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A variant of Roe algebras for spaces with cylindrical ends
with applications in relative higher index theory

Mehran Seyedhosseini

Abstract. In this paper, we define a variant of Roe algebras for spaces with cylindrical ends and use
this to study questions regarding existence and classification of metrics of positive scalar curvature
on such manifolds which are collared on the cylindrical end. We discuss how our constructions are
related to relative higher index theory as developed by Chang, Weinberger, and Yu and use this
relationship to define higher rho-invariants for positive scalar curvature metrics on manifolds with
boundary. This paves the way for the classification of these metrics. Finally, we use the machinery
developed here to give a concise proof of a result of Schick and the author, which relates the relative
higher index with indices defined in the presence of positive scalar curvature on the boundary.

1. Introduction

The question of whether a given manifold admits a metric of positive scalar curvature has
spurred much activity in recent years. One of the main approaches to partially answer this
question is index theory. On a closed spin manifold M, the Schrédinger-Lichnerowicz
formula implies that the nonvanishing of the Fredholm index of the Dirac operator is an
obstruction to the existence of a positive scalar curvature metric. However, this does not
tell the whole story, since there exist spin manifolds with vanishing Fredholm index of the
Dirac operator which however do not admit metrics with positive scalar curvature. One
way to obtain more refined invariants from the Dirac operator is to not only consider the
dimensions of its kernel and cokernel, but also to consider the action of the fundamental
group on them. This gives rise to a higher index for the Dirac operator which is an element
of the K-theory of the group C *-algebra of the fundamental group. In general, one can
associate a class in the K-homology of the manifold to the spin Dirac operator and the
higher index is obtained as the image of this class under the index map

M K (M) — K (C*(1(M))).

The nonvanishing of the higher index gives an obstruction to the existence of positive
scalar curvature metrics. In order to prove this, one can use the fact that the index map fits
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in the Higson—Roe exact sequence
= STOD MY - K (M) — Ki(CH(m1(M))) — -+

and that the positivity of the scalar curvature allows the definition of a lift of the funda-
mental class in Sy 1(M) (M). Given two positive scalar curvature metrics on M, one can
also define an index difference in Ki41(C*(;r1(M))). These secondary invariants can
then also be used for classification of positive scalar curvature metrics up to concordance
and bordism. More concretely, in [10, 1 1] the authors use these invariants to prove concrete
results on the size of the space of positive scalar metrics on closed manifolds.

In [1] Chang, Weinberger, and Yu recently considered the question on compact spin
manifolds with boundary. Let M be a compact spin manifold with boundary N. They
constructed a relative index map

pr DTN g (MU N) — Ky (C* (1 (M), 71(N))),

where K« (M, N) and C*(7r1(M), 71 (N)) denote the relative K-homology group and the
so-called relative group C *-algebra. One can define a relative class for the Dirac operator
on M in the relative K-homology group. The relative index is then the image of the latter
relative class under the relative index map. Given a positive scalar curvature metric on
M which is collared at the boundary, it was shown in [1] that the relative index vanishes.
A general Riemannian metric which is collared at the boundary and has positive scalar
curvature there also defines an index in K. (C*(mr;(M))), which vanishes if the metric
has positive scalar curvature everywhere. It was shown in [2, 9] that the latter index maps
to the relative index under a certain group homomorphism. Apart from relating previously
defined indices to the relative index, this fact also gives a conceptual proof that the relative
index is an obstruction to the existence of positive scalar curvature metrics which are
collared at the boundary.
The relative index map fits into an exact sequence

con > SN (M N — K (M, N) — Ky (C* (1 (M), 71(N))) = -+,

where Sy 1(M).m (N)(M , N) is the relative analytic structure group and has different real-
isations. The main aim of this paper is to answer the following natural question: given a
positive scalar curvature metric, which is collared at the boundary, can one define expli-
citly a secondary invariant in Sy 1(M)”TIUV)(M , N') which lifts the relative fundamental
class and is useful for classification purposes? Here, note that the exactness of the above
sequence immediately implies the existence of some lift or lifts which, however, do not
necessarily give us any information about the positive scalar curvature metric at hand.
Using the machinery we develop in this paper, we will be able to answer the latter ques-
tion in the positive. Furthermore, the same machinery allows us to define a higher index
difference associated to positive scalar curvature metrics on manifolds with boundary. The
definition of such secondary invariants paves the way for generalisations of the known res-
ults, such as those of [10, 11], on the size of the space of positive scalar curvature metrics
to manifolds with boundary.
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Closely related to the question of existence and classification of positive scalar
curvature metrics on manifolds with boundary which are collared at the boundary is the
question of existence and classification of positive scalar curvature metrics on manifolds
with cylindrical ends which are collared on the cylindrical end. The usual coarse geo-
metric approach to index theory cannot be applied in this case, since the Roe algebras of
spaces with cylindrical ends tend to have vanishing K-theory. We deal with this problem
by introducing a variant of Roe algebras for such spaces with more interesting K -theory.
The operators in the new Roe algebras are required to be asymptotically invariant in the
cylindrical direction. Such operators can then be evaluated at infinity in a sense to be
described later. Let X be a space with cylindrical end and denote by Y its cylindrical
end. Let A and I" be discrete groups and ¢ : A — I' a group homomorphism. ¢ then
induces a map BA — BT of the classifying spaces of the groups which we can assume
to be injective. Given a map (X, Yoo) — (BT, BA) of pairs, we construct a long exact
sequence

e Ka(Cg (DR Ko (G (D)R) > K, (CH()TRAA) .

In the above sequence, X denotes the I'-cover of X associated to the map X — BT and
c* ()7 YD:R+A consists, roughly, of operators on X which are asymptotically invariant
and whose evaluation at infinity results in operators admitting A-invariant lifts. For a spin
manifold X we associate a fundamental class to the Dirac operator in K4«(C/ (X)DR+Ay,
The index of the Dirac operator on the manifold with cylindrical end is then defined as the
image of the latter class under the map K, (C;(X)PR+4) — K, (C*(X)PR+4). Given
a positive scalar curvature metric on X which is collared on Y., we define a lift of the
fundamental class in K. (C Z,O(f )['R+A) "which proves that the nonvanishing of the new
index is an obstruction to the existence of positive scalar metrics on X and paves the way
for classification of such metrics. By removing Y, we obtain a manifold with boundary,
which we denote by X. We prove that there is a commutative diagram of exact sequences

Ka(Co(RIFReA) s Ke(CROTIPRAA) oy Ko (CF(D)FR)

! | |

SN, 0X) ————— Ku(X,0X) ———— K«(C*(T,A)),

where the lower sequence is the relative Higson—Roe sequence mentioned above. Further-
more, we show that the fundamental class of X maps to the relative fundamental class
under the middle vertical map. This shows that the relative index can be obtained from the
new index defined in K, (C *()? )O:R+:AY and allows us to define secondary invariants in
SIA (X, 0X).

As another application of the machinery developed here, we give a short proof of the
main statement of [9].
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The paper is organised as follows. The second section is a very short reminder of the
picture of K-theory for graded C *-algebras due to Trout. In the third section, we recall
basic notions from coarse geometry and the coarse geometric approach to index theory on
manifolds with and without boundary. In the fourth section, we introduce variants of Roe
algebras for spaces with cylindrical ends and cylinders and define the evaluation at infinity
map, which plays an important role in the rest of the paper. In the final sections, we define
indices for Dirac operators on manifolds with cylindrical ends and discuss applications to
the existence and classification problem for metrics with positive scalar curvature on such
manifolds. This is followed by a discussion of the relationship with the relative index for
manifolds with boundary and a short proof of a statement on the relationship between the
relative index and indices defined in the presence of a positive scalar curvature metric on
the boundary.

2. K-theory for graded C *-algebras

In this paper, we will use the approach of Trout to K-theory of graded C *-algebras. This
description of K-theory was used by Zeidler in [13], where he proves product formulas
for secondary invariants associated to positive scalar curvature metrics. We quickly recall
the basics and refer the reader to [13, Section 2] for more details.

Let H be a Real Z,-graded Hilbert space and denote by K the Real C *-algebra of
compact operators on H. The Z,-grading on H induces a Z, grading on K by declaring
the even and odd parts to be the set of operators preserving and exchanging the parity
of vectors, respectively. The Clifford algebra Cl, ,, will be the C *-algebra generated by
{e1.....en,€1....,6m} subject to the relations e;e; + eje; = —26;;, €;8; + €j&; = 265,
ejej +eje; =0,ef = —e;, and &] = g;. The Real structure and the Z,-grading of Cly,
are defined by declaring these generators to be real and odd. Denote by § the C*-algebra
Co(R) endowed with a Real structure given by a complex conjugation and a Z,-grading
defined by declaring the odd and even parts to be the set of odd and even functions. Given
Real, Z,-graded C *-algebras A and B, denote by Hom(A4, B) the space of C*-algebra
homomorphisms between A and B respecting the Real structures and the Z,-gradings, by
[A, B] the set mo(Hom(A, B)), and by A® B their maximal graded tensor product. The
n-th K-theory group of the Real graded C *-algebra A is defined to be

Kn(A) = m, (Hom(S, ARK))

and turns out to be isomorphic to [§, X" ARK], where X" A denotes the n-th suspension
of A. Any Real graded homomorphism of C*-algebras ¢ : § — A gives rise to a class
[¢] == [p®e11] € Ko(A) with e1; some rank one projection.

