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Quadratic Lie conformal superalgebras related to
Novikov superalgebras

Pavel S. Kolesnikov, Roman A. Kozlov, and Aleksander S. Panasenko

Abstract. We study quadratic Lie conformal superalgebras associated with Novikov superalgebras.
For every Novikov superalgebra (V, o), we construct an enveloping differential Poisson superalgebra
U(V') with a derivation d such thatu o v = ud(v) and {u,v} =uov — (—1)'”””‘1} ouforu,veV.
The latter means that the commutator Gelfand—Dorfman superalgebra of V' is special. Next, we
prove that every quadratic Lie conformal superalgebra constructed on a finite-dimensional special
Gelfand-Dorfman superalgebra has a finite faithful conformal representation. This statement is a
step towards a solution of the following open problem: whether a finite Lie conformal (super)algebra
has a finite faithful conformal representation.

1. Introduction

Novikov algebras appeared in [9] as a class of algebras giving rise to Hamiltonian oper-
ators in the formal calculus of variations. Independently, these algebras were introduced
in [4] as a tool for studying linear Poisson brackets of hydrodynamic type. The study of
the structure theory of Novikov algebras was initiated in [23]; significant progress in this
direction was obtained in [1,7,19,21].

A class of more complicated structures called Gelfand—Dorfman bialgebras [20] was
also introduced in [9] as a source of Hamiltonian operators. A Gelfand—Dorfman bialgebra
is a linear space with two bilinear operations (- o -) and [-, -], where (- o ) is a Novikov
product (left symmetric, right commutative), i.e.,

(X] OX2) O0X3 —X10 (.Xz OX3) = (.X2 O.X]) 0 X3 —Xp0 ()Cl O)C3), (]1)

(x10x2) 0x3 = (x10x3) 0 x2, (1.2)
[, -] is a Lie product, and the following compatibility relation holds:
[x1, X2 0 x3] — [x3, X2 0 x1] + [x2, x1] 0 X3 — [x2, X3] 0 X1 — X2 0 [x1,x3] = 0. (1.3)

In order to avoid confusion with the well-known notion of a bialgebra as an algebra
equipped with a coproduct, we will use the term GD-algebra [16] for a Gelfand—Dorfman
bialgebra.
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Novikov algebras and GD-algebras play an important role in the combinatorics of dif-
ferential algebras (see [16, Theorem 7]). Namely, the identities that hold for the operations

a>b=d(a)-b, a<b=a-db),

a,b € A, with A being an algebra in a multilinear variety Var, may be calculated by
means of the Manin white product [10] of the operad Var and the operads Nov and GD',
the Koszul dual of GD.

Every differential Poisson algebra gives rise to a GD-algebra [22]: if P is a com-
mutative differential algebra with a derivation d equipped with a Poisson bracket {-, -}
such that d acts as a derivation relative to {-,-}, then P is a GD-algebra with operations
xoy=1zd(y),[x,y] ={x,y}, x,y € P. GD-algebras that embed into Poisson differen-
tial algebras in this way are called special [16]. Not all GD-algebras are special; a series
of necessary conditions for a GD-algebra to be special was found in the last paper. Below,
we will state some precise examples of non-special GD-algebras.

It was noted in [9, Remark 6.3] that if we enrich a Novikov algebra (V, o) with the
operation [x,y] = x oy —yox, x,y € V, then we obtain a GD-algebra. It is not hard
to check that such a system obtained from a Novikov algebra meets the necessary condi-
tions of speciality found in [16]. In Section 2, we prove that all GD-superalgebras arising
from Novikov superalgebras relative to (super-)commutator are indeed special, and we
construct an enveloping differential Poisson superalgebra for every Novikov algebra.

It turned out (see [11, 20]) that GD-algebras are in one-to-one correspondence with
quadratic Lie conformal algebras. The latter structures appeared in [12] as a tool in the
study of vertex operator algebras. Conformal algebras and their generalizations (pseudo-
algebras) also turn to be useful for the classification of Poisson brackets of hydrodynamic
type [2]. A conformal algebra is a module C over the polynomial algebra H equipped
with a “multi-valued” operation C ® C — CJ[A]; i.e., a product of two elements from
C is a polynomial in a formal variable A with coefficients in C. The axioms defining a
conformal algebra are stated in Section 3.

