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Covariant derivatives of eigenfunctions along parallel
tensors over space forms and a conjecture motivated by
the vertex algebraic structure

Fei Qi

Abstract. We study the covariant derivatives of an eigenfunction for the Laplace—Beltrami opera-
tor on a complete, connected Riemannian manifold with nonzero constant sectional curvature. We
show that along every parallel tensor, the covariant derivative is a scalar multiple of the eigenfunc-
tion. We also show that the scalar is a polynomial depending on the eigenvalue and prove some
properties. A conjecture motivated by the study of vertex algebraic structure on space forms is also
announced, suggesting the existence of interesting structures in these polynomials that awaits further
exploration.

1. Introduction

The study is motivated by Yi-Zhi Huang’s construction of a meromorphic open-string
vertex algebra (MOSVA hereafter) and its modules over a Riemannian manifold in [3].
Roughly speaking, a MOSVA is an algebraic structure of vertex operators that are asso-
ciative, but not necessarily commutative (see [2, 9] for more details). To give a rough
description on Huang’s construction, let

* M be a Riemannian manifold;

e TM be the tangent bundle with Levi-Civita connection;

«  TMC be the complexified tangent bundle C ®g 7'M with the natural connection;
«  (TM©)® be the tensor product bundle of TM € of degree r;

Ten(TMC) be the tensor algebra bundle, i.e., Ten(TM ) = @2 (TMC)®";

e TI((TMC)®") be the space of parallel r-tensors, i.e., parallel sections of the tensor
bundle (M ©)®” with respect to the natural connection;

+ TI(Ten(TM®)) be the space of all parallel tensors, i.e., parallel sections of the tensor
algebra bundle Ten(T'M ©) with respect to the natural connection.

e C*(U)c be the space of complex-valued smooth functions defined on an open subset
Uof M.
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In [3], Huang constructed a MOSVA on the space of parallel sections of certain affinized
bundle of TM . On the space C*®(U)c, using the Levi-Civita connection V on M,
Huang defined an action of IT(Ten(7M ©)) by

Yu(X)f = (V" )X)

for every X € IT((TM©)®™) of degree m. In other words, ¥y (X) f is the degree-m
covariant derivative of f along X. Huang also showed that

Yo(X ®Y) =vyu(X)yu(Y) )]

for every X, Y e IT(Ten(TM)). In other words, the space C*°(U)c is a module for the
associative algebra IT(Ten(7M ©)). An induced module construction can then performed,
giving a module for the MOSVA.

Of specific interest are the submodules generated by an eigenfunction for the Laplace—
Beltrami operator. Huang showed that the Laplace—Beltrami operator appears as a com-
ponent of some vertex operator in the MOSVA he constructed. Thus, starting from an
eigenfunction f of the Laplace-Beltrami operator, we can induce the IT(Ten(7M ©))-
submodule of C*°(U)¢ generated by f to a module for the MOSVA. As eigenfunctions
can be understood as quantum states in quantum mechanics, the modules they generate
can be understood as the string-theoretic excitement to the quantum states. It is Huang’s
idea that the modules for the MOSVA generated by the eigenfunctions and the yet-to-be-
defined intertwining operators among these modules may lead to a mathematical construc-
tion of the quantum two-dimensional nonlinear o-model.

Therefore, to understand the module for the MOSVA generated by an eigenfunction f,
the first step is to understand the IT(Ten(7'M ©))-submodule of C*®(U)¢ generated by £,
which is simply the space spanned by the covariant derivatives of f along all parallel sec-
tions. In [10], the author studied the example of MOSVA and its eigenfunction modules
for a two-dimensional orientable, complete, connected Riemannian manifold whose sec-
tional curvature is constant and nonzero (or for short, a two-dimensional orientable space
form with nonzero curvature), and was surprised to find that all such covariant derivatives
are scalar multiples of the function f. In other words, the TT(Ten(TM €))-submodule in
C>®(U)c generated by f is simply the one-dimensional C f. Moreover, the scalar is a
polynomial depending on the eigenvalue of f. Using properties of the polynomials, we
discovered that the irreducible modules for the MOSVA generated by eigenfunctions with
eigenvalues A = Kp(p + 1) (p =0, 1,2,...) differ from those with generic eigenvalues.

This paper serves as the first step of higher-dimensional generalization of results
in [10]. We show that over higher-dimensional orientable and non-orientable space forms
with nonzero curvature, every covariant derivative of an eigenfunction along a parallel
tensor is a scalar multiple of the function. We also prove that the scalar is a polynomial
in eigenvalues and discussed some combinatorial properties of these polynomials. Since
O(n,R) and SO(n,R) are non-abelian, their invariant theories are more complicated than
that for the commutative SO(2, R). So are the proofs in this paper.
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It is also expected that irreducible modules generated by eigenfunctions of eigenvalue
Kp(p+n—-1)(p=0,1,2,...) are different and possess similar properties as in [10].
However, our limited understanding of these polynomials obstructs the study. We summa-
rize the obstruction as a conjecture, which suggests the existence of interesting structures
in these polynomials that requires further exploration.

This paper is organized as follows:

In Section 2, we discuss the holonomy group of the tensor bundles (7M ©)®” and the
tensor algebra bundle Ten(TM ). The discussion reduces the problem of finding parallel
tensors to the invariant theory of O(n, R) and SO(n, R). We then use the results in [6]
and [1] to give a spanning set of the space TT((TM ©)®"), thus characterizing the space
[1(Ten(TM©)).

In Section 3, we discuss the fundamental lemma of covariant derivatives to be used in
this work. The lemma was proved in [10]. The proof is repeated here for the convenience
of the reader.

In Section 4, using the fundamental lemma of covariant derivatives extensively, we
give a proof to the main result. In particular, for orientable space forms, the results in
Section 2 gives two different types of parallel tensors for orientable space forms, one type
is O(n,R)-invariant, and the other is not. We show that only those O (n, R)-invariant ones
can have nonzero actions. All parallel tensors that are not O (n, R)-invariant annihilates f.

In Section 5, we encode the O(n, R)-invariant tensors by certain words and graphs.
We derive a recursion to compute the scalar, which is a polynomial depending on the
eigenvalue. We exhibit these polynomials for all parallel tensors of degrees 2, 4, and 6,
together with the proof of some combinatorial properties.

In Section 6, we announce the conjecture that obstructs the study of the MOSVAs
and modules on higher-dimensional space forms. A linking operator is introduced on the
graphs representing the parallel tensor. For the special graph whose polynomials has the
“largest” highest degree component, we consider the linear combination of polynomials
obtained from all possible ways of linking the right half of the graph. The coefficients are
determined by a linear system, consisting of vanishing condition obtained from linking
the left half of all the graphs. We conjecture that the polynomial is a polynomial that
vanishes when the eigenvalues are Kp(p +n —1) (p =0, 1,2,...). Numerical evidence
and explanation of motivations are also provided.

2. Parallel tensors
Let M be an n-dimensional Riemannian manifold with constant sectional curvature K.

For convenience, we assume M is connected and complete. We will also focus on the
case K # O andn > 2.
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2.1. The curvature tensor

Fix p e U,let {ey,...,e,} be an orthonormal basis of 7, M . Then, for some neighborhood
U of p,let Xi,...,X, : U — TM be local sections such that X;|, = e; and for every
q € U, (Xilq, X;lq) = 8i;. For convenience, we will not distinguish the tangent vectors
at a point and the sections over an open set when there is no confusion.

Since the section curvature is constant and equal to K, for every g € U and every
v1, V2,03 € TyM, we have

R(vi,v2)vs = —K(g(v1, v3)v2 — g(v2,v3)V1)
(see [8, Proposition 3.1.3]). In particular, for mutually distinct i, j, k, we have
R(X;, Xj))Xx =0, R(X;, X;))X;i =—-KX;, R(X:. X;))X; =KX,.

Regarded as a linear endomorphism on 7, M, the matrix of R(X;, X;) with respect to
the basis {X1, ..., X, } is the skew-symmetric matrix KE;; — KE;;, where E,p isn x n-
matrix with (a, b)-entry being one, and all other entries being zero. In the case K # 0, the
subspace spanned by the matrices of R(X;, X;) in End(7; M) coincides with the subspace
spanned by the skew-symmetric matrices, which is precisely the Lie algebra of SO (n, R).

2.2. Holonomy of the tangent bundle

Recall that the holonomy group of a bundle E based at a point p € M is the subgroup
generated by all the parallel translations along piecewise smooth loops based on p. To
determine the holonomy group of TM, we will use the following version of the Ambrose—
Singer theorem over vector bundles.

Lemma 2.1 ([4, Theorem 2.4.3(a)]). Let M be a manifold, E a vector bundle over M, and
V a connection on E. Fix p € M, so that Yol ,,(TM) is a Lie subalgebra of End(T, M).
Then 9ol,(TM) is the vector subspace of End(TyM) spanned by all elements of
End(T,M) of the form Py_l[R(v, w)] P, where R is the curvature tensor, p € M is a
point, y : [0, 1] — M is piecewise smooth with y(0) = pand y(1) =¢q, P, : T,M — TyM
is the parallel translation map, and v, w € TyM.

Lemma 2.2. For every p € M, the holonomy group Hol,(TM) of the tangent bundle
TM is
SO(n,R) if M is orientable,

Hol,(TM) =
Om,R) if M is non-orientable.

Proof. From Lemma 2.1 with y(¢) = p being the trivial loop, we see that the Lie alge-
bra Hol,(TM) contains all R(v, w) for v, w € T, M. It follows from the discussion in
Section 2.1 that §ol,(T M) contains the Lie algebra of SO(n, R). Thus, Hol,(TM) D
SO(n,R). The conclusion then follows from the fact that M is orientable if and only if
Hol,(TM) C SO(n,R) (see [8]). [ ]
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Lemma 2.3. For every p € M, the holonomy group Hol,(TM C) of the complexified
tangent bundle TM is

SO(n,R) if M is orientable,

Hol,,(TM©) =
O(n,R) if M is non-orientable.

Proof. This essentially follows from the fact that as a bundle,
TM® =TM & V—1TM. n

For every r € Z ., let TI((TM©)®") be the space of parallel sections of the tensor
bundle (TM €)@ . For convenience, elements of TT1((7M ©)®") will simply be called par-
allel tensors. It is well known that TT((TM ©)®") can be identified with the fixed point
subspace ((T, M C)®r)Hol, (TM %) in (TyM C)®r We start by explicitly determining
the holonomy group of (TM©)®".