Denote by S (—¢, ¢) the Real graded C *-subalgebra of § consisting of functions van-
ishing outside (—e¢, €). For our discussion of secondary invariants, we will make use of the
fact that the inclusion § (—¢, &) — § is a homotopy equivalence.
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Remark 2.1. From now on, following [13], we use the notation K, (A) instead of K, (A)
for the K-theory of a graded Real C*-algebra A. Indeed, if we ignore the Real structure
and the grading, K, (A) coincides with the usual complex K-theory of the C *-algebra. If
there is a Real structure, we obtain the real K-theory of the real part of A (see also the
appendix of [13]).

3. Roe algebras and the relative index map

In the following, a metric space X is said to have bounded geometry if

» there exist a subset D of X and ¢ > 0 such that any point of X has distance less than
¢ to some point of D and

» forany r > O there exists a natural number N, such that the cardinality of D N U, (x)
is less than N, for any x € X. Here U, (x) denotes the open r-ball with centre x.

Throughout this section X, Y, and Z will denote locally compact metric spaces with
bounded geometry.

3.1. Roe algebras

Let I" be a discrete group acting freely and properly on Z by isometries. Pulling back
functions along the action gives rise to an action « : I' — Aut(Cy(Z)). Let (p, U:T —
U(H)) be an ample covariant representation of the C*-dynamical system (Co(Z), I, @)
on a Hilbert space H;i.e., p: Co(Z) — L(H) is arepresentation of Co(Z)on H,U:T" —
U(H) is a unitary representation of I" on H, and the covariance condition

p(ey () = Uyp(/)Uy

is satisfied for all y € " and f € Cy(Z). Here ample means that no non-zero element of
Co(Z) acts as a compact operator. The space H will be referred to as a Z-module. We
will also make use of Cl,-linear Z-modules which are defined analogously by replacing
the Hilbert space H with a Real, graded Hilbert Cl,-module $ and by requiring the rep-
resentation p to be by adjointable operators. In the following, we will denote p( /') simply
by f.

Definition 3.1. An operator T € L(H) is called locally compact if for all f € Cy(Z) both
Tf and fT are compact. T is called a finite propagation operator if there exists R > 0
with the property that fTg = 0 for all f, g € Co(Z) with dist(supp f, suppg) > R. The
smallest such R is called the propagation of T and is denoted by prop T'. T is called
I'-equivariant if 7 = Uy T U, for all y € I'. Similarly, one defines the notions of local
compactness and finite propagation for adjointable operators on $.

Definition 3.2. The equivariant algebraic Roe algebra is the x-algebra of locally com-
pact, finite propagation, I'-equivariant operators on H and is denoted by R(Z )E. The
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equivariant Roe algebra is a C*-completion of the algebraic Roe algebra and is denoted
by C (";,) z )E Here (d) is a placeholder for the chosen completion. Similarly, one defines
the Cl,-linear equivariant (algebraic) Roe algebra by using finite propagation, locally
compact, and equivariant operators on $. These algebras will be denoted by R(Z; Cln)g
and C)(Z; Cl,)F.

Remark 3.3. It follows from Proposition 3.9 below that the K-theory groups of the Roe
algebra are independent of the chosen ample representation. We will therefore drop p from
the notation.

Remark 3.4. Examples of possible completions are
* the reduced completion Crzd(Z)r, i.e., the closure of R(Z)T in L(H),

» the maximal completion C . (Z )T obtained by taking the completion using the uni-
versal C*-norm, and

* the quotient completion C;(Z )T introduced in [9].

In the following, we will denote the Roe algebras obtained by the quotient completion
simply by C*(Z)! and C*(Z;Cl,)". Most of what will follow will be valid for all of the
above completions, however we will state all of our results only for the quotient comple-
tion.

Later in the paper, we will introduce variants of Roe algebras which are suitable for
spaces with cylindrical ends and show that the K-theory groups of these algebras define
functors on a certain category of spaces. Our proofs of the functoriality of the K-theory of
the new Roe algebras and their independence from the chosen ample modules make use
of the analogues of these results for the classical Roe algebras. Hence, we quickly recall
the latter results in the following. Analogues of the results mentioned below hold for the
Cl,-linear versions of the algebras introduced and we will later make use of them.

Definition 3.5 (See [7, Chapter 2]). Let X and Y be locally compact separable proper
metric spaces endowed with a free and proper action of a discrete group I' by isometries.
A map f : X — Y is called coarse if the inverse image of each bounded set of ¥ under
f is bounded and for each R > 0 there exists S > 0 such that dy (x, x’) < R implies

dy (f(x), f(x") < S.

Definition 3.6. Let X and Y be as in Definition 3.5. Let H and H’ denote an X- and
Y -module, respectively. The support of an operator T : H — H’ is the complement of
the union of all sets V' x U C Y x X with the property that fTg = 0 for all f € Co(V)
and g € Co(U). It will be denoted by Support(T).

Definition 3.7. Let X and Y be as in Definition 3.5. Let f : X — Y be a coarse map. Let
H and H' denote an X - and Y -module, respectively. An isometry V : H — H'’ is said to
cover f if there exists an R > 0 such that dy ( f(x), y) < R for all (y, x) € Support(T).



A variant of Roe algebras for spaces with cylindrical ends 601

Lemma 3.8 ([4, Lemma 6.3.11]). Let f, X, Y, H, and H' be as in Definition 3.7. If an
isometry V covers f, then T +— VTV* defines a map from R(X)T to R(Y)T which
extends to a map C*(X)!' — C*(Y)TL.

Proposition 3.9 ([4, Proposition 6.3.12]). Let f, X,Y, H, and H' be as in Definition
3.7. There exists an isometry which covers f and thus induces a map K.(C*(X)') —
K« (C*(Y)V). The latter map is independent of the choice of the isometry covering f. In
particular, the group K+(C*(X)V) is independent of the choice of the X -module up to a
canonical isomorphism.

For the rest of the section, we consider a space Z with a chosen Z-module H . In the
case the action of I on Z is cocompact, we have the following proposition.

Proposition 3.10. Ifthe action of T on Z is cocompact, then K.(C*(Z)") =K, (C; (M),
where C ; (") is the quotient completion of the group ring of T as introduced in [9).

Proof. In the proof of [4, Lemma 12.5.3], an isomorphism R(X) =~ C[I'] © K(H') is
given. Here, C[I"] denotes the complex group ring of " and K(H’) denotes the algebra of
compact operators on a suitable Hilbert space H'. This isomorphism becomes an isometry
if the left-hand side is endowed with the norm of C*(X)' and the right-hand side is
endowed with the norm of C;(I') ® K(H ") and thus extends to an isomorphism of the
latter two algebras. The claim then follows from the stability of K-theory. ]

Given a ['-invariant subset S C Z, it will be useful to look at the x-algebra of operators
in R(Z)T which are supported near S in the sense of the following definition.

Definition 3.11. Given asubset S C Z, T is said to be supported near S if there exists an
R > 0 with the property that supp 7" C Ur(S) x Ur(S). Here Ug(S) denotes the open
R-neighbourhood of S.

Definition 3.12. Let S be a I'-invariant subset of Z. The equivariant algebraic Roe
algebra of S relative to Z is the subalgebra of R(Z)T consisting of operators suppor-
ted near S and will be denoted by R(S C Z)T'. The equivariant Roe algebra of S relative
to Z is the closure of R(S € Z)T in C*(Z)T and is denoted by C*(S c Z)'.

Since S is itself a I'-space, it has its own Roe algebra. This is related to the Roe algebra
of S relative to Z by the following proposition.

Proposition 3.13 ([5, Section 5, Lemma 1]). K.(C*(S)T) = K.(C*(S c Z)T).
We will also need the notion of support of a vector in H.

Definition 3.14. Let v € H. The support of v is the complement of the union of all open
subsets U with the property that fv = 0 forall f € Co(U).
3.2. Yu’s localisation algebras

Given a C*-algebra A, we denote by T A the C*-algebra of all uniformly continuous
functions f : [1,00) — A endowed with the supremum norm.
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Definition 3.15. The equivariant localisation algebra of Z is defined to be the C*-
subalgebra of TC*(Z)T generated by elements f satisfying

* prop f(t) < ocoforallt € [1, 00),
* prop f(t) %0,
It will be denoted by C;(Z)T.

