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Strict quantization of coadjoint orbits
Philipp Schmitt

Abstract. For every sem1s1mple coadjoint orbit O ofa complex connected semisimple Lie group G,
we obtain a family of G-invariant products %3 on the space of holomorphic functions on O. For
every semisimple coadjoint orbit O of a real connected semisimple Lie group G, we obtain a family
of G-invariant products *j on a space () of certain analytic functions on @ by restriction. #4(0),
endowed with one of the products %3, is a G-Fréchet algebra, and the formal expansion of the
products around /i = 0 determines a formal deformation quantization of @, which is of Wick type
if G is compact. Our construction relies on an explicit computation of the canonical element of
the Shapovalov pairing between generalized Verma modules and complex analytic results on the
extension of holomorphic functions.
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1. Introduction

The quantization problem in physics asks how to associate a quantum system to a classical
mechanical system such that the classical system can be recovered from the quantum sys-
tem in a classical limit. Since both systems can be studied by their observable algebras, a
first step is to quantize the classical observable algebra. This algebra is usually the Poisson
algebra ¥’°>°(M) of smooth functions on a Poisson manifold M. The observable algebra
of a quantum mechanical system is some non-commutative *-algebra #, which in many
cases is obtained from a C *-algebra. In a second step, the states of the quantum mechani-
cal system can be obtained as normalized positive linear functionals on +. To define their
superposition, one has to represent 4 on a (pre-)Hilbert space so that the superposition of
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two vector states can be defined as the vector state corresponding to the sum of the two
vectors.

Formal deformation quantization, as introduced in [2], has proven to be a fruitful
theory for studying some aspects of the quantization problem. One views Planck’s con-
stant A as a formal parameter # and tries to find the so-called formal star products *
on A = €°(M)[h], which may be thought of as the infinite jet of a full solution to
the quantization problem at # = 0. These star products are associative C[[#A]]-bilinear
products for which 1 € ¥°°(M) is a unit and which satisfy the correct classical limit.
To be more precise, if f,g € €°(M) and f » g = > 7o h"C,(f, g) with operators
Cr:E®(M) x €°(M) — €°>°(M), then one requires Cy to be the pointwise multipli-
cation, Cy( f, g) = fg. and the quantization to be in the direction of the Poisson bracket,
Ci(f,g) —Ci(g, f) = i{f, g}. Usually one also requires the C, to be bidifferential oper-
ators so that « is local and can be restricted to open subsets of M. Using formal power
series means on the one hand that we cannot substitute  with the real value of Planck’s
constant as required for direct physical applications, but on the other hand that we can
transfer the quantization problem to algebra by neglecting analytic aspects, such as con-
vergence of the power series. Consequently, many powerful tools become available for its
study, and existence and classification results were obtained in [5, 13, 17,33] for symplec-
tic manifolds, whereas in the more general case of Poisson manifolds they follow from
Kontsevich’s formality theorem [27]. One can also study formal star products that are
equivariant with respect to the action of a Lie group, where the classification follows for
example from [14].

A complete solution of the quantization problem consists of a Hilbert space H together
with a quantization map that associates a quantum observable, usually a self-adjoint opera-
tor on H, to any classical observable. This motivates the definition of a strict quantization
[29,31,32,37], which is some field of “nice” *-algebras Ay (over C) depending “nicely”
on a parameter # ranging over some subset of C, with 4¢ being a completion of the
classical observable algebra and the deformation being in the direction of the Poisson
bracket. However, strict quantizations are much harder to understand than formal deforma-
tion quantizations. There are many examples of strict quantizations in different contexts,
and therefore there are several ways to formalize the above definition, i.e., specifying the
parameter set and what “nice” actually means. No general existence results are known,
and a classification seems completely hopeless due to the increased complexity.

There are two prominent constructions of strict quantizations. The first is due to Rieffel
[37] who, using oscillatory integrals, deforms the product on a Fréchet algebra endowed
with an isometric action of R?. If the original algebra is a C *-algebra, then Rieffel con-
structs a C *-algebraic quantization. A generalization to negatively curved Kihlerian Lie
groups can be found in [6]. The second construction, due to Natsume, Nest, and Peter
[32], essentially glues convergent versions of the Weyl product on charts to obtain a C*-
algebraic quantization. However, both methods work only for some symplectic manifolds
and fail for example for the 2-sphere with its SO(3)-invariant symplectic structure [38].
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They also make a crucial use of the finite dimensionality of the classical mechanical sys-
tem, so it remains unclear how to apply them to quantum field theories, despite such field
theories fitting into the framework of formal deformation quantization.

Another approach to strict quantization was proposed by Beiser and Waldmann in [3,
4,40]. They start with formal deformation quantizations, which are well understood, and
try to find subalgebras on which the formal power series converge. Such subalgebras are
usually defined using additional geometric structures and can be completed with respect
to a topology in which the product is continuous. This approach was carried out explicitly
for star products of exponential type on possibly infinite-dimensional vector spaces [39],
for the linear Poisson structure on the dual of a Lie algebra [16], and for the hyperbolic
disc D” using an invariant star product obtained via phase space reduction [28]. See also
[41] for a survey. In this paper, we extend this approach to semisimple coadjoint orbits
of connected semisimple Lie groups, which gives a much larger class of geometrically
interesting examples.

Coadjoint orbits play an important role in different areas of mathematics. In the rep-
resentation theory of unitary Lie groups they appear, e.g., in the Kirillov orbit method
[26], while in symplectic geometry they are related to momentum maps. Basic examples
of coadjoint orbits are hyperbolic discs and complex projective spaces, including the 2-
sphere. Any coadjoint orbit O of a Lie group G has a canonical G-invariant symplectic
form, and if @ is semisimple and G is compact, connected, and semisimple, then there is
a unique compatible G-invariant complex structure that makes ¢ a Kédhler manifold.

Constructions of star products on coadjoint orbits are due to many authors [1,8-10, 18,
24,25,36]. In this article, we focus on semisimple coadjoint orbits of connected semisim-
ple Lie groups and the algebraic construction of Alekseev—Lachowska [1]. The canonical
element F) of the Shapovalov pairing between certain generalized Verma modules satis-
fies an associativity equation generalizing that of a Drinfel’d twist. This twist induces a
formal product for holomorphic functions on a complex orbit and a formal star product
for smooth functions on a real orbit, and those products are compatible by restriction. It is
very convenient that we can pass from one setting to the other: we will mainly work in the
complex setting, which is more convenient for obtaining continuity estimates, and restrict
to the real setting only in the very end.

Our first result uses methods developed by Ostapenko [35] to obtain an explicit for-
mula for the canonical element of the Shapovalov pairing for a semisimple Lie algebra g.

Main Theorem 1. The Shapovalov pairing (-, - )7 U @hH x % @) — C is non-
degenerate if A € A, and in this case its canonical element Fy € % (i1) @ % (™) is

given by
Fi= ) pylew) ' 7 (Xu) ® 7y (Yu). (1.1)

weW

The notation is explained in detail in Section 3. For now, it suffices to mention that the
Shapovalov pairing is a pairing between the universal enveloping algebras of two nilpotent
Lie subalgebras @i+ of g, depending on a parameter A € g*. The sum is over a set of words
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W related to the root system of g, the p}’ () are non-zero coefficients which are defined
by an explicit formula, X, and Yy, are elements of % g, and z"fit maps these elements to
% (7). The element Fj,, which induces the star product, is obtained by rescaling A, and
doing so the coefficients p/] /h (o) ™! will depend rationally on 7, with a countable set of
poles P that accumulate only at 0. It seems as if explicit formulas for deformation quan-
tizations received special attention by various authors, and (1.1) provides such a formula
that works in great generality.

As mentioned above, the formal expansion of Fj induces formal products in complex
and real settings. Furthermore, we also obtain a family of actual (non-formal) products
for holomorphic polynomial functions in the complex setting and for polynomial func-
tions in the real setting, parametrized by C \ P, since only finitely many elements of the
infinite sum defining F} are non-zero on polynomials. All these products are G-invariant,
and under some conditions on the Cartan subalgebra used in the construction they are also
Hermitian, meaning that f %z g = g *3 f_ . In the real setting and for a compact semisim-
ple connected Lie group G, the formal star product is of Wick type [23] with respect to
the Kiahler complex structure on the coadjoint orbit, meaning that it derives the first argu-
ment only in holomorphic directions and the second argument only in antiholomorphic
directions.

The next major step after constructing the star product is to use the explicit formulas to
prove its continuity in the complex setting with respect to the topology of locally uniform
convergence. This topology is locally convex and we can extend the product to a con-
tinuous product on the completion of the holomorphic polynomials. Using methods from
analytic geometry, we identify this completion with the space of holomorphic functions.

Main Theorem Il. For any semisimple coadjoint orbit O of a connected semisimple
complex Lie group G, there is a family of products %3: Hol(@) X Hol(@) — Hol(@) for
h € C\ P, where every product %3 is G-invariant and continuous with respect to the
topology of locally uniform convergence. The dependence of %3 on h is holomorphic.

This result is certainly interesting in its own right. However, as mentioned above, we
can also restrict it to real coadjoint orbits @ C ©. Denote by #4(0O) the class of functions
on @ that extend to holomorphic functions on o (if a function extends, its extension
is unique), which contains the polynomials. We define the topology of extended locally
uniform convergence on A(() by saying that a sequence of functions in A(Q) converges
if the corresponding sequence of extensions converges locally uniformly so that A(O) is
homeomorphic to Hol(@).

Main Theorem III. For any semisimple coadjoint orbit O of a connected semisimple
real Lie group G, there is a family of products *3: A(Q) x A(Q) — A(O) for h €
C \ P, where every product 3 is G-invariant and continuous with respect to the topol-
ogy of extended locally uniform convergence. The dependence of *3 on h is holomorphic.
The formal expansion of x3 around 0 is a formal star product deforming the G-invariant
symplectic form of O.
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For the hyperbolic disc, the quantum algebra (A(D"), x3) agrees with the algebra
obtained in [28] while, for the 2-sphere, (A(S?), *3 ) is the algebra considered in [15].

Since we constructed a quantization of the holomorphic functions on a complex coad-
joint orbit and the restriction Hol(@) — A(O) is an isomorphism, the quantizations of
different real orbits with the same complexification are related.

Main Theorem IV. If O and O’ are coadjoint orbits of real semisimple connected Lie
groups with the same complexification and through one common semisimple element, then
the algebras (A(Q), *3) and (A(O'), *}) are isomorphic.

This isomorphism generalizes the classical Wick rotation, which can be interpreted
as an isomorphism between the polynomial algebras Pol(CP") and Pol(D"). However,
this isomorphism does not necessarily respect the star involutions with which the algebras
A(0O) are equipped. In other words, the algebras 4(©) and 4 (') are isomorphic as
algebras, but not necessarily as *-algebras.

In order to apply our quantization to physics, we should represent the Fréchet algebras
(A(0O), ) on a Hilbert space. Given a positive linear functional, we can use the GNS rep-
resentation to do so. For a formal star product of Wick type all point evaluation functionals
are formally positive. However, formal positivity means only that the first non-vanishing
order is positive and therefore, as in this case, might not survive the passage to strict prod-
ucts (where the contribution of higher orders can dominate the contribution of the first
order). For certain coadjoint orbits we will prove that point evaluations stay positive.

One aspect that we do not discuss in this work is the relation to geometric or Berezin—
Toeplitz quantization [8—10,36]. These theories construct a quantization by studying holo-
morphic sections of a quantizing line bundle over the manifold M. This line bundle
needs to satisfy some integrality condition, which for compact M means that only count-
ably many values of 7, accumulating at 0, are allowed. The algebra €°° (M) is, in the
limit # — 0, approximated by finite dimensional matrix algebras. The construction of
Alekseev—Lachowska coincides with another more geometric construction of star prod-
ucts on semisimple coadjoint orbits by Karabegov [15,25] if A is not a pole. However,
Karabegov’s construction still makes sense at the poles, where it coincides with (a variant
of) the Berezin—Toeplitz quantization [25]. In this sense, our infinite dimensional Fréchet
algebras (A(0), *3) interpolate between the finite dimensional Berezin—Toeplitz algebras.
It could be very interesting to study this in greater detail.

Contents

In Section 2, we recall some well-known facts about coadjoint orbits. This includes the
realizability of coadjoint orbits as orbits of matrix Lie groups and a characterization of
invariant multidifferential operators on homogeneous spaces. In Section 3, we introduce
the Shapovalov pairing of (generalized) Verma modules and derive an explicit formula
for its canonical element. From this, we obtain a product for holomorphic polynomials
on complex coadjoint orbits. In Section 4, we show that this product is continuous with
respect to the topology of locally uniform convergence so that we can extend it to the com-
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pletion, which consists of all holomorphic functions on the orbit. Finally, we restrict our
results to real coadjoint orbits in Section 5. We will determine additional properties of the
star products obtained in this way (e.g., being of Wick type or of standard ordered type),
study positive linear functionals, and investigate isomorphisms of the algebras obtained
for different real forms of the same complex coadjoint orbit. In Appendix A, we give
some remaining proofs and more details on complex structures.

Notation

In the whole paper, G is either a real or complex Lie group, g denotes the Lie algebra of G,
and % g denotes the universal enveloping algebra of g. In Sections 3 and 4, G is always
complex. In Section 5, G refers to a real Lie group and G refers to a complexification
of G. K denotes a compact real Lie group. Coadjoint orbits through A € g* are denoted
by o e

We write °°° (M) for the smooth complex-valued functions on a manifold M. If M is
a real manifold, TM denotes its (real) tangent bundle (so sections of TM are derivations
of the algebra of real-valued smooth functions on M). The complexification of TM is
denoted by T€ M (so sections of TC M are derivations of €>°(M)). If M is a complex
manifold, then the holomorphic tangent bundle is denoted by T(-9 M .

2. Preliminaries

In this section, we summarize some results that are needed in the rest of this article: we
review the definition of coadjoint orbits and their realizability as orbits of matrix Lie
groups in Section 2.1. In Section 2.2, we introduce invariant multidifferential operators on
homogeneous spaces.

2.1. Coadjoint orbits

Let G be a real or complex Lie group with Lie algebra g. We denote the adjoint action
of G on g by Ad: G — End(g). For any g € G, Ad, := Ad(g) is the tangent map of the
conjugation G > x > gxg~! € G by g. Its differential ad: ¢ — end(g) is given by the
Lie bracket, ady (Y) = [X, Y]. The coadjoint action Ad*: G — End(g*) of G on the dual
g* of g is defined by Adg § = £ 0 Ad,—1 for £ € g*.

The coadjoint orbit O, of G through an element A € g* is defined as

Oy ={§ €g" | £ = Ad; A for some g € G}. 2.1

It is well known that @) = G/Gg, where £ € @, is any point on the coadjoint orbit and
Ge = {g € G | Adg & = &} is the stabilizer subgroup of £. If G is a real (complex) Lie
group, there is a unique smooth (complex) manifold structure on G/Gg that makes the
projection 7: G — G/Gg a smooth (holomorphic) submersion, and we use it to define
the structure of a smooth (complex) manifold on @). It does not depend on the choice of
%‘ € 0,.
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Fix a basis ey, ..., e, of g and let C k be the structure constants with respect to
this basis, i.e., e,,ej] =Y%C ek In thls case, { f, g}(§) = Z”k ICk (ek)gér gf
defines a linear Poisson structure on g*, where f, g € €*°(g*) and the e; are viewed
as global linear coordinates on g*. The following proposition is well known; see, e.g.,
[11, Example 1.1.3].

Proposition 2.1. If the Lie group G is connected, then the coadjoint orbits of G are
precisely the symplectic leaves of this linear Poisson structure. In particular, all connected
Lie groups with the same Lie algebra have the same coadjoint orbits.

Corollary 2.2. If the Lie group G is semisimple and connected, then G and its image
under Ad: G — End(g) have the same coadjoint orbits.

Proof. Since g is semisimple, it has trivial center and therefore ad: g — eubd(g) is injec-
tive. Consequently, G and its image in End(g) have the same Lie algebra. Since both are
connected, the result follows by applying the previous proposition. ]

It is easy to show that not only G and its image under Ad have the same coadjoint
orbits, but also Ad: G — End(g) intertwines the actions of G and its image on the coad-
joint orbits. Since the image of G under Ad is a matrix Lie group, we can therefore, when
studying coadjoint orbits of connected semisimple Lie groups, assume without loss of
generality that such a Lie group is a matrix Lie group. Using the argument provided in
[19, Theorem 9], we can even assume that G is a closed matrix Lie group.

For X e g, denote the fundamental vector field of X for the coadjoint action by
Xo,le = |, OAdexp( 1x) &> where § € O, Note that the map g/gz — Ty, X
Xo, | is an 1som0rph1sm where g¢ denotes the Lie algebra of G¢. Consequently,

wkks(Xo,. Yo,)le = £([X.Y]) (2.2)

determines a well-defined 2-form on @, which is called the Kirillov—Kostant—-Souriau
form. One can show that wkgs is symplectic and G-invariant. By symplectic we mean
that wkks is closed and that wgks|g: Te Oy x T¢ Q) — k is k-bilinear, antisymmetric, and
non-degenerate for all £ € O, where k is either R or C, depending on whether G is real
or complex.

For a semisimple Lie algebra g, the Killing form B: g x g — k is non-degenerate, giv-
ing an isomorphism ”: g — g*, X — X" := B(X, -). We denote its inverse by #: ¢* — g.
In the complex case, we say that A € g* is semisimple if ad,y € enb(g) is diagonalisable
and in the real case A € g* is semisimple if the complex linear extension of A to the com-
plexification of g is semisimple. A coadjoint orbit 9, is semisimple if A is semisimple.

Proposition 2.3. Let G be a complex connected semisimple Lie group and let A € g* be
semisimple. Then G, is connected.

Proof. The Lie algebra spanned by A integrates to a connected commutative Lie sub-
group T’ of G, and since A* is semisimple, all elements of 7" are diagonalisable in the
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adjoint representation. There is a smallest closed complex Lie group T containing 7", that
can be obtained as follows: take the closure of 7’ (which is a real Lie group), take the
Lie algebra of this closure (which is a real Lie subalgebra of g), take the complex Lie
algebra spanned by it, integrate this Lie algebra to a connected Lie subgroup of G, and
possibly repeat these steps. T is still connected and commutative, and all its elements are
diagonalisable in the adjoint representation, so 7 is a complex torus in G. Its centralizer
is exactly G, and centralizers of tori are connected. [

Note that the statement is also true for a real compact connected semisimple Lie group
K, but might fail if the compactness assumption is dropped.

We denote the smooth functions on G that are invariant under the action of G, from the
right by €°°(G)%*. That is, f € €°°(G)* ifand only if f € € (G) and f(gg’) = f(g)
forall g € G and g’ € G,. There is an algebra isomorphism

1 6%(G/G;) —> € (G, fra*fi=fox (2.3)

and, for a complex Lie group, this isomorphism restricts to an isomorphism on holomor-
phic functions. We denote the inverse by 74: € (G)%* — €*°(G/G,).

Remark 2.4. This article is written mainly from a differential geometric perspective.
Note, however, that any complex connected semisimple Lie group G has a unique struc-
ture of an algebraic group; see [34, Theorem 6.3 and the preceding corollary in Chapter 1].
Any holomorphic representation of G is polynomial. Consequently, if G is realized as a
subgroup of GLy (C), it is automatically closed. The coadjoint action G x g* — g* isa
morphism of algebraic varieties, and coadjoint orbits of G are smooth subvarieties of g*.
A coadjoint orbit of G is closed in the Zariski topology if and only if it is semisimple;
see [12, Theorem 5.4]. In particular, semisimple coadjoint orbits of complex connected
semisimple Lie groups are affine algebraic varieties.

Note that this is not necessarily true for real connected semisimple Lie groups (not
even if they are linear). It is still true that real connected semisimple linear Lie groups and
their coadjoint orbits are connected components (with respect to the usual topology) of
affine algebraic varieties.

2.2. Invariant holomorphic k-differential operators

In the whole subsection, G is a complex Lie group, H is a closed complex Lie sub-
group of G, and k > 1 is an integer. We present some results on holomorphic G-invariant
k-differential operators on the homogeneous space G/H; in particular, we construct a
bijection between the set (% g/% g - H)®¥)H and the set of such operators. The results
seem to be well known, but proofs are hard to find in the literature.

A k-differential operator D (see Appendix A.1 for a short review of the definition)
on a manifold M endowed with an action of a Lie group G is said to be invariant under
G if ¢X(D f) = D((¢2)** f) for all f € €°(M)* and all g € G. Here ¢pg: M — M
is the diffeomorphism of M given by the action of a fixed element g € G, and the upper
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star denotes the pullback. We write k-DiffOpgf (M) for the space of holomorphic G-
invariant k-differential operators on a complex manifold M. A k-differential operator on
G is said to be left-invariant if it is invariant with respect to the left action L: G x G — G,
(g.8") > gg = Lg(g).

Let M be a complex manifold with complex structure /: TM — TM. For a vector
field V € ['*°(TM) its holomorphic partis V19 = 1(V —iI V) e T°(THOM). Let g
be the Lie algebra of G. For any X € g define the left-invariant vector field

Xleft i = i
g

= = ‘t:Og exp(tX) € T®(TG). 2.4)

Its holomorphic part X'¢ft(1,0) — %(X left _j(iX)e) € 1°(T19G) induces a holomor-
phic left-invariant 1-differential operator f > X'(1.0)  on G. Since (- )et(1.0): g —
(TM9G) is a Lie algebra homomorphism, it induces an algebra homomorphism
(-)*et1.9: % g — DiffOp, (G).

In the following, we extend various maps to k-fold products and still denote them by
the same symbol,

Adg: (% 9)®F — (% g)®F,

ul®...®uk|_)Adgul®...®Adguk, (253.)
TGP (G/HYE — (¢(G)H)*,
(f1.-- )= (@ fiao 7™ fo), (2.5b)

()0 (7 q)®* s k-DiffOp% (G),
ur ® - @ ug > ((fire.o, fi) o a0 g w0 £y, (2.5¢)
Proposition 2.5. The map ( - )<1-0: (% g)® — k-DiffOp$,(G) is an isomorphism.
Proof. See Appendix A.1. |

Next, we want to describe holomorphic G-invariant k-differential operators on the
homogeneous space G/H . Let H be a closed Lie subgroup of G with Lie algebra §), and
let % g - ) € % g be the left ideal generated by §y. Note that (% g /% g - §)®¥ is isomorphic
to (% g)®% /I, where ] =1 +---+ Irand [; = (% q)® V@ Ug-H® (% q)®*
is a left ideal in (% g)®*. Introduce the set

Uy = {ii € (% q)®% | [i] € (% g/ g - 5)®* is H-invariant}
= {ii € (% q)®" | Adyii—ii e forallh e H}. (2.6)

Here the action of H on (% g)®* is the diagonal action defined in (2.5a).

