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The Novikov conjecture and extensions of coarsely
embeddable groups

Jintao Deng

Abstract. Let 1 - N —- G — G/N — 1 be a short exact sequence of countable discrete groups
and let B be any G-C *-algebra. In this paper, we show that the strong Novikov conjecture with
coefficients in B holds for such a group G when the normal subgroup N and the quotient group
G/N are coarsely embeddable into Hilbert spaces. As a result, the group G satisfies the Novikov
conjecture under the same hypothesis on N and G/N.

1. Introduction

The Novikov conjecture is an important problem in higher-dimensional topology. It asserts
that the higher signatures of a compact smooth manifold are invariant under orientation
preserving homotopy equivalences. In the past few decades, noncommutative geometry
has provided powerful techniques to study the Novikov conjecture. Using this approach,
the Novikov conjecture has been proved for an extensive class of groups (cf. [3,4,9, 12,
15-18,27-29]).

The Novikov conjecture is a consequence of the strong Novikov conjecture in the com-
putation of the K-theory of group C *-algebras. Given a countable discrete group G, there
is a universal proper G-space &G which is unique up to equivariant homotopy equiva-
lence (see [2]). Let B be any C *-algebra equipped with a G-action by *-automorphisms.
The Baum—Connes assembly map for a countable discrete group G and a G-C *-algebra
B is a group homomorphism

wn:KKS(EG,B) — Ki(B %, G),

where KK (€G, B) is the equivariant K-homology with G-compact supports with coef-
ficients in B of the universal space &G for proper G-actions, and K.« (B x; G) is the
K-theory of the reduced crossed product B x; G (see [15]). In the special case when
B is the complex numbers C with trivial G-action, the Baum—Connes assembly map
M is a group homomorphism mapping each Dirac type operator to its higher index in
K« (CX(G)), where C.F(G) is the reduced group C *-algebra. The Baum—Connes conjec-
ture with coefficients in B claims that p is an isomorphism, while the strong Novikov
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conjecture with coefficients in B claims that w is injective. When B is the complex num-
bers C, this reduces to the usual Baum—Connes conjecture and strong Novikov conjecture,
respectively.

Let us recall the concept of coarse embedding which was introduced by Gromov in
[7]. Let X be a metric space and J¢ a Hilbert space. A map ¢ : X — J is called a coarse
embedding if there exist two non-decreasing functions p_, p+ : [0. + c0) — [0, +00),
with p_(t) < p4+(¢) forall ¢t > 0, and lim;_, 4 o, p—(t) = +00, such that

p—(d(x. ) < |e(x) — ()| < p+(d(x,y)) forallx,y e X.

Yu [28] and Skandalis—Tu—Yu [22] proved the Novikov conjecture for any group which
admits a coarse embedding into Hilbert space. In [17], Kasparov and Yu strengthened this
result, showing that the Novikov conjecture holds for groups which are coarsely embed-
dable into Banach spaces with property (H).

In [19], Oyono-Oyono established a group extension result for the Baum—Connes
conjecture. Let N and G be countable discrete groups and N a normal subgroup of G.
Oyono-Oyono showed that if the quotient group G/ N and all subgroups of G containing
N with finite index satisfy the Baum—Connes conjecture, then G satisfies the Baum—
Connes conjecture. With this extension result, one can show that the Baum—Connes con-
jecture holds for a large class of groups. For instance, based on Higson and Kasparov’s
result on the Baum—Connes conjecture for a-T-menable groups [12], the result of Oyono-
Oyono implies that the Baum—Connes conjecture holds for all extensions of a-T-menable
groups.

To obtain an extension result for the Novikov conjecture, one might attempt to show
that coarse embeddability into Hilbert space is closed under taking group extensions and
apply Yu’s result [28]. However, in [1], Arzhantseva and Tessera constructed a finitely
generated group G which is not coarsely embeddable into Hilbert space but has a normal
subgroup N such that N and G/N are coarsely embeddable into Hilbert spaces. Note
that every subgroup of G containing N with finite index is also coarsely embeddable
into Hilbert space. To obtain an analogue of the extension result of the Baum—Connes
conjecture [19], other techniques are needed to show that the group obtained from the
extension of coarsely embeddable groups satisfies the Novikov conjecture.

Our main results are the following.

Theorem 1.1. Let 1| - N — G — G/N — 1 be a short exact sequence of countable
discrete groups and B a G-C*-algebra. If N and G/N are coarsely embeddable into
Hilbert spaces, then the strong Novikov conjecture holds for G with coefficients in the
G-C*-algebra B; that is, the Baum—Connes assembly map

w:KKCG(EG,B) — Ki«(B x; G)

is injective, where &G is the universal space for proper G-action and B %, G is the
reduced crossed product C*-algebra.
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Let G be a countable discrete group with a coarsely embeddable normal subgroup
N < G. Assume that the quotient group G/N is also coarsely embeddable into Hilbert
space. It follows from Theorem 1.1 that the rational strong Novikov conjecture holds
for G; that is, the Baum—Connes assembly map

w:KKS(EG)®Q — Ki(CF*G)®Q

is injective. We remark that the rational strong Novikov conjecture implies the Novikov
conjecture on the homotopy invariance of higher signatures and the Gromov-Lawson—
Rosenberg conjecture regarding the existence of positive scalar curvature on closed
aspherical manifolds.

This paper is organized as follows. In Section 2, we introduce Roe algebras, the local
index map, and its relation to the Baum—Connes map. In Section 3, we recall the C*-
algebra associated with an infinite-dimensional Euclidean space and the generalization to
the field case. In Section 4, we define an a-T-menable groupoid associated to a coarsely
embeddable group and then define certain twisted Roe algebras and twisted localization
algebras. In Section 5, we prove that the evaluation-at-zero map induces an isomorphism
from the K-theory of twisted localization algebras to the K-theory of twisted Roe algebras
for groups which are extensions of coarsely embeddable groups. In Section 6, we construct
a geometric analogue of Higson—Kasparov—Trout’s Bott map from the K-theory of local-
ization algebras to the K-theory of twisted localization algebras. This geometric analogue
of the Bott map is then used to reduce the Novikov conjecture to the twisted Baum—Connes
conjecture for groups which are extensions of coarsely embeddable groups.

2. The Baum-Connes map and localization

In this section, we will first recall the definition of Roe algebras and the Baum—Connes
assembly map. We then move on to define the local index map and show the connection
between the local index map and the Baum—Connes assembly map.

2.1. Roe algebras

Let G be a countable discrete group and A a locally compact metric space with a proper
cocompact G-action. The action is proper if the map

AXG—>AXA, (x,2)— (x,gx)

is a proper map. A G-action is said to be cocompact if there exists a compact subset
Ao C Asuchthat G - Ag = A. Let Cy(A) be the C *-algebra of all continuous functions
on A, which vanish at infinity. Let B be any G-C *-algebra.

Definition 2.1 ([24]). Let H be a Hilbert module over B and let & : Co(A) — B(H) be
a x-homomorphism from Cy(A) to B(H), where B(H) is the algebra of all adjointable
operators on H.Let T € B(H) be an adjointable operator on H .
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(1) The support of 7', denoted by supp(7’), is defined to be the complement (in A x A)
of all pairs (x, y) € A x A for which there exist f, g € Co(A) with f(x) # 0 and

g(y) #Osuchthat n(f)Tn(g) =0.
(2) The propagation of T is defined to be

propagation(7T") = sup {d(x, y):i(x,y) € supp(T)}.

If propagation(7T') < oo, the operator T is said to have finite propagation.

(3) The operator T is said to be locally compact if 7w (/)T and Tw(f) are in K(H)
for all f € Co(A), where K(H) is defined to be the operator norm closure of all
finite-rank operators on the Hilbert module H .

Let H be a countably generated Hilbert module over B and U : G — U(H) a unitary
representation of G. A x-homomorphism 7 : Co(A) — B(H) is said to be covariant if
n(yf) = Uyn(f)Uy-1, forall y € G, f € Co(A). The triple (Co(A), G, ) is called a
covariant system. An operator T € B(H) is said to be G-invariant if Uy T U1 = T, for
all y € G. Let us also recall the definition of an admissible covariant system; more details
can be found in [25].

Definition 2.2 ([25]). A covariant system (Co(A), G, ) is said to be admissible if

(1) H is isomorphic to Hy ® E ® B as G-Hilbert modules over B, where Ha and
E are Hilbert spaces;

(2) # = mp ® 1 for some G-equivariant x-homomorphism 7y : Co(A) — B(Hp),
such that 7 ( f) is not in K(Ha) for any non-zero function f € Co(A) and ¢ is
non-degenerate in the sense that {7o(Co(A)) Ha} is dense in Hy;

(3) for every finite subgroup F of G and every F-invariant Borel subset U of A, E is

isomorphic to ¢2(F) ® Hy as F-Hilbert spaces for some Hilbert space Hy with
a trivial F-action.

Let G be a countable discrete group and A a locally compact metric space with a
proper cocompact G-action and let B be a G-C*-algebra. There is always an admissi-
ble covariant system. Choose an infinite-dimensional separable Hilbert space Hy and a
countable dense G-invariant subset X C A, then define

H =/(*(X)® Hy ® {*(G) ® B.
The tensor product H is a Hilbert B-module with the B-valued inner product
(u®a,v®b) = (u,v)-a*b,

for all u,v € £2(X) ® Hy ® £>(G) and a, b € B. The space H is equipped with a right
B-action by
u®a)b =u® ab,
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for all u ® £2(X) ® Hy ® {*>(G) and a,b € B. In addition, the Hilbert B-module is
endowed with the diagonal action of G by

Ug 16: 30vQ6, Qa1+ 8,;: @V R8s, ® g -a,
where g,h € G,a € B, and z € X. Define an action of Cy(A) by pointwise multiplication
16, 3vQ@6®ar f(2)6; ®v R, Ra.

Following [25, Lemma 4.5.5], it is obvious that (Cy(A), G) is an admissible system.
Now, we are ready to define the Roe algebra, following Roe [21].

Definition 2.3. Let (Co(A), G, ) be an admissible covariant system. The algebraic Roe
algebra with coefficients in B, denoted by Ca"l‘g(A, G, B), is defined to be the algebra of all
the G-invariant, locally compact operators in B(H ') with finite propagation. The Roe alge-
bra with coefficients in B, denoted by C*(A, G, B), is the norm closure of Ca"l‘g(A, G, B)

under the operator norm on H.

Next, we will recall some basic properties of Roe algebras. Let Ay, A; be two locally
compact metric spaces with proper and isometric G-actions. A Borel map f : Ay — A,
is G-equivariant if f(gx) = gf(x),forallx € Ay, g € G.Themap f : Ay — A, is said
to be a coarse embedding if there exist non-decreasing functions p_, p4 : [0, 00) — [0, c0)
such that

(1) limy 400 (1) = +00,

(2) p-(d(x,y)) =d(f(x), f(¥)) = p+(d(x,y)), forall x, y € Ay,

Given an equivariant coarse embedding, we will define an isometry between admis-
sible Hilbert modules covering the map. Let (Co(A1), 71, G) and (Co(A3), 72, G) be
admissible systems on H; = Ha, ® E1 ® B and Hy, = Ha, @ E> @ B as in Defini-
tion 2.2. For any adjointable operator T : Hy — H,, the support, denoted by supp(7T),
is defined to be the complement (in A, x Ajp) of all the pairs (x, y) € Ay x Aq for
which there exist f € Co(Aq1) and g € Co(A,) with f(y) # 0 and g(x) # 0 such that
m2(g)Tmi(f) = 0.

A space A; is said to be G-equivariant coarsely equivalent to A,, if there exist G-
equivariant coarse embeddings f : A; — Ay and g: A, — Aq,suchthatd(fg(y),y) <c
forall y € A, and d(gf(x),x) < ¢ for all x € A, where c is a positive constant. Let us
recall the result that the K-theory of Roe algebras with coefficients in any G-C *-algebra
B is invariant under equivariant coarse equivalence. For completeness, we also present the
proof.

Proposition 2.4 ([25]). Let Ay and A, be metric spaces with proper G-actions. If Aq
is G-equivariant coarsely equivalent to A,, then K«(C*(A1, G, B)) is isomorphic to
K«(C*(A3, G, B)), for any G-C*-algebra B.

Proof. Since the G-action on A, is proper and isometric, by [24, Lemma A.2.8], one can
find a Borel cover {U; } with mutually disjoint elements, such that
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(1) Ui = K; xg; G, where G; < G is a finite subgroup and K; C A is G;-invariant
forall i,

(2) K; has a non-empty interior for all i,
(3) the diameter of K; is uniformly bounded for all i.

One obtains a cover { f ~1(U;)} of Ay. The representation of Co(A;) on Hy extends to a
representation of the algebra of all bounded Borel functions on A;. Thus, for each i, we
have yy, H> = yu, Ha, ®€*(G;)® Hy, ® B by Definition 2.2. Since K; has a non-empty
interior and is G;-invariant, we can define a G;-equivariant isometry V; : xs-1(g,) H1 —
Xk; H>. Hence, we obtain a G-equivariant isometry V; : y r-1 () H1 — xu; H2, which, in
return, gives us an isometry V = @, V; : H; — H,. It follows from condition (3) above
that the operator V' T'V* has finite propagation when T has finite propagation. Therefore,
the map
Ad(V): C*(A1,G, B) - C*(A3,G, B)

given by Ad(V)(T) = VT V* is well defined and induces a homomorphism on K-theory
Ad(V)« : K«(C*(A1, G, B)) = K«(C* (A2, G, B)).
Similarly, the equivariant coarse map from A, to A; gives rise to an inverse map. ]

Remark 2.5. It is easy to check that when f is the identity map, the isometry above
is a unitary; thus, there is an isomorphism between Roe algebras defined on different
admissible covariant systems. As a result, the definition of Roe algebras is independent of
the choice of the admissible covariant system.