Remark 3.16. Replacing the quotient completion of the Roe algebra with the maximal
(respectively reduced) completion in Definition 3.15, we can define the maximal (respect-
ively reduced) version of the equivariant localisation algebra C;*  (Z ) (respectively
Cz,red(z)r)’

Remark 3.17. The K-theory of the localisation algebra, obtained by using any of the
discussed completions, provides a model for the equivariant locally finite K-homology.
Yu constructed an isomorphism Indy, : K (Z) — K«(C} .,(Z)), where K} (Z) denotes
the equivariant K K-group KK (Co(Z), C). We refer the reader to [6, 12] for the proof
of the isomorphism in the reduced case. See the proof of [9, Theorem 2.34] and the rest
of the discussion in [9, Section 2] for a proof of the result for an arbitrary completion.

,max

Definition 3.18. A I'-cover Z of a locally compact metric space M is called nice if there
exists an € > 0 such that the restriction of Z to every e-ball in M is trivial.

Note that any cover of a compact metric space is nice. The following example is more
important for us. Given a compact Riemannian manifold M with boundary N such that
the Riemannian metric is collared near N, Mo, ;== M Uy (N x R4) can be made into a
Riemannian manifold in a natural way (endowing N x R4 with the product metric). Any
Galois cover of M, is nice.

Proposition 3.19. Let Z — M be a nice I'-cover. Then there is an isomorphism
K (CH)Y) = Ki(CF(M))
induced by lifting operators on M with small propagation to equivariant operators on Z.
In particular, Indy, gives rise to an isomorphism K«(M) = K«(C/ ).
Remark 3.20. In the following, we will assume all covers to be nice.

Given a I'-invariant subset S of Z, it will be useful to define the localisation algebra
of S relative to Z.

Definition 3.21. The equivariant localisation algebra of S relative to Z is defined as the
C*-subalgebra of C;'(Z )T generated by elements f with the property that there exists a
continuous function B : [1, 00) — R vanishing at infinity such that supp f(t) C Up()(S) x
Up(1)(S). It will be denoted by C;*(S C ).

Proposition 3.22 ([13, Lemma 3.7]). K.(C;(S)T) = K.(C}(S c Z)").
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Definition 3.23. Consider the evaluation-at-1 map ev: C/'(Z )y — C*(Z)T sending f to
f(1). The equivariant structure algebra of Z is the kernel of the homomorphism evy; i.e.,
it is the C*-subalgebra of C/ (Z)' consisting of C*(Z)!-valued functions f on [1, co)
with f(1) = 0. It is denoted by C;* ((Z)".

Given a I'-cover Z — M induced by a map M — BT, with M compact, the index
map u! 1 Ku(M) — K.(C*(T')) can be defined by

(evi)«

K (M) = K.(C/(Z)T) K. (C*(2)") = Ki(CJ(I)).

Clearly, it fits into a long exact sequence
o= SH(M) = Ku(M) = Ko (C*T)) = --+,

where SI'(M) denotes K.(C L*,O(Z)F) and is called the analytic structure group. This
long exact sequence is called the Higson—Roe analytic surgery sequence.

3.2.1. Fundamental class of Dirac operators. Now suppose that Z is an n-dimensional
spin manifold. We assume that I" acts by spin structure preserving isometries. Denote
by & = Pspin(Z) Xspin Cl, the Cl,-spinor bundle on Z. Recall that the Cl,-linear Dirac
operator /7 on Z (acting on sections of &) gives rise to a class in K«(Z)''. Under the
isomorphism of Proposition 3.19, this class corresponds to the class

[Dz] € Ko(C/(Z:Cl)T) = K, (CF(2)F)

defined by ¢y, : § — C;(Z:;Cl,)" sending f € S to (1 = f(+Dz)) € C;(Z:Cly)".

3.3. The relative index map

Let A and I be discrete groups and ¢ : A — I" a group homomorphism. The homomorph-
ism @ gives rise to a continuous map B¢ : BA — BT .Ttalsoinducesamap ¢ : C, . (A) —
C. . (I'). We can and will assume that By is injective. Given a compact space X, a subset
Y C X,andamap f : (X,Y) — (BT, BA), Chang, Weinberger, and Yu [1] define a rel-
ative index map "4 : Ko (X,Y) — K. (CX, (T, A)). Here C}, (T, A) := SC, denotes
the suspension of the mapping cone of ¢ and is called the (maximal) relative group C *-
algebra. If X is not compact, then their construction gives rise to a relative index map
targeting the K-theory group of a relative Roe algebra. Here, we quickly recall the con-
struction of the relative index map. Denote by X and Y the T and A coverings of X and
Y associated to f and f'|y, respectively. Denote by Y’ the restriction of XtoVY. Using
particular X .Y’ and f—modules, Chang, Weinberger, and Yu construct a morphism of
C *-algebras
* VA * "R * v\

y:Co (Y)* = Cr (Y — Co (X)) .
We will later discuss the morphism v in more detail. Applying ¥ pointwise, we obtain a
morphism

VL Cf (DA = CF (V)7 > CF L (KT
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See Remark 3.16 above for the definition of C L* max- e denote by Cy,; the mapping cone
of the homomorphism vz and by SCy, its suspension. Analogous to the absolute case,
there is a map Inerel tKi(X,Y) = Ki(SCy,).

Proposition 3.24. Indrel is an isomorphism. If, furthermore, X is compact, then
Ky«(SCy) = K*( Cr (T, A))
Evaluation at 1 gives rise to morphisms

evi : Cf (A = CE (DA and evy : CF L (DT — CE (DT

max max

The diagram

evi

L max(Y)A Cmax(Y)A

o J#

L max(X)F =t max(X)F

is commutative. Hence, the evaluation-at-1 maps give rise to a morphism SCy, — SCy,
which we also denote by ev;.

Definition 3.25. The relative index map 1" is defined to be the composition

Indrel V1 )*

Ko(X.Y) L Ko (SCyy) 2% KL (SCy).

Remark 3.26. If X is compact, the isomorphism K. (SCy) = K« (Cj (I, A)) allows us

max
to consider u A as a map with values in the K-theory of the relative group C *-algebra.

Remark 3.27. We note that the map  is first defined at the level of algebraic Roe algeb-
ras. The latter map is continuous only if the algebraic Roe algebras are endowed with a
suitable norm (for example the maximal norm). This is the technical reason for the use of
maximal completion by Chang, Weinberger, and Yu.

Remark 3.28. Instead of the maximal completion of the group rings and the Roe algebras,
one can consider the quotient completion introduced in [9] and obtain a similar relative
index map. If the group homomorphism ¢ : A — T is injective, then one can also use the
reduced completion of the group rings and Roe algebras. From now on we will only make
use of the quotient completion and will most of the time drop the subscript indicating the
chosen completion.

Analogous to the absolute case, the relative index map fits into a long exact sequence.
The map v/ gives rise, by restriction, to a map ¥z o : C/' 0(Y)A - C/ 0(X)F. We have
a short exact sequence of C*-algebras

0— SCy, = SCy, —> SCy — 0,
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which gives rise to a long exact sequence of K-theory groups

T A

o> Ki(SCyy ) = Ki(X,Y) 2 Ki(SCy) — - .

Remark 3.29. Similarly, one defines maps C(i)(f; Cl,)A — € (X:Cl,)T, which we

@)
will also denote by ().

3.3.1. The relative index of Dirac operators on manifolds with boundary. Given a
compact spin manifold M with boundary N with a metric on M which is collared at
the boundary, consider the manifold M, obtained by attaching N, := N x [0, 00) to
M along N. Extend the metric on M to a metric on M, using the product metric on the
half-cylinder (the metric on R is the usual one). Denote by [/ 57, ] the fundamental class
of the Dirac operator on My, in Kyx(My). Given a map f : (M, N) — (BT, BA), the
construction of the previous section gives rise to a relative index map u2 : K. (M, N) —
K. (C*(T, A)).

Definition 3.30. The relative index of the Dirac operator on M is defined to be the image
of [P p,,] under the composition

~ IA
Ki(Moo) = Ki(Moo, Noo) —> Ku(M, N) == K. (C*(T, A)).

where the isomorphism Ky (Moo, Noo) = K.«(M, N) is given by excision.

The nonvanishing of the relative index obstructs the existence of positive scalar
curvature metrics on M.

Proposition 3.31 ([, Proposition 2.18], [9, Theorem 5.1], [2, Theorem 4.12]). If there
exists a positive scalar curvature metric on M which is collared at the boundary, then the
relative index of the Dirac operator on M vanishes.

4. Coarse spaces with cylindrical ends

Let X be a locally compact metric space with a free and proper action of a discrete group
I" by isometries. For a I'-invariant subset ¥ of X we can endow Y x R with a I'-action

by setting y(y.1) = (yy.1).