Lemma 2.4. There is a natural surjective homomorphism
Hol,,(TM ) — Hol,,(TM©)®")

of holonomy groups, where g €Hol,, (TMC) is mapped to g®" : (TPM(C)®’ — (TpMC)®’
defined by

E®)V® - ®v) =gV ® - ®guy, forvi,.... v, € TyM.

A tensor X € (TPMC)@” is fixed by every element in Holp((TMC)®’) if and only if
g®" X = X forevery g € Holp(TMC).

Proof. For any piecewise smooth path y : [0, 1] — M with y(0) = p,let Py : T,M —
T,1)yM be the parallel transport along y on the bundle E; let P)f(t) (T MC)®r
T,1)M ®" be the parallel transport along y with respect to the bundle (TM C)®r Then,
from the definition of the connection on (7M ©)®",

n
V(X1 ®...®Xn) = ZXI ®—'-®V(X,-) Q- Q X,
i=1
it follows that
P;(t)(l)l Q- Quy) = Py(,)vl X Q Py(t)vr-
In the case that y(¢) is a loop based at p, this essentially realizes every element of
Holp((TMC)®’) as g® for g € Holp(TMC). So the map g +— g®” gives a natural sur-

jective homomorphism Hol, (T M Cy > Hol, (TM €)®7). The second conclusion follows
directly from this realization. |

Therefore, to identify TT((7'M ©)®"), it suffices to identify ((7, M ©)®")SO®R) jf p
is orientable; ((T, M Cy®ryO0(.R) if M is non-orientable.
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2.3. Parallel tensors

We now use the first fundamental theorem of invariant theory of orthogonal groups to give
a spanning set of the space of parallel tensors. We will state the theorem of O(n, C) and
SO(n, C), then apply Weyl’s unitary trick to reduce to O(n,R) and SO (n, R).

For every integer r, we denote the symmetric group of {1, ..., r} by Sym,, which acts
naturally on (T, M €)@ by permutation

o1 ®:- Q) = Vg-1(1) @ *** @ Vg-1(p)-
Consider now the tensors
n
0= Z Xi ® Xi,
i=1
A=Y (D7 Xe) ® -+ ® Xo(m)-

o E€Sym,,
Roughly speaking, 6 corresponds to the metric form; A corresponds to the volume form.

Lemma 2.5 ([1, Theorem 5.3.3]). Foreveryr € Z,

C\®0(n.C) _ spanc{o, (%K), 0, € Sym,} ifr = 2k is even,
(TyM™)=") =
0 otherwise.

Lemma 2.6 ([6, Theorem 2.1]). For every r € Z, the space ((TpM(C)@”)SO("’(C) can
be decomposed as

((TPM(C)®r)O(n,(C) ® ((TPM(C)®r)O(n,(C),deL
where ((TI,M(C)®’)O("’C) is defined as in Lemma 2.5, and
((TPMC)®r)O(n,(C),det
B spanc{o, (0%% ® A),0, € Sym,} ifr =n + 2k > 0 is even,
o otherwise.
Proposition 2.7. ((T, M ©)®")SO0®R) = (7, €)®r)S0@.C),

Proof. Since SO(n,R) C SO(n, C), the left-hand side contains the right-hand side. A
standard application of the unitary trick shows that the left-hand side is included in the
right-hand side. In greater detail, let X be an element in the left-hand side. Then X is
annihilated by every element in the Lie algebra so(n, R). Since so(n, C) = so(n, R) Qg
C, X is also annihilated by every element in the Lie algebra so(n, C). Thus, X is fixed
by every element in SO(n, C). |

Roughly speaking, the parallel tensors are generated by applying the permutations to
6% and 6% . A. For convenience, the permutations of 0% will be called O(n, R)-invariant
tensors, and the permutations of 9% ® A will be called non-0(n, R)-invariant tensors.
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3. Fundamental lemma of covariant derivatives

Theorem 3.1. Let f : U — C be a complex-valued smooth function. Then for n > 3, we
have

~NVN*IWNZy,.. s Zu1.Zy)— (V" N2y, ..., 20, Zy—1) =0,
andfori =1,...,n -2,

V" NZy,....Zi Zivrs o Zn) = (V" W2y s Ziv1, Ziy oo Z)

n
D (VTPANZy o —R(Zi Zig )2 Zn)
j=i+2
= (V"2 )Z1,....—R(Zi. Zis 1) Zit2. Zi43s -+ Zn)
(Vn 2f)(Zl, cee l+2»_R(Zl’ Z,+1)Z,+3, ey Zn) + e
+ (V" 2f)(Zl,...,Zl~+2,z,~+3,...,—Ie(z,-,z,-+1)zn).

Proof. We prove the first equation by induction on n. For n = 3, we have

(V2 f)NZ1.2,.Z3)
= (Vz,(V? /)(Z2. Z3)
=Vz,(V*f)Z2.Z3)) = (V? [)(Vz,Z2. Z3) = (V* [ )(Z2.V 2, Z3)
(note that V2 f(X,Y) = V2 f(Y, X))
= V2, (V> f)Z3.Z2)) = (V? [)(Z3.V 2, Z2) = (V* [)(Vz,Z3. Z5)
= (V’f)Z1.Z3. Z2).

Assume the equation holds for n — 1, so we have

V" INZy, ..o Zn—1, Zyn)
= (Vz, (V" VN2, Zner, Zn)
=Vz (V" ) 2o Zu1 . Z0) = (V' )(V2, Zas o Znr. Zn)
— = (V"N 22 V2 Zne1 Ze) = (VT (22 Zne1. V2, Za)
(by induction hypothesis)
=Vz, (V"' )22 Zn Zn)) = (V' )2, Za oo Zns Znt)
= (VN2 Z0 V2 Znt) = (VT N2 V2, Zn Znr)
=V"WNZ1,....Zn, Zn—1).

So the first equation is proved.
For the second equation, we first consider the case i = 1,

(V" fNZ1.2Z2.Z5, ... Zn) = (N2, (V" L )22, Z5, ..., Zy)
=V (V" INZ2. Zs, ... . Z0)) = (V" V2, 22 23, ... Zy)

=Y (VW22 N2 2 Zn)

Jj=3
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= Vz, V2, (V"2 ))(Zs, ..., Zn))

=Y V2 (V7PN Zs. . V2,2 Z)) 2)
j=3
- VVZIZZ ((Vn—Zf)(23 ~~~~~ Zn)) 3)
+Y (V"R NZse Vg, 2,2 Z) )
j=3
(VL2 V2 2y Z) )
=3 n j—1
TN Zs V2 Zk Vi Zi o Za) ()
j=3k=3
(XN Zse V22 Z) %)
j=3

- S (VTN Zse V22 V2 2 z,,)). 8)

J=3k=j+1

Similarly,

V" f)NZ2. 24,23, ..., Zn) = (Vz, (V" N2, Z5, . ..., Zy)

=Vz,Vz, (V"2 ) (Zs..... Zn)) ©)

=Y Vo (V)23 N2, 2y Zn)) (10)
Jj=3

=V, (V"2 ) Zs..... Zn)) (1D

+Y (V2N Zse Vg zi Zj o Zn) (12)
j=3

(Va2 VR Z) (13)

j=3

n j—1
“S S VT2 V2 Zh N2, 2 Z,,)) (14)
j=3k=3
n

—(Z—(V"—Zf)(z3 ..... V2V2.Zi. . Zn) (15)

j=3

SN (VN Zse V22 V2 Z zn)). (16)

J=3k=j+1
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Then in the difference, (2) cancels out with (13); (5) cancels out with (10); (6) and (8)
cancel out with (14) and (16). So the difference is

(an)(ZIvZLZ%---,Zn) - (an)(ZZvZI,Z%--wZn)

= (VZI VZ2 - VZZVZI)((Vn_zf)(Z3’ L] Zn))
- szlzz—vzzZl ((Vn_zf)(Z_% e Zy)

n
+ Z(Vn_zf)(23, e, VVZIZZ—VZZZI Zj, e Zn)
=3

n
+Y (V") Zs.....(V2,V 2, = V2, V2,) 7,

o Zn)
j=3

n
=Y (V"2 ) Zs.....(V2,Y2, ~ V2, V2, + V9, 292,20 Zj - Zn)
j=3

n
=Y (V"2 f)Zs.....—R(Z\. Z2)Zj. ... Zy).
j=3
So the case i = 1 is proved for arbitrary n.

We proceed by induction on i. The base case has been proved above. Now we proceed
with the inductive step.

(an)(zl,...,Zi,ZiJ,-],...,Zn) = (VZI(an))(ZZ,...,Zi,ZiJ,—l,...,Zn)
=V (V" VN Zas. s Zi Zigrs . Zn))

i—1
—Y (V" NZae V2 Zie o Zi Ziga . L)
k=2

—~ (V" Y NZ2 V2 Zi, Zisrs o Zn)
— (V" N2y Zi, V2, Zigas e Zn)

n

- > (V"'NZae Zii Ziga. . V2, Lk Za).
k=i+2

Similarly,

VN2, Ziv1, Zi . Zn) = (V2. (VN2 Zirs Zis oo Zy)
=V (V" ' NZas. . Zis1 Zis o Zn))

i—1
=Y (V" NZa V2 Zi o Zigr Zin - Za)
k=2
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— (V" W22 V2, Zigt 2 Za)
~ (V"2 Zii1 V2 2 Z)

n
- > (V"IN Za Ziva Zin . V2, Zk. . Za).
k=i+2

We use the induction hypothesis to see that the difference is expressed as

Vo ( Y (VT Za s —R(Zi Zie) 2 Z))

j=i+2
n i—1
- Y Y (V22 V2 Zkeo o —R(Zi. Ziy )2 Zn)
j=i+2k=2
n
- Y. (V" f)Za....~R(V2, Zi. Zis ) Zj. .. Zn)
j=i+2
n
- > (V" f)Za....~R(Zi.V2,Zis)Z;..... Zn)
J=i+2
n k—1
- > Y (V" NZa . —R(Zi. Zix))Z. ... V7, Zk. . Zn)
k=i+2j=i+2
n
- Z (vn_3f)(227--~aZi+29-~~v_R(Ziv Zi+1)VZIZk7---,Zn)
k=i+2
n n
- > > (VNN Za o Zivae . Nz, Zieo . —R(Zi. Zi ) 2. ... Zn)
k=i+2j=k+1
which is equal to the right-hand side. [

4. Covariant derivatives of an eigenfunction along parallel tensors

4.1. Terminologies and notations

Let f € C*°(U)c be an eigenfunction for the Laplace-Beltrami operator, i.e.,

Af = —Af.

