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The coarse geometric £”-Novikov conjecture for
subspaces of nonpositively curved manifolds

Lin Shan and Qin Wang

Abstract. In this paper, we prove the coarse geometric £Z-Novikov conjecture for metric spaces
with bounded geometry which admit a coarse embedding into a simply connected complete Rie-
mannian manifold of nonpositive sectional curvature.

1. Introduction

The coarse geometric Novikov conjecture [12, 15,27,30] is a statement that the coarse
Baum—Connes assembly map from the coarse K-homology of a metric space to the K-
theory of the Roe C *-algebra, which encodes the coarse geometry of the space, is injec-
tive. This is a geometric analogue of the strong Novikov conjecture and provides an
algorithm to determine the non-vanishing problem of the higher index of the Dirac oper-
ator on a noncompact complete Riemannian manifold. It implies Gromov’s conjecture
that a uniformly contractible Riemannian manifold with bounded geometry cannot have
a uniformly positive scalar curvature and the zero-in-the-spectrum conjecture stating that
the Laplacian operator acting on the space of all L?-forms of a uniformly contractible
Riemannian manifold has zero in its spectrum.

A remarkable progress was achieved by G. Yu who proved the coarse Baum—Connes
conjecture, and consequently the coarse geometric Novikov conjecture, for metric spaces
with bounded geometry which admit a coarse embedding into a Hilbert space [28]. Among
the main tools in [28] is the localization algebra of Yu [26] together with the twisted Roe
algebra technique. A fundamental idea underlining the approach in [28] is that the index
of a Dirac operator is more computable if the Dirac operator is twisted by a family of
“almost flat Bott bundles.” This approach inspires several later progresses on the coarse
geometric Novikov conjecture for coarse embeddings into certain Banach spaces [3, 15]
or nonpositively curved manifolds [22].

Recently, an {”-analog of the coarse geometric Baum—Connes assembly map for
1 < p < oo was introduced in [7]; see also [31]. An important impetus behind this gen-
eralization is the unpublished work of G. Kasparov and G. Yu on the L?-Novikov and
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Baum-Connes conjectures (cf. [14]), together with earlier works of Lafforgue’s Banach
K K-theory [16] and the discovery of G. Yu [29] that all Gromov hyperbolic groups, which
include plenty of groups with Kazhdan’s property (T), admit a proper affine isometric
action on an £7-space for some p > 2. Another similar L?-assembly map has been con-
sidered in [4] by Y. C. Chung. And closely related to these problems, rigidity and K -theory
of £7-Roe-type algebras have also be studied by Y. C. Chung and K. Li [5,6].

The £?-version of the geometric Novikov conjecture is a natural analog of the classical
conjecture obtained by considering algebras of operators on {7 -spaces. While applications
to geometry and topology have yet to be found when p # 2, there is motivation in the
coarse geometric £7-Novikov conjecture coming from comparison with the classical case
and the intrinsic interest in comparing K-theories of different completions of a given
algebra.

In this paper, we shall prove the following result.

Theorem 1. Let I be a discrete metric space with bounded geometry. If " admits a coarse
embedding into a simply connected complete Riemannian manifold of nonpositive sec-
tional curvature, then the coarse geometric £ -Novikov conjecture holds for T, i.e., the
assembly map
w: lim Ky(BF(P4())) = K«(BP(I))
d—o0

is injective for all 1 < p < oo.

Recall that a map f : X — Y from a metric space X to another metric space Y is
said to be a coarse embedding [11] if there exist non-decreasing functions p; and p, from
R4 = [0,00) to R with lim, o, p; (1) = co fori = 1,2, such that

p1(d(x.y)) =d(f(x). f() < p2(d(x.y))

for all x, y € X. The above assembly map p is induced by the evaluation-at-zero map
e from the localization £7 algebra Bf (P;(I")) of the Rips complex of I' to the £7-Roe
algebra B?(I") of I'. The definition of the £7-assembly map is motivated by the result of
G. Yu in [26] that the local index map from K-homology to the K-theory of the local-
ization algebra is an isomorphism for a finite-dimensional simplicial complex. Due to the
local nature, it can be shown (cf. [31]) that the K-theory of the £7-localization algebras
Bf (P;4(I")) is independent of the choice of 1 < p < oo. Therefore, the left-hand side of
the assembly map p in Theorem 1 is isomorphic to the classical coarse K-homology of
the space I'.

The proof of Theorem 1 is again based on the fundamental idea and tools in [28]
of G. Yu by using localization algebra technique and an £7-version of the twisted Roe
algebras and ¢7-Bott maps. We closely follow our previous work [22] in the classical
p = 2 case, with necessary technical adjustments.

It should be noted that techniques used in the C *-algebraic setting often do not trans-
fer to the L”-setting in a straightforward manner. This is due to the more complicated
geometry of L”-spaces, including the fact that they are not reflexive unless p = 2. For
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instance, while for any closed two-sided ideals 7, J in a C*-algebra A we always have
I N J = 1J (this general fact is frequently used to establish the K-theory Mayer—Vietoris
exact sequences), this equality may not hold in an arbitrary L”-operator algebra (as a clue,
consider C with its usual norm and the trivial product given by xy = 0 for all x, y € C).
In general, an L?-operator algebra need not have a (contractive, one-sided) approximate
identity. However, we will show that closed ideals in the £7-Roe algebras or the twisted
£P-Roe algebras supported on subspaces of the metric space I" or open subsets of the
manifold M do admit contractive approximate units. This allows us to establish K-theory
Mayer—Vietoris sequences for the £7-Roe algebra and the twisted £7-Roe algebra.

Another subtle issue is about tensor products associated with L?-spaces. In general,
the tensor product 7 ® S of a bounded operator 7 on L?(u) and a bounded operator S
on a Banach space £ may not extend to a bounded operator on the “natural tensor prod-
uct” L? () ®, E, unless, for example, E = L?(v) is another L?-space, in which case
IT ® S| =|IT||S]- This suggests us to view the algebra A4 = Co(M, Cliffc (T M)) in the
construction of the twisted £”-Roe algebra and Bott elements in K -theory as an L?-opera-
tor algebra. Since the Clifford bundle Cliffc (7 M) is finite-dimensional, one would natu-
rally like to regard it as an £7-space bundle so that the algebra A4 = Co(M, Cliffc (TM))
could act on the L?-space LP(M, Cliffc(TM)) of the £P-space bundle Cliffc(TM).
However, since the £Z-norm on a tangent space TxM depends on the choice of the
(orthonormal) basis of T M, if M is not flat, we cannot end up with a consistent £7-struc-
ture on the tangent bundle 7M or the Clifford bundle Cliffc (T M), which is needed for
the construction of “the family of uniformly almost flat Bott elements” on M . To solve this
confliction, we will view A = Co(M, Cliffc (TM)) acting on L? (M, Cliffc (TM)) which
is the L”-space of locally measurable sections of the Hilbert space bundle Cliffc (TM).
It turns out that the tensor product 7 ® S of a bounded operator 7" on £ and a bounded
operator S on L? (M, Cliffc (TM)), regarded as the L?-space of the Hilbert space bundle
Cliffc (TM), still extends to a bounded operator on the “natural tensor product” £ ®),
LP (M, Cliffc(TM)) and satisfies |[T @ S| = TS|

The paper is organized as follows. In Section 2, we recall the £”-Roe algebra, £7-
localization algebras, and the coarse geometric £7-Novikov conjecture. In Section 3, we
study approximate units for an ideal of the £7-Roe algebra supported on a subspace and
present an £”-coarse Mayer—Vietoris principle. In Section 4, we first discuss a certain
measure theory aspect of the L?-space L? (M, Cliffc (T M)) of the Hilbert space bundle
Cliffc (TM) and the natural tensor norm ®p, so as to view #4 = Co(M, Cliffc (TM)) as
an LP-operator algebra. Then we define the twisted £7-Roe algebra and its localization
counterpart and discuss how to use ideals supported on separate open subsets of M to
show that the evaluation map induces an isomorphism for twisted algebras. In Section 5,
we adapt Yu’s arguments about strong Lipschitz homotopy invariance to the £7-setting.
In Section 6, we construct families of uniformly almost flat Bott generators to establish
a Bott map B from the K-theory of the £”-Roe algebra to the K-theory of the twisted
£P-Roe algebra and a Bott map f; between the corresponding £7-localization algebras.
In Section 7, we complete the proof of the main theorem of this paper.
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2. The coarse geometric Novikov conjecture

In this section, we shall recall the concepts of the £7-Roe algebra [7,21], Yu’s £P-localiza-
tion algebras [7,26], and the coarse geometric £”-Novikov conjecture [7].

Let X be a proper metric space. Recall that the space X is called proper if every
closed ball is compact. When X is discrete, we say that X has bounded geometry if, for
any R > 0, there exists Ng > 0 such that for any x € X the cardinality | B(x; R)| is less
than or equal to Ng. For r > 0, an r-net in X is a discrete subset Y C X such that, for any
¥1,Y2 € Y, d(y1,y2) > r and for any x € X thereisa y € Y such that d(x,y) <r. A
general metric space X is called to have bounded geometry if X has an r-net ¥ for some
r > 0 such that Y has bounded geometry.

Throughout this paper, we assume p > 1 and denote by K, = K (£”) the Banach
algebra of all compact operators on £7.