Definition 4.1. Let X and Y be as above. The space X is said to have a cylindrical end
with base Y if there exists a ['-equivariant isometry ¢ : ¥ x [0, 00) — X satisfying

Uy, 0) =y,
* limp oo dist(t(Y X [R,00)), X — Yoo) = 0.

Here Yo, denotes (Y x [0, 00)), and Y x [0, oo) is endowed with the product metric.

Definition 4.2. Let (X, Y, ) and (X', Y’, (') be spaces with cylindrical ends. A map f :
X — X’ is called a coarse map of spaces with cylindrical ends if it is a coarse map and
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satisfies
e f(X\Yx) CX'\Y. and
o fl(y,0) ="1V(gy),1) with g := fly.

4.1. Roe algebras for spaces with cylindrical ends

Using the isometry ¢, one can define an action of R4 on Cy(Y,) by setting

f(y.t—s)) forz >s,
0 otherwise.

Ls(H((».0)) = {

We would like to define a variant of Roe algebras for spaces with cylindrical ends. In order
to do this, we use modules which are equipped with an action of R by partial isometries,
which is compatible with the action of Ry on Cy(Y). Before making this precise, we
introduce some notation. Let Hy be a Y -module. The Hilbert space L?(R; Hy) can be
endowed with the structure of Ys,-module in a natural way. On L?(R; Hy), one can
define a family of partial isometries P;' by

f(@t—s) fort>s,

0 otherwise.

PI(f)(@) = {

Definition 4.3. Let (X, Y, () be a space with cylindrical end. A Hilbert space is called an
X -module tailored to the end if there is a tuple (p, U, { Ps}ser_. ) satistying the following
properties:

* (p,U) is a covariant ample representation of Co(X) on H;

* P is astrongly continuous family of partial isometries on H satisfying
- P=P

S
- PSPy = p().(yx[o,00) forall s > 0,
- PsPJ = p()u(yx[s,00)) forall s > 0,

- p(f)Ps = Psp(Ls(f)) forall f € Co(Yoo);
« for some Y -module Hy, there is a I'-equivariant unitary: W : yy,  H — L*(R4; Hy),
which covers the identity and satisfies WP; = PS'W.

Here the tuple (p, U, { Ps}) is part of the structure of the X -module and p is the extension
of the representation p to the bounded Borel functions.

Similarly, one can define Cl,-linear modules tailored to the end. The following defin-
itions generalise in an obvious manner to the Cl,-linear context. In the rest of the section,
(X, Y, 1) will be a space with cylindrical end (endowed with a ["-action) and H will denote
an X -module tailored to the end. We will construct a variant of Roe algebras for spaces
with cylindrical ends. Since H is in particular an X -module, it can be used to construct
the usual equivariant algebraic Roe algebra R(X)".
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Definition 4.4. An operator T € L(H ) is called asymptotically R 4 -invariant if

lim sup ||(P—s TPy — T) fux x(R,00n | = O-

R—00 350

Lemma 4.5. The set of operators in R(X)T, which are asymprotically R -invariant, is
an x-subalgebra.

Proof. Let S, T € R(X)T be asymptotically R, -invariant. Set Ry := prop T'. In the fol-
lowing, x g will denote x,(y x[R,o0))- Since Py P—g = y (for all s > 0) and elements in the
image of T P y g are supported in (Y x [R — Ry + 5, 00)), we have, for R > Ry, that

(P_sSTPy)xr = (P_sSPsP_sTPy) x&.

Furthermore, since elements in the image of the operator (P_;7 Ps)x g are supported in
t(Y x [R — Ry, 00)), we have that

(P—sSPsP_TPs)xr = (P—SSPSXR—RO P_sTPs)xr.
From the asymptotic R 4 -invariance, it follows that
P_gSPsXR-Ry = SXR—Ry + ER—Ro,s(S) and P_TPsyr =Tyxr+ Ers(T)
with
lim sup | ErR—Ro,s(S)| =0 = lim sup | Ers(T)|. (%)
R—00 350 R—00 g5
Therefore, (P—sSTP; — ST) xR is equal to
SXR-ReTXR + SYR-RyERs(T) + ER—Ry.s(S)TYR + ER—Ry.s(S)ERs(T) — ST xR
= SAR-RyERs(T) + ER—Ry,s(S)TXR + ER—Ry,s(S)ER,s(T).

The latter equality and () imply that ST is asymptotically R 4 -invariant. We now show
that 7* is also asymptotically R | -invariant. We have that

(P_sT*Ps —T*)xr = (xr(P—sTP; —T))".
Furthermore, since the propagation of T is Ry, the right-hand side is equal to

(XR(P—sTPy —T)xr-R,)" = (YRER-Ro.s(T))".

This shows that T* is asymptotically R 4 -invariant. The fact that the set of asymptotically
R -invariant operators is closed under addition is clear. ]

Definition 4.6. The equivariant algebraic Roe algebra of X tailored to the end is the
x-subalgebra of R(X)T consisting of asymptotically R 4 -invariant operators. It will be
denoted by R(X )R+ The equivariant Roe algebra of X tailored to the end is the closure
of R(X)DR+ in C(Z)(X)r and will be denoted by C(Z)(X)F’RJ& Similarly, using a Cl,,-

module tailored to the end, one defines R(X; Cl,)""®+ and C(*d)(X : Cl,) DR+,
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Remark 4.7. Note that the algebraic and C*-algebraic Roe algebras defined above de-
pend, a priori, on the chosen modules tailored to the end. We will see later, that the
K-theory groups of the C *-algebras defined using different modules are canonically iso-
morphic.

Remark 4.8. The equivariant Roe algebra of X tailored to the end obtained by using the
quotient completion will simply be denoted by C*(X)T"R+_ In the following, we will only
make use of the quotient completion; however, most of the results are also valid for the
reduced and maximal completions.

Let (X', Y’, () be another space with a cylindrical end and H' an X’-module tailored
to the end given by the data (o, U’, { P.}).

Definition 4.9. Let /' : X — X’ be a map of spaces with cylindrical ends. An isometry
V : H — H’ is said to cover f if it covers f in the sense of [4, Definition 6.3.9] and
satisfies VPs = PJV.

Lemma 4.10. Let f and V be as in Definition 3.7. Then T — VT V™ defines a map
C*(X)F,R+ - C*(X/)F’R+.

Proof. The fact that conjugation by V gives a map C*(X)T' — C*(X’)T is the content of
[4, Lemma 6.3.11]. We show that if T € R(X)! is asymptotically R -invariant, then so
is VTV*. In the following, p and p’ will denote the extension of p and p’ to the bounded
Borel functions on X and X', respectively. Using the fact that V intertwines the families
{Ps} and { P}, we get

(P . VTV*P. —VTV*)o (xg) = V(P_sTP; — T)V*p'(xr)
=V(P_sTP;—T)V*P.P’ =V (P_ TPy — T)PP_V*=V(P_,TP; — T)5(xr)V*.

which proves the claim. ]

Proposition 4.11. Let f : X — X’ be a map of spaces with cylindrical ends. Then there
is an isometry V : H — H' which covers f. Conjugation by V induces a homomorphism
Ko(C*(X)PR+) — K, (C*(X")TR+) which does not depend on the choice of the cov-
ering isometry V. In particular, K+(C*(X)TR+) does not depend on the choice of the
X -module tailored to the end up to a canonical isomorphism.

Proof. We prove the existence of an isometry covering f. The proof that the induced map
on the K-theory groups by conjugation with V' does not depend on the choice of V' is the
same as that of [4, Lemma 5.2.4]. We have that

H = yx\vo H @ xv  H = xx\v.. H ® (Hy ® L*(Ry)).

Similarly, H' = yxny, H' & (Hy, ® L*(Ry)). By Proposition 3.9, there are isomet-
ries V1 xx\voo H = Xx\vo,H' and V5 : Hy — Hj, covering the restrictions of f to
X \ Yo and Y, respectively. We use the above decompositions of H and H' and set
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V =V, & (V2 ® Id). Since the isomorphisms yy, H =~ Hy ® L*(R) and xy H' =
Hy ® L?(R) cover the identity maps on Yo, and Y/, respectively, V, seen as an iso-
metry from H to H’, covers f in the sense of Definition 3.7. Furthermore, the latter
isomorphisms intertwine the families { Ps} and { P]} with the standard families of partial
isometries { P$'} on Hy ® L*(R4) and Hy: ® L?(R.), which implies that V' intertwines
{Ps} and {P;}. Thus, V covers f in the sense of Definition 4.9. L]

One can also define localisation and structure algebras tailored to the end.

Definition 4.12. The equivariant localisation algebra of X tailored to the end is defined
to be the C *-subalgebra of TC*(X )R+ generated by elements f satisfying

* prop f(t) <ocoforallt € [1, c0),
» prop f(¢) =%,
It will be denoted by C; (X YOR+ The equivariant structure algebra of X is defined to be

the subalgebra of C;"(X )T'R+ generated by f which further satisfy f(1) = 0. It will be
denoted by C/ O(X)F’R+.

