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The strong homotopy structure of Poisson reduction
Chiara Esposito, Andreas Kraft, and Jonas Schnitzer

Abstract. In this paper, we propose a reduction scheme for multivector fields phrased in terms of
L so-morphisms. Using well-known geometric properties of the reduced manifolds, we perform a
Taylor expansion of multivector fields, which allows us to build up a suitable deformation retract
of differential graded Lie algebras (DGLAs). We first obtained an explicit formula for the Loo-
projection and -inclusion of generic DGLA retracts. We then applied this formula to the deformation
retract that we constructed in the case of multivector fields on reduced manifolds. This allows us to
obtain the desired reduction L »o-morphism. Finally, we perform a comparison with other reduction
procedures.

1. Introduction

This paper aims to propose a reduction scheme for multivector fields that is phrased in
terms of L-morphisms and adapted to deformation quantization. Deformation quanti-
zation has been introduced in [1, 2] by Bayen, Flato, Fronsdal, Lichnerowicz, and Stern-
heimer and it relies on the idea that the quantization of a Poisson manifold M is described
by a formal deformation of the commutative algebra of smooth complex-valued functions
€ (M), a so-called star product. The existence and classification of star products on
Poisson manifolds has been provided by Kontsevich’s formality theorem [18], whereas
the invariant setting of Lie group actions has been treated by Dolgushev; see [10, 11]. In
the last years, many developments have taken place; see, e.g., [5,6,20]. More explicitly, the
formality provides an L »-quasi-isomorphism between the differential graded Lie algebra
(DGLA) of multivector fields and the multidifferential operators, resp., the invariant ver-
sions. One open question and our main motivation is to investigate the compatibility of
deformation quantization and phase space reduction in the Poisson setting.

In the classical setting, one considers here the Marsden—Weinstein reduction [22]. Sup-
pose that a Lie group G acts by Poisson diffeomorphisms on the Poisson manifold M and
that it allows an Ad*-equivariant momentum map J: M — g* with 0 € g* as regular value,
where g is the Lie algebra of G. Then C = J~!({0}) is a closed embedded submanifold
of M and the reduced manifold M;.q = C/G is again a Poisson manifold if the action on
C is proper and free. Reduction theory is very important and it is still a very active field of
research. Among the others, we mention the categorical reformulation performed in [9].
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In the setting of deformation quantization, a quantum reduction scheme has been intro-
duced in [4]; see also [16] for a slightly different formulation, which allows the study of
the compatibility between the reduction scheme and the properties of the star product, as
in [14]. One crucial ingredient are quantum momentum maps (see [32]), and pairs con-
sisting of star products with compatible quantum momentum maps are called equivariant
star products. For symplectic manifolds, these equivariant star products have recently been
classified and it has been shown that quantization commutes with reduction; see [27-29].
More precisely, equivariant star products on M are classified by certain elements in the
cohomology of the Cartan model for equivariant de Rham cohomology [15], and the char-
acteristic classes of the equivariant star product and the reduced star product are related
by pull-backs.

In the more general setting of Poisson manifolds, star products are classified by
Maurer—Cartan elements in the DGLA of multivector fields, i.e., by formal Poisson struc-
tures. Unfortunately, in this case there is no pull-back available and one has to use different
techniques. Motivated by the aim of reducing the formality, we want to describe the
reductions in terms of L-morphisms. In particular, in this paper we construct such a
reduction for the classical side, i.e., for the equivariant multivector fields T4 (M), a certain
DGLA whose Maurer—Cartan elements are invariant Poisson structures with equivari-
ant momentum maps. Assuming for simplicity that M = C x g*, which always holds
locally in suitable situations, we can perform a Taylor expansion around C, obtaining a
new DGLA Ty (C x g*). On C x g*, we have the canonical momentum map J given
by the projection on g* and the canonical linear Poisson structure mggs induced by the
action Lie algebroid. They give a new DGLA structure on T,y (C x g*) with differential
[rkks — J, -] and we show that this DGLA is quasi-isomorphic to the multivector fields
on M4, as desired. One has an L ,-quasi-isomorphism between these two DGLAs (see
Theorem 4.21):

Theorem. There exists an Loo-quasi-isomorphism Trea: Tray (C x g*) = Tpory(Mreq).

