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A noncommutative extension
of Mahler’s interpolation theorem

Jean-Eric Pin and Christophe Reutenauer

Abstract. We prove a noncommutative generalization of Mahler’s theorem on interpolation series,
a celebrated result of p-adic analysis. Mahler’s original result states that a function from N to Z is
uniformly continuous for the p-adic metric dj if and only if it can be uniformly approximated by
polynomial functions. We prove an analogous result for functions from a free monoid A* to a free
group F(B), where dp, is replaced by the pro- p metric.

1. Introduction

The aim of this paper is to give a noncommutative version of Mahler’s theorem on inter-

polation series [8]. This new version, which applies to functions from a free monoid A*

to a free group F(B), extends a previous extension, due to Silva and the first author [15],

for functions from A* to Z. Several results of our new article were announced in the

conference paper [11], in which most proofs were either omitted or just sketched out.
Throughout this paper, p denotes a prime number.

1.1. Original motivation

Our original motivation, described in more details in Section 9.2, seems at first sight to
have nothing to do with Mahler’s theorem. It is inspired by automata theoretic questions,
see [12, 14] for more details. Recall that a subset L of A* (also called a language) is
recognized by a monoid M if there exists a monoid morphism ¢: A* — M such that
L =¢ " (p(L)).

Following Eilenberg [6], let §, denote the class of all languages recognized by a finite
p-group. An elegant description of these languages was given by Eilenberg (see The-
orem 9.2) using a noncommutative extension of the binomial coefficients, described in
Section 2.1. Our original motivation was to obtain a satisfactory description of the func-
tions f: A* — B* such that, for each language L in §,, the language f (L) is also in .
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The connection with Mahler’s theorem stems from the fact that these functions are
exactly the uniformly continuous functions, when A* and B* are equipped with the pro-p
metric, defined in Section 6.4. When |A| = |B| = 1, A* and B* are isomorphic to the
additive monoid N, the pro-p metric is the p-adic metric and our problem amounts to
describe the functions from N to N which are uniformly continuous for the p-adic metric.
As we will see in the next section, this is precisely the goal of Mahler’s theorem. To return
to the general case, it was therefore natural to look for a noncommutative version of this
theorem.

1.2. Mabhler’s interpolation theorem

Mabhler’s interpolation theorem [8] is usually stated for functions of p-adic numbers, but
this full version can be easily recovered from the simpler version given in Theorem 1.1
below. Recall that the difference operator A associates to each function f: N — Z, the
function Af: N — Z defined by (Af)(n) = f(n + 1) — f(n). Let A* be the k-th
iteration of A. Setting 8x f = (A¥ £)(0) for every nonnegative integer k and f,(n) =
> k=0 ()8 f . Mahler’s theorem can be stated as follows:

Theorem 1.1 (Mahler). Let f:N — Z be a function. The following conditions are equiv-
alent:

(1) f is uniformly continuous for the p-adic metric,
(2) the functions A" f tend uniformly to O when r tends to oo,
(3) the p-adic norm of 8, f tends to 0 when r tends to 0o,

(4) f is the uniform limit of the functions f, when r tends to co.

Just to clarify, N and Z are equipped in this statement with the p-adic metric and the
uniformity used in conditions (2) and (4) is that of uniform convergence on the space of
functions from N to Z, described in more details in Propositions 6.9 and 6.10.

Mahler’s theorem is based on another result of independent interest. Newton’s Forward
Difference Formula states that, for all natural numbers n, f(n) = Y 7o, (Z)Sk f, asum
which is finite for each given n. A remarkable consequence of this formula is that the map
f = (8k f )k=o defines a bijection between functions from N to Z and integer sequences.
We call this bijection the Newton bijection.

1.3. A noncommutative extension

Our noncommutative extension concerns functions from a free monoid A* to a free group
F(B). Of course, if B is a one-letter alphabet, then F(B) is isomorphic to Z and one
recovers the result of [15]. If, in addition, A4 is a one-letter alphabet, then A* is isomorphic
to N, and one gets back Mahler’s original theorem.

We equip both A* and F(B) with the pro-p metric, a natural extension of the p-
adic metric. A noncommutative version of Newton’s Forward Difference Formula and
of Newton’s bijection was given by the first author in [10]. We give a simpler proof of
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these results in Section 3. In this noncommutative setting, f is a function from A* to a
group G. For each letter @ of A, the difference operator A® associates to each function
f:A* — G the function A% f: A* — G defined by A? f(u) = f(u)~! f(ua). Next, we
attach a difference operator A" to each word w = a; ---a, of A* by setting A" f =
A% (A% (.- A% f)...)). Setting 8, f = AY f(1), where 1 is the empty word of A*, the
Newton bijection is now the map f — (§y f)wea=. If we just keep the elements §, f such
that |w| < r and replace every other §,, f by the identity of G, the inverse of Newton’s
bijection gives back a function f;, called the r-th Newton polynomial function associated
to f.

Our main result offers a noticeable analogy with Mahler’s theorem:

Theorem 1.2. Let f: A* — F(B) be a function. The following conditions are equivalent:
(1) f is uniformly continuous for the pro-p metric,
(2) the functions A™ f, where w € A*, tend uniformly to 1 when |w| tends to oo,
(3) the elements &y, f, where w € A*, tend to 1 when |w| tends to oo,

(4) f is the uniform limit of its Newton polynomial functions f, when r tends to co.

In addition to this theorem, we prove several other results of interest. The first one is a
solution to the following question:

Integration problem. Given an element g of G and a family (fy)aeca of functions from
A* to G, find a function f suchthat f(1) = gand f, = A% f foralla € A.

We show that the integration problem has a unique solution Seq(g, (fz)aec4), called
the sequential product at g of the family ( f4)ae4-

Let us call a function f from N to Z a Newton polynomial function if A¥ f = 0 for
almost all' k. In particular, all polynomial functions are Newton polynomial functions,
but the functionn — (g) is also a Newton polynomial function. It is natural to extend this
definition as follows:

Definition. A function f: A* — G is a Newton polynomial function® if A¥ f = 1 for
almost all words w € A™. In this case, the degree of f is the smallest d such that A” f =1
for all words w of length > d.

In particular, the function f, introduced earlier is a Newton polynomial function of
degree at most 7. We show (Proposition 4.2) that a function f is a Newton polynomial
function of degree < d if and only if §,, f = 1 for all words w of length d + 1. We also
show (Corollary 4.6) that the set of Newton polynomial functions is the smallest set of
functions containing the constant functions and closed under sequential product.

Following a standard terminology, we use “almost all” to mean “all but finitely many”.
>They were called Mahler polynomial functions in [15] but Newton polynomial function seems to be
more appropriate.
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1.4. Proof techniques and notation

Our proof techniques are a mixture of algebra, combinatorics and topology. The com-
binatorial aspects occur already in Section 2.1, where the noncommutative extension of
binomial coefficients is introduced, and in Section 3.1, where we define a noncommutative
extension of the Magnus transformation (see in particular Propositions 3.1 and 7.5). Alge-
braic arguments appear in Proposition 6.6 and form the core of Sections 7.3 and 7.4. The
topological aspects are introduced in Section 6. We preferred to place ourselves within
the framework of uniform spaces for two reasons: first, it leads to more concise proofs;
secondly, it makes it easier to understand when it is mandatory to use a finite alphabet. We
come back to metric spaces in the last three subsections of Section 7.

Two applications of our main result are discussed in Section 9. We first study an inter-
polation problem in the spirit of Mahler’s original paper [8] and then come back to our
original motivation related to language theory.

We would like to warn the reader of a notation that could lead to confusion. Indeed,
starting from Section 3, we use an additive notation for a noncommutative operation. This
is not in itself a novelty and is even a standard notation for the sum of ordinals. For our
part, we were inspired by Banaschewski and Nelson [1], who use “+” in exactly the same
case as we do. Nevertheless, we have sought to replace “+” with another symbol, such
as “A”, but we have not found a substitute for — and +. As this additive notation leads to
synthetic formulas, such as (3.2) and (3.3), we finally decided to keep it, while frequently
recalling its noncommutative character.

1.5. Structure of the paper

Our paper is organized as follows. Basic prerequisites are recalled in Section 2. Newton’s
Forward Difference Formula is introduced in Section 3 and Newton polynomial functions
in Section 4. Newton’s bijection is the topic of Section 5. General topological aspects
are covered in Section 6 and the special case of free monoids and free groups is treated in
Section 7. The proof of our main result is given in Section § and applications are presented
in Section 9. The article is completed by a short appendix on uniform structures.

2. Prerequisites
As usual, [1] denotes the set {1,...,n} and | E| the cardinality of a set E.

2.1. Words and subwords

Let A be a set called an alphabet, whose elements are called letters. A word on A is a finite
sequence of elements of letters, denoted by mere juxtapositiona; ---a,. lfu = a;---ay
is a word, then n is the length of u and is denoted by |u|. The set of words of length # is
denoted by A”.
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We let A* denote the set of words on A. It is a monoid for the concatenation prod-
uct, which associates with two words u = a; ---a, and v = by --- b, the word uv =
ap ---apby -+ by. This product has an identity, the empty word, denoted by 1 or by &
when 1 already denotes a letter of the alphabet, as in Example 2.1 below. The empty word
is the unique word of length 0. The monoid A* is actually the free monoid on A.

Further, a word u = aqas ---a, is a subword of a word v if v can be written as
V = Voayvy -+ - an vy, for some (possibly empty) words vy, vy, ..., v,. For instance, aba is
a subword of caccbca.

Let u and v be words. Following Eilenberg [6] and Lothaire [7, Chapter 6], let (Z)
denote the number of distinct ways to write u as a subword of v. More formally, if ¥ =
aias---dy, then

(Z) = Card {(vo, Vis... ) € (A" | voayvy - apv, = v}.

Observe that, if u = ¢ and v = a”, then (;’) = (r'r’l) and hence the numbers (Z) constitute
a generalization of the classical binomial coefficients. We refer the reader to [7, Chapter 6]
for more information on these extended binomial coefficients.

2.2. Sequential transducers

We refer the reader to the survey article [5] for more information on sequential transducers.
However, we follow Sakarovitch’s suggestion [20, p. 651] and use the term pure sequential
instead of sequential and sequential instead of subsequential.

A sequential transducer is an 8-tuple T = (Q, A, M, qo, -, *,m, p), where Q is the set
of states, A is a finite alphabet called the input alphabet, M is a monoid called the output
monoid, qo € Q is the initial state, the functions (¢,a) —qg-a€ Q and (g, a) —>q *ae M
are respectively the transition function and the output function, m € M is the initial prefix
and p: Q — M is a function, called the terminal function. It is a pure sequential transducer
if m = 1 and p(q) = 1 forall ¢ € Q. The transducer is called finite when Q is finite.

It is convenient to represent a sequential transducer by a labeled graph whose vertices
are the states of the transducer. The initial state and the initial prefix are pictured by an
incoming arrow, the terminal function by an outcoming arrow, as follows:

ey @ p(q)

For a pure sequential transducer, we simply give the initial state and ignore the initial
prefix and the terminal function. We also represent simultaneously the transitiong — ¢q - a
and the output g * a in the following form, where the vertical bar is a separator:

D)
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The transition and the output functions can be extended to functions Q x A* — Q (resp.
Q x A* — M) by setting, foreach u € A* and eacha € A4,

q . 1 = q7
qg*x1=1,
q-(ua)=(q-u)-a,
q * (ua) = (q *u)((q - u) * a).
We also fix some priority rules on the operators. The standard choice is to give highest
priority to concatenation, then to and then to “x”. For instance, we write g - ua for

q - (ua), as well as g * ua for g x (ua) and q - u * a for (q - u) * a.
The function f: A* — M realized by T is defined by

[Tkt

S () = m(qo * u)p(qo - u),

or, when 7 is a pure sequential transducer, by

J) = qo*u.
A sequential function is a function that can be realized by a finite sequential transducer.

Example 2.1. For a word u € {0, 1,2}*, let & denote the nonnegative integer represented
by u in base 3. Let f:{0, 1,2}* — {0, 1,2}* be the Euclidean division by 2 in base 3, that
is, the function which associates to a word u € {0, 1,2}* representing an integer n in base 3,
the unique word v of the same length as u representing the quotient of the division of n
by 2 (in base 3). For instance, f(1212) = 0221 since 1212 = 50 and 0221 = 25 = 50/2.
It can also be defined recursively as follows:

fle) =¢,

o= Ve
sy = 1o o
o A

As stated in [18], the function f is sequential. Indeed, it is realized by the finite pure
sequential transducer represented in Figure 1.
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Figure 1. Euclidean division by 2 of integers in base 3.