Remark 4.13. One can also prove the existence of families of isometries covering a given
map in a suitable sense and inducing maps between localisation and structure algebras
tailored to the end. One can then deduce an analogue of Proposition 4.11 for structure
and localisation algebras tailored to the end. These statements can be proved by using the
approach of the proof of Proposition 4.11 and slight modifications of the proofs for the
classical structure and localisation algebras.

4.2. Roe algebras for cylinders

One of our main goals in the following is to evaluate asymptotically R -invariant oper-
ators on a space (X, Y, ) with cylindrical end and obtain R-invariant operators on the
cylinder over Y. In this section, we define a Roe algebra for cylinders which will be
the target of the aforementioned “evaluation at infinity map.” In the following, ¥ will
denote a locally compact separable metric space endowed with a free and proper action
of a discrete group I' by isometries. Endow Y x R with the product metric. Furthermore,
L.(f)(y.t) = f(y,t —s) defines an action of R on Cy(Y x R). Let Hy be a Y -module.
The space L2(R, Hy) can then be endowed with the structure of a ¥ x R-module. There
is a family {Q5'} of unitaries on L?(R, Hy) given by the shift of functions in the R-
direction.

Definition 4.14. A Hilbert space H is called a cylindrical ¥ x R-module if there is a
tuple (p, U, {Qs}) satisfying the following properties:
* (p,U) is a covariant ample representation of Co(Y x R) on H;

* {Qs} is a strongly continuous group of unitaries commuting with the representation
U of T on H and satisfying p(f)Qs = Osp(L;(f));
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+ for some Y -module Hy, there is a unitary isomorphism W : H — L2?(R, Hy) which
covers the identity map of ¥ x R in the sense of Definition 3.7, intertwines the families
{Qs} and { O}, and does not shift the support of vectors in the R-direction.

A cylindrical ¥ x R-module is, in particular, a ¥ x R-module and allows us to define
the usual Roe algebras R(Y x R)T and C*(Y x R)T.

Definition 4.15. An operator 7 € R(Y x R)T is called R-invariant if
Q—s TQS -T=0,

for all s € R. The closure of the s-algebra of such elements in C*(Y x R)I' will be
denoted by C*(Y x R)'*R_ Similarly, using a cylindrical ¥ x R-Cl,-module, one defines
C*(Y xR;Cl,)"*R,

Now let Y’ be another space. Let f : Y x R — Y’ x R be a coarse map, which is
the suspension of amap g : ¥ — Y’. Let H and H’ be cylindrical ¥ x R-and ¥’ x R-
modules, respectively. A slight modification of the proof of Proposition 4.11 proves the
following proposition.

Proposition 4.16. Let f, H, and H' be as above. There exists an isometry V : H — H'
which covers f in the sense of Definition 3.7 and intertwines the families { Qs} and { Q' }.
Conjugation by V induces a homomorphism

K (CH(Y x R)PR) — K, (C*(Y' x R)TR),

The latter homomorphism is independent of the choice of the isometry V satisfying the
above properties. In particular, K(C*(Y x R)I*R) does not depend on the chosen cyl-
indrical Y x R-module.

4.3. The evaluation at infinity map

Let (X, Y, ) be a space with cylindrical end on which I' acts as above. Asymptotically,
R4 -invariant operators can be “evaluated at infinity” in the sense of Propositions 4.19 and
4.20 to give R-invariant operators on ¥ x R. In order to do this, we first introduce the
notion of (X, Y, () modules, which is given by a pair consisting of an X -module tailored
to the end and a cylindrical ¥ x R-module which are related in a special way.

Definition 4.17. Let (X, Y, ) be a space with cylindrical end. A pair (H, H') of Hilbert
spaces is called an (X, Y, t)-module if there is a tuple (p, o', U, U’,{ Ps},{Qy}, i) satisfying
the following properties:

e (p,U,{Ps}) and (p/,U’,{Qs}) endow H and H' with the structure of an X-module
tailored to the end and a cylindrical ¥ x R-module, respectively;

e iisaunitary yy, H — yyxr, H " intertwining the I'-representations and the repres-
entations of Co(Yoo) and Co(Y x Ry) on yy, H and yyxr, H’, respectively;

* Qgoi=ioPsl, pforals>0.
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Remark 4.18. Note that o'(f) Qs = Qs0'(L;(f)) in particular implies that Q, applied
to vectors in H’ which are supported in Y x [R, 00), results in vectors with support in
Y x [R + s, 00). This observation will be used in the proof of Proposition 4.19.

In the following, we will call an element v € H’ compactly supported if its support
in the sense of Definition 3.14 is a compact subset of ¥ x R. The nondegeneracy of p’
implies that compactly supported vectors are dense in H'.

Proposition 4.19. For T € R(f YORY and a compactly supported vector v € H', the
limit T®v := limg00 Qi Ti* Qs exists in H' and the mapping v + T v extends to
a continuous linear map T® on H'. Furthermore, the operator T™ defined in this way is
an element of R(Y x R)T*R,

Proof. In the following, y g will denote x,(yx[Rr,00)) and will be seen as an operator on
H. y’, will denote yy x[R,o0) and will act as an operator on H'.

« The limit exists: for & > 0 choose R such that SUPgso | (P—sTPs — T)xr| < ¢ forall
R > R. Let § be such that Qs(v) is supportedon Y x R forall s > 5. Setsg = R+35.
Then we have that

1054 si T Qsgrsv = O HiTi* Qsvl| = | Q5 (QF1iTi™ Qs —iTi™) Q5.
Note that (Q;'iTi* Qs — iTi*)Qgyv = i (P—sTPs — T) x i * Qs,v; hence

10 (O iTi* Qs —iTi%)Qsov| < |(P=sTPs — T)xg|llvl,

where we use that Qy, is a unitary. The latter inequality shows that { Q5 1i Ti* Qsv}s>5
is a Cauchy net and thus has a limit.

¢ T isabounded operator on H’: we clearly have | Tv|| < | T||||v]| for all compactly
supported v which shows that v > T *°v is a bounded operator on the dense subspace
of compactly supported vectors in H’ and thus extends to a bounded operator on H’.

e T isan R and I'-invariant operator: for ¢ € R we have that

0T*Qv = Q_f(sl_ifgo Q-iTi*Qs0v) = slllgo Q—s—iTi* Qstrv
= lim Q_iTi*Qsv =T,
§—>00

for all compactly supported v. Therefore, Q_;T*°Q; = T°. A similar computation
and the fact that the R-action and the T"-action on H’ commute prove the I'-invariance.

* T islocally compact: we show that for ¥y € C.(Y x R), 1T is compact. The proof
of the compactness of T°° is similar and even more straightforward. There exists
M >0 such that the support of ¥ is contained in Y x[—M, 00). Set Ry :=propT.If v is
compactly supported with support in ¥ X (—oo, —M — Ry), then Yy Q i Ti*Qsv = 0.
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We thus have a commutative diagram

H/ ll/Too H/
fon ]
YT

X/—M—ROH/ ’ X/—M—ROH/'

Therefore, it suffices to show that the restriction of Y7 to y’ ,, roH " is compact.
First, we show that {)(/_M_RO Q_siTi* QSX/—M—RO }s>M+R, 1S @ norm convergent net
of operators on )(’_M_ROH’. Sets; := R+ M + Ry. Then, similar to the above com-
putation, we have that
—1 e Ry
||XLM7RO Qsl+sl Ti* Qsl+sXLM7Ro - XLMfRO Qsl iTi* Os, )(LMfR0 [
-1 [ R =
= ||X/—M—R0 QS] (Qs iTi * QS —iTi *)Qsl X’—M—Ro || .

Furthermore,

(O iTi*Qs —iTi*) Qs ' py—ry = i(P—sTPs = T)xi* O, X pr— Ry

which implies that

HX/—M—R() Q;I(Qs_liTi*Qs - iTi*)Qle/_M_RO ” <é&.
Hence, {WX/—M—RO Q_iTi* QSX/—M—RO }s>M+R, is norm convergent and converges
strongly to YT in L(x_p,_p, H'). Thus YT restricted to x_;, . H'is actually
the norm limit of
lﬂ)(/—M—RO QiTi* QsX/—M—RO = )(/—M—R0 Q—sL;(W)iTi* QsX/—M—RO
= X,—M—Ro Qfsl.Ls(W)Ti* QSX/—M—RO
as s tends to infinity. The compactness of Yy 7>}, 7 then follows from that of
—M=kKo
Ls(Y)T. ]

Proposition 4.20. The map eveo : R(X)TR+ — R(Y x R)YTR given by T — T is
continuous if the domain and target space are endowed with the norms of C*(X)DR+

and C*(Y x R)TR  respectively. Thus it gives rise to a morphism of C*-algebras eveo
C*(X)DR+ — C*(¥ x R)T*R,

Proof. If we endow R(f )D:R+ with the reduced norm, the continuity of the map evyo :
R(X)R+ Cri(Y x R)T>R follows from the proof of the previous proposition. Indeed,
we already saw that this map is a contraction. The continuity of this map for the quotient
completion follows from its continuity for the reduced completion, the commutativity of
the diagram

R(X)PR+ =2 5 R(Y x R)TR

| !