The morphism Treq is obtained by inverting a certain inclusion i of DGLAs. In order
to give a more explicit formula, we look at general deformation retracts: let (A4, d4) and
(B, dp) be two DGLAs and assume that we have

(A,da) # (B.dp) :)h, (1.1)

where i and p are quasi-isomorphisms of cochain complexes with homotopy /4, and where
poi =idgand h? = hoi = p oh = 0. Using for a coalgebra morphism F:S(B[1]) —
S(A[1]) the notation

1 2 1 k
Looje1(F) = Q4,0 F g —F o Qp gy,

where Qfl x4 and Q’g 41 are the extensions of the Lie brackets to the symmetric alge-
bras, and extending / in an appropriate way to Hy on S¥(B[1]), we prove in Proposi-
tions 3.2 and 3.3 the following:
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Proposition. Given a deformation retract as in (1.1),
(1)  if i is a DGLA morphism, then P:S*(B[1]) — S*®(A[l]) with structure maps
P! =pand P} | = Loo+1(P) 0 Hyy1 fork > 1 yields an L «-quasi-isomor-
phism that is quasi-inverse to i ;
(ii) if p is a DGLA morphism, then I:S°®(A[1]) — S*(B[1]) with structure maps
Il =i and Ik1 =ho Lex(I) for k > 2 is an Loo-quasi-isomorphism that is
quasi-inverse to p.

These explicit formulas allow us to give a more precise description of Trea and its Loo-
quasi-inverse. Moreover, they allow us to globalize the result (compare Theorem 5.1):

Theorem. There exists a curved L o-morphism
Treq: (Tg(M),)L,—[J, 1.0 1) = (Tooty(Mrea), 0,0, [ -, ]) (1.2)

where the curvature A = e' ® (e;)y is given by the fundamental vector fields of the G-
action.

We call Tyeq reduction Loo-morphism and we extend the statements to the setting of
formal power series in %. After rescaling the involved curvatures and differentials appro-
priately, Treq gives, in particular, a way to associate formal Maurer—Cartan elements. In
Tq(M)[[A]] resp. Tray(C x g*)[[A]] with rescaled structures, formal Maurer—Cartan ele-
ments can be interpreted as formal Poisson structures w3 with formal momentum map
Jy = J 4+ hJ'. Thus, we have the following properties:

» the Poisson bracket { -, - }; induced by m3 is G-invariant;

» the fundamental vector fields are given by &y = {-, J3 (&)} € T°(TM);
* @) Jn(min = Jn((§. D).

Comparing the orders of # directly shows that the lowest order is a well-defined Poisson
structure on M and that J is an equivariant momentum map with respect to it; moreover,
Treq maps such an object to a formal Poisson structure on Mq.

Note that there is also another reduction scheme for such formal Poisson structures
with formal momentum maps, obtained by adapting the Koszul part of the classical
Becchi—Rouet-Stora—Tyutin (BRST) reduction [19, 30] to the formal setting. This can
be done by using the homological perturbation lemma as in [8], and it corresponds to the
classical analogue of the reduction scheme for star products from [4, 16]. Finally, we show
in Theorem 5.4 the following:

Theorem. The reduction of formal equivariant Poisson structures with formal momentum
maps via the reduction Lso-morphism coincides with the reduction of formal Poisson
structures via the formal Koszul complex.

The paper is organized as follows: in Section 2, we recall the basic notions of (curved)
L -algebras, Lo-morphisms, and twists. In Section 3, we consider general deformation
retracts of DGLASs and prove the explicit formulas for the extensions of the inclusion resp.
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projection to L o-morphisms needed to describe Treq in Section 4. Here we also construct
the reduction scheme for the Taylor expansion, both in the classical and the formal setting.
Finally, in Section 5, we construct the global reduction L -morphism and compare the
reduction via T,.q with the classical Marsden—Weinstein reduction and with the reduction
of formal Poisson structures via the formal Koszul complex as explained in Appendix A.

2. Preliminaries

In this section, we recall the notions of (curved) L,-algebras, L -morphisms, and their
twists by Maurer—Cartan elements to fix the notation. Proofs and further details can be
found in [10, 11, 13].

We denote by V'* a graded vector space over a field K of characteristic 0 and define
the shifted vector space V[k]® by

V[k]Z — V@—i—k.

A degree +1 coderivation Q on the coaugmented counital conilpotent cocommutative
coalgebra S€ (L) cofreely cogenerated by the graded vector space £[1]® over K is called
an Loo-structure on the graded vector space £ if Q2 = 0. The (universal) coalgebra S¢(£)
can be realized as the symmetrized deconcatenation coproduct on the space @, S” £[1],
where S” £[1] is the space of coinvariants for the usual (graded) action of Sn_(the sym-
metric group in n letters) on ®” (£[1]); see, e.g., [13]. Any degree +1 coderivation Q on
S€(R) is uniquely determined by the components

0,:S8" (£[1]) — £[2] 2.1
through the formula

Q(y1 V-V yn)

n
=Y > @%We) VNV Vo) Y Yotkt) VN Yoy (22)
k=0 oeSh(k,n—k)