Definition 2 ([7,21]). Let X be a proper metric space, and fix a countable dense subset
Z C X.Let T be abounded operator on £ (Z, £?), and write T = (T (x, y¥))x,yez so that
each T'(x, y) is a bounded operator on £7. The operator T is said to be locally compact if

e each T'(x, y) is a compact operator on £7;

o for every bounded subset B C X, the set
{(x.y) e BxB)N(Zx Z):T(x,y) # 0}

is finite.

The propagation of T is defined to be
propagation(7) = inf {S > 0: T(x,y) = Oforall x, y € Z with d(x, y) > S}.

The algebraic £P -Roe algebra of X, denoted by Bbffg(X ), is the subalgebra of £(£?(Z,£7))
consisting of all finite propagation, locally compact operators. The £7-Roe algebra of X,

denoted by B?(X), is the closure of B;fg (X)in £(£P(Z,17)).

Up to non-canonical isomorphisms, B? (X ) does not depend on the choice of the dense
subspace Z, while, up to canonical isomorphism, its K-theory does not depend on the
choice of Z. The proof in [13] for p = 2 works well for general p > 1.

Definition 3 ([26]). The £?-localization algebra Bf (X) is the norm-closure of the alge-
bra of all bounded and uniformly norm-continuous functions g : [0, c0) — B?(X) such
that

propagation (g(r)) — 0 as7 — co.

The evaluation homomorphism e from B f (X) to B?(X) is defined by

e(g) =g(0)

forall g € Bf(X).
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Definition 4 ([24]). Let I" be a locally finite metric space. Let d > 0. The Rips complex
of I at scale d, denoted by Py (I"), is the simplicial complex with vertex set I where a
subset {yo, ..., yn} of I" spans a simplex if and only if d(y;,y;) < d forall i, j. Write

points x in such a simplex 0¢y,.... 5, of P4 (I") as formal linear combinations:

n
X =Zli)’i,
i=0

where each coefficient #; is in [0, 1], and ), #; = 1. Let S(R"*!) be the sphere in the
Euclidean space R"*!, and define a bijection from the simplex ayy,,... 1 to S(R**1) via
the map

.....

.....

n n _1
2
pix = Ztiy,- — (sz) (to, ... 1In).
i=0

i=0
The spherical metric on 6{yy, ..., ¥, } is the metric defined by
2
dy(x,y) := — arccos (o). (1))

i.e., the length (normalized by 2/7) of the shorter arc of a great circle connecting p(x)

and p(y).
For points x, y € Py (I"), a simplicial path y (cf. [24]) between them is a finite sequence

X = X¢,X1,...,X, = y of points in P;(T") together with a choice of simplices o1, ...,0,
such that each o; contains (x;_1, x;). The length of such a path y is defined to be

(y) =) do; (xi-1. %),
i=1

and the spherical distance between two arbitrary points x, y € Py (") is defined to be
ds(x,y) :=inf{l(y) : y asimplicial path between x and y}

and dg(x, y) = oo if no simplicial path exists.
A semi-simplicial path § (see [24, Definition 7.2.8]) between points x and y in P;(I")
consists of a sequence of the form

X = X0,Y0,X1,)Y1:X2, Y2, s Xn, Yn = ),

where each of the points x; and y; is in I and some of these points may be repeated. The
length of such a path is defined as

n n—1
@) =Y ds(xi,yi) + ) dr(yi, Xi1)-
i=0 i=0

The semi-spherical distance on P;(T") is defined by
dp,(x,y) := inf {£(§) | § a semi-simplicial path between x and y}.

Note that a semi-simplicial path between two points always exists.
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The Rips complex of T is defined to be the space P, (I") equipped with the metric dp,
above.

It turns out that (see [24, Proposition 7.2.11]) (1) Po(T") identifies isometrically with
I'; (2) for any d > 0, the Rips complex P;(I") is a proper, second countable metric space;
(3) for each d’ > d > 0, the canonical inclusion ig/g4 : Pg(I') — P4/(T") is a coarse equiv-
alence and a homeomorphism onto its image.

To define the assembly map, we recall that when p = 2, Yu in [26] proved that the local
index map from K-homology to K-theory of localization algebra is an isomorphism for
a finite-dimensional simplicial complex. Y. Qiao and J. Roe in [20] later generalized this
isomorphism to general locally compact metric spaces. Therefore, for p € (1, c0), consid-
ering the analogs of £7-Roe algebra and £?-localization algebra, we define the evaluation
at zero map as the assembly map, which is equivalent to the original index map when
p = 2. The following conjecture is called the coarse geometric £P-Novikov conjecture.

Conjecture 5. If ' is a discrete metric space with bounded geometry, then the assembly
map

pi=ew: Jim Ko(Bf(Pg(I)) — lim K.(B(P4(I)) = Ku(B”(I))

is injective, where 1 < p < oo.

3. An £? coarse Mayer—Vietoris principle
In this section, we present an £ coarse Mayer—Vietoris principle similar to the argument
in [13].

Definition 6 ([13]). Let X be a proper metric space, and let A and B be closed subspaces
with X = A U B. We say that (A4, B) is an w-excisive pair, or that X = A U B is an
w-excisive decomposition, if for each R > 0 there is some S > 0 such that

Pen(A4; R) N Pen(B; R) C Pen(4A N B;S),
where Pen(A4; R) = {y € X | d(y, A) < R} is the R-neighborhood of A in X.

Definition 7 ([13]). Let A be a closed subspace of a proper metric space X. Denote by
B?(A; X) the operator-norm closure of the set of all locally compact, finite propagation
operators T on £7 (Z,£?) whose support is contained in Pen(A4; R) x Pen(A4; R), for some
R > 0 depending on T'.

One can see that B? (A; X) is a two-sided ideal of B?(X). For s,¢ € [0, 00) with s < ¢,
the inclusion Pen(A4; s) — Pen(A4; ) induces an inclusion map

it,s : B?(Pen(A;s)) — BP(Pen(4;1)).
It follows that B?(A; X) = lim,_, B? (Pen(A4;n)), and we get an induced map

i:BP(A) — BP(4;X).
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Lemma 8 ([13]). The induced map at K -theory level
iv @ Ky (BP(A)) — K, (BP(A; X))
is an isomorphism.

Proof. Since the inclusions A C Pen(A; n) and Pen(A4;n) C Pen(A4;n + 1) are coarse
equivalence, the induced maps on K-theory are all isomorphisms. ]

Let A be a closed subspace of S and consider the ideal B?(A; X) of B?(X). Define
idempotents Q : X x X — K, by the formula

Q(x.y) =0 ifx #y,

_ Inxy O
Q(x,x)—( 0 0),

where I, (x) is the r(x) x r(x) identity matrix for some r(x) € N and
Supp (r(x)) C Pen(4; R)

for some R > 0. We define a partial order on all such idempotents Q by the following:
0, < Q; ifrank(Q2(x, x)) <rank(Q(x,x)) forall x € X.
Let @ be the set of all such operators Q with this order.

Proposition 9. The collection @ is an approximate unit of BP (A; X).

Proof. LetT € BP(A; X) and ¢ > 0. Forany x,y € X, T(x, y) is either a zero operator
or a compact operator on £7. Recall that Z C X is a chosen countable dense subset in the
definition of the £7-Roe algebra. Enumerate Z x Z such that each pair (x, y) € Z x Z is
assigned a unique integer n € N.

Let F(x, y) be a finite rank operator on £? such that |T(x, y) — F(x, y)| < 2%,8
when T'(x, y) # 0 and n is the corresponding integer of (x, y), and F(x, y) = 0 when
T(x,y) =0.Then F = (F(x, y)) is a locally finite rank operator of finite propagation
with |[T — F| < e.

For each fixed x, since F has finite propagation, there are only finitely many y such

that F(x,y) # 0. Let
_ Iy O
O(x,x) = o o

be a finite-rank projection for some r(x) € N such that
O(x.x)F(x,y) = F(x.y)
for all y with F(x, y) # 0. Define Q(x, y) = 0if x # y. Then
19T =TI < IQT — QF || + [|QF — F| + [|F =T

Here |F —T|| <&, QF —F =0,and |QT — QF | < ||Q|I|1F = T| <&.So ||QT —T| <
2¢ and the proof is done. ]
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Proposition 10. Let A, B be closed subspaces of X such that X = A U B. Then
(1) BP(A;X)+ BP(B; X) = BP(X);
(2) BP(A;X)NBP(B;X)=BP(ANB;X)if X = AU B is an w-excisive decom-
position.

Proof. Obviously, B?(A; X) + BP(B; X) € B?(X). For the reverse inclusion, let y4 be
the characteristic function of A. Forany T € B?(X) and ¢ > 0, there exists T € Bﬁg (X)
with ||T — T¢|| < e. Then Teyq € BP(A; X) and ||Tyqa — Teyuall < IT —T¢|| < e. It
follows that T y4 € BP(A; X), and consequently, T = Ty4 + T(1 — y4) € B?(A; X) +
B?(B; X). Therefore B”(A; X) + BP(B; X) 2 B?(X).

For the second part, we will show that

BP(A;X) N B?(B;X) = B?(A; X)B?(B; X) = B?(AN B; X)

for an w-excisive pair (A, B) of X.

Obviously, B”(A N B; X) € BP(A; X) N B?(B; X) holds for any decomposition
pair (A, B). On the other hand, by Proposition 9, one can easily see that B?(A4; X) N
BP(B; X) € BP(A; X)B?(B; X). Finally, for T4 € Bﬁg(A; X) and Tp € Bﬁg(B; X)
with

Supp(T4) C Pen(A4; R) x Pen(4; R),
Supp(Tg) € Pen(B; R’) x Pen(B; R'),

since (A, B) is w-excisive, there exists S > 0 such that

Supp(T4Tg) C Pen(A N B;S) xPen(4 N B; S).