Lemma 2.6. Letii € Upy, 0 € I, and f € (€°(G)H)*. Then

l—jleft,(l,O)JF -0 and ﬁleft,(l,O)f c %oo(G)H. 2.7
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Proof. LetY € hand f € €°°(G)H. Then we compute

ett — d — d —
¥ = 4| fleewir)) = | for=0.

Using that Y'ef(1.0) — %(Y left _j(iY)'™), this implies that Y'f-(1.0) £ = 0, and therefore
also (L0 £ — 0 forall § € I and f € (¥°(G)H)¥.If X € g, then

d d
(X" £)(gh) = E‘Fof(gh exp(tX)) = E‘z:o
= ((Ady X)™" £)(g)

forall f € €°(G)H, g € G,and h € H. Consequently, we obtain (X0 £)(gh) =
Ady X left, (1,0) , and extending to the universal enveloping algebra and to tensor
g g ping alg
products yields (1210 £)(gh) = ((Adp, )00 £)(g) for all ii € (% g)®* and f €
(€ (G)H)* . If ii € Uiy, then together with the first part we obtain
(ﬁleft,(l,O)f_')(gh) — ((Adh ﬁ)left,(l,O)f)(g)
— (ﬁleft,(l,o)]?)(g) + ((Adh i — ﬁ)left,(l,o)]?)(g)
— (ﬁleft,(l,O)f)(g). -

S (gexp(t Ady X))

Because of this lemma we can define
U Upy — Map(6°(G/H)*,6%(G/H)), V(i) f = m (@000 (* ).

Since 7* and 7, are algebra homomorphisms, it follows that E’(ﬁ) and ' (1.0) gatisfy
essentially the same commutation relations with the operator that multiplies a compo-
nent by a smooth function. Consequently \i(ﬁ) is k-differential and of the same order as
1'e(1.0) (see the definition of k-differential operators given in Definition A.1). Moreover,
\i(ﬁ) is G-invariant, because 7* and 7. are G-equivariant and 7i'eft(1,0) §¢ G-invariant.
Since 7: G — G/H is a holomorphic map, it follows that ¥(ii) is holomorphic, and W
really maps into k-DiffOpgg (G/H). The map W descends to a map

)H

(% g/%g-9)®)" — k-DiffOp% (G/H) (2.8)

because \3(1 ) = 0 according to the previous lemma.
Proposition 2.7. The map V defined in (2.8) is an isomorphism.
Proof. The proof is given in Appendix A.1. |

The last result of this subsection gives a description of the k-differential operator
U([u]) on the coadjoint orbit without using extensions to G. Let S be the antipode of
% g and extend the Lie algebra homomorphism g 3 X +— X, € ['°(T0O,) defined just
before (2.2) to an algebra homomorphism % g¢ — DiffOp(0,).
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Proposition 2.8. Let O = G/ G, be a coadjoint orbit. If i = u; ® --- @ uy € Uiy and

-

f=0U1,...,fi) e Cgoo(@,x)k, then

W([u]) f(Ady A)
(1,0) (1,0)
= (S(Ad, ul))(% Si(Adg A) - -+ (S(Adg uk))O)1 Se(Adg 4). (2.9)
Proof. Defining the Lie algebra homomorphism (- )"€": g — I'*(TG), X > X "€ with
Xrieht| = % |t=0 exp(—tX)g and extending to % g as before, one checks that

uleftf(g) — Xieft . X}eftf(g)

d d
= — cer — t1 X)) - t: X
atr e @ o (B XY) - -exp(t; X))
d d f(exp(t; Adg X1)---exp(t; Adg X;)g)
= -_— e — X e x . .
dty =0 d[j t;=0 Pt g 4l Pl g 41)8

= (— Adg X)) (— Adg X1)"E £ (g) = (S(Adg 1))™™ f(g)

foru = X; .- Xj € %g. Similarly, w10 £(g) = (S(Adg u))1e0-9 £(g). Further-
more, we have
X f)(g) = S| 7t f(exp(-1X)g) = o
dr lt=0 dt lt=0
= Xo, f(Adz M) = (X0, f)(g)

S (A ix) Adg 2)

for all X € g, implying that X"eh-(1.0) o 7% — 7% o Xg,o) and therefore that y"ght-(1,0) o
A

¥ =n*o ugl’o) for all u € % g. Finally,

W([i]) £ (A% 2)
_ (ﬁleft,(l,o)n*f)(g)
=uy™ O f)(g) w2 fo)(9)
= (S(Adg un) ™ M fi)(g) -+ (S(Adg u)™ ™ (* fi) (9)
= (S(Adgun)g " fi(AdE A) - (S(Adg up)) g fie(Ad ). .

3. Quantizing complex coadjoint orbits

In this section, we construct a formal associative product for holomorphic functions on a
semisimple coadjoint orbit of a complex connected semisimple Lie group and a strict
associative product for polynomials. These products are induced by a twist, which is
constructed using the Shapovalov pairing between generalized Verma modules. For the
convenience of the reader, we first consider the special case of regular semisimple orbits
in Section 3.1, where we introduce the Shapovalov pairing between Verma modules and
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compute its canonical element. In Section 3.2, we generalize these results to non-regular
semisimple orbits. In Section 3.3, we describe the induced formal and strict products in
detail. We consider an example in Section 3.4.

Later, in Section 5, we will use the results of this section to obtain star products on
semisimple coadjoint orbits of real connected semisimple Lie groups. From the example
considered in this section, we will then obtain strict quantizations of the hyperbolic disc
and the complex projective space.

3.1. Verma modules and the Shapovalov pairing

In this subsection, we introduce the Shapovalov pairing between Verma modules. In case
this pairing is non-degenerate, we derive an explicit formula for its canonical element,
following [35]. A similar formula in the more general setting of quantum groups was
obtained recently in [30]. The results allow us to quantize regular orbits.

Let g be a complex semisimple Lie algebra with Cartan subalgebra §). Recall that a root
is a non-zero element & € §* such that g% := {X € g | adg X = a(H)X forall H € b}
contains a non-zero element. Denote the set of roots by A and choose an ordering (i.e.,
a subset AT of positive roots such that, setting A~ := —AT, we have AT U A~ = A,
AT N A~ = @, and such that if the sum of positive roots is a root, then it is positive).
Denote the simple roots (i.e., elements of AT that cannot be written as a sum of two
elements of AT) by . Let n™ and n~ be the nilpotent Lie subalgebras of g spanned by the
positive and negative root spaces, respectively, and define b :=h@nT and b~ :=h Hn~
(the direct sum is as vector spaces, the Lie algebra structure on b* C g is obtained by
restriction from g).

Note that O is not a root. However, it is convenient to introduce the notation gO = 5.
Then g is (A U {0})-graded, in the sense that g = yeauo; a* and [g%, qf] € g2 P
for any o, § € A U {0}. Consequently, the tensor algebra Tq is Z A-graded, where the so-
called root lattice Z A is the set of linear combinations of roots. The two-sided ideal gen-
erated by elements of the form X @ ¥ — Y ® X —[X, Y] with X, Y € g is homogeneous
and therefore the universal enveloping algebra g = Tg/(X ® ¥ —Y @ X — [X,Y]) is
also Z A-graded. Denote the degree of a homogeneous element w € % g by d(w) € ZA.

Given a linear functional A € §*, the formula H > z = A(H)z makes C a left b-
module and, since §) is commutative, also a right h)-module. We can extend this to a left
or right b*-module by noting that b* = ) @ n* and letting n* act trivially. Denote the
corresponding left % (b*)-module by (CjLIE and the right % (b™)-module by C7. Define
the Verma modules

M) =Uqg Q (b+) (C,-li_’ MA_ =Uq w (6-) (C:)“ M,l* = (CI ®%(B‘)%Q- 3.D

Note that M and M, are left %/ g-modules, whereas M " is a right %/ g-module. M} is
the most general left %/ g-module of highest weight A, meaning that any other left % g-
module of highest weight A can be obtained as a quotient of M. M is the most general
left % g-module of lowest weight —A.
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There are canonical isomorphisms M} ® ¢ My = C; @ p-) % 8 Q7 6+) Ca =
CI ®ap Cp = C since the left and right h-module structures on C coincide.

Definition 3.1. The pairing (-, -)}: M x M; — C defined by (x,y) = x ®4 y is
called the Shapovalov pairing between M f and M.

In the following, it will be convenient to have alternative descriptions of M, M 1 and
Mf Let {Xy,..., X;} be abasis of n™, {¥y,..., Y} abasis of n~, and {H1, ..., H,}
a basis of §. Since g = nt @ §) @ n~ (as vector spaces), the Poincaré—Birkhoff-Witt
theorem implies that

(Y'HTXX | 1.k eN§, JeNy} and {X¥H'Y'|I KeN§ JeNj)

are bases for % g. Here we use the multi-index notation ¥/ := YII1 e YkI k¥ (and similarly
for H and X). Define maps

UG — U(T),

my (YTH XY = A7) - A(H)T Y 8k, (3.2a)
i ug > U @),
J Jr
mrXEHTYT) = (= A(Hy))" - (= A(H)) T X K610, (3.2b)
UG —> UnT),
oy (YT H XY = A(H)T - A H)T XK S, (3.2¢)
where 8x o is 1 if K = (0, ..., 0) and is 0 otherwise. Note that nf and 71)’{ are independent

of the choice of bases. Fix non-zero vectors 1 € (CAjE and 1 € C5 (thinking of C as a vector
space, this choice is not canonical).

Lemma3.2. Themaps - @ 1: % (n") = My, vi>v® land - @ 1: % (nt) - M, u—
u ® 1 define isomorphisms of left % (w™)-modules and % (n)-modules, respectively. The
map1 Q@ - % (') — M}, u— 1 ® u defines an isomorphism of right % (n)-modules.
The % g-module structures on % (n*%) obtained by transferring the module structures on
the Verma modules with these isomorphisms are given explicitly by

DLUUGXUMT) > U(mT), (w,v) = w>y vi=m, (W), (3.32)
DI:%Q x Uty - w@wh), (w,u)~w l>1_ u = nj(wu), (3.3b)
GUOT)XxUg—> U(@T), (u,w) > u<w=7x](uw). (3.3¢)

Furthermore, S(w l>1' u) = S(u) <j S(w), where S denotes the antipode of % g. Or; in
other words, S: % (n") — % (n™") is an isomorphism from the left % q-module (% (n™),
l>;{_) to the right % g-module (% (n™), <3) over themap S: U g — U g.

Proof. One checks easily that the maps M) — % (n™),w ® zl + z -7, (w) and M,;,” —
Y, wRzlz- n;(w) as well as M — Unt),zZIQwr>z- 7y (w) are all well
defined and inverses of the maps in the statement of the lemma. Consequently, we have
werv=(® D' wv®1) = 7r; (wv), and (3.3b) and (3.3¢) follow similarly. Finally,
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nyoS=So nf, so S(w l>:{'_ u) =So nf(wu) =75 oS(wu) = (Su)S(w)) =
S(u) <3 S(w). n

The pairing of the left % g-modules (% (nt), l>it) obtained from the Shapovalov pair-

ing by composing with the isomorphisms (% (n™), >}) BN M and (% (n™), l>i') i)
(% (n), <) AN M of the previous lemma is
(. %@ xU@) > C, wv)e o) =10 Sw.vel),. (G4

In order to compute (u,v); foru € % (n) and v € % (n™), one needs to write S(u)v €
% g in the form )_; vihiu} withu; € % (n'), v, € % (n™), and h} € % . The pairing is
then given by summing A(/]) for those summands that have v; = u} = 1. This is made
more precise in the next lemma. Define 7, = 7 o n)f = n)’f om;: % g — C, where C
is identified with C 1 € % (n*) and we have implicitly used the inclusion % (n*) — % g

when composing the maps.

Lemma 3.3. Foru € % (w%) and v € % (n™), the pairing { -, - )j defined in (3.4) can
be computed as

(u,v)x = ma(Sv). (3.5)
It is U g-invariant, in the sense that (w I>)T u,v) = (u, S(w) >; v), foru € U (),
v EXUmT), and w € % g. The pairing respects the degree d defined in the beginning

of this section, meaning that (u, v); = 0 for homogeneous elements u € % (n™) and
v € % () withd(u) # —d(v). Furthermore, if d(u) = —d(v), then

(u,V)algy @y =Sw) >y v and (U, v)ilym+) = S©O) l>1_ u. (3.6)

Proof. By definition (u,v)3 = 1 ® 4 (5-) S(U)v @4 (p+) 1. So to prove (3.5) it suffices to
check that 1 ® % (5-) W ® 4 p+) 1 = ma(w) for all w € % g, which one can easily verify
on the basis {Y/H/ XK | I K ¢ N(])‘, J € N(}. The % g-invariance follows by noting
that (-, -)} is % g-invariant, meaning (xw, y)} = (x,wy)} for x € M} and y € M,
and using the isomorphisms of the previous lemma. For homogeneous u € % (n™) and v €
« (n™) with d(u) # —d(v), it follows that S(u)v is also homogeneous of degree d(u) +
d(v) # 0 and therefore ) (S(u)v) = 0. Finally, if d(u) = —d(v), then d(S(u)v) = 0 and
(u, v)aly @) = A (SWV) 1y @-) = 7, (S(u)v) = S(u) >} v, implying the first equal-
ity of (3.6). The second one follows from applying S on both sides of (u, v)31q y+) =
(S )Ly @m+y = 75 (SU)v) = S(nf(S(v)u)) =S(S(v) l>1' u). |

If the pairing (-, - ), is non-degenerate, we can pick bases {u;}ien of % (n™) and
{vj}jen of % (n™) consisting of homogeneous elements with respect to d and satis-
fying (u;, v;)5 = &;j. Then the element Fj := > 72, u; ® v; € Z (nt) ® % (n7) is
called the canonical element of the pairing. It is independent of the choice of bases. By
% (nt) ® % (n~) we mean the completion of the tensor product with respect to the Z A-
grading d defined in the beginning of this subsection, which is needed to make sense of the
infinite sum. The following lemma is a standard statement when working with canonical
elements.
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Lemma 3.4. Assume that -, - ), is non-degenerate, and let F) = Y 7o, u; ® v; €
U (n) @ % (n™) be its canonical element. Then

oo oo

Zui(u,vi)xzu and Zvi(ui,v);t:v 3.7

i=1 i=1

hold for allu € % (w%) and all v € % (0™), and F), is uniquely determined by this prop-
erty.

Note that (u, v;) and (u;, v) are non-zero for only finitely many indices i so that the
sums in (3.7) are both finite. The pairing (-, - ), is non-degenerate precisely when the
Verma modules are irreducible, but we will not need this below. In order to determine F
explicitly, we need to introduce some more notation.

Denote the Killing form of g by B. Since g is semisimple, B is non-degenerate on g.
Extending linear functionals on § by 0 on the root spaces g%, we may view h* as a sub-
space of g*. Since B restricts to zero on §) x g% for any o € A, it follows that B is
non-degenerate on Iy and that the maps b q — g* and *: ¢* — g defined in Section 2.1
restrict to mutually inverse isomorphisms b h — p* and ¥: b* — §. For a, B € b*, let
(@, B) = B(*, BF).

Denote the positive roots by a7, . .. , ax. For every positive root a; € A choose ele-
ments X; = Xy, € g% and Y; := Yy, = X_o, € g% such that B(X;,Y;) = 1. Then we
have [X;,Y;] = af since, for all H € b,

B([X;, Y], H) = B(X,[Y;, H]) = o; (H)B(X;, Y;) = a;(H) = B}, H)

and B is non-degenerate on §). Note that [oz?, Xil=o; (af)Xi = (@;,®;)X; and similarly
[oz?, Yi] = —(ai, ) Yi, 50 X! = 2(aj,04) 7' X;, Y/ = Y;,and H] = 2(0{,~,oe,-)’1052.i satisfy
the commutation relations [X/, Y/] = H/, [H], X]] = 2X], and [H/,Y/] = —=2Y/ of the
usual generators of sl,(C), the special linear Lie algebra in 2 dimensions.

Letp = % Y wea+ o be the half-sum of all positive roots. Denote non-negative integral
linear combinations of positive roots by NgA™. For A € h* fixed and u € h* define the

number

PAG) = 500 1) — (p.11) = (1. ). (3.8)

Recall that for a representation o: g — V and u € h* we define V* :={v eV | o(H)v =
W(H)v forall H € §}. If V# £ {0}, then we call u a weight and any v € V* is called
a weight vector of weight u. V is called a weight module if V' = @MEB* V#. A highest
weight module is a weight module generated by a vector v € V satisfying X, v = 0 for all
a € AT, Itis said to be of highest weight u if v € V¥,

Lemma 3.5 (Ostapenko [35]). Let V be a highest weight module of highest weight A,
assume that L € NoA™T, and letv € VA=l Then

—pa(v = Y YoXov. (3.9)

aeAt
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Proof. Choose an orthonormal basis { Hy, ..., H,} of ) with respect to the Killing form.
The Casimir element

r r
c= Y (Xo¥o+YaXe)+ Y HiHi =) (VoXo+0*)+) H;H,

acAt i=1 acAt i=1

acts as a scalar on V because V is generated by a highest weight vector and c is central
in % g. Evaluating it on a highest weight vector, the Y, X, -part vanishes and we obtain
that ¢ acts as multiplication by > ,ca+ (0, 2) + > ;1 A(H)A(H;) = (2p, A) + (A, A).
Therefore

Q2p. v+ A D =2 Y YoXav + (2p. A — v + (A — . A — v

aEAT
holds for any v € VA%, and rearranging this equation proves the lemma. ]
Let W be the set of words with letters from {1,...,k}. Forany w = (w1, ..., Wpy|) €
W, we define w := (Wpy|, ..., W1), Wiwj = Wi, ..., Wj), Xy = Xy -+ X, €

U ("), Yy = Yuw, "‘Ywm €U ™), and oty =y, + -+ )y - We use w;...; =@
if j <i,Xg:=1,Yp:=1, and ag := 0. Furthermore, let

lw|—1

Y =[] patu—ew,.). (3.10)
i=0

We call a set T of words a tree if w = (w1, ..., wyy|) € T implies that wy..; € T for all
i =0,...,|lwl—1and (wy,wa,..., Wyy-1,.x) € T forall x € {1, ..., k}. See Figure 1
for a visualization of a tree. For a tree T we denote by max 7T the set of elements w € T
such that w # w/.; forany w’ € T and any i € {0,...,|w’| — 1}. Finally, a tree is said to
be p-admissible if p(n — o) # 0 forall w € T \ max T', or equivalently if p3’ (1) # 0
forallw e T.

Lemma 3.6 (Ostapenko [35]). Let V be a highest weight module of highest weight A,
assume that . € NoA™T, andlet v € VA=K Then

v="Y  (=D"p¥ () Yy Xpowv G.11)

wemax T

holds for every [-admissible tree T.
Proof. Apply the previous lemma repeatedly. ]

Lemma 3.7. Let V be a lowest weight module of lowest weight —A, assume that |1 €
NoAY, and letv € VAT Then Y e a+ XaYov = —pa(w)v, and

v=Y  (=D"p¥ ()7 Xy Yy (3.12)

wemax T

holds for every p-admissible tree T .
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Calu /VE

Figure 1. Left: The roots of sI3(C). The Cartan subalgebra § of s[3(C) is 2-dimensional and there
are six 1-dimensional root spaces. The picture shows the real subspace of §* spanned by the roots.
The positive roots are denoted by o1, o2, and o3 and drawn in green; negative roots are drawn in red.
Middle: The weights in a highest weight module of highest weight A. The picture shows again the
real subspace of h* spanned by the roots. Weights are indicated by black dots, and u = 3eq + 203.
Note that since A is a highest weight, the spaces VA1 yA+e2 and A+e3 mugt all be trivial.
Right: Visualization of the tree T = {0, 1,2, 3, 11, 12, 13,21, 22,23, 131, 132, 133}. The elements
of max T = {3,11,12,21,22,23, 131, 132, 133} are indicated by black dots. Words starting with a
1 are colored red, words starting with a 2 blue, and words starting with a 3 green.

Proof. Similar to the proof of Lemmas 3.5 and 3.6. ]

Define the set
A={1eb* | pi(n) #0Vue NoAT \ {0}}. (3.13)

Proposition 3.8. The Shapovalov pairing (-, -),: % (n") x % (n™) — C is non-degener-
ate for A € A, and in this case its canonical element Fy € % (nt) ® % (n™) is given by

[w]

- —1
Fr= 3 pYw) ' Xo® Yy =) []rilew.,) Xv®Ye. G4
wew weW i=1
Proof. We check that F) satisfies the property given in Lemma 3.4. We decompose v €
Um7)asv = ) enya+ V—ps Where vy, is homogeneous of degree —u with respect to
the Z A-grading. For u € NoA™ let W), be the set of words w € W satisfying oy, = p.
Then

D Py (ew) Y Xy v)a = Y pY(ew) Y oy S(Xw) ) Vo,
wew wew

Z Z (_l)lwlp:\” (aw)_l Yy >y Xyporr >y Vg

HENgAT weW),

= E Voy = 0.

neNy AT

The first equality holds because Yy (X, v)a = Yu > (Xu, v-a,)2lz @) =
Yy >3 S(Xy) > v—g, by Lemma 3.3. The second equality is true by basic manipula-
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® >
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Figure 2. The tree T used in the proof of Proposition 3.8 for g = s[3(C) and u = 2«1 + «3.
Elements of the tree starting with 1, 2 and 3 are colored red, blue, and green, respectively. Note
that all weight spaces of maximal elements of this tree are trivial, except for V*. All non-maximal
weight spaces are non-trivial.

tions. The third equality follows from Lemma 3.6 because we can rewrite the sum over all
w € W, as a sum over max T for a u-admissible tree 7" (see Figure 2) as follows: define

T={0}U{weW|Iw eW,and0 <i < |w'|—18.t. Wyjyp|—1 = W]..;},

which is the smallest tree containing W,,. Since A € A, this tree is p-admissible, and
clearly W;, C max T. Let w € max T'. Then either o, = pt, so that w € W, or there does
not exist w’ € W, and i € {0,...,|w'|} with w = w]., so that u — @y, ¢ NoA™, and
therefore Xyyor >3 v—y = 0.