One of the most intriguing questions in the theory of conformal algebras is motivated
by the Ado theorem: Does a Lie conformal algebra which is a finitely generated free
module over H have a faithful representation on a finitely generated free H-module? (The
condition of freeness is necessary: in conformal algebras and their modules, every torsion
element belongs to the corresponding annihilator.) In the case of a positive answer, we
may faithfully represent every Lie conformal algebra with polynomial matrices in Cend,,;
see [6]. By now, the most general result in this direction says that if a Lie conformal
algebra as above has a Levi decomposition (i.e., its solvable radical splits), then it has a
finite faithful representation (FFR).

Therefore, one may observe close relations between Novikov algebras, Poisson alge-
bras, and conformal algebras. In Section 4, we prove that every quadratic Lie conformal
superalgebra obtained from a special GD-algebra has a FFR. As an application, every
quadratic Lie conformal superalgebra obtained from a Novikov superalgebra has a FFR.
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2. Gelfand—Dorfman superalgebras

A Z,-graded space V = Vy @ V; with two bilinear operations (-0 -),[,]] : VQV — V
which respect the grading is said to be a GD-superalgebra if

eV isa Novikov superalgebra relative to (- o -);
e Vs a Lie superalgebra relative to [+, -];

o for every homogeneous a,b,c € V
[aob,c]—aolb,c]+[a,bloc+ (—1)Pl[b aoc]— (=1)PIla,clob =0. (2.1)

A series of examples of GD-superalgebras may be obtained from differential Pois-
son superalgebras. Let P = Py @& P; be an associative and commutative superalgebra
equipped with an operation {-, -} such that

(P, Pi} € Piyj) moa2),  {a. b} = —(=1)""l{b, a},
la,{b,c}} — (=1)1*PUp fa, e} = {{a, b}, c}, (2.2)
{a.bcy = {a,bic + (-1)Plpia, ¢}, (2.3)

for all homogeneous a, b, c € P.Then P is called a Poisson superalgebra.
Suppose a Poisson superalgebra P has an (even) derivationd : P — P, i.e.,

d(P;) € Pi, d(ab) =d(a)b+ad(), d{a,b}={d(a),b}+ {a,d(b)},
forall a, b € P. Then the same space P equipped with
aob =ad(), |[a,b]=1{a,b}

is a GD-superalgebra [20, Theorem 3.2] denoted by P ().

For a GD-superalgebra V, we say V is special if there exists a Poisson superalgebra
P with a derivation d such that V € P (%), Non-special GD-superalgebras are said to be
exceptional.

Exceptional GD-superalgebras exist: it was shown in [16] by means of implicit compu-

tational arguments. Let us state below an explicit example of a 3-dimensional exceptional
GD-algebra.

Example 1. Let V' be a 3-dimensional space with a basis {x, y, z} equipped with a Lie
algebra structure

.yl =z [x.z]=1[y,z] =0
(Heisenberg Lie algebra). It is straightforward to check that the operation (- o) on V,
given by
Xox=x—y, yox=-—xo0y=y),

XOZ:ZO)C:yOZ:ZOy:yOy:Zoz:o’
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turns V into a GD-algebra. If we assume V' to be special, then there exists a Poisson
differential algebra P such that V C P @) Consider the expression {x, x'}xx’ € P (here
x’ stands for d(x)). On the one hand,

{ox, x"Hxx") = {x, x"}(x o x) = {x. (x o x)x"} — {x, x o x}x’

= [x,(xox)ox] —[x,x0ox]ox = -2z;
on the other hand,
{x, X"} (xx") = ({x, x"}x)x" = {x, xx"}x" = [x,x o x] 0o x = 0.
Hence V' cannot be embedded into a differential Poisson algebra.

Another series of examples was proposed in [9] for the non-graded case. In general, if
V is a Novikov superalgebra, then the operation

[a.b] = (aob)— (=Dl boa), a,beVyuU, (2.4)

turns V into a GD-superalgebra denoted by V(7). It was conjectured in [16] that for every
Novikov algebra the commutator GD-algebra V () is special. In this section, we prove the
conjecture in the Z,-graded setting.