Hence B?(A; X)B?(B; X) € BP(A N B; X). This completes the proof. |

As a general fact (cf. [24, proof of Proposition 2.7.15]), if A is a Banach algebra,
and / and J are two closed two-sided ideals of A such that / + J = A, then standard
isomorphism theorems in pure algebra give that

I I+J A

nJy=- J J
which further induces the following Mayer—Vietoris exact sequence (cf. [24, Proposi-
tion 2.7.15]).

Proposition 11 (cf. [24]). Let A be a Banach algebra, and let I and J be two closed
two-sided ideals of A such that I + J = A. Then there is a six term Mayer—Vietoris exact
sequence on K-theory:

Ko(INJ)—— Ko(I) ® Ko(J) — Ko(4)

T |
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Combining these lemmas, we obtain the following £”-version of the coarse Mayer—
Vietoris principle.

Proposition 12. Ler X = A U B be an w-excisive decomposition of X. Then there is a
six term Mayer—Vietoris exact sequence:

Ko(B?(AN B)) —— Ko(B”(A)) ® Ko(B?(B)) —— Ko(B?(X))

T |

KI(BP(X)) +—K; (BI’(A)) é K, (BP(B)) +—K; (BP(A N B)).

4. Twisted £7-Roe algebras and twisted £ ?-localization algebras

In this section, we shall define the twisted £7-Roe algebras and the twisted £?-localization
algebras for bounded geometry spaces which admit a coarse embedding into a simply
connected complete Riemannian manifold of nonpositive sectional curvature. The con-
struction of these twisted £7-algebras follows those twisted algebras introduced in [28],
with technical adjustments suitable to £7 spaces.

Let M be a simply connected complete Riemannian manifold of nonpositive sectional
curvature. In the following, we shall assume that the dimension of M is even. If dim(M) is
odd, we can replace M by M x R. Indeed, the product manifold M x R is also a simply
connected complete Riemannian manifold with nonpositive sectional curvature. And if
f : T — M is a coarse embedding, then the induced map f’': ' — M x R defined by
f(y) = (f(y),0) is also a coarse embedding so that we can replace f by f’.

Let A = Co(M, Cliffc(TM)) be the C*-algebra of continuous sections a on M
which have value a(x) € Cliffc (T, M) at each point x € M and vanish at infinity, where
Cliffc (T M) is the complexified Clifford algebra [1] of the tangent space Tx M at x € M
with respect to the inner product on 7, M given by the Riemannian structure of M.
Here Cliffc(TM) is the Clifford algebra bundle over M. Meanwhile, for any x € M,
Cliffc (T M) is also a Hilbert space, so that Cliffc (TM) is a Hilbert space bundle. Let

B := L? (M, Cliffc(TM)),

the set of all L? sections of the Hilbert space bundle Cliffc (7'M, which is a Banach
space. The C *-algebra 4 acts on B by pointwise multiplications, so that it can be regarded
as an L?-operator algebra (cf. [18,19]).

Let us make this point of view more precise. Let v be the Radon measure on M
induced by the Riemannian metric on M (cf. [17, Chapter XVI, Theorem 4.4]). The con-
tinuous sections with compact support of the Hilbert space bundle Cliffc (TM) generate a
local v-measurability structure ‘W for the cross-sections of Cliffc (7TM) (cf. [9, Chapter 11,
Section 15]). For 1 < p < oo, the Banach space B = L? (M, Cliffc (T M)) consists of all
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those locally p-measurable cross-sections f of ‘W such that

LAIZ = | [ f@] dvx) < oo,
M

and two elements of L? (M, Cliffc (T M)) are identical if they differ only on a p-null set
(cf. [9, Chapter II, Section 15.7]). Since M is a simply connected complete Riemannian
manifold with nonpositive sectional curvature, by the Cartan-Hadamard theorem, for any
x € M, the exponential map exp, : TxM — M gives rise to a diffeomorphism from R”
to M, so that the Hilbert space bundle Cliffc (TM) is isomorphic to the trivial bundle
M x My (C), where n = 2k = dim(M) and the matrix algebra M,i(C) is endowed
with a Hilbert space structure induced from the Hilbert space structure of Cliffc (7xM).
Consequently, we have

B := L? (M, Cliffc(TM)) = L?(M,v; My (C)) = L (M, v) ®, My (C).

Let us recall some facts about the tensor norms on the spaces of p-integrable functions
and tensor product operators (cf. [8, Chapter 7] and [10, Theorem 1.1 and Corollary 1.1].
For a good summary, see [4] or [18]). Let (€2, i) be an arbitrary measure space, | < p <
00, and E a Banach space. Then the space L? (i, E) of (classes of a.e. equal) Bochner
p-integrable functions provides the algebraic tensor product L” (1) ®a; £ with a “natural
tensor norm” A, via the natural injective mapping

LP(w) Qg E — LP(u, E)
f®x f()x.

The completion of L (1) ®a; £ against the tensor norm A, is denoted in the following
by L?(u) ®, E. Since the simple functions are dense in L” (i, E), the above inclusion
induces an isometric isomorphism

LP(p) ®p E = LP(u, E).

For the product measure ;t X v on ; x €2, the Fubini—Tonelli theorem shows that
the inclusion L? (i) ®ag L (v) — LP(u x v) induces isometric isomorphisms

LP(n) ®p LP(v) = LP(u, L (v)) == L?(u x v).

Moreover, the Fubini theorem for Bochner integrals (cf. [25, Appendices, Theorem B.41];
or more generally, [9, Chapter 11, Section 16]) shows that we may replace the space L? (v)
in the above identifications by L? (v, F') of Bochner p-integrable functions into a Banach
space F'. In particular, we have

LP(1) @, (LP(v) &, F) = LP (1) @, LP (v, F)
=~ LP(u, LP (v, F))
>~ LP(uxv, F),

provided that the spaces €2; and €2, are locally compact and o-compact Hausdorff spaces.
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In general, for bounded linear operators S € £(L?(w)) and T € L(E), there are
natural examples showing that the tensor product operator

may not extend to a bounded operator on L” () ®, E (cf. [8, Chapter 7, Sections 7.5 and
7.6]). However, in the situation considered in this paper, we do not meet this difficulty.
Namely, on one hand, if § = idz»,), it is easy to verify that

[id® T :LP(n) ®, E — LP(n) ®, E|| = ||T|

forany T' € L(E) (cf. [10, the proof of Theorem 1.2]). On the other hand, if £ = L? (v, F)
for a Banach space [ and the same p as in L? (u), and if idz,» (v, ) is the identity operator,
then for any bounded operator S € £(L? (1)), the operator

S ® idLP(v,F) : LP(H’) ®alg Lp(v» F) - LP(/J/) ®alg LP(V’ F)
has a unique extension to a bounded linear operator
S ®idrr,F) 1 LP (1) ®p LP (v, F) — LP (1) ®p LP (v, F)

such that
|S @ idere,my || = ISII-

This can be proved by appealing to the proof of Theorem 1.1 in [10] (replacing L? (o)

there by L? (v, F) here and confining to the case p = ¢, so that the integral version of

the Minkowski inequality for o = 1 still holds). Consequently, for any bounded linear

operators S € £(L?(u))and T € £(LP (v, F)), the operator S ® T = (S R id)(id® T)

on £(L? () ®alg L(LP (v, F)) extends continuously to a unique bounded linear operator
S®T : L(LP(n) ®, £(LP (v, F)) = £(L? (1)) ®p L(LP (v, F))

and [|S @ T'|| = ||S|IIIT|| (ct. [10, the proof of Corollary 1.1]).
In this paper, we will only concern ourselves with the situation where L7 () = £7
and
LP(v,F) =B := L?(M,Cliffc (TM)) = L? (M, v; My (C)).

Fora € A = Co(M, Cliffc(TM)) and h € ‘B, define
lalloo = sup {[|a(x)| | x € M}.
Then ||a - k|| < |lallccllf]| and A C £(B). For n € N, define
Bu,p=BBp- - ®p B,

the £ -direct sum of n copies of B. The {#-norm of B, , is defined as

n 1/p
[l = (A1) o fi fy e,

i=1



L. Shan and Q. Wang 1334

Let M, (+4) be the algebra of n x n matrices with entries in 4. Then M, (+4) acts on B, ,
by matrix multiplications, so that M, (A) C £(*8,,,). Embed M, (A) into M, (A) at
the top left corner, and let M , () be the inductive limit of {M,, (4)}52 ;. Define

%oo’p :%@p...@p%@p...

to be the £7-direct sum of infinitely many copies of B with the £7-norm

0 1/p
1< ?il|},,=(2||ﬁ||f’) . for {/i}2) € Boo,p.
i=1

It follows from the above discussions that we have isometric isomorphisms
Boo,p = LP(N,B) = (P ®,B

and all M, (A) can be considered as subalgebras of &£ (B, ). Denote by K, Q@
the algebraic tensor product of K, and +. Naturally, K, ®ue + acts on B, , and
Kp Qaig A C £(Boo,p). Let

Ky @p o = Koy Dy A0,
It follows that K ®p A = Mo, ().

Let I be a discrete metric space with bounded geometry. Let f : ' — M be a coarse
embedding. For each d > 0, we shall extend the map f to the Rips complex Py (I") in
the following way. Note that f is a coarse map, i.e., there exists R > 0 such that, for all
yi.v2 €l

d(y1.v2) <d = du(f(n1). f(y2)) < R.
For any point x = }_ . ¢,y € P4(I"), where ¢, > 0 and ), r ¢, = 1, we choose a
point fy € M such that
d(fx. f()) =R
forall y € I" with ¢, # 0. The correspondence x — f gives a coarse embedding Py (I") —
M, also denoted by f.