Similarly, foru = Y, cna+ U € % (n™) with d(u,,) = j we compute that

DY T X Yo = D pY (W) X o S(Yw) o g,
wew wew

> 2 GO0 X o Yum o u
HENoA+T weW,

using Xy (1, Yu)r = Xw >F ((Uey. Yo)rla @) = Xw ) S(Yw) >} g, and that the
sum over w € W, can be rewritten as a sum over maximal elements of a tree 7" in a similar
way as before. [ ]

Using the inclusion % (n ") @ % (n™) — (% g)®2 and passing to the quotient, we can
map the element F, from (3.14) to (% g/% g - H)®2. Note that % g - §) is a homogeneous
ideal in % g with respect to the degree d, so the quotient ' g/% g - b is still graded.
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The completed tensor product is defined with respect to this grading. The action of ) on
(% §)®? givenby H> (w® w') =ady w ® w' + w @ adg w’ with H € hand w,w’ €
% g stays well defined on the quotient and preserves the degree, so it extends uniquely to
a continuous action on the completed tensor product. Denote the coproduct of the Hopf
algebra % g by A. It is defined by extending the assignmentg> X —» X ® 1 + 1 ® X €
U q ® % g to an algebra homomorphism A: %'g — % g Q % g.

Proposition 3.9 (Alekseev-Lachowska [1]). Let A € A. Then F) € (% g/% g - E))‘§2 is
h-invariant and satisfies

((d® A)F)1Q F) = ((A®id)Fy)F,® 1 (3.15)
in (% g/ Ug - 5)®.
Proof. See the proof of Theorem 3.23. ]

Using the results of Section 2.2, elements of (% g/% g - §)®?)H determine bidif-
ferential operators on a complex coadjoint orbit for which g, = §. Such orbits are of
maximal dimension among all coadjoint orbits and called regular. Note that H is auto-
matically connected by Proposition 2.3, so h-invariance of F implies H -invariance, but
F), is only an element of the completed tensor product. So applying the construction from
Section 2.2 naively gives a sum of bidifferential operators of increasing orders. To make
sense of this sum, we can either introduce a formal parameter 7 in the construction in such
a way that we obtain a formal power series of bidifferential operators, or we can restrict
ourselves to applying these operators to some class of polynomials, for which only finitely
many of the bidifferential operators appearing in the sum give a non-zero contribution.

We will now proceed as follows: in Section 3.2, we generalize the construction of F),
to work for arbitrary stabilizers g, (and not just §y). In Section 3.3, we will give details
on how to construct bidifferential operators out of F, both in the formal and polynomial
settings mentioned above.

3.2. Generalization to non-regular orbits

The aim of this subsection is to generalize the results of the last subsection to non-regular
semisimple coadjoint orbits. To achieve this, we need to replace ) by a possibly larger
stabilizer g, and define a generalization of the Shapovalov pairing. When this pairing is
non-degenerate, we derive an explicit formula for its canonical element, which satisfies
(3.15).

Let g be a complex semisimple Lie algebra acting under the coadjoint action, i.e., the
action dual to the adjoint action, on its dual g*. We assume that A € g* is semisimple (as
defined in Section 2.1) with stabilizer g := {X € g | ady A = 0}. Fix a Cartan subalgebra f
containing A¥ (which is possible since A is semisimple) and denote the corresponding root
system by A. Since any H € §) commutes with A*, it follows that adi A = A([-H, -]) =
—B(A* [H, -])) = —B(M H], -) =0,s0 5 C g,. We let

ANi={aeeA|(@r)=0} and A={wecA|(@A) #0}=A\A"
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Figure 3. Invariant and non-invariant orderings. As in the left picture of Figure 1, the roots of s[3(C)
are shown. Simple roots are encircled. Roots in A’ are drawn with blue dashed lines. Roots in A are
drawn in green if they are positive, and in red if they are negative. The fundamental Weyl chamber
has a light green background. A regular orbit of SL3(C) is shown on the left; the other two pictures
are of non-regular orbits. In the right picture, the ordering on A is not invariant, since adding the
negative root in A’ (the lower blue dashed line) to one of the positive roots (a green arrow) gives a
negative root (a red arrow). The ordering in the middle picture is invariant and standard, the ordering
in the left picture is invariant, but not standard. It would be standard if A was in the fundamental
Weyl chamber.

One checks easily that g = ) @ D, ca g% Given an ordering on A with AT being
the set of positive resp. negative roots, define A* = A* N A and (A)* = AT N A"
Furthermore, let i+ := Dyeax 6% and bt = q, @ @it.

Definition 3.10. An ordering of A is called invariant if, for any o € At and B € A’ such
that o + B is again a root, this root & + B isin AT,

Note that since the sum of two roots in A’ is again in A’ (if it is a root), it is automatic
that @ + B € A. The important part of the previous definition is that & 4+ 8 should again
be positive. See Figure 3 for an example of invariant and non-invariant orderings.

Lemma 3.11. An ordering of A is invariant if and only if « + B € At holds for any
a,Be At witha + B € A

In the condition of the lemma, it is automatic that « + 8 is positive and the important
part is that it lies in A.

Proof. Assume the condition of the lemma is false, i.e., o, B € At anda + BeA\ At.
Since « 4 B is positive, we must then have & + 8 € A’. Consequently, « + (—(« + 8)) =
—B ¢ A, so the ordering is not invariant.

Conversely, if the ordering is not invariant, then we can find o € At and B € A’ such
thata + 8 € A\ A . Then we must have o + B e A~ and therefore o + (—(cx + B)) =
—B ¢ A, s0 the condition of the lemma is not fulfilled. |

Intuitively the invariance of an ordering means that roots in A’ are close to being
simple or more precisely that they are linear combinations of simple roots in A’. Indeed,
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if « € (A")T, then « is a non-negative linear combination of simple roots. By the lemma
at least one of those simple roots, say o, must be in A’, soa = o ora — o € (A’)Jr and
we can apply induction.

Corollary 3.12. If the ordering of A is invariant, then #* and b* are both Lie subalge-
bras of g. Moreover, [g;, 7*] C #* and [g;, b*] C b*.

Proof. The condition in the previous lemma says precisely that [fiT, i*] C @™, i.e., that
@t is a Lie subalgebra of g. The defining property of an invariant ordering means that

[a,, i¥] € @tE. The statements for b¥ are then clear. L]

Definition 3.13. We say an ordering is standard if there is a set S € C \ {0}, closed under
addition and satisfying S N (=S) =@, S U (=S) = C \ {0} such that « € A is positive
if and only if (¢, 1) € S.

Standard invariant orderings exist always since we can construct them as follows. First,
take any ordering on the set A’ (meaning a subset (A’)* such that if the sum of two
elements of (A’)" isin A’, thenitisin (A’)* and such that for (A")™ := —(A’)" we have
(AT U(A)” = A’ and (A)T N (A’)™ = 0). Then choose a set S that is closed under
addition and satisfies S N (—=S) =@ and S U (—S) = C \ {0}, e.g., S ={z € C\ {0} |
Re(z) > 0orz € iR™}. Let o € A be positive if o € (A")T or (e, A) € S.

For real coadjoint orbits standard invariant orderings are the ones which induce star
products of pseudo Wick type (under some further assumptions, see Proposition 5.21)
and therefore the orderings we are mainly interested in. However, the construction below
works also for other (possibly non-standard) invariant orderings.

Before generalizing the results of the last subsection, we would like to mention the
following technical lemma for later use.

Lemma 3.14. Let g be a semisimple Lie algebra, let A € g* be semisimple, and let Y) be a
Cartan subalgebra of § containing A*. Assume that we have chosen an invariant ordering
defining sets AT, A, and A’ as above. Then there is a constant M € N such that for any
m € N the sum of m positive roots in At and at least Mm positive roots in (AT is not
in No £+.

Proof. Label the simple roots by o7, ..., 0, such that the first r’ simple roots o1, ..., 0y
are in A’ and the remaining simple roots are in A. Label all roots in A™ by o, ..., O
Then there are umque non-negative integers c e Ny such thato; =) i, ¢ jo, Set M’ =
k}zz g1 Cand M = M'M” + 1.

Since «; € AT, we have Zi:r _ch > 1 for any Jje{l,... k}, and Z:=1C,i' <

"
MaXje,..., k}Zz—1CJ,M =max,

.....

M <MY._. +1 cj’ Note that any element B € NoA™ can be written uniquely as
B =>"_, Blo; with B’ € Ny, and the coefficients satisfy the same inequality

Y B <=M Y B

i=1 i=r'+1
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Recall that any root in (A’)* is a linear combination of simple roots in (A’)*. So
if >'_, dio; € (A")*, then d' = 0 for all i = r’ + 1,...,r. Therefore, if y is the
sum of m roots from A% and at least Mm roots from (A’)*, and y =Yr_,v'0i, then
MY Yi<M'M'm< Mm < er/:1 y*, so y cannot be in NoA™. n

For a regular coadjoint orbit we have A’ = §J. Consequently, A=A, gr=bh,at=ut,
and n~ = n". In this case, every ordering is invariant, and the generalized Shapovalov
pairing, that we will introduce now, coincides with the Shapovalov pairing introduced in
the last subsection. Since g; = § when A’ = @, we usually denote an element of g, by H.

Let A € g} be the restriction of A € g* to gx. Then A([H', H]) = ady A(H') =0
for all H, H' € g;,so H >z = A(H)z makes C a left or right g)-module. Extending
trivially along @i+ gives a left or right b*-module, and we denote the corresponding left
/4 (Bi)-module by @it and the right % (b™)-module by (E’; Define the generalized Verma

modules ~ _
M, = %g ®02/(E+) (Cz_,

My = %8 ®,6- C2) (3.16)
My =C5 Q4 %
where M » and M  are left 7% g-modules and M + is a right % g-module. Most of the
results of the previous subsection have obvious analogues in this setting.

Let {Xy,.. .,X,;} be a basis of @™, {Yl,...,Y,;} abasisof i—, and {H;,..., Hy} a
basis of q. Since ¢ = i+ @ q) @ 1™, the Poincaré—Birkhoff-Witt theorem implies that

(Y'H'X¥ |1,k eNE, 7 eNZ} and {XXH'Y!|I,KeNE JeN)
are bases for % g. Define maps
T U — UWT),
Fr(YTHTXEY = A(H) - AM(H) Y 5k 0, (3.17a)
ﬁ;‘: Ug— U[GT),
~ J J5
FrXEHTYT) = (= A(H)) - (= A(HR)) T X K80, (3.17b)
AU — U @),
FrTH XY = 2(H) - A HR) T XK. (3.17¢)
Note that they are compatible with the maps 7, JT)T, and 77} in the sense that 7, o, =

T, ﬁ;" o nj' = ﬁi", and ﬁ;‘ o ni" = ﬁ)’f. On the left-hand sides, we are implicitly using
the inclusion % (n*) — % g. Note that this inclusion is not a % g-module map.

Lemma 3.15. Themaps - ® : % (i) —> My, v>v® land - @ : % (&+) —> M,
u — u ® 1 define isomorphisms of left % (™ )-modules and % (tvV)-modules, respec-
tively. The map 1 @ -: % (@t) = M}, u — 1 ® u is an isomorphism of right % (iv+)-
modules. The % g-module structures on % (&%) obtained by transferring the module
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structures on the generalized Verma modules with these isomorphisms are given explic-

itly by
PLuUgxUWT) > (@), (w,v) > wb,; vi=7T, (W), (3.18a)
By %ax U@ — @), (wou) > wB) u= 7, (wu), (3.18b)
UG Ug— UG, (u,w) > u I w=7;uw). (3.18¢c)

Furthermore, S(w Ei_ u) = S(u) 35 S(w), where S denotes the antipode of % g.
Proof. Similar to the proof of Lemma 3.2. ]

Note that since % (°*) is a % g-module, we must have

7 (wrf (w))—wb,l W 55 1) = (ww') 55 1 = 7 ww') (3.19)

and
73 (7 (w)w') = 75 (ww') (3.20)

for all w, w" € % g. This implies that the map 7} |%(ni) U (nt) — %(ni) is a %g—
module homomorphism (with respect to the module structures given by >+ 3 and > A)
Indeed, for the plus case we have

(w '>A u) = J'[A 7T Fwu) = T Fwu) = fi;‘(wﬁ;"u) =w SI ﬁ;'u

for all w € % g and u € % (n™) and the minus case is similar. Define g3 := Duacan: 8=
qx N u*. Note that % g - git = {w l>it X|lweg, X € git} is a % g-submodule of
% (nt). Since ﬁf is a map of % g-modules and vanishes on git, g - gf is in its kernel.

Lemma 3.16. The induced maps ﬁf: U Uq - gf — U (v*) are isomorphisms of
U g-modules.

Proof. It is easy to check that the quotient map induced by the inclusion % (°*) —
% (n?) defines an inverse. |

~ As beforei there are isomorphisms M; Qug 1\7,1 o~ @; ® w5 Uq Q5+ (E,l o~
(Cj ®a(g,) Ca = C, which we use to define the Shapovalov pairings (-, -);/: My x
M) - C,(x,y) —~ (x,y);’ '=x ® y and

(. ) %E)xU% @) - C,
w,0); =(1® Sw.ve 1) =18 Swv e 1. (3.21)

In the same way as in Lemma 3.3, one proves that this pairing can be computed by
(u,v)y = m(S)v). (3.22)

Note that 7, o 7y = 7} o T, = 7y o m, = 7, so there is no need to introduce a 7.
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Lemma 3.17. Letu € % (n*) and v € % (n™). Then (ﬁfu, 7v)y = (u,v). In partic-
ular, (-, Valo wyxuga; = 0 Mlagarxw @) =0

Proof. Using (3.19) twice, we compute

(7T u. 7 0)) = m(SE w v) = 7)o 7y (75 (Sw)7; v)

7y owy (5 (Su)v) = 7y o T} (7} (Su)v)
=75 o7} (Sv) = ma(Sw)v) = (u,v);. n

Define the set

K ={Aeb™ | pi(p) # 0V e NoA™ \ {0}}. (3.23)

Furthermore, let W be the set of words w € W such that ;i € N03+ for all i =
I,...,|w|. Since ﬁ;(Xw) =0and 7, (Yy) =0forw e W\ W, the following theorem
is not surprising.

Theorem 3.18. Let A € A. Then the Shapovalov pairing (- , - g U@T)yx U @) —C
is non-degenerate. Its canonical element F € % (i*) ® % (™) is given by

Fp= Y pylew) ' 7 (Xu) ® 75 (Yy)
weWw

lw|

ST a7 (Xw) ® 75 (Ya). (3.24)

weW i=1

Proof. Tt suffices to prove that ) | % pY’ (aw)flﬁ;(Yw)(ﬁ;" (Xw), )y =vforallv €
% (@) and that 3°, i P¥ (o) 7 (Xw)(it, 75 (Yw))y = i for all i € % (ith) by
using an analogue of Lemma 3.4. Let v € % (n™) be the image of ¥ under the inclusion
w (@) — % () so that 7, (v) = 9. Assume that v = ZMGNOZJr v_, is the weight
decomposition of v. Then

3 p¥ ) 7L (Vo) (75 (Xuw). 5);

wew

= Y pY (@) (V) (X, v);
weW

— ;f;( > Y (ew) Yy (Xw,v_aw)x)

weWw

=ffx( Do D DM ()T Y By Xyew oy v_u),

w€NgA+ weW,
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Figure 4. The tree T used in the proof of Theorem 3.18 for g = s[3(C) and u = 201 + 3.
Compare this with Figure 2. Elements of the tree starting with 1, 2, and 3 are colored red, blue, and
green, respectively. Only the weight spaces marked with filled dots are non-trivial (but might have a
different dimension than in the case where A’ = ), and all weight spaces marked with circles only
contain 0. In particular, the weight spaces at maximal elements of the tree are trivial, except for 148
All non-maximal weight spaces are non-trivial.

where VT/'M = {w e W | &y = p}. We claim that there is an admissible tree 7 and v’ €
% g - g such that

Z (_])lepiu(aw)_lyw >, Xwow Dy Uy
wew,

v+ 3 (=D @) Y bf X 55 -,

wemax T

which would finish the proof by using Lemma 3.6. Indeed, let
T={0,U{weW|3w eW,and0 <i < |[w|—1st wy|p-1 = W).;}

be the smallest tree containing VT/M (see Figure 4). Since A € A, this tree is admissible. Fur-
thermore, Wu C max T and any element w € max 7T satisfies exactly one of the following
two conditions. Either oy, = u so that w € WM appears in the sum on the left-hand side
of the above equation or yt — oy, ¢ NoA™T so that Xyemv_ « would have to be of weight
Oy — U & —NoA+ and does therefore either vanish or lie in % g - g - The statement for
u is proven similarly. ]

Using the inclusions U (t*) — % g and the projection % g — % §/% § - g5, We map
Fy to (% g% g - g;)®2. Note that, as before, % g - g; is a homogeneous ideal in % g, so
the grading of % g stays well defined on the quotient. The action of g; on (% g)®? also
passes to the quotient and extends to a continuous action on the completed tensor product.
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Theorem 3.19 (Alekseev—Lachowska [1]). Let A € A. Then F; € (Ug)U g - g;t)é’2 is
ga-invariant and satisfies

((d® A)F)1Q F) = ((A®id)F,)F,® 1 (3.25)

in (%a)Ug - 62)®>

Proof. The g-invariance of the Shapovalov pairing (proven similarly as in Lemma 3.3)
implies that Fj, € % (i) ® % (i) is also g-invariant. Then F) € (% g/% g - 32)%?
is g;-invariant since the map % (1) x % (") — (% g/% g - §3)®? is ga-equivariant.
Equation (3.25) is proven in [, Section 4]. [

It will be convenient in the following to write F, as a sum of elements that are all
invariant under g3 .

Lemma 3.20. Let A € A. Then there is a partition of W into finite subsets W, £ € Ny
such that
Fre= Y p¥lew) ' 7 (Xu) ® 77 (Yu) (3.26)
wew,

is gj-invariant.

Proof. Tt will be convenient to introduce a different grading d’ on g, for which g is of
degree 0. To this end, let §) and the root spaces of simple roots in A’ be of degree 0, and
let the root spaces of simple roots in A be of degree 1. Since any root is a unique linear
combination of simple roots, this assignment extends to a grading on g. More explicitly,
if o1,...,0, € A are the simple roots, with o1, ...,0,» € A/, then the root space of a
roota = Y I_, c'o; is of degree d’ (o) = i c’. Since g is spanned by § and the
root spaces of roots in A’, and since the invariance of the ordering implies that any root
in A’ is a linear combination of simple roots in A’, it follows that every element of g
is homogeneous of degree 0. This grading is coarser than the grading given by d, in the
sense that the graded components with respect to the new grading d’ are direct sums of
the graded components with respect to d. The restrictions of the maps ﬁf to % (nt) are
homogeneous of degree 0 with respect to (the restriction of) the Z-grading on % g induced
by d’.

For w € W set d'(w) := d’(w,) + - +~d/(aw‘w|), and define Wy := {w € W |
d'(w) = £}. It follows from Lemma 3.14 that W, is finite for every £. The elements F} ¢
defined from Wg as in (3.26) have a nice description in terms of the grading d’. Since all
graded components of fi™ resp. i~ are of degree > 1 resp. < —1, d’ induces a grading
of % (AT) ® % (™) by Ny x (—Ny). Using the homogeneity of ﬁf, it follows directly
from the definition of W that F) 4 is precisely the component of F of degree (£, —{)
with respect to this grading. Since g is of degree 0, the action of g3 on % () ® % (ii7)
preserves the graded components, and the g -invariance of F, implies that all the graded
components F , must also be g, -invariant. ]
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3.3. The induced formal and strict products

In this subsection, we construct associative products from the element F, obtained at the
end of the last subsection. We will rescale A in order to introduce a parameter playing
the role of Planck’s constant in the construction. Then we would like to use the results of
Section 2.2 to obtain bidifferential operators from (the rescaled) F. However, since Fj
is only in the completed tensor product, applying these results naively would give a sum
of bidifferential operators of increasing orders and we have to deal with its convergence.
There are essentially two solutions to this problem: firstly, we can take a formal expan-
sion in the parameter %, which will give us a well-defined power series of bidifferential
operators of increasing order. Secondly, we can restrict ourselves to applying these opera-
tors only to some polynomial functions, for which only finitely many terms of the infinite
sum give a non-zero contribution. We discuss both approaches in detail, starting with the
formal one.
Let us first introduce the rescaling. Define the set

P, ={0)U{h e C\{0}|ir/h ¢ A}, (3.27)

and for 7 € C \ Py set Iy, := Fy5 and Fy ¢ := Fy/p¢, where Fjy ;5 was computed in
Theorem 3.19 and Fjj /4,¢ was defined in Lemma 3.20. Note that g3/ = @i, 80 Fj €
(% g/%g - g3)®?)% holds forall € C \ P;. Furthermore, the projections ﬁif/h |2 (0
% (n*) — % (ii*) are independent of %, which one can easily see from their definition in
(3.17).

Proposition 3.21. Let g be a complex semisimple Lie algebra, §) a Cartan subalgebra
of a, and A € H*. Fix an invariant ordering on A, and assume that (A, 1) # 0 for all
e NoA™ satisfying %(u, ) = (p, ). Then the set P) is countable and accumulates
only at zero.

Proof. From the definition of P, we obtain
Py = {0y U {h € C\ {0} | piasn(p) = 0 for some j1 € NoA™ \ {0}}.

Under our assumptions, the function % = piy/s(u) = %(M, w) — (p, n) — ;il(/\, 1) has
the only root i(A, M)/(%(M» w) — (p, w)) if %(u, u) — (p, ) # 0 and no root otherwise.
Therefore P, is countable since NoA+ \ {0} is countable. Furthermore, P, accumulates
only at zero since

i(A, i) - A2l _ A
2 ) = (o ) |7 el = lelliol Zlel = lipl

if |||l > 2||pl|. Note that there are only finitely many elements p € Ny AT with le]l <
2{pll- u

Remark 3.22. If the ordering in the previous proposition is standard, then any element
u € NoA™T automatically satisfies (A, u) # 0: for all « € AT we have (A,a) € S and
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since S is closed under addition this implies (A, u) € S for all u € NoA+. Note that
0 ¢ S, so in particular (A, ) # 0.

