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The Novikov conjecture and extensions of coarsely
embeddable groups

Jintao Deng

Abstract. Let 1! N ! G ! G=N ! 1 be a short exact sequence of countable discrete groups
and let B be any G-C�-algebra. In this paper, we show that the strong Novikov conjecture with
coefficients in B holds for such a group G when the normal subgroup N and the quotient group
G=N are coarsely embeddable into Hilbert spaces. As a result, the group G satisfies the Novikov
conjecture under the same hypothesis on N and G=N .

1. Introduction

The Novikov conjecture is an important problem in higher-dimensional topology. It asserts
that the higher signatures of a compact smooth manifold are invariant under orientation
preserving homotopy equivalences. In the past few decades, noncommutative geometry
has provided powerful techniques to study the Novikov conjecture. Using this approach,
the Novikov conjecture has been proved for an extensive class of groups (cf. [3, 4, 9, 12,
15–18, 27–29]).

The Novikov conjecture is a consequence of the strong Novikov conjecture in the com-
putation of theK-theory of group C �-algebras. Given a countable discrete groupG, there
is a universal proper G-space EG which is unique up to equivariant homotopy equiva-
lence (see [2]). Let B be any C �-algebra equipped with a G-action by �-automorphisms.
The Baum–Connes assembly map for a countable discrete group G and a G-C �-algebra
B is a group homomorphism

� W KKG� .EG;B/! K�.B Ìr G/;

whereKKG� .EG;B/ is the equivariantK-homology with G-compact supports with coef-
ficients in B of the universal space EG for proper G-actions, and K�.B Ìr G/ is the
K-theory of the reduced crossed product B Ìr G (see [15]). In the special case when
B is the complex numbers C with trivial G-action, the Baum–Connes assembly map
� is a group homomorphism mapping each Dirac type operator to its higher index in
K�.C

�
r .G//, where C �r .G/ is the reduced group C �-algebra. The Baum–Connes conjec-

ture with coefficients in B claims that � is an isomorphism, while the strong Novikov
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conjecture with coefficients in B claims that � is injective. When B is the complex num-
bers C, this reduces to the usual Baum–Connes conjecture and strong Novikov conjecture,
respectively.

Let us recall the concept of coarse embedding which was introduced by Gromov in
[7]. Let X be a metric space and H a Hilbert space. A map ' W X ! H is called a coarse
embedding if there exist two non-decreasing functions ��; �C W Œ0: C1/ ! Œ0;C1/,
with ��.t/ � �C.t/ for all t � 0, and limt!C1 ��.t/ D C1, such that

��
�
d.x; y/

�
�


'.x/ � '.y/

 � �C�d.x; y/� for all x; y 2 X:

Yu [28] and Skandalis–Tu–Yu [22] proved the Novikov conjecture for any group which
admits a coarse embedding into Hilbert space. In [17], Kasparov and Yu strengthened this
result, showing that the Novikov conjecture holds for groups which are coarsely embed-
dable into Banach spaces with property .H/.

In [19], Oyono-Oyono established a group extension result for the Baum–Connes
conjecture. Let N and G be countable discrete groups and N a normal subgroup of G.
Oyono-Oyono showed that if the quotient group G=N and all subgroups of G containing
N with finite index satisfy the Baum–Connes conjecture, then G satisfies the Baum–
Connes conjecture. With this extension result, one can show that the Baum–Connes con-
jecture holds for a large class of groups. For instance, based on Higson and Kasparov’s
result on the Baum–Connes conjecture for a-T-menable groups [12], the result of Oyono-
Oyono implies that the Baum–Connes conjecture holds for all extensions of a-T-menable
groups.

To obtain an extension result for the Novikov conjecture, one might attempt to show
that coarse embeddability into Hilbert space is closed under taking group extensions and
apply Yu’s result [28]. However, in [1], Arzhantseva and Tessera constructed a finitely
generated group G which is not coarsely embeddable into Hilbert space but has a normal
subgroup N such that N and G=N are coarsely embeddable into Hilbert spaces. Note
that every subgroup of G containing N with finite index is also coarsely embeddable
into Hilbert space. To obtain an analogue of the extension result of the Baum–Connes
conjecture [19], other techniques are needed to show that the group obtained from the
extension of coarsely embeddable groups satisfies the Novikov conjecture.

Our main results are the following.

Theorem 1.1. Let 1! N ! G ! G=N ! 1 be a short exact sequence of countable
discrete groups and B a G-C �-algebra. If N and G=N are coarsely embeddable into
Hilbert spaces, then the strong Novikov conjecture holds for G with coefficients in the
G-C �-algebra B; that is, the Baum–Connes assembly map

� W KKG� .EG;B/! K�.B Ìr G/

is injective, where EG is the universal space for proper G-action and B Ìr G is the
reduced crossed product C �-algebra.
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Let G be a countable discrete group with a coarsely embeddable normal subgroup
N � G. Assume that the quotient group G=N is also coarsely embeddable into Hilbert
space. It follows from Theorem 1.1 that the rational strong Novikov conjecture holds
for G; that is, the Baum–Connes assembly map

� W KKG� .EG/˝Q! K�.C
�
r G/˝Q

is injective. We remark that the rational strong Novikov conjecture implies the Novikov
conjecture on the homotopy invariance of higher signatures and the Gromov–Lawson–
Rosenberg conjecture regarding the existence of positive scalar curvature on closed
aspherical manifolds.

This paper is organized as follows. In Section 2, we introduce Roe algebras, the local
index map, and its relation to the Baum–Connes map. In Section 3, we recall the C �-
algebra associated with an infinite-dimensional Euclidean space and the generalization to
the field case. In Section 4, we define an a-T-menable groupoid associated to a coarsely
embeddable group and then define certain twisted Roe algebras and twisted localization
algebras. In Section 5, we prove that the evaluation-at-zero map induces an isomorphism
from theK-theory of twisted localization algebras to theK-theory of twisted Roe algebras
for groups which are extensions of coarsely embeddable groups. In Section 6, we construct
a geometric analogue of Higson–Kasparov–Trout’s Bott map from the K-theory of local-
ization algebras to theK-theory of twisted localization algebras. This geometric analogue
of the Bott map is then used to reduce the Novikov conjecture to the twisted Baum–Connes
conjecture for groups which are extensions of coarsely embeddable groups.

2. The Baum–Connes map and localization

In this section, we will first recall the definition of Roe algebras and the Baum–Connes
assembly map. We then move on to define the local index map and show the connection
between the local index map and the Baum–Connes assembly map.

2.1. Roe algebras

Let G be a countable discrete group and � a locally compact metric space with a proper
cocompact G-action. The action is proper if the map

� �G ! � ��; .x; g/ 7! .x; gx/

is a proper map. A G-action is said to be cocompact if there exists a compact subset
�0 � � such that G ��0 D �. Let C0.�/ be the C �-algebra of all continuous functions
on �, which vanish at infinity. Let B be any G-C �-algebra.

Definition 2.1 ([24]). Let H be a Hilbert module over B and let � W C0.�/! B.H/ be
a �-homomorphism from C0.�/ to B.H/, where B.H/ is the algebra of all adjointable
operators on H . Let T 2 B.H/ be an adjointable operator on H .



J. Deng 268

(1) The support of T , denoted by supp.T /, is defined to be the complement (in���)
of all pairs .x; y/ 2 ��� for which there exist f; g 2 C0.�/ with f .x/¤ 0 and
g.y/ ¤ 0 such that �.f /T�.g/ D 0.

(2) The propagation of T is defined to be

propagation.T / D sup
®
d.x; y/ W .x; y/ 2 supp.T /

¯
:

If propagation.T / <1, the operator T is said to have finite propagation.

(3) The operator T is said to be locally compact if �.f /T and T�.f / are in K.H/
for all f 2 C0.�/, where K.H/ is defined to be the operator norm closure of all
finite-rank operators on the Hilbert module H .

LetH be a countably generated Hilbert module over B and U W G!U.H/ a unitary
representation of G. A �-homomorphism � W C0.�/! B.H/ is said to be covariant if
�.
f / D U
�.f /U
�1 , for all 
 2 G, f 2 C0.�/. The triple .C0.�/; G; �/ is called a
covariant system. An operator T 2 B.H/ is said to be G-invariant if U
T U
�1 D T , for
all 
 2 G. Let us also recall the definition of an admissible covariant system; more details
can be found in [25].

Definition 2.2 ([25]). A covariant system .C0.�/;G; �/ is said to be admissible if

(1) H is isomorphic to H� ˝ E ˝ B as G-Hilbert modules over B , where H� and
E are Hilbert spaces;

(2) � D �0 ˝ 1 for some G-equivariant �-homomorphism �0 W C0.�/! B.H�/,
such that �0.f / is not in K.H�/ for any non-zero function f 2 C0.�/ and �0 is
non-degenerate in the sense that ¹�0.C0.�//H�º is dense in H�;

(3) for every finite subgroup F of G and every F -invariant Borel subset U of�, E is
isomorphic to `2.F /˝HU as F -Hilbert spaces for some Hilbert space HU with
a trivial F -action.

Let G be a countable discrete group and � a locally compact metric space with a
proper cocompact G-action and let B be a G-C �-algebra. There is always an admissi-
ble covariant system. Choose an infinite-dimensional separable Hilbert space H0 and a
countable dense G-invariant subset X � �, then define

H D `2.X/˝H0 ˝ `
2.G/˝ B:

The tensor product H is a Hilbert B-module with the B-valued inner product

hu˝ a; v ˝ bi D hu; vi � a�b;

for all u; v 2 `2.X/˝H0 ˝ `2.G/ and a; b 2 B . The space H is equipped with a right
B-action by

.u˝ a/b D u˝ ab;
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for all u ˝ `2.X/ ˝ H0 ˝ `2.G/ and a; b 2 B . In addition, the Hilbert B-module is
endowed with the diagonal action of G by

Ug W ız ˝ v ˝ ıh ˝ a 7! ıgz ˝ v ˝ ıgh ˝ g � a;

where g;h 2G, a 2 B , and z 2X . Define an action of C0.�/ by pointwise multiplication

f W ız ˝ v ˝ ıh ˝ a 7! f .z/ız ˝ v ˝ ıh ˝ a:

Following [25, Lemma 4.5.5], it is obvious that .C0.�/;G/ is an admissible system.
Now, we are ready to define the Roe algebra, following Roe [21].

Definition 2.3. Let .C0.�/;G; �/ be an admissible covariant system. The algebraic Roe
algebra with coefficients in B , denoted by C �alg.�;G;B/, is defined to be the algebra of all
theG-invariant, locally compact operators inB.H/with finite propagation. The Roe alge-
bra with coefficients in B , denoted by C �.�;G;B/, is the norm closure of C �alg.�;G;B/

under the operator norm on H .

Next, we will recall some basic properties of Roe algebras. Let �1, �2 be two locally
compact metric spaces with proper and isometric G-actions. A Borel map f W �1 ! �2
is G-equivariant if f .gx/D gf .x/, for all x 2�1, g 2 G. The map f W�1!�2 is said
to be a coarse embedding if there exist non-decreasing functions ��; �C W Œ0;1/! Œ0;1/

such that

(1) limt!C1 ��.t/ D C1,

(2) ��.d.x; y// � d.f .x/; f .y// � �C.d.x; y//, for all x; y 2 �1.

Given an equivariant coarse embedding, we will define an isometry between admis-
sible Hilbert modules covering the map. Let .C0.�1/; �1; G/ and .C0.�2/; �2; G/ be
admissible systems on H1 D H�1 ˝ E1 ˝ B and H2 D H�2 ˝ E2 ˝ B as in Defini-
tion 2.2. For any adjointable operator T W H1 ! H2, the support, denoted by supp.T /,
is defined to be the complement (in �2 � �1) of all the pairs .x; y/ 2 �2 � �1 for
which there exist f 2 C0.�1/ and g 2 C0.�2/ with f .y/ ¤ 0 and g.x/ ¤ 0 such that
�2.g/T�1.f / D 0.

A space �1 is said to be G-equivariant coarsely equivalent to �2, if there exist G-
equivariant coarse embeddings f W�1!�2 and g W�2!�1, such that d.fg.y/;y/ < c
for all y 2 �2 and d.gf .x/; x/ < c for all x 2 �1, where c is a positive constant. Let us
recall the result that the K-theory of Roe algebras with coefficients in any G-C �-algebra
B is invariant under equivariant coarse equivalence. For completeness, we also present the
proof.

Proposition 2.4 ([25]). Let �1 and �2 be metric spaces with proper G-actions. If �1
is G-equivariant coarsely equivalent to �2, then K�.C �.�1; G; B// is isomorphic to
K�.C

�.�2; G;B//, for any G-C �-algebra B .

Proof. Since the G-action on �2 is proper and isometric, by [24, Lemma A.2.8], one can
find a Borel cover ¹Uiº with mutually disjoint elements, such that
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(1) Ui D Ki �Gi G, where Gi � G is a finite subgroup and Ki � �1 is Gi -invariant
for all i ,

(2) Ki has a non-empty interior for all i ,

(3) the diameter of Ki is uniformly bounded for all i .

One obtains a cover ¹f �1.Ui /º of �1. The representation of C0.�1/ on H1 extends to a
representation of the algebra of all bounded Borel functions on �1. Thus, for each i , we
have �UiH2Š�UiH�2˝`

2.Gi /˝HUi˝B by Definition 2.2. Since Ki has a non-empty
interior and is Gi -invariant, we can define a Gi -equivariant isometry Vi W �f �1.Ki /H1 !
�KiH2. Hence, we obtain a G-equivariant isometry Vi W �f �1.Ui /H1! �UiH2, which, in
return, gives us an isometry V D

L
i Vi W H1 ! H2. It follows from condition (3) above

that the operator V T V � has finite propagation when T has finite propagation. Therefore,
the map

Ad.V / W C �.�1; G;B/! C �.�2; G;B/

given by Ad.V /.T / D V T V � is well defined and induces a homomorphism on K-theory

Ad.V /� W K�
�
C �.�1; G;B/

�
! K�

�
C �.�2; G;B/

�
:

Similarly, the equivariant coarse map from �2 to �1 gives rise to an inverse map.

Remark 2.5. It is easy to check that when f is the identity map, the isometry above
is a unitary; thus, there is an isomorphism between Roe algebras defined on different
admissible covariant systems. As a result, the definition of Roe algebras is independent of
the choice of the admissible covariant system.

The following result is essentially due to John Roe.