Choose a countable dense subset I'y of P;(I") for each d > 0 in such a way that
I'y cTy whend <d’.
Definition 13. Let B,

T:TqgxTy— KpQphACE(B,p) =Lt ®, L (M, Cliffc (TM)))

(P4(TI"), A) be the set of all functions

such that
(1) there exists C > O such that | T(x, y)|| < C forall x,y € I'y;
(2) there exists R > O such that T'(x,y) = 0if d(x,y) > R;

(3) there exists L > 0 such that, for every z € P4 (I"), the number of elements in the
set
{(x.y) € Ty x Ty :d(x.2) < 3R, d(y.z) <3R. T(x,y) # 0}

is less than L;
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(4) there exists r > 0 such that

Supp (T(x,y)) C B(f(x).r)

for all x, y € Ty, where B(f(x),r) ={m e M : d(m, f(x)) < r} and, for all
x,y € I'y, theentry T'(x, y) € K, ®p #A is a function on M with T'(x, y)(m) €
Kp ®p Cliffc(TnM) for each m € M so that the support of T'(x, y) is defined
by

Supp (T(x,y)) = {m eM :T(x,y)(im) # 0}.

For f € £7(I'g,Bo,p), we define

Tf(x)= Y T(x.»)f().

yely
Then T = (T(x,y)) € £ (g, Boo,p)).

Definition 14. The twisted £7-Roe algebra B?(P;(I"), 4) is defined to be the operator
norm closure of BY, (P4(T'), A) in £({?(T'y, Boo,p))-

alg

The above definition of the twisted £”-Roe algebra is similar to that in [28].
Let B f a g(Pd ("), A) be the set of all bounded, uniformly norm-continuous functions

g: Ry —> Bﬁg(Pd(F), A)

such that

(1) there exists a bounded function R(¢) : Ry — R4 with lim;—o, R(f) = 0 such
that (g(¢))(x, y) = 0 whenever d(x, y) > R(t);

(2) there exists L > 0 such that, for every z € P4 (I"), the number of elements in the
set

{(x,y) €Ty x Ty :d(x,z) <3R, d(y.z) <3R, g(t)(x,y) # 0}
is less than L for every f € Ry;

(3) there exists » > 0 such that Supp((g(¢))(x, y)) C B(f(x),r) for all 1 € Ry,
x,y € Ty, where f : P;(I') = M is the extension of the coarse embedding
f:T - Mand B(f(x),r) ={me M :d(m, f(x)) <r}.

Definition 15. The twisted £7-localization algebra Bf (P4(T), #A) is defined to be the

norm completion of B f al g(Pd (I'), A), where B f al g(Pd (T'), A) is endowed with the norm

lglloo = t:ﬁ ”g(t)“Bl’(Pd(F),A)'

The above definition of the twisted ¢7-localization Roe algebra is similar to that in
[28]. The evaluation homomorphism e from Bf (P;(T"), A) to BP(P4(T), A) defined by
e(g) = g(0) induces a homomorphism at K -theory level:

ex :dlim K (B?(Py(T), A)) —>dlim K.(B?(P4(T), A)).
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Theorem 16. Let I be a discrete metric space with bounded geometry which admits a
coarse embedding f : ' — M into a simply connected, complete Riemannian manifold
M of nonpositive sectional curvature. Then the homomorphism

e lim Ko (Bf(P4(T).A)) — lim K.(BP(P4(T). )

is an isomorphism.

The proof of Theorem 16 will follow the proof of Theorem 6.8 in [28]. To begin
with, we need to discuss ideals of the twisted algebras associated to open subsets of the
manifold M.

Definition 17. (1) The support of an element T in BY (P ("), +) is defined to be

alg

Supp(T) = {(x.y.m) € Ty x Ty x M : m € Supp (T(x,y))}
={(x,y.m) €Tqg xTqg x M : (T(x,y))(m) # 0}.

(2) The support of an element g in BL alg(Pd (T"), +A) is defined to be

|J Supp (g(»)).

teRy

Let O C M be an open subset of M. Define Balg(Pd (T"), A) o to be the subalgebra of

alg(Pd (I"), ) consisting of all elements whose supports are contained in 'y x 'y x O,

1e

Bl (Pa(T), A), ={T € BJ,(Pa(T), A) : Supp (T(x,y)) C O, V x,y € Ty}

alg

Define B?(P;(T"), )0 to be the norm closure of BY (P (T"), 4)o. Similarly, let

alg
Bl 4o(Pa(T), A) , = {g € Bf ,,(Pa(T), A) : Supp(g) C Ty x Ty x O}

and define Bp(Pd (I'), A) o to be the norm closure of BL alg(Pd (T"), A) o under the norm

glloc = sup;er, 18Il Br (P, (T),4)-
Note that B?(P;(T), A)o and Bf (P4(T), A)o are closed two-sided ideals of

BP(P;(T), A) and Bf (P4(T), A), respectively. We also have an evaluation homomor-
phism
e: B} (Pg(), A), — B?(Py(T), 4),

given by e(g) = g(0).
Lemma 18. For any two open subsets O1, O, of M, one has
BP(P4(T), A) + BP(Pa(T), A), = B?(Pa(l), A
(Pd(F),A) N Bp(Pd(F),A) = B?(P4(T), A
B (Pa(D). A)g, + B (Pa(T). 4) 5, = B (Pa(D). 4
B (P4(T), A) f(Pd(F),A) BY (P4(T), A

01U0y°
01N0y°

01U0y°

N S S S

01 0, — 01N0y"
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Consequently, one has the following commuting diagram connecting two Mayer-Vietoris
sequences at K -theory level:

ALy BLy CLy
/ /
CL, « BL, AL, .
| |
ex Ao By Co
/ /
C B, Aq

where, for x = 0, 1,

ALy = K*(Bf(Pd(F) ’A’)omoz) CLx = K*(Bf(Pd(F)"A’)oluoz)»
A = KB (Pa(T). A) ,n0,).  Cx = Kn(B? (Pa(T). A) g, 40,):
BLy = K+(B[ (Pa(T). A) ) ® Ki(Bf (Pa(T), 4), ).
By = Ki(B?(Pa(T). A)y ) ® Ki(B?(Pa(T), 4), ).

Proof. We shall prove the first two equalities. The other two equalities can be proved
similarly. Then the two Mayer—Vietoris exact sequences follow from Proposition 11.
To prove the first equality, it suffices to show that

al‘g,(Pd(F) EA)OIUOZ S Bzﬁg(Pd(F)’ A) + BalE(Pd(r)’ eA)Oz

Now suppose T € Bal}:(Pd (I"), A) 0,u0,- Take a continuous partition of unity {¢;, >} on
01 U O; subordinate to the open over {O1, O,} of O; U O,. Define two functions

Tl,Tzlrd XFd —)Kp®pe}4w
by
T1(x, y)(m) = @1(m)(T (x, y)(m)),
Ta(x, y)(m) = @2(m)(T (x, y)(m))

forx,yelgyandme M.
Then T; € Bﬁg(Pd ), A)o,, Tz € Balg(Pd ('), A)0,, and
T=T1+T¢ Balg(Pd(l"), A) + Balg(Pd(F), A)Oz
as desired.
For the second equality, similar to the proof of Proposition 11, it suffices to show that

BP(Py(I'), A), N B?(Pa(T). A),,. € BP(Pyg(T). A), B?(Pa(T). A)
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Consider all (rank) functions r : 'y — N and all pairs (K, ¢), where K C O, is a
compact subset in O; and ¢ € 4 is such that

Supp(¢) C 01 and ¢lx = 1.

For any triple (r; K, ¢), define an element Q € Bﬁg(Pd ('), A) o, by the formula

MLM=(%”8)®¢

and Q(x,y) = 0if x # y. It is straightforward that all such elements Q constitute an
approximate unit @ of B?(P;(I"), A)o,. Thus the second equality follows in a similar
way to the second equality in Proposition 10. This completes the proof. ]

It would be convenient to introduce the following notion associated with the coarse
embedding f : T — M.

Definition 19. Let r > 0. A family of open subsets {O;};es of M is said to be (T, r)-
separate if

(1) 0, N0O; =0ifi # j;
(2) there exists y; € I' such that O; € B(f(y;),r) C M foreachi € J.

Lemma 20. If{O;}iey is a family of (I, r)-separate open subsets of M, then
O P :
ex: lim Ku(BL(Pa(D),A) ) o) = lim Ku(BP(Pa(T).A) o,

is an isomorphism, where |_|;c; O; is the (disjoint) union of { O; }iey.

We will prove Lemma 20 in Section 5. Granting Lemma 20 for the moment, we are
able to prove Theorem 16. The proof is in much the same way as in [28].