R(X/N)T/N-Ry Sy R(Y/N x R)I/N*R



A variant of Roe algebras for spaces with cylindrical ends 613

for all normal subgroups N of I' and the definition of the quotient completion in [9,
Section 4]. It remains to show that it is a morphism of x-algebras. Let S and T be in
R(X)DR+ and let v € H’ be compactly supported. We have that

(TS)®v =1im Q;'iTSi*Qsv =1im Q;'iTi* Q0 'iSi* Qsv
S S
=1im Q; 'iTi*Q,(S®v + E(s)) = T>®(S%®v).
s

The last equality follows from the fact that || Q7 1i Ti* Q5(E(s))|| < | T ||| E(s)||. The rest
is clear. .

Thus an (X, Y, t)-module allows us to define an evaluation at infinity map. Next, we
will prove a functoriality result, which in particular shows that the induced map on K-
theory is independent of the chosen (X, Y, t)-module. Let ()? , 17,7) be another space with
cylindrical end (and a T-action). Let (H, H’) be an (X, Y ,7)-module. Let f : (X,Y,1) —
()? Y ,17) be a map of spaces with cylindrical ends. In particular, the suspension of the
restriction of f to Y definesamap ¥ x R — Y x R. In this situation, we have the fol-
lowing proposition.

Proposition 4.21. There are isometries V : H — H and V' : H — H’ which satisfy
the conditions of Definition 4.9 and Proposition 4.16, respectively, and which make the
diagram
C*(X)F,R+ Neo 0% (Y x R)FXR
J/AdV lAdV/

C>|<()’(\)l",]RJr Noo (O (YX]R)FXR

commutative. In particular, the map (eveo)x : Kx(C*(X)DR+) - K, (C*(Y x R)I*R)
does not depend on the choice of the (X, Y, t)-module up to the usual canonical isomorph-
isms.

Proof. LetV': H — H satisfy the conditions of Proposition 4.16 and such that V' and
(V’)* map vectors which are supported in ¥ x R4 and ¥ x R4 to vectors which are
supported in ¥ x Ry and ¥ x R, respectively. We have decompositions

H =~ yx\v., H® yy,,H and H = X;?\?wﬁ @X?wﬁ'

Using these decompositions, we define V' to be the isometry

Vi 0
0 i*vi)’

where Viixx\vo H — x5 £\ P H is any 1sometry covermg the restriction of f to X \ Yoo
and [ is the unitary from the definition of an (X Y, 7)-module identifying X9, H and
AP xR, H'. Now we show that for 7 € R(X)T'R+, (Ady’ 0 eveo )(T) = (eVeo 0 Ady )(T).
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This then finishes the proof of the proposition. Let v € H' be compactly supported. We
have that

(Adyr oeveo)(T)v = V'1lim Qi Ti* Qs V"™ v = lim Q_,V'iTi*V'"* Q,v.
N N

On the other hand, (eveo 0 Ady)(T)v = limy O_si VT V*i*Q4v. Set Ry = prop T'. For
s sufficiently large, Qv is supported in ¥ x (R, 00). Therefore,

lim Q_i VTV**Qsv = lim Q_,i i*V/iTi*V'*1 i* Qv
S S
=1lm Q_,V'iTi*V"* Qsv.
S
Hence, (Ady’ o eveo)(T) = (eveo 0 Ady )(T). |

4.4. (T, A)-equivariant Roe algebras

Let (X, Y, () be a space with cylindrical end. We do not assume the existence of an action
of ' on X. Let A, T', and ¢ be as in Section 3.3. Suppose there exists a map of pairs

(X, Yo = 1(Y xRy)) = (BT, BA) satisfying n(((y,1))) = n(t((y,0))) for all
t eRy. Thls allows us to define I'-coverings X, Y ) Oof X, ¥(c0) and a A-covering Y(oo)
of Y(x0). We obtain in this way new spaces with cyhndrlcal ends (X Y’,/)and (Yoo, Y D).
In this section, the Roe algebras will be constructed using fixed (X, Y, ¢)- and (Yoo, ¥ ,7)-
modules. The construction of the previous section gives rise to evaluation-at-infinity maps
C*(Yoo) AR+ — C*(¥ x R)AR and C*(X)D'R+ — C*(Y/ x R)T*R, Ag seen in Section
3.3, Chang, Weinberger, and Yu constructed a map C*(¥ x R)A — C*(Y’ x R)I'' It is
easy to see that this map respects the R-invariance and asymptotic R 1 -invariance of oper-
ators. Thus we get, by restriction, a map C*(¥ x R)AR — C*(¥’ x R)'*R. We abuse
the notation and denote all such “change of group maps” by V. If necessary, the domain
and range will be specified to avoid confusion. The corresponding maps at the levels of
the localisation and structure algebras will be denoted by vz, and ¥ o, respectively.

Definition 4.22. T € C *()7 YOR+ s called asymptotically A-invariant if eveo(T) is con-
tained in the image of 1. The pullback of C*(X)T"R+ and C*(Y x R)**R along evy, and
V¥ is called the (', A)-equivariant Roe algebra of X and will be denoted by C*(X)"R+-4,

Remark 4.23. By definition, we have a commutative diagram

C*(X)F’R*"A SN C*(Y x R)AXR

| lw

vV,

C*(f)I‘,R+ e_oo> C*(Y' x R)FXR

IThey constructed the map between the maximal Roe algebras. In [9], the quotient completion was
introduced and it was shown that one has a similar map between the quotient completions of the equivariant
algebraic Roe algebras.
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and elements of C*(X)"R+A are given by pairs (S, T) with S € C*(X)T'R+, T ¢
C*(Y x R)MR with evoo(S) = w(T).

Definition 4.24. The (I, A)-equivariant localisation algebra (respectively the (T', A)-
equivariant structure algebra) of X is defined to be the pullback of the diagram

(Y x R)A*R

¥

(X)l" Ry _CVeo o L (O)(Y/ x R)FXR

L ,(0)

L ,(0)

It will be denoted by C;* © (X)DR+A

We obtain an analogue of the Higson—Roe sequence for spaces with cylindrical ends:
the short exact sequence

0— CZ’O(X)F,R+,A _ CE()’Z)F,RJ”A N C*(f)F,R+,A -0
gives rise to a long exact sequence

s o Ka(CF o(D)TRHA) > Ko (CL(R)TRHA) — Ko (CHER)ReA)

5. Index of Dirac operators on manifolds with cylindrical ends

Let X be an n-dimensional spin manifold with a cylindrical end with base Y. By this we
mean that (X, Y, ) is a space with cylindrical end, ¢ is smooth, and X \ ¢(Y x (0,00)) is a
smooth codimension zero submanifold with boundary Y. We fix a map 7 : (X, Yoo :=
(Y xR4)) — (BT, BA) satisfying n(¢((y, t))) = n(t((y,0))) for all + € R4 which
gives rise to certain covers of X and Y, which we will denote as in the previous sec-
tion. Denote by L*(@z), L*(®y/xr), L*(&5_) and L*(®g,g) the square integrable
sections of the Cl,-spinor bundles on X , Y xR, )700, and ¥ x R, respectively. The
pairs (L*(@ ), L*(@By/xr)) and (L*(By, ), L*(B7,g)) can be given the structure of an
()? ,Y’, ) Cl,,-module and an (1700, I?T) Cl,,-module in the natural way, respectively. In
particular, the families of unitaries on L?(®y xr) and Lz(@;xR) needed in the defini-
tion of cylindrical Y’ x R-and Y x R-modules will be given by the shift of sections in the
R-direction and will be denoted by {Q'} and {Q s}, respectively. We will use these mod-
ules to construct the relevant C *-algebras in the following section. As in Section 3.2.1,
we obtain classes [} ¢] and [Py, ] in Ieo(CZ(f;Cln)F) and EO(CZ(Y x R; Cl,)M),
respectively. Note that Y x R is a manifold with cylindrical end with base Y. In the fol-
lowing, we will define a fundamental class for the Dirac operators on X and its cylindrical
end in the K-theory groups of the (I', A)-equivariant localisation algebra and discuss
indices and secondary invariants obtained from it. We will need the following lemma.
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Lemma 5.1. The following diagrams are commutative:

§ —— C*X:CL)PR+  § —— C*(Y xR;Cl,)AMR

b T b

C*(Y’' xR;Cl,)T*R, C*(Y’' x R;Cl,)T <R,

Here § — C*(X;CL,) "R+ § > C*(Y' x R;CL) R, and § — C*(Y x R;Cl,)2*R
denote the functional calculi for )/ b Dyxr, and D?xR’ respectively.