Proposition 2.6 ([17]). LetG be a countable discrete group and� a locally compact met-
ric space with a proper cocompact G-action. If .C0.�/;G; �/ is an admissible covariant
system, then the Roe algebra C �.�; G; B/ is �-isomorphic to .B Ìr G/˝K , where K

is the algebra of all compact operators on some infinite-dimensional separable Hilbert
space.

2.2. The Baum–Connes assembly map

LetH be aG-Hilbert module overB . Let F be an operator inB.H/, and let � W C0.�/!
B.H/ be a �-representation of C0.�/, such that F is G-invariant and �.f /F � F�.f /,
�.f /.FF ��1/, and .F �F �1/�.f / are inK.H/ for all f 2C0.�/. The triple .H;�;G/
is called a KK-cycle.

The group KKG0 .�; B/ is an abelian group consisting of the homotopy equivalence
classes of KK-cycles. By [16, Proposition 5.5], any class in KKG0 .�; B/ can be repre-
sented by a KK-cycle .H; �; F / such that the covariant system .C0.�/; G; �/ is admis-
sible, where H is G-Hilbert module over B and F is an operator in B.H/, such that F is
G-invariant and �.f /F � F�.f /, �.f /.FF � � 1/, and �.f /.F �F � 1/ are in K.H/
for all f 2 C0.�/.
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For any fixed " > 0, let ¹Uiºi2I be a locally finite and G-equivariant open cover of
� such that diameter.Ui / < " for all i 2 I . An open cover is said to be G-equivariant
if g.Ui / 2 ¹Uiºi2I , for all g 2 G, i 2 I . Let ¹�iºi2I be a G-equivariant partition of
unity subordinate to the open cover ¹Uiºi2I . A partition of unity ¹�iºi2I is said to be
G-equivariant if g � �i 2 ¹�iºi2I , for all g 2 G, i 2 I .

Define an operator on H by

F" WD
X
i2I

�
�p
�i
�
F�

�p
�i
�
;

where the sum converges in the strong operator topology.
Note that the propagation of F" is smaller than " and .H; �; F"/ is equivalent to

.H; �; F / in KKG0 .�; B/, for any " > 0. By the definition of F", F" is a multiplier of
C �.�;G;B/, and it is invertible modulo C �.�;G;B/. LetM.C �.�;G;B// be the mul-
tiplier algebra of C �.�;G;B/. Then, we have the boundary map in K-theory

@ W K1
�
M
�
C �.�;G;B/

�ı
C �.�;G;B/

�
! K0

�
C �.�;G;B/

�
:

We define the Baum–Connes assembly map for G

� W KKG0 .�;B/! K0
�
C �.�;G;B/

�
Š K0.B Ìr G/

by
�
��
.H; �; F /

��
D @

�
ŒF"�

�
:

It is not difficult to check that the map � is well defined.
Similarly, we can define the Baum–Connes assembly map

� W KKG1 .�;B/! K1
�
C �.�;G;B/

�
Š K1.B Ìr G/:

This induces the Baum–Connes assembly map

� W KKG� .EG;B/! K�.B Ìr G/;

where KKG� .EG; B/ is defined to be the inductive limit of KKG� .�; B/ over all G-
invariant and cocompact subspaces � of EG. Later, we will show that these invariant
and cocompact subspaces can be chosen to be finite-dimensional simplicial complexes,
since there exist simplicial models for the universal space EG.

By [2, Proposition 1.8], one can choose a model for the universal space EG for proper
G-action as follows.

Definition 2.7. For each d > 0, we define the Rips complex, denoted by Pd .G/, to be
the simplicial complex with vertex set G and such that a finite subset ¹
iºniD1 � G spans
a simplex if and only if d.
i ; 
j / � d .

For each d > 0, the Rips complex Pd .G/ is endowed with a spherical metric as fol-
lows. For the simplex ¹

Pn
iD0 ci
i W ci 2 Œ0; 1�; with

Pn
iD1 ci D 1º spanned by the finite
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subset ¹
iºniD1 � G, it is identified with the part of the .n � 1/-sphere in the positive
orthant via the map

nX
iD0

ci
i 7!

�
c0

�� nX
iD0

c2i

�
; c1

�� nX
iD0

c2i

�
; : : : ; cn

�� nX
iD0

c2i

��
:

The simplex spanned by ¹
iºniD1 � G admits a metric induced by the pullback of the
standard Riemannian metric on the sphere. The spherical metric on the Rips complex
Pd .G/ is the maximal metric such that it restricts to the above spherical metric on each
simplex.

We can choose the union
S
d>0Pd .G/ as a model of EG, where the union is equipped

with the weak topology under which a subset C �
S
d>0 Pd .G/ is closed if and only if

C \ Pd .G/ is closed for each d > 0.

2.3. Localization algebras and the local index map

Let us now recall the localization algebras and the local index map and introduce some
basic properties of the K-theory of localization algebras.

Let � be the topological realization of a locally compact and finite-dimensional sim-
plicial complex endowed with the simplicial metric. Let .C0.�/; G; �/ be an admissible
covariant system, where � WC0.�/!B.H/ is a �-homomorphism for some Hilbert mod-
ule H over B .

Definition 2.8. (1) The algebraic localization algebra C �L;alg.�; G; B/ is defined to
be the algebra of all the bounded and uniformly continuous maps f W Œ0;1/!
C �alg.�;G;B/ such that propagation.f .t//! 0 as t !1.

(2) The localization algebra C �L.�; G; B/ is the norm closure of C �L;alg.�; G; B/

under the norm
kf k D sup

t2Œ0;1/



f .t/

:
The localization algebra is an equivariant analogue of the algebra introduced by Yu in

[26]. Note that, up to �-isomorphism, the localization algebra C �L.�;G;B/ is independent
of the choice of the admissible covariant system by Remark 2.5.

A Borel coarse map f W �1 ! �2 is said to be Lipschitz, if there exists a constant
c > 0, such that d.f .x/; f .y// � cd.x; y/ for all x; y 2 �1. A Lipschitz coarse map
f W �1 ! �2 induces a homomorphism Ad.Vf / W C �L.�1; G; B/ ! C �L.�2; G; B/ as
follows.

Let ¹"nºn2N be a sequence of positive numbers with limn!1 "n D 0. By the same
argument as Proposition 2.4, for each k, there exists a G-equivariant isometry Vk W H1!
H2 between the Hilbert B-module, such that

supp.Vk/ �
®
.y; x/ 2 �2 ��1 W d

�
y; f .x/

�
� "k

¯
:

Define a family of isometries .Vf .t//t2Œ0;1/ from H1 to H2 by

Vf .t/ WD R.t � k/.Vk ˚ VkC1/R
�.t � k/;
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for t 2 Œk; k C 1/, where

R.t/ D

�
cos.�t=2/ sin.�t=2/
� sin.�t=2/ cos.�t=2/

�
:

Then, Vf .t/ induces a homomorphism on unitization

Ad
�
Vf .t/

�
W
�
C �L.�1; G;B/

�C
!
�
C �L.�2; G;B/

�C
˝M2.C/

by
Ad

�
Vf .t/

��
u.t/C cI

�
D Vf .t/

�
u.t/˚ 0

�
V �f .t/C cI

for all u 2 C �L.�1; G;B/ and c 2 C.
The family of maps Ad.Vf .t// induces a homomorphism

Ad
�
Vf .t/

�
�
W K�

�
C �L.�1; G;B/

�
! K�

�
C �L.�2; G;B/

�
on the K-theory. Note that Ad.Vf .t//.u.t/ C cI / is uniformly continuous on t , even
though Vf .t/ is not continuous. It is also easy to check the propagation condition of the
path Ad.Vf .t//.u.t/ C cI /. By [26, Lemma 3.4], the homomorphism between the K-
groups is independent of the choice of the family of isometries ¹Vkºk .

Definition 2.9. Let�1 and�2 be two proper metric spaces and f , g two Lipschitz maps
from �1 to �2. The map f is said to be strongly Lipschitz homotopy equivalent to g if
there exists a continuous homotopy F.t; x/ W Œ0; 1� ��1 ! �2, such that

(1) F.t; x/ is a coarse map from �1 to �2 for each t ;

(2) there exists a constant C > 0, such that d.F.t; x/; F.t; y// � Cd.x; y/ for all
x; y 2 �1 and t 2 Œ0; 1�;

(3) for any " > 0, there exists ı > 0, such that d.F.t1; x/;F.t2; x// � " for all x 2 X ,
and jt1 � t2j < ı;

(4) F.0; x/ D f .x/, F.1; x/ D g.x/, for all x 2 X .

Definition 2.10. The metric space �1 is said to be a strongly Lipschitz homotopy equiv-
alent to�2 if there exist two Lipschitz coarse maps f W �1! �2 and g W �2! �1 such
that f ı g and g ı f are, respectively, strongly Lipschitz homotopy equivalent to id�2 and
id�1 .

The K-theory of localization algebras is invariant under strong Lipschitz homotopy
equivalence. Following the proof of Proposition 3.7 in [26], it is not difficult to prove the
following equivariant analogue. For ease of reference later, we include the proof.

Proposition 2.11 ([26]). Let f W�1!�2 be a strongly Lipschitz homotopy equivalence,
then the map

Ad
�
Vf .t/

�
�
W K�

�
C �L.�1; G;B/

�
! K�

�
C �L.�2; G;B/

�
is an isomorphism.
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Remark 2.12. Let .C0.�1/;�;G/ be an admissible covariant system on a Hilbert module
H1 D H�1 ˝E ˝ B . Set H 01 D

L1
kD1H�1 ˝E ˝ B . Define a natural homomorphism

� W C �L.�1; H1; G; B/! C �L.�2; H
0
1; G; B/ via �.b/ D b ˚ 0. It is easy to show that �

induces an isomorphism on K-theory of localization algebras defined on different admis-
sible covariant systems.

Proof. It suffices to show that the homomorphism Ad.Vgf .t//� is the identity map on
K-theory. Let F.x; t/ W �1 � Œ0; 1�! �2 be the strong Lipschitz homotopy equivalence
with F.x; 0/ D .gf /.x/, F.x; 1/ D x, for all x 2 X . Fix a sequence of positive num-
bers ¹"nºn2N with limn!1 "n D 0 and a sequence of non-negative numbers ¹ti;j º1i;jD0,
satisfying

� t0;j D 0, tiC1;j � ti;j , for all i; j � 0;

� for each j , there exists Nj , such that ti;j D 1 for all i � Nj ;

� d.F.x; ti;j /; F .x; tiC1;j // � "j , and d.F.x; ti;j /; F .x; ti;jC1// � "j , for all x 2 X .

We shall prove that Ad�.VF.�;t0;j /.t// D Id for K1-case. The K0-case can be dealt with in
a similar way by a suspension argument. Notice that

CL.�1; G;B/˝Mn.C/ Š C
�
L.�1; G;B/ for all n:

Thus, every element in K�.C �L.�1; G; B// can be represented by an invertible element u
in .C �L.�1;G;B//

C. Let v D u˚ I 2 .C �L.�1;G;B//
C ˝M2.C/. Consider the follow-

ing invertible elements in .C �L.�1; G;B//
C ˝M2.C/:

a D
M
k�0

Ad�.VF.�;tk;i /.t//.u/v
�1;

b D
M
k�0

Ad�.VF.�;tkC1;i /.t//.u/v
�1;

c D
M
k�1

Ad�.VF.�;tk;i /.t//.u/v
�1:

By the definitions of operators AdF.�;ti;j / and the sequence ¹ti;j º, it is not difficult to
check that a, b, c are indeed elements in .C �L.�2; G; B/ ˝M2.C//C. Obviously, we
have that a is equivalent to b, and b is equivalent to c in K1.CL.�2; G; B//. It follows
that Ad.VF.�;t0;i /.t//.u/v

�1 D a ˚
L
k�1 I D bc�1 which is equivalent to

L
k�0 I in

K1.C
�
L.�2; G; B//. By Remark 2.12, we have that Ad.VF.�;t0;i /.t//.u/ is equivalent to v

in K1.CL.�2; G;B//.

The following Mayer–Vietoris sequence is an equivariant analogue of the Mayer–
Vietoris sequence introduced by Yu, and more details can be found in [14].

Proposition 2.13 ([14]). Let � be a simplicial complex endowed with the spherical met-
ric, and let G be a countable discrete group. Assume that G acts on � properly by isome-
tries. Let X1; X2 � � be G-invariant simplicial subcomplexes endowed with subspace
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metric. Then, one has the following six-term exact sequence:

K0.LX1\X2;B/ K0.LX1;B/˚K0.LX2;B/ K0.LX1[X2;B/

K1.LX1[X2;B/ K1.LX1;B/˚K1.LX2;B/ K1.LX1\X2;B/;

where we set

LX1;B D C
�
L.X1; G;B/; LX2;B D C

�
L.X2; G;B/;

LX1[X2;B D C
�
L.X1 [X2; G;B/; LX1\X2;B D C

�
L.X1 \X2; G;B/

for brevity.

Remark 2.14. It is easy to verify that the above exact sequence is natural with regard
to the coefficient algebra B in the following sense. If ' W B ! B 0 is a G-equivariant
�-homomorphism between G-C �-algebras B and B 0, then it induces �-homomorphism
between the Roe algebras ' W C �.Y;G;B/! C �.Y;G;B 0/ by

'
�
.Ty;z/y;z2Y

�
D
�
'.Ty;z/

�
y;z2Y

;

for each .Ty;z/y;z2Y 2 C �.Y;G;B/, where Y �� is any countableG-invariant set. Obvi-
ously, this map induces a homomorphism on the localization algebras 'L WC �L.Y;G;B/!
C �L.Y;G;B

0/. As a result, we obtain the map

'L;� W K�
�
C �L.Y;G;B/

�
! K�

�
C �L.Y;G;B

0/
�

induced by 'L on K-theory.
The exact sequence in Proposition 2.13 is natural with respect to coefficient algebras

in the sense that the diagram

� � � // K0.LX1\X2;B/
//

'L;�

��

K0.LX1;B/˚K0.LX2;B/
//

'L;�

��

K0.LX1[X2;B/

��

'L;�

��

// � � �

� � � // K0.LX1\X2;B 0/
// K0.LX1;B 0/˚K0.LX2;B 0/

// K0.LX1[X2;B 0/
// � � �

commutes, where we set

LX1;B D C
�
L.X1; G;B/; LX2;B D C

�
L.X2; G;B/;

LX1[X2;B D C
�
L.X1 [X2; G;B/; LX1\X2;B D C

�
L.X1 \X2; G;B/

LX1;B 0 D C
�
L.X1; G;B

0/; LX2;B 0 D C
�
L.X2; G;B

0/;

LX1[X2;B 0 D C
�
L.X1 [X2; G;B

0/; LX1\X2;B 0 D C
�
L.X1 \X2; G;B

0/

for brevity.
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Let us now define the local index map. For every positive integer n, let ¹Un;iºi2I be a
locally finite and G-equivariant open cover for � with diameter.Un;i / � 1

n
for all i . Let

¹�n;iºi2I be the partition of unity subordinate to the open cover ¹Un;iºi . Let Œ�; �; F � 2
KKG0 .�;B/. Define an operator-valued function F.t/ on Œ0;1/ by

F.t/ D
X
i

�
1 � .t � n/

�
�
�p
�n;i

�
F�

�p
�n;i

�
C .t � n/�

�p
�nC1;i

�
F�

�p
�nC1;i

�
for all t 2 Œn; nC 1/, where the sum converges in the strong operator topology. Note that

propagation
�
F.t/

�
! 0

as t ! 1. We obtain a multiplier .F.t//t2Œ0;1/ of C �L.�; G; B/, which is invertible
modulo C �L.�;G;B/. We define a local index map

indL W KKG0 .�;B/! K0
�
C �L.�;G;B/

�
by

indL
�
ŒH; �; F �

�
D @

��
F.t/

��
;

where @ WK1.M.C �L.�;G;B//=C
�
L.�;G;B//!K0.C

�
L.�;G;B// is the boundary map

on theK-theory andM.C �L.�;G;B// is the multiplier algebra ofC �L.�;G;B/. Similarly,
we can define the local index map

indL W KKG1 .�;B/! K1
�
C �L.�;G;B/

�
:

The following result1 established the relation between the K-homology and the K-
theory of localization algebras.