Proof of Theorem 16. For any r > 0, we define O, C M by

0, = B(f().r).

yel

where f : " — M is the coarse embedding and B(f(y),r) ={p e M :d(p, f(y)) <r}.
For any d > 0, if r < r/ then

B"(Pd(F),A)Or C Bp(Pd(F),eA)Or,, Bf(Pd(F),A)Or C Bf(Pd(F),A)Or/.
By definition, we have
P — 1 P
B (Pd(l"),,A,) = rll)rgoB (Pd(F),A)Or,

BY (Pa(T), A) = lim Bf (Pa(T). 4), .
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On the other hand, for any r > 0, if d < d’ then Ty C Ty in P;z(I") € P4/(T) so that
we have natural inclusions B? (P (I"), 4)o, € B? (Py/(I'), A) o, and Bf(Pd ('), A)o,

Bf (Pg/(T"), A) o, . These inclusions induce the commuting diagram

Ka(BE (Par(T). A) ) —— s Ko (BP(Par(D). A) )

— —

Ku(BE (Py(D). ), ) ———=—— K. (BP(P4(T). A),, )

Ky(Bf (Par(T), 4),, ) & —— K (B? (Par(T), 4) )
Ko (B (Pa(T). A), ) — % K.(B?(P4(D), A)o,,)

which allows us to change the order of limits from limg_ o0 lim; — o0 to lim, o0 limg o0
in the second piece of the commuting diagram

Jim K+(BE (Pa(D), A)) ————— lim K.(B?(P4(I), A))

d—o00

dlim lim, — o0 *(B P;y(T), A) )—)dllm lim K*( p(Pd(F)"A’)O,)

lim_limg—o0 K (B (Pa(T), 4), ) == lim lim K.(B?(Pa(I).A), ).

r—>00 d—o00

IR
R

IR
IR

So, to prove Theorem 16, it suffices to show that, for any r > 0,
ex: lim K«(Bf (Pa(T), A), ) — Jim K« (B?(Pa(T), ), )

is an isomorphism.

Letr > 0. Since I" has bounded geometry and f : ' — M is a coarse embedding, there
exist finitely many mutually disjoint subsets of I, say I'x := {y; :i € Ji} with some index
set Jp fork =1,2,...,ko,suchthat " = |_|],§°=1 I’y and, foreach k, d(f (i), f(y;)) > 2r
for distinct elements y;, y; in I'g.

Foreachk = 1,2,..., ko, let

Ok = | B(f).7).

ieJy

Then O, = Ullz‘]: 1 Ork and each O, or an intersection of several Oy, is the union of a
family of (T, r)-separate (Definition 19) open subsets of M.
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Now Theorem 16 follows from Lemma 20 together with a Mayer—Vietoris sequence
argument by using Lemma 18. ]

5. Strong Lipschitz homotopy invariance

In this section, we shall present Yu’s arguments about strong Lipschitz homotopy invari-
ance for K-theory of the twisted localization algebras [28], and prove Lemma 20 of the
previous section.

Let f : ' — M be a coarse embedding of a bounded geometry discrete metric space
I" into a simply connected complete Riemannian manifold M of nonpositive sectional
curvature, and let r > 0. Let {O; };es be a family of (I, r)-separate open subsets of M,
ie.,

() 0, N0; =0ifi # j;

(2) there exists y; € I" such that O; € B(f(yi),r) C M foreachi € J.
For d > 0, let X;, i € J, be a family of closed subsets of P;(I") such that y; € X; for

every i € J and {X;};es is uniformly bounded in the sense that there exists ro > 0 such
that diameter(X;) < ro for each i € J. In particular, we will consider the following three
cases of {X; }ies:

(1) Xi = Bp,a)(yi- R) :=={x € P4(I') : d(x,y;) < R}, for some common R > 0 for

alli € J;

(2) X; = A;,asimplex in Py(I") with y; € A; foreachi € J;

(3) X; ={yi}foreachi € J.

Foreachi € J, let A, be the subalgebra of A = Co(M, Cliffc (TM)) generated by

those functions whose supports are contained in O;.
We define A(X; : i € J) to be the closed subalgebra of the Banach algebra

(P17 e 87 8, hoy. sup T3] < o}
ieJ ieJ

generated by the elements €D, ; 7; for which conditions (3) and (4) from Definition 13
are satisfied by all operators 7;, i € J, viewed as functions

T, :TgNX)xTgNX;)— Ky ®p Ao,

uniformly (cf. [23,28]).
Similarly, we define Ay ,,(X; : i € J) to be the algebra of bounded, uniformly con-
tinuous maps
g:[0,00) > A(X; :i € J)

such that if we write

gty =P

ieJ
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then conditions (3) and (4) from Definition 13 are satisfied by all operators g;(¢), i € J,
t € [0, 00), uniformly, and there exists a bounded function ¢(¢) on R with lim;_, o, ¢ () =
0 such that

(&i(®)(x.y) =0

whenever d(x, y) > c(t) foralli € J,x,y e 'y N X; and ¢ € [0, co) (cf. [23,28]).
Define A7 (X; :i € J) to be the completion of Az a(X; : i € J) for the norm

gl = sup [g@®]-
t€[0,00)

Note that there is an evaluation-at-zero map
e:Ap(X;:ielJ)—> AX; i elJ).

For each natural number s > 0, let A;(s) be the simplex with vertices {y € T :
d(y,y;) <s}in Pg(T") ford > s.

Lemma 21. Let O = | |;; O; be the disjoint union of a family of (T, r)-separate open
subsets {O; }iey of M as above. Then

(1) BP(Py(T),A)o = limgs00 A({x € Pg(T") :d(x,y;) < R}:i € J);

(2) Bf(Pa(T), A)o = limp—oo AL({x € Pg(T) :d(x,y:) < R} :i € J);

(3) limg_ o0 BP(Py(T), A)o = limg_o0 A(A;(s) 10 € J);

@) limg_ o0 B]f’(Pd (), A)o = limg_so0 AL(A;(s) 11 € J).
Proof (cf. [28]). Let Ao be the subalgebra of A = Co(M, Cliffc(TM)) generated by

elements whose supports are contained in O. Let Bp = L? (O, Cliffc(TM)) and let
B0,00,p be the £7-direct sum of infinite copies of B with the £#-norm

o 1/p
I ?‘;IHﬁ(Znﬁnp) . for {/i}2; € Bo,c0.p-
i=1

The algebra K, ®, Ao acts on Bo,«,p and the algebra BP(P;(I"), #A)p acts on
£P(I'q,B0,00,p)- We have a decomposition

(T4, B000p) = (D (Ta. B0,00.0))

ied p

Each T € B?

o (Pg(I"), A) o has a corresponding decomposition
alg p g p

T=PT

ieJ

such that there exists R > 0 for which each T; is supported on

{Gx.y.p):p€Oi, x,y €Ty, d(x,yi) <R, d(y,yi) < R}.
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On the other hand, the Banach algebra B” ({x € P4 (I') : d(x,y;) < R}) ®, #0, acts on
€7 ({x € Tq 1 d(x.y1) < R}, B0,.00.0)-

so that on £ (I'g, B o;,00,p), for each R > 0, the algebra
A({x e Pg(I) :d(x,yi) <R} :i € J)

can be represented as a subalgebra of B?(Py(I"), A)o. In this way, the decomposition
T = P, T; induces a Banach algebra isomorphism

BP(P4(), A) lim A({x € P4(I') :d(x,y;) <R} :i € J)

O=R—>oo

as desired in (1). Then (2), (3), and (4) follow straightforwardly from (1). [ ]

Now we turn to recall the notion of strong Lipschitz homotopy [26-28].

Let {Y;}ies and {X;}ies be two families of uniformly bounded closed subspaces of
P4(T") for some d > 0 with y; € X;, y; € Y; foreveryi € J.Amap g : | |;c; Xi =
| |;es Yi is said to be Lipschitz if

(1) g(X;) € Y, foreachi € J;

(2) there exists a constant ¢, independent of i € J, such that

d(g(x).g(y)) < cd(x.y)
forallx,y € X;,i € J.

Let g1, g2 be two Lipschitz maps from | |, X; to | |;c; Yi. We say g1 is strongly
Lipschitz homotopy equivalent to g, if there exists a continuous map

F:[O,l]x(l_lX,-)—>|_|Y,-
ieJ ieJ
such that
(1) F(0.x) = g1(x), F(1.x) = gz(x) forall x € | |;c; Xi;
(2) there exists a constant ¢ for which d(F (¢, x), F(t,y)) <cd(x,y)forall x,y € X;,
t € [0, 1], where i is any element in J;
(3) F isequicontinuous in ¢, i.e., for any & > 0 there exists § > 0 such that
d(F(tl,x), F(tz,x)) <¢ forallx e I_l X;if [t; — 2] < 6.
ieJ
We say {X;}ies is strongly Lipschitz homotopy equivalent to {Y;};ecy if there exist
Lipschitz maps g1 : | |;e; Xi = Lljey Yiand g2 1| |;c; ¥i = Ll;es Xi such that g1 g
and g, g are, respectively, strongly Lipschitz homotopy equivalent to identity maps.

Define Az o(X; :i € J) to be the subalgebra of Az (X; :i € J) consisting of elements
D; s bi(¢) satistying b; (0) = 0 foralli € J.

Lemma 22 ([28]). If {X;}ies is strongly Lipschitz homotopy equivalent to {Y;}iey, then
Ki«(Ap,o(X; @i € J)) is isomorphic to K« (Ap,0(Y; : i € J)).
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Let e be the evaluation homomorphism from Ay (X; :i € J) to A(X; :i € J) given
by Djes &i (1) = Dicy 8i(0).

Lemma 23 ([28]). Let {y;}ics be as above, i.e., O; C B(f(yi),r) C M for each i. If
{A;}iey is a family of simplices in Py (T') for some d > 0 such that y; € A; foralli € J,
then

€y : K*(AL(A,' S J)) — K*(A(A,' S J))

is an isomorphism.