Here Sh(k,n — k) denotes that the set of (k,n — k) shufflesin Sy, e(6) = €(0,y1,...,Vn)
is a sign given by the rule y5(1) V -+ V Yg(m) = €(0)y1 V - -+ V y, and we use the conven-
tions that Sh(n, 0) = Sh(0,n) = {id} and that the empty product equals the unit. Note, in
particular, that we also consider a term Q¢ and thus we are actually considering curved
L -algebras (which will be convenient in the following). Sometimes, we also write Q =
Q,i and following [7] we denote by Q% the component of Q%:S" £[1] — S’ £[2] of 0.1t
is given by

Qi,(xl Ve Voxy)

= Z 8(0)Q;+1—i Xe)V -V Xgmt1=) Y Xgmt2—i) VYV Xg@), (2.3)
oeSh(n+1—i,i—1)

where Q}l 41_; are the usual structure maps.
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Example 2.1 (Curved Lie algebra). A basic example of an L.-algebra is that of a
(curved) Lie algebra (£, R,d, [+, -]) by setting Qo(1) = —R, Q1 = —d, Q2(y v u) =
—(=DI[y, u], and Q; = 0 for all i > 3. Note that we denoted the degree in £[1] by | - |.

Let us consider two Lo-algebras: (£, Q) and (E Q). A degree 0 counital coalgebra
morphism
F:S¢(8) — S°(8)
such that FQ = Q~ F is said to be an Loo-morphism. A coalgebra morphism F from S¢ (%)
to S c(f‘,) such that F(1) = 1 is uniquely determined by its components (also called the
Taylor coefficients)
Fp: S (2[1]) — €[1],

where n > 1. Namely, we set F'(1) = 1 and use the formula

F(y1 V-V

ZZ Z Z i);‘!)Fkl(Vo(l)V"'VVo(kl))

p=1 ky,..kp>1 oeSh(ky,...kp)
ki+-+kp=n

VooV F, (Vo—kp+1) Vo Y Yom)s  (24)
where Sh(ky, ..., k) denotes the set of (ky, ..., kp)-shuffles in S, (again we set Sh(n) =
{id}). We also write Fj = Fk1 and similarly to (2.3) we get coefficients F,{ 1S 2[1] -
S/ E[l] of F by taking the corresponding terms in [12, equation (2.15)]. Note that F,
depends only on F,! = Fy fork <n — j + 1. Given an Ls,-morphism F of (non-curved)
Lo-algebras (£, Q) and (53, Q ), we obtain the map of complexes

Fi:(£,01) — (£, 01).

In this case, the Lo,-morphism F is called an L-quasi-isomorphism if F; is a quasi-
isomorphism of complexes. Given a DGLA (£.d, [, -]) and an element 7 € £[1]°, we can
obtain a curved Lie algebra by defining a new differential d + [r, -] and considering the
curvature R™ = dm + %[n, 7] In fact, the same procedure can be applied to a curved Lie
algebra (£, R,d,[-, -]) to obtain the twisted curved Lie algebra (£, R™,d + [, -],[-, - ]),
where

1
R" ;=R +dm + E[ﬂ’ 7.
The element 7 is called a Maurer—Cartan element if it satisfies the equation
1
R+ dm + E[n,n] =0.

Finally, it is important to recall that given a DGLA morphism, or more generally an L -
morphism, F: £ — £, one may associate to any (curved) Maurer—Cartan element = €
£[1]° a (curved) Maurer—Cartan element

1 ~
TEi= Y n—!Fn(n ve--v) e £[1°.

n>1
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In order to make sense of these infinite sums, we consider complete filtered L -
algebras and we demand that Maurer—Cartan elements be in a positive filtration; see [10,
13] for details on such filtrations.

3. An explicit formula for the L ., -projection and -inclusion

From the general theory of Lo-algebras, one knows that L,-quasi-isomorphisms always
admit Lo-quasi-inverses. Moreover, it is well known that, given a homotopy retract, one
can transfer Lo -structures. Explicitly, given two cochain complexes (A4, d4) and (B, dp)
with

(A.do) Z=——= (B.dp) __ D, 3.1)

where hodp +dp oh = id — i o p and where i is a quasi-isomorphism, the homotopy
transfer theorem in [21, Section 10.3] states that if there exists an L -structure on B, then
one can transfer it to A in such a way that i extends to an L .,-quasi-isomorphism.