We now compute the covariant derivative of f along parallel tensors. By Lemma 2.6, it
suffices to consider the covariant derivatives of f along the O(n, R)-invariant tensors and
non-O(n, R)-invariant tensors.

To avoid the clumsy double-subscript, we use |i) to denote the vector field X;. The
tensor field X;, ® --- ® X;, will be denoted by |iy ---i,), as well as |iy -+ i) - [ij41 - ir)
and |iy -+ ij)|ij41---ip), forany j =1,...,r — 1.
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With the new notation,

n ®k n n
gk — (Z|ii)> = Z Z laraz -+ azk—1a2k)-
i=1 ar=ar=1  ax_1=ax=1
For any 0 € Symy;,
n n

@)= 3 o > agy e aem1n)-

aj=az=1  ax_1=ax=1
4.2. Along the O(n, R)-invariant tensors
Theorem 4.1. For any o € Sym,;, (V¥ £)(c(0%%)) € C f.

Proof. The proof is by induction. In the case k = 1, any 0 € Sym, stabilizes 6§ and
V2f() = Af = —Af. Now we assume that the conclusion holds for degree k — 1 and
argue for k. Based on the induction hypothesis, we first prove the following technical
proposition.

Proposition 4.2. For any o € Symy,; and anyi = 1,...,2k — 1,
(V)@ (0%9) = (V* £)((G.i +1)o(0%) e C£.
Proof. By definition,

n n

U(9®k) — Z Z |a0—1(1)"'ag*1(2k)>v

ar=a=1  az_1=ax=1

n n
.. k
i+ D@ = > o 3 agi) Gem11le1a) - da-1(2k)-
ar=a=1  ax_1=ax,=1

In the case i = 2k — 1, we know from the first part of Theorem 3.1 that

(V* )lag-101y *** Gg-12k—1ydo-120)) = (V* £)(ldo-1(1)  * do1 2y o1 (2k—1)))-
Thus, the difference is a sum of zeros and the conclusion follows. For all other i =
1,2,...,2k — 2, by the second part of Theorem 3.1,

n
> (V*N(lao-14y do-16)o-1G+1) o1 2k)))

az—1=az =1
I=1,....k

= Y (VEN(do) G ae o) o)

az—1=az =1
I=1,...k

n

2k
== > > (VN0 ) o1t 42) Aoy (i-1)

az—1=az =1j=i+2
= k

.....

“|R(a513) g1 (4+1)) o1 () @o—1(j4+1) *** do1(2k)))- (17
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The following cases arise with respect to the arrangement of 0~ !(i) and 61 (i + 1):

Casel. {o7'(i),07'(i + 1)} = {25 — 1,25} forsome s = 1,...,k, then since ars_| =
asys, the curvature tensor is constantly zero. So (17) is simply zero.

Case2. 07 !(i) {25 — 1,2s},0_1(i + 1) € {2t — 1,2t} for different s, ¢ € {1,...,k}.
Without loss of generality, assume o~ !(i) = 2s, 0~ !(i + 1) = 2¢. Then (17) becomes

n 2k
- Y > (V2 ) (lao_, (1) o1 (—1)8o-1G+2) Aoy (1))

azl__1=a2]k=1j=i+2
The - |R(azsazt)ag-1(jy)dg-1(j4+1) - do-12k)))  (18)

There will be a few situations that require independent treatment.

Case 2.1. Both 25 — 1 and 2¢ — 1 does not appear in {c~'(i +2),...,07'(2k)}. Then
(18) can be rewritten as

n 2k
-2 XD
az—1=az=1j=i+2
= k

: (|ao_1(1) “trlps—1ttA2r—1Ao-1G—1)do-1(i42) " Ao_1(j—1))

. |R(a2sa2t)ao*1(j)>|ao*1(j+1) e 'arl(zk)»
2k n n
P YD M M
Jj=i+2ay_1=ay=1u,v=1
I #5071

(lao_yqy UV Aot 1) Ao1(i42) T Doy (-1))

[Ruv)ag-1(jy)ag-1(+1) - o1 (20)))-
Here, the order of ass—; and a,;—; is not important, as will be explained later.
Now, for every fixed j, 071(j) € {2m — 1,2m) for some m € {1, ..., k}. Without

loss of generality, assume 0~ (j) = 2m and 2m — 1 appearsin {c~!(1),...,07'(i — 1)}.
From the discussion in Section 2.1,

—K|v) ifay, =u,
|IR(u,v)ag-1(;)) = |[R(u,v)azrm) = | Klu) ifasm = v,

0 otherwise.
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Thus, the sum can be rewritten as

2k n n
Ky ) Yo

j=i+2a21_1=a21=1 u,v=1
l;és,_l ;ét,iyém
. (|a071(1) ...u...v...u...ao__l(i_l)ao_l(i+2) "'aafl(j—l))
: o 1(j+1) " Uo—1(2k)
[v)|a a )
2k n n
k—
K> ) R
j=i+2az_1=ay=1u,v=1
=1,....k
l#s,l#t,l#m
. (|a071(1) PR /RS ) IR ) R acffl(i—l)ao'fl(i-i-Z) cee a(Ll(j—l)>
|udlag-1(j41) * Ag-12k)))-
Writing §®* =1 a5

n

9®(k—1) _ — — —
= laras -+ G512 -+ A2—1G2; ** * A2m—102m * * * A2k—102k )
az—1=az =1
l#s,t,m
n
. E |[uuvv),
u,v=1
we see that for each j =i 4 2, ..., 2k, the tensors

n n
Z Z |a0—1(1).“u.“U'“u.“ao'_l(i—l)ao'_l(i-}—Z)'“

az—1=az=1lu,v=1
l#s,t,m
do_y (j—1)Vag=1(j+1) " " Ag=1(2k)) > (19)

n n
Z Z |a<771(1)"'”"'U"'U"'aa—l(i—l)aa—l(i+2)"'

az—1=az=1u,v=1
I#s.t,

Fsitm Ag_ (j—1)UAG-1(j+1) """ Ag=1(2k)) (20
are both permutations of §®*~1_ From the induction hypothesis of the theorem, their
actions on f via V2*~2 result in a scalar multiple of . So summing up different ;j results
in a scalar multiple of f as well. Thus, the conclusion follows in this case.

Now we explain why our assumptions above bring no loss of generality.

(D) If2m—1lisin{o™ (G +2),....07(j — D} (or {o™ (j + 1),...,071(2k)}),

then the corresponding tensors (19) and (20) are modified to

n n
Z Z |a071(1) RS AR )] "'aa_l(i—l)atr_l(i+2) R TRRE

azj—1=az=1u,v=1
l#s,t,m
Ag_ (j—1)VGg-1(j+1) " Ao—1(2k))>»
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n n
Z Z |a071(1)"'u"'v'”aa_l(i—l)aa_l(i—FZ)”'U"'

az—1=az=1u,v=1
l#s,t,m
oy (j=)Udo=1(j+1) " do=1(2k))s

or

n

n
S Y Jag iyt U g ot a2)

az—1=az=1u,v=1
l#s,t,m
Ao_y (j—1)Vg=1(j+1) " U Ag=1(2k) )

n n
Z Z |a0'71(1)”'u'”v”'ao’*l(i—l)aafl(i-‘rZ)"'

ale_;é:aZl:l u,v=1
s,t,m
Aoy (j—1)Udg=1(j+1) " V" " dg=1(2k))s

all of which are permutations of %

(2) If 671(j) = 2m — 1, it is easy for the reader to check that the process is indeed
verbatim, as dz, = azm—1. We will not elaborate the process here.

(3) If the order of azs—; and ay;—; is swapped, this amounts to be swapping the
position of the first u and v. The corresponding tensors (19) and (20) stay as
permutations of §®%.

@) If (c7'(@), 07 (@ + 1)) = (25 — 1,2¢) (or (25,2t — 1), 0or (25 — 1,2¢ — 1), respec-
tively), then with the assumption that both 2s and 2¢ — 1 (or 2s — 1 and 2¢, or 2s
and 21, respectively) are sitting in {o~1(1),...,07 (i — 1)}, it is also easy for the
reader to find that the process repeats verbatim, as ars = a»s—1 and az; = ass—;.
We will not elaborate the process here.

This comment on the generality applies to all the subcases discussed below and shall not
be repeated henceforth.

Case 2.2. One of 25 — 1,2t — 1 appears in {o (i +2),...,0~1(2k)} but the other does
not. Without loss of generality, say 2s — 1 € {o7!(1),...,07 (i — 1)} and 2t — 1 =
o~ (jo) for some jo > i + 2. Then (17) becomes

n Jo—1
k—
- Z Z(Vz 2P (ao_y )+ @2s-1 -+ Qo-1G-1)do-1(+2) *** da_i (-1))
azl—1=ll21k=1j=i+2

.....

- |R(a25a2¢)ag-1(jy)Ag=1(j+1) " Q21 " dg-1(2k))) (21)

kk—
- Z (V272 f)(lao_y(1) -+ @251+ dg=1(—1)do-1(1+2) " Ao_y (j—1)

az—1=az =1
=1,..., k

“|R(azsaz:)azi—1)|ag-1¢j+1) - do-1(2k))) (22)
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n 2k
- X 2 R
azj—1=az=1j=jo+1
= k

(lao_y 1)+ A2s—1"+ Ag=1(i—1)Ao=1(i42) ***A2e—1 ** " Ao_y (j—1))
“|R(azsa2:)ag-1(jy)dg-1(j+1) ** * do=1(2k)))- (23)

The sums (21) and (23) can be similarly handled as in Case 2.1. For the sum (22), using
the fact that a»; = a;—1, we have

Klaszs) ifaz = az—1 # aszs,

|R(azsazs)az—1) = .
0 ifaz; = az—1 = azs.

Thus, (22) becomes

n

-K Z (Vzk_zf)(lao'—l(l) crrdos—1 - Ao-1(i—1)Ag-1(i42) "aofl(.i—1)>

az—1=az =1

seees

@25 a2 azg)ag-1¢j41) -+ Go-102k)))-

which can be further simplified as

n

k—
—Kmn—=1) Y (V¥ (lao, ) @as1 + Agm1G-1)a-1G42) Aoy (o-1)
a25:11=a2;€=1

I#1 : |a2saa*1(jo+1) "'arl(zk)))-

If we write 6®*—1 a5

n
Q*k—-1) _ —
pOk=D — E laraz -+ azs_1a0s -+ G2—1G2¢ *+* A2k —102k ) s
a2;_11=a2;€=1
14

then it is immediately seen that the sum (22) is the action of a permutation of 8¥~1. By
induction hypothesis, (22) is also a scalar multiple of f.