For instance, on the input 1212, the output is 0221, as shown in the figure below:

110 N\ 212 N\ 12 D\ 211
~O—0O0—0——0——0

3. Newton’s Forward Difference Formula

Newton’s Forward Difference Formula gives an expression of a function in terms of the
initial value of the function and the powers of the forward difference operator. The sim-
plest version of this formula states that for each function f from N to Z,

o

f =3 (Z)akf, G.1)

k=0

a formula which is also the starting point of Mahler’s article [8, Theorem 1].

A noncommutative extension of (3.1) for the functions from A* to Z was given in
[15, Theorem 2.2] and a further extension for the functions from A* to F'(B) was proposed
in [10]. In this section, we give a simpler presentation of these results for the functions
from A* to a group G, a slightly more general setting.

Our noncommutative version of Newton’s Forward Difference Formula allows to re-
trieve the function f from the family (8, f)wea*. Its precise statement, as given in
Theorem 3.6 below, requires some auxiliary definitions and results, as could be expected
in this noncommutative framework. To this end, we introduce a noncommutative exten-
sion of the Magnus transformation in Section 3.1 and then study the operators A¥ in more
detail in Section 3.2. Section 3.3 is devoted to the proof of Theorem 3.6.

3.1. Noncommutative Magnus transformation

Let A** denote the free monoid freely generated by A*. An element of A** is a finite
sequence (x1, ..., X,) of elements of A*. However, to avoid any confusion between the
product in A* and the product in A**, we adopt an additive notation for A**, although
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A** is in general noncommutative. This means that we replace the notation (x1, ..., X»)
by x1 + - -+ + x,. The addition of two elements (u; + --- 4+ uy,) and (vq + --- + vy,) of
A** is also denoted additively, which is coherent, since

i+ 4up)+ W1 +--4vy) =ur+--+up+vy+---+ vy

Accordingly, the neutral element of the monoid A** is denoted 0.
Foreachu € A* and x = x1 +---+ x,, € A™, let us set

X U =x1U~+--+ X,U. (3.2)

We let the reader verify that this defines a monoid right action of A* on A**, which means
that the following formulas hold for all u, uy,u; € A*, and for all x, x1, x, € A**:

0-u=0,
(X1 +X2)u=x1-u+x3-u,
X (uruz) = (x -up) - us.

The noncommutative Magnus transformation is the mapping u from A* into A** defined
recursively by setting ;£(1) = 1 and, forall w € A* anda € A4,

u(wa) = p(w) + u(w) - a. (3.3)
Example 3.1. Leta,b,c,d € A. Then

pla) =1+a,
u(ab) =1+a+b+ab,
u(abc)y=14a+b+ab+c+ac+ bc + abc,
ulabed) =14+a+b+ab+c+ac+bc+abc+d+ad+ bd
+abd + c¢d + acd + bed + abed,
u(aba) =1+a+b+ab+a+aa+ ba+ aba,
u(ababy=14+a+b+ab+a+aa+ ba+aba+b+ab+bb
+ abb + ab + aab + bab + abab. 3.4)

Warning. It is tempting to define directly, instead of the right action defined by (3.2), a
product on A** given, using the same notation, by the formula

1+ Fup)(r -+ V) =urvr + o F UKV F ULV F o F UYL (3.5)

and then simply write u(ajas---ay) = (1 +a1)(1 +az)--- (1 + a,). This approach using
near-rings is possible and was used in [10], but it requires special care. Indeed, not only the
addition is not commutative, but multiplication only distributes on the left over addition,
and not on the right. For instance, (14+a)(1 +b)=(14+a)+ (1 4+a)b=14+a+b+ab
is different from (1 + b) +a(1 +b) =1+ b + a + ab.



A noncommutative extension of Mahler’s theorem 1063

The function u is an extension of the classical Magnus transformation M, which is
a morphism from the free monoid A* (and more generally the free group F(A)) into the
multiplicative monoid of the ring Z { A)) of noncommutative formal power series: it maps
each letter @ onto 1 + a. For example, since the addition in Z{A)) is commutative, one
has

M(abab) = (1 +a)(1 +b)(1 +a)(1+b)
=1+42a+ 2b +aa + 3ab + ba + bb
+ aab + aba + abb + bab + abab,
a formula to be compared with (3.4).
Here is a simple algorithm to obtain p(abcd), suggested by Mathieu Guay-Pacquet.
(1) Write abcd backwards to get dcha.

(2) Order the subwords of dcba as in a dictionary to obtain the list
L=1,a,b,ba,c,ca,cb,cba,d,da,db,dba,dc,dca,dch,dcha.

(3) Write the words of L backwards to get the list

L =1,a,b,ab,c,ac,bc,abc,d,ad,bd,abd,cd,acd,bcd,abcd.

Then w(abcd) is the ordered sum of the elements of L.To get w(abab), it now suffices
to replace ¢ by a and d by b in the expression giving p(abcd).

This algorithm can be justified as follows. Let P = N — {0} be the set of positive
integers. Define recursively a total order on the set of finite subsets of P as follows:

(1) for every nonempty finite subset / of P, set @ < I;

(2) if I, J are two nonempty subsets of P, then I < J if either max(/) < max(J) (for
the usual order of natural numbers), or if max(/) = max(J) and I — {max(/)} <
J —{max(J)}.

Example 3.2. One has {4,7} < {3,4,7} < {5, 7} and, representing subsets of P without
braces,

P<1<2<12<3<13<23<123<4<14
<24 <124 <34 < 134 < 234 < 1234.

Ifw=aj---apand I = {iy <:-- <ir} C [n], let w[/] denote the word a;, - - - a;, .
Then the following result holds.

Proposition 3.1. For each w € A%,

pw) =Y wl], (3.6)

I<[wl]

where the (noncommutative) sum runs, from left to right, over all subsets of [|w|] increas-
ingly ordered by <.
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Proof. Recall that p is defined recursively by p(1) = 1 and by the functional equa-
tion (3.3). Therefore, it suffices to show that the function v(w) = Y 1<lwl] w|I] satisfies
the same equations. Since the equality v(1) = w[@] = 1 is immediate, it just remains to
prove that, for each letter a € A4,

v(wa) = v(w) + v(w) - a. 3.7

First observe that a subset of [|w| + 1] is either a subset of [|w|] or contains |w| + 1, and
every subset of the first category is lower (for the order <) than every subset of the second
category. Moreover, if I < J are subsets of the second category, then, by definition of
the order, I — {Jw| 4+ 1} < J —{|w| + 1}. Since, for [ in the second category, wa[l] =
w[l — {|w| + 1}]a, one gets

v(wa) = Z wall] = Z w[1]+< Z w[I])-a
IC]lw|+1] Icflwl] Icflwl]

which proves (3.7). [

3.2. Difference operators

Let G be a group and let f: A* — G be a function. Following [10], we define the differ-
ence operators as follows. For each letter a of A, let A? f denote the function A* — G
defined by

A f(w) = f(w)™' f(wa)
for each word w in A*. We obtain in this way a function a — A? from A into the set
M of all mappings from G4” into itself. We view M as a monoid under the composi-
tion of mappings. Since A* is the free monoid on A, this function from A to M extends

uniquely to a monoid morphism from A* into M. Denoting w +— A" this extension, we
get A f = £ and, for all words u, v in A*,

A" f = A¥AY f. (3.8)
Example 3.3. For instance, one gets
(A S)w) = f(w),
(A ) = )7 f(ua),
(A f)w) = fub)™" f(u) f(ua)™" f(uab),
(A€ f)w) = fube)™ f(ub) f(u)™" fuc) f(uac)™" f(ua) f(uab)™" f(uabe),
(A% f)u) = f(ubed)™ fube) f(ub)™" f(ubd) f(ud)™"
S ) fe)™! flued) f(uacd)™ f(uac) f(ua)™
f(uad) f(uabd)™" f(uab) f(uabc)™ f(uabced),
(A% f)(u) = f(ubab)™" f(uba) f(ub)™" f(ubb) f(ub)~"
S) f(a)™" f(uab) f(uaab)™" f(uaa) f(ua)™"
f(uab) f(uabb)™! f(uab) f(uaba)™" f(uabab). 3.9
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Let us return for a moment to the commutative case, where f is a function from N to
a commutative group (G, +). To do this, we take a one-letter alphabet A = {a} and we use
the map a” — n to identify A* to (N, +). Writing A” f for A" f and using an additive
notation, we get

A°f(n) = f(n),
Al f(n) = —f(n) + f(n +1),

and more generally,
2 f ) = S+ 0= () otk =0+ () 70 k=)o
(1) 7o,

which is the standard expression of the k-th power of the difference operator.

The general formula to retrieve the results of Example 3.3 requires some further devel-
opment and will be presented at the end of Section 3.3.

Difference operators commute with group morphisms in the following sense:

Proposition 3.2. Let f: A* — G be a function, let : G — H be a group morphism and
let w be a word. Then

A¥(po f)=g@o(AYf). (3.10)

Proof. We prove the result by induction on |w|. The result is trivial if w is the empty
word. If w = a for some letter a, one gets

A%po f)(x) = (po f(x) (o f(xa)) = (f(x) " o(f(xa))
= o(f(0)7 f(xa)) = p(A? f(x)) = g o (A f)(x),
and thus A%(p o f) =@ o (A% f).

If |[w| = 2, then w = ua for some word u of length |w| — 1 and some letter a. Then,
by (3.8) and by the induction hypothesis applied to u, one gets

A¥(po [) = A"A%po [) = A¥(po A% f) = g o AY(A"f)
=g A" f =goA"f
which concludes the proof. ]

Most of the time, it is difficult to give explicit formulas for the difference operators of
a given function. For the convenience of the reader, we present three examples where this
computation is not only tractable, but also leads to interesting formulas.
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Example 3.4 (The inversion function). We first apply the difference operators to the func-
tion mapping a word to its inverse in the free group. An auxiliary definition is in order to
state this result. The iterated commutator [x1, X2, ..., x| of n elements x1, x2, ..., x, of
a group is defined by induction by setting [x1] = x; and forn = 2,

[xls-st cee s-xn] = X1 [x25 X3, sxn]xl_l[x27x3v e 7xn]_1-
In particular, since [x1, x2] = xlxle_lxz_l, one gets
[X1,X2,...,x,] = [xl, [x2,X3,... ,xn]].

Proposition 3.3. Let f: A* — F(A) be the function defined by

fx) =x"1.
Then for everyn > 0 and forall ay,...,a, € A,
A%z an £y = x[ay, as, ..., a,] 'x7L 3.11)

Proof. Forn = 1, the result follows from the formulas

ACf(x) = (f) T flxa) = (DT Hxa) T = xa T
Let n = 2 and suppose that the result holds for n — 1. Thus, by (3.8), one has

(A91920n () = (A% (A% f))(x)
= (A% f)(x)) " (A% f)(xa,).

Applying the induction hypothesis to A2 f one gets
(A% £Y(x) = x[aa, ... an] 'x7!
and hence

(AM192 @ £ (x) = (x[az, . .. ,an]_lx_l)_1 (xailaz. ....an] " (xa)™")

= x[aa,... ,an]x_lxal[az, ... ,a,,]_l(xatl)_1
= xlas,...,anlailaz, ... ,an]_lal_lx_1
= x[al,az,...,an]_lx_l

which proves the induction step. ]
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Example 3.5 (The Euclidean division by 2 in base 3). We come back to the function f
considered in Example 2.1. Let us compute the functions A* f. First, we have A f = f
and

0 ifuiseven

A f(u) = ’
) { 1 ifuisodd,

0 ifuiseven

Al fu) = ’
) { 2 if i is odd,

1 ifuiseven

A2 f(u) = ’
AL { 2 if i is odd.

The other values of A* f can be obtained through the following result:

Proposition 3.4. Lets,t € A* and let g:{0,1,2}* — A* be the function defined by
s ifuiseven,
gu) = e
t ifuisodd
Then A®g = g and, for each word x,

A*g(u) = {8 AR (3.12)

(12" EDTT iy =17 for some n > 0.