Let us consider the special case of deformation retracts for DGLAs. More explicitly,
let A, B be two DGLAs. A deformation retract of (4, dy4) is given by the diagram

(4,dy) F (B.dg) _ . (3.2)

where i and p are quasi-isomorphisms of cochain complexes with homotopy £, i.e., hdp +
dph =idp —ip, as well as

po[:idA, hzZO, ]’lOi:O, and pol’l:()

In addition, we assume that i is a DGLA morphism. As already mentioned, the homotopy
transfer theorem and the invertibility of L o-quasi-isomorphisms imply that p extends
to an Lo-quasi-isomorphism denoted by P; see, e.g., [21, Proposition 10.3.9]. In the
following, we give a more explicit description of P inspired by the symmetric tensor trick
[3,17]. The DGLA structures yield the codifferentials Q4 on S(A[1]) and Qp on S(B[1]),
and the map & extends to a homotopy H,:S™ (B[1]) — S"(B[1])[—1] with respect to

0%,:S" (B[1]) — " (B[1])[1];

see, e.g., [21, p. 383] for the construction on the tensor algebra, which adapted to our
setting works roughly like: we define the operator

Kn:S" (B[1]) — S" (B[1])

by

15 ¢ 20) .
Kn(x1 Ve Vixy) = pr} Z Z m— ipXoq) V- ViPXei) V Xoi+1) V Xo()-

i=00€S,
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Note that here we sum over the whole symmetric group and not the shuffles, since in this
case the formulas are easier. We extend —/ to a coderivation to S(B[1]), i.e.,

Hy(xi V-V oxy) o= — Z e(0)hxs) Vv Xo2) V- 0V Xg(n)
o€Sh(1,n—1)

and define
H, =K,oH, =H,0K,.

Since i and p are chain maps, we have
K, o Q;‘;,n = Q}},n o K,

where Q%  is the extension of the differential Qg , = —dp to S"(B[1]) as coderivation.
Hence we have

Q%,an + HnQ%’n = (n .ld_lp) OKns

where i p is extended as a coderivation to S(B[1]). A combinatorial and not very enlight-
ening computation shows that finally

QpnHn + H,Qp , =id — @ip)¥". (3.3)
Suppose that we have constructed a morphism of coalgebras P with structure maps
PLsk (B[1]) — A[1]

that is an L -morphism up to order k, i.e.,
m m
1 ¢ 1 ¢
Zpe °OBm :ZQA,(ZOPm
{=1 {=1

for all m < k. Then we have the following statement.

Lemma 3.1. Let P:S(B[1]) — S(A[1]) be an Loo-morphism up to order k > 1. Then

k+1 k
_ 1 L 1 ? _ Nl 2 1 k
Looj+1 = Z Qa0 Pryr— Z PpoQpii1=0Qu2°Pry1 —Pro0Qpiiy B4
=2 (=1
satisfies
L k+1 — 1 L 3 5
00,k+1 © QB,k-H = _QA,l © Loo,k+1- (3.5

Proof. The statement follows from a straightforward computation. For convenience, we
omit the index of the differential:

k+1 k+1 k k

k
LOO,kHQiJJ: = Z Qt}(P ° Q)ﬁ-i-l - Z Z Qt}PiZQ;cH + Z Z PﬁleQ;c+l
(=2

(=2 i=1 (=1 i=1
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k+1 k+1 & . Kk _
= Z Qi(Qo P)lec+1 - Z Z QéPieQ;c-‘rl + Z Z Q}PfQ}(H
=2 (=2 i=1 ¢=1i=1

k
=—0(QoP)y +01) POty =—0lLooks1.

i=1
where the last equality follows from Q1 Q1 = 0. "
This allows us to obtain the Lo-quasi-inverse of i, denoted by P, in (3.2) recursively:

Proposition 3.2. Defining P{ = p and P, | = Look+1 © Hgy1 for k = 1 yields an
L oo-quasi-isomorphism
P:S(B[1]) — S (A[1])
that is quasi-inverse to i.
Proof. We observe Pkl+1(ix1 V- Vixgyr) =0forall k > 1and x; € A, which directly
follows from 4 o i = 0 and thus Hy 1, o i V**1 = 0. In addition, one also has for all k > 1
the identity Loo g+1(iX1,...,iXg+1) = 0, which follows from the definition of Lo k41
and the fact that i is a morphism of DGLAs. We know that P is an L -morphism up to

order one. Suppose that we already know that it is an L .,-morphism up to order k > 1,
then this implies that

1 k+1 _ k+1
Pri100p7i = Look+10 Hep10 011
k+1 .
= Loojt+1— Loojg+10 Q51 0 Hey1 — Logktr10(i0p
1 1
= Leojk+1+ Q10 Pr4
by the above lemma, and therefore
1 k+1 1 1
Pri10Qki1 —21° Py = Lot

Hence P is an Loo-morphism up to order k + 1 and the statement follows inductively. m

)v(k+1)

Let us now assume that p: B — A in the deformation retract (3.2) is a DGLA mor-
phism and that i is just a chain map. Then we can analogously give a formula for the
extension / of i to an Lo,-quasi-isomorphism.

Proposition 3.3. The coalgebra map I:S*(A[1]) — S*(B][1]) recursively defined by the
maps 1} =i and Ik1 = ho Leo fork > 2 is an Loo-quasi inverse of p. Since h* = 0 =
h oi, one even has Ik1 =hoQlo Ilf.