Case 2.3. Both 2s — 1 and 2¢ — 1 appear in {o~!(i + 2),...,0~!(2k)}. Without loss of
generality, assume 0~ !(j;) = 25 — 1,07 1(jo) = 2t — 1 with j; < j,. Then (18) can be
written as

n j] —1
- Z Z (Vzk_zf)(|a0—1(1) o lo-1(i—-1)Ae—1(i42) "'aO—l(j—l))

az—1=az=1j=i+2

yeres

“|R(a25a2:)a6-1())Ag=1(j+1) " Q2s—1 "+ A2e—1 " Ag-102k)))  (24)
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n

- Y VP Nlae ) o1G-no142) Aoy (-1)
az—1=az =1
“|R(a25a20)a25-1)dg=1(j41) "+ d2i—1 " dg=1(2k))) (25)
n J2—1
- Z Z (VZk_zf)(laU_l(l)"'ac—l(i—l)ao—l(i+2)"‘a2s—1“'ao_l(j—l))

az—1=ax=1j=j1+1
=1,..., k

- |R(a25a2¢)ag-1(jy)|dg-1(j 41y * d2i—1 *** Ao=1(2k))) (26)

(V72 1Y (lao_y () - o1 —1) @01 42) Q251+ Aoy (j—1))

™

.....

“|R(azsaze)azi—1)|ag-1(j 41y "acr—l(zk))) 27

n 2k
ST e
Ay —1=az=1j=i+2
= k

“(lao_ 1) -+ g-1G-1)00-1(142) "+ G2s—1 *** A2e—1 *** gy (j-1)
“|R(azsa2:)ag-1(jy)dg-1(j+1) - do-1(2k)))- (28)

The sums (24), (26), and (28) can be similarly processed as in Case 2.1, while the sums
(25) and (27) can be processed similarly as in Case 2.2 with trivial modifications. We shall
not repeat the discussion here. If instead, j; > j,, this amounts to be swapping a»s—; and
ass—1. The process is still similar. n

We now proceed with the proof of Theorem 4.1. We first note that
(VENO%) = (1f ey,

Since 11 = (12),t2 = (23),...,tak—1 = (2k — 1, 2k) generates Sym,;, any 0 € Sym,;
can be written as a product f;, - - - f;; . The proposition then allows us to conclude that

(V2K F) iyt 1,0%5) = (V)W -+ 1,6%%) e C f
forevery j =0,...,k — 1. Summed up with all j’s, we see that
(V* £)(06%) — (V* (%K) e C £.
It then follows from (V3 £)(6®%) e C f that
(V*f) e eCf. =

Remark 4.1. Indeed the same argument shows that for every o € Sym,;, the action of
o(A%) on f is the same as the action of some polynomial in @ determined by o. In the
next section, we will discuss the properties of such polynomials.
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4.3. Along the non-O(n, R)-invariant tensors

Now we look at the action of the other type of parallel tensors. We have the following
theorem.

Theorem 4.3. For any o € Symyy
(VFF£) (0 (9% - A)) = 0.
Proof. We argue by induction on k. For the base case k = 0, it suffices to argue that

(V' H(A) =0,

as permutations on A only changes the sign of the tensor. Using the notation introduced
in the proof of Proposition 4.2,

A= )" (=DMu1)--- u(n)).
JESym,,
Let A, be the subgroup formed by the even permutations. Then
Sym, = A, U (n —1,n)A,.
This allows us to write
A=) ) pn=Dp) = Y (D) p)p = 1),
WEA, HEAR

Note that for every u € A, it follows from the first part of Theorem 3.1 that

(VO - pn = D)) = (V" (D) -+ pm)p(n — D)).

This shows (V" f)(A) is simply a sum of zeros. Thus follows the conclusion.
Now assume the conclusion holds for £ — 1. Based on the induction hypothesis, we
proceed similarly to prove the following proposition.

Proposition 4.4. Forany o € Symyy ., andanyi =1,...,2k +n —1,

(V1) (@ (0%F @ A)) — (V¥ )((i,i + Do (0®F @ A)) = 0.

Proof. Let
o= 1 2 2k 2k+1 2k+2 -+ 2k+n
" \o(1) o) --- o(2k) i1 i in )
Without loss of generality, we assume thatiy < i, <--- < i,, as permuting iy, ..., i, only

brings a sign change to the tensor o (§®% ® A). Then we can write the tensor o (8%F ® A)
as

n
> Y DM lag-1qy - do-1—n (g1, 1) -+

az1—1=az; =1 WESym,
=1,...,

aa—l(i,,—l)ﬂ(n)ao—l(i,,+1) e ao_1(2k+n))-
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Regarding the transposition (i, + 1), essentially there are four cases to consider. For
exposition purposes, we will first study four special subcases, then generalize.

Case 1. i > i, + 1. In this case,

(V2 )(@(O0%F @ A) — (V7 (i + Do (0% ® A))
2k+n

= _ Z Z Z (—1)“’(V2k+n_2f)

asj—1=az =1 peSym, j=i+2
I1=1,....k

(lag-1qay - (1) - p(W)ag—1 Gy 41) -+ do1(j—1))
“|R(ag-1(), Go-1(i1+1)) 401 () |do=1(j 1) do1 @k+n)))-
For each fixed 1 € Sym,,, we can take care of the sum similarly as in Proposition 4.2. The
only difference here lies on the occurrence of w(1),..., u(n) in the front, which does not
change the process. Finally, (VK17 £)(0(8®% @ A)) — (VK" £) (0 (%% @ A)) is the

same as an action of some (2k + n — 2)-degree tensor of f which is a permutation of
6®*-1 @ A. By the induction hypothesis,

(VKT £)(0(0%F @ A)) — (VT £)(0(6%F @ A)) = 0.
Case 2. i = i,. In this case,

(V2 £)(0 (0% @ A) = (V*H" £)((ii + Do (0% ® A))
2k+n

= — Z Z Z (_l)u(vzk-i-n—zf)

az1—1=az; =1 WESym,, j=i+2
= k

(ag-1qay - (1) 11 = 1)1, 1)y 42) * Gom1 1)
. |R(/,L(I’l), aofl(in-i—l))ac*l(j)) |aa*1(j+l) Tt aa*1(2k+n)))- (29)
The process is similar to Proposition 4.2 but with a slightly less trivial modification. For

exposition purposes, we will go through the details here.

Leto ! (iyy1) € {25 — 1,25} for some s = 1,. .., k. Without loss of generality, assume
O_l(in+1) = 2s.

Case 2.1. 25 — 1 appears in {o~'(1),...,07 (i, — 1)}. Then (29) can be rewritten as

2k+n n

DD DD DN U Eat)

j=i+2ay_1=az =1 ueSym,

lag-11y - (1) -+ags—y -+ p(n — 1) -+~ ag=1G,—1)) Ao (in+2) - do=1(j—1))
|R(u(n), azs)ag-1j))de-1(+1) ** =1 2k+n)))- (30)
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Here, the exact position of a1 is not important. For each fixed j € {i + 2,...,2k + n},
leto1(j) € {2t — 1,2t} forsome t = {1,...,k} depending on j. Without loss of gener-
ality, assume 0~ !(j) = 2¢ and 2¢ — 1 also appears in {o~!(1),...,07 (i, — 1)}. So (30)
can be computed as follows:

2k+n n

_ Z Z Z (—I)M(V2k+"_2f)

J=i+2az_1=a =1 uweSym,
I= k

. (|a071(1) e I./L(l) .. 'a2571 .. -a2171 ... M(n —_ 1) .. 'agfl(ln—l))

Ng(int2)* Ao-1(j—1)) | R(U(N), G25)a2¢ )| Ag-1(j+1) ** * o1 2k+n)))
2k+n n

== > > D D CDMVETTE)

j=i+2ay_1=az=1ueSym, u,v=1
= k

-(|a071(1)---M(l)---u---v---ﬂ(n—1)---a0’71(in_])>
gy +2) - @o-1G—n) IR(W(M), W) V) |dg-1(j 1) - do-1@k+m)).  (31)
Here again, the exact position of a,;— is not important. Note that
Kiun)) ifu=v# pun),
[R(u(n),upv) = § —Klu) ifv = p(n),
0 otherwise.
Excluding the zero terms in (31), the sum is equal to

2k+n n

—Kmn=1) Y > Y Y (=npvHEy)

J=i+2az—1=a3 =1 ueSym, u=1
= k

=1,...,
I st
. (|a071(1) (D) ueue e p(n = 1) -+ ag-1,-1))
Nag(in42) ** Ao=1(—y ) |ag=1(j+1) ** * Ao=1 2k+n))) (32)

2k+n n

S D DD DI W VA et}

J=i+2az—1=ay =1 pueSym, u=1
= k

.....

gy = H1) e ) -+ o = 1)+ g, )

g (iy42) o1y W) |ao=1(j 1) - Qo1 2k+n)))- (33)
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Writing 0%~ @ A as

n

" laraz- - Gas1das -+ a1 -+ Qok—1a2k)
az—1=az =1
I=1,...k
I5s,1#t
n
Y ey D (=DF (1) (),
u=1 MUESym,,

we see that foreach j =i + 2,...,2k + n, the corresponding summand in both (32) and
(33) coincide with a scalar multiple of the action of some permutation of H®*k—1 & A
on f. By induction hypothesis, both (32) and (33) are then a sum of zeros. The conclusion
then follows in this case.

Now we explain why our assumptions bring no loss of generality.

(1) If 67 '(i) = 2s — 1, then with the assumption that 25 € {o~1(1),...,07 (i, —
1)}, the discussion is verbatim, as ars = dzs—1.

(2) Ifo~1(j) = 2t and 2¢ — 1 now appears in {1 (i, + 1),...,0 1 (2k + n)}, this
amounts to be moving the first v in (31) to either the second line or the third line.
Thus, the second u in (32) is moved to the second line or the third line, and p(n)
in (33) is moved into the second line, before u or after u. The conclusion that (32)
and (33) are actions of permutations of 6¥~1 ® A is unchanged.

(3) If 671(j) = 2t — 1 and 2t appears anywhere, the discussion is also verbatim, as
azr—1 = dzt-

This comment applies to all the cases to be discussed below and shall not be repeated.