Proof. (1) Let us first compute Ag, Alg and A%g. Since i, u0 and u2 have the same
parity, one has g(u) = g(u0) = g(u2), so that

Ag(u) = g(u)~'g(u0) = ¢ (3.13)
and
Azg(u) = g(u)_lg(u2) =e. (3.14)

Similarly, A'g(u) = g(u)~'g(ul), but now, it and ul have opposite parities. If  is even,
then u1 is odd, and therefore

Algu) =gu) tgwl) =s"1r = (s_lt)(_l)i. (3.15)

The argument is similar when # is odd, and leads to the same formula, by noting that s !¢
is the inverse of t~1s.

(2) Let us prove (3.12) by induction on n. For n = 1, the result follows from (3.15). If
(3.12) holds for some n = 1, then one has

A" ) = AN A g(w) = (A gw) T AV g(ul)
_ ((S_lt)zn—l(_l)n—l+17)_1(S_lt)zn—l(_l)n—l+ﬁ

— (S_lt)zn—l(_1)n+17(s_1t)2n—1(_1)n+17 — (S_ll)zn(_l)n+ﬁ’

which concludes the induction step.
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(3) Suppose now that x is nonempty and not of the form 1”7. Then we may write
x = yal® witha = 0or2and k = 0. If k > 0, then (3.12) shows that Alkg(u) can take
at most two values, which depend on the parity of %. This is also true if K = 0, because in
this case, Alkg =Ag=g.

It now follows from (3.13) and (3.14), with g replaced by Alkg, that, for all u € A*,
A‘”kg(u) = A“Alkg(u) = ¢ and hence A*g(u) = AyA‘”kg(u) =e. |

We already computed A* f for the words x of length 0 or 1. Next we have for each
n>0

Alnof(u) _ (0_11)2n—1(_1)n—1+17,
Alnlf(u) _ (0_12)2'1_1(_1)”_1-“7,
Alnzf(u) _ (1_12)2n—1(_1)n—1+17,
and, for any other word x, A* f is the constant function to &.

Example 3.6 (The noncommutative Magnus transformation). We now view the noncom-
mutative Magnus transformation defined in Section 3.1 as a function from A* to F(A4*),
the free group freely generated by A*, for which we also adopt a noncommutative additive
notation. The functions Ay are easy to compute.

Proposition 3.5. The following formula holds for all u,w € A*:
AY () = p(u) - w. (3.16)

Proof. We prove (3.16) by induction on the length of w. It is trivial if w is the empty word.
Suppose that the result holds for w and let a be a letter. Then we have, for all w € A* and
acA,

A () = AYAY ) (U) = =AY () + A p(ua)
=—uu) - w+ pu(ua) - w.
Now, pu(ua) = p(u) + pn(u) - a by (3.3), and since - is a right action, one gets
AP p(u) = —p(u) - w + (n(u) + pn(u) -a) - w
=—p) - w+ p@) w4+ p@) - -aw = p() -aw

which proves the induction step. ]

3.3. Newton’s Forward Difference Formula

For each w € A*, let us set

Swf =A% f(1)
and let §¢: A* — G be the map defined by d7(w) = 8y, f. This map extends to a monoid
morphism 8}‘: A** — G. Thus 8}“(w) =0y f andif wy + - -+ + wy, is an element of A™**,
thenS}‘(wl + oot wy) =08uw, f o bw, f-



A noncommutative extension of Mahler’s theorem 1069

Theorem 3.6 (Newton’s Forward Difference Formula). The equality [ = 8; o u holds
for each function f: A* — G.

Before moving on to the proof of this formula, let us illustrate it on a few examples.
Leta, b, c, d be letters of A. Then one has

S =3é1f.
fa) = (1/)(af),
flab) = (81.f)(8a f)(8b 1) (Sab /),
Slabe) = (81 f)(8a f)(B8b ) Bab f)(8c f)(Bac f)Bbe ) Babe [
flabed) = (811)(8a f)(8b /) (Sab f)(8c f)(Bac f)(Sbe f ) Babe /)
(8 f)(Baa ) Bba f)(Baba f)Bea ) Baca f)(Bbed ) (Babed 1)
flabab) = (81 f)(8a f) (B f)Bab [)(8a f)(Baa f)(Bba f)Eaba f)
(851 )(Bab S ) (8bb S ) Bavs ) Bab 1) (Baab /) (Sbab S ) (Sabab 1)

a formula deduced from (3.4) by eliminating the + signs and by replacing each word u

by 8, f.
Theorem 3.6 relies on the following lemma.

Lemma 3.7. The following formula holds for every x € A** and everya € A:
8;(x -a) = SZaf(x). 3.17)

Proof. Since the map x — x - a is a monoid endomorphism of A**, both sides of (3.17),
viewed as functions of x, are monoid morphisms from A** into G. Therefore, it suffices
to establish (3.17) when x is a generator of A**, that is, x = u for some word u € A*.
Then x - @ = ua and hence one has

8p(u-a) =buaf = A" f(1) = A*A® f(1) = 8u(A® f) = Spap (). u
Proof of Theorem 3.6. Let us show that, for every word w € A*,
fw) = 5}“ o p(w). (3.18)
We prove (3.18) by induction on |w|. If [w| = 0, then w is the empty word, and
F) = AV F() = 81 f = 87(1) = 6] o (D).

Suppose that the result holds for all words of length < n and let u be a word of length
n + 1. Let w be the prefix of length n of u and let a be its last letter, so that ¥ = wa.
Observing that A% f(w) = f(w)~! f(wa), one gets

fw) = f(wa) = f(w)A® f(w). (3.19)



J.-E. Pin and C. Reutenauer 1070

Moreover, the induction hypothesis yields
fW) =85 (nw)), (3.20)
A% f(w) = 8k g 0 pw).
Applying now Lemma 3.7 with x = u(w), one gets
A% f(w) = 83a 0 p(w) = 8 (n(w) - a). (3.21)
Plugging (3.20) and (3.21) into (3.19) yields
) = f(w)A? f(w) = §7(1n(w))8F (n(w) - a)
= 8f (n(w) 4 pu(w) - a)
= 8 (1(wa)) = 8 o )
which proves the induction step and concludes the proof. ]

Example 3.7. A direct application of Proposition 3.3 and Theorem 3.6 leads to the for-
mula

(abe)y Y =a b a, b e Y a, ] b, ] Ha, b ] (3.22)
or, equivalently,
abc = [a, b, c][b, c]la,c]cla, blba. (3.23)

Example 3.8. Let us come back to the function f considered in Examples 2.1 and 3.5.
Proposition 3.4 shows that 8o f = 0,61 f = 0,2 f = 1, and for each n > 0,

Sing f = (012D
Siny f = (0712)2 DT
51"2f — (1—12)2”_1(—1)'1_1’

and 8, f = ¢ in all other cases. Applying Newton’s Forward Difference Formula, we get
for instance

SA212) =8 f 811 82f S12f 81f S11f 821 f 121 f
82 f S12f S22 f S122f S12f S112f S212f S1212f
=811 82 f S1af S1f 11 f Saf S12f S12f S112f
=01(1712)000712)1(1712)(1712)(1712) "2 = 0221,

a somewhat convoluted way to show that 50 divided by 2 equals 25.

Example 3.9. For the noncommutative Magnus transformation, Proposition 3.5 shows
that §,, 0 = w for all w € A*. Thus, 8; is the identity, in accordance with Theorem 3.6.
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Newton’s Forward Difference Formula allows one to recover f from the elements
8y f. A formula giving A" f in terms of f, as shown in Example 3.3, was given in [10].
Let us briefly review the steps leading to this formula.

We first consider p as a function from A* to F(A*), the free group freely generated
by A*, for which we keep the noncommutative additive notation already used for A**.
This means that every element of F(A*) is written as

+x; £k x,

with x1,...,x, € A* and no consecutive terms of the form —x + x or +x — x occur in
this expression.

Next we extend p, in the only possible way, to an endomorphism of F(A*). We show
below that it is actually an automorphism, and how to construct its inverse. We also define
a right and a left action of A* on A** as follows. For each element £ x; + --- & x,, of
F(A*) and each u € A*, we set

(Ex1+---xxp) u=(xux---+£xu),
u-(x; +---tx,) =Fux; +--- £ ux,.

Note that the right action extends the right action of A* on A** given by (3.2).

The formula giving A¥ f is now easy to obtain. Recall that f is a function from A* to
some group G. Thus, f uniquely extends to a group morphism f*: F(A*) — G, and the
following formula, stated in [10, Proposition 4.5] with a slightly different notation, holds
forall u, w in A*:

AY fu) = f*u-p " (w)). (3.24)

It remains to give an explicit formula for the inverse of w. For this purpose, we intro-
duce a new function : A* — F(A*) defined recursively by setting 7 (1) = 1 and, for all
weE A*anda € A,

m(wa) = —n(w) + 7(w) - a. (3.25)

For instance, if a, b, ¢, d € A, then we have:

w(a) =—-1+a,
w(ab) =—a+1—b+ab,
w(abc) =—ab+b—14+a—ac+c—bc+abc,
n(abed) = —abc + bc —c+ac—a+1—b+ab—abd +bd —d
+ad —acd + c¢d — bed + abed,
w(aba) = —ab+b—1+4+a—aa+a—ba+ aba,
w(abab) = —aba +ba—a+aa—a+1—b+ab—abb+bb—>b
+ ab —aab + ab — bab + abab. (3.26)
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In the same way as p, the function 7 uniquely extends to an endomorphism of F(A4*),
also denoted by m. This endomorphism 7 is not yet the inverse of u, but we are almost
there.

The reversal of a word u = ay ---ay is the word 4 = a,, - - - a;. The reversal map is a
permutation on A* which uniquely extends to a group automorphism of F(A*). Accord-
ing to [10, Corollary 3.4], the inverse of p is given by the following formula, for all
x € F(A%):

p @) = 7). (3:27)

For instance, if x = ab, then X = ba, whence
nba)=—-b+1—a+ba and p '(ab)= n@) =—-b+1—a+ab.

For a more complicated example, we let the reader verify that applying (3.24), (3.26) and
(3.27), one recovers (3.9).

4. Polynomial functions

In this section, we extend the notion of a Newton polynomial function from N to Z to
functions from A* to some group G. The formal definition, as well as a useful character-
ization, are given in Section 4.1. Next, in Section 4.2, we introduce a new construction,
the sequential product, that we use to solve the integration problem. In Section 4.3, we
associate to each function f from A* to G a sequence of Newton polynomial functions
fr of degree at most r.

4.1. Polynomial functions and their degree

Let 1 denote the constant function from A* to G that maps every word to 1, the identity
element of G.

A function f: A* — G is called a Newton polynomial function if A" f = 1 for almost
all words w € A*. In this case, the degree of f, denoted deg( f), is defined by

deg(f) =min{d e NU{-1} | AV f =1
for all words w € A* such that |w| > d}. 4.1)

or equivalently, using (3.8) and the fact that A¥1 = 1 for all words w,

deg(f) =min{d e NU{-1} | AV f =1
for all words w € A* such that jw| = d + 1}. 4.2)

Observe that (3.8) and the definition of the degree imply the following inequality, for all
words w € A*,

deg(A¥ f) < deg(f) — |w|. 4.3)
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Proposition 4.1. The following properties hold:
(1) The unique Newton polynomial function of degree —1 is the function 1.

(2) A Newton polynomial function has degree O if and only if it is a constant function
different from 1.

(3) For every Newton polynomial function f of nonnegative degree,
deg(f) = 1 4+ max{deg(A%f) | a € A}. 4.4

Proof. (1) The equality deg(1) = —1 follows from the definition, and since A! f = f,
the degree of each function f # 1 is nonnegative.

(2) Let f be a constant function and a be a letter. Then, since A? f(u)= f(u)~! f(ua),
one has A f = 1, and hence deg( /) < 0 by (4.2). Moreover, if f # 1, thendeg(f) =0
by (1).

Conversely, if deg(f) = 0, then f # 1 by (1) and A% f = 1 for each letter a. Since
A%(u) = f(u)~! f(ua), one has f(ua) = f(u), and by an easy induction, f is a constant
function.