Proposition 2.15 ([17]). Let B be any G-C �-algebra and � a finite-dimensional simpli-
cial complex endowed with a G-invariant metric. Then, the local index map

indL W KKG� .�;B/! K�
�
C �L.�;G;B/

�
;

is an isomorphism.

Proof. This result is a consequence of the Mayer–Vietoris sequence and the five lemma
(see [26]).

By choosing the model of EG as the union
S
d>0 Pd .G/, the group KKG� .EG;B/ is

the inductive limit
lim
d!1

KKG�
�
Pd .G/;G;B

�
:

The above map induces the local index map

indL W KKG� .EG;B/! lim
d!1

K�
�
C �L
�
Pd .G/;G;B

��
:

It is not difficult to show that the map indL is an isomorphism by Proposition 2.15.

1In [20], Roe and Qiao proved that the local index map is an isomorphism for proper metric spaces.
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We will conclude this section by discussing the relation between the Baum–Connes
assembly map and the local index map.

For each d > 0, it is natural to define an evaluation-at-zero map

ev W C �L
�
Pd .G/;G;B

�
! C �

�
Pd .G/;G;B

�
;

given by
ev.f / D f .0/;

for all f 2 C �L.Pd .G/; G; B/. The evaluation-at-zero map induces a homomorphism on
K-theory:

ev� W K�
�
C �L
�
Pd .G/;G;B

��
! K�

�
C �
�
Pd .G/;G;B

��
Š K�.B Ìr G/:

Following the argument in [26], it is easy to check that �D ev� ı indL holds. In Section 6,
we will show that the map ev� is an isomorphism under some assumptions. Combining
the above relation and Proposition 2.15, it follows that the Baum–Connes assembly map
is also an isomorphism under the same assumption.

3. C �-algebras associated to infinite-dimensional Hilbert spaces

In this section, we will recall the C �-algebra associated with an infinite-dimensional
Hilbert space (defined in [13]) and introduce a generalization of this C �-algebra asso-
ciated with a continuous field of Hilbert spaces according to Tu (see [23]).

3.1. The C �-algebra associated with an infinite-dimensional Euclidean space2

Let E be a separable, infinite-dimensional Euclidean space. Let Ea, Eb be any finite-
dimensional, affine subspaces of E. Let E0a be the finite-dimensional linear subspace of
E consisting of differences of elements inEa. Let C.Ea/ be the Z2-graded C �-algebra of
continuous functions from Ea to the complexified Clifford algebra of E0a which vanish at
infinity. Let � be the Z2-graded C �-algebra of all continuous functions on R vanishing at
infinity, where � is graded according to odd and even functions. Let A.Ea/ be the graded
tensor product � y̋ C.Ea/, where the Z2-grading on C.Ea/ is induced from Cliff.E0a/.

Assume that Ea � Eb . There exists a decomposition Eb D Eba ˚ Ea, where Eba is
the orthogonal complement of Ea in Eb . For each element vb 2 Eb , there exists a unique
decomposition vb D vba C va, for some vba 2 Eba, va 2 Ea.

For each function h 2 C.Ea/, we can extend it to a function on Eb via Qh.vb/D h.va/,
for all vb D vba C va. The decompositionEb DEba ˚Ea gives rise to a Clifford algebra
valued function, denoted by Cba W Eb ! Cliff.E0

b
/ on Eb which maps vb 2 Eb to vba 2

Eba � Cliff.E0
b
/.

2We would like to point out that there are other constructions of the C �-algebra A.E/ by Kasparov–Yu
in [17] and Gong–Wu–Yu in [6].
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Denote by X W � ! � the function of multiplication by x on R, viewed as a degree
one, essentially selfadjoint, unbounded multiplier of � with the domain of the compactly
supported functions in � .

Definition 3.1 ([8]). (1) LetEa �Eb be a pair of finite-dimensional affine subspaces
of E. One can define a homomorphism

ˇba W A.Ea/! A.Eb/

by ˇba.f y̋ h/ D f .X y̋ 1C 1 y̋ Cba/.1 y̋ Qh/, for all f 2 � , h 2 C.Ea/.

(2) We define a C �-algebra
A.E/ WD lim

�!
A.Ea/;

where the direct limit is over all finite-dimensional affine subspaces.

Remark 3.2. IfEa � Eb � Ec , then we have ˇcb ı ˇba D ˇca; therefore, the direct limit
is well defined.

Given any discrete group � , if � acts on the Euclidean space E by linear isometries,
then the �-action on E induces a �-action on the C �-algebra A.E/. Note that A.¹0º/ D

� . For each f 2 � , let ˇt .f /D ft .X y̋ 1C 1 y̋ C/ for every t 2 Œ1;1/, where ft .x/D
f .x=t/.

We define the Bott map

ˇ� W K�.� Ìmax �/! K�
�
A.E/ Ìmax �

�
:

to be the homomorphism induced by the asymptotic morphism

ˇt W � Ìmax � ! A.E/ Ìmax �;

given by f 7! ˇt .f /, for each t 2 Œ1;1/. The following result is due to Higson, Kasparov,
and Trout [8].

Theorem 3.3 (Infinite-dimensional Bott periodicity [13]). Let � be a countable discrete
group and E an infinite-dimensional Euclidean space with a �-action by linear isome-
tries. Then, the Bott map

ˇ� W K�.� Ìmax �/! K�
�
A.E/ Ìmax �

�
is an isomorphism.

3.2. Generalization to the field cases

In the rest of this section, we will generalize the construction of Higson–Kasparov–Trout
[13] to the case of the continuous field. The following construction is essentially due to
Tu [23]. The usage of the probability space is essentially due to Higson [10].

Let � be a countable, discrete group with identity element e 2 � , and let X be a
compact Hausdorff space admitting a �-action by homeomorphisms. Let us recall the
definition of the transformation groupoid, denoted by X Ì � , associated with a group
action � Õ X .
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Definition 3.4. As a topological space,X Ì � D ¹.x;g/ W x 2X; g 2 �º is equipped with
the product topology. In addition, the topological space is endowed with the following
structure:

(1) the product is given by .x; g/.x0; g0/ D .x; gg0/, for all .x; g/; .x0; g0/ 2 X Ì � ,
satisfying x0 D xg;

(2) the inverse is given by .x; g/�1 D .xg; g�1/, for all .x; g/ 2 X Ì � .

Let us recall the definition of a continuous field of Hilbert spaces over a compact space.
Let X be a compact topological space, and let .Hx/x2X be a family of Banach spaces.
Denote H D

F
x2X Hx . Let ‚.X;H / be a collection of sections s W X ! H satisfying

s.x/ 2 Hx , for all x 2 X .

Definition 3.5. Let X be a compact space. A continuous field of Banach spaces over X
is a family of Banach spaces .Hx/x2X , with a set of sections ‚.X;H /, such that

(1) the set of sections ‚.X;H / is a linear subspace of the direct product
Q
x2X Hx ;

(2) for every x 2 X , the set of all s.x/ for all s 2 ‚.X;H / is dense in Hx ;

(3) for every s 2 ‚.X;H /, the function x 7! ks.x/k is a continuous function on X ;

(4) let s W X !H be a section; i.e., s.x/ 2Hx , for all x 2 X . If, for every x 2 X and
every " > 0, there exists a section s0 2 ‚.X;H / such that ks.y/� s0.y/k < " for
all y in some neighborhood of x, then s 2 ‚.X;H /.

If every fiber Hx is a Hilbert space, we will say that .Hx/x2X is a continuous field of
Hilbert spaces. If every fiber is a C �-algebra and the collection of sections is closed under
the �-operation and the multiplication, the continuous field is called a continuous field of
C �-algebras.

LetX Ì� be a transformation groupoid associated with the right group action � ÕX ,
and let .Hx/x2X be a continuous field of Hilbert spaces over X . Let us recall the concept
of the affine isometric action ofX Ì � on the continuous field of Hilbert spaces .Hx/x2X .

Definition 3.6. Let .Hx/x2X be a continuous field of Hilbert spaces over X . We say that
the transformation groupoid X Ì � acts on .Hx/x2X by affine isometries if

(1) for each .x; g/, there exists an affine isometric map V.x;g/ W Hxg ! Hx ;

(2) V.x;g/V.xg;h/ D V.x;gh/, for all x 2 X , g; h 2 �;

(3) V.x;e/ D idHx ;

(4) for each continuous section s 2 ‚.X;H / and each g 2 � ,
the section x 7! V.x;g/.s.xg// is a continuous section.

An affine isometry V.x;g/ W Hxg ! Hx is an isometry of the form

V.x;g/.v/ D U.x;g/.v/C b.x; g/;

for all v 2Hxg , where U.x;g/ WHxg!Hx is a unitary map and b.x; g/ is a vector in Hx .
The above condition (2) implies that b.x;gh/DU.x;g/.b.xg;h//C b.x;g/, for all x 2X ,
g; h 2 � .
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Since each fiber of the continuous field is a Hilbert space, we can define a C �-
algebra A.Hx/ associated with each fiber Hx . Then, we obtain a bundle of C �-algebras
.A.Hx//x2X . Next, we will introduce a structure of a continuous field of C �-algebras for
the bundle .A.Hx//x2X ; some more details can also be found in [11].

A function s W X !
F
x2X A.Hx/ is said to be a continuous section, if it satisfies

(1) s.x/ 2 A.Hx/, for all x 2 X ;

(2) for each x 2 X , " > 0, there exists a neighborhood x 2 U � X , such that for each
y 2 U , there is a linearly isometric embedding �y W Rn ! Hy satisfying that

� for each 1 � i � n, the map y 7! �y.ei / is a local continuous section over U ,
where ¹eiºniD1 is an orthonormal basis of Rn;

� there is an element v 2 A.Rn/, such that

.�y/�.v/ � s.y/

y < ";
for all y 2U , where .�y/� WA.Rn/!A.Hy/ is induced by the linear embed-
ding �y W Rn ! Hy .

The above definition gives rise to a continuous field structure on .A.Hx//x2X . For any
x 2 X , note that there exists a collection of sections en 2 ‚.X;H /, such that ¹en.x/ºn2N

is an orthonormal basis of the fiber bundle Hx . Indeed, let ¹an 2 ‚.X;H /ºn2N be the
collection of continuous sections such that ¹an.x/º is a basis for Hx . For each positive
integer n, there exists a neighborhood x 2 U 0n, such that the collection ¹ai .y/ W 1 � i � nº
is linearly independent for each y 2 U 0n. By the Gram–Schmidt process, one can find a
family of continuous local sections ¹e0i W 1 � i � nº over U 0n, such that the collection of
vectors ¹e0i .y/ W 1 � i � nº are mutually orthogonal with norm one for each y 2 U 0n. By
Urysohn’s lemma, we can find an open set Un � U 0n and a function f W X ! Œ0; 1�, such
that supp.f / � U 0n and f .y/ D 1 for each y 2 Un. For each i , we obtain a global section
ei by setting ei .y/ D f .y/e0n.y/ for all y 2 U 0n and extending by zero outside U 0n. By
induction on n, we obtain such a collection of continuous global sections ¹enºn2N .

The C �-algebra of all continuous sections of the continuous field of C �-algebras is
denoted by A.X;H /.

Define a �-action on A.X;H / as follows. For each 
 2 � , we have an isometry
V.x;
/ W Hx
 ! Hx given by

V.x;
/.v/ D U.x;
/.v/C b.x; 
/;

for all v 2 Hx
 and x 2 X . A local continuous affine distribution over an open subset
U � X is a collection of affine subspaces ¹Ea.y/ºy2U , such that there exists a collec-
tion of continuous local sections ¹s; v1; v2; : : : ; vkº over U , for which Ea.y/ D s.y/C
span¹v1.y/; v2.y/; : : : ; vk.y/º for each y 2 U . The associated linear subspace consisting
of differences of elements inEa.y/ is denoted byE0a.y/D span¹v1.y/;v2.y/; : : : ;vk.y/º.
We have a continuous local distribution of C �-algebras .Cliff.E0a.y///y2U . Because
.V.x
�1;
//x2X is a collection of continuous isometries for each 
 2 � , we obtain another
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continuous local affine distribution ¹V.y
�1;
/.Ea.y//ºy2U over 
.U /with associated lin-
ear distribution ¹U.y
�1;
/.Ea.y//ºy2U . The unitary U.y;
�1/ W Hy
�1 ! Hy induces a
homomorphism

U.y;
�1/ W Cliff
�
U.y
�1;
/

�
E0a.y/

��
! Cliff

�
E0a.y/

�
;

for all y 2 U .
Thus, for every 
 2 � , we get a homomorphism


 W A
�
Ea.y/

�
! A

�
V.y
�1;
/Ea.y/

�
;

by

 � .f y̋ h/ D f y̋ 
 � h;

for all f 2 � , h W Ea.y/! Cliff.E0a.y//, where .
 � h/.v/ D U.y
�1;
/.h.V.y;
/.v///.
Let ¹Eb.y/ºy2U be another continuous affine distribution withEa.y/�Eb.y/, for all

y 2U . Then, there exists a linear continuous distribution ¹Eba.y/ºy2U such thatEb.y/D
Eba.y/˚Ea.y/ for all y 2 U .