Note also that %(/,L, w) = (p, u) implies || || < 2]|pl|, so there can only be finitely many
elements ;€ NoA satisfying %(,u, w) = (p, u). Am(zng those are all simple roots and the
element 2p. However, simple roots which are in NgA are by definition not orthogonal to
A. An example of an element that is not a simple root and not 2p in the case of g = s[3(C)
with root system as in Figure | is yu = o1 + 5.

We say that Fy depends rationally on # if all the F% ; depend rationally on %. This
makes sense since Fy ¢ takes values in a finite dimensional subspace of (% q/% g - g,)®?
that is independent of #.

Theorem 3.23 (Alekseev—Lachowska [1]). Let A € §* and assume that P), is countable.
Then Fy depends rationally on h, with no pole at zero. In particular, the Taylor series
expansion of Fy, around 0 makes sense, and it gives an element F € (% g/ % g - §5)®2[[%]),
where the tensor product is the usual (not completed) tensor product. Furthermore, F
satisfies (3.25) in (% g/ % g - ;)®>[[h]) and is g, -invariant.

Proof. As mentioned before, g;3/ and ﬁﬂf sl ey U (nt) — % (a*) are independent
of 7, so only the coefficients p/; I (o)™ in the formula for Fjy,; obtained in Theo-
rem 3.18 depend on #. Since they are products of elements of the form

=t ()
Pin(H) (2(“’“) ()= # (30t ) = (p, )2 — (i1, p)

with u € Ny At \ {0}, their dependence on # is rational without a pole at zero. (Observe
that %(u, w) — (p, ) and (iA, u) cannot vanish simultaneously since P, is assumed to be
countable.) Consequently, we may take the Taylor expansion of Fjy 3 around % = 0. To
see that this yields an element in the usual tensor product, note that the formal expansion
of pia/n(w)~" is a multiple of  unless (A, ) = 0. Now

[w]

P )™ = 1_[ Pirsa(@u,)

i=1
and if the formal expansions of both p;; /3 (“wi».ww\ )*1 and pi (“wi+1«-|w\ )~! are not mul-
tiples of 72, then (A, ;) =0, i.e., oy, € A’. However, Lemma 3.14 ensures that this cannot
happen too often: if M is the constant obtained in that lemma, then at least [|w|/(M + 1)]
many elements in the formal expansion of p}} /h (0t )~ ! are multiples of #, so this expan-
sion is of order at least #/1*1/(M+D1_Consequently, only finitely many words contribute
to a given order in % so that we do not need to complete the tensor product. Since every
Fj satisfies (3.25) and is g -invariant, this is also true for the formal expansion F'. ]

Let us now apply this theorem to quantize complex coadjoint orbits. Let G be a
complex connected semisimple Lie group with coadjoint orbit @, through a semisimple
element A € g*. Pick a Cartan subalgebra §) containing A*. Choose an invariant ordering
for which P, is countable (e.g., a standard invariant ordering).
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By Proposition 2.3 we know that G, is connected. Therefore the g -invariance of the
elements F and Fy constructed previously implies their G -invariance. Consequently, we
can apply the results of Section 2.2 in order to obtain holomorphic G-invariant bidifferen-
tial operators on @) = G/G,. Define the formal product

* COVR] x C=(ODIA] — €= ODIAN.  (f.8) = [ *g=W(F)(fg),
(3.28)
and note that this product is well defined since the previous theorem asserts that F €
(% g/ % g - 8:)®2[[A].

Proposition 3.24. The product  is associative and restricts to a product
*x: Hol(O,)[[#]] x Hol(O,)[[h]] — Hol(O,)[%]] (3.29)

on power series of holomorphic functions. Moreover, x is G-invariant, in the sense that

(g> f1) *x(g> f2) = g> (f1 x f2) holds forall g € G and f1, > € € (O[]

Proof. 1t is a standard argument that the twist condition (3.25) translates into associativity
of the induced product. That * restricts to power series of holomorphic functions and
is G-invariant is immediate since the image of W consists of holomorphic G-invariant
bidifferential operators. ]

In order to define strict star products from Fj directly, i.e., without taking a formal
power series expansion, we need to ensure that W(Fy) is well defined. To do that we
introduce polynomials on the coadjoint orbit. It will turn out that only finitely many ele-
ments of the infinite sum defining F} contribute non-trivially when W(F3) is applied to
polynomials.

Recall from Section 2.1 that we may assume without loss of generality that G is a
closed complex Lie subgroup of GLx (C). We fix a way to realize G as such a matrix Lie
group once and for all. In particular, the Lie algebra g of G is realized as a complex Lie
subalgebra of gl (C).

Definition 3.25 (Polynomials on @,). Let O, C g* be a complex coadjoint orbit. Then
Pol(0,)
={p:0, — C| p = Plg, for some holomorphic polynomial P on g*} (3.30)
is called the algebra of polynomials on 0.

Recall that the symmetric algebra Sg of g is isomorphic (as an algebra) to the algebra
Pol(g*) of polynomials on g*. The isomorphism sends an element X; v ---V X; € S/g

0 & > E(X1)--E(X)).

Definition 3.26 (Polynomials on G). For a complex linear Lie group G, the algebra of
polynomials Pol(G) is the unital complex subalgebra of €°°°(G) generated by the func-
tions P;j: G — C, g — gj;.
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Polynomials on a complex Lie group G are holomorphic. In the case of semisimple
connected Lie groups, both the Lie group itself and the coadjoint orbit are affine algebraic
varieties (see Remark 2.4) and our definition of polynomials coincides with the definition
of regular functions on algebraic varieties. If G is connected and semisimple, then the
definition of polynomials on G is independent of the way in which G is realized as a
linear group, which can be proven as outlined in Appendix A.2.

Proposition 3.27. Assume that the complex linear Lie group G is semisimple and con-
nected. Then 7*: Hol(O9;,) = Hol(G/G,) — Hol(G)* restricts to an isomorphism

7*:Pol(0;) — Pol(G)%*.

Proof. Since the Lie algebra g is semisimple, we have g = [g, g], i.e., every element of
g can be written as a sum of commutators. Consequently, the trace of any element of g
is zero. Therefore any element in a sufficiently small neighborhood of the identity of G
must have determinant 1, and consequently G is a Lie subgroup of SLy (C).

Let E;; € gl (C) be the matrix that is 1 at position (7, j) and O otherwise. Extend A
to a linear functional A € gl y (C)*. For an element X € g = S'g, which we identify with
a polynomial on g*, we compute

7 (X|g,)(8) = X|g, (1(2)) = X (AdEA) = X[y (A7 9))

=g Xg) = > _AM((¢7' Xg)ij Eij) = D (&7 ikges XutA(Eyj).
i,j i,j,k,l

Since detg = 1, we can write (g !);x as a polynomial in the entries of g so that 7*(X |e, )
itself is a polynomial in the entries of g. Since Pol((,) is generated by X|e, and 7™ is
an algebra homomorphism, it follows that 7*p € Pol(G) for any p € Pol(0,). Injec-
tivity of 7* is immediate. Surjectivity is harder to prove. One can either use methods
from algebraic geometry (making use of Remark 2.4; see for example [22, Chapter 12])
or work in a more differential geometric setting using G-finite functions as outlined in
Appendix A.2. ]

Recall the degree d’ introduced in the proof of Lemma 3.20.

Lemma 3.28. For any polynomial p € Pol(GLy (C)), there is a constant N, € N such
that w50 p = ef(1.0) ;y — O holds for any u € % (i+) € % (gl 5 (C)) of degree d’
greater than Ny, and any v € % (™) C % (gl 5 (C)) of degree d’ smaller than —N,.

Proof. Using the Leibniz rule, we may assume that p = Py, in the notation of Defini-
tion 3.26. Let E;; € gl (C) be the matrix that is 1 at position (7, j) and 0 otherwise. It is
easy to check that E l!;f‘ Py = 8¢ Py; and therefore

left
XleﬂPk[ — (ZXUEU) sz — ZXiEPki forall X € gIN((C)
ij :
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Since Py is holomorphic, this implies that also X010 P, = x'eftp ) = S~ X,y Py,
Consequently, if u = uy ---up € % (gl (C)) withuy, ..., up € gly(C), then

left,(1,0 _ left,(1,0
WO Py =y upg ) (uar) iy ¢ Py
ipm

= Z (r - upr—2) " s i ing Wt ingt Pring_, =
iM—1,iM
D Wiy )i ring Wbt )igg ¢ Pieiy = Y (1 -+ unr)ig Pii.
i

i15eensiM

Since ady is nilpotent for any X € i, it follows that 0 = (ad X); = ad(X,) for X € i,
where the index s stands for the semisimple part of the Jordan decomposition. Since g is
semisimple, this implies X; = 0, so every X € @t is realized by a nilpotent matrix. It
follows from Engel’s theorem that any matrix Lie algebra consisting of nilpotent matrices
is nilpotent as an algebra, so there exists a constant M € N such that products of M or
more elements of i+ vanish. Therefore, if v is a product of at least M elements of at,
the above calculation shows that ' P, = 0. If M’ is an upper bound for the degree d’
of elements of i+, then we can set N Py = MM ’. Tt is easy to check that this constant
also works for ™. |

Corollary 3.29. Forall p,q € Pol(O,) and allh € C \ Py, the sum Y ;o o Y (Fh.0)(P.q)
is finite, and y_ o o V(Fy.0)(p, q) € Pol(0;).

Proof. Proposition 3.27 implies that 7* p and 7 *¢q are polynomials. By Lemma 3.20 the
components Fy, ¢ are of degree (£, —{), and Lemma 3.28 implies that only finitely many

left,(1,0)
Fh,(i

summands of Y ;2 (™ p, m*q) are non-zero. Its proof shows that

o0
Y Fep O pntg)
=0

is again a polynomial. The components F} ¢ are g, -invariant and therefore, since G} is
connected by Proposition 2.3, also G -invariant. Applying Lemma 2.6, we obtain that
Yo Fflle?’(l’o) (* p, m*q) is G -invariant. Then Proposition 3.27 yields that

o0 o0
YN W(FD(p.g) =Y mu (B0 (7 o))
=0 £=0

is a polynomial. ]

Corollary 3.30. Let Oy, be a semisimple coadjoint orbit of a complex connected semisim-
ple Lie group G with Lie algebra g. Assume that §) is a Cartan subalgebra of g containing
A% and that one has chosen an invariant ordering. Then for any h € C \ Py,

#1:Pol(03) x Pol(03) — Pol(0z),  (p.q) = p*nq =Y W(Fno)(p.q) (331)
{=0
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defines an associative and G -invariant product (where G -invariant means that (g > p) *3
(g>q) = g> (p* q) holds for any g € G and p,q € Pol(0,)). For p,q € Pol(O,),
P *3 q depends rationally on h, and the formal expansion of *3 around h = 0 coincides
with the formal product .

Proof. As in the formal case, it is a standard argument to show that (3.25) implies the
associativity of *z. Since the codomain of W consists of G-invariant bidifferential opera-
tors, it is clear that % is G-invariant. Since the dependence of Fj on # is rational without
pole at 0, it follows that %z also depends rationally on # without pole at 0, and since *
was constructed from the formal expansion of Fj, it coincides with the formal expansion
of . [ ]

Remark 3.31. When considering W(F3 ¢), we may leave out the projections ffit in the
formula for Fy, ¢ from Lemma 3.20 to obtain the same result. Indeed, by Lemma 3.16 the
difference of F} ¢ and

Ff, = Z P n(ew) Xy ® Yy € % (nh) @ U (n7) (3.32)
wEW[
is an element in the ideal g -g) ® #q + % g ® % g - g, and therefore contained in
the kernel of ¥ by Lemma 2.6.

Recall that we obtained a condition for P, being countable in Proposition 3.21 and that
this condition is satisfied in particular when the ordering is standard; see Remark 3.22.

Proposition 3.32. Assume that P) is countable. Then the first order commutator of *
coincides with the Poisson bracket induced by the KKS form wggs defined in (2.2).

Proof. Note that the formal expansion of
(1 i !
Pira () = | S ) = (po ) — = (A, 1)

% —1
_ ih(‘;(u, 1) — ih(p. 1) + (x,u))

is of order # if (A, u) # 0. It follows from Theorem 3.18 that the element F is the formal
expansion of

D pEnen) T F (X)) ® 7T (Yw) + D Pl plen) T 7 (Xw) ® 75 (V).

wew weW
lwl<1 lw|>2

Using that the words w € W with |w| < 1 are precisely the empty word and the one-
letter words (£) with ay € AT, i.e., (A, ap) # 0, it follows that the first sum expands to
L+in) ,ca+ (A, a) ' Xy ® Yy + O(#?). Let us argue why the formal expansion of the

second sum is of order #2. By definition 2 ()™t = ]_[14';"1 Ppiasn(Quw,.,,) " Since,
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by definition of W, we have Oy, € ﬁﬂ it is clear that the formal expansions of all sum-
mands with (A, 0w, _, + Q) # 0 are of order /% (because both piz /s (oz(wle,w‘w‘))_1
and pij /s (ocwlw)_1 are of order 7). So assume that (A4, Oy T+ O‘w\w|) = 0, in which case
A,y € AT and, by invariance of the ordering, Oy T+ is not a root. Therefore
X1 Xwpy) = Xuwpyy Xwyy_,» and if w = (Wy, ..., Wy|-2, W[, Ww|—1) is the word
obtained form w by switching the last two letters, then X,, = X,,y. Similarly, ¥;, = Y,,.
Furthermore, by definition of ay,, we have ay, |, = G foralli < |w|and

pili{/h(aw)_l + p:ﬁ/h(aw/)_l
Jw|—1

= (Pirsn(@w) ™" + piasn(wy,) ") l_[ Pirsa(@uw,)

i=1

But under our assumptions (Otww,/\)_l + (O‘wm_n ,A)~! =0, and therefore the formal
expansion of pi;h/;,(ocw‘wl)_l + pi,x/h(Otwlw‘_l)_l is ih(awlw‘,)t)_l + ih(aw‘wl_l,)t)_l +
O(h?) = O(h?). Consequently, the summands which could potentially be of order # in
the sum over w € W with |w| > 2 cancel out, and this sum is therefore of order #% as
claimed.

To conclude the proof, note that antisymmetrizing the first order gives indeed

FEom — i 32 20 (Xa ® Yo — Yo ® Xa)

aeA+
. -1 .
=i A([Xa.Yal) Xo ® Yy = imkxs.
aclA
where ks denotes the Poisson tensor associated to the KKS symplectic form. [

We conclude this subsection by saying a bit more about the directions in which * and
*, differentiate.

Lemma 3.33. For any § = Ad; A € O, the subspaces
L = span {(Adg Xa)o, e, @ € AT} C Te 0, (3.33a)
L_; = span {(Adg Xo)o, s, @ € A7} C T:0; (3.33b)
are independent of the choice of g € G.

Proof. Any two choices g, g’ € G differ by an element of G,; that is, g’ = gx with
x € G,. So it suffices to prove that span{Ad, X, @ € AT} = span{X,, o € A*}. This
follows from the invariance of the ordering and the connectedness of G . ]

Therefore the distributions L4 and L_ in TO, spanned by L ¢ and L_ g, respec-
tively, are well defined.

Corollary 3.34. The star product xj derives the first argument only in the directions of
LSFI’O) and the second argument only in the directions of L1+9).
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Proof. This follows from the explicit formula for Fj obtained in Theorem 3.18, from
Remark 3.31 and Proposition 2.8. ]

3.4. Examples

In this subsection, we derive formulas for Fj in the case G = SLy4,(C) for the largest
non-trivial stabilizer G,. When restricting to real coadjoint orbits in Section 5.4, this
example allows us to obtain quantizations of complex projective spaces and hyperbolic
discs.

Example 3.35 (SL;4+,(C)). Let G = SL14,(C) be the Lie group of matrices with deter-
minant 1. Its Lie algebra g = sl14,(C) consists of matrices with trace 0. Number the
rows and columns of a matrix X € gby 0,...,n. Let A:g — C, X +— —irXy,, where
r € C. Using that the Killing form B satisfies B(X,Y) = 2(n 4+ 1) tr(XY), where tr is the
usual (not normalized) matrix trace, it follows that A* is a multiple of the diagonal matrix
diag(n,—1,...,—1), and therefore

ar = {X €5l14,(C) | Xo,i = Xio =0for1 <i <n}, (3.34a)
Gp ={g € SL142(C) | g0 = gio =0for1 <i <n}. (3.34b)

We choose the Cartan subalgebra Iy consisting of the diagonal matrices in g. The roots are
then givenby o; j = L; — Lj for0 <i,j <mnwithi # j,where L; e h*, L;(X) = X; ;. If
we let the roots ¢; ; withi < j be positive, then the simple roots are oo, 1, 1,2, . . ., Cn—1,1-
As before, denote the matrix with entry 1 at position (i, j) by E; ;, and define X, ; :=
E;jeqg¥iandY; ; = E;; € g% = g “J. Note that

B(Xi,j, Yi,j) = 2(72 + l)tl‘(Xi’jYi,j) = 2(n + 1),

so we use a normalization different from that in Section 3.1.

If n = 1, it is easy to simplify the formula for Fj obtained in Theorem 3.18: there
is only one positive root o = wg,1, and there is a unique word wy of a given length
¢ € Ny. Note that A = —ira/2 and p = /2, so piy/u(mo) = %mz(a,a) - %m(a,a) -
ﬁmr(a,o{) = }Tm(m — 1 — %). Therefore

¢ 4 (—4)*
wy _ — .
il N ey s 3 e B oy

We set X = Xy, and ¥ = Yy, ;. Since B(X,Y) = 4, we have to plug the normalized
elements X /2 and Y /2 into (3.24) and obtain

(—1)* ¢ ¢
Fr = — = XYt (3.35)
F & TG G

This result was already obtained in [1, Example 4.16]. For arbitrary n, we compute the
canonical element of the Shapovalov pairing directly, instead of simplifying (3.24).



Strict quantization of coadjoint orbits 1215

Proposition 3.36. For G = SL;1,(C), the same A, and the same ordering as above, one
has

(=1)* .
by = a0 ; (Xo1® Yo1 4+ Xou ® Yo)t. (3.36)
g\;o“z(ﬁ—l)“'(z—(@—l)) U

Proof. The Lie algebras i™ and fi~ are commutative Lie algebras spanned by Xo 1, ...,
Xon and Yo 1, ..., Yo, respectively, so {X7 = Xg’ll X({,"n | I € NI} and {Y7 =
Yo{‘l oy YO{Z | J € N} are bases of % (7t) and % (7). The Lie algebra n is spanned by
X;,; withi < j and we can view X7 also as an element of % (n). Then 77)1" xhH=x!
and similarly ﬁ;(YJ) = Y. Consequently, (X7, YJ)a/h = (X1, YJ)W;!. For degree
reasons, the bases {X !} and {Y’} are orthogonal, meaning that (X7, YJ)W;, = 0 for
I # J. Indeed, X! and Y7 are homogeneous with respect to the degree d defined in
the beginning of Section 3.1, d(X') = Id(Xo,1) + -+ + 1nd(Xo) = Lo + -+ +
I,00,,, and dy’) = —(Jio,1 + -+ + Juo,n)- Since the o ; are linearly independent,
Lemma 3.3 implies the claimed orthogonality.

Therefore it suffices to determine the normalization (X7, Y7);; /. Define H; :=
[Xo,i, Yo,i]] = Eo,0 — E;;. Given a multi-index / € N, we can form a sequence that
starts with /1 many 1’s, then has I, many 2’s, ..., then I, many n’s. Denote the kth ele-
ment of this sequence by /;. Introduce the projection ( - )o to % ) in the decomposition
Ug=UY® (™ -Ug+Xg-nt)sothat my (u) = A((1)g). Then we claim that

[7]-1

X'y =1 T (Hi, —0). (3.37)
=0

To see that this formula implies the proposition, note that
(XY Diayn = mayn(SXHYT) = (—1)|I|(%A)((XIYI)0)

and that %)L(Hi) = % foralli =1,...,n.So

1 I I
FhZZWX RY

TeN? iA/h
(! I 1
= X' ®Y
2 TG0 (1= 1)

and an application of the multinomial theorem gives (3.36).
It remains to prove (3.37). For n = 1 this is the statement of [15, Lemma 5.2]. Note
that this also means that

Z = XonYon — I\Hy(Hy — 1)+ (Hy — I + 1) € % (span{Xon. Yo . Hy})
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satisfies (Z)¢ = 0. We proceed by induction and assume that (3.37) holds for n — 1.
Writing I = (11, ..., I,—1,0) and noting that [H,, Xo,;] = X, for ] <i <n—1, we
compute

(X170 = (XX 1Y),
= (X" (In'Hy(Hy = 1)+ (Ha — In + 1) + Z)YT7) |
= I\((Hn = =) (Hn — 11_| = 1) -+ (Hp — |I-| = I, + 1) XY 1),
+(XZY ),
= L\(Hy — |I=)(Hp — 1| = 1) -+ (Hy = |1-| = I, + 1)(X-YT")o
+ (xT-zyh),.
Since (Z)o = 0 and d(Z) = d(Xy", Yo — In\Hy(Hy — 1)+ (Hy — I + 1)) = 0, we
can write Z = Yy, Z' Xo,, for some Z’ € % (span{Xon, Yo.n, Hn}). Since Yy, € g*0,
any commutator of Yy , with elements of g*>!, ..., g1 has degree d equal to L, —
Z::é ¢; L; for some ¢; € Z, so it must either be O or in a negative root space. Therefore

(X1-ZY17)y = 0, and the claim follows by applying the induction hypothesis to the first
summand in the equation above. ]

Corollary 3.37. Let G = SL14+,(C) and let A be as above, but choose the opposite order-
ing, for which «; j with i > j is positive. Then
1
Fy =
Z OF(FE+1) - (F+U=1)

£eNy

(Yo1 ® Xo1 + -+ Yon ® Xon)b. (3.38)

Proof. The only change in the computation above is that the roles of Xy, and Y, ; are
swapped. Now [Yo.;, Xo.i] = Eii — Eo.0, S0 %A([Yo,i, Xo,i]) = —%, which means that r
changes sign. ]

4. Continuity

In this section, we extend the product *x3: Pol(0,) x Pol(®,) — Pol(0,) obtained in
Corollary 3.30 to a product *z: Hol(9)) x Hol(9,) — Hol(O,) on all holomorphic func-
tions on the coadjoint orbit, that is continuous with respect to the topology of locally
uniform convergence. More precisely, we prove the following theorem.