(3) Letd =deg(f). If d =0, then (4.4) is immediately verified. If d >0, then AY f =1
for all words w of length > d and there exists a word w of length d such that A” f # 1.
Setting w = uc, where c is a letter and |u| = d, one gets A" f = A¥(A° f) by (3.8),
whence A¥ (A€ f) # 1 and deg(A€ f) = d — 1 by (4.2). Therefore,

d <14 deg(A°f) <1+ max{deg(A?f) |a € A}.

Moreover, it follows from (4.3) that, for each letter a, deg(A% f) < d — 1 and thus
1 + max{deg(A%f) | a € A} < d, which proves (4.4). |

The degree of a Newton polynomial function may also be defined by using the func-
tions § instead of A.

Proposition4.2. Let f: A* — G be a Newton polynomial function and letd € N U {—1}.
Then deg(f) < d ifand only if 8y, f = 1 for all words w of length > d.

Proof. Suppose that deg( f) < d and let w be a word of length > d. Then A¥ f =1 by
(4.1) and since 8, f = A"Y f(1), one has §, f = 1.

In the opposite direction, we now prove by induction on d that, if §,, f = 1 for all
words w of length > d, then deg(f) < d.If d = —1, then §,, f = 1 for each word w. It
follows by Theorem 3.6 that f = 1 and thus deg(f) = —1.

Suppose now that d = 0. Since deg(f) = 1 4+ max{deg(A%f) | a € A} by (4.4), it
suffices to show that, for each letter a, deg(A? f) < d — 1. Let u be a word of length
> d — 1. Using (3.8), one gets, since |ua| > d,

Su(A%f)y=A"Af(1) = A* f(1) = 8ua f = 1.
It follows by the induction hypothesis that deg(A? f') < d — 1, as required. ]

Examples of Newton polynomial functions of degree 2 and examples of non-polyno-
mial functions are given at the end of Section 4.2.
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4.2. Integration problem and sequential products

We now show that f and the functions A® f, for a € A, are related by a functional equa-
tion.

Proposition 4.3. Let ay ---a, be a word of A*. Then the following formula holds:

flai---an) = f() ] A% f(ar---ai-), (4.5)

1<i<n
where the product is evaluated from left to right.

Proof. The resultis trivial if n = 0. Moreover, if (4.5) holds for 7, then, by induction on n

f T A% far--ai) = flar--an) A f(ar - an)

1<i<n+1 = flay-+-an) f(ar---an)"" flar - anans1)

= f(al e 'anan+1),
which proves (4.5). ]

The functional equation (4.5) gives an expression of f in terms of f(1) and of the
family (A% f)aec4. We now address the opposite question, which is somewhat similar to
the problem of integrating a function from its derivative.

Integration problem. Given an element g of G and a family ( f3)aeca of functions from
A* to G, is there a function f suchthat f(1) = g and f, = A® f foralla € A?

To solve the integration problem, it is convenient to introduce a new definition. Given
an element g of G and a family ( f;)4ec4 of functions from A* to G, the sequential product
Seq(g, (fa)aea) is the function f: A* — G, defined, for each word ay ---a, € A*, by

flar-an) =g [] failar---ai-). (4.6)

1<i<n

By abuse of language, a function f: A* — G is called a sequential product of a family

(fa)aea of functions from A* to G if, for some g € G, f = Seq(g, (fa)aca)-
This terminology stems from the fact that f can be realized by a sequential transducer
with infinitely many states. Indeed, consider the sequential transducer

A = (A*v As Gv 15 .k, g)v

where A* is the set of states, A the input alphabet, G the output group, 1 the initial state,
g the initial prefix. The transition and the output functions are respectively defined by
u-a=uaandu *xa = f,(u).

ﬁ@ . al fa(u) .
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A typical computation in #4 looks like this

;11 1 ,;12 .-a’i
g @ ai | fa, (1) @ az | fa,(ar) D) as | fas(araz) <a1a2a3>
aijaz---ap—1 an oy (@12 nt) @

and hence + computes the sequential product f defined by (4.6).
We are now ready to solve the integration problem.

Proposition 4.4. Let g € G and let ( f3)aca be a family of functions from A* to G. Then
the sequential product Seq(g, (f2)aca) is the unique function [ such that f(1) = g and
A f = f,foralla € A.

Proof. Let f = Seq(g, (fa)aca)- Then f(1) = g by definition. Let u = a; ---a, be a
word and a be a letter. Since A? f(u) = f(u)~! f(ua), one gets by (4.5)

ATSw) = (g [1 fai(al"'ai—l))_lg( I fai(al"'ai—l))fa(al"‘an)

1<i<n 1<i<n
= fa(al .. 'an)

whence A? f = f,.
To prove uniqueness, consider a function f such that f(1) = g and A® f = f, forall
a € A. Then, for each word a; ---a, € A*, one gets by (4.5),

flar-an) = f) [] A% flar---ai-) =g [ falar---ai-).

1<i<n I<i=<n
and thus f = Seq(g, (fa)aca)- .

Proposition 4.5. Let G be a group and let f: A* — G be a function. The following
conditions are equivalent:

(1) f is a Newton polynomial function of degree < d,
(2) there exists a family ( fa)aea of polynomial functions of degree < d — 1 such that
S =Seq(f(1), (fa)aca).

In this case, one has f, = A° f for everya € A.

Proof. (1) = (2). Let f be a polynomial function of degree < d. Formula (4.3) shows
that, for each letter a, A% f is a Newton polynomial function of degree at most d — 1.
Moreover, Proposition 4.3 shows that f(ai ---an) = f(1) [[1<;j<p A% f(a1---ai-1),
which proves (2).

(2) = (1). Suppose that (2) holds. Proposition 4.4 shows that, for each letter a, A? f =
fa and hence A? f is a Newton polynomial function of degree < d — 1. It follows that f
is a Newton polynomial function of degree < d. ]
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The following characterization of the set of Newton polynomial functions is now an
immediate consequence of Proposition 4.5.

Corollary 4.6. Let G be a group. The set of Newton polynomial functions from A* to G
is the smallest set of functions from A* to G containing the constant functions and closed
under sequential product.

We now come back to the characterization of the Newton polynomial functions of
degree < 1. Let us say that a function f: A* — G is an affine morphism if f = f(1)g
for some monoid morphism g: A* — G. Equivalently, conjugating by f(1), one gets
f = hf(1) for some monoid morphism 4: A* — G.

Proposition 4.7. A function from A* to G is a Newton polynomial function of degree < 1
if and only if it is an affine morphism.

Proof. Proposition 4.5 shows that a function from A* to G is a polynomial function of
degree < 1 if and only if there exists a family ( f;)se4 of Newton polynomial functions
of degree < 0 such that f = Seq(f(1), (fz)aca)- Proposition 4.1 shows that these poly-
nomial functions f, of degree < 0 are constant functions equal to some element g, of G.
It follows that f is a Newton polynomial function of degree < 1 if and only if there is a
family (g4)qe4 of elements of G such that, for each word w = ay - - ay,

fw)=fM) ] ga- (4.7)

1<i<n

Defining g: A* — G as the unique monoid morphism such that g(a) = g, for each letter a,
(4.7) is equivalent to writing f(w) = f(1)g(w), which proves the result. ]

Example 4.1. The function f: A* — F(A) defined by

f(al .. -an) = al(alaz)(a1a2a3) .. -(al .. .an)

is a Newton polynomial function of degree 2. Indeed, it is equal to the sequential product
Seq(1, (fz)aca) Where each f; is the affine morphism defined by f;(u) = ua.

Proposition 4.8. Any Newton polynomial function of finite image from A* to a free group
is a constant function.

Proof. Let f: A* — F(B) be a Newton polynomial function of finite image. Then, for
each a € A, the image of A? f is also finite since A? f(u), whichis equalto f(u)™! f(ua),
can only take finitely many values. It follows by induction that, for every word w, the
image of A" f is also finite.

Let d be the degree of f and suppose that d > 0. By (4.2), there exists a word w of
length d such that A¥ f # 1. Let a be the first letter of w and s its suffix of length d — 1.
By (4.3), A® f is a Newton polynomial function of degree < 1, and since A4(Af f) # 1,
it is actually of degree 1. It follows from Proposition 4.7 that f is an affine morphism.
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Consequently, there is a monoid morphism g: A* — F(B) such that A’ f = A’ f(1)g.
But since A’ f has finite image, g(A™) has to be a finite submonoid of F(B) and the
unique possibility is g = 1. But in this case, A® f is a constant function and hence has
degree 0, a contradiction. Thus d < 0 and f is a constant function. ]

Just like difference operators, sequential products commute with group morphisms:

Proposition 4.9. Let ¢ : G — H be a group morphism and let (f;)ae4 be a family of
functions from A* to G. Then the following equality holds:

¢ 0Seq(g. (fa)aea) = Seq(@(g). (¢ © fa)aca). (4.8)
Proof. Since ¢ is a morphism, one has

o(Sea(g. (faaea)@r--an) = ¢(g [] fular--ai-n)

1<i<n

= ¢(g) l_[ @(fai (a1 -+-ai—y))

1<i<n
= Seq(¢(g), (¢ © fa)aca)(@1 -+ an)
which proves (4.8). [

4.3. Newton polynomial functions associated to a function

For each r € N, let C; be the set of words of A* of length at most r. Let p, be the unique
monoid endomorphism of A** which maps every element of C, to itself, and maps any
other element of A to 0. In other words, if x = ), ;< u; is an element of A**, where

eachu; € A* andif E,(x) = {i € {1,...,s} | |ui| < r}, then
prx) = ) ui. 4.9)
i€E,(x)

For instance, p3(1 + ab + baba + 1 + aba + abaab + b) = 1 +ab + 1 + aba + b.
The function

Hr = prop

from A* to A™* is called the r-th truncated noncommutative Magnus transformation.
Example 4.2. Leta,b,c,d € A. Then

U2(a) =1+a,
Ua(ab)y=1+a+b+ab,
ua(abc)=14+a+b+ab+c+ac+ bc,
ua(abcd)=14a+b+ab+c+ac+bc+d+ad+bd+ cd,
Ua(abab)y=14+a+b+ab+a+aa+ba+b+ab+ bbb+ ab.

Thus, s (abab), for instance, is obtained by only keeping the words of length < 2 in
w(abab), as given in (3.4).
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Formula (3.3) admits a truncated version:
Lemma 4.10. The following formulas hold for allw € A*, a € A andr > 0:
pr(p(w) -a) = pr—1(p(w)) - a, (4.10)
pr(wa) = pr(w) + pr—1(w) - a. (4.11)

Proof. Formula (4.10) follows from an inspection of the words of E, (u(w) - a): they are
exactly the words of the form ua where u € E,_; (u(w)).

Let us prove (4.11). By definition, u,(wa) = p; o u(wa). Since p, is a monoid endo-
morphism on A**, applying p, to each side of (3.3) yields

pr(m(wa)) = pr(p(w) + p(w) -a) = pr(n(w)) + pr(p(w) - a).
Moreover, it follows from (4.10) that
pr(pn(w) -a) = pr—1(n(w)) -a = ur—1(w) - a,

and hence

pr(p(wa)) = pr(n(w)) + pr—1(w) -a = pr(w) + pr—1(w) - a. u

An interesting consequence of Lemma 4.10 is that u, can be expressed as a sequential
product of the functions u,—; - a, for a € A. For this to make sense, we need to consider
each u, as a function from A* to the free group of base A*, written additively like A**.

Corollary 4.11. Foreveryr > 0, u, = Seq(1, (Ur—1 - @)aca)-

Proof. On the one hand, it follows from (4.11) that for all w € A* anda € A4,
A% pr(w) = —pr () + pr(wa) = pr—1(w) - a. (4.12)
On the other hand, Proposition 4.3 shows that

pr = Seq(1, (A% r)aea). (4.13)

The corollary now follows immediately from (4.12) and (4.13). [

To each function f: A* — G, we associate, for each r = 0, a function f,: A* — G by
setting f, = 5}" o . We will see in Proposition 4.14 below that f, is a Newton polynomial
function. For this reason, we call f, the r-th Newton polynomial function associated to f .

Lemma 4.12. The function fy is the constant function equal to f(1).

