 5.3), we deduce that

V120 = Y 1s.cr -G Y vy, Fo (225 @) |

rel’ ser-G

< 1selr-GP Y | Fo (2l @)

rel’ ser-G

=Y 1s6Or-GP Y. C(k+1r) + 1) |22 @]g

rel’ ser-G

< C?(2k +2)2N21S~G(”)|r'G|3 Z |2, (a)”Gy 0

rel ser-G

<C*2k +)*™N Y 156G Y |al(a )”Gy,

rel ser-G

= C*(2k +3)*"|alg .
Since (I", Ir) has (RD), let C, > 0 and N, € N such that, for all k € N, for all function
& on I" supported on {g € I" : Ir(g) < k + 1}, we have
1§ % nlli2qry < Catk + DM€l Inll2ry-
Note that v is supportedon S - G and S - G C {g € I" : Ir(g) < k + 1}. Hence, it follows
from the preceding computations that
2
| Fe @b} . < IV *plihgy < C2tk+ DM [l 19l
< C*2k + 3N CF(k + 1?2 allg o513 4,
2
= (P(K)lallg ol1Dll2,ng) "
where P(X)=C2C2(2X +3)?" (X +1)2. This concludes the proof of Theorem 5.6. m
To complete the proof of Theorem 1, we need the following proposition.

Proposition 5.7. Assume that there exists a length function | on Irr(G) such that (@, l)
has (RD) and consider the matched pair of length functions (Ir, lg) associated to | given
in Proposition 4.2. Then, (T, Ir) has (RD) and (G, lg) has polynomial growth.

Proof. Suppose that (@ ) has (RD). The fact that (6, lg) has (RD) follows from the
general theory (since C(G) C C(G) intertwines the comultiplication and the associated
injection Irr(G) — Irr(G), actually given by (x — 1(x)), preserves the length func-
tions). Let us show that (T, /) has (RD). Let k € N and £ : I' — C be a finitely sup-
ported function with support in {y € I : k < Ip(y) < k + 1}. Define ?e cc(@) by
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§ = yer |y._1G|(Zrey~G £(r)err) py(1), where we recall e, € B(I*(y - G)) forr,s €y - G
are the matrix units associated to the canonical orthonormal basis. Then,

Fe@) =) > E0)(Trage @id) @D, @ D) =>" > Erurv,

yel rey-G yel rey-G

and also

2
1812 0 = Z|y~G|Trzz<y.c>( 2 ||ff’();||2e,,)

yel rey-G
=2 : > |§(r)|252 > lem)|® = 1£12.
ly - Gl
vel v rey-G yel rey-G

Sinceg is supportedin {y € I : k <lIp(y) < k + 1} and It is B-invariant, it follows that
supp(§) C{z € Irr(G) : k <I(z) <k + 1}. Hence, denoting by P a polynomial witnessing
(RD) for (G, 1), we have

DO EMurvy,

yel rey-G

< P()[§]l2-

Denote by W the unital *-homomorphism W : C(G) =T x C(G) — C(I") such that
VY(uy,F)=A,F(1) forall y € T and F € C(G). Since ¥ has norm one, denoting by
A(§) € Cx(I') the convolution operator by &, we have

eI =3 Y eon| = Hw(z ) s<r)u,vrr)H
yel rey-G yel rey-G
<133 emuve | < PO
yel rey-G
This concludes the proof. ]

Funding. Research of the first author supported in part by the ANR project ANCG
(No. ANR-19-CE40-0002), ANR project AODynG (No. ANR-19-CE40-0008), and Indo-
French Centre for the Promotion of Advanced Research — CEFIPRA. Research of the
second author supported by the ANR project ANCG (No. ANR-19-CE40-0002).