Case2.2. 0~ !(i, + 1) = 2s forsome s = 1,...,k and 25 — 1 appears in {0~ (i, + 2),
...,0 Y2k +n)}. Say 6071 (jyp) = 2s — 1, then (29) becomes

Jo—1

_ Z Z Z (_I)M(V2k+n—2f)

a]—1=az =1 peSym, j=i+2
I= k

lag-1c1y - (1) - pu(n = 1)+ ag=1G,— 1) ao(in4+2) *** do-1(j—1))
|R(p(n), azs)ag-1j)ag-1(j+1) -+ G2s—1 - Ao=12k+n))) (34)

_ Xn: Z (_I)M(V2k+n—2f)

azl—1=azlk=1 MESym,,

“(lag-1qay (D) - p(n = 1) - ag-1G,—1)) o iy +2) - o1 (j=1))
“|R(w(n), azs)azs—1)lag-1(j 11y * Gg=1 2k+n))) (35)
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2k+n

_ Z Z Z (_l)u(v2k+n—2f)

azll—l =azzk=l WESymy, j=jo+1

: (|%—1(1) s (D)o = 1) ag-1G,— ) Ao +2) * A2s—1 1 Ao-1(j—1))
“|R(p(n), azs)ag—1(jy)|ag-1(j4+1) - do—12k+n)))- (36)
The sums (34) and (36) can be handled similarly as in Case 2.1. For the sum (35), note

that |R(p(n), azs)azs—1) is nonzero only when ars = ass—1 # w(n), with the value being
K|u(n)). Thus, (33) is simply

_ K(n _ 1) Z Z (_I)M(V2k+n—2f)

as;—1=az=1 ueSym,
I=1,....k,l#s

(lag-1qy - (D) =+ p(n = 1) - ag-1G,-1))

Nag(,+2) - Q-1 (j—yH(M)Ag-1(j 4 1) "+ Qo1 @k+m)))
which coincides with the action of a permutation of #®*~1 ® A and thus is zero.

Case3. i =i, —1 > i,_1.Inthis case,

(VR 1) (0(0%F ® A) = (V1 £)((.i + Do (0% ® A))
2k+n

D DEEED DI D G A\ Sl )

az—1=daz =1 WeSym, j=i+2
I=1,...k

lag-1ay - (1) -+ pp(n = 1) - ag-1G,-2)ag-1(,+1) - Ao-1(j—1))
|R(ag-1(iy -1y W(n))ag-1 ) |ag=1(j 41y - Qo1 2k+n)))-

Using R(ag-1(i,—1), #(n)) = —R(ju(n), ag-1(;,—1y), we can apply the same procedure as
we did for Case 2. We shall not repeat the details here.

Cased. i =i, — 1 = i,_1. In this case,

(VKH1 £)(0(0%F @ A) — (V1 £)((i,i + 1) (0% @ A)
2k+n

D DD DI D S VA (G p)

a—1=az =1 peSym, j=i+2
= k

lag-11y (1) -+ pu(n = 2) -~ ag=1G,-2)) | o-1(p +1) ** * do=1(j—1))
“IR(u(n — 1), p(m))ag-1(jy)ag-1(+1) ** * do=1 2k+n)))- (37

We fix j. Without loss of generality, let 0~ '(j) = 2s and let 25 — 1 appear before the
curvature tensor. Note that R(u(n — 1), u(n))azs is nonzero only when arg = u(n — 1)
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and aps = p(n). Thus, (37) simplifies as

2k+n

D DI IR G Sty s

aj—1=az=1 neSym, j=i+2
I=1,...k

. (|aa*1(l) (1) e dggoy e o(n = 2) -+ ag-1,—2))
Nag-13i, 41y Ag-1(j—1)) | R((n — 1), u(n))azs)

lag-1(j41) "+ A1 2k +m)))
2k+n

=K Z Do D CDHVEERTRE

212 =1 pueSym,, j=i+2
I#s
. (|ao—1(1) (D)o =1)---u(n—=2)-- 'ao_l(i,,—z))

' |a0*1(i,,+1) T ao“(j—l))|:U*(n)>|a0*1(j+1) o a0*1(2k+n)))
2k+n

- K Z Yo D CDHVERTRp

apj—1=az =1 neSym, j=i+2

(lag=1y -+ (1) ) -+ (1 = 2) -+ g1, )
lag-1G,11) - g1 L0 = D) ag-1¢j41) "+ Qo1 @k+m)))-
Each sum is zero by the same reason at the end of the previous cases.

Having studied the special cases above, we now investigate their generalizations.

CaseS. i1 +1<i <i,—2foreachm =1,2,...,n (here we regard iy = 0). In this
case,

(V4 £ (0%% @ A)) — (VR £)((i,i + D)o (0%% ® A))

im—1

— _ Z Z Z (_I)M(V2k+n72f)

az—1=az =1 nweSym, j=i+2
1=1,...k

. (Iacr*l(l) tee /’L(l) e /’L(m - 1)a0*1(im71+1) e aa”(l‘—l))
lag-1G+2) - o-1(j—) [R(Ag-1(), do=1(i+1))do-1(j))
Nag-1(j 1) p(m) -+ w()ag-1 2k 4n))) (38)

n

_ Z Z (_l)u(v2k+n—2f)

az1—1=az =1 WESym,
=1,...,

(lag-1c1y - (1) -+ wlm = Dag-1,,_, 1)+~ do-1(i-1))
Nag-13i42) ** Ao=13ip—1)) | R(Ag-1()> Ag=1(i 4-1)) L (1))
ag-1(j 41y p(m) -+ W()dg-1 2k4n))) (39)
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ip+1—1

n—1 n
_ Z Z Z Z (_l)u(vzk-i-n—zf)

p=m+1lay_1=a3=1weSym, j=ip+1
I= k

(lag-1c1y - (1) -+ plm — Dag-1,,_ 1)+ do-1(i—1))
Nag-1(42) p(m) - p(p — 1)+~ ag-13-1))
| R(ag-1(), do-1(i+1))d6-1(j))
Nag-1Gi41 - m(p 4+ 1) - (n)ag-1k4n))) (40)

_ Z Z Z (_I)M(V2k+n—2f)

p=m+1as_1=az =1 WeSym,
1= k

(lag-11y - (1) =+ wlm = Dag-1,,_, 1) - do-1(i-1))
Nag-1G42) - p(m) -~ u(p — Dag-13,-1)) [R(@g-1(ys do-1(+1)) L (P))

Nag-1j41) (P + 1) - w(0)ag-1 2k +n))) (41)
2k+n

_ Z Z Z (_l)u(v2k+n—2f)

azll—l =dzlk=1 MESYm, j=ip+1

lag-1qy - ) -~ p(m — Dag-1G,,_,+1) "~ do-1(i—1))
Nag-1(ig2y o p(m) - pu(n) -+ ag-1(_1)
|R(ag-1(ys Ag=1(i+1))o-1())Ao-1(j+1) * ** o1 2k-+n))) (42)

The sums (38), (40) and (42) can be handled as in Proposition 4.2 or Case | here. Also
note that the sum (39) is simply a special case for (41) when p = m. Thus, we will handle
the summand of (41) foreach p =m, ..., n.

Case 5.1. {07 1(i),07'(i + 1)} = {25 — 1,25} for some s = 1, ..., k. Similar to Case
2.1 in Proposition 4.2, we have zero.

Case5.2. 07 '(i) =2s,071(i +1) =2t forsome s, = 1,...,k,s # t. Without loss of
generality, we assume 2s — 1 and 2¢ — 1 both appear in {o~!(1),...,07 (i — 1)}. Then
the sum of (39) and (41) can be rewritten as

=D RED DD DD DY A Sty

P=Mm ay_=ar =1 ueSym, u,v=1
Isiidt
'(|aa—1(1)"'M(l)"'u"'v"'ﬂ(m — 1) rag-1G-1))
Nag-1G42) - plm) - u(p = 1)+ ag-1(,-1)
R, v)(p)ag-1¢41y - (P + 1) -+ (1) -+ =12k 4n)))-
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Note that

—Klv) ifu = u(p),v# pn(p)),
[R(u,v)u(p)) = Klu)  ifu # u(p),v = pu(p),
0 otherwise.

Thus, (41) is equal to

n n n
KY X X ) 0T
P=maz_1=a; =1 ju€Sym, v=1
=1,..., v#u(p)
15,0 #t
(agiqay (1) o (p) -+ v pm = 1)+ g1 4p)
lag-1(42) - plm) - p(p — 1) -+ ag-1(,-1))
: |U)|aa*1(j+l)"'“(p + 1)"'/‘«(”)"‘“0*1(2k+n)>)

—KZ Z > Z (=D (VHE2 )

p=maj_1=az =1 WESym,

I=1,....k # (17)

(lag-iqry - (1) w - p(p) - o = 1)+ ag1p)
Ngm1iqzy+ m) + f(p = 1)+ Ggi,)
) ag-t ey 1P+ 1) 1 (1) Gt i)

740

Notice that the requirements v 7 p(p) in the first sum and u # p(p) in the second sum
can be eliminated, as the extra terms introduced adds up to zero. Then for each p =
m,...,n, the summands of both the first and the second sums are actions of a permutation

of #®%=1 @ A on f.By the induction hypothesis, they are all zero.

Case6. i =i,,—1 <im—1form =2,...,n—1.1In this case,

(V2k+”f)(0(9®k ®A)) — (V2k+"f)((i,i + 1)0(0®k ® A))

im—1

=- Z Do D pMVEERTRY

az—1=az =1 WeSym, j=i+2
I=1,...k

lag-1cay -+ (1) -+ po(m —2) -+ ag-1(j_1y)
R(u(m — 1), ag-1G,,_, +1))@c-1(j))
Nag-1(41) - m(m) -+ f(n)ag-1 2k 4n)))

(43)
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_ Z Z (_I)M(V2k+n—2f)

ajj—1 =a21k=1 MESym,,

(lag-1cay - (1) - p(m = 2) -+ ag-1, 1))
“|R(u(m — 1), a5-13,,_,+1)) 1 (m))
Nag-1Gp41) - wm 4+ 1) w(0)dg-1 2k 4n)))

ip+1—1

—Z Z DD D G Vi ()]

p=may_1=a; =1 pneSym, j=ip+1
I=1,....k

(lag1y -+ (1) - pm = 2) - plm) -+ p(p = 1)
: |aa—1(i,,_1+1) : "ao—l(j—l))|R(M(m - 1)saa—1(im_1+l))aa—1(j))
Nag-1G41) - m(p 4+ 1)+ (1) ag-1k4n)))

)OS DD DI C VS ()

p=m+1ay_1=a3;=1neSym,
k

(lag-1qay == p(1) -~ p(m = 2) -+ p(m) -+~ w(p — 1))
lag-1G,+1)  do=1G,-n)) | R(n(m — 1), ag-1,,_, +1)) 1 (P))

Nag-1G,41) - (P 4 1) - 1(1)ag-1 2k 1))
2k+n

_ Z Z Z (—D)H( y2k+n— Zf)

as— 1—azlk 1 w€Sym,, j =i, +1

.....