Proof. Indeed, since A! f = f, one gets

fou) = 87 o po(u) = 87(1) = 8 f = Al f(1) = f(1). u
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Example 4.3. Here are a few other examples, in which we write §,, instead of §,, f.

fa(a) =85 o pa(a) = 8¢(1 +a) = §1a,
falab) = 87 o pa(ab) = §7(1 + a + b + ab) = §1848584p,
falabe) = 85 o pa(abe) = 8¢(1 +a+b +ab +c +ac + be)

= 6164a6p8ab06c8acObe,

falabed) = 5}" o uz(abed)
=d8;(1+a+b+ab+c+ac+bc+d+ad+bd+cd)
= 81848p8abcBacObcadaadpadea.

Sa(abab) = 81848p8ab8adaadpadpSabSppdab-

Proposition 4.13. The formula

AY(fr) = ‘SZaf o pr—1 = (A% f)r—1 (4.14)
holds forallr > 0 and a € A.
Proof. Since f, = 8}“ o ur and pr (ua) = pr(u) + pr—1 (1) - a by (4.11), formula (4.14)
follows from the following sequence of equalities:
_ -1
A fr(u) = fr)! fr(ua) = [8F (ur )] 87 (pr (ua))
-1
= [87 G )] ™85 (e G0) + 11 (1) - @)
-1
= [8F (r )] 87 (r ()87 (r—1 () - @) = 87 (ptr—1(u) - @)
= Spap(r—1(u)) by Lemma 3.7
= (A% f)r—1(w) by the definition of (A f),_;. (]
Proposition 4.14. Foreachr =0, f, is a Newton polynomial function of degree at most r.

Proof. We prove the result by induction on r. For r = 0, the result follows from Lem-
ma 4.12.
Applying Proposition 4.3 to f;, one gets, for every word ay ---a € A*,

frla-ap) = () [T A% fr(ar---aim). (4.15)
1<i<k

Now, fr(1) = 8; our(l) = 8;(1) = f(1) and A? f, = (A? f),—1 by Proposition 4.13.
It follows that

frlar---ap) = () [T (A% f)r-ilar---aim). (4.16)
1<i<k

By the induction hypothesis applied to A? f, (A® f),—; is a Newton polynomial function
of degree at most r — 1. Hence, by Proposition 4.5, f, is a Newton polynomial function
of degree at most r. ]
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Recall that 5}“ is a monoid morphism from A** to G, but we keep the same notation
for its restriction to C,*. Theorem 3.6 admits the following counterpart.

Corollary 4.15. Let f: A* — G be a Newton polynomial function of degree at most d.
Then [ = 8}‘ o [Lg.

Proof. 1t suffices to use Theorem 3.6 and to observe that 8}‘ w)y=36,Ff =A"f(1) =1
for each word of length > d. |

5. Newton’s bijection

Recall that to each function f: A* — G is associated the map 67: A* — G defined by
87 (w) = 8y f. The Newton map is the map 6: f — §7. We show in this section that § is
a bijection and we explicitly find its inverse.

Let f*: A*™ — G be the unique monoid morphism extending f and let y: A* — G
be the map defined by y(f) = f* o u. Thus, ifu € A* and u(u) = uy + -+ + Uy, then

y) = f @+ +um) = ) fum).

Theorem 5.1 (Newton’s bijection). The Newton map § is a permutation on the set of
functions from A* to G and its inverse is the permutation .

Proof. Since f = 8}" o i by Theorem 3.6, y o § is the identity function. Therefore, y
is surjective, § is injective and it suffices to prove that y is injective. Let g, h: A* — G
be such that g* o u = h* o u. Let us show by induction on |u| that g(u) = h(u). If
|u| = 0, then u is the empty word 1, (1) = 1, g*(1) = g(1), A*(1) = h(1) and thus
g(1) = h(1). Suppose now that |u| = r + 1. Then u(u) = @, (1) + u and since g* and
h* are monoid morphisms, one gets g* o u(u) = g*(u,(u) + u) = g*(ur(1))g(u) and
similarly 7* o u(u) = h* (i, (u))h(u). Since w, (1) is a sum of words of length < r, the
induction hypothesis gives g* (i, (1)) = h*(ur(u)). Now, since g* o u(u) = h* o u(u),
one gets g(u) = h(u), which concludes the induction step. ]

Theorem 5.1 solves the following interpolation problem.

Corollary 5.2. For each function g: A* — G, there exists a unique function f:A* — G
such that, for allu € A*, 8, f = g(u).

A function f: A* — G is called a G-polynomial if f(w) = 1 for almost all words
w € A*. The degree of a G-polynomial is —1 if f = 1; otherwise, it is the smallest d
such that f(w) = 1 for every word of length d 4 1. One can now enrich Theorem 5.1 as
follows.

Theorem 5.3. For each degree d, the maps § and y define mutually inverse bijections
between the set of Newton polynomial functions of degree d and the set of G -polynomials
of degree d.
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Proof. Tt suffices to prove that § and y define mutually inverse bijections between the
set of Newton polynomial functions of degree at most d and the set of G-polynomials
of degree at most d. Let f be a Newton polynomial function of degree < d. Then by
definition, §( f) is a G-polynomial of degree at most d. Let now f be a G-polynomial
of degree at most . Theorem 5.1 shows that f = § o y(f) = §,(s). It follows that for
every word w of length > d, 1 = f(w) = §,(r)(w). Thus, y(f') is a Newton polynomial
function of degree at most d. ]

6. Pro-p uniformity and pro- p metric

In order to deal with uniformly continuous function, we have chosen to work with unifor-
mities (also called uniform structures), following Bourbaki [3], rather than with distances,
because it is more natural and makes proofs more fluid. The relevant definitions can be
found in Appendix A.

6.1. Residually p-finite monoids

Let p be a prime number and let M be a monoid. Let us say that a finite p-group G
separates two elements of M if there exists a monoid morphism ¢ from M onto G such
that p(u) # @(v).

A monoid M is residually a finite p-group, or residually p-finite for short, if every
pair of elements of M can be separated by a finite p-group. Equivalently, a monoid is
residually p-finite if it is a subdirect product (in the category of monoids) of finite p-
groups.

Since a monoid morphism from a group to another group is a group morphism, this
definition is compatible with the standard definition of a residually p-finite group: a group
G is residually p-finite if, for each g # 1 in G, there is some finite p-group H and some
morphism G — H whose kernel does not contain g. Equivalently, a group is residually
p-finite if the intersection of all its subgroups of index a power of p is trivial.

The next proposition gathers some known facts about residually p-finite monoids.

Proposition 6.1. The following properties hold:
(1) a product of residually p-finite monoids is again residually p-finite;
(2) a submonoid of a residually p-finite monoid is residually p-finite;
(3) every free monoid and every free group is residually p-finite;
(4) a finite monoid is residually p-finite if and only if it is a finite p-group.

6.2. Pro-p uniformity on a residually p-finite monoid

Let M be aresidually p-finite monoid. The pro- p uniformity on M is the initial uniformity
with respect to all monoids morphisms from M to a finite p-group, equipped with the
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discrete uniformity. A base of this uniformity is given by Proposition 6.2 below. For each
monoid morphism ¢ from M onto a finite p-group G, let

Up = {(u,v) € M x M | p(u) = ¢(v)}.

Since G is finite, U, can be written as a finite union

Up=J (67 () x¢7'(2)). 6.1)

geG

Proposition 6.2. Let M be a residually p-finite monoid. The sets of the form U,, where
@ runs over the class of all monoid morphisms from M onto a finite p-group, form a base
of the pro- p uniformity on M.

Proof. The sets of the form
Up,p = (9 X 9)"'(P),

where P is an entourage of the discrete uniformity on G, form a subbase of the initial
uniformity. Note that U, = U, p where D is the diagonal of G x G. Since every entourage
of the discrete uniformity on G contains P, every set U, p contains Uy,. It follows that the
sets of the form U, form another subbase of the initial uniformity. To prove they do in fact
form a base, it suffices to prove thatif ¢1: M — G and ¢o: M — G, are two morphisms
from M onto finite p-groups G; and G, there exists a morphism ¢ from M onto a finite
p-group G such that U, € U, N Uy,,. Actually, if ¢ is the morphism ¢ x ¢2: M —
G1 x G, and G = ¢(M), then a simple calculation shows that U, = Uy, N U,,. n

From now on, the term uniform continuity will always refer to the pro-p uniformity.
We let the reader verify the following straightforward results:

Proposition 6.3. Let M be a residually p-finite monoid. Then the product on M is uni-
formly continuous.

Proposition 6.4. Let M and N be two residually p-finite monoids. Then every monoid
morphism from M to N is uniformly continuous.

The topology induced by the pro- p uniformity is called the pro-p topology on M . It
is the initial topology with respect to all monoid morphisms from M onto a discrete finite
p-group. Thus, the sets of the form ¢! (g), where ¢ is a monoid morphism from M onto
a finite p-group G and g € G, form a base of this topology. Since M is residually p-
finite, this topology is Hausdorff. It follows from Proposition 6.3 that every residually p-
finite monoid is a Hausdorff topological monoid. Applying the standard characterization
of initial uniform structures, one gets the following result.

Proposition 6.5. Let M and N be two residually p-finite monoids. A function f: M — N
is uniformly continuous (respectively continuous) if and only if, for every monoid mor-
phism ¢ from N onto a finite pro-p group, ¢ o f is uniformly continuous (respectively
continuous).
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The next proposition gives a purely algebraic characterization of uniformly continuous
functions from a residually p-finite monoid to a finite p-group.

Proposition 6.6. Let M be a residually p-finite monoid. A function f from M to a finite
p-group G is uniformly continuous if and only if there exists a monoid morphism ¢ from
M onto a finite p-group K and amap g: K — G such that f = g o ¢.

Proof. Suppose that f = g o ¢ for some map g: K — G and some monoid morphism
¢: M — K. Since K and G are finite p-groups, the pro-p uniformity on these groups
is the discrete uniformity and thus g is uniformly continuous. Moreover, ¢ is uniformly
continuous by Proposition 6.4, and thus f is uniformly continuous.

Conversely, let f: M — G be a uniformly continuous function. Since the pro- p unifor-
mity on G is the discrete one, there exists an entourage U of M such that forall x,y in M,
the condition (x, y) € U implies f(x) = f(y). It follows that U contains an entourage
of the form Uy, for some morphism ¢ from M onto a finite p-group K. Consequently,
the condition ¢(x) = ¢@(y), which is equivalent to (x, y) € Uy, implies f(x) = f(y). It
follows that f factors through ¢. [ ]

6.3. Sequences and families indexed by A *

Let X be a topological space. In this paper, we use sequences of elements of X, that is,
functions from N to X, but also families of elements of X indexed by A*, that is, functions
from A* to X. We say that a family (x,)yec4* converges to x when |u| tends to infinity if
x is a limit point of the map u — x,, with respect to the filter {A” A* | n = 0} on A*. This
means that, for each neighborhood V' of x, there exists N > 0 such that, if |u| = N, then
xy €V.

Let us recall that a sequence (x, )= o is ultimately equal to x if there exists some
r = 0 such that, for all n = r, one has x,, = x.

Proposition 6.7. Let M be a residually p-finite monoid. A sequence x, of elements of M
converges to x if and only if, for every monoid morphism ¢ from N to a finite pro-p group,
the sequence ¢(xy,) is ultimately equal to ¢(x).

In particular, one gets the following useful consequence.

Proposition 6.8. Let M be a residually p-finite monoid. Then for all x € M,

. n
lim x? =1.
n—>oo
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Proof. According to Proposition 6.7, it suffices to prove that, for each monoid morphism
@ from M to a finite p-group G, the sequence (¢(x))?" tends to ¢(1), that is, to 1. Since
G is a finite p-group of order p*, |G| divides p” for all n > k. It follows by Lagrange’s
theorem that (¢; (x))!®! = 1 and hence (¢; (x))?" = 1 for all n > |G|, which proves the
result. ]

Let us mention a last property, related to function spaces. Let S be a set and let M be
aresidually p-finite monoid. Let ¥ (S, M) denote the set of mappings from S to M. For
each monoid morphism ¢ from M to a finite pro-p group, let

Vo ={(f8)| f.geF(S.M)andgpo f =g¢ogj

The sets V,, form the base of a uniformity on the space ¥ (S, M), called the uniformity
of uniform convergence. For a finite p-group G, one can take ¢ to be the identity and
Vi is the diagonal of ¥ (S, G) x (S, G). Thus in this case, the uniformity of uniform
convergence on ¥ (S, G) is the discrete one.