Proof. First, note that the isometry ¢’ allows us to identify the Cl,-spinor bundles over
Y’ x R4 and Y/, which in turn gives rise to the unitary

i xy L (B5) = xyxr, L2 (Byxr).

Let v € L?(@y/xr) be compactly supported. For f € § whose Fourier transform is sup-
ported in (—r,r), it is well known that (]} g) and f(Py/xr) have propagation less
than 7 and depend on the r-local geometry in the sense that f(I} g)w and f(Dyxr)v
depend only on the Riemannian metric in the r-neighbourhood of the supports of w
and v, respectively. For v € L?(®y/xr) with compact support, pick so such that Q%v
is supported in Y’ x [2r, 00) for all s > s¢. The previous observation then implies that
if(Pg)i*Qiv = f(Dyxr)Q4v forall s > so. Hence

lim QL if (B 3)i* Qv = lim O, f (Byxw) Q4v.

However, because the Riemannian metric on Y’ x R is R-invariant, Q ; commutes with the
Dirac operator and its functions. This implies that Q" f(Dy/xr)Q4v = f(Dy/«xr)v and
shows that for f* with compactly supported Fourier transform eveo ( /(1 ) = f(Dy/xr).
The commutativity of the left diagram then follows from the fact that the functions in §
with compactly supported Fourier transform form a dense subset.

Now we show the commutativity of the right diagram. First we need to recall one of the
main properties of the map ¥ : C*(¥ x R;Cl,)A — C*(Y’ x R;Cl,). Since all the cov-
ers are assumed to be nice, one has bijections C*(¥ x R; Cly) MR >~ C*(Y x R; Cl,)R
and C*(Y' x R; Cl,)["® >~ C*(Y x R; Cl,)®, where C*(Y x R;Cl,)® is constructed
using L2(Byxr) as the Y x R-module, ¢ is a sufficiently small positive real number, and
C*(-), denotes the set of elements in the corresponding Roe algebra which have propaga-
tion less than ¢. The bijections are given by pushdowns and lifts of operators on different
covers. Furthermore, 1/ makes the diagram

C*(F x R;ClL)MR Yy C*(v/ x R: Cl,)[*R

= lg

C*(Y xR;Cl,)R

commutative. Let f € § have a Fourier transform which is supported in (—¢’, &’), with &/
sufficiently small. The observation that f applied to the different Dirac operators depends
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only on the ¢’-local geometry and the niceness of covers imply that f (D;X]R), F(Dyxr),
and f(Py xr) correspond to each other under the pushdown/lift maps. The commutativ-
ity of the latter diagram then implies that, for f with the above property, ¥ (f(Dy,g)) =
f(Dy:xr). The commutativity of the right diagram in the claim of the lemma then follows
from the fact that the C *-subalgebra of § generated by functions whose Fourier transform
is supported in a fixed interval (—C, C) is the whole of §, since it separates points. |

Lemma 5.1 allows us to make the following definition.
Definition 5.2. The (T', A)-fundamental class of X is the class
[Pz 5] € Ko(CL(X:CL)TRHM) = K, (CLX)MR)
defined by

oyt e o (1(105) o (105))
The (T, A)-index of the Dirac operator associated to the map
n: (X, Yoo = 1(Y xRy)) — (BT, BA)
as above is defined to be the image of [} 55’7] under the map
(ev1)s 1 Ku(CLOTREA) o K (CH(X)TREA).

5.1. Application to existence and classification of positive scalar curvature metrics

Suppose that the scalar curvature of the metric g on X is bounded from below by &. The
same then holds for the lifts of g to various covers of X and Y(u). This implies that
the spectra of the various Dirac operators considered here do not intersect the interval

(— e Ve ey g

R ). Let & be a homotopy inverse to the inclusion § (— R

Definition 5.3. Let g be as above. The (I", A)-rho-invariant of g is the class in
Ko(Cf o(X:Cly)PReA) = K,y (CF o (X)TRHA)
defined by the morphism
opgyoh:S — Cf o(X)ReA

and will be denoted by pT*(g).

Clearly, p" (g) lifts [D 55’17] and by the exactness of the sequence

oo K (CF g (TR 5 K (CFXNOTRAA) — KW (CHXN)TRAA) — -
we have the following proposition.

Proposition 5.4. If the metric on X has positive scalar curvature, then the (I, A)-index
of the Dirac operator vanishes.
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One can define a notion of concordance for positive scalar curvature metrics on mani-
folds with cylindrical ends. Let g and g’ be such metrics on X . They are called concordant
if there exist a positive scalar curvature metric G on X x Randamap j : Y xR x R4 —
Yoo X R which makes (X x R,Y x R, j) a manifold with cylindrical end and such that
G restricted to X x (1, 00) is g + dt? and restricted to X x (—o0,0) is g’ + dt?. Using
the strategy of Zeidler in [13] and by replacing the usual Roe, localisation, and structure
algebras by their (I', A)-invariant counterparts, one can without much difficulty prove
a partitioned manifold index theorem for secondary invariants for manifolds with cyl-
indrical ends and prove the concordance invariance of the (I", A)-rho-invariant. However,
we refrain from discussing this, since it does not entail any novelties.

More generally, following the approach of [13] we define partial (I", A)-rho-invariants
associated to metrics having positive scalar curvature outside of a given subset Z of X.
Denote by Z "and Z" the preimages of Z and (Z N «(Y x {1})) x R under the covering
maps X > XandY xR —>Y xR, respectively. Denote by C*(Z' C X)FR+ A the C*-
subalgebra of C* (X)F R+:A consisting of elements (7T, T») with Ty € C*(Z' C X)F and
T, e C*(Z" C Y x R)A. Denote by CL*,Z,()?)F’RJ”A the preimage of C*(Z’ C X)I"R+:A
under the evaluation-at-1 map. The justification for the following definition is provided in
[8, Lemma 2.3].

Definition 5.5. Given a metric g on X which is collared at the boundary whose scalar
curvature is bounded below by ¢ > 0 outside of a subset Z, define the class pg’A(g) by
the morphism

opgyoh:S = CLy(X)PReA,

Another higher index theoretic notion which has been successfully used to obtain
information about the size of the space of positive scalar curvature metrics on closed man-
ifolds is the higher index difference, which gives rise to a map from the space of positive
scalar curvature metrics to the K-theory of the group C *-algebra of the manifold. We now
show that one can easily define a (I, A)-index difference of two positive scalar curvature
metrics for manifolds with cylindrical ends. This becomes particularly interesting after we
discuss the application of the above machinery to relative higher index theory in the next
section. Let gg and g; be two metrics on X with scalar curvature bounded below by ¢ > 0
which are collared on the cylindrical end. Define a metric G on X x R which restricts
to go ® dt? and g; @ dt? on X x [0, 00) and X x (—oo, —1), respectively, and which is
collared on the cylindrical end in the X -direction.

Definition 5.6. Let g, g1, and G be as above. The (I, A)-index difference of go and g,
. . T,A o
is the image of Pxx[o 1](G) under the composition

) (ev1)«

Knt1(C Knp1 (C*(X x [0, 1] € X x R)PFHAY

'Ry, A
LXxOl](X) -

— Knt1 (C*(Y)F’RJ”A),

where the last map is induced by projection on X . Tt will be denoted by ind™4 (go. g1).
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5.2. Relationship to the relative index of Chang, Weinberger, and Yu

As mentioned above, the relative index map of Chang, Weinberger, and Yu for manifolds
with boundary takes values in mapping cones of equivariant Roe algebras. Note that given
a manifold (X, Y, () with cylindrical end, X := X \ «(Y x (0, 00)) is a manifold with
boundary Y. By restriction, we obtain a map 7 : ()? ,Y)— (BT, BA). To avoid confusion,
in the following we denote the “‘change-of-group map”

TA 20
CiLon@)™ = CL0p(X) (%)

introduced in Section 3.3 by B(L,(0)). All the other change-of-group maps will still be
denoted by ¥z, (0))- In the following, we will see that there exists a commutative diagram
of exact sequences:

Ku(Cfg(DTREA) —— Ku(CFEX)TPRA) —— Ko (CHX)DRHA)

| | |

Ki(SCp, ;) ————— Ku(SCp) ——— K. (SCp).

Remark 5.7. In the following, we will denote by (1, evoo) the homomorphism
C*(Yoo) MR — C*(X)TRAA T s (Y(T), eveo(T)),

where we have used the realisation of C *(f yD:R+:A ag a subalgebra of C *()? YR+ 5
C*(Y x R)AR (see Remark 4.23). By pointwise application of (1, eV ), we also define
maps

(WL, eVoor): Cf (Voo ) MR+ — CF (X)DR+A,
(VL. Voo1,0): Cf o (Yoo) VB — CfF o (X)TR+A,
Furthermore, the arrows
CHX)TR-A L c*(F xR)MR  and  C*(X € X)T — C*(X)FR+A

will always denote the projection map (S, 7) — T and the injection map S + (S, 0),
respectively (again we refer the reader to Remark 4.23).