Proof. We proceed by induction: assume that / is an Ls,-morphism up to order k, then
we have

1 k+1 1 1 _ 1 k+1
Ler1 Qg1 = 9Balier1 = —9aoho Lokt +hoLlookt1 o QY
1 1
=—0p1°hoLokt1 —hoQp ;o Lookt1

=(@{d—iop)Looi+1-
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We used that Qll3 , = —dp and the homotopy equation of . Moreover, since p is a DGLA
morphism and p o h = 0, we have that p o Lo x4+1 = 0 for k > 0. Since [ is an Lo-
morphism up to order one, i.e., a chain map, the claim is proven. ]

4. Reduction of multivector fields

In the following, we want to use the above language and considerations to formulate a
reduction scheme for multivector fields. We first introduce a new complex of multivector
field which contains the data of Hamiltonian actions in the case of Lie group actions
O:GxM—> M.

Definition 4.1 (Equivariant multivectors). The DGLA of equivariant multivector fields is
given by the complex 77 (M) defined by

j ; G j j G
TSM)y= P (Sg*@T*WTTM)" = P (Sg"® (M),
2i4j=k 2i+j=k
together with the trivial differential and the Lie bracket
E®X.®Y]g=avp®[X.Y]
foranya ® X, ® Y € T;(M).

Here [-, -] refers to the usual Schouten—Nijenhuis bracket on 701y (M ). Notice that
invariance with respect to the group action means invariance under the transformations
Ad; ® ®y for all g € G. We can equivalently interpret this complex in terms of polyno-
mial maps g — ijoly (M) which are equivariant with respect to adjoint and push-forward
action. Using this point of view, the bracket can be rewritten as

[X.Y]g(§) = [X(5), Y ()] 4.1
Furthermore, we introduce the canonical linear map
Aig3 € by e To M, (4.2)

where &)y denotes the fundamental vector field corresponding to the action ®. It is easy to
see that A is central and as a consequence we can turn 7 M into a curved Lie algebra with
curvature A. Now let (M, ) be a Poisson manifold and denote by {-, - } the corresponding
Poisson bracket. Recall that an (equivariant) momentum map for the action ® is a map
J:g — ¥°°(M) such that

EM = {~, Jg} and J[E,ﬂ] = {Jg, Jﬂ}' (4.3)

An action ® admitting a momentum map is what we called Hamiltonian. In the following,
we prove a characterization of Hamiltonian actions in terms of equivariant multivectors.
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Lemma 4.2. The curved Maurer—Cartan elements of Tg (M) are equivalent to pairs
(, J), where 7 is a G-invariant Poisson structure and J is a momentum map

J:1g = Toon(M).
Proof. The curved Maurer—Cartan equation reads
1
A+ E[H’ Mg =0

for I € Ty (M). If we decompose IT = 7 — J € (T, (M))S & (g* ® T (M))C, it
is easy to see that the curved Maurer—Cartan equation together with the invariance of the
elements is equivalent to the conditions (4.3) defining the momentum map. ]

As in the Marsden—Weinstein reduction procedure, we fix a constraint surface C C M,
by choosing an equivariant map J: M — g* and setting C = J~1({0}). Here we always
assume that 0 € g* is a regular value of the momentum map, making C a closed embedded
submanifold of M. Note that G acts canonically of C, since J is equivariant. From now
on we also require the action ® to be proper around C and free on C.

To implement this choice in our algebraic setting, we consider from now on the curved
DGLA

(Tg (M), A, =[], -1+, 1) (4.4)

Note that this is in fact a curved Lie algebra since [/, J] = 0 = [A, -]. We have to pass
to the formal setting in order to see why this curved Lie algebra is actually interesting.
Note that one advantage of the setting of formal power series is that we immediately get a
complete filtration by the %-degrees, i.e., by setting

FET2(M)[[1]] = HE T3 (M)[[R]].

In particular, if we consider formal Maurer—Cartan elements #(xr — J') € thl (M)[[#]],
then the twisting procedures and infinite sums from Section 2 are all well defined. How-
ever, we have to rescale in this case the curvature, whence we consider the curved Lie
algebra

Here the differential, i.e., the classical momentum map, is not rescaled by some order of #.
This is due to the fact that we only want to consider formal Poisson structures with formal
momentum maps that deform the classical J. Allowing general formal momentum maps
would lead to formal Poisson structures with different reduced manifolds, but we want to
fix C and M,¢y. This becomes clear in the following lemma:

Lemma 4.3. The formal curved Maurer—Cartan elements of the curved DGLA

are equivalent to pairs h(r, J'), where 7 is a G-invariant formal Poisson structure with
formal moment map J + hJ':q — Tpglly (M)[[A]).
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Proof. The proof follows directly by Lemma 4.2 by counting #-degrees. ]

The rest of this paper is devoted to the construction of a curved L ,-morphism

Tred: (TQ(M)[[h]]’ hA, _[J’ ']s [ s ]) - (Tpoly(Mred)[[h]]v 0,0, [ s ])

with Mg := C/G. This morphism is frequently referred to as reduction morphism.