References

[1] S. Baaj, G. Skandalis, and S. Vaes, Non-semi-regular quantum groups coming from number
theory. Comm. Math. Phys. 235 (2003), no. 1, 139-167 Zbl 1029.46113 MR 1969723

[2] J. Bhowmick, C. Voigt, and J. Zacharias, Compact quantum metric spaces from quantum
groups of rapid decay. J. Noncommut. Geom. 9 (2015), no. 4, 1175-1200 Zbl 1351.46070
MR 3448333


https://zbmath.org/?q=an:1029.46113&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1969723
https://zbmath.org/?q=an:1351.46070&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3448333

P. Fima and H. Wang 1128

[3] P. Fima, K. Mukherjee, and I. Patri, On compact bicrossed products. J. Noncommut. Geom. 11
(2017), no. 4, 1521-1591 Zbl 1410.46054 MR 3743231
[4] U. Haagerup, An example of a nonnuclear C *-algebra, which has the metric approximation
property. Invent. Math. 50 (1978/79), no. 3, 279-293 MR 520930
[5] P. Jolissaint, K-theory of reduced C *-algebras and rapidly decreasing functions on groups.
K-Theory 2 (1989), no. 6, 723735 Zbl 0692.46062 MR 1010979
[6] P. Jolissaint, Rapidly decreasing functions in reduced C *-algebras of groups. Trans. Amer.
Math. Soc. 317 (1990), no. 1, 167-196 Zbl 0711.46054 MR 943303
[7]1 G.I. Kac, Extensions of groups to ring groups. Math. USSR-Sb. 5 (1968), 451-474
Zbl 0205.03301
[8] V. Lafforgue, A proof of property (RD) for cocompact lattices of SL(3, R) and SL(3, C). J.
Lie Theory 10 (2000), no. 2, 255-267 Zbl 0981.46046 MR 1774859
[9] V. Lafforgue, K-théorie bivariante pour les algebres de Banach et conjecture de Baum-Connes.
Invent. Math. 149 (2002), no. 1, 1-95 Zbl 1084.19003 MR 1914617
[10] S. Vaes and L. Vainerman, Extensions of locally compact quantum groups and the bicrossed
product construction. Adv. Math. 175 (2003), no. 1, 1-101 Zbl 1034.46068 MR 1970242
[11] R. Vergnioux, The property of rapid decay for discrete quantum groups. J. Operator Theory
57 (2007), no. 2, 303-324 Zbl 1120.58004 MR 2329000
[12] S. L. Woronowicz, Compact matrix pseudogroups. Comm. Math. Phys. 111 (1987), no. 4,
613-665 Zbl 0627.58034 MR 901157
[13] S. L. Woronowicz, Tannaka-Krein duality for compact matrix pseudogroups. Twisted SU(N)
groups. Invent. Math. 93 (1988), no. 1, 35-76 Zbl 0664.58044 MR 943923
[14] S. L. Woronowicz, Compact quantum groups. In Symétries quantiques (Les Houches, 1995),
pp. 845-884, North-Holland, Amsterdam, 1998 Zbl 0997.46045 MR 1616348

Received 12 September 2019.

Pierre Fima
Université de Paris and Sorbonne Université, CNRS, IMJ-PRG, 75013 Paris, France;
pierre.fima@imj-prg.fr

Hua Wang
Université de Paris and Sorbonne Université, CNRS, IMJ-PRG, 75013 Paris, France;
hua.wang @imj-prg.fr


https://zbmath.org/?q=an:1410.46054&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3743231
https://mathscinet.ams.org/mathscinet-getitem?mr=520930
https://zbmath.org/?q=an:0692.46062&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1010979
https://zbmath.org/?q=an:0711.46054&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=943303
https://zbmath.org/?q=an:0205.03301&format=complete
https://zbmath.org/?q=an:0981.46046&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1774859
https://zbmath.org/?q=an:1084.19003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1914617
https://zbmath.org/?q=an:1034.46068&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1970242
https://zbmath.org/?q=an:1120.58004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2329000
https://zbmath.org/?q=an:0627.58034&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=901157
https://zbmath.org/?q=an:0664.58044&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=943923
https://zbmath.org/?q=an:0997.46045&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1616348
mailto:pierre.fima@imj-prg.fr
mailto:hua.wang@imj-prg.fr

	1. Introduction
	2. Preliminaries
	2.1. Notations
	2.2. Compact bicrossed products

	3. Representation theory of bicrossed products
	3.1. Classification of irreducible representations
	3.2. The induced representation

	4. Length functions
	5. Rapid decay and polynomial growth
	5.1. Generalities
	5.2. Technicalities
	5.3. Polynomial growth for bicrossed product
	5.4. Rapid decay for bicrossed product

	References