Proposition 5.8. The following is a commutative diagram of short exact sequences:

0 —— C*(Y CYoo)® —— C*(Yoo)A R+ 2=, C* ¥ xR)MR 5 0

lxlf l(w,evoo) lid

00— C*(X CX)F — 5 C*(X)PReA y cx(7 xR)AR 4 0,

Analogous diagrams exist when C* is replaced by C}" and C} .



M. Seyedhosseini 620

Proof. We first show that the first row is exact. It follows immediately from the definition
of eveo that R(Y C YOO)A is in its kernel. By continuity, we get that C *(Y C Yao) is in
the kernel of ev,. Furthermore, [3, Lemma 3.12] implies that the kernel of ev, is exactly
C*(Y C Yoo)™. It remains to show that eve is surjective. For T € R(Y x R)A*R  the
operator g, g . T X7 xR, Maps to T under evs,. The surjectivity then follows from the fact
that the image of a homomorphism of C *-algebras is closed. The exactness of the second
row can be proven using similar arguments. However, we note that the exactness in the
middle uses the fact that limg— oo dist(¢(Y' X [R, 00)), X — Y/) = oo (see Definition
4.1). The commutativity of the diagram is a direct consequence of the definitions of the
involved maps. ]

Remark 5.9. Denote by C
of the homomorphisms

CrFTop>CrE )T C(yeveo)» and Cig the mapping cones

¥ C* T C Vo) > C*(X C X)T,

(¥, Voo ), and the identity map id: C*(¥ x R)AR — C*(¥ x R)A*R respectively. From
the commutativity of the diagram of Proposition 5.8, we obtain the exact sequence

0—>C —> C(V,’e\,oo) — Cid — 0.

CrFcYa)A>C*(XCX)T
Analogous exact sequences exist when C* is replaced by C;* and C;" ,.

Proposition 5.10. The inclusion

CC*(?C%;)A—W*()?CX")F = Cireveo)

gives rise to isomorphisms of K-theory groups. Analogous statements hold when C* is
replaced by Cj and C7 .

Proof. Note that the mapping cone of the identity map on C*(¥ x R)2*R is contractible

and thus has trivial K-theory. The statement then follows from the long exact sequence of
K-theory groups associated to the short exact sequence of mapping cones:

0—C — Clypevge) = Cia = 0. [

C*FcTo)A>CH*(XcE)T
Remark 5.11. Recall that, associated to a homomorphism f : A — B of C*-algebras,
there is a mapping cone short exact sequence

0—>S8SB—Cr—>A—0,

where Cy denotes the mapping cone of f and S denotes the suspension. Up to applying
Bott periodicity, the inclusion SB — Cy gives rise to group homomorphisms K« (B) —
K«(SCy). In the following, we apply these observations to the homomorphisms 8, Bz,
and B0 (see (»)) and the maps (¥, eveo), (YL, Voor), and (Y1 0, Voo, ,0) introduced in
Remark 5.7.
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Remark 5.12. Using the inclusions Y - Yy and j(: — X and Propositions 3.13 and
3.22, we obtain isomorphisms

K. (C — K« (C ., = = . = =)
*(Chiz. o) «( C(L’(O))(YCYOO)A—>C(L’(0))(XCX)F)

Proposition 5.13. There is a commutative diagram of long exact sequences:

Ku(Cf o(R)PREA) s K (CHE)PREA) —— K (CHE)TRA)

| | |

K« (5Cp, ;) ———— Ki(SCp) ————— K+(SCp),

where the vertical maps are given by the compositions

v[LRA
Ky (C&,(O))(X) - ) - K*(SC(W(L,(Q)),eVoo(L,(o))))

= K (SCC(*L,(o))(YCYOO)A»C&,((»)(;U?)F) = K (5Chum))-

See Remark 5.12 for the definition of the last isomorphism.

Proof. The diagram in the claim of the proposition is obtained by composing the diagrams

Ka(Co(RIFReA) s Ka(CHOTIPRAA) Ko (CF(D)FR)

! l |

K*(SC(WL,O,eVooL,o)) — K*(SC(T/fLaeVooL)) ——— K’"(SC(llf,eVoo))7

K (SClyppeveor0) — Ks(SCypever) — Ki(SClyeve))

1 T T

Ki(SCp, ;) ————— Ku(SCp) ———— K.(SCp),

where (¥(z,(0)); €Voo(L,(0))) denotes the map C(’z,(o))(?;)A,R+ N C(*L,(o))(f)r’RJ”A
introduced in Remark 5.7. The commutativity of the first diagram is due to the natur-
ality of the mapping cone exact sequence and the commutativity of the second diagram is
clear. ]

Denote the image of the fundamental class of the Dirac operator on X under the com-
position

T _ o~ 3
Ki(CLX)") = Ku(SCep@mynmcy ) = Kn(SCr g e7myncr Geiyr)

by [DX:,Y]'
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Lemma 5.14. The class [Di,f’] maps to [D)}:Y] under the map K«(C} (X)F,R+,A) N
K« (SCy,) of Proposition 5.13.

Proof. We first note that the commutativity of the diagram

Ke(C (T M) s KGR

| |

Ki(C} (Yoo)) ——— Ki(CH(X)T),

where the second vertical map is given by the composition of the projection onto the
C/ (X )T:R+ component followed by the inclusion, implies that of

K*(CZ()’E)F’R-‘—’A) B — K*(SCCE(/)-/;?)A!R+_)CZ(XN)F’R+’A)

| |

K (Cz= ()’(")I‘) — K, (SCCL*(}:;)A_,CZ()}')F)-
Furthermore, the diagram

K. (S ch('y‘c?;)A_,c;(;?c;?)r) — K.(S CC;(%)A’Rch(}?)RMA)

|

KeSCor@omn—cpdr):

where all the arrows are isomorphisms, is commutative. The claim then follows from the
commutativity of the latter two diagrams and the fact that [D § ] lifts the fundamental

class of X [

Corollary 5.15. The (', A)-index of the Dirac operator associated to (X, Y, 1) maps to the
relative index of the Dirac operator on X under K,(C*(X)DR+2) — K, (S Cy ) defined
in Proposition 5.13.

Combining Lemma 5.14 and Proposition 5.4 gives a new (and very natural) proof of
the following proposition.

Proposition 5.16. The nonvanishing of the relative index of the Dirac operator on a man-
ifold with boundary is an obstruction to the existence of a positive scalar metric which is
collared at the boundary.

5.3. Localised indices and the relative index

Given a metric g on X which has positive scalar curvature outside X, one can define a
localised coarse index in K,,(C*(X)T). In [9], it was shown that this index maps to the
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relative index of X. We quickly recall the construction of the localised index and use the
machinery developed previously to give a short proof of the latter statement.

Definition 5.17. Denote by C;,f(f )T the preimage of C *()? c X)T under
evy : CF(X)F — c*(X)T.
Suppose that the scalar curvature of the metric restricted to the complement of X is

bounded from below by ¢ > 0. The following proposition is well known. As in [13], one
can define a partial p-invariant pg (g) € K, (CL* )}_«(X )T') using the morphism

¢p oY S — CL*’X:()?;Cln)F.

Definition 5.18. The localised coarse index ind;: (g) is the image of p% (g) under (evy)« :

Kn(CL*j(X)F) — Ky (C*(X € X)F).

Remark 5.19. Note that in the above situation we can also define pg’A (g). Furthermore,
we note that the commutativity of the diagram

* v \[LR4,A * v\
K*(CL’).(;(X) I K*(CL,}.(;(X) )

\ l(evl)*

K.(C*(X c D)N),

and the fact that p;’A (g) is a lift of ,o; (g) under the horizontal map imply that ind;: (g)is
the image of p;JA (g) under the map K, (C: f(f)F’RJﬂA) — K. (C*()? c ).
The following lemma is a simple observation.

Lemma 5.20. The following diagram is commutative:

Ke(CF (R)ReA) — Ko (CH(X € D)) — Ku(SC

L CrFeTmscrFetyr)

| | |

K*(CE(X)F,RJ”A) N K*(C*(E)F’R+’A) — K*(Scc*(’)',;)A,R+_>0*(§)r,R+,A).

Suppose that X is compact. Then K, (C*()’(’_~ C f)r) >~ K, (C*(T")). Using the pre-
vious remark and lemma, we obtain the following corollary, which was one of the main
statements of [9].

Corollary 5.21. Suppose that X is compact. Then indl}% (g) maps to the relative index of
Chang, Weinberger, and Yu under the map K, (C*(I")) — K.(C*(T, A)).
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