4.1. The Taylor series expansion around C

The main goal of this section is the study of a partial Taylor series expansion of the multi-
vector fields on M around C. Let us assume M = C x g*. This is not a strong assumption
as we know from [4, Lemma 3] that, if G acts properly on an open neighborhood of C, we
can always find a G-invariant open neighborhood Mi.e € M of C, such that there exists
a G-equivariant diffeomorphism My;ce = Uyiee € C X g*. Here the Lie group G acts on
C xg*as

Dy = OF x AdY,,
where ®C is the induced action on C. Note that in this setting the momentum map on
ULice is simply given by the projection to g*. The idea of a Taylor expansion uses the fact
that we have the isomorphism

TX(CxgM = @) €F(C x g*) @ywc) (A'g* ® T, (0)).

i+j=k
First, we define
Tex:6€°(C xa*) > f — i le1 ®l*if € H(Si g ® ¢>(C))
° fey ! dary i ,
0

where o; e’ are coordinates on g* and * is the restriction to C.
Lemma 4.4. The map Ty« is equivariant, i.e.,
Tgr © Pgu = (Adg ®DS ) 0 Ty (4.6)

Proof. We just observe that
0 * ] C\* 4
aT“iOQg = (Adg*l)j ‘(q>g) OWJI

for Adg e; = (Adg){ ej. Hence we have

oo

1 d
Ta (g f) = > e ® L*Eég,*f = (Adg ®DE,) 0 Tye f
IeNy

by shifting the components (Adg-1 );- = (Adg)'ij to the symmetric powers of g. |
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Remark 4.5. It is now clear that this map can be restricted to invariant functions in order
to obtain invariant elements in [ [, (S" g ® €>(C)). Moreover, with a slight adaption of
the proof of the Borel lemma (see, e.g., [25, Theorem 1.3]), one can show that the map
Ty~ is surjective. The more remarkable fact is that the properness of the action ensures
that the map

o0

1 d .

. OO *\G * i 00 G

Tex: € (M x g™) BfHIGENnﬂeI(X)L _Boqfel,l(s g® ()
0 1

is surjective. We omit this proof as we do not use it here and it is just an adaption of the

corresponding statement in [24].

We extend this map to Tpt)ly (C x g*) via

Tqx: Tp’f)ly(C x g*) — H (Si g® Ag* ® Tpoly(c))

14
o

1 L0
(f®é®X)HI§nl—!ez®$®t )X
0

and using Lemma 4.4, we see that also this map can be restricted to the equivariant multi-
vector fields:

Definition 4.6 (Taylor expansion around C). The map
G > G
Ty (347 ® Ty (C xg")° = (Sa" @ [[ (S 6 ® Ag™ @ Ty (€)) (47)
i=0

is called the Taylor expansion around C and we write

o0

. G

Try(C x g*) 1= (s g o[[(Ss®Ag*® Tpoly(C))) .
i=0

Having in mind that the vector space ]_[f-’io(Si a ® Ag* ® Tpoy(C))C just consists of
the Taylor expansions, it is not surprising that it also inherits the structure of a DGLA: for
P,0Q €]];S"gand &, n € g*, the brackets are given by

[P.O] =0, [P®E Q=P Vii(§)O0,
[PR®&EQO®N=PVi(§)0®n—0 Vis(nP ®E,

where iy denotes the symmetric left insertion, and they are extended as a Gerstenhaber
bracket with respect to the graded commutative product

(PR®E-(Q®@nN):=PVOIREAD.

We combine it with the usual DGLA structure on Ty, (C) and extend it as in the case of
Ty (M) trivially to all of Tr,y(C x g*). Summarizing, we have a DGLA structure on the
Taylor expansion around C with zero differential.
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Lemma 4.7. The Taylor expansion

Tgx: Tg(M) — Tray(C x g*) 4.8)
is a DGLA morphism.
Proof. This is an easy verification on generators. ]

As a next step, we want to include the curvature A € ng (M) from Section 4. Recall
that
; G
A= Q@ ey € TZ(M) = (g* ® Ty, (M)

poly
Using our assumption that M = C x g* and that G acts as the product of the action on C
and the coadjoint action, we see that

ad
(ei)m = (ei)c + Olkfﬁw, (4.9)
J

where (e;)c denotes the fundamental vector field of the action on C and where fj]f are
the structure constants of g. This means in particular that

Ta+(A) = ER1Q1® (e)c + j]l:ei QerRe’! @1 € Tray (C x g¥).