Let Ea D
F
y2U Ea.y/. Define A.U; Ea/ to be the algebra of all the bounded con-

tinuous sections s W U ! A.Ea/ with s.y/ 2
F
y2U A.Ea.y// for all y 2 U . For all


 2 � , denote 
Ea.y/D V.y
�1;
/.Ea.y//, U
Ea D
F
y2U U.y;
�1;
/Ea.y/, and 
Ea DF

y2U 
Ea.y/.

Lemma 3.7. The diagram

A.U;Ea/




��

ˇU;ba
// A.U;Eb/




��

A.
U; 
Ea/
ˇ



U;ba
// A.
U; 
Eb/

is commutative, where the maps ˇU;ba and ˇ


U;ba

are defined fiber-wise.

Proof. Since � is generated by g0.e/De�x
2

and g1.x/Dxe�x
2

by the Stone–Weierstrass
theorem, it suffices to show that



�
ˇU;ba.g y̋ h/

�
D ˇ





U;ba

�

.g y̋ h/

�
;

for g equal to g0 or g1 and h W U ! Cliff.Ea/ a continuous local section over U . We will
prove the lemma for g D g0; the case for g D g1 can be proved similarly.

Let Cba and C 

ba

be the Clifford multiplications on C.Ea/ and C.
Ea/ under the
transformation 'a;y W Ea.y/! 
Ea.y/ for each y 2 U . Since we have Eb D Eba ˚Ea
and 
.Eb/ D U
 .Eba/C 
Ea, then

ˇ



U;ba

�

.g0 y̋ h/

�
D ˇ




U;ba

��
g0 y̋ 
.h/

��
D g0

�
X y̋ 1C 1 y̋ C




ba

��
1 y̋ .f
h/�

D g0.x/ y̋ g0.U
vba/
h.va/;



�
ˇU;ba.g0 y̋ h/

�
D 


�
g0.x/ y̋ g0

�
kvbak

�
h.va/

�
D g0.x/ y̋ g0

�
kvbak

�

h.va/;
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where vb , va, vba are continuous local sections over U with vb.y/D vba.y/C va.y/, for
all y 2 U , and 
.vb/ D U
 .vba/C 
.va/. Since U
 is unitary, thus



�
ˇU;ba.g y̋ h/

�
D ˇ





U;ba

�

.g y̋ h/

�
;

for all g D g0.

Because of the definition of A.X;H /, and the above commutative diagram, we have
a �-action on A.X;H /.

Define a fiber-wise Bott map ˇt W C.X/ y̋ � ! A.X;H / as follows. Viewing an
element in C.X/ y̋ � as a continuous function f WX! � , we obtain an element ˇt .fx/ 2
A.Hx/ for each x 2 X . By the definition of the continuous field structure, it is easy to
check that .ˇt .fx//x2X 2 A.X;H /. Thus, we have an asymptotic morphism

ˇt W C.X/ y̋ � ! A.X;H /; .fx/x2X 7!
�
ˇt .fx/

�
x2X

for all t 2 Œ1;1/.
We have an affine isometric action of � on the continuous field of Hilbert spaces

.Hx/x2X , and it is easy to check that .ˇt /t2Œ1;1/ is an asymptotic �-equivariant mor-
phism. This asymptotic morphism induces a map on K-theory of the reduced crossed
products

ˇ� W K�
��
C.X/˝ �

�
Ìr �0

�
! K�

�
A.X;H / Ìr �0

�
;

for every finite subgroup �0 � � . Following the argument in [13], we also have a fiber-
wise defined Dirac map. Let us briefly recall the definition of the Dirac map on each fiber
A.Hx/ for each x 2 X .

Let Ea.x/ � Hx be a finite-dimensional affine subspace. Define Va.x/ to be the
Hilbert space of square integrable functions from Ea.x/ into Cliff.E0a.x//, where E0a.x/
is the linear space of differences between pairs of vectors in Ea.x/, and the norm on
Cliff.E0a.x// is obtained by fixing an orthonormal basis on E0a.x/. If Ea.x/ � Eb.x/,
then there is a canonical isomorphism

Vb.x/ Š Vba.x/ y̋ Va.x/;

where Vba.x/ is the Hilbert space associated with the orthogonal complement E0
ba
.x/ of

E0a.x/ in E0
b
.x/.

We define a unit vector �0 2 Vba.x/ by

�0.vba/ D �
� dim.E0

ba
.x//=4 exp

�
�
1

2
kvbak

2

�
;

for all vba 2 E0ba. Regarding Va.x/ as a subspace of Vb.x/ via the isometry � 7! �0 y̋ �,
we define

V.x/ D lim
�!

Va.x/:

Using the similar method of construction of the continuous field structure on
.A.Hx//x2X , we obtain a continuous field structure on .K.V .x///x2X , where K.V .x//
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is the algebra of all compact operator on V.x/ for each x 2 X . Let V D
F
x2X V.x/.

Define K.X; V / to be the C �-algebra of all continuous sections of the continuous field
.K.V .x///x2X . By the structure of the continuous field of .K.V .x///x2X , we have that
the K-theory of the C �-algebra C.X/ is the same as the K-theory of K.X; V /.

Denote by s.x/D lim
�!

sa.x/ the direct limit of the Schwartz subspaces sa.x/� Va.x/.
If Ea.x/ is a finite-dimensional affine subspace, then the Dirac operator Da.x/ is defined
by

Da.x/� D

nX
iD1

.�1/deg.�/ @.�/

@xi
vi ;

for every homogeneous element � 2 s.Ea.x//, where ¹v1; v2; : : : ; vnº is an orthonormal
basis for E0a.x/ and ¹x1; x2; : : : ; xnº are the dual coordinates to ¹v1; v2; : : : ; vnº. The
Clifford operator on Ea.a/ is given by

Ca.x/� D

nX
iD1

xivi�:

For each fiber Hx , choose the dense subset E.x/ WD ¹s.x/ W s 2 ‚.X;H /º, where
‚.X;H / is the space of sections in Definition 3.5. Fix a direct sum decomposition

E.x/ D E0.x/˚E1.x/˚E2.x/˚ � � � ;

where each Ei .x/ is a finite-dimensional linear subspace of E.x/. For each n, we define
an unbounded operator Bn;t on V.x/ D lim

�!
Vn.x/ by the formula

Bn;t D t0D0.x/C t1D1.x/C � � � C tn�1Dn�1.x/C tn
�
Dn.x/C Cn.x/

�
C � � � ;

where ti D 1 C i=t and Vn.x/ is the Hilbert space of square integrable functions from
En.x/ to Cliff.En.x//. This infinite sum is well defined since any vector in the Schwartz
space s.x/ can be approximated by the one which has only finitely many non-zero terms
in its infinite series. It is well known that the operators Bn;t .x/ are essentially selfadjoint.
Following the argument in [13], we obtain an asymptotic morphism ˛n from A.E0.x/˚

E1.x/˚ � � � ˚En.x// to � y̋ K.V .x// by

˛nt .x/.f y̋ h/ D ft .X y̋ 1C 1 y̋ Bn;t /.1 y̋ Mht /;

for each f y̋ h 2 A.E0.x/ ˚ E1.x/ ˚ � � � ˚ En.x//, where ht .v/ D h.v=t/ for all
t 2 Œ1;1/, v 2 E0.x/˚ E1.x/˚ � � � ˚ En.x/ and Mht is the operator of the left multi-
plication by the function ht . Moreover, the diagram

A.E0.x/˚E1.x/˚ � � � ˚En.x// � y̋ K.V .x//

A.E0.x/˚E1.x/˚ � � � ˚EnC1.x// � y̋ K.V .x//

˛n.x/

ˇ D

˛nC1.x/
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is asymptotically commutative. As a result, we get an asymptotic morphism

˛.x/ W A.Hx/! � y̋ K
�
V.x/

�
:

Moreover, we obtain an asymptotic morphism

˛ W A.X;H /! � y̋ K.X; V /:

Following the argument in [13], the map induced by ˛ onK-theory is the inverse map
of the fiber-wise defined Bott map. Consequently, we have the following result.

Theorem 3.8. Let � be a countable discrete group andX a compact Hausdorff space with
�-action. Assume that the associated transformation groupoidX Ì� acts on a continuous
field of Hilbert spaces .Hx/x2X by affine isometries. Then, for each finite subgroup �0 �
� , the Bott map

ˇ� W K�
��
C.X/˝ �

�
Ìr �0

�
! K�

�
A.X;H / Ìr �0

�
induces an isomorphism on K-theory.

An affine isometric action of a transformation groupoid X Ì � on a continuous field
of Hilbert spaces .Hx/x2X is said to be proper, if for any R > 0, the set ¹g 2 � W 9x 2
X such that V.x;g/.B.xg; R// \ B.x; R/ ¤ ;º is finite, where B.x; R/ is the set of all
elements in Hx with norm less than R. According to Tu (see [23]), the a-T-menability of
the transformation groupoid guarantees the existence of a proper affine isometric action
on a continuous field of Hilbert spaces .Hx/x2X .

Definition 3.9. Let X Ì � be a transformation groupoid. A continuous function ' W

X Ì � ! R is said to be conditionally negative definite if

(1) '.x; e/ D 0, for all x 2 X ,

(2) '.x; g/ D '.xg; g�1/,

(3)
Pn
i;jD1 ti tj'.xgi ; g

�1
i gj / � 0, for all ¹tiºniD1 � R with

Pn
iD1 ti D 0, gi 2 � , and

x 2 X .

A conditionally negative definite function ' W X Ì � ! R is said to be proper if for
any R > 0, the number of elements in the set ¹g 2 � W 9x 2 X; such that j'.x; g/j � Rº
is finite.

The concept of a-T-menability for groupoids was introduced by Tu in [23].

Definition 3.10. A transformation groupoid X Ì � is said to be a-T-menable if there
exists a proper conditionally negative definite function ' W X Ì � ! R.

Now, let us recall the construction of the transformation groupoid from a coarsely
embeddable group, by Skandalis, Tu, and Yu in [22].



The Novikov conjecture and group extensions 285

Proposition 3.11 ([22]). Let h W � ! H0 be a coarse embedding. Then, there exists a
compact Hausdorff space X with a �-action, such that

(1) for any finite subgroup �0 � � , X is �0-contractible,

(2) the groupoid X Ì � has a proper continuous conditionally negative definite func-
tion.

Let us describe the construction of the topological space X . For any fixed element

 2 � , we define a bounded function f
 W � ! R by

f
 .y/ D


h.y/ � h.y
/

;

for any y 2 � .
Let c0.�/ be the C �-subalgebra of `1.�/ consisting of all functions vanishing at

infinity. We define a �-action on `1.�/ by .
 � f /.x/ D f .x
/, for each f 2 `1.�/,
x; 
 2 � .

LetX 0 be the spectrum of the unital commutative �-invariantC �-subalgebra of `1.�/
generated by all constant functions, c0.�/ functions, and all functions of the form f

together with their translations by group elements in G. It is obvious that every function
f
 extends continuously to X 0. Indeed, the space X 0 is a compactification of � , and it
admits a right action of � induced by the �-action on C.X 0/, where C.X 0/ is viewed as a
C �-subalgebra of `1.�/.

We obtain a continuous conditionally negative definite function defined on the trans-
formation groupoid X 0 Ì � by '0.y; 
/ D f
 .y/.

LetX be the probability space ofX 0. It is a second countable, compact space equipped
with the weak-� topology (a reference of weak-� topology is [5, Chapter 1]) and it admits
that a �-action is induced by the action of � on X 0. We define a conditionally negative
definite function on X Ì � by

'.m; 
/ D

Z
X 0
'0.y; 
/ dm.y/

for any m 2 X .

Proposition 3.12. Let � ! H0 be the coarse embedding as above. The continuous map
' W X ÌG ! R defined above is a proper conditionally negative definite function.

Proof. It is obvious that condition (1) in Definition 3.9 is satisfied. Let us verify condi-
tion (2). For each .x; g/ 2 X Ì � , we have

'.mg; g�1/ D

Z
X 0
'0.y; g�1/ d.mg/

D

Z
X 0
'0.yg; g�1/ dm

D

Z
X 0
'0.y; g/ dm

D '.m; g/:
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The third equality follows from '0.yg; g�1/ D '.y; g/ for all .y; g/ 2 X Ì � . Condition
(3) follows from the fact that

Pn
i;jD1 ti tj'

0.ygi ; g
�1
i gj / � 0, for all ¹tiºniD1 � R withPn

iD1 ti D 0, gi 2 � , and y 2 X 0.
The properness of ' follows from the definition of '0 and the fact that the map h W

� ! H0 is a coarse embedding.

The space X � � is equipped with the product topology. Let Cc.X � �/ be the C �-
algebra of all complex valued functions on X � � with compact support. Define

C 0c .X Ì �/ WD
²
f 2 Cc.X � �/ W

X
g2�

f .x; g/ D 0

³
:

Let ' W X Ì � ! R be a continuous, proper conditional negative definite function.
Then, we can define a continuous field of Hilbert spaces as follows.

For each x 2 X , consider a linear space C 0c .�/ WD ¹f 2 Cc.�/ W
P
g2� f .g/ D 0º,

and define a sesquilinear form

h�; �ix D �
1

2

X
g;g 02�

�.g/�.g0/'.xg�1; gg0/;

for all �; � 2 C 0c .�/. Since ' is a conditionally negative definite type, the form above
turns out to be positive semidefinite and one can quotient out by the zero subspace,
denoted by Ex . Then, complete Ex to a Hilbert space, denoted by Hx . For any function
f 2C 0c .X��/, we can view it as a continuous map � W X ! C 0c .�/ by �.x/ D f .x; �/ 2
C 0c .�/.

Let us introduce a continuous field structure on the collection of Hilbert spaces
.Hx/x2X . It suffices to define the space of the continuous sections, denoted by ‚.X;H /,
where H D

F
x2X Hx . A map � W X ! H is called a continuous section, if it satisfies

(1) �.x/ 2 Hx , for every x 2 X ,

(2) 8x 2 X , 8" > 0, there exists an element � 0 2 C 0c .X � �/, such that k�.y/ �
� 0.y/kHy

< " for all y in some neighborhood of x.