Theorem 4.1. Let O, be a complex semisimple coadjoint orbit of a complex semisimple
connected Lie group G. Then for any h € C \ P the product *3 on Pol(0;) is continuous
with respect to the topology of locally uniform convergence and extends to a continuous
and G-invariant product *3: Hol(0,) x Hol(©,) — Hol(O,) on the space of all holo-
morphic functions on 0.

The proof of this theorem proceeds as follows: in Section 4.1, we prove the continuity
of xj with respect to a topology that we call the reduction topology and in Section 4.3 we
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prove that the reduction topology coincides with the topology of locally uniform conver-
gence. Consequently, % extends to the completion of the space of polynomials on ).
Using the results of Section 4.2, we prove in Section 4.3 that this completion is the space
Hol(@,) of all holomorphic functions on O}

In the whole section, we assume that the complex connected semisimple Lie group
G is concretely realized as a complex Lie subgroup of GLy (C) for some N € N, as

explained in Section 2.1. In particular, since G is semisimple, it is a closed submanifold
of CNV*N

4.1. Continuity in the reduction topology

In this subsection, we prove the continuity of the star product *; with respect to a topology
that we call the reduction topology, defined below. Recall that a sequence of functions
fi: X — C on a topological space X is said to be locally uniformly convergent if for
every x € X there is a neighborhood U C X such that f; converges uniformly to f on
U, ie., limj—oo supyey | fi (¥) — f(¥)| = 0. In this work, X will always be a manifold.
Then the topology of locally uniform convergence coincides with the topology of compact
convergence (for every compact subset K C X, f; converges uniformly on K), and is
therefore a locally convex topology, defined by the seminorms || f ||k = supg|f].
Denote the ideal of polynomials in Pol(CV*¥) whose restriction to G vanishes by

I(G).

Definition 4.2 (Reduction topology). The topology 7} of locally uniform convergence on
the space Pol(CV*¥) of polynomials on C¥*V induces a quotient topology on the space
Pol(G) == Pol(CN*"N)/I(G) of polynomials on G, and we call the subspace topology on
the space Pol(0;) = Pol(G)®* of polynomials on the coadjoint orbit @, the reduction

topology.

In Section 4.3, we will prove that the reduction topology coincides with the topology
of locally uniform convergence on ;.

This topology is convenient for obtaining continuity estimates for *j, since we gave
a description of W(F}3) via bidifferential operators on G in Section 2.2. Since we assume
that the Lie group G is concretely realized as a complex Lie subgroup of GLy (C), its Lie
algebra g is realized as a Lie subalgebra of gl 5 (C). Considering the element F,L ¢ defined
in (3.32) as an element of % (gl 5 (C)) ® % (gl 5 (C)), we let

%, 1 Pol(CN Ny x Pol(CY*N) — Pol(CV*N),

o0
(p.@) > pyg=Y (F )" p.q). @D
(=0

which is well defined because Lemma 3.28 implies that the sum over £ is finite and that
(Fy. Phe (1,0 p q) is again a polynomial. Note that *; is (in general) not associative
since Ze 0 h ¢ satisfies (3.25) only after passing to the quotient. However, since F} ,

lies in the subspace Z g ® % g, it induces a product on Pol(G) = Pol((CNXN)/I(G)
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As in Remark 3.31, it follows that the restriction of this product to Pol(G)%* 2 Pol(0®;)
coincides with .

Theorem 4.3. For i € C \ P, the product x} on Pol(CN*N)) is continuous with respect
to the topology of locally uniform convergence 7.

Before proving this theorem in the rest of this section, we would like to note the
following consequence, which motivates the definition of the reduction topology given
above.

Corollary 4.4. For h € C \ P, the product x3 on Pol(O)) is continuous with respect to
the reduction topology.

Proof. This follows immediately from the previous theorem and the construction of the
reduction topology. ]

Remark 4.5. It is interesting to point out that the proof of Theorem 4.3 will not use
anything about the actual Lie algebra structure but semisimplicity and the form of the
element Fy. In fact, we only need that the coefficients of Fj behave like p} (o) ~ [w |2
for large |w|. The rest of the proof consists in counting terms and checking that there are
not too many.

The strategy to prove Theorem 4.3 is as follows. We first introduce a different locally
convex topology that is better suited for obtaining continuity estimates. Then we prove
that this topology is equivalent to the topology of locally uniform convergence and we
prove the continuity of *} with respect to this topology.

Set m = N2. Let B = {b1, ..., b} be the standard basis of C and denote the
dual basis of (C™)* by B* = {b],..., b, }. Elements of Pol(C™) =~ S((C™)*) (where S
denotes the symmetric tensor algebra) can be written uniquely in the form ) TeNy 41 by.
Here I € NJ is a multi-index, b} = (b7)¥/1 v --- v (b%)VIm, and only finitely many of
the coefficients a; € C are non-zero. For any R € Rt define a norm

Z a[b}I<

IeNy'

=Y las|R. 4.2)

IeNy

Note that these norms coincide with the To-norms with respect to the basis B*, studied for
example in [40]. We denote the locally convex topology given by endowing Pol(C™) =
S((C™)*) with the seminorms ||| - ||| g by Jj.|j- This topology can equivalently be defined
by the countable set of norms ||| - ||| g with R € N.

Note that ||| - || g is submultiplicative with respect to the classical product:

IeNy JeNy

Z ara’;by v b}
1JeN

> lagllaly |RTTH
I,JeNl

R R

A
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= ( ) |a1|R"')( ) |a9|R")
IeNp! JeNp
Z arby Z a’ybj

IeNy JeNy

Proposition 4.6. The topologies J). and Ty coincide.

Proof. Assumethatp =), eNgr Ar by € Pol(C™) is a polynomial. Given a compact sub-
set K € C™, choose R € R such that |z| < R holds for all z € K. Then on the one hand
we have

Iplx = maxip@)] < 3 larl R = lipll:
IeNy

On the other hand, if Dg = {(z1,...,2,) € C" | |z;| < Rfor 1 <i <m} C C™ denotes
a closed polydisc of radius R, then Cauchy’s integral formula yields

_ 1 1 p(z) I
lar| = T 197 p(0)| = Q)" /IZi|=R T+, D) dz
<Zr2a);|p(z)’—R|I+(l ..... 1)| R‘” max‘p(z)‘

Applying this estimate for a polydisc of radius 2mR yields

1
- 1] 171
Pz = 3 larlR 5162 mﬁ Gnm R max |p()]

zeD
IeNy 2mR

= max [p@)] 3 @m =2 max [p()] = 2Pl
IeNy

Consequently, we can estimate any norm of . by a seminorm of 7j. and vice versa, so

the topologies 7j.) and Jj. coincide. L
Because of the previous proposition, we can and will work with the norms || - |||z

instead of the seminorms || - || in the following. To obtain continuity estimates, we need
to estimate the coefficients p, (i) defined in (3.8).

Lemma 4.7 (Estimates for py). For any fixed compact set K C §* there are constants
C > 0 and M such that p)(cy) defined in (3.8) satisfies

| pa(etw)| = Clw]? 43)
Sfor all words w € W of length |\w| > M and all A € K.

Proof. Assume that the positive roots oy, ..., € AT are ordered in such a way that
oy, ...,q, are the simple roots. Write o, = Z;=1 cw.i® as a linear combination of
simple roots, where ¢y,,; € Ny satisfy |[w| < Y/_; ¢w,i < c|w| with ¢ depending only on
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the root system. Since (p, ;) > Oforall 1 <i <r we can choose c¢,, C, € R ™ such that
cp < (p,;) < Cpholds forall 1 <i <r. Similarly, thereis C’ € RY with |(A, ;)] < C’
forallA € Kand 1 <i <r.Then

1 2
(Ctw, 0yp) > (0. )(aw’P)z _(Z(Cw,iai, /0))

and for all A € K we obtain
[(o+ A ow)| < ch,i(l(p,ai)l + (A, @)l)
i=1

,
<(Co+C)D cwi c(Cp+ Cwl.
i=1

Setting C =
obtain

mcp, 1:=¢(Cp+ C’), and M = &, and assuming |w| > M, we
1
| Patow)| = S (etw ow) = [(p + 4, )]
> 2C|w|* — Ci|lw| = 2C|w|*> — C|w|* = C|w|*. L]

Corollary 4.8 (Estimates for p’). Fix A € h*. For any compact set K C C\ P; there is
a constant Cp > 0 such that p; I (o) defined in (3.8) satisfies

|w]

14
(lwl?

|P5)L/h(0‘w)_l| = 4.4)

for all words w € W and all h € K.

Proof. Note that K’ = {iX /A | h € K} is a compact subset of A. Let M and C be the con-
stants obtained by applying the previous lemma to K’, so | p/(ay)| > C|w|? for all w €
W with |w| > M andall I’ € K'. Since iA /A € A, we have min, ¢ 1 <pr | Pin/a(@w)| >0
for all # € K. Since this quantity depends continuously on 7%, the minimum for # € K exists
and must also be positive. Hence we may decrease the constant C such that | pij /5 (0t )| >

C|w|? also holds for the finitely many words w € W with |w| < M. Consequently,
| piri ()| = C|w|? holds for all words w € w. Setting C, := 1/C, the corollary fol-
lows by rearranging. ]

We have now collected all the results needed to prove Theorem 4.3.

Proof of Theorem 4.3. First, we note that it suffices to prove the existence of a constant

M such that for any multi-indices I, J € N we have |||b;‘ */h b;mR < (RM)'”'H”.
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Indeed, this statement implies the continuity of *} since for p = > ; eNp PI b} and g =
>_reny qrby we estimate

Z piby %, Z qibjy

IeNy JeNy

=Y S pillasl||pr # b}HIR

IeN JeNT

< > > Iprllgs(RITHV]

IeNy' JeN(

> pib;

IeNy

7 +5 alll =

E: QJbJ

JeNy

= ||Ip|||RM|||61I||RM~

Using the notation /) introduced in the proof of Proposition 3.36 we estimate

o0
Z(F};’g)left’(l’()) (b;, b;)

£=0

167 5 23 =

R

‘ Z Pﬁ/h(aw)_l(Xw ® Yw)leﬂ’(l’o)(b;‘,bj)

R

(1)
< Y|P alo) ™

wew

left,(1,0) g, *
Z Z H‘me blm

W)= WATD W) ey 7))

|| et (1,0) 7
) H)Xw(un bl{uu
I,

e

myleﬁ ,(1, O)b*

‘ H‘Yleft ,(1, O)b*

Wi Jay am T
)]
< Z |I||w||J||w|C2|w|R|I|+|J|
weW’
3) |IV|JV
[I]|4+]J] 2,4
<R Z(kc,,c ) e

£=0

k1/2c1/2C|1|)‘ < (k12¢c)?clr)”

< Y Rl Z ZZ .
=0

< R\1|+|J\ek1/2c;/2cu\ekl/zc,}/zcm

_ (Rekl/ch‘/ZC)ll\HJl
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The sum Zw(l) ..... wyy, Mtroduced in (1) is over all partitions of w € W into words w1y,
..., wqry- To be more precise, consider a partition Py, ..., Py of {1,...,|w|} into |I|
many subsets. To P; = {p;.1,..., pi,j;} with p;1 <--- < p; j,, we associate the word
W() = Wp;  Wp;, ** Wp; ;.. Then we sum over all partitions. The other sum is defined
similarly. We also used submultiplicativity of || - ||| g in this step. To justify (2), we note
that, for any Z e gl (C), Zleft’(l’o)b;“ is of degree 1 so that XEL@0pe g of degree 1.

. — left, (1,0) 7 x L ro oy
Defining C := maX;e(1,.. .m},aca | Xa b} |ll, we obtain

left,(1,0) 7, %
H)XW) blm

( < ClvoIR.
=

The sum over wyy, ..., wqrp) has |1 |le many terms, since for each letter of w we can
choose in which of the |/ | many sets we want to have it. The same holds true for the other
sum. In (3) we used that there are at most k'’ many words of a given length |w| in W and
(4) holds, because we just added some positive extra terms. ]

Remark 4.9. For a fixed compact set K € C \ P, the proof above shows that there is a
constant M € R™ such that for any # € K we have

12 *, all g < WPl rasllgll rae (4.5)

since Corollary 4.8 gives uniform estimates for all # € K.

4.2. Stein manifolds and extension of holomorphic functions

In this subsection, we discuss extension properties of holomorphic functions on closed
complex submanifolds of Stein manifolds or, more generally, on analytic subsets of Stein
manifolds. We will use the results in the next subsection to identify the reduction topology
with the topology of locally uniform convergence and to determine the completion of the
space of polynomials with respect to this topology.

Since analytic subsets in a Stein manifold are a very natural setting to prove the extend-
ability results, we formulate them in this generality (even though we only need the case of
closed submanifolds most of the time). The content of this subsection has been known for
long and can be found, e.g., in the textbook [21].

Recall that, for a complex manifold M, we denote the vector space of holomorphic
functions on M by Hol(M).

Definition 4.10 (Holomorphic convex hull). For a compact subset K of a complex mani-
fold M we define its holomorphic convex hull to be the set

Ku ={z € M ||f(z)| <sup|f]|forall f € Hol(M)}. (4.6)
K

Definition 4.11 (Stein manifold). A complex manifold M of dimension 7 is said to be
Stein if

(i)  for any compact subset K C M its holomorphic convex hull K M 1s compact,
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(ii)) forevery z € M there are functions f1,..., f, € Hol(M) that form a coordinate
system around z.

Stein manifolds should be thought of as domains of holomorphicity for holomorphic
functions of several complex variables. Clearly, C" is Stein.

Definition 4.12. A subset V' € M of a complex manifold is called analytic, if for every
point z € M there is a neighborhood U € M of z such that there is a family of holomor-
phic functions f; € Hol(U), indexed by j in some index set J, such that

VNU={zeU| fij(z)y=0forall j € J}. 4.7)

Example 4.13. Any closed complex submanifold M of C” is an analytic subset. Indeed,
around any z € M we can find a submanifold chart, that is a neighborhood U and coordi-
nates z = (z1,...,z,) such that M N U is given by the vanishing of the first » — dim M
coordinates. Therefore we can take f; = z;j for j = 1,...,n —dim M in Definition 4.12.
Around any z ¢ M, there is a neighborhood U such that U N M = @ and we may pick
f1 = 1 in Definition 4.12.

Definition 4.14. A function f:V — C on an analytic subset V' C M of a complex man-
ifold is called holomorphic, if for every point z € V there is a neighborhood U € M of z
and a holomorphic function g € Hol(U) such that g|gny = flunv.

Example 4.15. If V is a closed complex submanifold of C” as in Example 4.13, then this
definition of a holomorphic function coincides with the usual definition. Indeed, in any
submanifold chart (U, z) as in Example 4.13, a holomorphic function on U N V can be
extended constantly along the first » — dim M variables to a holomorphic function on U'.
The reverse implication is clear.

Proposition 4.16. Let V be an analytic subset of a Stein manifold M. Then Hol(V)
endowed with the topology of locally uniform convergence is a Fréchet space.

Proof. 1t follows from the definition of analytic subsets that V' is closed. Therefore the
restriction of any compact exhaustion of M to V gives a compact exhaustion K; of V.
The seminorms || f'||x; = supg, | f| define a countable system of seminorms inducing the
topology of locally uniform convergence. The completeness of Hol(}') with respect to
this topology is a non-trivial result and proved in [21, Theorem 7.4.9]. ]

The crucial property of an analytic subset V' of a Stein manifold is the following
extendability property for any holomorphic function on V.

Theorem 4.17 (Extendability of holomorphic functions). Let V be an analytic subset of
a Stein manifold M. Any holomorphic function f € Hol(V) can be extended to a holo-
morphic function f € Hol(M). In other words, the restriction map Hol(M') — Hol(V) is
surjective.

Proof. See [21, Theorem 7.4.8]. [
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For an analytic subset V' of a complex manifold M we denote the subspace of Hol(M)
consisting of functions that vanish on V by I (V). Note that the restriction map Hol(M ) —
Hol(V') descends to a map on the quotient, r: Hol(M)/I (V) — Hol(V). This map is
clearly injective by definition of I(V'), and if M is Stein it is surjective by the previous
theorem.

Corollary 4.18. Assume that M is Stein and that V C M is an analytic subset. If
Hol(M)/ I (V) is endowed with the quotient topology of the topology of locally uniform
convergence and Hol(V') is endowed with the topology of locally uniform convergence,
then the map r:Hol(M )/ I (V) — Hol(V) is a homeomorphism.

Proof. We know that r is bijective, so it only remains to prove the continuity of r and
r~1. Both Hol(M) and Hol(V) are Fréchet spaces (for Hol(M) this is well known, for
Hol(V) it is the statement of Proposition 4.16). Since I (V') is closed, Hol(M)/I(V) is
also a Fréchet space. Clearly, the locally uniform convergence of a sequence f; € Hol(M)
implies the locally uniform convergence of the sequence of restrictions f; |y € Hol(V), so
the map r is continuous. The statement then follows from the open mapping theorem for
Fréchet spaces. ]

4.3. Characterizing the reduction topology

In this subsection, we show that the reduction topology on (0, as defined in Section 4.1 is
the topology of locally uniform convergence and that the completion of the space of poly-
nomials Pol(0,) on @, with respect to this topology is exactly the space of holomorphic
functions Hol(©)) on O,

Proposition 4.19. The reduction topology Treq on Q) coincides with the topology of
locally uniform convergence.

Proof. By the assumption at the beginning of this section (see also Section 2.1), G is a
closed complex submanifold of CV*¥  hence an analytic subset by Example 4.13. Apply-
ing Corollary 4.18 yields that the quotient topology on Hol(G) induced by the topology
of locally uniform convergence on C¥*¥ is precisely the topology of locally uniform
convergence on G.

By Definition 4.2 the reduction topology is the restriction of this topology to the sub-
space of right G, -invariant holomorphic functions. Using that this subspace is closed, and
that a sequence f; € Hol((;) converges locally uniformly if and only if the sequence
7*(f;) € Hol(G)%* converges locally uniformly, one can easily check that the reduction
topology coincides with the topology of locally uniform convergence on Hol(9;). ]

Finally, we would like to determine the completion 1551((9 ) of Pol(©,) with respect
to the topology of locally uniform convergence.

Proposition 4.20. We have Pol(0;) = Hol(O,,).

Proof. 1t is clear that 15(;1((9,1) C Hol(0,), since Pol(O9;) € Hol(O;) and the limit of a
locally uniformly convergent sequence of holomorphic functions is again holomorphic.
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The other inclusion is easy to see if one uses that semisimple coadjoint orbits are
affine algebraic varieties; see Remark 2.4. In particular, they are analytic subsets of the
Stein manifold g* and therefore we can use Theorem 4.17 to extend any f € Hol(O9,)
to a holomorphic function f € Hol(g*), which can be approximated by polynomials.
Restricting these approximating polynomials to @) gives a sequence of polynomials in
Pol(0,) converging locally uniformly to f.

Alternatively, we know that G is a closed submanifold of the Stein manifold CN*N 5o
the same argument yields that any f € Hol(G) can be approximated by some p, € Pol(G).
Assume that f € Hol(G)%*. Let K be a maximal compact subgroup of G. Averaging py,
over K, gives a sequence p), € Pol(G)X* that converges locally uniformly to f. Now Dh
is even G -invariant since the action of G is holomorphic, so 7« p;, € Pol(9,) converges
to « f € Hol(O,). |

We are now able to prove the main theorem stated in the introduction to this section.

Proof of Theorem 4.1. From Section 4.1, we know that the product * is continuous with
respect to the reduction topology. We showed in Proposition 4.19 that the reduction topol-
ogy coincides with the topology of locally uniform convergence on ). The previous
proposition shows that the completion of Pol(() in this topology is Hol((,). Finally,
G-invariance of the product on the completion is clear since the action of G on Pol(O,)
is continuous with respect to the topology of locally uniform convergence. ]

We close this section by the following proposition, which asserts that the dependence
of *j on # is holomorphic.

Proposition 4.21 (Holomorphic dependence on %). For two fixed holomorphic functions
p.q € Hol(Oy) and x € Oy the map C \ P), — C, h — p *; q(x) is holomorphic.

Proof. By construction of %z in Section 3, the map C \ P — C, i p’ %3 g’ (x) is
rational for p’, g’ € Pol(©,). Assume that p,, ¢, are sequences of polynomials on O,
such that p, — p and g, — ¢ locally uniformly. Since the estimates of Section 4.1 are
locally uniform in 7 (see Remark 4.9), it follows that p,, *3 g, — p *4 ¢ locally uniformly
in #. But clearly the evaluation at x is continuous so that  — p *; ¢(x) is a locally
uniform limit of rational functions and therefore holomorphic. ]

5. Quantizing real coadjoint orbits

We have seen in the previous sections how to construct (formal and strict) quantizations
of complex coadjoint orbits. In this section, we will use these results to obtain (formal and
strict) quantizations of real coadjoint orbits.

In Sections 5.1 and 5.2, we collect some preliminary results on the complexification
of a real coadjoint orbit @, and a real Lie group G. We define a certain class of analytic
functions that we denote by A(9;,) and A(G). In Section 5.3, we construct a quantization
of real orbits by restricting the quantization of a complexification. We discuss the exam-
ples of complex projective spaces and hyperbolic discs in Section 5.4. Finally, we show
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that point evaluation functionals are positive for certain coadjoint orbits in Section 5.5 and
compare the quantum algebras obtained for coadjoint orbits of real Lie groups with the
same complexification in Section 5.6. Most results in the later subsections follow almost
directly from the results in the complex case.

From now on, all complex Lie groups and Lie algebras will be denoted with a hat and
letters without decoration will be used to denote real objects. We will also use hats for
maps between complex objects, e.g., we rename the map defined in (2.8) to 0.

5.1. Complexification

In this subsection, we define the complexification of a real coadjoint orbit &, and a real
Lie group G and show how they are related.

For a real Lie algebra g, denote the space of real-valued real-linear functionals on g
by g*. As before, §* denotes the space of complex-valued complex-linear functionals on
a complex Lie algebra §. In the following, we will always assume that § = g ® C is the
complexification of g. In this case, any element of g* has a unique extension to an element
of @*. We will perform this extension implicitly whenever necessary, without mentioning
it. For example, in the following proposition, the coadjoint orbit o » is really the coadjoint
orbit through the extension of A € g* to an element of g*.

Proposition 5.1. Let Q) C g* be a coadjoint orbit of a real connected Lie group, and
assume that § is the complexification of g. Then O, is a submanifold of a unique complex
coadjoint orbit O 2 C 8" of a complex connected Lie group with Lie algebra §. The tangent
space Tg 3] 2 of this orbit 3 ) is the complexification of T¢ O, for every £ € g*.