Proof ([28]). Note that {A;};ey is strongly Lipschitz homotopy equivalent to {y; }ies. By
an argument of Eilenberg swindle, we have K«(Az,o({y;} : i € J)) = 0. Consequently,
Lemma 23 follows from Lemma 22 and the six term exact sequence of Banach algebra
K-theory. ]

We are now ready to give a proof to Lemma 20 of the previous section.

Proof of Lemma 20 [28]. By Lemma 21, we have the commuting diagram

lim Bf (P4(T), A) —— lim B?(P4(D). A)
d—00 d—00

;J F

lim Az (Ai(s); :i € J) —=— lim A(Ai(s); :i € J)
§—>00 §—>00

Llics Oi Llics Oi

which induces the following commuting diagram at K-theory level:

Jim Ko(Bf (Pa(D).4) ;o) Ldlirr;o K+ (B?(P4(I), #)

ﬂ F

lim Ko (AL(Bi(s) i € J)) —— lim Ku(A(Ai(s) 10 € J)).

Llics 0,-)

Now Lemma 20 follows from Lemma 23. [

6. Almost flat Bott elements and Bott maps

In this section, we shall construct uniformly almost flat Bott generators for a simply con-
nected complete Riemannian manifold of nonpositive sectional curvature, and define a
Bott map from the K-theory of the £”-Roe algebra to the K-theory of the twisted £7-Roe
algebra and another Bott map between the K-theories of corresponding £?-localization
algebras. We show that the Bott map from the K-theory of the £7-localization algebra to
the K-theory of the twisted £?-localization algebra is an isomorphism (Theorem 27).

Let M be a simply connected complete Riemannian manifold of nonpositive sec-
tional curvature. As remarked at the beginning of Section 4, without loss of generality,



L. Shan and Q. Wang 1344

we assume in the following dim(M) = 2n for some integer n > 0. Recall that A =
Co(M, Cliffc (TM)) is the C*-algebra of continuous sections of the complex Clifford
algebra bundle Cliffc (7M) of the tangent bundle of M vanishing at infinity. Let B :=
Cp (M, Cliffc (T M)) be the C *-algebra of all continuous bounded sections of Cliffc (T M).

We can consider A = Cy(M, Cliffc (TM)) and B = Cp (M, Cliffc (TM)) as LP-oper-
ator algebras, acting on L? (M, Cliffc (TM)), the L?-space of the locally measurable sec-
tions of the Hilbert space bundle Cliffc (TM). Since 4 and B act on L? (M, Cliffc (TM))
by pointwise multiplication, both algebras have equivalent norms for different p € (1, c0).
Hence the K-theory of both 4 and B does not depend on p. In particular, the Bott element
is still a generator for Ko (+4) if 4 is viewed as an L?-operator algebra.

Letx € M.Forany z € M,leto : [0,1] — M be the unique geodesic such that

o(0)=x, o(l)=rz.

Let vy (2) := ”g/(i;” € T; M. For any ¢ > 0, take a continuous function ¢ . : M — [0, 1]
satisfying

$rc() = {0’ ifd(x,2) < 3: ©.1)

, ifd(x,z) > c.

—_—

For any z € M, let
fx,c(z) = ¢x,c(2) -vx(z) € T, M.

Then fy. € B. The following result describes certain “uniform almost flatness” of the
functions fx. (x € M, c > 0).

Lemma 24. For any R > 0 and ¢ > 0, there exist a constant ¢ > 0 and a family of
continuous functions {Qx ¢ }xem satisfying (6.1) such that, if d(x,y) < R, then

sup ” Sxe(2) = fye(2)
zeM

TZM<8

Proof. Letc = %. For any x € M, define ¢ : M — [0, 1] by

0, ifd(x,z) < &,
Pre(2) =4 gd(x.2) =1, if £ =d(x.2) = ZF;
I, ifd(x,z) > %,

Let x, y € M such that d(x, y) < R. Then we have several cases for the position of z € M
with respect to x, y.

Consider the case where d(x,z) > ¢ = % and d(y,z) > c = %. Since ¢y c(z) =
¢y.c(z) =1, we have

Jx.e(2) = [y (2) = vx(2) — vy (2).

Without loss of generality, assume d(x, z) < d(y, z). Then there exists a unique point y’
on the unique geodesic connecting y and z such that d(y’,z) = d(x,z). Thend(y’,y) < R
since d(x,y) < R, sothatd(x,y’) <2R.



The coarse geometric £ -Novikov conjecture 1345

Letexp; ! : M — T, M denote the inverse of the exponential map
exp, : I:M - M

atz € M. Then we have
@ |lexp; ()] = d(x,2) = d(y',2) = [lexp; ' ()| > ¢ = 2&;
B) llexp;1(x) —exp;1(»")|| < d(x,y’) < 2R, since M has nonpositive sectional
curvature;

__ exprl(x) — e 0N
) vx(2) = =gy nd v () = — om0

Hence, for any z € M, we have

| fxe(@) = fre@] = [vx(2) = vy ()| < 2R/Q2R/e) =&

whenever d(x, y) < R. Similarly, we can check the inequality in other cases where z € M
satisfies either d(x,z) < cord(y,z) <c. [

Now let us consider the short exact sequence
0—>A—> B> B/A—0,

where A = Co(M, Cliffc(TM)) and B = Cp(M, Cliffc(TM)). For any fy . (x € M,
¢ > 0) constructed above, it is easy to see that [ fy ] := 7 (fx,c) is invertible in B/A
with its inverse [— fx ¢]. Thus [ fx ] defines an element in K (B/+4). With the help of the
index map

91 Ki(B/A) = Ko(A),

we obtain an element ([ fx,]) in
Ko(+4) = Ko(Co(M, Cliffc (TM))) = KO(CO(]RZ") ® M2 (C)) = Z.

It follows from the construction of f . that, for every x € M and ¢ > 0, ([ fx,c]) is just
the Bott generator of K ().
The element ([ fx,c]) can be expressed explicitly as follows. Let

wo = (U S\ (1 O (1 fee) (0 -1
T 0 1 )\ Sfee JNO 1)1 0 )
1 0),,_
bx,c=Wx,c (O O) Wx’cla
1o
(1 2)

Then both by . and by are idempotents in M, (A™), where A™T is the algebra jointing
a unit to . It is easy to check that

byc —bo € Ce(M, Cliffc(TM)) ® My(C),
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the algebra of 2 x 2 matrices of compactly supported continuous functions, with

Supp(bx,c —bo) C By(x,¢):={z € M :d(x,z) < c},

ar aiz

where for a matrix a = (a21 ax

) of functions on M we define the support of a by

2
Supp(a) = | J Supp(a;,).
i,j=1

Now we have the explicit expression

a([fx,C]) = [bx,c] — [bo] € Ko(A).

Lemma 25 (Uniform almost flatness of the Bott generators). The family of idempotents
{bx.c}xeMe>0 in Ma(A1) = Co(M, Cliffc(TM))t ® Ma(C) constructed above are
uniformly almost flat in the following sense: for any R > 0 and ¢ > 0, there exist ¢ > 0 and
a family of continuous functions {¢x c : M — [0, 1]} xepr such that, whenever d(x,y) < R,
one has

sup [|bx.c(2) = by.e(2) ||CliHC(TzM)®M2(C) <é
zeEM

where by . is defined via Wy . and fx . = ¢x,cVx as above, and Cliffc(T; M) is the
complexified Clifford algebra of the tangent space T, M .

Proof. Straightforward from Lemma 24. ]

It would be convenient to introduce the following notion.

Definition 26. For R >0, ¢ >0, and ¢ > 0, a family of idempotents {by} xeps in Mp(AT)=
Co(M, Cliffc (TM))*t ® M(C) is said to be (R, &; ¢)-flat if

(1) forany x,y € M with d(x, y) < R we have
ZS:AI; |bx(2) = by (2) ”CliffC(TzM)@Mz(C) <&
) by — by € Co(M, Cliffc(TM)) ® M»(C) and
Supp(bx — bo) C Bu(x,c¢) := {z eM :d(x,z) < c}.

Construction of the Bott map .

Now we shall use the above almost flat Bott generators for
Ko(A) = Ko (Co (M, Cliffc (TM)))
to construct a “Bott map”

B« : Ku(B?(Pg(T))) = Ki(B?(Pa(T), 4)).
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To begin with, we give a representation of B? (Py(I")) on £P(T'y,£?), where 'y is the
countable dense subset of P;(I") as in the definition of B? (P4 (T"), +A).
Let B,ﬁg(Pd (")) be the algebra of functions

QZFdXFd—>J<p

such that
(1) there exists C > 0O such that ||Q(x, y)|| < C forall x,y € ['y;
(2) there exists R > 0 such that Q(x, y) = 0 whenever d(x, y) > R;

(3) there exists L > 0 such that, for every z € P4 (I"), the number of elements in the
set

{(x.y) €Ty xT4:d(x,z) <3R, d(y,z) < 3R, Q(x.y) # 0}

is less than L.

The product structure on B,ﬁg(Pd (")) is defined by

(0102)(x,y) = ) Q1(x,2)Q2(2,y).

ZEFd

The algebra ng(Pd (I')) acts on £7(I'y, £7). The operator norm completion of
Bﬁg(Pd (I")) with respect to this action is isomorphic to B? (P4 (I")) when I has bounded
geometry.