In the following, we will need the embedding theorem proved in [5] for Novikov
algebras and then in [24] for Novikov superalgebras (in these two papers, the term
“Gelfand-Dorfman—Novikov algebra” is used for what we call “Novikov algebra” fol-
lowing the common terminology proposed in [17]).

Theorem 1 ([5, Theorem 3], [24, Theorem 3.8]). For every Novikov (super)algebra (V,0),
there exists an associative and (super)commutative algebra A with an even derivation d
such that V.C Aandu ov = ud(v) foru,v € V.

In particular, the universal enveloping differential algebra of a given Novikov super-
algebra V = Vj @ V; may be constructed as follows. Let X = Xy U X; be a linear
basis of V, where X; is a basis of V;, i = 0, 1. Denote by s Com Der(Xy U X1, d) the
free associative supercommutative differential algebra generated by even variables X
and odd variables X; with an even derivation d. Apparently, s Com Der(Xo U X;,d) ~
k[d® Xo] ® N\(kd® X1), where

d’°X; ={d"(x) |n >0, x € X;}.

Consider the (differential) ideal 7y of s Com Der(Xo U X, d) generated by u(x, y) =
xd(y) —xoy,x,y € X (here x o y stands for the linear form in kX representing the
Novikov product in V). As a non-differential ideal of k[d® Xo] ® A(kd® X1), Iy is gen-
erated by all derivatives of u(x, y). Theorem 1 implies that Iy NkX = 0.

In order to define a (super-)Poisson bracket {-, -} on s Com Der(X¢ U X1, d), it is
enough to determine polynomials {d" (x),d™(y)}, for x,y € X, n,m > 0, and then extend
the bracket in a unique way to the entire s Com Der{Xo U X1, d) by the Leibniz rule (2.3).



Quadratic Lie conformal superalgebras 1489

If the bracket respects Z,-grading and is (super) anti-commutative on the generators from
d® X, then so is its extension. In order to simplify notations, let us denote d”(x) by x™
forx e X,n>0.

Lemma 1. Let {-,-} be a bracket on s Com Der{Xy U X1, d) obtained by expanding
{x(’"),y(”)} =m- l)x(m+1)y(") —(m— 1)x(’")y("+1), x,ye X, n,m=>0. (2.5
Then {-, -} satisfies the Jacobi identity (2.2).

Proof. Forx,y,z € X,n,m,k > 0, evaluate

{x(m){y("),z(k)}}

- {x(m)7 (k — 1)yt _ @ _ 1)y(n)Z(k+l)}

= (k— 1)({x('”), y(n+l)Z(k) + (_1)IX\|y|y(n+l){x(m),Z(k)}})
— (1= D,y EFD iyl oo ey

= (k — D)((nx ™D y@+D _ (g — 1)x 00 142, ®)
1D I (= 1)x D00 (g — 1) o0 DY)
—(n— l)(((n — l)x(m+1)y(”) —(m— l)x(m)y(n+1))z(k)
_ (_1)|x|\y|y(n)(kx(m)z(kJrl) —(m— l)x(’")z(k“)))

=(k—1)(n +k — DxFTDyatD O _ _1)(m — 1)x™y T2 ®
+ (m = 1)(n —k)x™y@TDE _ i 1)k +n — 1)x Dy D
+ (n = D)(m — 1)x ymk+2) (2.6)

The Jacobi identity (2.2) is equivalent to

(_1)IXI|Z|{x(m)7 {y("), Z(k)}} + (_l)beIXI{y(n)’ {Z(k),x(m)}}
+ (_1)|y|\2|{z(k)’ {x(rn)7 y(")}} =0,

which is easy to check by the cyclic permutation of variables in (2.6). ]

Lemma 2. The operation d on s Com Der(Xo U X1, d) is a derivation relative to the
bracket from Lemma 1.