Proof. By Proposition 2.1 the coadjoint orbit O, is the symplectic leaf through A of the
linear Poisson structure on g* defined just before Proposition 2.1. Similarly, the coadjoint
orbits in §* are symplectic leaves of the linear Poisson structure on @*, and the sym-
plectic leaf containing A € §* contains the whole orbit @, . This proves the existence and
uniqueness of O A

As in Section 2.1, we can identify T¢@, with g/g¢ (as real vector spaces) and Tg ) A
with /3¢ (as complex vector spaces) for all £ € . Therefore T¢ O, is indeed the com-
plexification of T¢0,. u

We refer to the complex coadjoint orbit ) » of the previous proposition as the complex-
ification of @,. We will show how to realize it explicitly as the coadjoint orbit of some
Lie group G.

Definition 5.2. Let G be areal Lie group. A complexification of G is a complex connected
Lie group G together with an embedding 1: G — G such that the corresponding Lie algebra
g is isomorphic to the complexification g ® C of g and such that the map T.i: g — §
corresponds to the injection X +— X ® 1 under this isomorphism.

Note that a complexification according to this definition may fail to exist or may not
be unique, if it exists. See the paragraph after Proposition 5.8 for an example of a Lie
group with non-unique complexification. For a connected semisimple Lie group G a com-
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plexification exists if and only if the group can be realized as a linear group: existence for
linear Lie groups is shown below, and the reverse implication follows since semisimplicity
of G implies semisimplicity of the complexification and complex connected semisimple
Lie groups are always matrix Lie groups; see Remark 2.4. There is a different notion of a
universal complexification that does always exist, but that does not enjoy the property that
g =~ g ® C. We will not use universal complexifications in this paper.

Proposition 5.3. If G is a real connected closed linear Lie group, then it admits a com-
plexification G.

Proof. We may assume that both G and its Lie algebra g are realized by real matrices.
Then the complexification § = ¢ ® C is a Lie subalgebra of gl (C). We can use the
exponential map to construct an immersed complex Lie subgroup G of GL ~ (C) contain-
ing G as a subgroup and having § as Lie algebra; see, e.g., [20, Chapter 5.9]. Since G is a
closed subgroup of GLy (C), it is also a closed subgroup of G. |

Note that we did not claim that G is a closed subgroup of GL (C). For semisimple
Lie groups this follows automatically from Remark 2.4.

Lemma 5.4. Let G be a real connected Lie group with complexlﬁcatlon G and let O 2 be
a coadjoint orbit of G with complexification ) 2 Then ) risa coadjomt orbit of G and
the embedding 1: G — G descends to an embedding ) =~ G/G), — G/G;L ~

Proof. Since G is connected and has the Lie algebra g, it follows from Proposition 2.1
that its coadjoint orbit through A is o 2- We identify G with a subgroup of G. Since the
coadjoint action of G on § is holomorphic, G, is a complexification of G, = G, NG.
So the map ¢ descends to a map O, =~ G/G, — G / G = (9,1 that is still injective. To
see that it is an embedding, note that the actions of G, and G 2 on G are proper and free,
s0 G is a principal G, resp. G/\ bundle over G /G, resp. G / G - This implies first that
G/Gy — G/G,l is still an embedding and then that G/ G, — G/@A also is. |

5.2. Polynomials and analytic functions

In this subsection, we introduce polynomials Pol((;) and a certain class of analytic func-
tions A(O,) on a real coadjoint orbit ;. A(O,) consists of restrictions of holomorphic
functions on the complexification. In analogy to the complex case, #4(9,) is the comple-
tion of Pol((,) with respect to some locally convex topology.

All our polynomials are complex-valued. So for a real finite dimensional vector space
V we define Pol(V') to be the unital complex subalgebra of ¢°°(V') generated by the
linear maps. (Remember that €°° (V') consists of smooth functions V' — C.) So Pol(V') =~
S(V¢E), where V{ is the complexification of V* = {¢ : V — R, ¢ linear}.

Definition 5.5 (Polynomials). Let @, be a coadjoint orbit of a real connected Lie group
G with Lie algebra g. Then

Pol(0,) = {p 10, —->C|p= P|(9A for some polynomial P on g*} 6D

is called the algebra of polynomials on 0.
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Note that polynomials on a complex orbit ) , were assumed to be holomorphic and
do therefore not coincide with polynomials on the underlying real orbit. We will always
use holomorphic polynomials on complexifications, so this will hopefully not cause any
confusion.

Denote the ideal of polynomials on g* resp. §* vanishing on O}, resp. ) 2 by 1(0),)
resp. I((Q)L) It is clear that the maps Pol(g*)/I(0,) — Pol(0©,) and Pol(g*)/I((9,1) —
Pol((9 ) are isomorphisms. We would now like to relate polynomials on @, and o 2

Proposition 5.6. Let ) C g* be a real coadjoint orbit with complexification (9,1 c
a*. Then the restriction map (-)|o,: €>°(0y) — €*°(0,) restricts to an isomorphism
( . )|(9A: POI(@,\) — POI((9,1).

Proof. Since restriction to V is a bijection between complex linear maps V @ C — C
and real linear maps V' — C for any finite dimensional real vector space V, it follows
that the restriction map Pol(g*) — Pol(g*) is an isomorphism. If we can prove that
the restriction map I (@ ) — L1(0,) is also an isomorphism, then we are done since
Pol(@;) = Pol(§*)/I(O,) — Pol(g*)/I(0,) = Pol(09,) would be an isomorphism.
Since any map vanishing on o » Vvanishes in particular on @, C o 2, the restriction
map I (@ ) — I1(0,) is well defined and it is injective since it is the restriction of the
injective map Pol(@*) — Pol(g*). So we only need to prove surjectivity, meaning that if
a polynomlal p on g* vanlshes on 9, then its unique extension to a polynomial p on
g™ vanishes on o 2- Since O » is a complex submanifold of g*, the restriction of p to ) 2
is holomorphic. As such, it is determined by its derivatives (of all orders) at A. It is even
determined by its derivatives in the direction of T (9, since T}, 1) 2 1s the complexification
of T, ;. But all these derivatives vanish since the restriction of p to (9 vanishes. [ ]

Definition 5.7. Let G be a linear real Lie group. Its algebra of polynomials Pol(G) is the
unital complex subalgebra of €°°(G) generated by the functions P;;: G — C, g — g;;.

In contrast to the complex case, the algebra of polynomials Pol(G) may depend on the
way in which G is realized as a linear group, even in the semisimple case. We will give an
instructive example after stating the following proposition, which can be proven in much
the same way as Proposition 5.6.

Proposition 5.8. Let G € GLy (R) be a linear connected Lie group with complexifica-
tion G C GLy(C). Then the restriction map (-)|g: €°°(G) — €°°(G) restricts to an
isomorphism (- )|g:Pol(G) — Pol(G).

The reason why the algebra of polynomials Pol(G) may depend on the linear struc-
ture of G is essentially that G may not have a unique complexification. Consider the
linear semisimple Lie group SL3(R) € GL3(R), which has SL3(C) as a complexification.
The images of SL3(R) and SL3(C) under Ad are again semisimple Lie groups. Fur-
thermore, Ad(SL3(R)) = SL3(R) since SL(3, R) has trivial center, and Ad(SL3(C)) =~
SL3(C)/{1,e2™/3 e47i/3} is a complexification of Ad(SL3(RR)). From the previous propo-
sition we obtain Pol(Ad(SL3(R))) 2 Pol(SL3(C)/{1,e?7/3 ¢47i/3}) s Pol(SL3(C)) =
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Pol(SL3(R)), where the map in the middle is not surjective, since there are polynomials
on SL3(C) that are not constant on {1, e2mi/3, €4ﬂi/3}.
We denote the inverses of the isomorphisms in Propositions 5.6 and 5.8 by

2:Pol(0;) — Pol(®;) and *:Pol(G) — Pol(G). (5.2)

Lemma 5.9. Let G be a real connected linear Lie group with complexification G, and
let A € g™ be such that G;k is connected. If [ € Pol(G) satisfies f |G € Pol(G)©%, then
f € Pol(G)%r.

Proof. Let f be as in the statement of the lemma. Since f|g = (g > f)|g holds for
all g € Gy, it follows from the injectivity of (-)|g that f = g f,so f € Pol(G)C+.
Therefore f is in partlcular invariant under g, and thus also under g, since the action is
holomorphic. Since GA is connected, we obtain that f is G a-invariant. ]

Corollary 5.10. Let G be a real connected semisimple linear Lie group with complexifi-
cation G, and assume that A € g* is semisimple. In this case the restriction map

()lG:Pol(G)%* — Pol(G)®*
is an isomorphism.

Proof. G is connected by Proposition 2.3, so this is an immediate consequence of Propo-
sition 5.8 and Lemma 5.9. ]

Corollary 5.11. Let G be a real connected semisimple linear Lie group with complexifi-
cation G, and assume that ) € g* is semisimple. Then the map 7*: Pol(0;) — Pol(G )%
is an isomorphism.

Proof. From Propositions 5.6, 3.27, and Corollary 5.10 it follows that the composition

Pol(0,) —> Pol(®;) —— Pol(G)%r 219,

Pol(G)©*
is an isomorphism, and this composition is 7 *. ]

Corollary 5.12. Let G be a real connected semisimple linear Lie group with complexifi-
cation G, and assume that A € g* is semisimple. Then the following diagram commutes
and all arrows are isomorphisms:

Pol(G)% <:> Pol(@;)

H()\G T Olo, (53)

Pol(G)%* —— —> Pol(0,)

Next, we want to introduce a class of analytic functions, that becomes the closure of
the polynomials with respect to a certain locally convex topology. To this end, assume that
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0, is a coadjoint orbit with complexification 0) » and that G is a real connected Lie group
with complexification G. Then define

AO;) =im ((+)]g,: Hol(Q;) — € (0,)) (5.4)

and ~
A(G) = im ((+)|;:Hol(G) — €*(G)). (5.5)

Note that an element f € A(O,) determines a unique element f € Hol(@ 2): existence
follows by definition of 4(Q©,) and f is determined by all its derivatives at A. Since the
complexification of T, O, is just T (5,1 (see Lemma 5.4), it suffices to take derivatives
in the direction of T @,. But these derivatives are determined by f. A similar reason-
ing holds for G and G. We obtain a commuting square that is similar to the square for
polynomials obtained in Corollary 5.12.

Proposition 5.13. The following diagram is commutative and all arrows are isomor-
phisms:

Hol(G)%» T——=> Hol(6})

H( ), " ﬂ(-)|@A (5.6)

AG)r —= —> A(O1)

Proof. We know from Section 2.1 that 7*: Hol(@ L) — Hol(@)aA is an isomorphism. In
the previous paragraph, we explained that *: A(9;) — Hol(@ 2)and “: A(G) — Hol(@)
are isomorphisms and as in Lemma 5.9 it follows that the same is true for * : A(G)Or —
Hol(G)Gl Composing these isomorphisms, we obtain that 7*: A(0Q;) — #4(G)%* is an
isomorphism. ]

Since Pol(@/\) C Hol(@x), it follows that Pol(9;) € A(@,). We can define a topol-
ogy Tt of extended locally uniform convergence on 4(0;) as follows: a sequence fn €
A((QA) converges to some f € A(@,\) if and only if the sequence f,, € Hol((9,1) con-
verges locally uniformly to f € Hol((QA) Clearly, the maps *: A(OQ;) — Hol((9 ) and
()lo,: Hol(@l) — #(0,) are both homeomorphisms. From Proposition 4.20 it follows
that the closure of Pol((,) with respect to the topology of extended locally uniform con-
vergence is 4(0y).

5.3. Formal and strict star products on real coadjoint orbits

In a sense all constructions in Sections 2, 3, and 4 are compatible with the restriction to
real forms. In this subsection, we want to make this statement precise. In particular, we
will show that we can restrict formal and strict products from a complexification o 5 ofa
semisimple coadjoint orbit 9, of a real connected semisimple Lie group G to formal and
strict star products on (. These star products can—as before—be computed by applying
fundamental vector fields or by passing to the Lie group by using the maps 7* and 7.
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We will determine when the star products on @, are of (pseudo) Wick type or of standard
ordered type.

Proposition 5.14. Let O be a semisimple coadjoint orbit of a semisimple connected real
Lie group G. By Lemma 5.4 it has a complexification 3] », and there are strict products
T Pol((%) X Pol((%) — Pol(@x) with extensions *: Hol((%) X Hol((%) — Hol(@,l)
constructed in Corollary 3.30 and Theorem 4.1, where h € C \ Pj. These products restrict
to G-invariant strict products

#5:Pol(0)) x Pol(0)) — Pol(Q)) and *3:A(0)) x AOy) > A(OQ,) (5.7)

forallh € C\ P,. Forfixed p,q € Pol(0,), the dependence of p *3 q on h is rational with
no pole at zero, and, for fixed f,g € A(O,) and x € O, the dependence of [ *3 g(x) on
i is holomorphic. Both products are continuous with respect to the topology of extended
locally uniform convergence defined at the end of Section 5.2.

Proof. Since the restriction maps Pol(@k) — Pol(@,) and Hol(@,l) — A(0O,) are both
homeomorphisms (with respect to the topology of locally uniform convergence on the
domains and the topology of extended locally uniform convergence on the codomains), the
statement follows trivially from the corresponding statements for %z, obtained in Corol-
lary 3.30, Theorem 4.1, and Proposition 4.21. [

We would like to compute these star products without passing to the complexification.
The construction of bidifferential operators from Section 2.2 works completely similarly
in the real setting. Recall that our differential operators act on complex-valued functions,
and therefore any complex vector field I (T€ M) defines a first-order differential opera-
toron M.

Proposition 5.15. Let G be a real Lie group with Lie algebra g, and let § be the com-
plexification of g. The map

() (% §)®* — k-Ditfop® (G)

obtained by extending § 3 X +— X" € T°(TCG) 10 an algebra homomorphism % § —
DiffOpG (G) and further to tensor products as in (2.5¢) is an isomorphism. If H is a
closed Lie subgroup of G, then the map

Wi (a7 55 — k-Dittop® (G/H), W ([i])(f) = ma (@ (x* f)) (5.8)
is also an isomorphism.

Proof. With the obvious modifications, the proofs of Propositions 2.5 and 2.7 given in
Appendix A.1 apply also to the real situation. ]

To be consistent with the notation of this chapter, we denote the map defined in (2.8)
by 0.
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Lemma 5.16. Let G be a real Lie group with closed subgroup H and assume that the
complex Lie group Gisa complexification of G and contains a complex closed subgroup
H that is a complexification of H. The maps (- )% and ¥ are compatible with the maps
(-)et(1.0) gpg U in the sense that the diagrams

Xk ~ [ Xk
Hol(0)k Uy groo () Hol(7)k 27, cooo (1)
ﬁ]eﬂ,(l,())l lﬁleﬂ and \TJ([T;])l l\ll([ﬁ]) (5.9
Hol(U) ——— €>°(U) Hol(V) —— €°(V)

Oly Oly

commute for all open subsets U - GandV - @/ﬁ, with U = Al’]\ NGandV =V nN
G/H, and all elements ii € (% §)®* and v € (% §/% & - H)®F)H.

Proof. The commutativity of the second diagram follows easily from commutativity of
the first, since the restrictions are compatible with 7* and 7. To prove commutativity
of the first diagram, assume that k = 1 and & = X € § € % §. The tangent map of a
holomorphic function commutes with the multiplication by i. We compute

X0 f(g) = %(Tgf 0 ToLg(X) —iT, f 0 TeLg (iX))
= Tg f 0 TeLg(X) = X" ], (g)

for f € Hol((j ) and g € U. The general case follows from this computation by the way
in which ()19 and (- )t are extended to (% §)®k. n

Corollary 5.17. Let O be a semisimple coadjoint orbit of a semisimple connected real
Lie group G. For h € C \ Py and p,q € Pol(0,), the product x3:Pol(9,) x Pol(Q,) —
Pol(0O,) defined in Proposition 5.14 can be computed by

Pxng =Yy W(Fr)(p.q). (5.10)
£=0

Proof. The previous lemma implies

o o0
Prrg=(p*nlo, =Y V(Fn)B.Plo, = > Y (Fro)(p.q)-
=0 £=0

Note that the sum over £ is finite by Corollary 3.29. ]

Theorem 5.18. Let O be a semisimple coadjoint orbit of a semisimple connected real Lie
group G. The product x: €%°(0,)[A]] x € (O))[A]] = € (O[] defined by f * g =
W(F)(f, g) where F was obtained in Theorem 3.23 is a G-invariant formal star product.
In particular, it is associative and deforms the KKS symplectic form on Q). Furthermore,
P * q coincides with the formal power series expansion of p x4 q around h = 0 for p,q €

A

Pol(0y), and [ x g = [ * &lo, for f.g € A(Oy).
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Proof. 1t is immediate from the definition of F and W that every order of  is given by
a G-invariant bidifferential operator. Since F is the formal power series expansion of Fj
around 72 = 0 and p =3 ¢ is rational with no pole at 0 for p, g € Pol(0,), it follows that
P * q coincides with the formal power series expansion of p *j ¢g. The compatibility with
* is immediate from Lemma 5.16. Since bidifferential operators are uniquely determined
by their behavior on Pol(9,) € A(O,), the compatibility with * implies that x is asso-
ciative and, using Proposition 3.32, that it deforms the KKS symplectic form. ]

Recall that we proved in Corollary 3.34 that the product %; separates variables with
respect to the distributions L4 and L_, which we call E+ and L_ in this section. In
the real case, those distributions may have further properties. They can be real or the
holomorphic and antiholomorphic tangent spaces with respect to a complex structure.
Before giving further details, let us make the following definitions.

Definition 5.19 (Standard ordered type). A star product %z on a symplectic manifold M is
said to be of standard ordered type if there are two Lagrangian distributions L1, L, € TM
spanning the real tangent bundle TM of M such that the first argument of the star product
is derived only in directions of L and the second argument only in directions of L.

Definition 5.20 ((Pseudo) Wick type). A star product %3 on a complex manifold M that
is also symplectic is said to be of pseudo Wick type if the first argument is derived only
in holomorphic directions and the second argument only in antiholomorphic directions. A
star product of pseudo Wick type on a Kidhler manifold is said to be of Wick type.

For formal star products of Wick type and with respect to the usual *-involution given
by complex conjugation, point evaluations are positive linear functionals, which is not
necessarily the case for formal star products of pseudo Wick type. Note that the situation
is more complicated for strict star products, as we shall see in Section 5.5.

Let us briefly recall some results on the existence of invariant complex structures on
coadjoint orbits. See Appendix A.3 for more details. Let @) be a semisimple coadjoint
orbit of a real connected semisimple Lie group G with Lie algebra g, and assume that G
is compact. Choose a real Cartan subalgebra §) containing A*. Since ) C g, it follows
that fj is compact (meaning that it integrates to a subgroup of G with compact closure).
Then there are G-invariant complex structures on (@, and these structures are in bijection
to invariant orderings of A (we say an ordering on A is invariant if it is the restriction of
an invariant ordering of A as defined in Definition 3.10) as follows. Recall that Tf 0, =~
a/3x =D, ez 8% So given an invariant ordering we can define a map /;.: T‘f O) — Tf 0,
by letting I; Xy = iXy ifa € AT, and I3 Xy = —iX, if @ € A™. The map I, extends G-
invariantly to an endomorphism / of the complexified tangent bundle T¢ ©; and restricts
to an endomorphism of the real tangent bundle T, ; thus it defines a complex structure.

If G is compact, there is a unique ordering that makes @, with the complex structure
I and the KKS symplectic form wggs a Kihler manifold. This ordering is characterized
by o € A being positive iff («,iA) > 0. In particular, it is standard. See Appendix A.3 for
more details.
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Proposition 5.21. For a semisimple coadjoint orbit O), of a real connected semisimple
linear Lie group G, the product 3 obtained in Proposition 5.14

(i)  has poles Py C R if§) is compact,

(i1) is of pseudo Wick type if G, is compact and the same ordering is used in the
construction of the star product and the definition of the complex structure,

(iii) is of standard ordered type with poles P, C iR ifif C § is compact.

In particular, if G is compact and, in the construction of xy, one chooses the ordering that
makes O with the induced complex structure I a Kdihler manifold, then *j is of Wick

type.

Proof. Roots take purely imaginary values on a compact Lie subalgebra of §j. Since A € g*
is by definition real on ) C f), it follows that (A, ) € iR if b is compact and (4, ) € R if
ih is compact. Since %(/,L, w) — (p, ) € R, this implies that the roots (with respect to #)
of pir/n() = %([,L, w)— (p, ) — %(k, W) are real if § is compact and purely imaginary
if ify is compact.

Recall the definition of the distributions L4 and L_, which we denote by Z+ and
L_ in this section, made just after Lemma 3.33. Restricting them to O, C O 5 gives two
distributions L, L_ € T€ O, of the complexified tangent bundle. An analogue of Propo-
sition 2.8 in the real case and the explicit formula for Fj from Theorem 3.18 together
with Remark 3.31 show that x derives the first argument only in directions of L and the
second argument only in directions of L_.

Assume that g, is compact. The holomorphic tangent space Tfll’o)(D 2 18, under the iso-
morphism T;CL O, = §/4,, spanned by X — il X, for o € A.If I, is defined using the
ordering chosen in the construction of *3 as described above, then Xy —il; Xy = Xo —1-
iXy =2Xq ifa € AT, and Xy —il3 Xg = Xg —i- (=) X = 0ifa € A™, 50 TV 0 =
span{(Xq)o, |1, € £+}. This coincides exactly with L |;, and by G-invariance it fol-
lows that L coincides with T @, . Similarly, L_ coincides with TV @, . Therefore
* is of pseudo Wick type.

If if is compact, then every adyg for H €} is self-adjoint. Since they are all commuting
we can find simultaneous eigenvectors in g of all adgy (without complexifying g). But then
we can pick Xy and ¥, toliein g sothat L; = L4 Ngand L, = L_ N g are Lagrangian
distributions satisfying Definition 5.19. ]

Remark 5.22. Assume that g, is compact as in part (ii) of the previous proposition. If
one uses different invariant orderings in the construction of the star product and in the
definition of a complex structure, then the distributions L4 and L_ may both contain
holomorphic and antiholomorphic directions. Since we are mainly interested in star prod-
ucts of (pseudo) Wick type (these are the ones for which we would hope to find positive
linear functionals on the star product algebra; see Section 5.5), we will usually assume
that the two orderings agree.
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5.4. Examples: complex projective spaces and hyperbolic discs

Recall that we have computed the canonical element of the Shapovalov pairing for
SL14,(C) and a certain choice of A in Section 3.4. Let us now specialize this result to
the real forms SU(1 + n) and SU(1, n).