The following result is essentially due to John Roe.

Proposition 2.6 ([17]). Let G be a countable discrete group and A a locally compact met-
ric space with a proper cocompact G-action. If (Co(A), G, ) is an admissible covariant
system, then the Roe algebra C*(A, G, B) is x-isomorphic to (B x; G) ® K, where K
is the algebra of all compact operators on some infinite-dimensional separable Hilbert
space.

2.2. The Baum-Connes assembly map

Let H be a G-Hilbert module over B. Let F be an operator in B(H ), and let 7 : Co(A) —
B(H) be a x-representation of Co(A), such that F is G-invariant and 7(f)F — Fr(f),
a(f)(FF*—1),and (F*F —1)n(f)arein K(H) forall f €Co(A). The triple (H, 7, G)
is called a K K-cycle.

The group K Kg (A, B) is an abelian group consisting of the homotopy equivalence
classes of KK-cycles. By [16, Proposition 5.5], any class in KK(? (A, B) can be repre-
sented by a KK-cycle (H, i, F') such that the covariant system (Cy(A), G, ) is admis-
sible, where H is G-Hilbert module over B and F is an operator in B(H ), such that F is
G-invariant and 7 (f)F — Frn(f), (f)(FF* — 1), and n(f)(F*F — 1) are in K(H)
forall f € Co(A).
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For any fixed ¢ > 0, let {U;};cr be a locally finite and G-equivariant open cover of
A such that diameter(U;) < ¢ for all i € I. An open cover is said to be G-equivariant
if g(U;) € {U;}ier, for all g € G, i € I. Let {¢;}ie; be a G-equivariant partition of
unity subordinate to the open cover {U;};ey. A partition of unity {¢; };es is said to be
G-equivariant if g - ¢; € {¢; }iey, forallg e G,i € I.

Define an operator on H by

F, = Zﬂ(\/@l’ﬂ(\/@’

where the sum converges in the strong operator topology.

Note that the propagation of Fy is smaller than ¢ and (H, &, F;) is equivalent to
(H, 7, F)in KK(?(A, B), for any ¢ > 0. By the definition of Fy, F is a multiplier of
C*(A, G, B), and it is invertible modulo C *(A, G, B). Let M(C*(A, G, B)) be the mul-
tiplier algebra of C*(A, G, B). Then, we have the boundary map in K-theory

a: KI(M(C*(A,G, B))/C*(A,G, B)) — KO(C*(A,G,B)).
We define the Baum—Connes assembly map for G
1 KK$ (A, B) — Ko(C*(A, G, B)) = Ko(B »; G)
by

w([(H. 7. P)]) = d([Fe]).

It is not difficult to check that the map p is well defined.
Similarly, we can define the Baum—Connes assembly map

1 KKZ(A,B) — K{(C*(A,G, B)) = Ki(B x, G).
This induces the Baum—Connes assembly map
w: KKS(EG,B) — Ki(B %, G),

where KK (€G, B) is defined to be the inductive limit of KKZ (A, B) over all G-
invariant and cocompact subspaces A of &G. Later, we will show that these invariant
and cocompact subspaces can be chosen to be finite-dimensional simplicial complexes,
since there exist simplicial models for the universal space £G.

By [2, Proposition 1.8], one can choose a model for the universal space &G for proper
G-action as follows.

Definition 2.7. For each d > 0, we define the Rips complex, denoted by P;(G), to be
the simplicial complex with vertex set G and such that a finite subset {y;}7_, C G spans
a simplex if and only if d(y;, yj) < d.

For each d > 0, the Rips complex P;(G) is endowed with a spherical metric as fol-
lows. For the simplex {d_;_, ¢;¥i : ¢; € [0,1], with >/ ¢; = 1} spanned by the finite
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subset {y;}7_, C G, it is identified with the part of the (n — 1)-sphere in the positive
orthant via the map

o (o (£ () (57)

The simplex spanned by {y;}7_, C G admits a metric induced by the pullback of the
standard Riemannian metric on the sphere. The spherical metric on the Rips complex
P4(G) is the maximal metric such that it restricts to the above spherical metric on each
simplex.

We can choose the union | ;- o P47 (G) as amodel of &G, where the union is equipped
with the weak topology under which a subset C C | ;- Pa(G) is closed if and only if
C N P;(G) is closed for each d > 0.

2.3. Localization algebras and the local index map

Let us now recall the localization algebras and the local index map and introduce some
basic properties of the K-theory of localization algebras.

Let A be the topological realization of a locally compact and finite-dimensional sim-
plicial complex endowed with the simplicial metric. Let (Co(A), G, ) be an admissible
covariant system, where 7 : Co(A) — B(H) is a *-homomorphism for some Hilbert mod-
ule H over B.

Definition 2.8. (1) The algebraic localization algebra C i“’al g(A, G, B) is defined to
be the algebra of all the bounded and uniformly continuous maps f : [0, 00) —
CaTg(A, G, B) such that propagation( f(t)) — 0 as t — oo.

(2) The localization algebra C Z (A, G, B) is the norm closure of C L*,alg(A, G, B)
under the norm

IfIl="sup [/(@)]
t€[0,00)

The localization algebra is an equivariant analogue of the algebra introduced by Yu in
[26]. Note that, up to *-isomorphism, the localization algebra C If (A, G, B) is independent
of the choice of the admissible covariant system by Remark 2.5.

A Borel coarse map f : A; — A, is said to be Lipschitz, if there exists a constant
¢ > 0, such that d(f(x), f(y)) < cd(x,y) for all x, y € Aj. A Lipschitz coarse map
f Ay — A, induces a homomorphism Ad(Vy) : C/ (A, G, B) — C/ (A3, G, B) as
follows.

Let {&,}nen be a sequence of positive numbers with lim,—,» &, = 0. By the same
argument as Proposition 2.4, for each k, there exists a G-equivariant isometry Vj : H; —
H> between the Hilbert B-module, such that

supp(Vi) C {(».x) € Ao x Ay = d(y. f(x)) < ex}.
Define a family of isometries (V7 (¢))se[0,00) from Hi to H, by
Vr(t) := R(t —k)(Vk @ Vir1) R (t — k),
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fort € [k, k + 1), where

_ [ cos(wt/2)  sin(mwt/2)
Ry = (— sin(t/2) cos(nt/Z))'

Then, Vy(t) induces a homomorphism on unitization
Ad (V1)) : (C(A1, G, B)) T — (C(A2,G, B)) " @ My(C)

by
Ad (Vr () (u(0) + ) = V(@) (u(0) @ 0) V7 (1) + ¢l
forallu € C/(Ay,G,B)andc € C.
The family of maps Ad(V(¢)) induces a homomorphism

Ad (Vs (1)), : K(CF (A1, G, B)) = K«(C} (A2, G, B))

on the K-theory. Note that Ad(Vy(¢))(u(¢) + cI) is uniformly continuous on ¢, even
though V¢ (¢) is not continuous. It is also easy to check the propagation condition of the
path Ad(Vy(2))(u(t) + cI). By [26, Lemma 3.4], the homomorphism between the K-
groups is independent of the choice of the family of isometries {V} }.

Definition 2.9. Let A; and A, be two proper metric spaces and f, g two Lipschitz maps
from A; to A,. The map f is said to be strongly Lipschitz homotopy equivalent to g if
there exists a continuous homotopy F (¢, x) : [0, 1] x A; — A, such that
(1) F(t,x) is a coarse map from A to A, for each ¢;
(2) there exists a constant C > 0, such that d(F (¢, x), F(t,y)) < Cd(x, y) for all
x,y € Ajandt €0, 1];
(3) forany & > 0, there exists § > 0, such that d(F(¢1, x), F(t2,x)) <eforall x € X,
and |t} — tp| < §;
@) F0,x) = f(x), F(1,x) = g(x),forall x € X.
Definition 2.10. The metric space A is said to be a strongly Lipschitz homotopy equiv-
alent to A, if there exist two Lipschitz coarse maps f : A} — A and g : A, — Aj such

that f o gand g o f are, respectively, strongly Lipschitz homotopy equivalent to ida, and
ida, .

The K-theory of localization algebras is invariant under strong Lipschitz homotopy
equivalence. Following the proof of Proposition 3.7 in [26], it is not difficult to prove the
following equivariant analogue. For ease of reference later, we include the proof.

Proposition 2.11 ([26]). Let f : Ay — A, be a strongly Lipschitz homotopy equivalence,
then the map

Ad (Ve (1)), : K«(C/(A1,G, B)) — K+(C}(A2.G, B))

is an isomorphism.
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Remark 2.12. Let (Co(A1), m, G) be an admissible covariant system on a Hilbert module
Hy=Hp, ® E® B.Set H{ = @;—, Ha, ® E ® B. Define a natural homomorphism
n:Cr (A, H,G,B) - C/ (A2, H{,G, B) vian(b) = b @ 0. It is easy to show that 7
induces an isomorphism on K-theory of localization algebras defined on different admis-
sible covariant systems.

Proof. 1t suffices to show that the homomorphism Ad(Vg s (7))« is the identity map on
K-theory. Let F(x,t) : Ay x [0,1] = A, be the strong Lipschitz homotopy equivalence
with F(x,0) = (gf)(x), F(x,1) = x, for all x € X. Fix a sequence of positive num-
bers {€,}nen With lim,_.o &, = 0 and a sequence of non-negative numbers {¢; ; }?3'=0’
satisfying

e lo,j = 0, tiv1,j = tij, for all i,j> 0;

o foreach j, there exists N, such that#; ; = 1foralli > N;;

o d(F(x.,t;;), F(x,tiy1,7)) <&, and d(F(x,t;;), F(x,t; j4+1)) < ¢, forallx € X.
We shall prove that Ad«(VF(. s, ;) (1)) = Id for K;-case. The Ko-case can be dealt with in
a similar way by a suspension argument. Notice that

CL(A1.G.B) ® My(C) = C;(A1,G.B) foralln.

Thus, every element in K« (C/ (A1, G, B)) can be represented by an invertible element u
in (C;(A1.G,B))T.Letv =u & I € (C;(A1.G, B))T ® M>(C). Consider the follow-
ing invertible elements in (C; (A1, G, B)t ® M,(C):

a = P AdVr @) @y,

k>0

b= @Ad*(VF('stkH,i)(t))(u)v_l,
k>0

¢ = P ALVreu o) @
k>1

By the definitions of operators AdFp(.; ;) and the sequence {z;,;}, it is not difficult to
check that a, b, ¢ are indeed elements in (CL* (A2, G, B) ® M»(C))™. Obviously, we
have that a is equivalent to b, and b is equivalent to ¢ in K;(Cr (A3, G, B)). It follows
that Ad(VF(.,to’i)(t))(u)v_1 =a® @By, I = bc™! which is equivalent to Py, [ in
K1(C[ (A3, G, B)). By Remark 2.12, we have that Ad(VF(10,) (@) (1) is equivale_nt to v
in Kl(CL(Az,G, B)) | ]

The following Mayer—Vietoris sequence is an equivariant analogue of the Mayer—
Vietoris sequence introduced by Yu, and more details can be found in [14].

Proposition 2.13 ([14]). Let A be a simplicial complex endowed with the spherical met-
ric, and let G be a countable discrete group. Assume that G acts on A properly by isome-
tries. Let X1, X5 C A be G-invariant simplicial subcomplexes endowed with subspace
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metric. Then, one has the following six-term exact sequence:

Ko(Lx,nx,,8) — Ko(Lx,,p) ® Ko(Lx,,8) — Ko(Lx,ux,,B)

I !

Ki(Lx,ux,,B) — Ki(Lx,,B) ® K1(Lx,,8) —— Ki(Lx,nx,.B).
where we set
Lx, B = C[(X1,G, B), Lx, s = C[ (X2,G, B),
LX]UXz,B = CZ(XI ) X27 Gv B)» LX10X2,B = CZ(XI N X2, G, B)

for brevity.

Remark 2.14. It is easy to verify that the above exact sequence is natural with regard
to the coefficient algebra B in the following sense. If ¢ : B — B’ is a G-equivariant
*-homomorphism between G-C*-algebras B and B’, then it induces *-homomorphism
between the Roe algebras ¢ : C*(Y, G, B) — C*(Y, G, B’) by

P((Ty.2)y.zer) = (9(Ty.2)), ey

for each (Ty,7)y.zey € C*(Y, G, B), where Y C A is any countable G-invariant set. Obvi-
ously, this map induces a homomorphism on the localization algebras ¢7 : C/(Y,G, B) —
C/(Y,G, B’). As aresult, we obtain the map

oL+ : Ke(CH(Y, G, B)) — K. (C;(Y,G, B'))

induced by ¢7 on K-theory.
The exact sequence in Proposition 2.13 is natural with respect to coefficient algebras
in the sense that the diagram

-« — Ko(Lx,nx,,B) — Ko(Lx,,B) ® Ko(Lx,,B) — Ko(Lx,ux,,B) —+*"

l‘ﬂL,* l‘ﬂL,* lfﬂL,*

- — Ko(Lx,nx,,B") — Ko(Lx,,p’) ® Ko(Lx,,) — Ko(Lx,ux,,B/) — "

commutes, where we set

Lx, B = C[(X1,G,B), Lx, B = C[ (X2,G, B),
Lx,ux,,8 = C/'(X1U X2,G,B), Lx,nx,.8 =C;(X1NX>2,G,B)
Lx, . = C/(X1,G,B’), Lx, p = C/(X2,G,B’),

Lx,ux,,r = C[ (X1 UX5,G,B’), Lx,nx,p =C[(X1NX2G,B)

for brevity.