Note that B? (P4 (I")) is stable in the sense that B? (P4 (")) = B? (P4 (I")) ®p My (C)
for all natural number k. Any element in Ko(B?(P4(I"))) can be expressed as the differ-

ence of the Ky-classes of two idempotents in B? (P;(I")). To define the Bott map
Bx : Ko(B?(Pa())) — Ko(B?(Pa(T), A)),

we need to specify the value B«([P]) in Ko(B?(P;(I'), A)) for any idempotent P €
BP(Pg(I)).
Now let P € BP(P;(I")) € B({?(T'4,£?)) be an idempotent. Denote || P|| = N. For

any 0 < &; < 1/100, take an element Q € B[ (P4(T)) such that

&1
2N +2°

[P -0l <
Then | O < ||P — Q|| + ||P]| < N + 1, hence

10 = Q2 =10 =PI +IPIIP— QI+ 1P —QllIQ] <ei.

and there is R;, > 0 such that Q(x, y) = 0 whenever d(x, y) > R,,. For any &, > 0, take
by Lemma 25 a family of (R, &2; ¢)-flat idempotents {by}xepr in Ma(AT) for some
¢ > 0. Define

0.00:Ty xTyq > Kp ®p AT ®, Ma(C)
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by

O(x,y) = Q(x,y) ® by,
Oo(x,y) = Q(x,y) ® by,

respectively, for all (x, y) € Ty x I'y, where by = (} 3). Then
0,00¢ B, (Pa(T), AT @, Ma(C)) B, (Pa(T), A1) ®, M2(C)

and
0 — 0o € BS,(Pa(T), A) ®, Maz(C).

Since I' has bounded geometry, by the almost flatness of the Bott generators (Lemma
25), we can choose ¢; and &, small enough to obtain Q Qo as constructed above such
that 0% — 0| < 1/5 and | 03 — Doll < 1/5.

It follows that the spectrum of either Q or Qy is contained in disjoint neighborhoods
So of 0 and Sy of 1 in the complex plane. Let f : So U S; — C be the holomorphic
function such that £(So) = {0}, £(S1) = {1}.Let ® = f(Q) and ®¢ = f((Oo). Then O
and ®¢ are idempotents in B? (P (T"), AT) ® M(C) with

® — O € B?(Py(), A) ® My(C).

Note that BP(Py(T), #) ® M,(C) is a closed two-sided ideal of B?(Py(T), A7) ®
M7 (C).

At this point, we need to recall the difference construction in K-theory of Banach
algebras introduced by Kasparov—Yu [15]. Let J be a closed two-sided ideal of a Banach
algebra B. Let p,q € B™ be idempotents such that p — g € J. Then a difference element
D(p,q) € Ko(J) associated to the pair p, ¢ is defined as follows. Let

q 0 1l—g 0
l-qg 0 0 q +
Z = M4(BT).
(p.9) 0 0 ¢ 1-4|F€ 4(B™)
0 1 0 0
We have
q 1—gq 0 0
-1 0 0 0 1 I
(Z(p.@) = —g 0 o o€ MED.
0 q 1—g O
Define
)4 0 0 0
_ -1]0 1—-¢ 0 0
Do(p.0) =(Z(P.0) |y o o olZ@9
0 0 0 0
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Let

S|

=

|
oo o=
c oo
o oo
o oo

o

0 0

Then Do(p,q) € M4(J 1) and Do(p,q) = p1 modulo M4(J). We define the difference
element

D(p.q) := [Do(p.q)] = [p1]
in K()(J)
Finally, for any idempotent P € B? (P4 (I")) which represents a K-theory element [P]
in Ko(B?(P4(I"))), we define

B+([P]) = D(©.00) € Ko(B”(Pa(T). 4)).

The correspondence [P] — B« ([P]) extends to a homomorphism, the Bott map
B Ko(BP(Pa(I))) = Ko(B?(Pa(T). A)).

By using suspension, we similarly define the Bott map

Bi - Ki(B?(Pa(I))) — K1 (B?(P4(T), A)).

Construction of the Bott map (BL)«

Next we shall construct a Bott map for K-theory of £7-localization algebras:
(BL)w : K (B2 (Pa(I)) — Ku(BL (Pa(T). A)).

Let B f al g(Pd (")) be the algebra of all bounded, uniformly continuous functions

g: Ry — BL (Pa(T)) C B(LP(Tq.47))

alg
with the following properties:

(1) there exists a bounded function R : Ry — R with lim;— o, R(¢) = 0 such that
g(t)(x,y) = 0 whenever d(x, y) > R(t) for every t;

(2) there exists L > 0 such that, for every z € P;(I"), the number of elements in the
set

{(x.7) € Tg xTq : d(x.2) < 3R. d(y.2) <3R. g(0)(x.y) #0)

is less than L forevery r € R.
The {?-localization algebra Bf (P4(I")) is isomorphic to the norm completion of

Bf,alg(Pd (I")) under the norm

lglloo := sup [|g(@)]
ZGRJr
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when I' has bounded geometry. Note that B f (P4(I")) is stable in the sense that
Bf (P4(")) == B (Pa(T')) ®, Mi(C)

for all natural number k. Hence any element in Ko(B I{J (P4(T"))) can be expressed as the
difference of the Kj-classes of two idempotents in B f (P4 (I")). To define the Bott map

(BL)« : Ko(Bf (Pa(T))) — Ko(BF (Pa(T), A)),

we need to specify the value (81)«([g]) in Ky (Bf(Pd (I"), #A)) for any idempotent g €
Bf(Pd (")) representing an element [g] € KO(BI{’ (Py(IM))).
Now let g € BY (P4(I")) be an idempotent with ||g|| = N. For any 0 < &; < 1/100,

take an element 2 € B f alg(Pd (I")) such that

€1
2N +2°

lg = hlleo <

Then || — h?|| < &1 and there is a bounded function Ry, (t) > 0 with lim;_, o R, (t) =0
such that 2(¢)(x, y) = 0 whenever d(x, y) > R€1(~t) for every t. Let %81 = sup,er, R().
For any ¢, > 0, take by Lemma 25 a family of (Rg,, &2; ¢)-flat idempotents {bx }rep in
M (AT) for some ¢ > 0. Define

hho : Ry — B (Pa(D). AT) ®, Ma(C)
by

(1) (x, y) = (h(D)(x, ) ®p bx € Kp ®p AT ®) Ms(C),

(o) x.) = O ) 8, (o ) € K 05 A7 Ha(©)

for each t € R,. Then we have
. ho € B (Pa(D), AT) ®, Ma(C)

and
7 —ho € BY ,(Pa(T). A) ®) Ma(C).

Since I'" has bounded geometry, by the almost flatness of the Bott generators, we can
choose ¢; and &, small enough to obtain h ho, as constructed above, such that
||7[2 —7;||OO < 1/5 and ||h2 h0|| < 1/5. The spectrum of either h or ho is contained
in disjoint neighborhoods Sy of 0 and S; of 1 in the complex plane. Let f : So U Sy — C
be the function such that f(Sp) = {0}, f(S1) ={1}.Letn = f(ﬁ) and 19 = f(ﬁo). Then
n and no are idempotents in BY (P4('), A1) ®, M>(C) with

n—1o € Bf (Pa(T), A) ®, Mz(C).
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Thanks to the difference construction, we define

(BL)«([g]) = D(n.10) € Ko(BF (Pa(T), 4)).

This correspondence [g] — (BL)«([g]) extends to a homomorphism, the Bott map

(B« : Ko(Bf (Pa(I)) — Ko(BJ (Pa(T). A)).

By suspension, we similarly define

(BL)+ : Ki(Bf (Pa())) — Ki(Bf (Pa(), 4)).

This completes the construction of the Bott map (8r,)«.
It follows from the constructions of B4« and (81 )« that we have the commuting diagram

Ko (B2 (Pa(1)) —225 K, (BP (Py(T). 4))

K.« (B?(Pg(T))) LN K. (B?(Pg(T), A)).

Theorem 27. For any d > 0, the Bott map
(BL)« : Ku(BF (Pa(T'))) = Ki(BF (Pa(T), 4))
is an isomorphism.

Proof. Note that " has bounded geometry, and both the £”-localization algebra and the
twisted £7-localization algebra have strong Lipschitz homotopy invariance at the K-theory
level. By a Mayer—Vietoris sequence argument and induction on the dimension of the
skeletons [2,26], the general case can be reduced to the O-dimensional case; namely, if
D C P4(T) is a §-separated subspace (meaning d(x, y) > § if x # y € D) for some
§ > 0, then

(BL)« : K«(BY (D)) — K«(Bf(D. #))

is an isomorphism. But this follows from the facts that

K«(BJ(D)) = [ | K«(BE (1))

yeD

K« (Bl (D. A)) = [] K«(Bf ({r}. 4))
yeD

and that (81 )« restricts to an isomorphism from K (Bf {y}) = K«(Xp) to
Ki(B ({y}. A)) = Ko (Kp @ A)

at each y € D by the classical Bott periodicity. ]
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7. Proof of the main theorem

Proof of Theorem 1. We have the commuting diagram

Jim K (BE (Pa(D)) —25 Jim K. (Bf (Pa(), A)

e*l gle*

Jim Ko (B2 (Pa(T) — Jim Ky(BP(Pa(D), A)).

Hence B« o ex = ex o (BL)«. It follows from Theorems 16 and 27 that B« o ex is an
isomorphism. Consequently, the assembly map

p=e: lim Ko(Bf(Pa(I))) — lim Ky(B?(Py(I)) = K+(B?(I')

is injective. u

Acknowledgments. The authors are very grateful to the referee for a list of constructive
suggestions for corrections, changes or improvements to the original version of this paper.

Funding. This research is supported in part by NSFC grants 11831006, 11771143, and
12171156.