Example 5.23 (CPP"). The coadjoint orbit of SU(1 + n) through the point A: 1114, — R,
X + —irXo, with r € R7 is the complex projective space CP”. SL;4,(C) is a com-
plexification of SU(1 4 n). Using the notation f) for the Cartan subalgebra of sly,(C)
introduced in Section 3.4, we obtain a compact Cartan subalgebra §) := su;4, N f) of
$1114,. Proposition A.10 tells us that the Kihler complex structure is defined by the
ordering of A for which a € AT iff (iA, @) > 0. This ordering is the restriction of the
ordering on A for which all «; ; with i < j are positive. Therefore the element F} from
Proposition 3.36 induces a Wick type star product on CP". This product has poles at
{,llr | n € N}.

Example 5.24 (D"). Denote the complex hyperbolic disc in n dimensions by D”. Recall
that SU(1, n) denotes the group of isometries of the indefinite scalar product g(v, w) =
—vowo + Y r_; viw; on R1*". The coadjoint orbit of SU(1, n) through A: 1y, — R,
X + —irXg,o with r € R™ is the hyperbolic disc D". SL;,(C) is a complexification of
SU(1, n). Again, ) := suy, N f) defines a compact Cartan subalgebra of su ,. Now all
roots are non-compact so that according to Corollary A.11 the Kéhler complex structure
is defined by the ordering on A for which o € A™ iff (iA, @) < 0. This ordering is the
restriction of the ordering on A for which all «; ; with i > j are positive. Therefore the
element Fj from Corollary 3.37 induces a Wick type star product on D”. This product has
poles at {—%r | n € N}.

Remark 5.25. A star product of Wick type on the hyperbolic disc was also studied in
[28], where it was obtained from a star product of Wick type on C!*” using phase space
reduction. This product coincides with the star product obtained in Example 5.24. To see
this, one checks that monomials of degree 1 generate the star product algebra so that it
suffices to compare the two formulas for a degree 1 monomial and an arbitrary monomial.
But for a degree 1 monomial only very few summands are non-zero in both constructions
and one can explicitly check that the expressions agree.

5.5. Positive linear functionals

In this subsection, we prove that for certain coadjoint orbits and certain values of # the
point evaluation functionals of the star product algebras constructed in Section 5.3 are
positive. In order to have a meaningful notion of positivity we need a star involution on
(A(0O)), *3). Of course, this star involution should be the restriction of the complex con-
jugation of €°°(0,,), but we need to prove that this restriction is well defined.

Assume that § = g ® C is the complexification of a Lie algebra g. The complex
conjugation -:§ — §, X ® z — X ® Z is an antilinear involution on §. Then - : §* — §*,
¢ +> ¢ = - oo - defines an antilinear involution on §*. Note that on the right-hand
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side, we first apply the involution of §, then ¢, and then the complex conjugation of C.
Therefore the right-hand side defines a complex linear functional ¢ € §*. The map ¢ > ¢
is antilinear.

Lemma 5.26. Let G C GLN (R) be a real linear Lie group with complexlﬁcanon G C
GLy ((C) assume that A € g*, and let (9;L be the coad]omt orbit ofG through A. Then the
map -:q* — §* restricts to an antilinear involution - 0 L= (9;L

Proof. Note that since A € g* we have A = A. Therefore we compute

AdZ A =A0Ad,—1 =20 - 0Adg-10 - =2XoAdg1 = Ad} 2.

Here g denotes the entrywise complex conjugate of g € G. Since the exponential map § —
G commutes with the complex conjugatlon it follows that G is closed under entrywise
complex conjugation, and therefore g € G and Ad* red - This proves that - restricts
to @ 2, and the restriction is clearly still an antlhnear involution. [

Note that Tg - o Iz = (I)™" o T¢ - holds for § € §*, where Tg - : T¢§* — Tzd" is
the tangent map to the complex conjugation of §* and /¢: T¢g* — Tgg™ is the complex
structure at £. Since the complex structure / and the complex conjugation ~ of O, are
both obtained by restriction from g*, they satisfy the same relation.

For any f € Hol(@;t) consider the function f* := - o f o -, where the left - is
the complex conjugation of C and the right - is the antilinear involution obtained in the
previous lemma. Denote the complex structure of C by J, and identify the tangent space
of C with C. Then

Tég-f*olg

TngfoTETo]E:TngfoIg_]oTET
:ToJ_lngfngTzJoTngfngTzJOTgf*

shows that f* is holomorphic. Since . restricts to the identity on @, C g*, it follows that
f*lo, = flo,. Consequently, the restriction of *: Hol(@,l) — Hol(@k) to A(0,) is just
the complex conjugation - : A(0,) — 4(O;). In other words, the complex conjugation
is well defined on A(O,).

Proposition 5.27. Let O be a semisimple coadjoint orbit of a connected semisimple real
Lie group G. Assume that the Cartan subalgebra Y) used in the construction of a star
product xy, is compact. Then [ *; g = g % [ holds for all f, g € A(Oy).

Proof. As in the proof of Proposition 5.21 one argues that since ) is compact the coeffi-
cients p;; (o) are real and more generally p.; /h (o) = p /A (0ty ). From (A.3) we obtain
that Xo ® Yo =Yo ® Xo =7(Xo ® Yo) for both a compact and a non-compact root o € AT,

and the same formula holds when « is replaced by a word w € W . Here - is the complex
conjugation of § with respect to g, extended to (% §)®2, and 7: (% §)®? — (% §)®? is
the flip of the two tensor factors. Note that  stays well defined on (% §/% & - §,)®2, and
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therefore the formula for Fj obtained in Theorem 3.18, Remark 3.31, and the computa-
tions above imply Fy ¢ = t(Fj ,). Consequently,

fong =Y V(ED =) Y(F(f.2)
{=0 £=0
=Y W FH N D =) WFIENH=8f
{=0 £=0
holds for all f, g € Pol(©,) and extends to 4 (O, ) by continuity. |

A linear functional ¢ on a *-algebra .7 is said to be positive if ¢ (a*a) > 0 foralla €
<. In the following, we formulate our results for the star algebra o} = (A(Oy), %3, - )
but would like to point out that they also hold for (Pol(0,), *3, -).

Theorem 5.28. Assume that O, is a semisimple coadjoint orbit of a real connected
semisimple Lie group G. Assume further that ) is a compact Cartan subalgebra and that
all roots (with respect to the complexification E) of b) in A are non- compact. Let 3 be
the star product constructed with respect to the ordering for which a € A is positive if
and only if («,id) < 0. Then there is a constant M > 0 such that for all £ € O, and
h € (0, M)\ P, the point evaluation at & is a positive linear functional evg: oty — C.

Proof. Since (a,id) < 0 for all a € A, it follows that —i(A, @) > 0 holds for all u €
NoA* \ {0}. There are only finitely many pu € N03+ with (p, u) — (/L n) > 0; thus we
can choose M > 0 such that — 7 (A, 1) > (p, ) — (/L 1) holds for all u e NoA+t \ {0}
andf € (0, M) \ P, . But this says precisely that Pir/n (i) > 0, and therefore p¥ i (o) >
0 for all w € W. For a non- -compact root we have X, = Y, according to (A.3b). Conse-
quently, if g € G is such that £ = Ady (1), then

eve(f *4 ) = Z\v( S pY o) F (Xu) ® ﬁ_(Yw))(ﬁ NE)

{=0 wGW[

=33 P ew) X T £)(g) - Y F)(g)

{=0 wGW[

3

=33 P ) XSG ) () - X Gt F) ()

{=0 wEW,@

%
o

holds for all f € A(O,). |

Example 5.29 (D"). It is straightforward to check that the choices made to quantize the
hyperbolic disc in Example 5.24 are such that ) is compact such that every root in A is
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non-compact, and such that @ € Ais positive iff («,iA) < 0. Therefore the previous the-
orem implies the existence of a constant M > 0 such that all point evaluation functionals
are positive if # € (0, M).

We can prove a stronger result by using the formula for F} derived in Corollary 3.37.
If & € (0, 00), then all the coefficients appearing in this formula are positive, and so point
evaluations are positive for all # € (0, o).

Note that a similar proof does not work for CP" since some of the coefficients in
(3.36) are negative. Indeed, one can use the appearing negative coefficients to show that
no point evaluation functional is positive on CP” for 2 € (0, 00) \ P;.

5.6. A generalized Wick rotation

In this subsection, we want to state an immediate corollary of the construction in the
previous sections. Let g1, g2 be two real semisimple Lie algebras with the same complex-
ification §. Assume that A € g7 N g5, where we view g7 and g3 as subspaces of §*. Denote
the coadjoint orbits in g} and g3 through A by (9i and (9%, respectively. There is an iAso-
morphism Pol(9;) — Pol(93) given by composing the map Pol(9;) 3 p — p € Pol(O,)
with the restriction to (9%. Here @ » 1s the complex extension of (. It turns out that this
isomorphism is still an isomorphism of both the uncompleted and completed quantum
algebras.

Theorem 5.30. Let g1 and g» be two real semisimple Lie algebras with a common com-
plexification § and assume that . € g} N g’ is semisimple. Then the algebras (Pol(@i), *fll)
and (Pol(@/%), *%), and also the algebras (A(@i), *}l) and (A(@i), *%) constructed with
respect to the same Cartan subalgebra ) C g1 N g and the same ordering, are isomor-
phic.

Proof. Both algebras are isomorphic to (Pol(0y,), %) or (Hol(O},), %3). [

Example 5.31 (CP" and D"). We know from Examples 5.23 and 5.24 that CPP" and D"
are coadjoint orbits of the Lie groups SU(1 + n) and SU(1, n) through the same element,
and that SLy4,(C) is a common complexification. So the previous proposition implies
that the star product algebras on CP” and D" are isomorphic if we choose the same
ordering in the construction of the star products.

The ordering that induces a Kéhler complex structure on CP” induces the complex
structure on D" that is the opposite of the Kdhler complex structure. Therefore the asso-
ciated star product on D” is of pseudo Wick type with respect to this opposite complex
structure and, therefore, of anti-Wick type for the Kéhler complex structure. (A star prod-
uct is of anti-Wick type if the first argument is derived in antiholomorphic directions and
the second argument is derived in holomorphic ones.) Consequently, the algebra 4(CP")
with the Wick type star product is isomorphic to the algebra A(D") with the anti-Wick
type star product. Similarly, the algebra 4 (CP") with the anti-Wick type star product is
isomorphic to the algebra 4 (ID") with the Wick type star product.
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One can also construct an isomorphism between the Wick type star product for 7 and
the anti-Wick type star product for —#, both on the hyperbolic disc and the complex pro-
jective space. Composing with these isomorphisms shows that the Wick type star product
for # on CPP" is isomorphic to the Wick type star product for —# on D”.

Note that Theorem 5.30 only gives an algebra homomorphism between Pol(@i) and
Pol(@i), or between A(@i) and A((Q%). If we view these algebras as *-algebras with the
star involution considered in Section 5.5, then they are in general not *-isomorphic! One
can see this for example by proving that the point evaluation functionals on CP" are not
positive for /i € (0, 00) \ Py.

A. Proofs, G -finite functions, complex structures

In Appendix A.1, we prove Propositions 2.5 and 2.7. In Appendix A.2, we prove Propo-
sition 3.27 using the concept of G-finite functions. Finally, we recall some facts about
complex structures on coadjoint orbits in Appendix A.3.

A.1. Proofs of Propositions 2.5 and 2.7

Let M be a manifold. For f € €°°(M) we define Mr: €°(M) — €M), f'— ff’,
and M} =id*“~Y x My x id<k=: goo(M)k — G (M)k.

Definition A.1. Let M be a manifold. For a multi-index K € Z¥ with K = (K1, ..., K¢)
we define k-DiffOpg (M) = {0} if some K; < 0 and otherwise we define inductively
k-DiffOp (M) ={D : €*°(M)* — €*°(M) | My o D—D o M} €k-DiffOpg_ g, (M)
forall f € €°(M)and1 <i <k}. (A.1)
Here (K — E;); = K; — §;;, where §;; is 1 if i = j and O otherwise. Elements of k-
DiffOpy (M) are called k-differential operators of degree K. A map D: €®°(M)* —

E>°(M) is said to be a k-differential operator if it is a k-differential operator of some
degree K. The space of k-differential operators is denoted by k-DiffOp(M).

It follows that a k-differential operator is local in every argument so that it can be

restricted to any open subset. In a chart U € M with local coordinates (x1,....x"), a
k-differential operator D of degree K can be written as
D(fi,... i) = D crp 08 fieeee 0% A, (A2)
Iq,..., Ik ENS

where c7,,..5, € €*°(M)and ¢y, = 0if |1;| > K; for some 1 <i < k. For a multi-
index J € NZ we used 9] := 8){{ ---3){2 and 9,; = a—i, Conversely, an operator

D:E®(M)* - ¢ (M)
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that has this form in any chart is k-differential of order K. A k-differential operator D on
a complex manifold M is holomorphic if, in local holomorphic coordinates (zl, 4
we have

D(fi..on )= D> ch.p 0 fiee- 0k fi

withall ¢f, . 7, being holomorphic. Here 8; = 8;} ---BZJZ and 0, = %. Equivalently, D
is holomorphic if D maps Hol(U)¥ into Hol(U) and D|y o M} — My o D|y = 0forall
open subsets U € M and all antiholomorphic functions f on U. We write k-DiftfOp 5 (M)
for the space of holomorphic k-differential operators.

We say a k-differential operator is of order K € Z¥ ata point p € M if, when written
in a local chart U around p as in (A.2), we have ¢y, ... 7, (p) = 0 whenever |/;| > K; for
some 1 < j <k.

If Ih,...,Ix, J, K € N are all multi-indices, we write J < K if J; < K; for all
1<i<nlIfX;,...,X, €g,then weuse X’ asashorthandfoerJ1 XnJ" € % g and

X 11®+®lk 45 3 shorthand for X' @ --- @ XTr € (% q)®F.

.....

Proof of Proposition 2.5. Choose a basis { X1, ..., X, } of g. It follows from the Poincaré—
Birkhoff-Witt theorem that {X /1®~®%k | [}, ... I} € N{} is a basis of (% g)®*. More-

over, { X0, x4 e basis of the tangent space TS G and we can
choose a complex chart U around e with local coordinates (z!,...,z") such that d,i |, =
left.(1,0) |

i e

.....

cn,..1, 7 0.Choose I,. .., Iy insuch a way that cj,

..........

.....

where D’ is a holomorphic k-differential operator whose order at e is strictly smaller
than (|11], ..., |Ix|). For any holomorphic k-differential operator D we can therefore, by
induction, find coefficients c7,,....;, € C, only finitely many of which are non-zero such
that

D(fi.....f)@ = > cr(X)ED (o) (X)L £ ()

.....

holds for all fi,..., fr € €°°(G). In other words, D and the differential operator
le ..... IpeN: (e, Ith@‘“@Ik)leﬁ’(l’O) agree at e. So if D is also left-invariant, then
these operators agree everywhere on G, proving surjectivity. ]

The proof of Proposition 2.7 is similar. We need the following lemma to simplify the
local calculations.

Lemma A.2. Let G be a complex Lie group with Lie algebra g, and assume that H is a
closed complex Lie subgroup of G with Lie algebra Y. Given a basis B = {X1, ..., X,}
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of g such that B = {Xy—r+1, ..., Xn} is a basis of § one can choose a neighborhood U
of e in G and complex coordinates z = (z',...,z") on U such that

(i) forany g e U itsfiber gH N U is given locally as ({z(g)} + {0} x C") N z(U),

(ii)  the left-invariant holomorphic vector fields agree with coordinate vector fields

ate € G; that is Xikft’(l’o)|e =9

zi|€'

Proof. Ttis well known that 7: G — G/H is a principal bundle. Therefore we can choose
a local trivialization y: 7~!'(V) — V x H on a small neighborhood V of eH in G/H.
Choosing coordinates on V' (after possibly shrinking V' first) and on a neighborhood W of
the identity in H, we obtain coordinates z’ on U := y~!(V x W) C G satisfying property
(i). Since all X}eﬂ’(l’o) are linearly independent, we can write Xibft’(l’o)le = Aij0(znyile
for some invertible matrix 4 and since X ileﬂ’(l’o) is tangential to H € G fori > n —r, it
follows that A;; = 0 fori >n —r, j <n —r. Then the coordinates z := (4~ ")Tz’ satisfy
both properties of the lemma. ]

Let 7: G — G/H . Given coordinates as in the previous lemma, we may identify 7 (U)
locally with {(z'(g),....z""(g),0,...,0) | g € U}. Then (z!,...,z"") descend to
coordinates on 7(U) and 7 is, with respect to these coordinates, given by the projection
to the first n — r coordinates.

Lemma A.3. The map ¥ from Proposition 2.7 is injective.

Proof. Letr = dim} and n = dimg > r. We can choose a basis B = {X1,..., X, } of g
such that B’ = {X,,—y41,..., Xn} is a basis of §. Recall from the proof of Proposition 2.5
that {X11®-®Tk | 1, I € NI} is a basis of (% g)®¥. Furthermore,

{X11®'"®Ik | It.....Ix € N§,(I;); > Oforsome 1 <i <k and some j >n —r}
is a basis of the ideal / defined just before Lemma 2.6 and

{x11®®l | .. Iy e Ny, (I;); =0foralll <i <k,j>n—r}
= {(x1®®L | [ I eNIT)

is a basis of a complement C of I in (% g)®. Injectivity of U means that 0 is the only
element of C on which W vanishes.
So to prove that W is injective, it suffices to find, for any non-zero

some open subset U € G/H and some k-tuple of functions f € €*®°(U)* such that
qj([ﬁ])(f) # 0. Fix u € C \ {0} and assume that /1, ..., Iy € NJ~" are chosen such that
cr,,....1, 7 0and such that for any multi-indices Ji, ..., Jy € N§~" satisfying /; < J; and
(1, Ix) # (J1,..., Jx) wehave ¢y, 5, = 0. Choose coordinates z = (z',....z"
around e on G as in the previous lemma, and note that, as described just after this lemma,
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(z',...,2"") descend to coordinates (y',...,y" ") on G/H.Set f = (yI1,..., y)
sothat 7* f = (z'1, ..., zIk). This implies that
V(D) eH) = i O f)(e) = Ll Iler,.p # 0. .

Lemma A.4. The map WV from Proposition 2.7 is surjective.

Proof. We claim that for any holomorphic k-differential operator D on G/H we can find
i € (% g)®F such that

i7" 00 (r* £y (e) = 7*(D f)(e)

holds for all f € € (G/H)*. We prove this claim by induction on the order K € Z¥ of D
ateH.If K; < 0forsomel <i <k, then D = 0 and we can use # = 0. For the induction
step, assume that the claim is already proven for every holomorphic k-differential operator

of order strictly smaller than K at eH . Choose coordinates z = (z!,...,z") around e on
G as in Lemma A.2 and denote the coordinates on G/H induced by (z!,...,z"") by
y = (y',...,y""). Locally, we can write
D(ficcn o= D chge 00 e 0 fi
Il,...,IkENg_r
with ¢p,,..1, € €*°(G/H) satistying cy, ... 1, (eH) = 0 whenever |I;| > K; for some

1 <i < k. Define a holomorphic k-differential operator Dg on G by

Do(fl..nfD=" D> (enpom) -0l fl 0l fL

so that Dg(n*f)(e) = n*(D]?)(e). Set

= Y o (m@) X" @@ X e (wg)®k.

I ,...,IkEN{;_r

Note that D’G = D¢ —ﬁlfﬂ’(l’o) has a strictly smaller order than Dg at e since

Xileﬁ’(l’o) |e = 0ile. There are functions C}l,...,lk € ©°°(G) such that we can express Dy,

in local coordinates as

DUl JO = 30 g 02 o 02 S

.....

We obtain a k-differential operator D’ on G/H of strictly smaller order than D at eH by
letting

D/(flv"'vfk): Z C;l Ik(.70)a§lfl ..... B)I/kfk

,,,,,
I ,...,IkENg_r

It fulfils D’G(n*f)(e) = n*(D’f)(e). Using the induction hypothesis, we find u’ €
(% )®F such that #"*1L0 (* £)(e) = n*(D’ f)(e). Now

(i) + )10 (1% F)(e) = (Dg — D) (™ f)(e) + x* (D' f)(e)
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= 7*(D f)(e) — 7*(D' f)(e) + n* (D' f)(e)
= 7*(D f)(e),

proving the claim.
Assume that D is in addition left-invariant. Writing Lg: G/H — G/H also for the
action of g € G on G/H, we compute

ﬁleft,(l,o)(ﬂ*f)(g) — L;ﬁleft,(l,o)(ﬂ*f)(e) — —'left,(l,())(L;k)*(”*f)(e)
= @O (LK) )(e) = 7 (DL f)(e)
= 7*(LED f)(e) = Lin*(D f)(e) = n*(D f)(g).

Thus 310 (n*f) = n*(Df) holds for all f € €*(G/H)*. Finally, we need to
show that # has the correct invariance propertles under the adjomt action of H. Define
Re: G — G, Ry(g) = gg'. Since R}, *(Df) = n*(Df) for all h € H, we obtain

Ryuet (L0 p* f = gjleft(1.0) 7 * £ and therefore

(Ady @) O (™ f)(g) = @ Vn* f)(gh)
R* —left, (1, O)n f(g) jleft ,(1, O)n*]?(g)

for all f € €°(G/H)* and all g € G, where the first equality follows as in the proof of
Lemma 2.6. This means that (Ady, i — )"0 (7* £) = 0 forall f € €°(G/H)¥, and
therefore the proof of injectivity implies Ady, i — 1 € I, or in other words % € U,y. m

A.2. G -finite functions

In this subsection, we introduce G -finite functions on a Lie group G and use them to prove
Proposition 3.27. The definition of G-finite functions uses only abstract properties of the
Lie group G and is therefore independent of whether G is explicitly realized by matrices
or not. For complex semisimple connected Lie groups a function is G-finite if and only if
it is a polynomial, and therefore G-finite functions give a characterization of polynomials
that is independent of the representation.