J. Deng 276

Let us now define the local index map. For every positive integer n, let {Up ; }ier be a
locally finite and G-equivariant open cover for A with diameter(U, ;) < }l forall i. Let
{¢n.i }ier be the partition of unity subordinate to the open cover {U, ;};. Let [A, 7, F] €
K Kg (A, B). Define an operator-valued function F(¢) on [0, c0) by

F@t) = Z(l —(t —”))N(\/W)F”(\/%) + (t =) (Vbnt1,i ) Fr(/nt1,i)

i

forall t € [n,n + 1), where the sum converges in the strong operator topology. Note that
propagation (F(r)) — 0

as t — oo. We obtain a multiplier (F());e[0,00) of C; (A, G, B), which is invertible
modulo C/(A, G, B). We define a local index map

ind, : KKS (A, B) = Ko(C/ (A, G, B))

by
ind, ([H, 7, F]) = 3([F(1)]),

where : K1 (M(C}(A.G. B))/Cf(A.G. B) = Ko(C}(A.G. B)) is the boundary map
on the K-theory and M(C; (A, G, B)) is the multiplier algebra of C/(A, G, B). Similarly,
we can define the local index map

ind, : KKZ(A, B) - Ki(C/ (A, G, B)).

The following result' established the relation between the K-homology and the K-
theory of localization algebras.

Proposition 2.15 ([17]). Let B be any G-C *-algebra and A a finite-dimensional simpli-
cial complex endowed with a G-invariant metric. Then, the local index map

ind, : KKS(A, B) - K«(C/(A,G, B)),
is an isomorphism.

Proof. This result is a consequence of the Mayer—Vietoris sequence and the five lemma
(see [26]). [

By choosing the model of &G as the union | ;. o P4 (G), the group KKS (&G, B)is
the inductive limit
dlim KKS(P4(G),G, B).
—>00

The above map induces the local index map
ind; : KKS(6G, B) — Jim K, (C} (Pa(G), G, B)).
—00

It is not difficult to show that the map indy, is an isomorphism by Proposition 2.15.

'In [20], Roe and Qiao proved that the local index map is an isomorphism for proper metric spaces.



The Novikov conjecture and group extensions 277

We will conclude this section by discussing the relation between the Baum—Connes
assembly map and the local index map.
For each d > 0, it is natural to define an evaluation-at-zero map

ev: C(P4(G), G, B) — C*(P4(G), G, B),

given by
ev(f) = f(0),

for all € C;(P;(G), G, B). The evaluation-at-zero map induces a homomorphism on
K-theory:

evy 1 K«(C/(P4(G),G, B)) > K«(C*(P4(G), G, B)) = K«(B %, G).

Following the argument in [26], it is easy to check that y = ev, o indy, holds. In Section 6,
we will show that the map ev, is an isomorphism under some assumptions. Combining
the above relation and Proposition 2.15, it follows that the Baum—Connes assembly map
is also an isomorphism under the same assumption.

3. C*-algebras associated to infinite-dimensional Hilbert spaces

In this section, we will recall the C*-algebra associated with an infinite-dimensional
Hilbert space (defined in [13]) and introduce a generalization of this C*-algebra asso-
ciated with a continuous field of Hilbert spaces according to Tu (see [23]).

3.1. The C *-algebra associated with an infinite-dimensional Euclidean space’

Let E be a separable, infinite-dimensional Euclidean space. Let E,, Ep be any finite-
dimensional, affine subspaces of E. Let E? be the finite-dimensional linear subspace of
E consisting of differences of elements in E,. Let €(E,) be the Z,-graded C *-algebra of
continuous functions from E, to the complexified Clifford algebra of EC which vanish at
infinity. Let § be the Z,-graded C *-algebra of all continuous functions on R vanishing at
infinity, where § is graded according to odd and even functions. Let A(E,) be the graded
tensor product § ® €(E,), where the Z,-grading on € (E,) is induced from Cliff(E?).

Assume that E, C Ej. There exists a decomposition Ep = Ep, & E,, where Ep, is
the orthogonal complement of E, in Ej. For each element v, € Ejp, there exists a unique
decomposition vy = Vpg + Vg, for some vy, € Epg, V4 € E,.

For each function & € €(E,), we can extend it to a function on Ej via fz(vb) = h(vg),
for all vy = vps + V4. The decomposition Ep = Ep, b E, gives rise to a Clifford algebra
valued function, denoted by Cp, : Ep — Cliff(El?) on Ep which maps v, € Ep to vp, €
Ep, C Cliff(El‘))).

2We would like to point out that there are other constructions of the C *-algebra 4 (E) by Kasparov—Yu
in [17] and Gong—Wu-Yu in [6].
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Denote by X : § — § the function of multiplication by x on R, viewed as a degree
one, essentially selfadjoint, unbounded multiplier of § with the domain of the compactly
supported functions in $.

Definition 3.1 ([8]). (1) Let E, C Ej be a pair of finite-dimensional affine subspaces
of E. One can define a homomorphism

Bra : A(Ea) — A(Ep)

by Bra(f ®h) = f(X ®14+1& Cpa)(1 & h), forall f € 8, h € €(Ey).
(2) We define a C *-algebra
A(E) := lir_)neAa(Ea),

where the direct limit is over all finite-dimensional affine subspaces.

Remark 3.2. If £, C Ej C E, then we have B © Bpa = Bca; therefore, the direct limit
is well defined.

Given any discrete group I, if I' acts on the Euclidean space E by linear isometries,
then the I"-action on E induces a I'-action on the C *-algebra +4(FE). Note that 4({0}) =
S.Foreach f € S,let B;(f) = fi(X ® 1+ 1&® C) forevery ¢ € [1,00), where f;(x) =
fx/0).

We define the Bott map

Bx i Ki(S Xmax I') — K*(A(E) Hmax F)
to be the homomorphism induced by the asymptotic morphism
Bt 8 Xmax ' = A(E) Xax [,

givenby f +— B;(f),foreacht € [1,00). The following result is due to Higson, Kasparov,
and Trout [8].

Theorem 3.3 (Infinite-dimensional Bott periodicity [13]). Let I" be a countable discrete
group and E an infinite-dimensional Euclidean space with a T-action by linear isome-
tries. Then, the Bott map

B : Ki(S Xmax T') = Ky (A(E) Xnax T)

is an isomorphism.

3.2. Generalization to the field cases

In the rest of this section, we will generalize the construction of Higson—Kasparov—Trout
[13] to the case of the continuous field. The following construction is essentially due to
Tu [23]. The usage of the probability space is essentially due to Higson [10].

Let " be a countable, discrete group with identity element e € I', and let X be a
compact Hausdorff space admitting a ["-action by homeomorphisms. Let us recall the
definition of the transformation groupoid, denoted by X x I', associated with a group
actionI' ~ X.
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Definition 3.4. As a topological space, X xT" = {(x,g): x € X, g € I'} is equipped with
the product topology. In addition, the topological space is endowed with the following
structure:

(1) the product is given by (x, g)(x’, g") = (x, gg’), forall (x,g),(x',g) e X x T,
satisfying x” = xg;

(2) the inverse is given by (x,g)~! = (xg, g™ '), forall (x,g) € X x .

Let us recall the definition of a continuous field of Hilbert spaces over a compact space.
Let X be a compact topological space, and let (H)xex be a family of Banach spaces.
Denote # = | |,y #x. Let ®(X, #) be a collection of sections s : X — JH satisfying
s(x) € Hy,forall x € X.

Definition 3.5. Let X be a compact space. A continuous field of Banach spaces over X
is a family of Banach spaces (H#x)xex, with a set of sections ®(X, J), such that

(1) the set of sections ®(X, #) is a linear subspace of the direct product [ [, .y Hx;
(2) forevery x € X, the set of all s(x) for all s € O(X, #) is dense in H;

(3) forevery s € O(X, #), the function x — |s(x)|| is a continuous function on X;
(4) lets : X — J be a section; i.e., s(x) € Hy, forall x € X.If, for every x € X and

every ¢ > 0, there exists a section s’ € O(X, J) such that ||s(y) — s’ (y)|| < ¢ for
all y in some neighborhood of x, then s € O(X, #).

If every fiber Jy is a Hilbert space, we will say that (#)xcx is a continuous field of
Hilbert spaces. If every fiber is a C *-algebra and the collection of sections is closed under
the *-operation and the multiplication, the continuous field is called a continuous field of
C *-algebras.

Let X x I' be a transformation groupoid associated with the right group action I ~, X,
and let (#)xex be a continuous field of Hilbert spaces over X . Let us recall the concept
of the affine isometric action of X x I" on the continuous field of Hilbert spaces (#x)xex -

Definition 3.6. Let (#)xcx be a continuous field of Hilbert spaces over X. We say that
the transformation groupoid X x I' acts on (#5)xex by affine isometries if

(1) for each (x, g), there exists an affine isometric map V(x o) : Hxg — Hy;

(2) Vix,o)Vixg.h) = Vix,gn). forall x € X, g, h € I';

(3) Vix,e) = 1dm,;

(4) for each continuous section s € O(X, ) andeach g € T,

the section x = V(x ¢)(s(xg)) is a continuous section.

An affine isometry V(y g) : #Hxg — Hx is an isometry of the form

Vix,) (V) = Ugx,g)(v) + b(x, 8),

forall v € Hyg, where Uy g) : Hxg — Hx is aunitary map and b(x, g) is a vector in Hy.
The above condition (2) implies that b(x, gh) = Uy ¢)(b(xg.h)) + b(x,g), forall x € X,
g, hel.
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Since each fiber of the continuous field is a Hilbert space, we can define a C*-
algebra A(Jx) associated with each fiber J,. Then, we obtain a bundle of C *-algebras
(A(Hy))xex . Next, we will introduce a structure of a continuous field of C *-algebras for
the bundle (A(Hx))xex; some more details can also be found in [11].

A function s : X — | |, cx #(Hy) is said to be a continuous section, if it satisfies

(1) s(x) € A(Hy), forall x € X;

(2) foreach x € X, ¢ > 0, there exists a neighborhood x € U C X, such that for each
y € U, there is a linearly isometric embedding ¢, : R” — J, satisfying that

e foreach 1 <i <n,the mapy — ¢y (e;) is alocal continuous section over U,
where {e; }7_, is an orthonormal basis of R";

e there is an element v € A(R"), such that

[@)0) s, <.

forall y € U, where (¢y)« : A(R") — A(H,) is induced by the linear embed-
ding ¢, : R" — H,.
The above definition gives rise to a continuous field structure on (A(Jy))xex. For any
x € X, note that there exists a collection of sections e, € O(X, #), such that {e;, (x)},eN
is an orthonormal basis of the fiber bundle #,. Indeed, let {a, € O(X, #)},en be the
collection of continuous sections such that {a,(x)} is a basis for Jy. For each positive
integer n, there exists a neighborhood x € U,, such that the collection {a; (y) : 1 <i < n}
is linearly independent for each y € U,. By the Gram—Schmidt process, one can find a
family of continuous local sections {el/- : 1 <i < n} over U,, such that the collection of
vectors {e;(y) : 1 <i < n} are mutually orthogonal with norm one for each y € U,. By
Urysohn’s lemma, we can find an open set U, C U,, and a function f : X — [0, 1], such
that supp(f) C U, and f(y) = 1 for each y € U,. For each i, we obtain a global section
e; by setting e; (y) = f(y)e,(y) for all y € U, and extending by zero outside U,,. By
induction on n, we obtain such a collection of continuous global sections {e;, },eN-
The C*-algebra of all continuous sections of the continuous field of C*-algebras is
denoted by A (X, J).
Define a I'-action on A(X, #) as follows. For each y € I', we have an isometry
Vix,y) : Hxy — Hx given by

Vi) (V) = Ugx,yy (v) + b(x, y),

for all v € #x, and x € X. A local continuous affine distribution over an open subset
U C X is a collection of affine subspaces {E£,(y)}yev, such that there exists a collec-
tion of continuous local sections {s, vy, 3, ..., vg} over U, for which E,(y) = s(y) +
span{vy(y),v2(y),..., v (y)} for each y € U. The associated linear subspace consisting
of differences of elements in E,(y) is denoted by E2(y) = span{vi(y),v2(y),. .., vk (¥)}.
We have a continuous local distribution of C*-algebras (Cliff(E2(y)))yer. Because
(V(xy-1,y))xex is a collection of continuous isometries for each y € I', we obtain another
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continuous local affine distribution {V{,,,,-1 ,,)(Ea(y))}yeuv over y(U) with associated lin-
ear distribution {U(, -1 ,)(Ea(y))}yev. The unitary U, -1y : Hy,-1 — Hy induces a
homomorphism

Ugy.y-1y : Cliff (Ugyy-1,,)(E2(v))) = CLiff (E2(»)).

forally e U.
Thus, for every y € I', we get a homomorphism

V- A(Ea(y)) - ‘A’(V(yy‘l,y)Ea(J’))’

by
y-(f®h=f&y-h,
forall f € 8,h: E,(y) — ClLff(E2(y)), where (y - h)(v) = Uyy=1,9) (h(V(y,9)(0))).