Proof. Tt is enough to check that

d{x(m),y(")}
— (n _ 1)(X(m+2)y(n) + X(m+1)y(n+l)) _ (m _ 1)(x(m)x("+2) + x(m+1)y(n+1))
— (n _ l)x(m+2)y(n) _ mx(m+l)y(n+1) + x(m+l)y(n+1) + nx(m+l)y(n+1)

_ (m _ l)x(m+l)y(n+l) _ x(m+1)y(n+l)

— {x(m+1),y(")} + {x(m), y(n+1)} — {dx(m), y(n)} + {x(m)7 dy(")}
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for x, y € X, n,m > 0. Since the bracket on the entire s Com Der({X( U X1, d) is calculated
via the Leibniz rule, we have

dif gy ={d(f).g} +{fd(®)}
forall f, g € s ComDer(Xo U X1,d). L]

Lemma 3. The ideal 1y is invariant under all operations { f,-}, f € s ComDer(Xy U
X1,d), where {-,-} is the bracket from Lemma 1.

Proof. Again, since { f,-} is defined via the Leibniz rule, it is enough to consider f =z,
z € X,n > 0. Moreover, Lemma 2 implies that

2™, = d{z Dy — {7 4,

50 it is enough to check the invariance of Iy under {z, -}, where z = z(®). The Leibniz rule
(2.3) and Lemma 2 show that it is enough to verify {z, u(x, y)} € Iy forall x,y,z € X.
Indeed,

{Z,M(X,y)} = {vay/}_ {Z,)C Oy}
={z.x}y + (DMEl(z ) + 2 (x 0 y) —zd(x 0 y)
— (zx’ —Z/X)yl + (_l)lx\lzlxzy// _ z(xy’)’ + z'xy’
— Zx’y’—z’xy’ —i—zxy”—zxy”—zx’y’ —i—z’xy’
=0.

Hence the entire differential ideal 7y generated by u(x, y) is invariant under the bracket
defined by (2.5). [

Theorem 2. Let V be a Novikov superalgebra. Then the GD-algebra V) is special.

Proof. Lemmas 1, 2, and 3 show that the quotient U(V) = s Com Der{(Xo U X;,d)/Iy
is a differential Poisson algebra. Theorem | guarantees that V' embeds into U(V') with
uov =ud),u,v €V.Moreover, (2.5) implies that

x,yy=—xy+xy =xo0y—(=DFPlyox forx,yeX.

Therefore, U(V) is a differential Poisson enveloping superalgebra of V(7). ]

3. Conformal superalgebras

In this section, we recall the main definitions concerning Lie conformal (super)algebras
and their relations to GD-(super)algebras.

Let L be a Lie superalgebra over a field k of characteristic zero and let H = k[d] be
the algebra of polynomials in one variable.
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Two formal distributions a(z), b(z) € L[[z,z~!]] are said to be mutually local if there
exists N > 0 such that

[a(w),b(2)]w—-2)¥ =0e L[z.z7",w,w™]].

For a pair of mutually local formal distributions a(z), b(z), their product [a(w), b(z)] may
be uniquely presented as a finite distribution

Nt 1 98w —
hwxmnhzgkuna—{%rﬁ,

where ¢, (z) € L[[z,z71], §(w — z) = Y_,cz w2757 is the formal delta function.
The collection of formal distributions ¢, (z),n =0, 1,..., N — 1, associated to a given
pair a(z), b(z) may be written as a polynomial in a new formal variable A:

N—=1 .,
[a(z) gy ()] = D %cn(z) e (L[[z,z7 )M

n=0

The latter space may be identified with k[0, A] ®  L[[z,z7']], where d acts on L[[z,z71]]
as the ordinary derivation with respect to z.

An H -invariant subspace C of L[[z, z~!]] which consists of pairwise mutually local
distributions and is closed with respect to the operation [ () -] (i.e., a, b € C implies
[a (o) b] € C[A]) provides an example of the following class of algebraic structures.

Definition 1 ([12, Chapter 2]). A Z,-graded H-module C = Cy & C; equipped with a
linear map (A-bracket)

[ ]:C®C —Kk[d,A @ C ~C[A]

is called a Lie conformal superalgebra if [C; (3) C;] € C(i+j) (mod 2)[A] and

[0x (1) ¥] = —Alx @) ], (3.1
[x @ dy] = (@ + V)[x @) y]s (3.2)
[x gy ¥] = DFPIy Camiy X1, (3.3)

[x oAl =Dy o ey 2l = [y M orw 2] 34)
for all x, y € C. Here |x| stands for the parity of a homogeneous element x € Cy U C;.