Definition A.5 (G-finite functions). Let M be a manifold with an action of a Lie group
G. Then f € €°°(M) is said to be G-finite if the vector space span{g > f | g € G} is
finite dimensional. We denote the space of G-finite functions on M by Fin® (M) or just
by Fin(M) if G is clear from the context.

Here g > f denotes the smooth function on M defined by (g > f)(m) = f(g™! >m).
Below, we use this definition only for M = G and the action L or for M = O, and the
coadjoint action, and will therefore not mention these actions explicitly.

Lemma A.6. Let G be a real or complex matrix Lie group and let O, be a coadjoint orbit
of G. Then polynomials on G are G-finite, and polynomials on O, are also G-finite.
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Proof. Let P;j:G — C, X — X;;, and call such polynomials elementary in this proof. We
compute (g > Pij)(h) = Pij (g7 h) = Y1 (& Vixhij = 2 (€™ ")ik Prj(h) for g € G, 50
g > Pj; is a linear combination of some elementary polynomials. If p = P;,;, --- Py, , €
Pol(G) is a product of n elementary polynomials, then g > p is in the linear span of
products of n many elementary polynomials, which is a finite dimensional space. The
statement for arbitrary polynomials follows by taking linear combinations.

The action of G on Pol(0,) is obtained by restricting the adjoint action of G on Sg =
Pol(g*). The adjoint action preserves the degree of a symmetric tensor, so span{Ady X |
g € G} is finite dimensional for any X € Sg, and therefore span{g > p | g € G} is finite
dimensional for any p € Pol(0,). |

Proposition A.7. Let G be a complex semisimple connected Lie group with coadjoint
orbit O). Then G-finite holomorphic functions on O, are polynomials.

Proof. Hol(0,) is isomorphic to Hol(G)%* as a G-module. The restriction to a maximal
compact Lie subgroup K C G is an injective K-module homomorphism to L?(K), the
square-integrable functions on K with respect to the left-invariant Haar measure so that we
may view Hol(0®) as a K-submodule of L?(K). In particular, it is completely reducible
as a K-module and therefore also as a G-module. Each irreducible module of highest
weight v appears only finitely many times in L?(K) and thus also in Hol(0;).

The scalar product of L2(K) is K-invariant and therefore any irreducible modules of
different highest weights are orthogonal. Restricting the scalar product to Hol((,) gives
that Hol(0;,)" is orthogonal to Hol(Q;)" if v # v/,

Assume that f € Fin(@,) is holomorphic and not in Pol(0,). We can without loss
of generality assume that f € Fin(9,)" for some weight v. (Indeed, we can write f =
> p S with f# € Fin(O,)" and only finitely many f# are non-zero because f is G-
finite. One of these f* is not in Pol((9;).) We can choose f orthogonal to Pol(©9;)"
(which is finite dimensional) and therefore orthogonal to Pol((, ). However, this space is
dense in Hol(©9;) because polynomials on K are dense in L?(K). So f = 0, a contradic-
tion. (]

Corollary A.8. Let G be a complex semisimple connected Lie group. Then the pullback
7*:Pol(0;) — Pol(G)C* is an isomorphism.

Proof. We have seen in the proof of Proposition 3.27 that 7 * is well defined and injective,
so it only remains to show that 7* is surjective. Any element f € Pol(G)%* is G-finite
by Lemma A.6. Then its image under the G-equivariant isomorphism 7,: Hol(G)%* —
Hol(@,) is also G-finite because finite dimensionality of span{g > f | g € G} implies
finite dimensionality of span{g > 7. f | g € G} = span{m.(g > f) | g € G}. The previous
proposition implies that the G -finite element 7 f € Pol(0,) is a polynomial. It is mapped
to f by 7*. (]

With similar methods as in this subsection one can prove that G-finite functions on a
complex semisimple connected Lie group G coincide with polynomials on G. Since the
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definition of G-finite functions does not depend on a representation of G as a linear group,
it follows that our definition of polynomials in Definition 3.26 is indeed independent of the
representation. The same result is true for a compact semisimple connected Lie group K.

A.3. Complex structures on real coadjoint orbits

We have seen in Section 2.1 that a coadjoint orbit of a real Lie group G always admits a
G-invariant symplectic structure; in particular its dimension is even. In this subsection, we
will see that a semisimple coadjoint orbit &, of a connected semisimple real Lie group G
admits a G-invariant complex structure if G is compact and that the set of such complex
structures is in bijection to invariant orderings. If G is compact, then there is a unique G-
invariant complex structure that makes (&, a Kéhler manifold. If G is not compact, then
), might or might not admit a K&hler structure. All results of this subsection are classical
and well known; see for example [7] for a summary.

Let G be a real connected semisimple Lie group. Assume that A € g* is semisimple
and that G, is compact. Then any Cartan subalgebra ) C g containing A* is contained in
g, and therefore compact. As usual, we denote the complexification of g by g and let .
be the complex conjugation of g with respect to g.

Recall that a root o € h* is called compact if the Killing form B is negative defi-
nite on g N (g% & g~ %), and non-compact if it is positive definite. (The root spaces g*
are subspaces of the complexification g of g.) We can always choose X, € g* such that
B(Xo, X_¢) =1 and if [Xy, Xg] = No gXotp, then N_o _g = —Ny g (see [7, Sec-
tion 3]). In this case,

X =Xy and i(Xg+ X_g). Xo —X_o €q if ais compact, (A.3a)
X o=Xq and i(Xg—X_g),Xo +X_o €g ifaisnon-compact. (A.3b)

Recall that A is the set of roots that are not orthogonal to A.

Theorem A.9. Let O, be a coadjoint orbit of a real connected semisimple Lie group G.
Assume that G, is compact, and let § be a Cartan subalgebra of g containing A¥. Then
G-invariant complex structures on ), are in bijection with invariant orderings of A (i.e.,
choices of positive roots At that arise as At = AN At from an invariant ordering of
A as defined in Definition 3.10).

Sketch. Introduce m = P,z ¢* = §/§a. Since taking fundamental vector fields (see
Section 2.1) gives an isomorphism g/g; — T, @,, m is isomorphic to the complexified
tangent space Tf ) and g N m is isomorphic to T, ;.

Given an invariant ordering of A (see Definition 3.10), define /: mt — m by extending
Xo — iXq ifa € At and Xq — —iXy if & € A~ linearly. Clearly, 72 = —id. For both
a compact and a non-compact root 2, I restricts to an endomorphism of g N (g% & g~ %),
from which it follows that [ restricts to amap g N m — g N m, squaring to —id. To prove
that it extends to a G-invariant almost complex structure on (), it suffices to prove that
I is Gj-invariant. By applying the analogue of Proposition 2.3 for compact connected
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semisimple Lie groups to a maximally compact subgroup of G containing G, it follows
that G, is connected, and it suffices to prove that I is g,-invariant, in the sense that
I([A, B]) = [A, I(B)] holds for all A € g and B € m. This identity holds for A € §) since
I preserves the root spaces. So we only need to check it for A = X, and B = Xg with
a€e A andf € A, which is equivalent to the invariance of the ordering. Finally, one uses
that o + B is positive if a, f € A are positive to compute that the Nijenhuis torsion of /
vanishes, so / is indeed a complex structure.

Vice versa, a G-invariant complex structure I on (9, determines a gy -invariant map
I:m — m with 1?2 = —id by restricting to the tangent space at A and complexifying.
In particular, / is h-invariant and, therefore, preserves the root spaces, so Xy > icy Xo
with ¢, = £1. Since I preserves the real tangent space, we must have ¢, = —c_,. The
Nijenhuis torsion of the complex structure vanishes, which implies that At = {a € A |
cq = 1} defines an ordering. Finally, invariance under the whole Lie algebra g, gives that
this ordering is invariant. ]

Proposition A.10. Any coadjoint orbit O, of a compact connected semisimple Lie group
K has a unique K -invariant complex structure I that makes (O}, 1, wxks) a Kdihler man-
ifold, and this complex structure corresponds to an ordering for which a € A is positive
if and only if (a,id) > 0.

Note that o attains purely imaginary values on £, whereas A attains real values. There-
fore («,iA) € R. The ordering for which o € A is positive if («,iA) > 0 is standard (see
Section 3.2).

Proof. Since K is compact, it follows that any root is compact. Given a K-invariant com-
plex structure I, we associate the (not necessarily positive definite) metric g(v, w) =
wkks (v, I w) and O, is a Kdhler manifold if g is positive definite. Since I and wkks are K-
invariant, so is g and we may check positive definiteness on T (9, . Identifying TE 0, with
m as in the proof of the previous proposition and extending g complex linearly, we com-
pute that g(Xq, Xg) = wkks(Xo, I Xg) = cgA([Xu, Xg]) foralla, B € A. This expression

is non-zero only if & = —p, and in this case g(Xq, X—o) = —iceA(@?) = —icy - (2, A).
Then
g(i(Xa + X o). 1(Xo + X—oc)) = 2icg - (a, )
and
g(Xo — X—o, Xog — X—y) = 2icy - (a, A).
So g is positive definite if and only if ¢, = 1 forall o € A with (a,id) > 0. ]

Note that the situation is more complicated if G is non-compact, but G is compact,
since we may then have both compact and non-compact roots. The condition for g being
positive definite then becomes ¢, = 1 if either « is a compact root and («, iA) > 0 or if
« is a non-compact root and (e, iA) < 0. If these conditions define an invariant ordering,
then @, has a G-invariant Kéhler structure (which is automatically unique). One can give
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more explicit criteria for when the conditions above define an invariant ordering (see [7])
but we only need the following easy case.

Corollary A.11. Let O, be a coadjoint orbit of a connected semisimple Lie group G.
Assume that G, is compact and that Yy is a Cartan subalgebra containing A*. If all roots
in A are non-compact, then (O, I, wxgs) is a Kéihler manifold, where I is the com-
plex structure corresponding to the ordering for which o € A is positive if and only if
(a,id) < 0.

Acknowledgments. The author would like to thank Matthias Schotz for many valuable
discussions and helpful comments on an earlier version of this article. He is extremely
grateful to his advisor Ryszard Nest for many helpful and inspiring discussions on the
content of this paper and related topics.

Funding. Research supported by the Danish National Research Foundation through the
Centre of Symmetry and Deformation (DNRF92).

References

[1] A. Alekseev and A. Lachowska, Invariant x-products on coadjoint orbits and the Shapovalov
pairing. Comment. Math. Helv. 80 (2005), no. 4, 795-810 Zbl 1162.53327 MR 2182701
[2] F. Bayen, M. Flato, C. Frgnsdal, A. Lichnerowicz, and D. Sternheimer, Deformation theory
and quantization. I. Deformations of symplectic structures. Ann. Physics 111 (1978), no. 1,
61-110 Zbl 0377.53024 MR 496157
[3] S. Beiser, H. Romer, and S. Waldmann, Convergence of the Wick star product. Comm. Math.
Phys. 272 (2007), no. 1, 25-52 Zbl 1203.53089 MR 2291800
[4] S. Beiser and S. Waldmann, Fréchet algebraic deformation quantization of the Poincaré disk.
J. Reine Angew. Math. 688 (2014), 147-207 Zbl 1290.53079 MR 3176618
[5S] M. Bertelson, M. Cahen, and S. Gutt, Equivalence of star products. Classical Quantum Gravity
14 (1997), no. 1A, A93-A107 Zbl 0881.58021 MR 1691889
[6] P. Bieliavsky and V. Gayral, Deformation quantization for actions of Kihlerian Lie groups.
Mem. Amer. Math. Soc. 236 (2015), no. 1115, vi+154 Zbl 1323.22005 MR 3379676
[7]1 M. Bordemann, M. Forger, and H. Romer, Homogeneous Kihler manifolds: paving the way
towards new supersymmetric sigma models. Comm. Math. Phys. 102 (1986), no. 4, 605-617
Zbl 0585.53018 MR 824094
[8] M. Cahen, S. Gutt, and J. Rawnsley, Quantization of Kéhler manifolds. II. Trans. Amer. Math.
Soc. 337 (1993), no. 1, 73-98 Zbl 0788.53062 MR 1179394
[9] M. Cahen, S. Gutt, and J. Rawnsley, Quantization of Kihler manifolds. III. Lett. Math. Phys.
30 (1994), no. 4, 291-305 Zbl 0826.53052 MR 1271090
[10] M. Cahen, S. Gutt, and J. Rawnsley, Quantization of Kahler manifolds. IV. Lett. Math. Phys.
34 (1995), no. 2, 159-168 Zbl 0831.58026 MR 1335583
[11] V. Chari and A. Pressley, A Guide to Quantum Groups. Cambridge University Press, Cam-
bridge, Cambridge, 1994 Zbl 0839.17009 MR 1300632
[12] P. Crooks, Complex adjoint orbits in Lie theory and geometry. Expo. Math. 37 (2019), no. 2,
104-144 Zbl 1419.14073 MR 3992482


https://zbmath.org/?q=an:1162.53327&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2182701
https://zbmath.org/?q=an:0377.53024&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=496157
https://zbmath.org/?q=an:1203.53089&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2291800
https://zbmath.org/?q=an:1290.53079&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3176618
https://zbmath.org/?q=an:0881.58021&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1691889
https://zbmath.org/?q=an:1323.22005&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3379676
https://zbmath.org/?q=an:0585.53018&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=824094
https://zbmath.org/?q=an:0788.53062&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1179394
https://zbmath.org/?q=an:0826.53052&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1271090
https://zbmath.org/?q=an:0831.58026&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1335583
https://zbmath.org/?q=an:0839.17009&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1300632
https://zbmath.org/?q=an:1419.14073&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3992482

(13]

(14]

[15]

[16]
(17]
(18]
(19]
[20]

(21]

[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]

(34]

P. Schmitt 1248

M. De Wilde and P. B. A. Lecomte, Existence of star-products and of formal deformations of
the Poisson Lie algebra of arbitrary symplectic manifolds. Lett. Math. Phys. 7 (1983), no. 6,
487-496 7Zbl 0526.58023 MR 728644

V. Dolgushev, Covariant and equivariant formality theorems. Adv. Math. 191 (2005), no. 1,
147-177 Zbl 1116.53065 MR 2102846

C. Esposito, P. Schmitt, and S. Waldmann, Comparison and continuity of Wick-type star prod-
ucts on certain coadjoint orbits. Forum Math. 31 (2019), no. 5, 1203-1223 Zbl 1431.53099
MR 4000585

C. Esposito, P. Stapor, and S. Waldmann, Convergence of the Gutt star product. J. Lie Theory
27 (2017), no. 2, 579-622 Zbl 1375.53110 MR 3589272

B. V. Fedosov, A simple geometrical construction of deformation quantization. J. Differential
Geom. 40 (1994), no. 2, 213-238 Zbl 0812.53034 MR 1293654

R. Fioresi and M. A. Lled6, On the deformation quantization of coadjoint orbits of semisimple
groups. Pacific J. Math. 198 (2001), no. 2, 411-436 Zbl 1053.53057 MR 1835516

M. Gotd, Faithful representations of Lie groups. II. Nagoya Math. J. 1 (1950), 91-107

Zbl 0041.36001 MR 38981

B. C. Hall, Lie groups, Lie Algebras, and Representations: An Elementary Introduction. Grad.
Texts in Math. 222, Springer, New York, 2003 Zbl 1026.22001 MR 1997306

L. Hormander, An Introduction to Complex Analysis in Several Variables. 3rd edn., North-
Holland Math. Libr. 7, North-Holland Publishing, Amsterdam, 1990 Zbl 0685.32001

MR 1045639

J. E. Humphreys, Linear Algebraic Groups. Grad. Texts in Math. 21, Springer, New York,
1975 Zbl 0325.20039 MR 0396773

A. V. Karabegov, Deformation quantizations with separation of variables on a Kéhler manifold.
Comm. Math. Phys. 180 (1996), no. 3, 745-755 Zbl 0866.58037 MR 1408526

A. V. Karabegov, Berezin’s quantization on flag manifolds and spherical modules. Trans. Amer.
Math. Soc. 350 (1998), no. 4, 1467-1479 Zbl 0896.58032 MR 1458307

A. V. Karabegov, Pseudo-Kéhler quantization on flag manifolds. Comm. Math. Phys. 200
(1999), no. 2, 355-379 Zbl 0932.37070 MR 1673984

A. A. Kirillov, Unitary representations of nilpotent Lie groups. Uspehi Mat. Nauk 17 (1962),
no. 4 (106), 57-110 Zbl 0106.25001 MR 0142001

M. Kontsevich, Deformation quantization of Poisson manifolds. Lett. Math. Phys. 66 (2003),
no. 3, 157-216 Zbl 1058.53065 MR 2062626

D. Kraus, O. Roth, M. Schétz, and S. Waldmann, A convergent star product on the Poincaré
disc. J. Funct. Anal. 277 (2019), no. 8, 2734-2771 Zbl 1422.32027 MR 3990734

N. P. Landsman, Mathematical Topics Between Classical and Quantum Mechanics. Springer
Monogr. Math., Springer, New York, 1998 Zbl 0923.00008 MR 1662141

A. Mudrov, R-matrix and inverse Shapovalov form. J. Math. Phys. 57 (2016), no. 5, 051706,
10 Zbl 1338.81239 MR 3503949

T. Natsume and R. Nest, Topological approach to quantum surfaces. Comm. Math. Phys. 202
(1999), no. 1, 65-87 Zbl 0961.46042 MR 1686547

T. Natsume, R. Nest, and I. Peter, Strict quantizations of symplectic manifolds. Lett. Math.
Phys. 66 (2003), no. 1-2, 73-89 Zbl 1064.53062 MR 2064593

R. Nest and B. Tsygan, Algebraic index theorem. Comm. Math. Phys. 172 (1995), no. 2, 223—
262 Zbl 0887.58050 MR 1350407

A. L. Onishchik and E. B. Vinberg (eds.), Lie Groups and Lie Algebras IlI: Structure of Lie
Groups and Lie Algebras. Encyclopaedia Math. Sci. 41, Springer, Berlin, 1994

Zbl 0797.22001 MR 1349140


https://zbmath.org/?q=an:0526.58023&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=728644
https://zbmath.org/?q=an:1116.53065&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2102846
https://zbmath.org/?q=an:1431.53099&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4000585
https://zbmath.org/?q=an:1375.53110&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3589272
https://zbmath.org/?q=an:0812.53034&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1293654
https://zbmath.org/?q=an:1053.53057&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1835516
https://zbmath.org/?q=an:0041.36001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=38981
https://zbmath.org/?q=an:1026.22001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1997306
https://zbmath.org/?q=an:0685.32001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1045639
https://zbmath.org/?q=an:0325.20039&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0396773
https://zbmath.org/?q=an:0866.58037&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1408526
https://zbmath.org/?q=an:0896.58032&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1458307
https://zbmath.org/?q=an:0932.37070&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1673984
https://zbmath.org/?q=an:0106.25001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=0142001
https://zbmath.org/?q=an:1058.53065&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2062626
https://zbmath.org/?q=an:1422.32027&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3990734
https://zbmath.org/?q=an:0923.00008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1662141
https://zbmath.org/?q=an:1338.81239&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3503949
https://zbmath.org/?q=an:0961.46042&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1686547
https://zbmath.org/?q=an:1064.53062&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2064593
https://zbmath.org/?q=an:0887.58050&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1350407
https://zbmath.org/?q=an:0797.22001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1349140

Strict quantization of coadjoint orbits 1249

[35] P. Ostapenko, Inverting the Shapovalov form. J. Algebra 147 (1992), no. 1, 90-95
Zbl 0754.17007 MR 1154676

[36] J. Rawnsley, M. Cahen, and S. Gutt, Quantization of Kéhler manifolds. I. Geometric interpre-
tation of Berezin’s quantization. J. Geom. Phys. 7 (1990), no. 1, 45-62 Zbl 0719.53044
MR 1094730

[37] M. A. Rieffel, Deformation quantization for actions of R? . Mem. Amer. Math. Soc. 106 (1993),
no. 506, x+93 Zbl 0798.46053 MR 1184061

[38] M. A. Rieffel, Questions on quantization. In Operator Algebras and Operator Theory (Shang-
hai, 1997), pp. 315-326, Contemp. Math. 228, Amer. Math. Soc., Providence, RI, 1998
Zbl 1083.53506 MR 1667667

[39] M. Schétz and S. Waldmann, Convergent star products for projective limits of Hilbert spaces.
J. Funct. Anal. 274 (2018), no. 5, 1381-1423 Zbl 1394.46003 MR 3778678

[40] S. Waldmann, A nuclear Weyl algebra. J. Geom. Phys. 81 (2014), 10-46 Zbl 1287.53073
MR 3194213

[41] S. Waldmann, Convergence of star products: from examples to a general framework. EMS
Surv. Math. Sci. 6 (2019), no. 1-2, 1-31 Zbl 1443.53052 MR 4073884

Received 5 September 2019.

Philipp Schmitt
Institute of Analysis, Leibniz University Hannover, Germany; and Department of Mathematical
Sciences, University of Copenhagen, Denmark; schmitt@math.uni-hannover.de


https://zbmath.org/?q=an:0754.17007&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1154676
https://zbmath.org/?q=an:0719.53044&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1094730
https://zbmath.org/?q=an:0798.46053&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1184061
https://zbmath.org/?q=an:1083.53506&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1667667
https://zbmath.org/?q=an:1394.46003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3778678
https://zbmath.org/?q=an:1287.53073&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3194213
https://zbmath.org/?q=an:1443.53052&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4073884
mailto:schmitt@math.uni-hannover.de

	Contents
	1. Introduction
	Contents
	Notation

	2. Preliminaries
	2.1. Coadjoint orbits
	2.2. Invariant holomorphic k-differential operators

	3. Quantizing complex coadjoint orbits
	3.1. Verma modules and the Shapovalov pairing
	3.2. Generalization to non-regular orbits
	3.3. The induced formal and strict products
	3.4. Examples

	4. Continuity
	4.1. Continuity in the reduction topology
	4.2. Stein manifolds and extension of holomorphic functions
	4.3. Characterizing the reduction topology

	5. Quantizing real coadjoint orbits
	5.1. Complexification
	5.2. Polynomials and analytic functions
	5.3. Formal and strict star products on real coadjoint orbits
	5.4. Examples: complex projective spaces and hyperbolic discs
	5.5. Positive linear functionals
	5.6. A generalized Wick rotation

	A. Proofs, G-finite functions, complex structures
	A.1. Proofs of Propositions 2.5 and 2.7
	A.2. G-finite functions
	A.3. Complex structures on real coadjoint orbits

	References