Let { E;(y)}yeu be another continuous affine distribution with E,(y) C Ep(y), for all
¥ € U. Then, there exists a linear continuous distribution { E3,(¥)}yev such that E(y) =
Epa(y) ® Es(y) forally e U.

Let E, = |_|y€U E4(y). Define A(U, E,) to be the algebra of all the bounded con-
tinuous sections s : U — A(E,) with s(y) € [_|yeU A(E4(y)) for all y € U. For all
y € [',denote yE4(y) = V(yy-1, ) (Ea(V), Uy Ea = | |,epy Uiy,y—1,9) Ea(¥), and yE, =
|_|y€U VEa(Y)-

Lemma 3.7. The diagram

ﬂU,ba

AU, E;) —— AU, Ep)

| |
ﬂf//U,ba

AyU,yEq) —— A(yU, yEp)

is commutative, where the maps By pa and ,3;//U g GTe defined fiber-wise.

X

Proof. Since § is generated by go(e) =~ * and g1(x)= xe by the Stone—Weierstrass

theorem, it suffices to show that

V(Buba(g @ 1)) = By 4q(v(g & h)),

for g equal to g or g1 and i : U — CIliff(E,) a continuous local section over U. We will
prove the lemma for g = go; the case for g = g; can be proved similarly.

Let Cp, and be ., be the Clifford multiplications on €(E,) and €(yE,) under the
transformation @,y : E4(y) — YE4(y) foreach y € U. Since we have Ej, = Ep, @ E,
and y(Ep) = Uy(Epa) + YEq, then

Bl pa (Vg0 ® 1) = B, 1, (80 ® y(M)) = go(X & 1+ 18 CL)(1® (vh))
= 20(x) ® go(Uyvpa)vh(va),
Y (Busa(go ® 1)) = y(g0(x) ® go(lvaall)1(va)) = go(x) ® go(llvaall)yh(va).
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where vy, U4, Vp, are continuous local sections over U with vy (y) = vpa (¥) + vq(y), for
all y € U, and y(vp) = U, (vpg) + yY(va). Since U, is unitary, thus

y(ﬂU,ba(g ® h)) = ;,U,ba (V(g ® h))v
for all g = go. ]

Because of the definition of A (X, #), and the above commutative diagram, we have
a ["-action on A(X, J).

Define a fiber-wise Bott map B; : C(X) & § — A(X, #) as follows. Viewing an
elementin C(X) ® § as a continuous function f : X — §, we obtain an element ;(f;) €
A(Hy) for each x € X. By the definition of the continuous field structure, it is easy to
check that (B ( fx))xex € A(X, #). Thus, we have an asymptotic morphism

Br:CX)®S > AX.I).  (flxex = (Br(fi)) ey

forallz € [1, 00).

We have an affine isometric action of I' on the continuous field of Hilbert spaces
(Hx)xex, and it is easy to check that (B;);e[1,00) 1S an asymptotic I'-equivariant mor-
phism. This asymptotic morphism induces a map on K-theory of the reduced crossed
products

B : K*((C(X) ® S) Xy Fo) — K*(A(X, H) %, FO),

for every finite subgroup I'y < I'. Following the argument in [13], we also have a fiber-
wise defined Dirac map. Let us briefly recall the definition of the Dirac map on each fiber
A(Hy) foreach x € X.

Let E,(x) C H#x be a finite-dimensional affine subspace. Define V,(x) to be the
Hilbert space of square integrable functions from E,(x) into CLiff(E?(x)), where E2(x)
is the linear space of differences between pairs of vectors in E,(x), and the norm on
Cliff(E2(x)) is obtained by fixing an orthonormal basis on E2(x). If E4(x) C Ep(x),
then there is a canonical isomorphism

V(x) 22 Vpa(x) ® Va(x),

where Vj,(x) is the Hilbert space associated with the orthogonal complement £ ga (x) of
E2(x) in E(x).
We define a unit vector & € Vp,(x) by

iy 0 1
bo(vha) = 7 MER 2 exp (= Zonal?).

for all vy, € Ega. Regarding V, (x) as a subspace of V}(x) via the isometry £ > & ® &,
we define
Vix) = llr_>n Va(x).

Using the similar method of construction of the continuous field structure on
(A(Hx))xex, we obtain a continuous field structure on (K (V(x)))xex, where K (V(x))
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is the algebra of all compact operator on V(x) for each x € X. Let V = | |, oy V(x).
Define K (X, V) to be the C*-algebra of all continuous sections of the continuous field
(K (V(x)))xex- By the structure of the continuous field of (K (V(x)))xex, we have that
the K-theory of the C *-algebra C(X) is the same as the K-theory of K (X, V).

Denote by s(x) = li_n)lga (x) the direct limit of the Schwartz subspaces s, (x) C V;(x).
If E;(x) is a finite-dimensional affine subspace, then the Dirac operator D, (x) is defined
by

- ety 0(E)
Da(x)E = ;(—1)" g@a—mvi,

for every homogeneous element £ € s(E,(x)), where {vy, va, ..., v,} is an orthonormal
basis for Eg(x) and {x1, X3, ..., x,} are the dual coordinates to {vy, va, ..., v,}. The
Clifford operator on E,(a) is given by

n
Ca(X)E =) xivif.
i=1
For each fiber #, choose the dense subset E(x) := {s(x) : s € O(X, #)}, where
O(X, H) is the space of sections in Definition 3.5. Fix a direct sum decomposition

E(x)=Eo(x) @ Ei(x) ® E2(x)®---,

where each E;(x) is a finite-dimensional linear subspace of E(x). For each n, we define
an unbounded operator B, ; on V(x) = llr_)n V. (x) by the formula

B, = toDo(x) +t1D1(x) + -+ ta—1Dp1(x) + 1 (Dn(x) + Cn(x)) + -,

where ; = 1 + i/t and V,(x) is the Hilbert space of square integrable functions from
E, (x) to Cliff(E, (x)). This infinite sum is well defined since any vector in the Schwartz
space s(x) can be approximated by the one which has only finitely many non-zero terms
in its infinite series. It is well known that the operators By, ;(x) are essentially selfadjoint.
Following the argument in [13], we obtain an asymptotic morphism «” from A(Eo(x) &
Ei(x) @ ® En(x)) 10 S ® X (V(x)) by

"R = fLX®1+18 B,)(1& My,

for each f ® h € A(Eo(x) ® E1(x) ® -+ ® E,(x)), where h;(v) = h(v/t) for all
tefl,00),v € Ey(x)® Ei(x) D @ En(x) and My, is the operator of the left multi-
plication by the function ;. Moreover, the diagram

o (x)

AEg(x) @ E1(x) @ -+ ® Ep(x)) —= S ® X(V(x))

l X

an+1(x)

A(Eo(x) @ E1(x) @ -+ @ Ent1(x)) — § ® K(V(x))
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is asymptotically commutative. As a result, we get an asymptotic morphism
a(x) A = S & K(V().

Moreover, we obtain an asymptotic morphism
o AX,H)—> SR KX, V).

Following the argument in [13], the map induced by o on K-theory is the inverse map
of the fiber-wise defined Bott map. Consequently, we have the following result.

Theorem 3.8. Let I" be a countable discrete group and X a compact Hausdorff space with
I-action. Assume that the associated transformation groupoid X x I' acts on a continuous
field of Hilbert spaces (Hyx)xex by affine isometries. Then, for each finite subgroup Ty <
I, the Bott map

Bi: Ku((C(X) ® §) % T) — K (A(X, J) 1, To)

induces an isomorphism on K -theory.

An affine isometric action of a transformation groupoid X x I' on a continuous field
of Hilbert spaces (#x)xecx is said to be proper, if for any R > 0, the set {g € [ : Ix €
X such that V(x ¢)(B(xg, R)) N B(x, R) # @} is finite, where B(x, R) is the set of all
elements in H, with norm less than R. According to Tu (see [23]), the a-T-menability of
the transformation groupoid guarantees the existence of a proper affine isometric action
on a continuous field of Hilbert spaces (Hy)xex -

Definition 3.9. Let X x I be a transformation groupoid. A continuous function ¢ :
X xT' — R is said to be conditionally negative definite if

(1) ¢(x,e) =0, forall x € X,

(2) p(x.8) = ¢(xg.g™"),
i j=1titjp(xgi. g gj) =0, foralliti};_ CRwith ) ;_,# =0,g; €l,an
() Yf =i til Tlgj) <0, forall {#}_, C Rwith > /_, 0 I, and
x e X.

A conditionally negative definite function ¢ : X x I' — R is said to be proper if for
any R > 0, the number of elements in the set {g € I' : 3x € X, such that |p(x, g)| < R}
is finite.

The concept of a-T-menability for groupoids was introduced by Tu in [23].

Definition 3.10. A transformation groupoid X x I' is said to be a-T-menable if there
exists a proper conditionally negative definite function ¢ : X xI' — R.

Now, let us recall the construction of the transformation groupoid from a coarsely
embeddable group, by Skandalis, Tu, and Yu in [22].
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Proposition 3.11 ([22]). Let h : I' — Ho be a coarse embedding. Then, there exists a
compact Hausdorff space X with a I'-action, such that

(1) for any finite subgroup Ty < I', X is T'g-contractible,

(2) the groupoid X x T" has a proper continuous conditionally negative definite func-
tion.

Let us describe the construction of the topological space X. For any fixed element
y € I', we define a bounded function f,, : I' — R by

S ) = [h()=h(yy)],

forany y € I'.

Let ¢o(T") be the C*-subalgebra of £°°(I") consisting of all functions vanishing at
infinity. We define a I"-action on £*°(T") by (y - f)(x) = f(xy), for each f € £°°(I),
x,yel.

Let X' be the spectrum of the unital commutative I'-invariant C *-subalgebra of £>°(T")
generated by all constant functions, co(I") functions, and all functions of the form f,
together with their translations by group elements in G. It is obvious that every function
Jy extends continuously to X’. Indeed, the space X' is a compactification of I', and it
admits a right action of T" induced by the T"-action on C(X"), where C(X’) is viewed as a
C *-subalgebra of £>°(T").

We obtain a continuous conditionally negative definite function defined on the trans-
formation groupoid X' x T by ¢'(y,y) = f, ().

Let X be the probability space of X’. It is a second countable, compact space equipped
with the weak-* topology (a reference of weak-* topology is [5, Chapter 1]) and it admits
that a T-action is induced by the action of T on X’. We define a conditionally negative
definite function on X x I" by

p(m,y) = /X @' (y.y)dm(y)

forany m € X.

Proposition 3.12. Let ' — Hy be the coarse embedding as above. The continuous map
¢ : X X G — R defined above is a proper conditionally negative definite function.

Proof. 1t is obvious that condition (1) in Definition 3.9 is satisfied. Let us verify condi-
tion (2). For each (x, g) € X x I", we have

omg.g™") = / ¢ (g d(mg)
X/

=/ o' (yg,. g Hdm
X/

=/ ¢'(y.g)dm
X/

=¢(m,g).
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The third equality follows from ¢’(yg, g7!) = @(y. g) forall (y, g) € X x I'. Condition
(3) follows from the fact that Z?,j:l 1iti@' (vgi. g7 gj) <0, for all {;}?_, C R with
i ti=0,gie€T,andy € X'.

The properness of ¢ follows from the definition of ¢’ and the fact that the map / :
I' - Hy is a coarse embedding. |

The space X x T is equipped with the product topology. Let C.(X x I') be the C*-
algebra of all complex valued functions on X x I' with compact support. Define

COUX xT) := {f €C(X xT): )Y flx.g) = o}.
gel
Let ¢ : X x I — R be a continuous, proper conditional negative definite function.
Then, we can define a continuous field of Hilbert spaces as follows.
For each x € X, consider a linear space C2(T') := {f € C.(T') : > ger f(g) =0},
and define a sesquilinear form

(€ m)x = —% > E@n(@)exg . gg).

g.8'el

for all £, n € C2(T). Since ¢ is a conditionally negative definite type, the form above
turns out to be positive semidefinite and one can quotient out by the zero subspace,
denoted by E. Then, complete E to a Hilbert space, denoted by #,. For any function
f€CI(X xT), we can view it as a continuous map & : X — CO(T") by £(x) = f(x,-) €
co(D).

Let us introduce a continuous field structure on the collection of Hilbert spaces
(Hy)xex- It suffices to define the space of the continuous sections, denoted by O (X, #),
where H = | |, cx #Hx. Amap & : X — H is called a continuous section, if it satisfies

(1) &(x) € JHy, forevery x € X,

(2) Vx € X, Ve > 0, there exists an element & € C¥(X x I'), such that ||£(y) —
E'(»)ll e, < e forall y in some neighborhood of x.