Let us recall a classic result; see for instance [2, Chap. X, Remark 3, p. 283].

Proposition 6.9. If S is a uniform space, then the set of uniformly continuous functions
from S to M is closed in ¥ (S, M). In particular, the uniform limit of a sequence of
uniform functions is uniformly continuous.

The following result is a special case of [2, Chap. X, Proposition 4, p. 278].

Proposition 6.10. The uniformity of uniform convergence on ¥ (S, M) is the initial uni-
formity with respect to the mappings f — @ o f from ¥ (S, M) to ¥ (S, G), for every
monoid morphism ¢ from M onto a finite p-group G.

Now, since the uniformity of uniform convergence on ¥ (S, G) is discrete, one gets
the following corollary, which will be used in Section 8.
Corollary 6.11. Let S be a set and let G be a residually p-finite group.

(1) A sequence of functions (fy: S — G)p=o converges uniformly to a function
f:S — G ifand only if, for each group morphism from G onto a finite p-group H,
the sequence ¢ o f, is ultimately equal to ¢ o f.

(2) A family of functions (fu: S — G)yecax converges uniformly to the function
f:S — G when |u| tends to infinity if and only if, for each group morphism from G
onto a finite p-group H, there exists N such that if [u| = N, theng o f, =¢o f.

6.4. The metric d,

Let M be a residually p-finite monoid. One can define a metric d, on M as follows. Set,
forallu,v e M,

rp(u,v) = max {n € N U {oo} | no p-group of order < p" separates u and v}.
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Then, for all u, v in M, the following relations hold:
(1) rp(us U) = rp(vs u)’
(2) rp(u, w) = max {rp(u, v),7p (v, w)}.

Finally, we put
dl,(u, U) — p—rp(u,v)

with the convention p~*° = 0. Then d,, is a metric and even an ultrametric.

For a residually p-finite group H, there is a more convenient way to define d,. For
each g € H, let v,(g) denote the largest n such that g belongs to the kernel of every
morphism from H to a p-group of order p”. Note that v,(g) is always finite, except for
g = 1, in which case it is infinite.

The pro-p norm of g is |g|, = p~v(&) with the usual convention p~*° = 0. Note
thatif x,y € H, thendy(x,y) = [x"Ly|,.

The condition dj(x, y) < p % means that x~1y is in the kernel of each group mor-
phism from G into a p-group of cardinality at most p¥. We leave to the reader to verify
that if G = Z, one recovers the usual p-adic valuation, norm and metric.

Another useful example occurs when G is a finite p-group. Recall that the discrete
metric on a set E is the metric d defined, for all x, y € E by

1 ifx #y,

dix.y) = {0 ifx=y

In this case, the double inequality d,(x, y) < d(x,y) <|G|dp(x,y) shows that the pro-p
metric is uniformly equivalent to the discrete metric.

The study of the connection between d, and the pro-p uniformity brings in some
surprises. On one hand, [14, Proposition 3.1] shows that the pro-p uniformity on M is
metrizable if and only if, for each finite p-group G, there are only countably many mor-
phisms from M onto G. On the other hand, [14, Proposition 3.2]° shows that the pro-p
uniformity on M can be defined by d,, if and only if, for each finite p-group G, there are
only finitely many morphisms from M onto G.

7. Free monoids and free groups

7.1. Arbitrary alphabets

We already mentioned that every free group and every free monoid is residually p-finite.
We now identify A* to a subset of F(A).

3The definition of dj, given in [14] is actually slightly different, but yields a uniformly equivalent
metric.
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Proposition 7.1. Let A be a set. The pro-p uniformity on A* is the restriction of the pro-p
uniformity on F(A). Furthermore, A* is dense in F(A).

Proof. The proof is modeled on that of [16, Proposition 7]. Let G be a finite p-group and
let ¢: F(A) — G be a group morphism. Then the restriction ¢| 4+ of ¢ to A* is a monoid
morphism and the equality

Up N (A* x A*) = Uy,

shows that the restriction to A* of the pro-p uniformity of F(A) is a subset of the pro-p
uniformity of A*. To prove the opposite inclusion, it suffices to observe that every monoid
morphism : A¥* — G extends uniquely to a group morphism ¥: F(A) — G for which

U& N(A* x A*) = U‘/_f|A*'

Let H be the closure of A* in F(A). Since the closure of a submonoid of a topological
monoid is a monoid, H is a submonoid of F(A). Furthermore, Proposition 6.8 implies
that for all x € H, limy—oo x?"~1 = x~1. Since H is closed, it follows that x~! € H.
Thus, H is a subgroup of F(A) containing A4, and hence it is equal to F(A). Thus, A* is
dense in F(A). |

Proposition 7.2. Let G be a residually p-finite group. If f: A* — G is uniformly contin-
uous, then so is AY f for every word w € A*.

Proof. By induction and by (3.8), it is enough to prove the result for w = a, for some
letter a € A. In this case, A? f: A* — G is the composition of the following functions:

A* — A% x A%, A* x A* — A* x A*, A*x A* - G x G,

u > (u,u), (u,v) = (u,av), (u,v) = (f(w), f(v),
GxG—GxaG, GxG— G,
(g.h)— (7" h). (g.h) > gh

as shown by the diagram
ur> (u,u) = (u,au) — (f(u), f(au))
= (f)7 flaw) = )7 flau) = A% f(u).

Proposition 6.3 shows that the product on A* (respectively on G) is uniformly con-
tinuous. It follows that each of these functions is uniformly continuous and so is their
composition. ]

7.2. Finite alphabets, a combinatorial approach

We will only retain the following consequence of the results stated at the end of Sec-
tion 6.4.
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Proposition 7.3. For an alphabet A, the following conditions are equivalent:
(1) A is finite,
(2) the pro-p uniformity on A* is defined by dp,
(3) the pro-p uniformity on F(A) is defined by dp.

When A is finite, the metric d,, can be replaced by a uniformly equivalent metric
defined in a purely combinatorial way. Let us define a metric d 1/1 by setting, for all words
u,v e A*,

’ _ n u — v
rp(u,v) = max{n | forall x € A", (X) = (x) mod p},
dy(u,v) = p oY),

It is shown in [9] that d,, and dl’) define the same uniformity. Consequently, one has the
following result.

Proposition 7.4. Let A and B be two finite alphabets. A function f: A* — B* is uni-
formly continuous if and only if, for all n > 0, there exists an N > 0 such that, if (Z) =
(?) mod p for all words x of A* of length < N, then (f(zu)) = (fgv)) mod p for all words
z of B* length < n.

Let us illustrate this combinatorial approach by proving that, when A is finite, the trun-
cated noncommutative Magnus transformations introduced in Section 4.3 are uniformly
continuous. The proof relies on a combinatorial identity of independent interest, formula
(7.1) below.

We rely on the notation and results introduced at the end of Section 3.1. In particular,
recall that the number of occurrences of u as a subword of w, denoted by (';’), is also the
number of subsets J of [|w]] such that w[J] = u.

Given k words x1,...,x; in A*,let E(x1,...,xz) denote the set of all (k + 1)-tuples
(x,1,..., It) such that

(T1) xisawordin A* such that |x| < |x1| + -+ + |x|;
(T2) (I < --- < Ir) is a chain of subsets of [|x|] whose union is [|x|];
(T3) x[Ij]=xjforl <j <k

Remark. The reader may compare this definition with the definition of the infiltration
product as given in [17, p. 134-135] or in [7, Chap. 6, Section 3]: the infiltration product

of k words x1,. .., xg is the sum of all x, the summation being over the set E(x1,...,xx),
except that the condition /1 < -+ < [ is omitted.
Proposition 7.5. For all words w, x1, ..., X in A*, one has
p(w) — Z w (7.1)
Xy + o0+ X x) ’
(C S/

€E(x1,....Xx)
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An example of such a relation is given, for distinct letters a, b, ¢, by

w(w) _ w w w w
<ac +bc) - <acbc) + <ahcc) + (bacc) + (abc)'

We need in the proof the operation of standardization. Let J be the union of a k-chain
(J1 < --- < Jg) of finite subsets of P and let o be the unique increasing bijection from J
to [|J|]. The standardization of (J; < --+ < Ji) is the k-chain

st(Jp < -+ < J) = (0(J)) < -+ < o (Jp)).

For example, if J = {1,2,4,7},then [|J|] = {1,2,3,4},0(1) =1,0(2) =2,0(4) =3,
0(7) = 4 and hence st({1,7},{2,4,7}) = ({1, 4},{2,3,4}). We let the reader verify that
the sequence (0(J1),...,0(Jx)) is indeed a chain, that is, increasing for <, and that the
following properties hold:

(Py) lo(Jj)] = [Jjlforl < j < k,

(P») if w is a word such that all the sets J; are subsets of [|w|], then

wlJ;] = wlJD[o(J;)]-

For instance, as a continuation of the previous example, let w = a; ---a7, J = {1,2,4,7},
J1 ={1,7} and J, = {2,4,7}. Then o(J1) = {1,4} and o(J2) = {2, 3, 4}. Setting
u = w[J] = ayazasa;, (Py) states that w[{1, 7}] = u[{1,4}] = a1a7 and w[{2,4,7}] =
ul{2,3,4}] = azasas.

Finally, note that the chain (J; < --- < J) may be recovered from J and the stan-
dardization st(J; < --- < Ji) using the inverse of the bijection o.

Proof. Proposition 3.1 implies that the left-hand side of (7.1) is equal to |L|, where L is
the set of k-chains (J; < --- < Ji) of [|w]] such that w[J;] = x; for 1 < j < k. Sim-
ilarly, the right-hand side of (7.1) is equal to |R|, where R is the set of (k + 2)-tuples
(x,11,..., Iy, J) suchthat (x, I1,...,Ix) € E(x1,...,xx), J € [|w|]] and w[J] = x. The
rest of the proof consists of finding a bijection from L to R.

Consider the function & which associates to a k-chain (J; <--- < Ji) of L the (k + 2)-
tuple (x, Iy, ..., Ix, J) of R defined by

J=LU---UJg, x=w[J] and (1 <---<Ip)=st(J; <---< Jp).

We claim that / is well defined and is a bijection from L to R.

Setting A(J1,...,Jx) = (x,I1,..., I, J), one gets |I;| = |J;| = |[w[J;]| = |x;| and
by (P2), (w[J])[{;] = w[J;]. It follows that (T3) holds, since, according to the definition
of L, w[J;] = x;. Furthermore, one has

x| =|J]=|J1U---UJg| < |1+ + [Tkl = [x1] + - + |xk]

so that (T) is also satisfied. Moreover, (T,) is a consequence of the definition of standard-
ization. This shows that /4 is well defined. It remains to prove that it is bijective.
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Suppose that h(J1,...,Jx) = (x,I1,..., I, J). Since J is known, the standardization
may be reversed, and hence Jy, ..., Ji are known. Thus, % is injective.

To prove the surjectivity of &, consider a (k + 2)-tuple (x, Iy, ..., Ix, J) of R. As
previously observed, the standardization may be reversed since J is known. It follows
from (T,) and from the definition of L that |J| = |x| = |I; U --- U Ig|. Thus, we may
find a chain (J; < --+ < Jr) whose standardization is (/; < -+ < Ir) and such that
J =J1U---UJg. Then, for1 < j <k,

wlJj] = wlIDI;] = x[[;] = xj,

so that (/y, ..., Ix) belongs to L. Moreover, J is the union of the J; by construction and
x = w[J] since (x, I1,..., I, J) € R. Therefore h(Jy,...,Jx) = (x, I1,..., I, J),
which proves that % is surjective. ]

Proposition 7.6. Let A be a finite alphabet. Then, for each r = 0, the function ji,: A* —
C; is uniformly continuous.

Proof. First, recall that C, is the set of words of A* of length at most r. Since A is finite,
then so is C,. We claim that the condition

(u) = (i) mod p for all words x of A* of length < rn (7.2)
X
implies

z

(“’(")) = (”’Z(v)) mod p for all words z of C, of length < n. (7.3)
Letz = x1 + --- + Xxg, with k < n. By definition of p,, one has

(M’(u)) = (M’Z(v)) = 0 if the length of one of the x;’s is larger than r.

z

Suppose now that, for 1 <i <k, |x;| <r.If (x,I1,...,Ix) € E(x1,...,X;), then one has
x| < |x1] + -+ + |xk| < kr < nr. It follows by (7.2) that (¥) = (}) mod p. Applying

(7.1), one gets
wr@)\ _ u
()= .z, 0
(C SN /3]

.....