An operation [+ (1 -] satisfying (3.1) and (3.2) is said to be sesqui-linear.
In particular, if C is a free H-module with a basis B, then the A-bracket on C is
uniquely determined by polynomials p% ,, € k[d, A], x, y,z € B, so that

[x oy ] =Y pZ, 0.0z

zZ€EB
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Example 2 ([20]). Let IV be a GD-superalgebra. Then the space of Laurent polynomials
V[t,t~!]is a Lie superalgebra relative to the bracket

[at”, bt™] = [a, b]t"T" + n(a o )" — (=)l b o @)™t a b eV
For a € V, let a(z) stand for the formal distribution
a(z) = Zat”z‘”‘l e (V[t.e 7" D[lz.z7"].
nez

The linear span of all such formal distributions and all their derivatives (with respect to z)
is a Lie conformal superalgebra L (1) isomorphic to H ® V relative to the A-bracket

la Gy b] = [a,b] + (=D)9Pl@ + 1) (boa) + A(@ob), a,beV. (3.5

Conformal superalgebras obtained from GD-superalgebras as in Example 2 are called
quadratic Lie conformal superalgebras. As shown in [20, Theorem 2.2], every Lie confor-
mal superalgebra structure on a free H-module L = H ® V' given by linear polynomials
p;,y(a, A), x,y,z € V,is quadratic.

An important particular example of a quadratic Lie conformal algebra comes from the
1-dimensional GD-algebra V = kv withvov = v:

[v ) v] = 0v + 2Av.

In this case, L(V) is the Virasoro conformal algebra.
Suppose that V' and W are two H-modules. The space of all linear maps

a:V - WAL, v ay(v),

such that oy (dv) = (0 + A)ay (v) for all v € V, is denoted by Chom(V, W) (the space of
conformal homomorphisms from V to W) [12]. If V = W, then Chom(V, W) is denoted
by Cend V.

If V is a finitely generated H-module, then the operation

(-A-) : Cend V ® Cend V' — Cend V[A],
given by
@@ Au®) =ai(Bu-2()), vevV. (3.6)

satisfies (3.1) and (3.2). Note that if V is not a finitely generated H-module, then we
cannot say in general that (o (1) B) is a polynomial in A.

Example 3. Let U = Uy @ U, be a finite-dimensional Z,-graded linear space, and let
V=HQ®U =V, ® V; be the free H-module generated by U, V; = H ® U;. Then
Cend V splits into the sum of even and odd components in a natural way:

(Cend V)y = Cend(Vy) @ Cend(Vy), (CendV); = Chom(Vy, V1) & Chom(Vy, V),

and the bracket
[ oy Bl = (@ gy B) — (=DBIB oy @)

turns Cend V into a Lie conformal superalgebra denoted by gc V.
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If V is a free H-module of rank n 4 m, where n = dim Uy, m = dim Uy, then gc V

is denoted by gc This conformal superalgebra may be presented as

nlm-+
H®H® Mn\m(k) ~H® Mnlm(k[x])»

where M|, stands for the Z,-graded algebra of (n + m)-matrices with an even compo-

M,

nent (g Om ) and an odd component ( M(r)n ) Mg’”’ ). The A-bracket is given by

M,
[A(x) @) B(x)] = Ax)B(x +A) — (~DIBIB(x)A(x — 9 — 1),

for homogeneous matrices A, B € M,,,, (k[x]).

A finite representation of a Lie conformal superalgebra L is a homomorphism of Lie
conformal superalgebras

piL — gy -

In order to have a FFR, a Lie conformal superalgebra has to be a torsion-free H-module
since p(tory L) = 0.

Every finite torsion-free Lie conformal superalgebra L has a regular representation on
itself: p(a) = a fora € L, where o, (x) = [a () x].

In general, a representation of a Lie conformal superalgebra L on a Z,-graded H -
module V = Vy @ V7 is a sesqui-linear map p,.(-,+) : L ® V' — V[A] which respects the
gradings and

pa(a, pu(b,x)) — (=1)lp (b, pr(a, x)) = patu(la @z b, x), (3.7)

fora,b € LoULy,xeV.