The affine isometric action of X Ì � is defined as follows. For every 
 2 � , and every
x 2 X , the unitary U.x;
/ W Hx
 ! Hx is defined by U.x;
/.f /.g/ D f .
�1g/ for all
f 2 Ex , and for all g 2 � , 
 2 � , and then extends to a unitary U.x;
/ WHx
 !Hx . The
cocycle b.x;g/ is defined to be the element inEx represented by the function ıg � ıe . Let
V.x;
/.v/ D U.x;
/.v/C b.x; 
/ for all v 2 Hx
 , .x; 
/ 2 X Ì � . It is easy to check that
the collection of affine isometries .V.x;
//.x;
/2XÌ� consists of a proper affine isometric
action of X Ì � on the continuous field of Hilbert spaces .Hx/x2X .

4. Twisted Roe algebras and twisted localization algebras

Let 1! N ! G! G=N ! 1 be a short exact sequence of countable discrete groups. In
this section, we will construct twisted Roe algebras and twisted localization algebras with
coefficients in some G-C �-algebra and prove that the twisted Baum–Connes conjecture
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with coefficients holds for the group G, under the assumption that both G and G=N are
coarsely embeddable into Hilbert spaces.

Fix a left invariant proper metric on G. This metric restricts to every subgroup of G
and the quotient group G=N is endowed with the quotient metric.

4.1. Some geometric constructions

In this subsection, we will construct a compact topological G-space Y , such that

(1) for every subgroupN 0 � G containingN with finite index, i.e., jN 0=N j <1, the
transformation groupoid X ÌN 0 is a-T-menable;

(2) for every finite subgroup G0 � G, the space Y is G0-contractible.

Let N 0 � G be a subgroup containing N with finite index. The fact that jN 0=N j < 1
implies thatN 0 is coarsely equivalent toN . SinceN is coarsely embeddable into a Hilbert
space H0, we have that N 0 is also coarsely embeddable into the Hilbert space H0. Let
h0N 0 W N

0!H0 be the coarse embedding map, and let �N
0

� ; �
N 0

C W Œ0;1/! Œ0;1/ be two
non-decreasing functions with limt!1 �

N 0

� .t/ D1, such that

�N
0

�

�
d.x; y/

�
�


h0N 0.x/ � h0N 0.y/

 � �N 0C �d.x; y/�;

for all x; y 2 N 0.
Let S � G be a set of the representatives of the left cosets G=N 0. Then, we have a

decompositionG D
F
g2S gN

0, and the coarse embedding h0N 0 W N
0 ! H0 can be exten-

ded to a map hN 0 W G ! H0 by

hN 0.g � n/ D h
0
N 0.n/;

where g 2 S , n 2 N 0. Since every element g0 2 G can be uniquely written as g0 D gn
for some g 2 S , n 2 N 0, the extension is well defined, and it is not a coarse embedding in
general.

For any fixed element n 2 N 0, define a function fn W G ! R by

fn.g/ D


hN 0.g/ � hN 0.gn/

2

for all g 2 G.
By the coarse embeddability of N 0, fn is a bounded function on G for each n 2 N 0.

Unfortunately, fn could be an unbounded function on G if the element n2G is not in N 0.
Let Y 0N 0 be the spectrum of the unital commutative G-invariant C �-subalgebra of `1.G/
generated by all c0.G/ functions, all constant functions, and all functions of the form
fn together with their right translations. The right action of G on `1.G/ is defined by
.
f /.g/ D f .g
/, for all 
; g 2 G, all f 2 `1.G/. Accordingly, the compact space Y 0N 0
admits a right action induced by the restriction of the right G-action on `1.G/ to the
C �-subalgebra which is �-isomorphic to C.Y 0N 0/.

Define a function �0N 0 W G Ì N 0 ! R by �0.g; n/ D khN 0.g/ � hN 0.gn/k2, for all
g 2 G, n 2 N 0. For each n 2 N 0, the bounded function �0N 0.�; n/ W G ! R extends to a
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continuous function on YN 0 by the definition of YN 0 . As a result, we obtain a continuous
conditionally negative definite function �0N 0 W Y

0
N 0 ÌN

0 ! R by extending the map �0N 0 W
G Ì N 0 ! R. Then, replace Y 0N 0 with the space of all the probability measures on Y 0N 0 ,
denoted by YN 0 . The space YN 0 is a second countable compact space equipped with the
weak-� topology (cf. [5]). The G-action on Y 0N 0 induces a right action on YN 0 . We define
a continuous function �N 0 W YN 0 ÌN ! R by

�N 0.m; g/ D

Z
Y 0
N 0

�0.y; g/ d.mg/;

for all m 2 YN 0 , g 2 N 0.

Proposition 4.1. The continuous function �N 0 W YN 0 ÌN 0 ! R is a proper conditionally
negative definite function.

Proof. By Proposition 3.12, we have that �N 0 is a continuous conditionally negative defi-
nite function on the transformation groupoid YN 0 ÌN 0.

By the definition of the map �N 0 W G �N 0! R, we have �N
0

� .jnj/ � �N 0.g; n/ for all
g 2 G, n 2 N 0. It follows that the extension �N 0 W YN 0 ÌN 0 ! R satisfies the inequality
�N
0

� .jnj/ � �
0.y; n/ for all y 2 Y 0N 0 , n 2 N

0. It follows that the conditionally negative
definite function �N 0 W YN 0 ÌN 0 ! R is proper.

Remark 4.2. For each subgroup N 0 � G, we can find a compact space YN 0 with a right
G-action, such that the groupoid YN 0 Ì N 0 is a-T-menable in the sense that YN 0 Ì N 0
admits a proper, continuous conditionally negative definite function.

Lemma 4.3. For each finite subgroupG0 �G, the compact space YN 0 isG0-contractible.

Proof. Since YN 0 is a convex set, it contracts to a point y0 2 YN 0 . For any finite subgroup
G0 � G, it is obvious that

P
g2G0

1
jG0j

y0g 2 YN 0 . It follows that YN 0 is G0-contractible
to the point

P
g2G0

1
jG0j

y0g.

Let F be the set of all subgroups ofG containingN with finite index. For eachN 02F ,
we can find a compact space YN 0 . We then define a compact topological space

Y WD
Y
N 02F

YN 0 :

The topology on Y is the product topology, and the G-action is then defined by

g � .yN 0/N 02F D .yN 0g
�1/N 02F

for all g 2 G, .yN 0/N 02F 2 Y .

Proposition 4.4. For each N 00 2 F , the associated transformation groupoid Y Ì N 00 is
a-T-menable.
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Proof. Define a continuous conditionally negative definite function on the transformation
groupoid Y ÌN 00 by

�
�
.yN 0/N 02F ; n

�
D �N 00.yN

0
0
; n/;

for all n 2 N 00, .yN 0/N 02F 2 Y . It is easy to check that this map is a proper conditionally
negative definite function.

Remark 4.5. The domain of the conditionally negative definite function is Y ÌN 00 instead
of Y ÌG for each N 00 2 F .

Assume that the quotient group G=N coarsely embeds into a Hilbert space. In Sec-
tion 3, we obtained a compact metrizable spaceX , such thatX ÌG=N is a-T-menable, and
a properG=N -C �-algebra, denoted by A.X;H /. In the rest of this section, we will formu-
late the twisted Baum–Connes conjecture forG with coefficients inC.Y / y̋A.X;H / y̋ B .

For each d > 0, let Pd .G/ be the Rips complex endowed with the spherical metric
as defined in Section 2. Take a countable dense subset Zd � Pd .G/, such that Zd � Z0d
whenever d < d 0. Let .Hx/x2X be the continuous field of Hilbert spaces such that the
transformation groupoid X Ì G=N acts properly on .Hx/x2X by affine isometries. For
every .x; g/ 2 X Ì G=N , there is an affine isometry V.x;g/ W Hxg ! Hx and a contin-
uous section b W X � G=N ! H with b.x; g/ 2 Hx , such that for every v 2 H.x;g/,
V.x;g/.v/ D U.x;g/.v/C b.x; g/, for all .x; g/ 2 X Ì G=N , where U.x;g/ W Hxg ! Hx

is a linear isometry for each .x; g/ 2 X ÌG=N . The map b W G=N ! ‚.X;H / is called
the cocycle associated with the groupoid action of X Ì G=N on the continuous field of
Hilbert spaces .Hx/x2X . By the construction of the continuous field of Hilbert spaces,
b.x; e/D 0 2Hx , for all x 2X . By coarse embeddability and the definition of b, we have
that infx2X kb.x; g/kHx

!1 as jgj ! 1.
Let ‚.X;H / be the space of all continuous sections associated with the continuous

field of Hilbert spaces .Hx/x2X . We will define a second countable, locally compact topo-
logical spaceW and a proper G=N -action onW . As a set, denoteW D RC �

F
x2X Hx ,

where RC is the set of all non-negative numbers. A topology can be defined as follows.
Let ¹.ti ; xi ; vi /ºi be a net in W ; it converges to a point .t; x; v/ 2 W if

(1) xi ! x, and t2i C kvik
2
Hx
! t2 C kvk2

Hx
;

(2) for any continuous section e W X !H , we have he.xi /; vi iHxi
! he.x/; viHx

, as
i !1.

The topology on W can also be characterized in terms of its base consisting of the
following open sets. For each point .t0; x0; v0/ 2 RC �H , each Ux0 � Y a neighborhood
of x0, each constant " > 0, and each section s 2 ‚.X;H /, define open sets®

.t; x; v/ W
ˇ̌
.t2 � t20 /C

�
kvk2Hx

� kv0k
2
Hx0

�ˇ̌
< "; x 2 Ux0

¯
and ®

.t; x; v/ W
ˇ̌˝
s.x/; v � v0

˛
Hx

ˇ̌
< "; x 2 Ux0

¯
:

The topology on W is generated by sets of the above forms. The space W is a second
countable, locally compact Hausdorff space. By the construction of the space X , it is
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obvious that X is second countable and separable. We obtain a countable basis for the
topology onW by taking " and t0 in the rational numbers Q, x0 in a countable dense subset
of X , and v0 in a countable dense subset in each fiber Hx in the definition of the above
open subsets. As a consequence, the spaceW is second countable. For local compactness,
for each R > 0, the subset®

.t; x; v/ 2 W W t2 C kvk2Hx
� R2

¯
is compact. To see this, we first choose a net®

.ti ; xi ; vi /
¯
i2I
2
®
.t; x; v/ � W W t2 C kvk2Hx

� R2
¯
:

Since ¹tiºi is bounded, a convergent subnet exists. Without loss of generality, we assume
that ¹tiºi converges to t0. We can also assume that ¹xiºi converges to x0 due to the
compactness of the space X . Fixing an orthonormal basis ¹enºn�0 for the fiber Hx0 ,
one can find a sequence of continuous sections ¹en 2 ‚.X;H /º such that en.x0/ D en,
for all n � 0. By the diagonal argument, we can find a subnet ¹.ti ; xi ; vi /ºi such that
limi hen.xi /; vi iHxi

exists for each n � 0. Let �in D hen.xi /; vi iHxi
and �n D limi �

i
n.

It is easy to check that ¹.ti ; xi ; vi /ºi converges to the point .t0; x0; v0/ under the above
topology, where v0 D

P1
nD1 �nen.

Obviously, ¹.t;x;v/2RC �H W jt j2Ckv� s.x/k2
Hx
<R; x 2Ux0º is an open subset

of the space W D RC �H , where R is a positive constant, Ux0 is an open neighborhood
of x0 in X , and s W Ux0 ! H is a local continuous section over Ux0 .

Now, let us define the G=N -action on W . Let g 2 G=N , .t; x; v/ 2 W ; we define

g � .t; x; v/ D
�
t; xg�1; V.xg�1;g/.v/

�
:

For every g 2 G=N and every continuous section s 2 ‚.X;H /, it follows that g � s
is also a continuous section. In addition, every function on W of the form .t; x; v/ 7!

t2 C kv � v0k
2
Hx

is continuous under the topology of W , where x 2 X , v; v0 2 Hx . As a
result, the action of G=N on W is well defined.

According to [2], the properness of theG=N -action onW is equivalent to the fact that
the set ¹g 2 G=N W g �K \K ¤ ;º is finite for each compact subset K � W .

Proposition 4.6. The action G=N Õ W is proper.

Proof. For each positive integer n > 0, letKn D ¹.t; x; v/ 2W W t2 C kvk2Hx
� nº. Since

Kn is compact, for each n > 0, and W D
S
n>0Kn, it suffices to show that the set ¹g 2

G=N W g � Kn \ Kn ¤ ;º is finite for each n > 0. Let .t; x; v/ 2 Kn, g � .t; x; v/ D
.t; xg�1; V.xg�1;g/.v// for all g 2G=N . Since V.xg�1;g/.v/D U.xg�1;g/.v/C b.xg�1; g/
and infx2X kb.x; g/kHx

!1 as jgj ! 1, there exists some R > 0, such that

inf
x2X



b.xg�1; g/

2 > nC sup
x2X

kvk2Hx

for all jgj > R. Since U.xg�1;g/ is an isometry for each .xg�1; g/ 2 X ÌG=N , it follows
that g � .t; x; v/ … Kn. By the properness of the metric on G=N , the set ¹g 2 G=N W
g �Kn \Kn ¤ ;º is finite for each n > 0. Thus, the G=N -action on W is proper.
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Note that theC �-algebraC0.W / of all continuous functions onW vanishing at infinity
is contained in the center of the C �-algebra A.X;H /; see [23] for more details. For each
open subset U �X and a continuous affine distribution ¹Ea.y/ºy2U over U , we have that

A.U;Ea/ D C0.WU / �A.U;Ea/;

whereEaD
F
y2U Ea.y/ andW.U;Ea/ WD ¹.t; y; v/ W t 2 RC; y 2 U; v 2 E0a.y/º �W .

If U � V are open subsets of X , and ¹Ea.y/ºy2U and ¹Eb.y/ºy2V are continuous affine
distributions over U and V , respectively, with Ea.y/ � Eb.y/ for each y 2 U , then
the fiber-wise defined Bott map ˇU;ba takes C.W.U;Ea// into C0.W.V;Eb//. Accordingly,
the C �-algebra C0.W / can be viewed as a direct limit lim

�!
C0.WU;Ea/. As a result,

C0.W / �A.X;H / is dense in A.X;H /. We have an action of G=N on the C �-algebra
A.X;H / as defined in Section 3. The C �-algebra C0.W / is contained in the center of the
C �-algebra, and the properness of the G=N -action on W implies that the action of G=N
on A.X;H / is proper. In the rest of this section, we lift G=N -actions onW and A.X;H /

to G-actions via the quotient map G ! G=N , and we use the same notations for the G-
and G=N -actions.