With a slight abuse of notation, we write A instead of Tg+ (4). The same argument leads to
the observation that

Tg(J)=e®e®1®1,
where we also write J instead of Ty« (J) in the sequel.

Corollary 4.8. The map
Tge: (Tg(M). A, —[J, -1.[-.:]) = (TTay(C x g A=/, 1.[, ~]) (4.10)
is a morphism of curved DGLAs.

One main advantage of the Taylor expansion Ty (C x g*) consists in the fact that we
have a canonical element

1 . ) .
ks =1 ® (Efifek Qerned 1 -1 ® (e,-)c),
which is not available in T(M). Note that nggs encodes the action on C and the Lie

algebra structure on g.

Remark 4.9 (Action Lie algebroid). The bundle C x g — C can be equipped with the
structure of a Lie algebroid since g acts on C by the fundamental vector fields. The bracket
of this action Lie algebroid is given by

[&. nlexg(P) = [£(p). 1(P)] = (LecD(P) + (Lyc§)(p) (4.11)
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for £, n € €*°(C, g). The anchor is given by p(p, &) = —&c|,. In particular, one can
check that mxks is the negative of the linear Poisson structure on its dual C x g* in the
convention of [26].

The canonical wgkg is of big importance since it is part of some kind of normal form
for every invariant Poisson structure on C X g* with moment map J . In the Taylor expan-
sion, this becomes more clear in the following lemma:

Lemma 4.10. Let

0o G
e (1_[ (S'g®Ag*® Tpoly(C))) C Ty (C x g%)

be a curved Maurer—Cartan element, then
T = TTKKS + 7TC 4.12)
with tc € (]_[?io poly(c))G

Proof. By (4.9) we have for £ € q,c € C and @ = o ¢’ € g*

‘i:Ml(c,a) = _(i(dJ(S))n)kc,a) =&cle

- . P
o = §cle — fiiei)ae’ (E)E)Ttg'
This implies directly

ad 0
3
J

9
n—nc—i-(e,)cAa

where ¢ € ([[72, S g® lCm]y(C ))C is tangent to C, but can possibly depend on all of
M = C x g*. In the Taylor expansion, 3 corresponds to ¢! and the lemma is shown. m

Comparing now the terms in [, 7] = 0 with the same g* and C degrees gives hints
concerning the coefficient function of w¢ that can also depend on g*. In particular, the
terms in [ (A3TC) are given by

d
[rc,mc] + 2(ei)c A |:—,T[C:| =0. 4.13)
30[,’
To conclude this section, we define for later use the operator

3:=id ®is(e") ®id ® (e;)c A (4.14)

Note that we assume the Koszul sign rule; i.e., applying 0 to § ® P Q & ® X, we get a
sign (—1)!@l. We directly see that 3> = 0 and equation (4.13) can be written as

1 . 1
E[”CJTC] + (ei)c Nig(e')me = E[ﬂc,ﬂc] + dnc = 0. (4.15)
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4.2. The Cartan model of multivector fields

In the case of symplectic manifolds, it has been shown in [27] that quantization and reduc-
tion commute by exploiting the diagram

((Sa* ® Q(M))°, dy) N ((Sg* ® 2(C))°, dy) z (Q* (Myeq), d) (4.16)

for M & C % M,eq. Here (S g* ® Q(C))C is the so-called Cartan model for equivariant
de Rham cohomology [15,23, 28] that we want to recall briefly:

Remark 4.11 (Cartan model for equivariant de Rham cohomology). Let M be a smooth
manifold with a Lie group action ®: G x M — M. The Cartan complex of G-equivariant
differential forms is defined by

Qk(M) = ( D (Seg-e/ (M)’ d=d+ 1) 4.17)
2i+j=k
Here d denotes the usual de Rham differential, the invariants are taken with respect to the

product action
gr(p®a) = (Ady, p) ® Py, (4.18)

and one has i, = ¢’ V ®i,((e;)ar). In the special case of a principal G-bundle M = C,
one can show that

H(Q8(C). dg) = Hir(C/C); (4.19)
see, e.g., [27, Corollary 3.5] and the references therein. In particular, the map p* from

(4.16) is a quasi-isomorphism.

We aim to transfer this construction and in particular (4.19) to the setting of Poisson
manifolds by using the above observation as a guideline. For this reason, we introduce
our notion for the Cartan model of equivariant multivector fields and compute its relation
with Tpoly (M,eq) and with the Taylor expansion of multivector fields around C from the
previous section. We start with the following observation:

Proposition 4.12. The cohomology of (Tray(C x g*),—[J, -1.[-, -]) is given by the Lie
algebra ([T72o(S" ¢ ® Tpory (C)))C, [+, -1). Therefore, the canonical inclusion

(e ¢]

) G
c((TT(5' 08 T (©)) 0.1 1) = (Tao € @) [0 L) 20

i=0
becomes a quasi-isomorphism of DGLAs.
Proof. The map h = is(eg) ® id ® e’ A ®id satisfies
—[J, ]oh6 P Ra®@X)—ho[J, ]|6E®PRa® X)
= (deg(@) +deg(£))( ® P ® a ® X)

and the statement follows. [
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Note that the cohomology (]_[?io(Si g ® Thoy(C )))¢ can be equipped with a non-
trivial, but canonical differential.