It is unknown whether all torsion-free finite Lie conformal (super)algebras have a FFR.
In the non-graded case, it is known [14] that if the solvable radical of L splits, then L has
a FFR. The proof of the latter result essentially involves the representation theory of Lie
conformal algebras [8]. For example, if V' is the exceptional GD-algebra from Example 1,
then L (V) has a split solvable radical. However, a quadratic Lie conformal (super)algebra
may have a non-split solvable radical. For example, the Virasoro Lie conformal algebra
has a non-split extension [3, Theorem 7.2] corresponding to the 2-dimensional Novikov
algebra V = kv + ku, where

vov=v+u, vou=0 uov=u, uou=0~0.

Considered as an Abelian Lie algebra, V' is a GD-algebra that gives rise to a quadratic Lie
conformal algebra L (1) with a non-split solvable radical H ® ku.

In the next section, we will show that for every special GD-superalgebra V' the corre-
sponding Lie conformal superalgebra L (V') has a FFR.

4. Poisson conformal superalgebras

In the study of Ado-type problems for Lie conformal algebras, Poisson structures play an
important role.
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Definition 2. Let P be a Z,-graded H-module endowed with two sesqui-linear opera-
tions

[ ]:P®P— P}
(‘()t) -):P®P—>P[l],

which respect the grading and satisfy the following conditions:
(1) P is aLie conformal superalgebra relative to [- () *[;

@) (@ @y (b @ ) = (@@ b) g+p c)fora,b,c e P;
(3) (@@yb) = (=D)laliel(p (—p—2) a) for homogeneous a,b € P.

Then P is said to be a Poisson conformal superalgebra if the following conformal ana-
logue of the Leibniz rule holds:

(@ boyel)=([a@b]arwe)+ Db gy [agyc]). @D
fora,b € PyU Pi,ce P.

A simplest example of a Poisson conformal (super)algebra is provided by the current
functor. Namely, if p is an ordinary commutative (super)algebra with a (super-)Poisson
bracket {, -}, then Curp = H ® p =~ p[d] equipped with

(a(d) gy b)) = a(—=A)b(d + 1),
[a(®) @) b(d)] = {a(=1),b(d + 1)}

is a Poisson conformal (super)algebra.

An associative conformal algebra [12] is an H-module A equipped with a sesqui-
linear operation (- () -), satisfying Condition 2 of Definition 2. Assuming that 4 is a
Z,-graded associative conformal algebra, the new (commutator) operation

[a ) b] = (a ) b) — (—l)la”b‘(b (=0—2) a), a,be AgU Ay,

turns the H-module A into a Lie conformal superalgebra A (see [18, p. 323] for the
non-graded case).

Given a Lie conformal superalgebra L and a Z,-graded associative conformal algebra
A, we say that A is an associative conformal envelope of L if there exists a homoge-
neous homomorphism 7 : L — A of conformal algebras such that A is generated (as
an associative conformal algebra) by the image of L. For a fixed L, there exists a lattice
of universal associative conformal envelopes of L corresponding to different associative
locality bounds on the elements of L (see [18, Section 6]). It may happen that neither of
these universal envelopes contains the isomorphic image of L, i.e., there exist Lie confor-
mal (super)algebras that cannot be embedded into associative ones.

Suppose that A is an associative conformal envelope of a Lie conformal super-
algebra L. Then A has a natural filtration as an H -module:

0=AyCc Ay CA,C---,
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where Ay = 1(L), Apy1 = An + H{(r(L) () 4n)la=q : @ € k}. Then

(An 1) Am) - An+m[k]v [An 1) Am] - An+m—1[k],

so the associated graded H-module gr A has a well-defined structure of a Poisson confor-
mal superalgebra.

For example, the conformal Weyl algebra Cend; . (see [6]) is an associative enve-
lope of the Virasoro conformal algebra. The corresponding Poisson conformal algebra
grCend; x ~~ k[d] ® xk[x] has the following operations:

(x" ) x™) = xtm, [x" o XM = (na +(n+ m))t)xn+m—1.