(lag-1qay -+ (1) - pm = 2) -+ () -+ () =+ g1 1)

SIR(p(m = 1), ag-1G,_, +1))do-1()) |ao-1(j41) *** Qo1 (2k+n)))-

741

(44)

(45)

(46)

47)

The sums (43), (45) and (47) can be handled as in Case 2. The sum (44) is simply a special

case for (46) when p = m. We will handle the summand of (46) for each p = m, ...

,n.

Without loss of generality, let 01 (ip,—1) = 25 and assume 2s — 1 appears in

{o71(1),...,071(i)}. Then the sum of (44) and (46) can be rewritten as

_ Z Z Z Z(—I)M(V%Jﬂ’_zf)

p=majy_1=ay=1 u€Sym, u=1

“(lag-rcay (1) - -wepp(m = 2) - pu(m) - pu(p — 1))
Nao-13,_y+1) Ao-13,—1)) [R((m — 1), u) (p))
Nag-1G,41) - (P + 1) -+ (M) o1 (2 4n)))
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i D DRI DD DN C N\ )

p=may_1=az =1 ueSym,
=1,...k

.....

Mlag-1ay - @) -~ pu(p) -+ pu(m —2) -+ u(m) -~ u(p — 1))
Nag-1(,_+1)  * Ao-1(i,—1)) [ (m — 1))

Nag-1G,s1) - (P + 1) - (1)ag-1 2k 4)))-
This is again zero.
Case7. i =i,—1>i,_1form=1,2,...,n—1.In this case,

(V2 )@ (0% @ A) = (V7 )i + Do (0% @ A))

im+1—1

= — Z Z Z (_l)u(v2k+n—2f)

ay—1=az =1 pneSym, j=i+2
1= k

.....

742

(lag-1qay - (1) - p(m = 1) - ag-1,,—2)) [ R (@51, —1)> £(M))ag-1(j)

lag-1j 1) mm + D) 1 (0)ag-1k4n)))

n

_ Z Z (—1)’“‘(V2k+n_2f)

asj—1=az =1 €Sym,
1=1,...k

(lag-ray - (1) -+ o = 1)+ g1, )
IR @11y, )R + 1)
: |aa*1(j+l) Tt I’L(m + 1) T M(n)aa’l(zk-‘rn)))

ip+1—1

n—1 n
_ Z Z Z Z (_1),u(v2k+n—2f)

p=m+1ay_1=az; =1 ueSym, j=i,+1

=1,...,

(lag-rqy - (D) plm = 1o pu(m + 1) - pu(p = 1))
lao=1G,_1+1) ** o-1G—1)) [ R(a5-1(,,—1)- (M) a5-1(j)
Nag-1(j41) - 1(p + 1) -+ w(W)ag-1 Gk +n)))

— Z Z Z (_l)u(v2k+n—2f)

p=m+1az_=az; =1 eSym,

=1,...

(lag-1qay == p(1) === pu(m = 1) -+ p(m + 1) - p(p = 1))
lag-1G, y+1) " do-1(,-1)) | R(@g-1(,,—1), £ (M) p(p))
o 1(3ip n)ags- n
Nag-1G, 1) (P + 1) - (1)ag—1 2k 4)))
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2k+n

_ Z Z Z (_l)u(vzk-i-n—Zf)

az—1 =azlk=1 WESym, j=ip+1

(lag-1ay - p) - plm — 1)+ p(m + 1) -+ u(n))
“lag-1(i,—1)+1 " do—1 (i~ R(@5-1(ipy—1)> (M) aG-1(5))
: |a0—1(j+1) : "ao_1(2k+n)))'

Using R(ag-1(j,,—1)» #(m)) = —R(u(m), ag-1,,—1)), this case can be handled similarly
as in Case 6. We will not repeat the discussion here.

Case8. i =i,,—1 =i, —1form =2,...,n— 1. In this case,

(V¥ £)(0(0%F © N) = (V4" £)((.i + Do (8% ® A))

im+1—1

=D DI DD D G Vi )]

asj—1=az =1 peSym, j=i+2
1= k

(lag-1qy -+ (1) -+ p(m =2) -~ ag-1(, -1 |R(uim — 1), w(m))ag-1(;))
Nag-1(j41)  pm + 1) w(n)ag—12k-4n))) (48)

— Xn: Z (_1)M(V2k+n—2f)

az1—1=az; =1 WESym,

=1,...,

lag-1qy - p(1) - p(m = 2) - ag-13,,—2)) | R(u(m — 1), w(m))w(m + 1))
Nag-1(j 41y mlm + 1)+ w(n)ag-1(2k1n))) (49)

ip+1—1

n—1 n
DD DD DD D G\ Gt}

p=m+1ay_1=az;=1pneSym, j=ip+1
I=1,....k

(lag-1c1y - () - p(m = 2) - p(m + 1) -+ u(p — 1))
lag-1G,_+1)  do1 (G- | R(u(m = 1), pu(m))ag-1(j)
Nag-1Gi41y - m(p + 1)+ w(0)ag-1 2k 1n))) (50)

D INED DR DR CH I\ Cay))

p=m+2ay_1=a =1 [€ESym,
e k

.....

(lag-1ay - (1) -+ p(m =2) - p(m 4+ 1) -+ u(p — 1))
Jag-1G,_1+1) " do-1(,—1)) [R((m — 1), u(m))u(p))
Nag-1G,+1) (P + 1) -+ (M) do—1 (2 4n))) (51
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2k+n

_ Z Z Z (_I)M(V2k+n—2f)

az—1 =a21k=1 WESymy, j=ip+1

.....

lag-1cay - (1) - pu(m —2) - w(m + 1) -+ u(n))
lag-1Gp+1y  Ag-1(j—1) | R((m = 1), w(m))ag-1;))
ag-1(j41)* Ao-12k+n)))- (52)

The sums (48), (50) and (52) can all be handled similarly as in Case 4, while (49) and (51)
are all zero, as u(m — 1), w(m) and w(p) are all distinct for p =m + 1,...,n. |

To prove Theorem 4.3, write o as a product of transpositions and proceed with induc-
tion similar to Theorem 4.1. We will not repeat the arguments here. ]

In conclusion, we have the following theorem.

Theorem 4.5. Let [ be an eigenfunction of the Laplace—Beltrami operator. Then as a
vector space, I(T(TM)) f =C f.

Remark 4.2. The same argument also shows that
(T (TM)) f =Rf

for eigenfunctions f with real eigenvalues.

5. Scalars of O(n, R)-invariant tensors

In this section, we study the scalar given by the action of O(#n, R)-invariant tensors. The
proof of Theorem 4.1 showed that the scalar is indeed a polynomial in A. We will study
the polynomial by an alternative combinatorial characterization.

5.1. Words, their graph and parallel tensors

Definition 5.1. A word is a sequence of letters where each letter appears exactly twice.
The number of letters appearing in a word is called the length of the word. It is clear that
the length of a word must be even. For each word of length 2k, we associate a graph with
2k vertices. An edge exists between two vertices if and only if the letters associated with
the vertices are the same.

For example, the word “aabccb” is associated with the following graph:

A~ ()

Here, we arrange the vertices all in a row and with edges lying above.
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We now associate each word with a parallel tensor. First, the word “ajas - - -azr—1a2¢”
withay; = as, ..., dk—1 = ay is associated with

n n

ok — Z Z laraz -+ azk—1asx).

ar=a=1  az_1=az=1

For a general word “ayas -+ - azg_1a¢” witha;, = a;,, ..., a;, | = ai, ,letoc € Sym,,
be the inverse of the permutation
(1 2 - 2k—1 Zk)
iy iy e k—r dak)

The parallel tensor associated to this word is simply

n n

)= > - D a1 G 2k—1)do1 2K))-

ay=az=1  az-_1=ax=1

For example, the parallel tensors associated to the word “aabccb” is simply

n n n
Z Z Z layazazasasay).

ay=az=1a3=a4=1as=a¢=1

Moreover, if we arrange the vertices of the graph of the word in two rows, with first
k vertices in the first and last k vertices in the second, then we get the (k, k)-Brauer
diagrams for parallel tensors. Here is the example for “aabccb’:

A

It is well known that for each k € Z ., the number of such words with length 2k is
k-1 =1-3-5---2k—-3)- 2k —1).

It is also shown in [5] that parallel tensors associated with (k, k)-Brauer diagrams span
the space of parallel tensors. The spanning set is linearly independent if k¥ < n. When
k > n + 1, alinear relation among these spanning tensors can also be described. Thus, the
parallel tensors can be studied by using the representation by words or by the graph.

5.2. Action of parallel tensors as a polynomial of 0

Let “aja; ---azrx—1az;” be a word. As shown in Theorem 4.1, the associated parallel
tensor acts on f as a scalar. The same argument also shows that the scalar is a polynomial
in the eigenvalue of A.
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Notation 5.2. Let “aqa; ---asr_1a>;” be a word. In Sections 5 and 6, we will abuse the
notation |aias - - - drp—1asx ) for the scalar of the action by the associated parallel tensor.
If “b1by - - - byy_1by;” is another word, then it follows from Formula (1) that

lavas - ask—1a2kb1bs -+ byy_1by1) = |araz -+~ azg_1asx) - |brba -~ bay_1bsy) (53)
We will also use the bracket notation to denote the “commutator”, namely,
lay---aj—1lajaiv1]aiva - ax) = lay---ai—1aiai+1ai+2 -~ az)
—lay---aj—1ai+1aiai42 - azy).
For convenience, we will use 6 instead of A as the variable of the polynomial appearing
inlajas---are—1asx).

We now describe the algorithm of obtaining this polynomial in terms of recursive
operations on words.