EE(X],...,xk)

— v) _ (1 (v)

= Z (x)_(z)modp.
e, I1,..0k)
EE(X],...,xk)

It now follows from Proposition 7.4 that p, is uniformly continuous. ]
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7.3. Sequential product of uniformly continuous functions

Our goal is to prove Proposition 7.9, the last result of this section. The difficulty is con-
centrated on an apparently simpler case, which we treat separately.

Proposition 7.7. Let A be a finite alphabet and let G be a p-finite group. Any sequential
product of uniformly continuous functions from A* to G is uniformly continuous.

Proof. Let g € G, let (f4)ae4 be a family of uniformly continuous functions from A* to
G and let f = Seq(g, (f2)aca)- According to Proposition 6.6, f is uniformly continuous
if and only if, for every morphism ¢ from G to a finite p-group H, there exist a finite
p-group R and a monoid morphism p: A* — R such that ¢ o f factors through p.

Since each f, is uniformly continuous, Proposition 6.6 shows that for each a € A,
there exists by a finite p-group K,, a monoid morphism y,: A* — K, andamap {,: K, —
H suchthat ¢ o f; = {4 0 y4. Let y be the monoid morphism from A* to [ [, 4 K, defined
by y(u) = (Ya(#))aca and let K be the image of y.

Since A is finite, K is a finite p-group. For each a € A4, let 7,: K — K, denote the
natural projection, so that 7, o y = y,. Setting p, = {, o n,, one gets

Pacy =Caomaoy =Cs0Va=¢o0 fa. (7.4)

The situation is summarized in the following commutative diagram:

Ka

Let H o K be the wreath product of H by K. Recall that H o K is the group with support
HX x K and product defined, for all ( fo, uo), (fi,u1) € HX x K, by

(fo,uo)(f1.u1) = (fiuou1) where, forallk € K, f(k) = fo(k) fi(kuo).
Let p: A — H o K be the map defined, for each a € A, by

pa) = (pa,y(a)). (7.5)

Then p extends uniquely to a monoid morphism from A* to H o K, also denoted p. Since
H and K are finite p-groups, then so is H o K. Now, the image F of p is a submonoid,
and hence a subgroup®, of H o K. Thus F is also a finite p-group. We claim that ¢ o f
factors through p. The proof relies on the following lemma:

4Since for each x € M, x~! = xIFI-1,
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Lemma 7.8. Let u be a word of A* and let p(u) = (py,y(n)). Then py, is a map from K
to H such that o(f (1)) = ¢(g)pu(1).

Proof. Let u = ay ---ay. According to the definition of the wreath product, and since
y(1) =1, p,: K — H is given by

pu(k) = pa, (ky(1))pa, (ky(a1)) -+ pa, (ky(ai---an-1)).
It follows that

pu(1) = pa, (v(1))pa, (v(a1)) -+ pa, (v (a1 - - an-1)).
Now, since by (7.4), p; oy = ¢ o f, foreacha € A, one gets

pu(l) = (po fa))(1)---(po fg,)(ar--an-1)
= @(fa, (1) -+ fa, (a1 ---an-1)).

Applying the definition of the sequential product, one obtains

S) = gfay(1) -+ fa,(ar---an-1)

whence

o(f () = @(gfay (1) -+ fa, (@1 an-1)) = @(g)pu(1). n

We come back to the proof of Proposition 7.7 by proving the claim. Let u and v be
words such that p(u) = p(v). In particular, since p(u) = (py, y (1)), one has p, (1) =p, (1),
whence ¢(g)p, (1) = ¢(g)py(1). It follows by Lemma 7.8 that ¢ o f(u) = ¢ o f(v).
Thus, p(u) = p(v) implies ¢ o f(u) = ¢ o f(v) and thus ¢ o f factors through p. The
proposition follows.

Proposition 7.9. Let A be a finite alphabet and let G be a residually p-finite group. Any
sequential product of uniformly continuous functions from A* to G is uniformly continu-
ous.

Proof. Let g € G, let (f3)aeca be a family of uniformly continuous functions from A4*
to G and let f = Seq(g, (f2)aca)- According to Proposition 6.5, it suffices to prove
that, for every morphism ¢ from G to a finite p-group H, ¢ o f is uniformly continuous.
Now, Proposition 4.9 shows that ¢ o Seq(g, (f2)aca) = Seq(¢(g), (¢ © fa)aca)- Thus, by
Proposition 7.7, it suffices to prove that each function ¢ o f, is uniformly continuous. But
this is clear, since f; is uniformly continuous by hypothesis and ¢ is uniformly continuous
by Proposition 6.4. ]
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7.4. Uniform continuity and Newton polynomial functions
The aim of this section is to prove the following theorem.

Theorem 7.10. Let A be a finite alphabet and let G be a finite p-group. A function
[ A* — G is uniformly continuous if and only if it is a Newton polynomial function.

Our proof of Theorem 7.10 is splitted into two halves: one direction is addressed by
Proposition 7.11 and the opposite direction by Proposition 7.12.

Proposition 7.11. Let A be a finite alphabet and let G be a residually p-finite group.
Every Newton polynomial function f: A* — G is uniformly continuous.

Proof. We prove the result by induction on the degree d of f.If d <0, then f is a
constant function by Proposition 4.1 and hence f is uniformly continuous. Otherwise,
Proposition 4.5 shows that f is a sequential product of a family ( f;)se4 of Newton poly-
nomial functions of degree < d — 1. By the induction hypothesis, each f, is uniformly
continuous and hence f is uniformly continuous by Proposition 7.9.

Another possible proof consists in using Corollary 4.15, which states that if f is a
Newton polynomial function of degree at most d, then f = 8}‘ o itg.Now pg is uniformly
continuous by Proposition 7.6 and the morphism 8}‘ : Cj — F(B) is uniformly continuous
by Proposition 6.4. Consequently, f is uniformly continuous. |

Proposition 7.12. Let A be a finite alphabet and let G be a finite p-group. If a function
f:A* — G is uniformly continuous, then f is a Newton polynomial function.

We need several facts about algebras over a field F (below we use the p-element
field ). First, if G is a monoid, let F[G] denote the vector space over I with basis G.
It is an [F-algebra, called the monoid algebra of G over F. If G is a group, then F[G]
is also called the group algebra of G over F. In the particular case where G = A*, it is
rather denoted IF (A), the algebra of noncommutative polynomials over IF. Each monoid
morphism from a monoid G; into a monoid G, extends uniquely, by linearity, to an F-
algebra morphism from F[G{] into F[G>]. Similarly, each function from G to [ extends
uniquely, by linearity, to a linear form on F[G].

The vector space of linear forms on an F-algebra R, that is, the dual of R, is a left
R-module: the action is defined, for all elements x, y in R and each linear form f on R,
by (x - f)(y) = f(yx). Itis indeed a left action: first, 1 - f = f and

(x1- (2= N = (2= fHyxn) = fyxixz) = ((1x2) - fH(),

so that x1 - (x2 - f) = (x1x2) - f.

Lemma 7.13. Let f1, f> be linear forms on the F-algebras Ry, R, respectively, and let
C: Ry — R3 be an algebra morphism such that f> o ¢ = f1. Then for each x in Ry, one

has x - f1 = ({(x)- f2) o &.
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Proof. Forevery y in Ry, one has

(- D) = filyx) = (f200)(yx) = L(E(0)E(x))
= (L) £2)(E0) = (CX) - f2) 0 8)(»)

and the lemma follows. [

Proof of Proposition 7.12. Let p” be the order of G. We prove the result by induction
onr.

For r = 1, G is cyclic of order p and we switch to additive notation. Thus, we have
to show that A¥ f = 0 for almost all w. As G = Z/ pZ is the additive group of the field
F,, we may consider f as a function from A* to [,. Since f is uniformly continuous,
there exist by Proposition 6.6 a finite p-group H, a monoid morphism {: A* — H and a
function A: H — F,, such that f = A o ¢, as shown in the left diagram in Figure 2.

We extend by linearity all these functions, as explained previously, and denote these
extensions by the same letters. We obtain the diagram on the right-hand side of Figure 2.

A* f ~Fp Fp(A) / - Ip

/’ /,
\ ////)L X ////A

H Fp[H]

Figure 2. Two diagrams.

Now, ¢ is a morphism of [F,-algebra and f', as well as A, are F,-linear forms. With
these notations, one has A% f = (a — 1) - f |4+, where - denotes the left action of IF,(4) on
its dual. Indeed, for each word w in A*, one has on one hand A? f(w) = — f(w) + f(wa)
and on the other hand

((a=1- fHw) = fwla—1) = fwa—w) = f(wa) - f(w). (7.6)

Letw = ay ---ay, with ay, ...,a, € A. Applying Equation (3.8) and the definition of a
left action, one gets

AY f = A" = ((ar = D) (an = D) - flan. (7.7

Since f =Aoland¢((a; —1)---(an — 1)) = (&(a;) —1)---({(ay) — 1), Lemma 7.13
yields

(@ =1-@=D)-f = (@) =D-@a)=D)-A)es.  (78)

Let

IH:{Zagg@ag:o}

geH geH
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be the augmentation ideal of F,[H]. It follows from [6, Proposition VIII.10.4] that if
n = |H]|, then I}, = 0. Since every element {(a;) — 1 belongs to /g, one gets

(Cl@) 1)+ (¢(an) = 1) € I

and hence ({(a1) —1)---({(an) — 1) = 0. Formulas (7.7) and (7.8) now show that if
n = |H|, then AY f = 0, which settles the case r = 1.

Suppose now that » > 1 and let f: A* — G be a uniformly continuous function. By
a standard result of group theory [19, Theorem 6.5, p. 116], G has a normal subgroup
C of order p. Now the quotient map g: G — G/C is uniformly continuous and so is
go f:A* — G/C. Since |G/C| = p"~!, the induction hypothesis can be applied: there
exists n such that A¥(q o f) = 1 for every word v in A* of length = n.

Since AV(g o f) =g o (A" f) by Proposition 3.2, one has, for |[v| = n,qgo (AV f) =1
and hence AV f maps A* into C. Note that AV f is uniformly continuous by Proposi-
tion 7.2. Applying the first part of the proof to C, we get the following conclusion: for
each v of length = n, there exists n, such that for each word u of length at least n,,
one has A¥A? f = 1. Let N be the maximum of all n, taken over the finitely many v
of length n. Then for each word w of length at least N + n, we may write w = uv, with
|v| =nand|u| = N = n,.Then A” f = A¥A" f =1 and thus f is a Newton polynomial
function. |

Note that Proposition 7.11 holds for each residually p-finite group. One may wonder
whether Proposition 7.12 can also be extended to this case. As shown Example 8.1 below,
this is not the case.

8. Main result

Let us rephrase Theorem 1.2 of the introduction in a slightly more general setting, which
is the main result of this paper.

Theorem 8.1. Let A be a finite alphabet and let f be a function from A* to a residually
p-finite group G. The following conditions are equivalent:

(1) f is uniformly continuous for the pro- p uniformity,

(2) the functions A™ f, where w € A*, tend uniformly to 1 when |w| tends to oo,

(3) the elements &y, f, where w € A*, tend to 1 when |w| tends to oo,

(4) f is the uniform limit of the sequence ( fy)r=o of its Newton polynomial functions.
Proof. (1) = (2). Let f: A* — G be a uniformly continuous function and let ¢ be a
group morphism from G onto a finite p-group H. Since ¢ is uniformly continuous, so is
@ o f. It follows by Proposition 7.12 that ¢ o f is a Newton polynomial function and thus

A¥(p o f) =1 for almost all w € A*. Therefore, ¢ o (A¥ f) = 1 by Proposition 3.2 and
thus (2) holds by Corollary 6.11.
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(2) = (3)is clear, since 8y, f = AY f(1).

(3) = (4). First, Proposition 4.14 states that the functions f, are Newton polynomial
functions. Let ¢ be a group morphism from G onto a finite p-group H. By hypothesis
there exists NV such that for each word u of length > N, §,, f € Ker(¢). We show that for
every r = N,one has ¢ o f, = ¢ o f, and then deduce (4) from Corollary 6.11.