More examples of Poisson conformal superalgebra structures on universal associative
envelopes of Lie conformal superalgebras can be found in [15].
Hereinafter, we will need the following example of a Poisson conformal superalgebra.

Lemmad. Let p = po D p1 be an ordinary Poisson superalgebra equipped with an even
derivation d : a — d'. The latter means that d(p;) C p;, i = 0,1, (ab) = ab’ + a’b,
{a,b} ={a’,b} +{a,b'} fora,b € p. Then L(p,d) = H ® p equipped with operations

(@ w b) =ab, |a A bl ={a,b} + da’b + )L(ab)’,
fora,b € po U py, is a Poisson conformal superalgebra.

Proof. The operation (- () -) is obviously associative and (super-)commutative. By def-
inition, [- (3 -] is exactly the quadratic Lie conformal bracket on the GD-superalgebra
obtained from p relative to d. The Leibniz rule (4.1) is straightforward to check. On the
one hand,

[a Gy & o ] = Dby [a @) ¢])
= {a,bc} + da'be + Aabe) — (D)l (bia, ¢} + (3 + p)ba’c + Ab(ac)')
={a,b}c — ua'bc + Lab'c

for homogeneous a, b, ¢ € p. On the other hand,
(la @y b] 4wy ¢) = {a.bye — (A + p)a'be + A(ab) ¢ = {a,bye — pa'be + ab'c.
Hence L(p, d) is a Poisson conformal superalgebra. ]

Suppose that L is a Lie conformal superalgebra with a representation p on an H -
module V. Then a deformation of p is a representation p, of L on the H-module
V @& Ve ~ Kkle] ® V/(?), where

pe(@) = @@, ¥ (x) = 0, (x) + epa(a, x),
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fora e L,x € V,a = p(a). Here 9, (-,-) : L ® V — V[A] is a sesqui-linear map which
has to satisfy the following equation (a consequence of the Jacobi identity (3.7)):
Orvu(la @y bl x) = @a(a. pu(b, x)) + pa(a. ¢u(b, x))
= (D1Plgy (b, paa, x) = (1)l (b, 92 (a, ), (42)

fora,b € Lo U L1, x € V. In the case when V is a finitely generated H-module, the
relation (4.2) exactly means that ¢ is a 1-cocycle in Z L(L,Cend V) (see [3]).

Proposition 1. Let L be a graded Lie conformal subalgebra in a Poisson conformal
superalgebra P. Then L has a regular representation on P, and the sesqui-linear map
©r(,): L ® P — P[A], given by

prla,x)=Aapnyx), aclL, xeP,
satisfies (4.2).

Proof. Obviously, the map p, (a, x) = [a (1) x],a € L, x € P, is a representation of L
on P. Then the right-hand side of (4.2) can be transformed by (4.1) as

Ma @y 10 oy x1) + pa @y B o )]
— (=D“Plu(b ) [a @y x]) = DA o) (@ @y »)] 43)
= la @y b] ) X) + 1([a @y b] Gty X) = @atpulla @y B], x). n

Corollary 1 ([15]). Let L be a graded Lie conformal subalgebra of a Poisson conformal
superalgebra. Then the map

prla,x) =la gyx]+Alagyx), acl, xeP,
is a representation of L on P.

Proof. In order to check the Jacobi identity (3.7) for p, note that the desired equation

pa(a. pu(d.x)) — (=115, (b, p3(a. x)) = prsu(la ) bl.x)

splits into three equations: the first one is exactly the Jacobi identity for regular represen-
tation py (a,x) = [a (1) x], the second one is (4.2) for ¢, (a, x) = A(a (1) x), and the third
one is

Ala @y b gy ) = (Db ) (@ @y X)) =0

which also holds due to conformal commutativity and associativity of (- () -):

(@ @y B ) = (@) b) @in x) = DG Co-zy @) Gy ¥)
= DG )y @) G ) = DDy @ @y 0). m
Corollary 2. If for a finite Lie conformal superalgebra L there exists an embedding

v : L — P of L into a Poisson conformal superalgebra P in such a way that (t(a) ()
(L)) # O0forall0 # a € L, then L has a FFR.
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Proof. Indeed, if we consider V' = L as a regular L-module,
M = t(L) + k[0] ® span {(t(L) ) T(L))|r=a : @ € k}
as an L-submodule of P, and
)LV — M}

given by {(a (r) b) = (v(a) () (b)), then all conditions of [13, Theorem 3] hold and L
has a FFR. ]

In particular, if L satisfies the Poincaré—Birkhoff—-Witt condition [18], then one may
choose P to be the associated graded conformal algebra of the appropriate universal asso-
ciative conformal envelope of L. Therefore, for conformal algebras, the PBW theorem
implies the Ado theorem immediately [13].