Proposition 5.1. For every word “ayas - - - asi—1asx”, the polynomial |ayas - - - arg—1asx )
can be obtained via the recursion

|layarazas - - agay) = 6%, (54)
lay -« asg—2ask—1a2k) = lay -+ Aok—2a2kA2k—1), (55)
lay---aj—1[aijai+1]ai+2 - azg)
2%k
=— ) lar--@i1@iva---aj-1, R(@i,aip1)aj, ajsr - ag).  (56)
j=it2

Here, foreach j =i +2,...,2k

lai---ai—1aiv2---aj—1, R(ai,ai+1)a;, a1+~ ax)
—Kn—1|ay--ai—1ai42---aj—1,a;41,aj+1+ - az) ifa; =a;,
Kn—1lay---ai1ai42---aj—1,a;,aj41- - dok) ifaj = dait1,
Kl|lg;a; a1+ @i—1ai42+--aj—1,0;,aj4+1 " dog)

—K|1a,~a,-611 S Qi—1Qi42 ¢ Aj—1, 041, dj 1 dog) Otherwise,

where in the last formula, the operator g, replaces the other occurrence of a; by c, for
C =da;ordaj41.

Proof. This follows from a straightforward computation. |

5.3. Examples

Here, we list the polynomials obtained for words of length 2, 4 and 6.
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Words Graph Polynomial
laa) N 0

laabb) N N 62

|abab) ( ; i \ 00 + K(n—1))

\abba) m (0 + K(n — 1))
laabbece) 4N N £ 63
laabebe) o~ ; -\- \ 020 + K(n —1))
laabech) oy m 02(6 + K(n — 1))
lababcc) ( ? i \ e 020 + K(n — 1))
labacbe) m 0(0 + K(n —1))2
labacch) f?(n\ 0(0 + K(n —1))?
labbacc) A P 020 + K(n — 1))
|abcabc) ( ; ; ; ; \ 0(6% +3K(n—1)0 + K?>(n — 1)(2n — 1))
labcach) m 0(6% 4+ 3K(n — 1)0 + K2(n — 1)(2n — 1))
labbeac) fr\% (0 + K(n — 1))
labcbac) m 0(6% 4+ 3K(n — 1)0 + K2(n — 1)(2n — 1))



F.Qi 748

labccab) 0(6%2 +3K(n —1)0 +2K?*n(n — 1)

labbcca) 6(6 + K(n—1))?
labcbea)

0(6% +3K(n — )0 + K2(n — 1)(2n — 1))

labceba) 0(62 +3K(n —1)0 +2K?n(n — 1))

5.4. Some properties of the polynomials
Proposition 5.2. Let x, y, z be mutually non-identical letters. Then
|a1 .--x---y-.-R(x’y)z.--z---a2r> + |a1 ---x---y.--Z---R(x,y)z---a2r> = O.

The locations of x, y outside of R(x, y)z are not important. They can be interchanged,
individually placed before or after R(x, y)z.

Proof. The first term is equal to

|al...x...y...R(X,y)x...x...azk)+|al...x...y...R(X,y)y...y...azk)
:—I{|al...x...y...y..._x...azk)_i_I{|a1...x...y...x...y...azk>7

while the second term is equal to

|a1..._x...y..._x...R(_x’y)x...azk)+|a1...x...y...y...R(x,y)y...azk)
:—K|al...x...y...x...y...azk)+K|a1...x...y...y...x...azk)'

Their sum is zero. L]
Remark 5.3. This result simplifies the computation of the commutator
lay---ai—1laiai+1]aivz - azg).
It suffices to consider those a;’s that appears only once in {@; 12, ..., a2}
Proposition 5.3. For every word “ay - - ai”,
lay---ax) = |az ---ar).

In other words, inverting the order of words does not change the polynomial.
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Proof. We argue by induction. Assume the equality holds for all smaller k. Choose i €
{1,...,2k — 1} such that a; = ayk. If i = 2k — 1 then the equation holds trivially. Now
assume the equality holds for all larger i’s. Let Z = a; = asx. Then the left-hand side is

lay---ai—1Zajy1 - ar-17Z)

=lai--aim1ai+1Z - az—1Z) + lay -+ ai—1[Zait1] - a1 Z).
The first term, by induction hypothesis, is
|Zazk—1 -+ Zaj+1ai—1---ay),

while the second term is

2%k—1
— > lar--airaivz- R(Z.aix1)a;j -+ az—1 Z)
j=i+2
—lay-ai1ai42- a1 R(Z,a; 1) Z)
2%k—1
=— > lar-aim1@ivz - R(Z,ai41)a; -+ a1 Z)
j=i+2
+ K(n—1)|ay---ai1aiy2- - ark—10it1). (57)

From the previous lemma, it suffices to consider the letters a; with its copy falling among
ai,...,ai—1.Let j" be the position of the copy of a;. Then for each such j witha; # a;11,
the summand is
—lay---ajr---ai1Giv2- R(Z,ai1)a; -+ aze—1Z)
=Klay---Z---ai—1ai4+2°*+@j+1- - ax—1Z)
—Klay---aiy1-ai1Zajy2-Z a1 Z). (58)

If for some such j we have a; = a;41, i.e., the copy of the letter a; 1 fallsina; 5, ...,
ask—1, then the summand is

—K(n—1lay---ai—1ai42---Z---ar_1Z).

Replacing Z by a;+1, we see that this term cancels out with the second term in (57). If
instead, the copy of the letter a; 4+, does not fall in a;», ..., ar—1, then the second term
in (57) is kept.
We now look at the right-hand side,
|Zazk—1---aiv1Zaj—1---ay)
=|Zazk—1--+Zait1ai—1---ar) + | Zazk—1 -+ [ai+1Z]ai—1 -~ ar).

The second term can be further expanded as

i—1
- Z |Zazk—1 cedi42di—1 “'R(ai+l, Z)aj’ "‘al>'
Jj'=1
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We similarly consider only those j’ such that @/ appears among @sk—1, . . ., d;+2. Denote
the position of a; by j. We see for each such j’ with aj» # a;41, each summand is

—|Zask—1---ait2ai—1 -+ R(ait1, Z)aj: -+~ a)
= —|Zaxk—1---a; -+ aiy2ai—1--- R(ait1, Z)aj ---ay)
= K|Zazk—1-+-aiy1--Qit2ai-1-+-Z -+~ a1)
—K|Zaxy—1++-Z---aij42ai—1-+-ajt1---a1).
Induction hypothesis shows that each such guy is identical to (58). Now, if a;4+; appears
inajy,...,ar—1, then it does not appear in the sum of the right-hand side. If a; +; does

not appear in a; 45, . . ., dk—1, then there is one extra summand that will cancel out with
the second term in (57). So we conclude the proof. ]

Remark 5.4. If we interpret the parallel tensors in terms of (0, 2k)-Brauer diagrams as
in [7], then (53) can be understood as

D1 ® D3) = |Dy) - |D2)

for two diagrams D1, D of type (0, 2k). The result of Proposition 5.3 can be understood
as

|D*) = D),
where the operator # is an involution on Brauer diagrams that sends a diagram to its
reflection about a vertical line.

Now we view |a; ---as) as a polynomial in 6 and n and study the highest degree
homogeneous component.

Proposition 5.4. Letay,...,ay be distinct letters. Then for every o € Symy, the degree-k
component of
|ay -+ akacqy - ao()) (59)
is
00 + Kn))---(0 + (k —1)Kn). (60)

Proof. The proof is by induction. The case k = 1 holds trivially. Assume the statement
holds for every smaller k. Consider first the special case of

lay---arag ---ay).
We attempt to move the central agay to the right using the commutator formula (56)

lai---ag—1axarag—1---ar)
= lay---ag—1arag—1ag ---ar) + |ay -~ ag—1aglagag—1]---ar)
= |a1 s Ap—10k—10k4k "'al> + |al "'ak—l[akak—l]ak "'al)

+lay ---ag_raglagag_]---ay)
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= lay - ax—1ak—1axak ---ar) — lay -+ ag—1, R(ak, ag—1)ak, -+~ a)
+ 2lay - -ag—raklaxai—1] - ar)
= lay---ag—1ak-1akar---ar) + K(n — Dlay -+~ ag—1ax—1 -+ -ax)
+2lay - ag—1aklakak—1]---ar).
From the induction hypothesis, the degree-k component of the second term is
Kn6(@ + Kn)---(6 + (k —2)Kn). (61)

We show now that the degree-k component of the third term is zero:

lay - ag—1axlagar—1]---ar)

k—2
= E la crldj—1,dj,4j41 Q2,0 —10k,Akg—2***Aj+1,
=1

R(ax—1,ar)aj.aj—1---ay)

k—2
- E lay crldj—1,dj,4j41 Q2,0 —10k,Akg—2***Aj+1,
=1

R(ax—1,ar)aj.aj—1---ay)

k—2
K Z |a1 o lj—1,0k—1,4j+41 " Ak—2,0k—104k,Akg—2 ***Aj+1,dk,Aj—1 "'611)
=1

k—2
-K E lay---aj—1,ar,ajy1-+-g—2, a1k, Af—2 -+~ dAj+1,
Jj=1
Ag—1,aj—1"+-ay).

The polynomials involved on the right-hand side are at most of degree kK — 1 and thus do

not contain any degree-k component.
Now we handle the first term by further moving ayay one step right. By a similar

computation we see that

lay -+ ax—rag—1ax—1axarag—z---ax)
= lay -+ ax_2ar_1ak_1ax2axay - ay)
+ K(n—1)|ay -+ ag—rax—1ak—1ak—2 - ar)

+2|ay -+ ax—ar_1ax—1aglaxag_z]---ay).

Similarly, the degree-k contribution of the second term is (61), and that of the third term
is zero. Repeating the process to the first term, until the first term becomes

lay--ag—1ax—1---araga).
The degree-k component is then

0-0(6+Kn)---(0 + (k —2)Kn).



FQi 752

Since the move is performed k — 1 times, we conclude that the degree-k component of
|a1 ...akak...al) is
0-00+Kn)---(0+ (k—-2)Kn)+ (k—1)Kn-6(0 + Kn)--- (0 + (k —2)Kn)
=6+ Kn)---(0 + (k —2)Kn)(8 + (k — 1)Kn).

Now we consider the general case. It suffices to notice that for every o € Sym;, and
foreveryi =1,...,k,

lay -+ axasqy - l[aeiyaoi+1)] ** do))

k
— Z |al . aU(j) . .akao_(l) "'aa(i—l)ao(i+l) e
j=i+2
R(as(i)as(i+1))ao(j) " Ao (k))

k
K Y ar-+dogy + Gko() *++ doi—1)o(i+2) *** doGi+1) *** do(k))
j=i+2

Kk
—K ) oy @kao) - doli-1)daG+2) - do) - do )
j=it2

is of degree at most k — 1. Thus, switching the position of adjacent letters on the right-half
of the word does not change the degree-k component. This concludes the proof. ]

Similar computations yield the following results.