Letw € A*.If lw| < N, then u(w) = ur(w), so that f(w) = f(w) by Theorem 3.6
and by the definition of f;, hence ¢ o f.(w) = ¢ o f(w).

If lw| = N, then uy(w) = v; + ... + v for some v; € Cn. Moreover, p,(w) =
Xo +v1 + x1 + ... + vr + xx, where each x; is a sum of words u of length > N. For
each such word u, one has 8}‘ (u) = 8, f € Ker(p) and thus 8}“ (x;) € Ker(p). Similarly,
nw(w) =yo+vi +y1 + ...+ vy + yn, where 8}“()},-) € Ker ¢. It follows that

g o fr(w) =¢odf(ur(w) = ¢odr(un(w))
=@ odr(u(w)) =¢po f(w)

andthuspo f, = ¢o f.
(4) = (1) follows from Proposition 6.9, since Newton polynomial functions are uni-
formly continuous by Proposition 7.11. ]

Example 8.1. We come back once again to the function f considered in Examples 2.1,
3.5 and 3.8, except that we now see f as a function from {0, 1, 2}* to the free group on
{0,1,2}.

Proposition 3.4 shows that f is not a Newton polynomial function, since §i» f # 1
for all n. However, f is uniformly continuous for d>. One way to see this is to use the
implication (3) = (1) of Theorem 8.1. Indeed, one has

Sof =0, 8if =0, &f =1, Smof = (O > VT
Sy f = (07122 DT Sina f = (1712)2" 0

and 8, f = ¢ in all other cases. It now follows from Proposition 6.8 that d,, f tends to ¢
when |w| tends to co.

Another way to prove this would be to adapt the results of [ 18]. These results are stated
for groups instead of p-groups but can be readily adapted to this latter case. They show
that if the transition monoid of the minimal sequential transducer realizing a function is a
p-group, then this function is uniformly continuous for the metric dj. In our case, p = 2
and the transition monoid of the transducer of f is the cyclic group of order 2. It follows
that f is uniformly continuous for the metric d.

Example 8.2. Proposition 7.6 shows that, for each r = 0, p, is uniformly continuous.
However, the function u is not uniformly continuous. Indeed, consider a function f from
A* to a residually p-finite group G. Newton’s Forward Difference Formula shows that
f = 8}‘ o . Now, 8}‘ is a monoid morphism, and hence is uniformly continuous by
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Proposition 6.4. Thus, if u was uniformly continuous, then any function f would also
be uniformly continuous.

Another way to prove that p is not uniformly continuous is to use Theorem 8.1. Indeed,
we have seen in Example 3.9 that 6,4 = w for all w € A*. Since these elements do not
tend to 1 when |w| tends to infinity, x is not uniformly continuous.

9. Applications

We conclude this article by giving two consequences of our results. We first consider
an interpolation problem in Section 9.1. Section 9.2 is devoted to applications to formal
language theory, a topic that originally motivated the authors to study pro-p uniformities
[9,11,12,16,18].

9.1. An interpolation problem

It follows from Theorem 1.1 that for each sequence (c,),>0 of integers, there exists a
unique function f = N — Z such that §, f = ¢,. Moreover, this function is uniformly
continuous for dj, if and only if lim, o [Cy | »=0.

Similarly, if A and B are finite alphabets, for each function c: A* — F(B), there exists
a unique function f: A* — F(B) such that, for all u € A%, §, f = ¢,. This function is
defined by f(u) = c(u(u)) for all u € A*. Moreover, it follows from Theorem 8.1 that
this function is uniformly continuous for d), if and only if |c(u)|, tends to 1 when |w|
tends to oo.

Mabhler’s original paper [8] concerned functions of a p-adic variable. His results make
it possible, to solve the following interpolation problem: is it possible to extend a function
from N to Z into a continuous function from Z, to Z,? In our noncommutative setting,
we replace N by A*, where A is a finite alphabet. In this case, the completion of A* for the
pro- p uniformity is the free pro-p group F,(A) on A and the problem can be formulated
as follows.

Interpolation problem. Given a function f: A* — F(B), does there exist a continuous
function Fy,(A) — F,(B) which extends f?

Theorem 8.1 gives the answer to this question.

Proposition 9.1. Let f: A* — F(B) be a function. Then f extends to a continuous func-
tion from F,(A) to Fy(B) if and only if the elements &8, ', where w € A*, tend to 1 when
|w| tends to co. In this case, this extension is unique.

Proof. Suppose that f admits a continuous extension f from F,(A) to Fp(B). Since
Fp(A) and F,(B) are not only complete, but also compact, f is uniformly continuous. It
follows that f is uniformly continuous, and by Theorem 8.1, the elements §,, f tend to 1
when |w| tends to co.
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Suppose now that the elements §,, f tend to 1 when |w| tends to co. By Theorem 8.1,
f is uniformly continuous and since the embedding map from F(B) into F,(B) is also
uniformly continuous, f can be seen as a uniformly continuous map from A* to F,(B).
Since A* is dense in F,(A) and since F,(B) is a complete uniform space, f admits a
unique uniformly continuous extension from F,(A) to Fy(B). ]

9.2. Formal languages

We come back in this section to the problem that originally motivated this research. Let
us first recall some definitions.

Let A be a finite alphabet. A subset of A* is usually called a language, as it is a
set of words. A language L of A* is recognized by a monoid morphism ¢: A* — M if
there exists a subset P of M such that L = ¢~ !(P). By extension, one also says that M
recognizes L if there exists a monoid morphism ¢: A* — M that recognizes L.

A language is recognizable or regular if it can be recognized by a finite monoid. Itis a
p-group language if it can be recognized by a finite p-group. It is not difficult to show that
regular languages (respectively p-group languages) are closed under Boolean operations,
which comprise finite intersection, finite union and complement. Let §, denote the class
of p-group languages.

Examples of p-group languages include, for each word v and 0 < r < p, the languages

L(v,r) = {w € A" | (f) = r mod p},

first introduced by Eilenberg in [6, p. 239]. It is convenient to call these languages binomial
languages. Eilenberg proved the following result

Theorem 9.2 (Eilenberg). A language is a p-group language if and only if it is a Boolean
combination of binomial languages.

A function f from A* to B* is regularity-preserving if, for each regular language L
of B*, the language f (L) is also regular’. More generally, if € is a class of regular
languages, f is €-preserving if, for each language L of €, the language f~!(L) is also
in €. The problem mentioned at the beginning of this section is as follows:

Synthesis problem. Describe the class of €-preserving functions.

For instance, although several families of regularity-preserving functions have been
identified, the synthesis problem for these functions is still a major open problem. In a
series of papers [12—-14], Silva and the first author addressed this problem when € is a
variety of languages, in the sense of Eilenberg [6]. In particular, one has:

3Tt would probably be more appropriate to say that f~! is regularity-preserving, but we preferred to
stick to an already well-established terminology.
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Proposition 9.3. [15, Proposition 1.3 and Theorem 1.4] A function is §p-preserving if
and only if it is uniformly continuous for dp.

In the case of sequential and rational functions, €-preserving functions were inves-
tigated by Schiitzenberger and the second author [18]. Another characterization of §,-
functions using profinite equations was obtained in [4, Lemma 4], but it only holds for
regular-preserving functions and the next example shows that a §,-preserving function is
not necessarily regular-preserving.

Example 9.1. Let /: N — N be the function defined as follows: f(0) = 0 and if n > 0,
the binary representation of f(n) is obtained from that of n by replacing the rightmost
bit 1 by 0. For instance, since the binary representation of 26 is 11010, the binary repre-
sentation of f(26) is 11000, and hence f(26) = 24. We let the reader verify that, for all
n,m e N, da(f(n), f(m)) < dy(n,m) and hence f is uniformly continuous. It follows
that f is §,-preserving. However, it is not regularity-preserving: {0} is a regular language,
but £71(0) = {0} U {2" | n = 0} is not regular.

Our results are of a different nature, since they concern all §,-preserving functions.
Indeed, Theorem 8.1 allows us to solve the synthesis problem for §, in the following way:

Theorem 9.4. The class of §,-preserving functions is the smallest set of functions con-
taining the constant functions and which is closed under taking sequential products and
uniform limits.

Proof. 1t follows from Proposition 9.3 that a function is §,-preserving if and only if it
is uniformly continuous for dj,. Therefore, it suffices to prove that the set of uniformly
continuous functions is equal to the smallest set S of functions containing the constant
functions and closed under taking sequential products and uniform limits.

Constant functions are uniformly continuous. Furthermore, Proposition 7.9 states that
every sequential product of uniformly continuous functions is uniformly continuous and
Proposition 6.9 shows that the uniform limit of a sequence of uniform functions is uni-
formly continuous. It follows that every function of S is uniformly continuous.

Letnow f be a uniformly continuous function. By Theorem 8.1, f is the uniform limit
of the sequence of its Newton polynomial functions. Moreover, Corollary 4.6 shows that
the smallest set of functions containing the constant functions and closed under sequential
product is the set of Newton polynomial functions. It follows that f belongs to S ]

There is a counterpart of Proposition 9.3 for regularity preserving functions: a function
is regularity preserving if and only if it is uniformly continuous for the profinite unifor-
mity, which is the initial uniformity with respect to all monoid morphisms from 4* onto a
finite monoid. However, there is no known counterpart of Theorem 9.4 for these functions.
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A. Uniform spaces

Readers are referred to [3] for an introduction to uniform spaces.

Let X be a set. The subsets of X x X can be viewed as relations on X. In particular,
if U and V' are subsets of X x X, we use the notation U V' to denote the composition of
the two relations, that is, the set

UV ={(x.y) € X x X | thereexists z € X, (x,z) € U and (z, y) € V}.
Given a relation U, the inverse relation of U is the relation
U'={(x.y)eXxX|(y,x)eU}.

A relation U is symmetrical if U-l'=U. Finally, if x € X and U C X x X, we write
U(x) fortheset {y € X | (x,y) € U}.

A uniformity (or uniform structure) on a set X is a nonempty set U of subsets of
X x X satisfying the following properties:

(Uy) if asubset U of X x X contains an element of U, then U € U,
(Uy) the intersection of any two elements of U contains an element of U,
(U3) each element of U contains the diagonal of X x X,

(Uy) foreachU e U, U~ € U,

(Us) foreach U € U, there exists V € U suchthat VV C U.

If U is a uniformity on the set X, the elements of U are called entourages. Note that
X x X is always an entourage. The pair (X, U) (or the set X if U is understood) is called
a uniform space.

For each x € X, let U(x) = {U(x) | U € U}. There exists a unique topology on X,
called the topology induced by U, for which U(x) is the filter of neighborhoods of x for
each x € X. A uniform space (X, U) is Hausdorff if the induced topology is Hausdorff.
This is equivalent to requiring that the intersection of all the entourages of U is equal to
the diagonal of X x X.

A base of a uniformity U is a subset B of U such that each element of U contains
an element of B. In particular, U consists of all the relations on X containing an element
of B. We say that U is generated by B. A set B of subsets of X x X is a base of some
uniformity if and only if it satisfies properties (U,), (U3), (Us) and (Up):

(Ug) for each U € B, there exists U’ € B suchthat U’ € UL,

A subbase of a uniformity U is a subset 8 of U such that the finite intersections of
members of B form a base of U.

The product of two uniform spaces (X1, U1) and (X3, U,) is the uniform space
(X1 %X X2, U), where U is the uniformity generated by the base consisting of the en-
tourages of X; x X5 of the form

{((r1.x2), (1. 32)) | (x1,y1) € Uy, (x2.y2) € Uz}

where U is an entourage of X; and U, is an entourage of X5.
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If (X, U) and (Y, V) are uniform spaces, a function f: X — Y is said to be uni-
formly continuous if, for each entourage V of 'V, (f x f)~1(V) is an entourage of U, or,
equivalently, there exists an entourage U € U such that the condition (x, y) € U implies

(f(x). fy)) eV.

Let X be a set, (X;, Vi)ier a family of uniform spaces, and for each i € I, a function
fi: X — X;. The initial uniformity on X with respect to the family ( f;);ers is the coars-
est uniformity 'V on X such that each f; is uniformly continuous. The sets of the form
(fi x f;)"1(V;), where V; is an entourage of X; for some i € I, form a subbase of V.
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