References

(1]
(2]
(3]
(4]
(]
(6]
(7]
8]

(9]

(10]

M. E. Atiyah, R. Bott, and A. Shapiro, Clifford modules. Topology 3 (1964), 3-38

Zbl 0146.19001 MR 167985

X. Chen and Q. Wang, Localization algebras and duality. J. London Math. Soc. (2) 66 (2002),
no. 1, 227-239 Zbl 1024.46022 MR 1911871

X. Chen, Q. Wang, and G. Yu, The coarse Novikov conjecture and Banach spaces with Prop-
erty (H). J. Funct. Anal. 268 (2015), no. 9, 2754-2786 Zbl 1335.46060 MR 3325537

Y. C. Chung, Dynamical complexity and K-theory of L? operator crossed products. J. Topol.
Anal. 13 (2021), no. 3, 809-841 MR 4312456

Y. C. Chung and K. Li, Structure and K-theory of £ uniform Roe algebras. J. Noncommut.
Geom. (to appear); arXiv:1904.07050

Y. C. Chung and K. Li, Rigidity of £7 Roe-type algebras. Bull. Lond. Math. Soc. 50 (2018),
no. 6, 1056-1070 Zbl 1417.46037 MR 3891943

Y. C. Chung and P. W. Nowak, Expanders are counterexamples to the £? coarse Baum-Connes
conjecture. 2018, arXiv:1811.10457

A. Defant and K. Floret, Tensor Norms and Operator Ideals. North-Holland Math. Stud. 176,
North-Holland Publishing, Amsterdam, 1993 Zbl 0774.46018 MR 1209438

J. M. G. Fell and R. S. Doran, Representations of *-Algebras, Locally Compact Groups, and
Banach *-Algebraic Bundles. Vol. 1: Basic Representation Theory of Groups and Algebras.
Pure Appl. Math. 125, Academic Press, Boston, MA, 1988 Zbl 0652.46050 MR 936628

T. Figiel, T. Iwaniec, and A. Petl czyniski, Computing norms and critical exponents of some
operators in L?-spaces. Studia Math. 79 (1984), no. 3, 227-274 Zbl 0599.46035

MR 781720


https://zbmath.org/?q=an:0146.19001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=167985
https://zbmath.org/?q=an:1024.46022&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1911871
https://zbmath.org/?q=an:1335.46060&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3325537
https://mathscinet.ams.org/mathscinet-getitem?mr=4312456
https://arxiv.org/abs/1904.07050
https://zbmath.org/?q=an:1417.46037&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3891943
https://arxiv.org/abs/1811.10457
https://zbmath.org/?q=an:0774.46018&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1209438
https://zbmath.org/?q=an:0652.46050&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=936628
https://zbmath.org/?q=an:0599.46035&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=781720

(11]

(12]

(13]

[14]

(15]

(16]

(17]

(18]
(19]

(20]

(21]

(22]

(23]

(24]

[25]

(26]

[27]

(28]

[29]

(30]

(31]

The coarse geometric £ -Novikov conjecture 1353

M. Gromov, Asymptotic invariants of infinite groups. In Geometric Group Theory, Vol. 2 (Sus-
sex, 1991), pp. 1-295, London Math. Soc. Lecture Note Ser. 182, Cambridge University Press,
Cambridge, 1993 Zbl 0841.20039 MR 1253544

N. Higson and J. Roe, On the coarse Baum-Connes conjecture. In Novikov Conjectures, Index
Theorems and Rigidity, Vol. 2 (Oberwolfach, 1993), pp. 227-254, London Math. Soc. Lecture
Note Ser. 227, Cambridge University Press, Cambridge, 1995 Zbl 0957.58019

MR 1388312

N. Higson, J. Roe, and G. Yu, A coarse Mayer-Vietoris principle. Math. Proc. Cambridge
Philos. Soc. 114 (1993), no. 1, 85-97 Zbl 0792.55001 MR 1219916

G. Kasparov, On the L? Novikov and Baum-Connes conjectures. Lecture slides available at
https://www.ms.u-tokyo.ac.jp/~kida/workshops/ask2013/Kasparov.pdf

G. Kasparov and G. Yu, The coarse geometric Novikov conjecture and uniform convexity. Adv.
Math. 206 (2006), no. 1, 1-56 Zbl 1102.19003 MR 2261750

V. Lafforgue, Banach K K-theory and the Baum-Connes conjecture. In Proceedings of the
International Congress of Mathematicians, Vol. Il (Beijing, 2002), pp. 795-812, Higher Ed.
Press, Beijing, 2002 MR 1957086

S. Lang, Fundamentals of Differential Geometry. Grad. Texts in Math. 191, Springer, New
York, 1999 Zbl 0932.53001 MR 1666820

N. C. Phillips, Analogs of Cuntz algebras on L? spaces. 2012, arXiv:1201.4196v1

N. C. Phillips, Crossed products of L? operator algebras and the K-theory of Cuntz algebras
on LP spaces. 2013, arXiv:1309.6406v 1

Y. Qiao and J. Roe, On the localization algebra of Guoliang Yu. Forum Math. 22 (2010), no. 4,
657-665 Zbl 1204.19005 MR 2661442

J. Roe, Coarse cohomology and index theory on complete Riemannian manifolds. Mem. Amer.
Math. Soc. 104 (1993), no. 497, x+90 Zbl 0780.58043 MR 1147350

L. Shan and Q. Wang, The coarse geometric Novikov conjecture for subspaces of non-
positively curved manifolds. J. Funct. Anal. 248 (2007), no. 2, 448-471 Zbl 1125.58002
MR 2335582

R. Willett and G. Yu, Higher index theory for certain expanders and Gromov monster groups,
II. Adv. Math. 229 (2012), no. 3, 1762-1803 Zbl 1243.46061 MR 2871156

R. Willett and G. Yu, Higher Index Theory. Cambridge Stud. Adv. Math. 189, Cambridge
University Press, Cambridge, 2020 Zbl 07203190

D. P. Williams, Crossed products of C*-algebras. Math. Surveys Monogr. 134, American
Mathematical Society, Providence, RI, 2007 Zbl 1119.46002 MR 2288954

G. Yu, Localization algebras and the coarse Baum-Connes conjecture. K-Theory 11 (1997),
no. 4, 307-318 Zbl 0888.46047 MR 1451759

G. Yu, The Novikov conjecture for groups with finite asymptotic dimension. Ann. of Math. (2)
147 (1998), no. 2, 325-355 Zbl 0911.19001 MR 1626745

G. Yu, The coarse Baum-Connes conjecture for spaces which admit a uniform embedding into
Hilbert space. Invent. Math. 139 (2000), no. 1, 201-240 Zbl 0956.19004 MR 1728880

G. Yu, Hyperbolic groups admit proper affine isometric actions on /?-spaces. Geom. Funct.
Anal. 15 (2005), no. 5, 1144-1151 Zbl 1112.46054 MR 2221161

G. L. Yu, Coarse Baum-Connes conjecture. K-Theory 9 (1995), no. 3, 199-221

Zbl 0829.19004 MR 1344138

J. Zhang and D. Zhou, L? coarse Baum—Connes conjecture and K-theory for L? Roe alge-
bras. 2021, arXiv:1909.08712


https://zbmath.org/?q=an:0841.20039&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1253544
https://zbmath.org/?q=an:0957.58019&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1388312
https://zbmath.org/?q=an:0792.55001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1219916
https://www.ms.u-tokyo.ac.jp/~kida/workshops/ask2013/Kasparov.pdf
https://zbmath.org/?q=an:1102.19003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2261750
https://mathscinet.ams.org/mathscinet-getitem?mr=1957086
https://zbmath.org/?q=an:0932.53001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1666820
https://arxiv.org/abs/1201.4196v1
https://arxiv.org/abs/1309.6406v1
https://zbmath.org/?q=an:1204.19005&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2661442
https://zbmath.org/?q=an:0780.58043&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1147350
https://zbmath.org/?q=an:1125.58002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2335582
https://zbmath.org/?q=an:1243.46061&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2871156
https://zbmath.org/?q=an:07203190&format=complete
https://zbmath.org/?q=an:1119.46002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2288954
https://zbmath.org/?q=an:0888.46047&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1451759
https://zbmath.org/?q=an:0911.19001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1626745
https://zbmath.org/?q=an:0956.19004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1728880
https://zbmath.org/?q=an:1112.46054&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2221161
https://zbmath.org/?q=an:0829.19004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1344138
https://arxiv.org/abs/1909.08712

L. Shan and Q. Wang 1354

Received 4 October 2019; revised 13 January 2020.

Lin Shan
Department of Mathematics, College of Natural Sciences, University of Puerto Rico,
17 University Ave. Ste 1701, San Juan, PR 00925-2537, Puerto Rico; lin.shan@upr.edu

Qin Wang

Research Center for Operator Algebras, and Shanghai Key Laboratory of Pure Mathematics and
Mathematical Practice, School of Mathematical Sciences, East China Normal University,
Shanghai 200241, P. R. China; qwang@math.ecnu.edu.cn


mailto:lin.shan@upr.edu
mailto:qwang@math.ecnu.edu.cn

	1. Introduction
	2. The coarse geometric Novikov conjecture
	3. An ℓ^p coarse Mayer–Vietoris principle
	4. Twisted ℓ^p-Roe algebras and twisted ℓ^p-localization algebras
	5. Strong Lipschitz homotopy invariance
	6. Almost flat Bott elements and Bott maps
	Construction of the Bott map \beta_{∗}
	Construction of the Bott map (\beta_L)_{∗}

	7. Proof of the main theorem
	References