Theorem 3. Let V be a finite-dimensional special GD-superalgebra. Then the Lie con-
formal superalgebra L(V') has a finite faithful conformal representation.

Proof. Let us fix linear bases X¢ and X; of V and V;, respectively, and let X = Xy U
X1. A special GD-superalgebra embeds into its universal enveloping differential Poisson
superalgebra which can be constructed as follows. Denote by F = s Pois Der(Xo U X1,d)
the free differential Poisson superalgebra with an identity element 1 (generated by even
elements Xy and odd elements X;) and an even derivation d. Let Iy stand for the
(differential) ideal of F' generated by

xd(y)—xoy, x,y€X, “4.4)

where x o y is a linear form in kX representing the Novikov product in V. The quo-
tient /Iy is the universal enveloping differential Poisson superalgebra for V' denoted by
P; (V). If V is a special GD-superalgebra then V' embeds into Py (V).

The free algebra F' may be presented as

F=@r.
nez
where F}, consists of all elements of weight n. Recall that the weight in a free differential
Poisson (super)algebra generated by a set X is defined as follows [16]:
wtx = —1forx € X, wt(l) =0,
wt(uv) = wtu + wtv,  wt{u,v} = wtu + wtv + 1,
wtd(u) = wtu + 1.

Since all elements in (4.4) are wt-homogeneous, the ideal Iy is wt-homogeneous and the
algebra P; (V) inherits the grading:

Py(V) =@ Us. Uy = Fu/Iv 0 F,.

nez



P. S. Kolesnikov, R. A. Kozlov, and A. S. Panasenko 1498

Note that V' ~ U_,. The latter was shown in [16, Theorem 10] for the non-graded case;
the same reasonings work for superalgebras.

Lemma 4 states that L(Pyz(V),d) = H ® P;(V) is a Poisson conformal superalgebra.
Then by Corollary 1 the Lie conformal superalgebra L = L(1) has a representation on
M = L(Py(V),d) given by

pala,u) = {a,u} + dd(a)u + A(d(au) + au), a€V,ue PyV). 4.5)

Obviously, for every m € Z the space M<,, = H @ D, -,,, U is a conformal L-submodule
of M. In particular, M = M<oy/M<—y >~ H® (U,1_69 Up) is a conformal L-module
corresponding to a representation o defined by (4.5) for u € Up and 0y (a,u) = [a ) u]
foru € U_; ~ V. Itis easy to see that the representation of L on M is faithful: 5, (a, 1) =
@+ A)d(a) + Aa # 0 fora € V, a # 0. However, it is not yet finite in general since
dim Uy may not be finite.

Note that for every a € V ~ U_; the map u, : u — au maps Uy to U_;. Since
dim U_; = dim V < oo, the intersection of all Ker u,, a € V, is a subspace of finite
codimension. So, consider N = {u € Uy | Vu = 0}. For every u € N we have

pa(a,u) ={a,u} + dd(@)u, acV.

Givenb € V, b{a,u} = (=)l ({a bu} + {a,b}u) = 0, bd(a)u = (=1)1*1Pld(a)bu =
0. Therefore, H ® N is a conformal L-submodule of M. Finally,

M/N ~ H ® (U-; ® Up/N)
is a finite faithful conformal L-module. |

Corollary 3. If a GD-(super)algebra V is constructed from a Novikov (super)algebra
with respect to the commutator, then the corresponding quadratic Lie conformal super-
algebra L(V) has a FFR.

Funding. Research supported by the Mathematical Center in Akademgorodok under
agreement No. 075-15-2019-1613 with the Ministry of Science and Higher Education
of the Russian Federation.
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