4.2. Twisted Roe algebras and twisted localization algebras

In the rest of this section, we will define the twisted version of Roe algebras and localiza-
tion algebras. Let d > 0, and let Pd .G/ be the simplicial complex at scale d , endowed
with the simplicial metric. Let Zd be the countable dense G-invariant subset of Pd .G/
consisting of all linear combinations

P
g2G cgg with cg 2 Q and cg ¤ c0g for any pair

g¤ g0. Note that for each subcomplex C �Pd .G/, the intersection C \Zd is non-empty
and C D C \Zd .

Since the left translation action G Õ Pd .G/ is proper and cocompact, one can define
a coarse G-equivariant map J W Pd .G/! G. This map is defined as follows. For each
d > 0, we can fix a bounded subset �d � Zd such that

(1) G ��d D Zd ,

(2) for every z 2Zd , there exist unique x 2�d and unique g 2G, such that zD g � x,

(3) for d < d 0, �d � �d 0 .

By condition (2), for every element z 2 Zd , there exists a unique element g 2 G, such
that g�1z 2 �d . The map J W Zd .G/! G can be defined as J.z/ D g, where z 2 Zd ,
and z D gx, for some g 2 G and x 2 �d . Note that the map J is G-equivariant. Indeed,
for all 
 2 G, z 2 Zd , we have J.z/�1z 2 �d , so .
 � J.z//�1.
z/ D J.z/�1z 2 �d .
Hence, J.
z/ D 
J.z/.

Define an open set

OR.g/ D
®
.t; x; v/ W t2 C



v � b.x; g/

2
Hx

< R2
¯
� W

for all g 2 G. We need the following lemma to define the twisted Roe algebras.

Lemma 4.7. If z 2 Zd , 
 2 G, then 
 �OR.J.z// D OR.J.
z//.
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Proof. For any .t;x;v/2OR.z/, the action is given by 
 � .t;x;v/D.t;x
�1;V.x
�1;
/.v//,
and b.x
�1; J.
z// D b..x
�1; 
/.x; J.z/// D V.x
�1;
/b.x; J.z//. Since V.x
�1;
/ is
an isometry for each x 2 X , we have that t2 C kV.x
�1;
/.v/ � b.x
�1; J.
z//k2 < R2,
for all 
 2 G. As a result, 
 � .t; x; v/ 2 OR.
z/.

LetH0 be any fixed separable complex Hilbert space with infinite dimension. LetKG
be the algebra of all compact operators on H0 y̋ `2.G/ and B a G-C �-algebra. Define
a G-action on H0 y̋ `2.G/ by first defining 
.v y̋ ıg/ D v y̋ ı
g , for all 
; g 2 G and
v 2 H0, and then extending linearly to H0 y̋ `2.G/. The algebra B y̋ KG is equipped
with a unitary G-action by 
 � .b y̋ T / D 
 � b y̋ 
T 
�, for all b 2 B , T 2 KG , 
 2 G.

Definition 4.8. For an element S 2 C.Y / y̋ A.X;H / y̋ B y̋ KG , we can define the
support of S , denoted by supp.S/, to be the complement of the set of .t; x; v/ 2 RC �H

such that there exists f 2 C0.RC �H / with f .t; x; v/ ¤ 0, .1Y y̋ f y̋ k/ � S D 0, for
all k 2 B y̋ KG .

Definition 4.9. Define the algebraic twisted Roe algebra, denoted by

C �alg

�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
;

as the set of all the functions T on Zd �Zd such that

(1) T .y; z/ 2 C.Y / y̋ A.X;H / y̋ B y̋ KG ,

(2) there exists M > 0, such that kT .y; z/k �M , for all x; y 2 Zd ,

(3) there exists L > 0, such that

#
®
y W T .y; z/ ¤ 0

¯
< L and #

®
z W T .y; z/ ¤ 0

¯
< L;

(4) there exists r1 � 0, such that T .y; z/ D 0, for any y; z 2 Zd with d.y; z/ > r1,

(5) there exists r2 > 0, such that supp.Ty;z/ D Or2.J.y//,

(6) the operator T isG-invariant, i.e., 
.T
�1y;
�1z/D Ty;z , for all 
 2G, y; z 2Zd .

The algebraic twisted Roe algebra is equipped with a �-algebra structure by the matrix
operations.

Remark 4.10. By Lemma 4.7, the above condition (4) makes sense.

Let

E D

² X
z2Zr

az Œz� W az 2 C.Y / y̋ A.X;H / y̋ B y̋ KG ;
X
z2Zr

a�zaz converges in norm
³
:

It is a G-Hilbert module over C.Y / y̋ A.X; H / y̋ B y̋ KG . For all
P
z2Zr

az Œz�;P
z2Zr

bz Œz� 2 E and a 2 C.Y / y̋ A.X;H / y̋ KG , we have� X
z2Zr

az Œz�;
X
z2Zr

bz Œz�

�
WD

X
z2Zr

a�zbz
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and � X
z2Zr

az Œz�

�
a WD

X
z2Zr

azaŒz�:

The action of G is given by

g �

� X
z2Zr

az Œz�

�
WD

X
z2Zr

.g � az/Œgz�:

Define a �-representation of C �alg.Pd .G/; C.Y / y̋ A.X;H / y̋ B/G on E by

T

� X
z2Zr

az Œz�

�
WD

X
y2Zr

� X
z2Zr

Ty;zaz

�
Œy�:

According to the definition of the algebraic twisted Roe algebra, the �-representation
on E is well defined. The twisted Roe algebra, denoted by

C �
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
;

is defined to be the completion of the algebraic twisted Roe algebra under the operator
norm in B.E/, where B.E/ is the C �-algebra of all adjointable module homomorphisms.

Let C �L;alg.Pd .G/; C.Y / y̋ A.X;H / y̋ B/G be the set of all bounded, uniformly
norm-continuous functions

g W RC ! C �alg

�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
;

such that
propagation

�
g.t/

�
! 0; as t !1:

Taking the completion with respect to the norm

kgk D sup
t2RC



g.t/

;
we have the twisted localization algebra, denoted byC �L.Pd .G/; C.Y / y̋A.X;H / y̋B/G .

Remark 4.11. By Proposition 2.4 and Remark 2.5, we have that the twisted Roe algebras
and the twisted localization algebras are independent of the choice of the countable dense
subset Zd for each d > 0. Indeed, if we have two countable dense G-invariant subsets
Zd ; Z

0
d
� Pd .G/, then Zd [Z0d is also a countable dense G-invariant subset of Pd .G/.

Following the constructions in Proposition 2.4 and Remark 2.5, the inclusion map Zd !
Zd [Z

0
d

induces an isomorphism between the twisted Roe algebras defined by choosing
Zd and Zd [ Z0d , while the inclusion map Z0

d
! Zd [ Z

0
d

induces an isomorphism
between the twisted Roe algebras defined by choosing Z0

d
and Zd [ Z0d . As a result,

the definitions of twisted Roe algebras and twisted localization algebras (by the similar
argument) are independent of the choice of the countable dense G-invariant subset Zd .
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There is a natural evaluation-at-zero map

ev W C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
! C �

�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
;

defined by ev.g/D g.0/, for all g 2 C �L.Pd .G/;C.Y / y̋ A.X;H / y̋ B/G . Obviously, it
is a �-homomorphism. The evaluation-at-zero map induces a homomorphism onK-theory

ev� W K�
�
C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G�
! K�

�
C �
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G�
:

5. The K -theory of twisted Roe algebras and twisted localization
algebras

In this section, we will prove the following twisted Baum–Connes conjecture for groups
which are extensions of coarsely embeddable groups.

Theorem 5.1. Let 1! N ! G ! G=N ! 1 be a short exact sequence of countable
discrete groups. Assume that N and G=N can be coarsely embedded into Hilbert spaces.
The map

ev� W lim
d!1

K�
�
C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G�
! lim

d!1
K�
�
C �
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G�
induced by the evaluation-at-zero map is an isomorphism.

To prove this theorem, the main idea is to decompose the twisted Roe algebra into
ideals whoseK-theory can be easily computed and then use the Mayer–Vietoris sequence
and the five lemma to piece them all together. The decomposition of the twisted Roe
algebra relies on the structure of the G-action on the space W (Proposition 4.6). Let us
recall an equivalent definition of proper action of a discrete group on a topological space
[2, Definition 1.3].

Definition 5.2. Let � be a countable discrete group and X a topological space equipped
with a continuous action of � . The �-action is called proper if

(1) X is second countable,

(2) X=� is second countable,

(3) for every x 2 X , there is a �-invariant neighborhood U of x and a finite subgroup
�0 of � , such that there exists a continuous �-map U ! �=�0.

In Section 4, we obtained a properG=N -action on a topological spaceW (Proposition
4.6) and lifted the G=N -action to a G-action on W via the quotient map G ! G=N . For
any R > 0, let OR.g/D¹.t; x; v/ W t2Ckv � b.x; g/k2Hx

<R2º�W . We have checked
that ORD

S
g2G=N OR.g/ is G=N -invariant as is the closure of OR by Lemma 4.7. The

restriction of the G=N -action on the closure OR is proper and cocompact because OR D



The Novikov conjecture and group extensions 295

G=N � OR.e/. Fix R0 > 0; for any R < R0, every point in OR has a G=N -invariant
neighborhood identical to V �N 0=N G=N , where V is an open subset of OR0.e/ and N 0

is a subgroup of G containing N with finite index. Throughout this paper, we identify
sets of the form V �N 0 G=N with G=N � V via .v; g/ 7! vg, and V � ¹gº is identified
with g � V for all g 2G=N . Those open sets together with the differenceOR0.e/�OR.e/
comprise an open cover of OR0.e/. By compactness of OR0.e/, we can find a finite open
cover ¹Vi �Ni=N G=N ºkiD1 for OR, where Vi � ¹.x; s; v/ W s2 C kvk2Hx < R2º and Vi
is Ni -invariant, for some Ni a subgroup of G containing N with finite index. We will
consider the restriction of the G-action on W to an Ni -action on Vi . Let G � Vi denote the
union

F
g2G=Ni

g � Vi .

Definition 5.3. (1) For any element T 2C �.Pd .G/; C.Y / y̋ A.X;H / y̋ B/G , the
support of T is defined to be the set

supp.T / D
®
.y; z; v/ 2 Zd �Zd � .RC �H / W v 2 supp.Ty;z/

¯
:

(2) For any element a 2 C �L.Pd .G/; C.Y / y̋ A.X;H / y̋ B/G , the support of a is
defined to be

supp.a/ D
[
t�0

supp
�
a.t/

�
:

For each open subset U � W D RC �H , define

C �.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GU

to be the C �-subalgebra of C �.Pd .G/; C.Y / y̋ A.X;H / y̋ B/G generated by all oper-
ators with support contained in Zd �Zd � U .

We can also define the localization algebra, denoted by

C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
U
;

to be the C �-subalgebra of C �L.Pd .G/; C.Y / y̋ A.X;H / y̋ B/G generated by all paths
a.t/ with support contained in Zd �Zd � U . We have an evaluation-at-zero map

ev W C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
U
! C �

�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
U

given by ev.f / D f .0/, where f 2 C �L.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GU .

Proposition 5.4. Let G � Vi D
S
g2G=Ni

g � Vi . The homomorphism

ev� W lim
d!1

K�
�
C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
G�Vi

�
! lim

d!1
K�
�
C �
�
Pd .G/; C.Y / y̋ A.X;H y̋ B/

�G
G�Vi

�
induced by the evaluation-at-zero map on K-theory is an isomorphism.

In order to prove this theorem, we need some lemmas. For each Ni and d > 0, we
define the Roe algebra with coefficients in C.Y / y̋ A.X;H /Vi y̋ B as follows. Since
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Ni � G, we can assume that Pd .Ni / � Pd .G/ has the restricted spherical metric of
Pd .G/. Let Zi

d
D Zi \ Pd .Ni /. By the definition of Zd , the set Z1

d
is non-empty for

all i . The algebraic Roe algebra, denoted by

C �alg

�
Pd .Ni /; C.Y / y̋ A.X;H /Vi y̋ B

�Ni
;

is defined to be the set of all matrices .Ty;z/y;z2Zi
d

which represent bounded, finite prop-
agation, locally compact, and Ni -invariant operators on the Hilbert module

`2.Zid / y̋ A.X;H /Vi y̋ B y̋ KG ;

where KG is the algebra of all the compact operators on `2.G/ y̋ H endowed with the
tensor product unitary representation of Ni . Define the Roe algebra

C �
�
Pd .Ni /; C.Y / y̋ A.X;H /Vi

�Ni
to be the norm closure of the algebraic Roe algebra

C �alg

�
Pd .Ni /; C.Y / y̋ A.X;H /Vi y̋ B

�Ni
on the Hilbert module `2.Zi

d
/ y̋ A.X;H /Vi y̋ B y̋ KG .

For each i , we can define an inclusion homomorphism

{i WC
�
�
Pd .Ni /;C.Y / y̋ A.X;H /Vi y̋ B

�Ni
!C �

�
Pd .G/;C.Y / y̋ A.X;H / y̋ B

�G
G�Vi

;

between the C �-algebras by

{i .T /x;y D

´
g�1.Tgx;gy/ if 9g 2 G such that gx; gy 2 Pd .Ni /;

0 otherwise:

Similarly, we can define the inclusion map on the localized version,

{L;i W C
�
L

�
Pd .Ni /; C.Y / y̋A.X;H /Vi y̋ B

�Ni
!C �L

�
Pd .G/;C.Y / y̋A.X;H / y̋ B

�G
G�Vi

:

The following result is crucial to reducing twisted Roe algebras and twisted localiza-
tion algebras of G to twisted Roe algebras and twisted localization algebras associated
with its subgroups Ni .

Lemma 5.5. For each Vi , the maps

.{i /� W K�
�
C �
�
Pd .Ni /; C.Y / y̋ A.X;H /Vi y̋ B

�Ni �
! K�

�
C �
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
G�Vi

�
and

.{L;i /� W lim
d!1

K�
�
C �L
�
Pd .Ni /; C.Y / y̋ A.X;H /Vi y̋ B

�Ni �
! lim

d!1
K�
�
C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
G�Vi

�
induced by inclusion are isomorphisms.
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Proof. For any T 2 C �.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GG�Vi , the support of T is con-
tained in the subset Zd � Zd � .