The affine isometric action of X x I is defined as follows. For every y € I', and every
x € X, the unitary Uy y) : Hxy — Hy is defined by U ) (f)(g) = f(y~'g) for all
f € Ex,andforall g € T, y € T, and then extends to a unitary Uy ) : #Hxy — Hx. The
cocycle b(x, g) is defined to be the element in E represented by the function g — J,. Let
Vixyy (@) = U,y (v) + b(x,y) forall v € Hyy, (x,y) € X xT'. Itis easy to check that
the collection of affine isometries (V(x,y))(x,y)exxr consists of a proper affine isometric
action of X x I' on the continuous field of Hilbert spaces (Hx)xecx-

4. Twisted Roe algebras and twisted localization algebras

Letl > N - G — G/N — 1 be a short exact sequence of countable discrete groups. In
this section, we will construct twisted Roe algebras and twisted localization algebras with
coefficients in some G-C *-algebra and prove that the twisted Baum—Connes conjecture
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with coefficients holds for the group G, under the assumption that both G and G/N are
coarsely embeddable into Hilbert spaces.

Fix a left invariant proper metric on G. This metric restricts to every subgroup of G
and the quotient group G/ N is endowed with the quotient metric.

4.1. Some geometric constructions

In this subsection, we will construct a compact topological G-space Y, such that

(1) for every subgroup N’ < G containing N with finite index, i.e., [N’/ N| < oo, the
transformation groupoid X x N’ is a-T-menable;

(2) for every finite subgroup Gy < G, the space Y is Go-contractible.

Let N’ < G be a subgroup containing N with finite index. The fact that |[N'/N| < oo
implies that N is coarsely equivalent to N. Since N is coarsely embeddable into a Hilbert
space Ho, we have that N’ is also coarsely embeddable into the Hilbert space Hy. Let
h/N, : N’ — Jg be the coarse embedding n/lap, and let pI_V/, pf/ 1[0, 00) — [0, o0) be two
non-decreasing functions with lim;_, o, p¥ (t) = oo, such that

PN (d(x,y)) < |y () = By )] < pY (d(x, »)),

forall x,y € N’.

Let S C G be a set of the representatives of the left cosets G/N’. Then, we have a
decomposition G = | |, s gN’, and the coarse embedding /'y, : N' — JHo can be exten-
dedtoamap hy : G — Hy by

h(g - n) = hy.(n).

where g € S, n € N'. Since every element g’ € G can be uniquely written as g’ = gn
for some g € S, n € N’, the extension is well defined, and it is not a coarse embedding in
general.

For any fixed element n € N’, define a function f, : G — R by

fa(@) = | i (g) — hwe(gn)|?

forall g € G.

By the coarse embeddability of N’, f, is a bounded function on G for each n € N’.
Unfortunately, f, could be an unbounded function on G if the element n € G is not in N'.
Let Y}, be the spectrum of the unital commutative G-invariant C*-subalgebra of £*°(G)
generated by all co(G) functions, all constant functions, and all functions of the form
Jfn together with their right translations. The right action of G on £°°(G) is defined by
(yf)(g) = f(gy),forall y,g € G, all f € £°°(G). Accordingly, the compact space Y},
admits a right action induced by the restriction of the right G-action on £*°(G) to the
C*-subalgebra which is *-isomorphic to C(Yy,).

Define a function ¢}, : G x N — R by ¢'(g.n) = |hn(g) — hy:(gn)|?, for all
g€ G,n e N Foreachn € N’, the bounded function <]§;V,(-, n) : G — R extends to a
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continuous function on Yy by the definition of Y. As a result, we obtain a continuous
conditionally negative definite function ¢, : Y5, x N” — R by extending the map ¢}, :
G x N’ — R. Then, replace Y, with the space of all the probability measures on Y},
denoted by Yy-. The space Yy’ is a second countable compact space equipped with the
weak-* topology (cf. [5]). The G-action on Yy, induces a right action on Y. We define
a continuous function ¢’ : Yy x N — R by

dwim )= [ #05)dong),

forallm € Yy, g € N'.

Proposition 4.1. The continuous function ¢ : Yy x N’ — R is a proper conditionally
negative definite function.

Proof. By Proposition 3.12, we have that ¢~ is a continuous conditionally negative defi-
nite function on the transformation groupoid Y’ x N’.

By the definition of the map ¢n : G x N’ — R, we have o' (|n|) < ¢n+ (g, n) for all
g € G,n € N'. It follows that the extension ¢n- : Y x N' — R satisfies the inequality
oN'(In])) < ¢'(y,n) forall y € Yy, n € N'. It follows that the conditionally negative
definite function ¢+ : Yy x N’ — R is proper. ]

Remark 4.2. For each subgroup N’ < G, we can find a compact space Y+ with a right
G-action, such that the groupoid Yns x N’ is a-T-menable in the sense that Yx/ x N’
admits a proper, continuous conditionally negative definite function.

Lemma 4.3. For each finite subgroup Gy < G, the compact space Yy is Go-contractible.

Proof. Since Yy is a convex set, it contracts to a point yo € Y. For any finite subgroup
Gy < G, it is obvious that »_ 2<Go ﬁ vog € Yn. It follows that Yy is Go-contractible

. 1
to the point Y, g, Ga1Y08- [

Let # be the set of all subgroups of G containing N with finite index. Foreach N’ € ¥,
we can find a compact space Y. We then define a compact topological space

The topology on Y is the product topology, and the G-action is then defined by
g n)ner = (ng Dnres

forallg € G, (yny')nez €Y.

Proposition 4.4. For each N| € ¥, the associated transformation groupoid Y x N{ is
a-T-menable.
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Proof. Define a continuous conditionally negative definite function on the transformation
groupoid ¥ x N{ by

P((yn)nreg n) = ¢y (ngs 1),
foralln € N, (yn')n'eg € Y. It is easy to check that this map is a proper conditionally
negative definite function. ]

Remark 4.5. The domain of the conditionally negative definite function is ¥ x N] instead
of Y x G foreach Nj € F.

Assume that the quotient group G/N coarsely embeds into a Hilbert space. In Sec-
tion 3, we obtained a compact metrizable space X, such that X x G/ N is a-T-menable, and
aproper G/ N -C *-algebra, denoted by A (X, J). In the rest of this section, we will formu-
late the twisted Baum—Connes conjecture for G with coefficients in C(Y)® A(X, #)Q B.

For each d > 0, let Pz(G) be the Rips complex endowed with the spherical metric
as defined in Section 2. Take a countable dense subset Z; C Pyz(G), suchthat Z; C Z :1
whenever d < d’. Let (#y)xex be the continuous field of Hilbert spaces such that the
transformation groupoid X x G/N acts properly on (#5)xex by affine isometries. For
every (x,g) € X x G/N, there is an affine isometry V( ¢) : #xg — Jx and a contin-
uous section b : X x G/N — # with b(x, g) € Hyx, such that for every v € H(x ¢),
Vix,e) (V) = Ux,)(v) + b(x, g), for all (x,g) € X x G/N, where Uy g) : Hyxg — Hx
is a linear isometry for each (x,g) € X x G/N.Themap b : G/N — O(X, #) is called
the cocycle associated with the groupoid action of X x G/N on the continuous field of
Hilbert spaces (#x)xex. By the construction of the continuous field of Hilbert spaces,
b(x,e) =0 e Hy, for all x € X. By coarse embeddability and the definition of b, we have
that infyex [|b(x, )|l %, — oo as |g| — oo.

Let ®(X, ) be the space of all continuous sections associated with the continuous
field of Hilbert spaces (Hx )xex .- We will define a second countable, locally compact topo-
logical space W and a proper G/ N -action on W. As a set, denote W = R4 x| |,y Hx.
where R is the set of all non-negative numbers. A topology can be defined as follows.
Let {(#;, x;, v;)}; be a net in W it converges to a point (¢, x,v) € W if

(1) x; = x,and 17 + [|vi 13, = 2 + I3,

(2) for any continuous section e : X — J, we have (e(x;), vi) g, — (e(x),v) g, as

i — oo0.
The topology on W can also be characterized in terms of its base consisting of the

following open sets. For each point (¢o, xo, vo) € R4 x J#, each Uy, C Y aneighborhood
of x¢, each constant ¢ > 0, and each section s € O(X, #), define open sets

(. 0) 2 [ = 3) + (1013, — Ivoll%e,, )| < e x € Usy)
and
{(l,x,v) : |<s(x),v — vo)%x| <gXx€ UxO}.

The topology on W is generated by sets of the above forms. The space W is a second
countable, locally compact Hausdorff space. By the construction of the space X, it is



J. Deng 290

obvious that X is second countable and separable. We obtain a countable basis for the
topology on W by taking € and ¢y in the rational numbers Q, x¢ in a countable dense subset
of X, and vy in a countable dense subset in each fiber #, in the definition of the above
open subsets. As a consequence, the space W is second countable. For local compactness,
for each R > 0, the subset

{(t,x, v)ye W t? + ||v||§€x < R2}
is compact. To see this, we first choose a net
{(ti.xivi)}, e € {@.x.0) CW 1 + I3, < R}

Since {z;}; is bounded, a convergent subnet exists. Without loss of generality, we assume
that {;}; converges to 9. We can also assume that {x;}; converges to x¢ due to the
compactness of the space X. Fixing an orthonormal basis {e,},>0 for the fiber Hy,,
one can find a sequence of continuous sections {e, € O(X, #)} such that e, (xg) = ey,
for all n > 0. By the diagonal argument, we can find a subnet {(#;, x;, v;)}; such that
lim; (e, (x;), vi) ge,, exists for each n > 0. Let AL = (en(x), vi)ge,, and A, = lim; AL
It is easy to check that {(¢#;, x;, v;)}; converges to the point (Zy, xo, vo) under the above
topology, where vg = Y v | Anen.

Obviously, {(7,x,v) € Ry x H :[¢[> + [[v —s(x)[|3,, < R, x € Uy,} is an open subset
of the space W = R x J¢, where R is a positive constant, Uy, is an open neighborhood
of xo in X, and s : Uy, — H is a local continuous section over Uy, .

Now, let us define the G/ N-actionon W.Let g € G/N, (¢, x,v) € W; we define

g : (t7x’v) = (tvxg71’ V(xg*‘,g)(v))'

For every g € G/N and every continuous section s € ®(X, #), it follows that g - s
is also a continuous section. In addition, every function on W of the form (¢, x, v)
12+ v — v0||§€x is continuous under the topology of W, where x € X, v, v € #. Asa
result, the action of G/N on W is well defined.

According to [2], the properness of the G/ N -action on W is equivalent to the fact that
the set {g € G/N : g- K N K # @} is finite for each compact subset K C W.

Proposition 4.6. The action G/N ~ W is proper.

Proof. For each positive integer n > 0, let K, = {(t,x,v) € W :t> + ||v||§€x < n}. Since
K, is compact, for eachn > 0, and W = Un>0 K, it suffices to show that the set {g €
G/N : g- K, N K, # @} is finite for each n > 0. Let (¢, x,v) € K, g- (¢, x,v) =
(t,xg™ 1, Vixg—1,g)(v)) forall g € G/N.Since V(g1 (V) = Uyg-1,4)(v) + b(xg!, g)
and infyey [|b(x, g)||7, — o0 as |g| — oo, there exists some R > 0, such that

. -1 2 2
inf b(xg™" Q)" > n + sup o],

forall [g| > R. Since U(y4-1 4 is an isometry for each (xg~',g) € X x G/N, it follows
that g - (¢, x,v) ¢ K,. By the properness of the metric on G/N, the set {g € G/N :
g - K, N K, # 0} is finite for each n > 0. Thus, the G/ N -action on W is proper. |
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Note that the C *-algebra Co (W) of all continuous functions on W vanishing at infinity
is contained in the center of the C *-algebra A (X, J); see [23] for more details. For each
open subset U C X and a continuous affine distribution { £, (y)}yecy over U, we have that

AU, Eq) = Co(Wy) - AU, Ea),

where E, = |,cpy Ea(y) and Wy g,y :={(t,y.,v) : 1 €R4, y e U, v € EJ(y)} CW.
If U C V are open subsets of X, and {E4(y)}yev and {Ep(y)}yey are continuous affine
distributions over U and V, respectively, with E,;(y) C Ep(y) for each y € U, then
the fiber-wise defined Bott map By p, takes C(W(y,g,)) into Co(W(v,E,)). Accordingly,
the C*-algebra Co(W) can be viewed as a direct limit llr_)n Co(Wy,E,). As a result,
Co(W) - A(X, #) is dense in A(X, ). We have an action of G/N on the C *-algebra
A(X, #) as defined in Section 3. The C *-algebra Co(W) is contained in the center of the
C *-algebra, and the properness of the G/ N -action on W implies that the action of G/N
on A(X, ) is proper. In the rest of this section, we lift G/ N -actions on W and A(X, )
to G-actions via the quotient map G — G/N, and we use the same notations for the G-
and G/ N -actions.

4.2. Twisted Roe algebras and twisted localization algebras

In the rest of this section, we will define the twisted version of Roe algebras and localiza-
tion algebras. Let d > 0, and let P;(G) be the simplicial complex at scale d, endowed
with the simplicial metric. Let Z; be the countable dense G-invariant subset of P;(G)
consisting of all linear combinations ) geG Ce8 With cg € Q and ¢g # cé for any pair
g # g’. Note that for each subcomplex C C P4 (G), the intersection C N Z; is non-empty
andC =C N Z,.

Since the left translation action G ~, P4 (G) is proper and cocompact, one can define
a coarse G-equivariant map J : Py(G) — G. This map is defined as follows. For each
d > 0, we can fix a bounded subset A; C Z; such that

(1) G-Ag =24,
(2) forevery z € Z;, there exist unique x € Ay and unique g € G, suchthatz = g - x,
3) ford <d', Ay C Ay

By condition (2), for every element z € Z,, there exists a unique element g € G, such
that g1z € Ay. The map J : Z;(G) — G can be defined as J(z) = g, where z € Z,
and z = gx, for some g € G and x € A,. Note that the map J is G-equivariant. Indeed,
forally € G,z € Zg, we have J(z2)7'z € Ag,s0 (y - J(2)) " Wyz) = J(2)7 'z € A,.
Hence, J(yz) = yJ(2).