Corollary 5.5. (1) The degree-k component of

lay---a;jaj41 - ag—1ag—1 - Qi+10K A Q; -+ A1)

00 + Kn)---(0 + (k —2)Kn)(0 + iKn).
(2) The degree-k component of
lai---aiaiy1-++ajap—1ak—10j41" " Ag—2Qk—2 "+ Aj4+10;j =+ Ai+10kAkd; -+~ A1)

is
00+ Kn)---(0 + (k—3)Kn)(60 +iKn)(0 + jKn).
(3) Foreveryo € Sym{l, ...,k — 2}, the degree-k component of

|ay-ap—1-+-ajax—1aj+1+ " Ag—205-1(k—2) """

Ag=1(i+1)AkAo=1G) " Ak *** Ag=1(1))

00 + Kn)-- (0 + (k —3)Kn)(® + iKn)( + jKn).
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Remark 5.5. Part (3) gives the highest degree component of the polynomial for every
graph with an arc on the left half and on the right half. The component is determined by
the position of the vertex of the arc that is closer to the center, e.g., the filled vertices
shown in the following picture:

(AT N XA

6. A conjecture motivated by the study of vertex algebras

In this section, we explain a conjecture regarding the polynomials associated to the parallel
tensors. It is a key step in generalizing the results in [10] to higher-dimensional space
forms.

6.1. Linking operator

Let W be the free abelian group generated by all the words. The map associating a word
w to the polynomial |w) extends naturally to W. For each 1 <i < j < 2k, we consider
the following linking operator on W:

I
L(j)( A+ @i—10i@j4+1 -+ aj—14;aj+1 - dag”)

2

otherwise.

n .“al "'ai—lai-‘rl "'aj—laj-‘rl "'a2k” ifai = aj’
“lagja;a1 - Ai—1GQi41 - Aj10j 41 - dog

Here, 15,4, identifies the letter a; with a;.

In natural language, we first remove the letters at the i-th and j-th position. If the
removed letters are the same, then we multiply the remaining word by 7, ending up in a
word of length 2k — 2. If the letters are not the same, then these letters appear somewhere
else. Identifying these letter gives a word of length 2k — 2.

The linking operator gets its name from the interpretation of diagrams, as the operator
does precisely the same thing of linking vertex i and vertex j:

@] , O
k J i
. .
!. ‘l ‘\ 0‘
See o’ See 4

/A

J

ee
ee

Here, each occurrence of a circle brings forth a multiplication by ».



FQi 754

For example, consider the word “aabccbh”. Then
1
L ) “aabceb” =n - “ddbccb” =n - “beeb”,

1
L(3>“aabccb” = “Iab;ilalfccb” = “Ipacch” = “acca”,

in graphs

A (AR

Foreach! =1,...,k and for each sequence i1, iz, . ..,i2;—1,i; Of distinct numbers in
{1,..., 2k} satisfying ir; 1 <izj,j =1,2,...,], we similarly define the linking operator

L (11 1:3 iz‘ll)
I 14 - I
that sends a word of length 2k to the polynomial for the word obtained by linking the

i1-th vertex with i,-th vertex, i3-th vertex with i4-th vertex, ..., i5;_1-th vertex with i5;-th
vertex.

6.2. Statement of the problem
Consider now the word
T = “a1az---ap_1aparag—y ---aza;”

corresponding to the following graph:

1 2 k—1 k k+1k+2 2k —1 2k
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To some extent, the polynomial of this word has the “largest” highest degree component
among those of words of the same length.

Fixany ! =1,...,[k/2] and any sequence i1, i2, ..., ip/—1, iz satistying ir;_1 < iaj,
j=1,...,1. Let
. i1 I3 o+ g — L 2r—ir+1 2r—ig+1 -+ 2r—iy+1 .
iy g --* ip] o 2r—ip+1 2r—izs+1 -+ 2r—ip_1+1

. iy i3 e gy—
Intuitively, (,1 3 21
I 1g -+ g
linking the letters a;, ..., ar appearing on the right of the graph in such a way that a;,
is linked with a;,, ..., aj,,_, is linked with a;,,. Observe that no circles will be formed in
this process.

It is also obvious that

i1 i3 -+ Il iy i3 -+ g1 ke ”
L(. s . )r( . ; )=n ay---ag—2Qg—2 - -ay’, (62)

I 14 - I I g -+ I

) is the word associated to the graph obtained from

since linking a;,; ,, a;,; both from the left and from the right results in a circle for each
j =1,...,1. The following picture shows a simple case when iy = 1,i, = 3:

Our main interest falls on the following polynomial
[k/2] . .
i1i3-ip)—1 L |
)+ Z Z Xipigewing )t i TR 1 ) (63)
. I 14 121
[=1 all possible choices

of i1,i2,...502]—1,i2]

i1i3+1p1—1
l214 l]

o , [r/2] .
0 ‘L (]l Jj3 oo ]2p—l) > Z Z x%1f3~.~%2[—1
. . . . 121413
J2 Ja J2p k=1 all possible choices
of 11,02,..502/ 1,02/

S o) M b ) (o4
J2 Ja 0 J2p I g -+ 1]

for every possible choice of p =1, ..., [r/2] and every sequence ji, ..., ja, of distinct

numbers in {1,...,r} satisfying jo4—1 < j24.9 = 1,..., p.

where the coefficients a; are determined by the system of linear equations
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Example 6.1. In the case kK = 2, the polynomial (63) we are considering is

3
larazazay) + xé‘L(4)a1a2a2a1> = |layazazay) + x21|a1a1),

AN CAN-ICAY ey

Yeo?

in graphs

We determine x7 by

1 1
‘L(z)“alazazal”> + xé‘L(2>“a1a1”> = |a1a1) + xé -n =0,

\m)+x%\®)=m>+x%.n:o.

Yoo’

in graphs

Thus, x3 = —6/n. Then the polynomial simplifies to

0(9+K(n—1))—§-9=n;19(9+Kn).

Example 6.2. In the case k = 3, we are considering the polynomial

5
layazazaszazay) + xé’L(6 “a1a2a3a3a2a1”>

4 4
+ xé ‘L (6)“a1a2a3a3a2a1”> + x%)L (5>“a1a2a3a3a2a1”>

= |a1azazazaza;) + x;|ayayaszas) + xilajazayaz) + x3lajazaszay),

in graphs

DRI

e
L Tid

= )@} +xlln A+ RN + 2 AN

We determine x%, x% , x% by

1 1
‘L <2>“a1a2a3a3a2a1”) +x; ‘L (2) “a1a1a3a3”>
1 ] I3 29 2 1 @ IT)
+x3‘L 5 aja>aids >+x3‘L ) ajazasai )= 0,

756
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1 1
‘L (3)“alaza3a3azal”> + X3 ‘L (3)“016110303”>
1 1 13 " 2 1 13 "
+x3‘L 5 | Qa1 >+x3‘L 5 | ¢1a20201 >=0,
2 13 " 1 2 13 2"
‘L 3 ai1a,a3dszardy )~|—x2‘L 3 a1a1a3a3>
1 2 13 ” 2 2 @ ET)
+x3‘L 3 aiardaids >+x3‘L 3 aiazaxdai )20,

(V) @M@):Q
@>+x§ @>+x§ @>+x§@):0
(V=AY A IRV -

The system simplifies to

lazasayar) + x21n|a3a3) + xélalal) + x§|a1a1) =0%+ n@xé + «9x31 + 9x§ =0,
lazaiazayr) + x21|a1a1) + x§n|a2a2) + x§|a1a1)
=00+ K(n—1)) +0x) +nbx} +60x2 =0,
|ajazazay) + x21|a1a1) + x;|a1a1) + x§n|a1a1)
=00+ K(n—1)+0x3 +0x'3+nbx3 = 0.
One can solve the system and gets
2K—6
n+2° 3
We can then compute the polynomial (63), which is

—Kn—20

1 _
2= n-+2

— 2
= X3 =

n—1
——0(0 + Kn)(0 + K(2n + 2)).
n+2
Conjecture 6.1. Each coefficient a:;z:;’l is a polynomial in 0 of degree .
Conjecture 6.2. There exists a constant C depending only on n, such that the polynomial
(63) is
k—1

C[[®+Kpn+p—1))=CO0 + Kn)---(6 + K(k — 1)(n + k — 2)).
p=0
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Conjecturally,

_ (m=Dnn+1)---(n+r—2)

42+ 4)---(n+2r—2)
Remark 6.3. We first notice that the number of variables in the linear system coincides
with the number of equations, which is the number of pairings that can be chosen within
1,2,...,k. This number can be computed as

k k k
(2) + <4) A=+ + (2. [k/2]) < (2[k/2] = DN,

The conjecture has been numerically checked up to k = 4.

Remark 6.4. Regarding the linear system (64), using the conclusion of Proposition 5.4
we can show that the coefficient matrix is diagonally dominant when 7 is sufficiently large
and when 6 is evaluated as a fixed number. If we regard the solution as a polynomial in n
then it is uniquely determined.

Remark 6.5. Numerical experiments also show that if we start with

T ="ay-agdg1)dok)”

for any 0 € Sym; (whose polynomial has the same highest degree component, as shown
in Proposition 5.4), we will end up with the same linear system (64). As a result, the
i13iog—1

solution Xipigewing remains the same, and Conjecture 6.2 still holds. A formal proof of

this phenomenon is probably not very difficult.
Remark 6.6. In the study of MOSVAs over n-dimensional space forms, Conjecture 6.2
is key to understand the irreducible modules generated by eigenfunctions of eigenvalues

A=Kpmn—-1+p), p=0,12,...

These eigenvalues coincide with the spectrum of the (global) Laplace—Beltrami operator
over the sphere with sectional curvature K. It is shown in [10] that, when n = 2, such
modules are different from those generate by eigenfunctions with generic eigenvalues. In
particular, the extensions of such modules with each other has to be completely reducible.
We expect all the properties discussed in [10] to hold in higher dimensions. Thus, the
conjecture has a conceptual reason to hold.

Acknowledgments. The author would like to thank Yi-Zhi Huang for his long-term sup-
port. The author would also like to thank Roe Goodman and Nolan Wallach for discussions
on invariant theory, and Johannes Flake for bringing the author’s attention to the work [6].
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