S
g2G gVi /. Since supp.Ty;z/ � J.y/ � Vi , T can be

expressed as a product
T D

Y
g2G=Ni

T g ;

where T g is aZd �Zd -matrix with all entries supported in g �Vi and the map J WZd!G

is the map defined in Section 4. Since every element

T 2 C �alg

�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
G�Vi

is G-invariant, the matrix T is determined by T e .
For each g 2G, defineAg;�alg to be the algebra of all bounded, locally compact operators

T D .Ty;z/y;z2Zd on the Hilbert module `2.Zd / y̋ C.Y / y̋ A.X;H /g �Vi y̋ B y̋ HG ,
satisfying

(1) supp.Ty;z/ � g � Vi for all y; z 2 Pd .G/;

(2) there exists some C > 0, such that Ty;z ¤ 0 implies that
d.y; Pd .Ni //, d.z; Pd .Ni // � C ;

(3) T is gNig�1-invariant.

Taking closure under the operator norm over the Hilbert module

`2.Zd / y̋ C.Y / y̋ A.X;H /g �Vi y̋ B y̋ HG

gives rise to a C �-algebra, denoted by Ag;�.
Similarly, we can define a localized version of the above algebra, denoted byAg;�L . Let

us define

AG;� D

²
.T g/ 2

Y
g2G=Ni

Ag;� W T g D g � T e; 8g 2 G

³
;

A
G;�
L D

²
.T g/ 2

Y
g2G=Ni

A
g;�
L W T g D g � T e; 8g 2 G

³
:

It is not difficult to check that

AG;� Š C �
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
G�Vi

;

A
G;�
L Š C �L

�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
G�Vi

:

According to the definition of the twisted Roe algebras and coarse embeddability of the
group G=Ni , for any T 2 Ae;�, there is a constant M such that Tx;y ¤ 0 implies that

x; y 2 Pd
�
BG.J.x/ �Ni ;M/

�
;

where Pd .BG.J.x/ �Ni ;M// is the subcomplex of Pd .G/ with vertices in the M -neigh-
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borhood of J.x/ �Ni in G. Therefore, we have

Ae;� D lim
M!1

A
e;�
M and A

e;�
L D lim

M!1
A
e;�
L;M ;

where for eachM > 0, Ae;�M is the C �-subalgebra of Ae;� generated by all matrices .T ex;y/
with supp.T ex;y/ � Vi and d.x;Ni /; d.y;Ni / �M .

For the Roe algebra case, there is a �-isomorphism

A
e;�
M Š C

�
�
Pd
�
BG.Ni ;M/

�
; C.Y / y̋ A.X;H /Vi y̋ B

�Ni
for any fixed M > 0 by Proposition 2.4, because Pd .BG.Ni ; M// is Ni -equivariantly
coarsely equivalent to Pd .Ni /.

For the localization algebra case, it suffices to show that for d > 0 large enough, the
C �-algebraAe;�L;M has the sameK-theory asC �L.Pd.BG.Ni ;M//; C.Y / y̋A.X;H/ y̋ B/Ni

for any fixedM . By Proposition 2.11, it suffices to show that Pd .BG.Ni ;M// is strongly
Ni -homotopy equivalent to Pd .Ni / when d is large enough.

When d is large enough, we can define a strong Lipschitz homotopy equivalence
between the subcomplexes Pd .BG.Ni ; M// and Pd .Ni / as follows. For any element
g 2G with d.g;Ni /�M , there exists an element s 2G with jsj �M such that gs�1 2Ni ,
and the number of elements in the M -ball of the group G is finite. Let BG.Ni ; M/ DFn0
kD1

Nisk , where jskj � M , and ¹s1; s2; : : : ; sn0º is a subset of representatives for the
right cosets G=Ni . We can define a map � W BG.Ni ; M 0/ ! Ni by �.g/ D g0, where
g D g0s is the unique product with g0 2 Ni , and s 2 ¹s1; s2; : : : ; sn0º. Uniqueness of the
product is guaranteed by the fact that ¹s1; s2; : : : ; sn0º is a subset of the representatives for
the right cosets ofG=Ni . It is easy to check that the map � is well defined andNi -invariant.

We can define a strong Lipschitz homotopy equivalence

H.�; t / W Pd
�
BG.Ni ;M/

�
! Pd .Ni /

by

H

�X
i

cigi ; t

�
D

X
i

�
tcigi C .1 � t /ci�.gi /

�
;

where t 2 Œ0; 1� and
P
i cigi 2 Pd .BG.Ni ; M//. By Proposition 2.11, the localization

algebra version is done.

Lemma 5.6. For all i , and all d > 0, one has the commutative diagram

K�
�
C �L
�
Pd .Ni /; C.Y / y̋ A.X;H /Vi y̋ B

�Ni �
.{L;i /�

��

ev� // K�
�
C �
�
Pd .Ni /; C.Y / y̋ A.X;H /Vi y̋ B

�Ni �
.{i /�

��

K�
�
C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
G�Vi

� ev� // K�
�
C �
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
G�Vi

�
:

We need the following result due to Tu (see [23]).
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Theorem 5.7. Let Y Ì � be an a-T-menable transformation groupoid. Then, for any
�-C �-algebra A, the Baum–Connes conjecture with coefficients in C.Y / y̋ A holds for �;
i.e., the map

ev� W lim
d!1

K�
�
C �L
�
Pd .�/; �; C.Y / y̋ A

��
! lim

d!1
K�
�
C �
�
Pd .�/; �; C.Y / y̋ A

��
on K-theory induced by the evaluation-at-zero map is isomorphic.

In [23], Tu constructed a continuous field ofC �-algebras which admits a proper Y Ì�-
action by the a-T-menability of the groupoid X Ì � . The continuous field defined by Tu
of C �-algebras is essentially the same as the one that we described in Section 3. Then,
the Baum–Connes conjecture for the groupoid X Ì � is reduced from the Baum–Connes
conjecture forX Ì� with coefficients in the continuous field ofC �-algebras by the Dirac-
dual-Dirac method. In fact, the Baum–Connes conjecture with coefficients in C.X/ is
actually the Baum–Connes conjecture for the groupoid X Ì � .

Remark 5.8. The twisted Roe algebra C �.Pd .Ni /; C.Y / y̋ A.X;H /Vi /
Ni is exactly

the Roe algebra for Pd .Ni / with coefficients in C.Y / y̋ A.X;H /Vi by the definition of
twisted Roe algebras. Similarly, the twisted localization algebra

C �L
�
Pd .Ni /; C.Y / y̋ A.X;H /Vi

�Ni
is the localization algebra for Pd .Ni / with coefficients in C.Y / y̋ A.X;H /Vi .

Combining Lemma 5.5 with Theorem 5.7, we have the following result.

Proposition 5.9. The homomorphism

ev� W lim
d!1

K�
�
C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
G�Vi

�
! lim

d!1
K�
�
C �
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
G�Vi

�
induced by evaluation-at-zero is an isomorphism.

Lemma 5.10. LetO andO 0 be open subsets of RC�H . IfO�O 0, then the C �-subalge-
bras C �.Pd .G/; C.Y / y̋A.X;H / y̋ B/GO and C �L.Pd .G/; C.Y / y̋A.X;H / y̋ B/GO are,
respectively, closed, two-sided ideals ofC �-algebrasC�.Pd.G/; C.Y / y̋A.X;H / y̋B/GO 0

and C �L.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GO 0 .

In the definition of Vi , the choice of Vi depends on the constant R, so we denote it as
Vi .R/ in the rest of this section. Fixing any R0, for every R < R0, let VR;i D Vi .R0/ \
OR.e/, where ¹Vi .R0/ºNiD1 is a finite open cover ofOR.e/ obtained from the compactness
ofOR0C1.e/. We obtain the following decomposition for the twisted localization algebras
and the twisted Roe algebras.
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Lemma 5.11. For every fixed R0 > 0, let OR;i0 D
Si0
iD1G � Vi .R/. Then

C �.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GOR;i0C1

D C �.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GOR;i0

C C �.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GG�Vi0C1.R/
;

C �L.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GOR;i0C1

D C �L.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GOR;i0

C C �L.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GG�Vi0C1.R/
;

C �.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GOR;i0\G�Vi0C1

D C �.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GOR;i0

\ C �.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GG�Vi0C1
;

C �L.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GOR;i0\G�Vi0C1.R/

D C �L.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GOR;i0

\ C �L.Pd .G/; C.Y / y̋ A.X;H / y̋ B/GG�Vi0C1.R/
;

for all R � R0.

The proof of Lemma 5.11 is similar to that of [28, Lemma 6.3] and is therefore
omitted.

Note that, for any 1 � i < i 0 � N , the intersection OR.i/ \ OR.i 0/ is of the same
form as V 0 �N 0 G for some open subset V 0 � W and some subgroup N 0 � G containing
N with finite index. So by the Mayer–Vietoris sequence and the five lemma, we have the
following result.

Proposition 5.12. Let 1 ! N ! G ! G=N ! 1 be an extension of countable dis-
crete groups. Assume that N and G=N are coarsely embeddable into Hilbert spaces.
The evaluation-at-zero map

ev� W lim
d!1

K�
�
C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
OR

�
! lim

d!1
K�
�
C �
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
OR

�
is isomorphic for each R.

By taking the direct limit over R, we have the twisted Baum–Connes conjecture with
coefficients in C.Y / y̋ A.X;H / y̋ B .

Proof of Theorem 5.1. Since we have

C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
D lim
R!1

C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
OR
;

C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
D lim
R!1

C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
OR
;
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it suffices to show that the map

ev� W lim
d!1

K�.Dd;L;R0/! lim
d!1

K�.Dd;R0/

is an isomorphism, where we set

Dd;L;R0 D lim
R<R0;R!R0

C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
OR
;

Dd;R0 D lim
R<R0;R!R0

C �
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
OR

for brevity. By Lemma 5.11 and OR D
S
i G � Vi .R/, the proof is completed using the

Mayer–Vietoris sequence and the five lemma.

6. Proof of the main theorem

In this section, we will prove the main result of this paper. We are going to define a
geometric analogue of the infinite-dimensional Bott map introduced by Higson, Kasparov,
and Trout in [13] and then prove the Novikov conjecture from the twisted Baum–Connes
conjecture.

Let X be the compact space and .Hx/x2X the continuous field of the Hilbert spaces
defined in Section 4. Every element in C.X/ y̋ � can be viewed as a continuous �-valued
map. The action of G on C.X/ y̋ � is given by g � .fx/x2X D .f 0x/x2X , where f 0x D
fxg�1 .

In Section 3, we obtain the fiber-wise defined Bott map ˇt W C.X/ y̋ �!A.X;H / by

ˇt
�
.fx/x2X

�
D
�
ˇt .fx/

�
x2X

;

where fx 2 � , for any x 2 X . It induces an isomorphism on the K-theory level.
Each element T 2 C �.Pd .G/;G; C.Y / y̋ C.X/ y̋ B/ y̋ � can be expressed as

T D .Ty;z/y;z2Zd y̋ f;

where f 2 � , Ty;z 2 C.Y / y̋ C.X/ y̋ B y̋ KG , for all y; z 2 Zd .
We define the Bott map between the algebraic Roe algebras and algebraic twisted

localization algebras,

ˇ W C �alg

�
Pd .G/;G;C.Y / y̋ C.X/ y̋ B

�
y̋ � ! C �alg

�
Pd .G/;C.Y / y̋ A.X;H / y̋ B

�G
;

by
ˇt .T /.y; z/ D Ty;z y̋ sy;z ;

where sy;z 2 A.X;H / is a section with sy;z.x/ D ˇt .b.x; J.y///.f /, and

ˇt
�
b
�
x; J.y/

��
W A

�®
b
�
x; J.y/

�¯�
! A.Hx/

is the Bott map induced by the inclusion ¹b.x; J.y//º ! Hx , for t 2 Œ0;1/.
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We are going to show that the Bott map ˇt is well defined. It suffices to show that, for
each T y̋ f D .Ty;z/y;z2Zr y̋ f 2 C

�
alg.Pd .G/;G;C.Y / y̋ C.X/ y̋ B/˝ � , ˇt .T y̋ f /

is G-invariant in the sense that g.ˇt .T y̋ f /g�1y;g�1z/ D ˇt .T y̋ f /y;z for all g 2 G,
y; z 2 Zd .

Let sg W X ! H D
F
x2X Hx be the continuous section defined by sg.x/ D b.x; g/,

for all g 2 G. By Lemma 3.7, we have that ˇ.g � s/ D g � ˇ.s/ for all s 2 A.X;H /. For
each g 2 G, y; z 2 Zd , it follows from the definition of T y̋ f that

g.Tg�1y;g�1z/ D Ty;z :

So we need to show that

g �
�
ˇt .T y̋ f /g�1y;g�1z

�
D ˇt .T y̋ f /y;z :

On the one hand,
ˇt .T y̋ f /y;z D Ty;z y̋ ˇt .sJ.z//.f /:

On the other hand,

g � Tg�1y;g�1z y̋ g �
�
ˇt .sJ.g�1y//.f /

�
D Ty;z y̋ g �

�
ˇt .sJ.g�1y//.f /

�
:

It suffices to show that g � .ˇt .sJ.g�1y//.f //D ˇ.sJ.y//.f /. For each x 2X , we have

ˇ.sJ.y//.f /.x/ D ˇ
�
b
�
x; J.y/

��
.f / 2 A.Hx/:

For the section sJ.y/, we have

.g � sJ.g�1y//.x/ D g
�
sJ.g�1y/.xg/

�
D g

�
b
�
xg; g�1J.y/

��
D b

�
x; J.y/

�
D sJ.y/.x/;

for all x 2 X . Therefore, g � sJ.g�1y/ D sJ.y/, for all y 2 Zd , and hence it follows that

g
�
ˇ.sJ.g�1y//.f /

�
D ˇtsJ.y/.f /:

Therefore,
g
�
ˇt .T y̋ f /g�1y;g�1z

�
D ˇt .T y̋ f /y;z :

As a consequence, the map

ˇt W C
�
alg

�
Pd .G/;G; C.Y / y̋ C.X/

�
y̋ � ! C �alg

�
Pd .G/; C.Y / y̋ A.X;H /

�G
for all t 2 Œ1;1/ is well defined.
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Proposition 6.1. The family of maps

ˇt W C
�
alg

�
Pd .G/;G;C.Y / y̋ C.X/ y̋ B

�
y̋ � ! C �alg

�
Pd .G/;C.Y / y̋ A.X;H / y̋ B

�G
for t 2 Œ1;1/ extends to an asymptotic morphism

ˇ W C �
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
y̋ � ! C �

�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
:

Proof. Let

E D

² X
z2Zd

az Œz� W az 2 C.Y / y̋ A.X;H / y̋ B y̋ KG ;
X
z2Zd

a�zaz converges in norm
³
:

For every g 2 � , define a bounded module homomorphism Ng W E ! E given by

Ng

� X
z2Zd

az Œz�

�
D

X
z2Zd

�
ˇ
�
s
�
J.z/

��
.g/ y̋ 1

�
az Œz�

for all
P
z2Zd

az Œz�. It is easy to check that

ˇt .T y̋ g/ D Ngt .T y̋ 1/

for all g 2 � and T 2 C �alg.Pd .G/; G; C.Y / y̋ C.X/ y̋ B/, where T y̋ 1 is a bounded
module homomorphism from E to E by

.T y̋ 1/

� X
z2Zd

az Œz�

�
D

X
y2Zd

�X
z

.Ty;z y̋ 1/az

�
Œy�:

By the definition of Roe algebras, the map ˇt extends to a linear map

C �
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
y̋ alg � ! C �

�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
;

satisfying 

ˇt .T y̋ g/

 � kgkkT k
for all g 2 � , and T 2 C �alg.Pd .G/;G; C.Y / y̋ C.X/ y̋ B/. By the definition of

C �
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
and the properness of theG=N -action on the C �-algebra C.Y / y̋ A.X;H / y̋ B , one can
verify that ˇt is an asymptotic morphism from C �.Pd .G/;G;C.Y / y̋ C.X/ y̋ B/ y̋ alg �

to C �.Pd .G/; C.Y / y̋ A.X;H / y̋ B/G . Hence, ˇt extends to a homomorphism

C �
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
y̋max � ! C �

�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
:

As a consequence of the nuclearity of � , ˇt extends to a homomorphism

C �
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
y̋ � ! C �

�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
:
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We define the Bott map on K-theory,

ˇ� W K�
�
C �
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
y̋ �

�
! K�

�
C �
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G�
;

as that induced by the asymptotic morphism

ˇt W C
�
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
y̋ � ! C �

�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G
for t 2 Œ1;1/.