Define an open set

2
Or(g) = {(t,x,v) 12+ ”v —b(x,g)HJ{x < RZ} cw
for all g € G. We need the following lemma to define the twisted Roe algebras.

Lemmad4.7. Ifz € Z4,y € G, theny - Or(J(2)) = Or(J(y2)).
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Proof. Forany (t,x,v)€ Og(z), the action is given by y - (¢, x,v) = (¢, xy !, Viey—1,) ),
and b(xy~!, J(yz)) = b((xy~ L, y)(x, J(2))) = Vixy—1,)b(x, J(2)). Since V(yy-1 ) is
an isometry for each x € X, we have that 2 + || Viey=1,9)(v) — b(xy~1 J(y2)|? < R?,
forally € G. Asaresult, y - (z,x,v) € Or(yz). [

Let Hy be any fixed separable complex Hilbert space with infinite dimension. Let K¢
be the algebra of all compact operators on Ho ® ¢2(G) and B a G-C *-algebra. Define
a G-action on Hy ® (2(G) by first defining y(v ® §;) = v & 8,4, for all y, g € G and
v € Hp, and then extending linearly to Ho ® ¢2(G). The algebra B ® K¢ is equipped
with a unitary G-actionby y - (b ® T) =y -b ® yTy*,forallb € B,T € Kg,y € G.

Definition 4.8. For an element S € C(Y) ® 4(X, #) ® B ® K¢, we can define the
support of S, denoted by supp(S), to be the complement of the set of (¢, x,v) € Ry x H
such that there exists f € Co(R4 x #) with f(¢,x,v) #0,(ly ® f ® k)-S = 0, for
allk € B® Kg.

Definition 4.9. Define the algebraic twisted Roe algebra, denoted by
* S pay G
Calg(Pd(G), CY)QAX, H)® B) ,
as the set of all the functions T on Z; x Z4 such that
(1) T(y,2) e C(Y) ® AX, ¥) ® B ® K¢,

(2) there exists M > 0, such that || T(y, z)|| < M,forall x,y € Z,4,
(3) there exists L > 0, such that

#{y T(y,z) # O} <L and #{Z T(y,z) # 0} <L,

(4) there exists r; > 0, such that T (y,z) = 0, forany y,z € Z; withd(y, z) > ry,
(5) there exists r, > 0, such that supp(7},,;) = O, (J(»)),
(6) the operator T is G-invariant, i.e., y(T,-1y ,-1;) = Ty, forally € G, y,z € Z,.

The algebraic twisted Roe algebra is equipped with a *-algebra structure by the matrix
operations.

Remark 4.10. By Lemma 4.7, the above condition (4) makes sense.
Let

E = { Z a[z] 1a; e CY)® AX, #) ® B ® Kg., Z ala, converges in norm}.

z€Z, z€Zy

It is a G-Hilbert module over C(Y) ® 4(X, #) ® B ® K. For all Y., a:[z].
> zez, bz[z] € Eanda € C(Y) ® A(X, H) ® K¢, we have

< Z az(z], Z bz[z]> = Z a)zkbz

z€Z, z€Z, z€Z,
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and

( Z az[z])a = Z azalz].

z€Z, z€Z,

The action of G is given by

. ( ) az[z1) = Y (g-as)lg2]

z€Z, z€Z,

Define a *-representation of Cjj, (P4(G), C(Y) ® A(X, #) ® B) on E by

T( > az[z]) = ( > Ty,zaz)[y].

z€Z, YE€Z, “z€Z,
According to the definition of the algebraic twisted Roe algebra, the *-representation
on E is well defined. The twisted Roe algebra, denoted by

C*(P4(G).C(Y) & AX. J) & B)®,

is defined to be the completion of the algebraic twisted Roe algebra under the operator
norm in B(E), where B(FE) is the C *-algebra of all adjointable module homomorphisms.

Let Cf ,,(Pa(G), C(Y) ® A(X, H) ® B)C be the set of all bounded, uniformly
norm-continuous functions

g Ry = Ch(Pa(G).C(Y) ® AX, #) & B)°,

such that
propagation (g(¢)) — 0, ast — oo.

Taking the completion with respect to the norm

gl = sup [[g(@®)].
teRy

we have the twisted localization algebra, denoted by C/(P;(G), C(Y) RAX,H)RIB)C.

Remark 4.11. By Proposition 2.4 and Remark 2.5, we have that the twisted Roe algebras
and the twisted localization algebras are independent of the choice of the countable dense
subset Z; for each d > 0. Indeed, if we have two countable dense G-invariant subsets
Z4,Z); C Pg(G), then Z; U Z, is also a countable dense G-invariant subset of Py (G).
Following the constructions in Proposition 2.4 and Remark 2.5, the inclusion map Z; —
Z4 U Z!; induces an isomorphism between the twisted Roe algebras defined by choosing
Z4 and Z4 U Z!;, while the inclusion map Z), — Z; U Z/; induces an isomorphism
between the twisted Roe algebras defined by choosing Z/, and Z; U Z/,. As a result,
the definitions of twisted Roe algebras and twisted localization algebras (by the similar
argument) are independent of the choice of the countable dense G-invariant subset Z .
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There is a natural evaluation-at-zero map
ev : Ci(P4(G), C(Y) ® AX, 3) & B)® — C*(P4(G).C(Y) ® A(X, %) ® B)®,

defined by ev(g) = g(0), forall g € C;(P4(G),C(Y) ® A(X, H) ® B)Y. Obviously, it
is a *-homomorphism. The evaluation-at-zero map induces a homomorphism on K -theory

evs - Ku(CH(P4(G), C(Y) ® AX, #) & B)®)
— K«(C*(P4(G).C(Y) & AX, ) & B)).

5. The K -theory of twisted Roe algebras and twisted localization
algebras

In this section, we will prove the following twisted Baum—Connes conjecture for groups
which are extensions of coarsely embeddable groups.

Theorem 5.1. Let 1 > N — G — G/N — 1 be a short exact sequence of countable
discrete groups. Assume that N and G/ N can be coarsely embedded into Hilbert spaces.
The map

ev: lim Ku(C7(Pa(G).C(Y) ® AX.5) & B)%)
—00
— lim K. (C*(Pa(G).C(Y) ® AX.5) & B)%)
—>00
induced by the evaluation-at-zero map is an isomorphism.

To prove this theorem, the main idea is to decompose the twisted Roe algebra into
ideals whose K-theory can be easily computed and then use the Mayer—Vietoris sequence
and the five lemma to piece them all together. The decomposition of the twisted Roe
algebra relies on the structure of the G-action on the space W (Proposition 4.6). Let us
recall an equivalent definition of proper action of a discrete group on a topological space
[2, Definition 1.3].

Definition 5.2. Let I" be a countable discrete group and X a topological space equipped
with a continuous action of I'. The I'-action is called proper if

(1) X is second countable,
(2) X/T is second countable,

(3) forevery x € X, there is a I'-invariant neighborhood U of x and a finite subgroup
[p of T', such that there exists a continuous I"-map U — I'/ T'.

In Section 4, we obtained a proper G/ N -action on a topological space W (Proposition
4.6) and lifted the G/ N -action to a G-action on W via the quotient map G — G/N. For
any R > 0, let Or(g) ={(t, x,v) : >+ v — b(x, g)[|3,, < R*} CW. We have checked
that Og = UgeG/N ORg(g) is G/ N -invariant as is the closure of Og by Lemma 4.7. The
restriction of the G/N -action on the closure Og is proper and cocompact because Og =
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G/N - Og(e). Fix Ry > 0; for any R < Ry, every point in Og has a G/N -invariant
neighborhood identical to V' x /5 G/N, where V is an open subset of Og,(e) and N’
is a subgroup of G containing N with finite index. Throughout this paper, we identify
sets of the form V xy G/N with G/N -V via (v, g) — vg, and V x {g} is identified
with g - V for all g € G/ N. Those open sets together with the difference Og,(e) — Or(e)
comprise an open cover of Og,(e). By compactness of Og,(e), we can find a finite open
cover {V; xn,/N G/N}{-‘=1 for Og, where V; C {(x,s,v) : s> + ||v||%_1x < R?} and V;
is Nj-invariant, for some N; a subgroup of G containing N with finite index. We will
consider the restriction of the G-action on W to an Nj;-action on V;. Let G - V; denote the

union | |, ey, &+ Vi-

Definition 5.3. (1) For any element T € C*(P;(G), C(Y) & A(X, #) ® B)C, the
support of 7 is defined to be the set

Supp(T) = {(7.2.v) € Zg x Za x (R4 x #) : v € supp(Ty.2)}.

(2) For any element a € C/'(P;(G),C(Y) ® A(X, H) ® B)C, the support of a is
defined to be
supp(a) = U supp (a(?)).

t>0

For each open subset U C W = R4 x #, define
C*(P4(G),C(Y) ® AX. ¥) & B)

to be the C *-subalgebra of C*(P;(G),C(Y) ® A(X, #) ® B)C generated by all oper-
ators with support contained in Z; x Zg x U.
We can also define the localization algebra, denoted by

C7(Pa(G),C(Y) & A(X, 3) ® B,

to be the C *-subalgebra of C;(P;(G),C(Y) ® A(X, #) ® B)C generated by all paths
a(t) with support contained in Z; x Z; x U. We have an evaluation-at-zero map

ev: Cf (Pa(G),C(Y) ® AX, H) ® B)g — C*(Pg(G),C(Y) ® AX, H) ® B)g
given by ev(f) = f(0), where f € C/(Pz(G),C(Y) R AX, H) ® B)g
Proposition 5.4. Let G - Vi = Uzeq)n, & - Vi The homomorphism

eve: lim Ku(C7(Pa(G).CY) ® AX.H) ® B)g.y)
= lim K.(C*(Pa(G).C(Y) ® AX. H & B)g.y.)
induced by the evaluation-at-zero map on K-theory is an isomorphism.

In order to prove this theorem, we need some lemmas. For each N; and d > 0, we
define the Roe algebra with coefficients in C(Y) ® #A(X, H)v, ® B as follows. Since
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N; < G, we can assume that Py(N;) C P;(G) has the restricted spherical metric of
P;(G). Let Zfi = Z; N P;(N;). By the definition of Z;, the set chi is non-empty for
all i. The algebraic Roe algebra, denoted by

C(Pa(N:). C(Y) & AX. )y, & B)™,

is defined to be the set of all matrices (7} ;) v.zeZ, which represent bounded, finite prop-
agation, locally compact, and N;-invariant operators on the Hilbert module

2(Z) & AX, H)y, ® B® Kg,

where K¢ is the algebra of all the compact operators on £2(G) ® H endowed with the
tensor product unitary representation of ;. Define the Roe algebra

~ N;
C*(Pa(N:). C(Y) ® AX, H#),)
to be the norm closure of the algebraic Roe algebra
N ~ Ni
Cr(Pa(N;), C(Y) & AX, X)y, & B)

on the Hilbert module @2(22) ® A(X, H)v, @ B® Kg.
For each i, we can define an inclusion homomorphism

1 C*(Pa(Ni),C(Y) ® AX, H)y, & B)N — C*(P4(G),C(Y) @ AX, H) ® B)g.y,
between the C *-algebras by

g Y (Tgx,gy) if g € G suchthat gx, gy € Py(N;),
li(T)x,y = .
0 otherwise.
Similarly, we can define the inclusion map on the localized version,
1 : Cf(Pa(Ni), C(Y)®A(X, H)y, ®B)N" —C}(P4(G), C(Y)®A(X, 3@)@3)3%.

The following result is crucial to reducing twisted Roe algebras and twisted localiza-
tion algebras of G to twisted Roe algebras and twisted localization algebras associated
with its subgroups N;.

Lemma 5.5. For each V;, the maps
(1) = Ka(C*(Pa(N:). C(Y) & AKX, H)y, & B)™)
— K.(C*(P(G).C(Y) & AX.50) & B)S )
and
(L) Jim Ku(CF(Pa(N).C(Y) & A, H)y, & B)™)
> lim K.(C£(Pa(G).C(Y) & AKX, H) & B)G ;)

induced by inclusion are isomorphisms.



The Novikov conjecture and group extensions 297

Proof. Forany T € C*(P4(G),C(Y) ® A(X, #) ® B)gV,—’ the support of T is con-
tained in the subset Zy x Zg x (Uge &Vi)- Since supp(Ty,z) C J(y) - Vi, T can be
expressed as a product

T= [] T°.

gEG/N,‘

where T8 isa Z; x Z ;-matrix with all entries supportedin g - V; andthemap J : Z; — G
is the map defined in Section 4. Since every element

T € Ch(Pa(G).C(Y) ® AX. H) ® B)g.,,

is G-invariant, the matrix 7 is determined by 7°°.

For each g € G, define Afl’g* to be the algebra of all bounded, locally compact operators
T = (Ty,z)y.zez, on the Hilbert module {>(Z;) ® C(Y) ® A(X, #)g.v; ® B ® Hg,
satisfying

(1) supp(Ty,z) C g - V; forall y,z € Pa(G);

(2) there exists some C > 0, such that 7), ; # 0 implies that
d(y, Pa(Ni)), d(z, Pa(Ny)) = C;

(3) T is gN; g~ -invariant.