Similarly, we can define the localized version of the asymptotic morphism

ˇL;t W C
�
L

�
Pd .G/;G;C.Y / y̋ C.X/ y̋ B

�
y̋ �! C �L

�
Pd .G/;C.Y / y̋ A.X;H / y̋ B

�G
:

for t 2 Œ1;1/. Since this is an asymptotic morphism, it induces the Bott map onK-theory

ˇL;� W K�
�
C �L
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
y̋ �

�
! K�

�
C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G�
:

Note that, for every d > 0, the diagram

K�
�
C �L
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
y̋ �

�
ˇL;�

��

ev� // K�
�
C �
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
y̋ �

�
ˇ�

��

K�
�
C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G� ev� // K�
�
C �
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G�
is commutative.

Let C �L.Pd .G/; C.Y / y̋ A.X;H / y̋ B/G be the twisted localization algebra. Let
C1 � C2 � Pd .G/ be G-invariant closed subsets such that Ci D Ci \Zd for i D 1; 2.
Assume that the inclusion map i W C1 ! C2 is a strong Lipschitz homotopy equivalence.
Let C �L.Ci ;C.Y / y̋ A.X;H / y̋ B/G be the C �-subalgebra consisting of all the operators
T 2C �L.Pd .G/;C.Y / y̋ A.X;H / y̋ B/G with support inCi �Ci �W �Zd �Zd �W ,
for i D 1; 2.

Then, the map i W C1 ,! C2 induces a map on the twisted Roe algebras

i� W C
�
�
C1; C.Y / y̋ A.X;H / y̋ B

�G
! C �

�
C2; C.Y / y̋ A.X;H / y̋ B

�G
by

i.T /y;z D

´
Ty;z if y; z 2 C1;

0 otherwise;

for all T D .Ty;z/y;z2C1 2 C
�.C1; C.Y / y̋ A.X;H / y̋ B/G . This map is well defined

because the inclusion map i W C1 ,! C2 is isometric. Similarly, one can define a homo-
morphism between the localization algebras

iL W C
�
L

�
C1; C.Y / y̋ A.X;H / y̋ B

�G
! C �L

�
C2; C.Y / y̋ A.X;H / y̋ B

�G
:
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The following result is a twisted analogue of the result that the K-theory of twisted local-
ization algebras is invariant under strong Lipschitz homotopy equivalence. The proof is
similar to that of Proposition 2.11.

Lemma 6.2. Assume that the inclusion map i W C1 ,! C2 is a strong Lipschitz homotopy
equivalence. The map

.iL/� WK�
�
C �L
�
C1;C.Y / y̋ A.X;H / y̋ B

�G�
!K�

�
C �L
�
C2;C.Y / y̋ A.X;H / y̋ B

�G�
induced by iL on K-theory is an isomorphism.

Similarly, we have a twisted version of the Mayer–Vietoris sequence for twisted local-
ization algebras, as in Proposition 2.13. The proof will be similar, so it is omitted.

Lemma 6.3. Let � be a simplicial complex endowed with the spherical metric, and let
G be a countable discrete group. Assume that G acts on � properly by isometries. Let
C1; C2 � � be G-invariant simplicial subcomplexes endowed with the subspace metric.
Then, one has the following six-term exact sequence:

K0.LC1\C2/ K0.LC1/˚K0.LC2/ K0.LC1[C2/

K1.LC1\C2/ K1.LC1/˚K1.LC2/ K1.LC1[C2/;

where we set

LC1 D C
�
L

�
X1; C.Y / y̋ A.X;H / y̋ B

�G
;

LC2 D C
�
L

�
X1; C.Y / y̋ A.X;H / y̋ B

�G
;

LC1\C2 D C
�
L

�
X1 \X1; C.Y / y̋ A.X;H / y̋ B

�G
;

LC1[C2 D C
�
L

�
X1 [ C2; C.Y / y̋ A.X;H / y̋ B

�G
for short.

Proposition 6.4. For each d > 0, the map

ˇL;� W K�
�
C �L
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
y̋ �

�
! K�

�
C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G�
is an isomorphism.

Proof. By induction on the dimension of the space Pd .G/, the theorem is a consequence
of the fact that the K-theory of localization algebras is invariant under the strong Lips-
chitz homotopy equivalence (see Lemma 6.2), Theorem 3.8, the twisted Mayer–Vietoris
sequence (see Lemma 6.3), and the five lemma.
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Let us recall the following commutative diagram which is obvious from the definition
of twisted localization algebras and twisted Roe algebras:

K�
�
C �L
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
y̋ �

�
ˇL;�

��

ev� // K�
�
C �
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
y̋ �

�
ˇ�

��

K�
�
C �L
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G� ev� // K�
�
C �
�
Pd .G/; C.Y / y̋ A.X;H / y̋ B

�G�
:

In the above diagram, the vertical map ˇL;� and the bottom horizontal map are iso-
morphisms. As a result, we have that the Novikov conjecture holds forG with coefficients
in C.Y / y̋ C.X/ y̋ B .

Lemma 6.5. The map

ev� W lim
d!1

K�
�
C �L
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

��
! lim

d!1
K�
�
C �
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

��
induced by the evaluation-at-zero map on K-theory is injective.

In the rest of this section, we will reduce the Novikov conjecture to Lemma 6.5. By
identifying the C �-algebra C.Y / y̋ C.X/ with C.Y �X/, one can define a map c W C!
C.Y / y̋ C.X/ mapping each constant s 2 C to the constant function with value s on
Y � X . By tensoring with the identity map on compact operators, we can define a map
c y̋ 1 W KG ! C.Y / y̋ C.X/ y̋ KG .

Note that Y � X admits a G-action and it is G0-contractible for any finite subgroup
G0 � G. The map c ˝ 1 induces a homomorphism between the Roe algebras

zc W C �
�
Pd .G/;G;B

�
! C �

�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
given by

zc.T /.x; y/ D c y̋ 1.Tx;y/;

for x; y 2 Zd , T D .Tx;y/x;y2Zd .
Similarly, one can define a localized version of the homomorphism

zcL W C
�
L

�
Pd .G/;G;B

�
! C �L

�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

�
;

by
zcL.g/.t/ D zc

�
g.t/

�
;

where g 2 C �L.Pd .G/;G;B/.

Lemma 6.6. Let G0 � G be a finite subgroup and B any G-C �-algebra. If V � Pd .G/
is a G0-invariant and G0-contractible subcomplex such that G � V is homeomorphic to
the space V �G0 G, then

K�
�
C �L.V �G0 G;G;B/

�
Š K�

�
C �L.V;G0; B/

�
:
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Proof. Define a homomorphism

{ W C �L.V;G0; B/! C �L.V1 �G0 G;G;B/

by

{
�
b.t/

�
x;y
D

´
g�1

�
b.t/

�
gx;gy

if 9g 2 G such that gx; gy 2 V;

0 otherwise;

for all b.t/ 2 C �L.V; G0; B/. Any element in K1.C �L.V �G0 G; G; B// can be repre-
sented by an invertible element a C I , for some a 2 C �L.V �G0 G; G; B/. Since the
propagation of a.t/ approaches 0 as t !1, we can find a large constant T0 such that
supp.a.t// �

F
g2G=G0

gV � gV for all t � T0. By uniform continuity of the path a.t/,
as.t/ D a.t C sT0/ (s 2 Œ0; 1�) is a homotopy between a.t/ and a.t C T0/. Thus, any
element in K1.C �L.V �G0 G;G;B// can be represented by an invertible element b C I 2
.C �L.V �G0 G;G;B//

C with supp.b.t//�
F
g2G=G0

gV1 � gV1. Since b.t/ isG-invariant
for all t 2 Œ0;1/, we can find an element b0 2 C �L.V; G0; B/ such that {�.Œb0 C I �/ D
Œb C I �. Consequently, the map { is onto, and we can similarly prove that it is injective.
Therefore, we have

K1
�
C �L.V �G0 G;G;B/

�
Š K1

�
C �L.V;G0; B/

�
:

The K0 case can be dealt with by a suspension argument.

The following result was proved originally usingE-theory [8, Lemma 12.11]. We now
give an alternative proof using localization algebras.

Proposition 6.7. The map

.zcL/� W lim
d!1

K�
�
C �L
�
Pd .G/;G;B

��
! lim

d!1
K�
�
C �L
�
Pd .G/;G; C.Y / y̋ C.X/ y̋ B

��
on K-theory induced by zcL is an isomorphism.

Proof. When d is large enough, there exist finitely many precompact open subsets Vi and
finite subgroups Gi � G, i D 1; : : : ; k, such that Pd .G/D

Sk
iD1 Vi �Gi G and each Vi is

Gi -contractible by a strong Lipschitz Gi -homotopy equivalence. The existence of subsets
Vi and finite subgroups Gi is guaranteed by properness of the G-action on Pd .G/. By the
Mayer–Vietoris sequence, it suffices to show that the map

.zcL/� W K�
�
C �L.Vi �Gi G;G;B/

�
! K�

�
C �L
�
Vi �Gi G;G;C.Y �X/ y̋ B

��
is an isomorphism for each i . Without loss of generality, it suffices to show this for i D 1.

By Lemma 6.6, we have

K�
�
C �L.V1 �G1 G;G;B/

�
Š K1 �

�
C �L.V1; G1; B/

�
;

K�
�
C �L
�
V1 �G1 G;G;C.Y �X/ y̋ B

��
Š K�

�
C �L
�
V1; G1; C.Y �X/ y̋ B

��
:
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It suffices to show that

K�
�
C �L.V1; G1; B/

�
Š K�

�
C �L
�
V1; G1; C.Y �X/ y̋ B

��
:

By the G1-contractibility of V1, we have

K�
�
C �L.V1; G1; B/

�
Š K�

�
C �L.pt; G1; B/

�
;

K�
�
C �L
�
V1; G1; C.Y �X/ y̋ B

��
Š K�

�
C �L
�
pt;G1; C.Y �X/ y̋ B

��
:

It suffices to show that K�.C �L.pt; G1; B// Š K�.C
�
L.pt; G1; C.Y � X/ y̋ B//. Let c W

C ! C.Y � X/ be the �-homomorphism given by mapping each constant s 2 C to the
constant function with value s on Y �X . Let c0 WC.Y �X/!C be the �-homomorphism
obtained by evaluation at the point .y0; x0/, where the space Y � X contracts to a point
.y0;x0/2Y �X via someG1-equivariant homotopy equivalence. So, we have the �-homo-
morphisms on the reduced crossed product

c W B Ìr G1 !
�
C.Y �X/ y̋ B

�
Ìr G1;

c0 W
�
C.Y �X/ y̋ B

�
Ìr G1 ! B Ìr G1:

Note that, on the K-theory level, the compositions c� ı c0� and c0� ı c� are identity maps.
By the Green–Julg theorem (see [8]),

ev� W K�
�
C �L.pt; G1; B/

�
! K�

�
C �.pt; G1; B/

�
;

ev� W K�
�
C �L
�
pt;G1; C.Y �X/ y̋ B

��
! K�

�
C �
�
pt;G1; C.Y �X/ y̋ B

��
are isomorphisms on K-theory, where ev� is the homomorphism induced by the evalua-
tion-at-zero map, since we have

C �.pt; G1; B/ Š .B Ìr G1/˝K;

C �.pt; G1; C.Y �X/ y̋ B/ Š
��
C.Y �X/ y̋ B

�
Ìr G1

�
˝K:

In addition, the map

.zcL/� W K�
�
C �L.pt; G1; B/

�
! K�

�
C �L
�
pt;G1; C.Y �X/ y̋ B

��
is an isomorphism. As a result,

.zcL/� W K�
�
C �L.Vi �Gi G;G;B/

�
! K�

�
C �L
�
Vi ; G; C.Y �X/ y̋ B

��
is an isomorphism for each i . The proof is completed using the Mayer–Vietoris sequence
(see Proposition 2.13) and the five lemma.

According to Proposition 2.15, the following result implies Theorem 1.1.

Theorem 6.8. The map

ev� W lim
d!1

K�
�
C �L
�
Pd .G/;G;B

��
! lim

d!1
K�
�
C �
�
Pd .G/;G;B

��
induced by the evaluation-at-zero map on K-theory is injective.
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Proof. We have the following commutative diagram:

limd!1K�
�
C �L
�
Pd .G/;G;B

��
.zcL/�

��

ev� // limd!1K�
�
C �
�
Pd .G/;G;B

��
zc�

��

limd!1K�
�
C �L
�
Pd .G/;G; C.Y �X/ y̋ B

�� ev� // limd!1K�
�
C �
�
Pd .G/;G; C.Y �X/ y̋ B

��
:

Since the map .zcL/� is an isomorphism and the lower horizontal map is injective, the
upper horizontal map is injective.
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