Taking closure under the operator norm over the Hilbert module
C(ZH)RC(Y) R AX. H) gy, ® B& Hg

gives rise to a C *-algebra, denoted by A8-*.
Similarly, we can define a localized version of the above algebra, denoted by Ai’*. Let
us define

AG* = {(Tg) e J] 48*:18=¢-T¢ vge G},
gEG/N,‘

AS* = {(Tg) € l_[ AS* T8 =g.T® Vge G}.
gGG/Ni

It is not difficult to check that

G

* * S a G
AP = CJ (Pa(G).C(Y) ® AX. H) ® B) .

According to the definition of the twisted Roe algebras and coarse embeddability of the
group G/N;, for any T € A®*, there is a constant M such that T ,, # 0 implies that

x,y € Pg(Bg(J(x)- Ni, M)),

where Py (Bg(J(x) - Ni, M)) is the subcomplex of Py (G) with vertices in the M -neigh-
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borhood of J(x) - N; in G. Therefore, we have

e,*

A®* = lim A% and A" = lim A4
M L un Arme

M —o0
where for each M > 0, A3" is the C *-subalgebra of A°* generated by all matrices (T3 )
with supp(7 ;) C Vi and d(x, N;),d(y,N;) < M.

For the Roe algebra case, there is a *-isomorphism

AG* = C*(Pa(Bo(Ni. M)).C(Y) & AX. H)y, & B)™

for any fixed M > 0 by Proposition 2.4, because P;(Bg(N;, M)) is N;-equivariantly
coarsely equivalent to Py (N;).

For the localization algebra case, it suffices to show that for d > 0 large enough, the
C*-algebra A7), has the same K-theory as C;(Py(Bg (N;. M)), C(Y) RAX,H)®B)Ni
for any fixed M. By Proposition 2.11, it suffices to show that Py (Bg(N;, M)) is strongly
N;-homotopy equivalent to Py (N;) when d is large enough.

When d is large enough, we can define a strong Lipschitz homotopy equivalence
between the subcomplexes Py (Bg(N;, M)) and Py (N;) as follows. For any element
g € G withd(g, N;) < M, there exists an element s € G with |s| < M such that gs leN;,
and the number of elements in the M -ball of the group G is finite. Let Bg(N;, M) =

|_|Z°=1 Nisy, where |sp| < M, and {s1, 52, ..., Sp,} is a subset of representatives for the
right cosets G/N;. We can define a map p : Bg(N;, M') — N; by p(g) = g, where
g = g's is the unique product with g’ € N;, and s € {s1, 52, ..., Sn,}. Uniqueness of the
product is guaranteed by the fact that {s1, 52, ..., 5, } is a subset of the representatives for

the right cosets of G/ N;. Itis easy to check that the map p is well defined and N; -invariant.
We can define a strong Lipschitz homotopy equivalence

H(-1) : Pg(Bg(Ni, M)) — P4 (N;)

by

H(Zcz'gi,l) = (teigi + (1 =D)eip(g1)),

i
where t € [0,1] and ) ; ¢;g; € P(Bg(N;, M)). By Proposition 2.11, the localization
algebra version is done. u

Lemma 5.6. Foralli, and all d > 0, one has the commutative diagram

K (CF (Pa(N:).C(Y) ® AX. H)y, ® B)™) — K. (C*(Pa(N:).C(Y) ® AX. H)y, & B)™)

l(lu)* l(li)*

Ko(CE(Pa(G).C(Y) & AX. H) ® B)G ) —— K.(C*(Pa(G).C(Y) & A(X.H) & B)G ).

We need the following result due to Tu (see [23]).
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Theorem 5.7. Let Y x ' be an a-T-menable transformation groupoid. Then, for any
I'-C*-algebra A, the Baum—Connes conjecture with coefficients in C(Y)® A holds for T';
i.e., the map

evy : lim K«(C/(P4(D),I,C(Y) ® A)) — Jim K. (C*(Pa(I).T.C(Y) ® A))

on K-theory induced by the evaluation-at-zero map is isomorphic.

In [23], Tu constructed a continuous field of C *-algebras which admits a proper ¥ xI"-
action by the a-T-menability of the groupoid X x I'. The continuous field defined by Tu
of C*-algebras is essentially the same as the one that we described in Section 3. Then,
the Baum—Connes conjecture for the groupoid X x I' is reduced from the Baum—Connes
conjecture for X x I" with coefficients in the continuous field of C *-algebras by the Dirac-
dual-Dirac method. In fact, the Baum—Connes conjecture with coefficients in C(X) is
actually the Baum—Connes conjecture for the groupoid X x I'.

Remark 5.8. The twisted Roe algebra C*(Py(N;), C(Y) ® A(X, Jf)Vi)Ni is exactly
the Roe algebra for P;(N;) with coefficients in C(Y) ® 4(X, )y, by the definition of
twisted Roe algebras. Similarly, the twisted localization algebra

C; (Pa(N:). C(Y) & AX. J)y,)"

is the localization algebra for Py (N;) with coefficients in C(Y) ® A(X, #)y,.
Combining Lemma 5.5 with Theorem 5.7, we have the following result.

Proposition 5.9. The homomorphism
1 lim K. (C}(Pa(G),C(Y) ® A(X, #) & B)S
evs: lim (CL(Pa(G),C(Y) & AX, #) ® B)..)

> lim K.(C*(Pa(G).C(Y) & A(X. J) & B)G ;)
—00 '

induced by evaluation-at-zero is an isomorphism.

Lemma 5.10. Let O and O’ be open subsets of Ry x #. If O C O, then the C*-subalge-
bras C*(P4(G), C(Y)®A(X, H)® B)S and C}(P4(G), C(Y)RA(X, H)®B)S are,
respectively, closed, two-sided ideals of C*-algebras C*(Pz(G), C(Y)® A(X, #)R®B)¢,
and C}(P4(G),C(Y) ® A(X,¥) ® B)S,.

In the definition of V;, the choice of V; depends on the constant R, so we denote it as
Vi (R) in the rest of this section. Fixing any Ry, for every R < Ry, let Vg,; = V;(Ro) N
ORg(e), where {V; (Ro)},Nz | is a finite open cover of O (e) obtained from the compactness
of Or,+1(e). We obtain the following decomposition for the twisted localization algebras
and the twisted Roe algebras.
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Lemma 5.11. For every fixed Ry > 0, let Or ;, = Uio=1 G - Vi(R). Then
C*(Pa(G).C(Y) ® AX.#) ® B)G,, .,
= C*(Pa(G).C(Y) ® AX.#) ® B)G, .
+ C*(Pa(G),C(Y) ® AX, H) & B)e.y, .. (r)s
CL(Pa(G).C(Y) ® AX.H) ® B)G, . .,
= C[(Pa(G).C(Y) ® AX.#) ® B)G, .
+ CL(Pa(G). C(Y) ® AX, 5) & B)G.y, . (r):
C*(Pa(G),C(Y) & AX. H) & B)G . nG.viy.
= C*(Pa(G).C(Y) ® AX.#) ® B)G,
NC*(Pa(G).C(Y) ® AX. #) & B)G.y, ,,-
C(Pa(G).C(Y) ® AX.H) & BYG, . 06101 (R)
= C[(Pa(G).C(Y) ® AX.#) ® B)G, .
N CL(Pa(G).C(Y) ® AX. H) & B)Gy, ., (r):
forall R < Ry.

The proof of Lemma 5.11 is similar to that of [28, Lemma 6.3] and is therefore
omitted.

Note that, for any 1 <i < i’ < N, the intersection Og(i) N Og(i’) is of the same
form as V' xn+ G for some open subset V' C W and some subgroup N’ < G containing

N with finite index. So by the Mayer—Vietoris sequence and the five lemma, we have the
following result.

Proposition 5.12. Let 1 - N — G — G/N — 1 be an extension of countable dis-

crete groups. Assume that N and G/N are coarsely embeddable into Hilbert spaces.
The evaluation-at-zero map

eve: Jim Ku(CE(Pa(G).C(Y) @ AX. ) & B)g,)
—>00
— Jim K. (C*(Pa(G).C(Y) ® AX.9) & B)g,)
—00
is isomorphic for each R.

By taking the direct limit over R, we have the twisted Baum—Connes conjecture with
coefficients in C(Y) ® A(X, #) & B.

Proof of Theorem 5.1. Since we have
C;(Pa(G).C(Y) ® AX, ) ® B)® = lim C7(Pa(G).C(Y) ® AX. ) & B)g, .
—>00

C(Pa(G).C(Y) R AX. H) & B)G = Jim Cr(P4(G),C(Y) ® AX, H) &® B)gR,
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it suffices to show that the map
evy : lim Ky(Dg g, — lim K«(Dg r,)
d—o0 d—o0

is an isomorphism, where we set

— : * ~ ~ G

Darry =, lim  Ci(Pa(G).C(Y)&AX.H)® B),,,
. . % ~ ~ G

Day = ,_lim € (Pa(G),C(Y) ® AX, H) ® B)

for brevity. By Lemma 5.11 and Og = |J; G - Vi(R), the proof is completed using the
Mayer—Vietoris sequence and the five lemma. ]

6. Proof of the main theorem

In this section, we will prove the main result of this paper. We are going to define a
geometric analogue of the infinite-dimensional Bott map introduced by Higson, Kasparov,
and Trout in [13] and then prove the Novikov conjecture from the twisted Baum—Connes
conjecture.

Let X be the compact space and (Hy)xex the continuous field of the Hilbert spaces
defined in Section 4. Every element in C(X) ® § can be viewed as a continuous §-valued
map. The action of G on C(X) ® § is given by g - (fx)xex = (f!)xex, where f] =
) xg~l- R

In Section 3, we obtain the fiber-wise defined Bott map 8; : C(X)®8 — A(X, #) by

,Bt ((fx)xeX) = (ﬁt(fx))xex’

where f, € §, for any x € X. It induces an isomorphism on the K-theory level.
Each element T € C*(P4(G),G,C(Y) ® C(X) ® B) ® § can be expressed as

T = (Ty,z)y,zEZd ® fv

where f €8,T,, € C(Y)® C(X) ® B® Kg, forall y,z € Z,.
We define the Bott map between the algebraic Roe algebras and algebraic twisted
localization algebras,

B:Cae(Pa(G),G,C(Y)®C(X)® B) ® S8 — C,1,(Pa(G), C(Y) ® AX, #) ® B)G,

by
B(T)(y.2) = Ty.z ® sy.:.
where s, ; € A(X, #) is a section with s, ; (x) = B:(b(x, J(¥)))(f), and
Bi(b(x, J())) : A{b(x. J())}) = A(Hx)

is the Bott map induced by the inclusion {b(x, J(y))} — Hx, fort € [0, 00).
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We are going to show that the Bott map B; is well defined. It suffices to show that, for
eachT & f = (Ty.2)yzez, ® f € Cjp(Pa(G).G,.CY)®C(X)® B)® S, B(T ® f)
is G-invariant in the sense that g(B:(T ® f)g-1y¢-12) = Be(T ® f)y,; forall g € G,
y.z €Zg.

Letsg : X — H = | |,cx #x be the continuous section defined by s¢(x) = b(x, g),
for all g € G. By Lemma 3.7, we have that 8(g - s) = g - B(s) for all s € A(X, #). For
each g € G, y,z € Zg, it follows from the definition of T ® f that

&(Tg-1y6-1,) =Ty ;.

So we need to show that

g (ﬂt(T ® f)g_ly,g_lz) = ,Bt(T ® f)y,z-
On the one hand,
,Bt(T ® f)y,z = Ty,z @ ,Bt(SJ(z))(f)~
On the other hand,
g To1ye-12 ®g- (ﬂf(sl(g“y))(f)) =T:8g- (ﬂt(sJ(g_ly))(f))-

It suffices to show that g - (B¢ (s y(g-1,))(f)) = B(ss())(f). Foreach x € X, we have

B(s10:)(N)(x) = B(b(x. J(1)))(f) € A(Hy).
For the section s (), we have
(g . SJ(g“y))(x) = g(s.l(g—ly)(Xg))
=g(b(xg. g7 J(»))
= b(x,J())
= SJ(y)(X)»

for all x € X. Therefore, g - S1g-1y) = SJ(»)> for all y € Z4, and hence it follows that

g(BG 1)) = Besson ().

Therefore,
g(ﬁt(T ® f)g—ly,g_lz) = ﬂt(T ® f)y,z-

As a consequence, the map

B : Co(Pa(G),G,.C(Y) ® C(X)) ® § — Cji,(Pa(G), C(Y) ® A(X, J€))G

*
alg

forallz € [1, 00) is well defined.
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Proposition 6.1. The family of maps
Br: Ch(Pa(G).G,.C(Y)®C(X)® B) ® § — Cph(Pa(G).C(Y) ® AX, 3) & B)®
fort € [1, 00) extends to an asymptotic morphism
B:C*(Pa(G),G,C(Y)®C(X)® B)® S — C*(Pa(G), C(Y) ® AX, ) & B)®.
Proof. Let
E = { Z as[z]:a, e C(Y)® AX, #) R B ® K¢, Z aja; converges in norm}.
zeZ, z€Z4
For every g € §, define a bounded module homomorphism N, : E — E given by
v( X az[z1) = Y (B(7)) () & 1a[:]
z€Z4 z€Z4

for all ZzeZd az[z]. It is easy to check that
Bi(T ®g) = Ng (T ®1)

forallge Sand T € C* (P4(G),G,C(Y)® C(X) ® B), where T & 1 is a bounded

alg
module homomorphism from E to E by

(T ® 1)( > az[z]) =y (Z(Ty,z ® l)az)[y]-
z€Zy4 Y€Zy4 z

By the definition of Roe algebras, the map B, extends to a linear map
C*(P4(G).G.C(Y) & C(X) & B) By § — C*(Pa(G).C(Y) ® AX.3) & B)°.

satisfying
BT @ )| < IgllT]

forallg € §,and T € C*,(P4(G),G,C(Y) ® C(X) ® B). By the definition of

aTg
C*(P4(G),G.C(Y)® C(X)® B)

and the properness of the G/ N -action on the C *-algebra C(Y) ® A(X, #) ® B, one can
verify that B is an asymptotic morphism from C*(P;(G),G,C(Y) ® C(X) ® B) Q. $
to C*(P4(G),C(Y) ® A(X, #) ® B)?. Hence, B; extends to a homomorphism

C*(P4(G), G, C(Y) ® C(X) & B) ®mun S — C*(P4(G), C(Y) ® AX, ) ® B)®.
As a consequence of the nuclearity of §, B; extends to a homomorphism

C*(P4(G).G.C(Y)® C(X)®B)® S — C*(P4(G).C(Y) ® AX.H)® B)®. m
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We define the Bott map on K-theory,
Br: Ku(C*(Pa(G).G.CY)® C(X)® B) & §)
— K. (C*(P4(G).C(Y) & A(X. ) & B)?),
as that induced by the asymptotic morphism
Bi: C*(P4(G),G,C(Y) R C(X)® B) ® § — C*(P4(G),C(Y) ® A(X, %) & B)®

fort € [1, 00).
Similarly, we can define the localized version of the asymptotic morphism

Br::Cf(Pa(G),G,C(Y)®C(X)®B)®S — C/(P4(G),C(Y) ® AX,H) &® B)G.
fort € [1, 00). Since this is an asymptotic morphism, it induces the Bott map on K-theory
BLs: Ke(C(Pa(G),G.C(Y)® C(X)® B) & S)
— K«(C}(Pa(G),C(Y) ® AX, 5) & B)®).
Note that, for every d > 0, the diagram

K. (C}(P4(G),G.CY)B®C(X)®B)® S) LN @ (C*(P4(G),G.CX)®C(X)®B)&® S)

Jn |+

Ko (C}(Pa(G), C(Y) & AX, H) & B)) — = K.(C*(Pa(G).C(Y) & AX, H) & B))

is commutative.

Let C/(P4(G),C(Y) ® A(X, H) ® B)C be the twisted localization algebra. Let
C, C C, C P;4(G) be G-invariant closed subsets such that C; = C; N Z4 fori = 1, 2.
Assume that the inclusion map i : C; — C; is a strong Lipschitz homotopy equivalence.
Let C/(C;,C(Y) ® A(X,H#) ® B)C be the C *-subalgebra consisting of all the operators
T eC/(Py(G),C(Y) ® A(X,H)® B)Y withsupportinC; x C; x W C Zg x Zg x W,
fori =1,2.

Then, the map i : C; < C, induces a map on the twisted Roe algebras

iv: C*(C1.C(Y) ® AX, H) ® B)® — C*(Co. C(Y) ® AX, H) & B)®

by
T if y,z € Cq,
i(T)y,z = » Y . '
0 otherwise,
forall T = (Ty.z)y.zec, € C*(C1, C(Y) ® A(X, H) ® B)C. This map is well defined
because the inclusion map i : C; < (5 is isometric. Similarly, one can define a homo-
morphism between the localization algebras

iL: CF(C1.C(Y) & AX. 3) & B)® — CF (C2. C(Y) & AX, 5) & B)C.
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The following result is a twisted analogue of the result that the K-theory of twisted local-
ization algebras is invariant under strong Lipschitz homotopy equivalence. The proof is
similar to that of Proposition 2.11.

Lemma 6.2. Assume that the inclusion map i : C; — C, is a strong Lipschitz homotopy
equivalence. The map

(ir)s - Ko (CF(C1.C(Y) ® AX. 2) ® B)®) — Ku(CH(Co. C(Y) ® AX. H) ® B)®)

induced by iy, on K-theory is an isomorphism.

Similarly, we have a twisted version of the Mayer—Vietoris sequence for twisted local-
ization algebras, as in Proposition 2.13. The proof will be similar, so it is omitted.

Lemma 6.3. Let A be a simplicial complex endowed with the spherical metric, and let
G be a countable discrete group. Assume that G acts on A properly by isometries. Let
C1, Cy C A be G-invariant simplicial subcomplexes endowed with the subspace metric.
Then, one has the following six-term exact sequence:

KO(LCmCz) — KO(LCI) @ KO(LC2) E— KO(LC1UC2)

I |

Ki(Lcine,) — Ki(L¢,) ® Ki(Lc,) — Ki(Lcue,).
where we set
Le, = CF (X1, C(Y) ® AX, ) ® B)®,
Le, = Cr(
Lene, = CE(Xi N X1, C(Y) ® AX. %) & B)®,
Leyue, = CF (X1 UG C(Y) ® AX, #) & B)C
for short.
Proposition 6.4. For each d > 0, the map
BLy : Ki(C[(Pa(G).G,.C(Y)® C(X)® B) ® )
— K.(C}(Pa(G), C(Y) & A(X,H) ® B))
is an isomorphism.

Proof. By induction on the dimension of the space P4 (G), the theorem is a consequence
of the fact that the K-theory of localization algebras is invariant under the strong Lips-
chitz homotopy equivalence (see Lemma 6.2), Theorem 3.8, the twisted Mayer—Vietoris
sequence (see Lemma 6.3), and the five lemma. [ |
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Let us recall the following commutative diagram which is obvious from the definition
of twisted localization algebras and twisted Roe algebras:

K. (C}(Pa(G).G,C(Y)® C(X)® B) & §) ——— K.(C*(P4(G).G,C(Y)® C(X)® B) & §)

J» J»

Ko (C}(Pa(G). C(Y) & AX. H) & B)®) —=— K.(C*(P4(G).C(Y) & AX.H) & B)°).

In the above diagram, the vertical map S » and the bottom horizontal map are iso-
morphisms. As a result, we have that the Novikov conjecture holds for G with coefficients
inC(Y)®C(X)® B.

Lemma 6.5. The map
evy : dlim K*(CL*(Pd(G), G.CY)RC(X)® B))
—00

— dlim K. (C*(Pa(G),G.C(Y) ® C(X) ® B))

induced by the evaluation-at-zero map on K-theory is injective.

In the rest of this section, we will reduce the Novikov conjecture to Lemma 6.5. By
identifying the C*-algebra C(Y) ® C(X) with C(Y x X), one can define amap ¢ : C —
C(Y) ® C(X) mapping each constant s € C to the constant function with value s on
Y x X. By tensoring with the identity map on compact operators, we can define a map
c®1:Kg—>C(Y)®C(X)® Kg.

Note that Y x X admits a G-action and it is Go-contractible for any finite subgroup
Go < G. The map ¢ ® 1 induces a homomorphism between the Roe algebras

¢:C*(Pa(G),G,B) - C*(P4(G),G,C(Y) ® C(X) ® B)

given by
ST)(x,y) = ¢ ® (Txy),
forx,y € Zg, T = (Tx,y)x,yez,-
Similarly, one can define a localized version of the homomorphism
&L : C}(Pa(G), G, B) — C}(P4(G),G,C(Y) & C(X) & B),
by
cL(g)(1) = (g(0)).
where g € C/(P4(G), G, B).
Lemma 6.6. Let Gy < G be a finite subgroup and B any G-C*-algebra. If V C P;(G)

is a Go-invariant and Ggo-contractible subcomplex such that G -V is homeomorphic to
the space V xg, G, then

K«(C}(V xg, G, G, B)) = K.(C(V, Gy, B)).
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Proof. Define a homomorphism
1:C;(V,Go,B) — C[ (V1 xXg, G,G, B)

by
X,y =

(60) g_l(b(t))gx’gy if 3g € G such that gx, gy € V,
otherwise,

for all b(t) € C;(V, Gy, B). Any element in K;(C/(V xg, G, G, B)) can be repre-
sented by an invertible element @ + I, for some a € CL*(V xG, G. G, B). Since the
propagation of a(t) approaches 0 as t — co, we can find a large constant Ty such that
supp(a(t)) C |_|g€G/G0 gV x gV forall t > Ty. By uniform continuity of the path a(¢),
as(t) = a(t + sTy) (s € [0, 1]) is a homotopy between a(t) and a(t + Tp). Thus, any
element in K1 (C/(V xg, G, G, B)) can be represented by an invertible element b + I €
(C;(V %6, G.G, B))™ with supp(b(t)) C |_|g€G/G0 gV1 x gV7.Since b(t) is G-invariant
for all ¢ € [0, 00), we can find an element b" € C/(V, Go, B) such that 1, ([p" + I]) =
[ + I]. Consequently, the map : is onto, and we can similarly prove that it is injective.
Therefore, we have

KI(CL*(V %G, G, G, B)) ~ K, (CZ‘(V, Go, B)).
The Ky case can be dealt with by a suspension argument. ]

The following result was proved originally using E-theory [8, Lemma 12.11]. We now
give an alternative proof using localization algebras.

Proposition 6.7. The map
(L)« : Jim K.(C}(P4(G),G,B)) — Jim Ky (C/(Pa(G),G.C(Y) ® C(X) ® B))
—>00 — 00

on K-theory induced by ¢y, is an isomorphism.

Proof. When d is large enough, there exist finitely many precompact open subsets V; and
finite subgroups G; < G,i = 1,...,k, such that P;(G) = Uf:l Vi xg, G and each V; is
G;-contractible by a strong Lipschitz G;-homotopy equivalence. The existence of subsets
V; and finite subgroups G; is guaranteed by properness of the G-action on P;(G). By the
Mayer—Vietoris sequence, it suffices to show that the map

(@L)x : Ke(C} (Vi xg, G, G, B)) = K+(C} (Vi x6, G,G,C(Y x X) ® B))

is an isomorphism for each 7. Without loss of generality, it suffices to show this fori = 1.
By Lemma 6.6, we have

K«(Cf (V1 xg, G,G. B)) = Ky * (C{ (V1,Gy1, B)),
K.(C} (Vi x6, G,G,C(Y x X) ® B)) = K.(C/(V1,G1.C(Y x X) ® B)).
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It suffices to show that
K.(C}(V1,G1, B)) = Ki(C}(V1.G1,C(Y x X) ® B)).
By the G -contractibility of V;, we have
K.(C}(V1.G1, B)) = K«(C/ (pt.G1. B)),
K(CF(V1,G1,C(Y x X) ® B)) = K«(C/(pt,G1,C(Y x X) ® B)).

It suffices to show that K.(C/(pt, G, B)) = K«(C/(pt,G1,C(Y x X) ® B)). Letc :
C — C(Y x X) be the *-homomorphism given by mapping each constant s € C to the
constant function with value son Y x X.Letc¢’: C(Y x X)) — C be the x-homomorphism
obtained by evaluation at the point (yg, Xo), where the space ¥ x X contracts to a point
(y0,Xx0) €Y x X via some G -equivariant homotopy equivalence. So, we have the *-homo-
morphisms on the reduced crossed product

c:Bx Gy — (C(Y xX)® B) % Gy,
¢ (C(Y xX)® B) % Gy — B x; Gy.

Note that, on the K-theory level, the compositions ¢, o ¢, and ¢, o ¢« are identity maps.
By the Green—Julg theorem (see [8]),

evy K*(CZ(pt,Gl,B)) — K*(C*(pt,Gl,B)),
evs : Ko (C/(pt,G1.C(Y x X) ® B)) — K«(C*(pt,G1,C(Y x X) ® B))

are isomorphisms on K-theory, where ev, is the homomorphism induced by the evalua-
tion-at-zero map, since we have

C*(pt,G1,B) = (B x:.G1) @ X,
C*(pt.G1,C(Y xX)® B) = ((C(Y x X) ® B) %, G1) ® XK.

In addition, the map
(L)« : K« (C/ (pt, Gy, B)) = K. (C/(pt,G1.C(Y x X) ® B))
is an isomorphism. As a result,
(L)« : Ke(CF(V; xg, G, G, B)) — K«(C}(V;,G,C(Y x X) ® B))

is an isomorphism for each i. The proof is completed using the Mayer—Vietoris sequence
(see Proposition 2.13) and the five lemma. [ ]

According to Proposition 2.15, the following result implies Theorem 1.1.
Theorem 6.8. The map

ev : lim K.(C}(P4(G),G, B)) = lim K.(C*(P4(G).G,B))
d—o0 d—o0

induced by the evaluation-at-zero map on K-theory is injective.
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Proof. We have the following commutative diagram:

evy

limg— 00 K+ (C} (Pa(G), G, B)) limg— 00 K+ (C*(Pa(G), G, B))

l(EL )* J/E*

limg 00 K+ (C (Pa(G), G, C(Y x X) & B)) ——— limg 00 K+ (C*(Pa(G), G, C(Y x X) ® B)).

Since the map (¢7)« is an isomorphism and the lower horizontal map is injective, the
upper horizontal map is injective. ]
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