Proposition 4.13. The differential 0 defined in (4.14) turns

((f:[ (Sg@ Tpoly<C>))G, 8 -1)

into a DGLA.
Proof. A straightforward computation shows that

MERX.n®Y] =is(e)E VN & (ei)c AX. Y],
[0E®X).n®Y]=(—D i) Ve X Alle)c. Y]
i) (&) vV ® (e)e A X, Y],
[E® X.00®Y)] = (=D& viie)(n) ® (e)c A [X.Y]
—EVigeH(m) ® [(e)c. X1 A Y,

where X € Tp]f)l_yl (C). Using the G-invariance, we get

E@[(e)e, X] = fla videHs® X, n®[(e)c. Y] = fla viie/meY.
Summarizing, this yields
WX Y] =[0E®RX) 1@ Y]+ (D t@X. e Y)]
and the proposition is shown. ]

This motivates the following definition.

Definition 4.14 (Cartan model). Let G be a Lie group acting on a manifold C. The DGLA
defined by

(H(Slg®Tpoly(C))G»av[7 ]) 4.21)

i=0
is called the Cartan model and is denoted by Ty (C).

Seen as a €°°(C)-module, ]_[l.oio(Si g ® Tpory(C)) is the dual of S g* ® Q(C), whose
invariants are the space underlying the Cartan model for the equivariant de Rham coho-
mology from Remark 4.11. Even the differential d = is(e’) ® (e;)c A is dual to the inser-
tion is = €’ V ®iy((e;)c). In the case of forms, we saw in (4.19) that the equivariant
cohomology of the principal fiber bundle C is isomorphic to the de Rham cohomology of
the reduced manifold, whereas in our setting we want to show that we get the multivector
fields on M4 as cohomology. Note that we have a canonical DGLA map

p: (TCart(C)’ d, [ ’ ]) — (Tpoly(Mred)s 0, [ ’ ]),
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which is just given by the projection to the symmetric degree 0 followed by the projection
to M.eq. It is well defined since invariant multivector fields are projectable.

Proposition 4.15. The DGLA map

o] G
p: (( l—[ (Sl g® Tpoly(C))) s 87 [ ’ ]) - (Tpoly(Mred)» 0, [ ’ ]) (4.22)
i=0

is a quasi-isomorphism.

Proof. Consider the principal bundle pr: C — M,.q and choose a principal bundle con-
nection w = ' ® ¢; € Q'(C) ® g, i.e., an equivariant horizontal lift inducing

TC = Ver(C) @ Hor(C) = ker T pr @ kerw,

where ker 2 pr* TM,.q. Then we can construct a homotopy for d by & = e; v ®i,(w").
Since ' ((ej)m) = 8}, it satisfies

hd + 0h = (deg, + deg,,,)id.
With the vertical degree, we mean the degree in the splitting

AFTC = @ A’ Ver(C) ® A/ Hor(C). "
i+j=k

In other words, the above proposition yields for every principal connection w €
Q1(C) ® g the deformation retract

o]

. G
Tpoly(Mred) <T (l_[ (S’ g® Tpoly(C))) h, (4.23)
i=0

where i denotes the horizontal lift with respect to the connection w and the homotopy &
is given on all homogeneous elements by

h(E ® X)
_ { T ¢ V E @ L)X if deg(§) + deg o (X) # 0,
0 else.

Indeed, the algebraic relations of a deformation retract between i, p, and / are easily seen
to be verified. Recall that additionally p is a DGLA morphism, which puts us exactly in
the situation of Proposition 3.3. So before we continue to put the Cartan model in the
context of reduction, we give an explicit formula for a quasi-inverse of p.
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Proposition 4.16. For a fixed principal fiber connection o € Q'(C) ® g with curvature
Q € Q%(C) ® q, one obtains an L -quasi-inverse of p

o] G
ioo: S (Tpoly(Mred)[l]) —S (( l_[ (Sl g ® Tpoly(c))) [1]) (424)

i=0

given by
iso = €% o ()M, (4.25)

where one extends ()™ as a coalgebra morphism and Q as a coderivation of degree 0.
In particular,

ioo1(X) = X" and g (X.Y) = (—1)Xle; @ QF(xhor, Yo (4.26)
forabasis ey, ..., e, of g.

Proof. Let us fix a principal connection w € Q!(C) ® g and denote by & the corre-
sponding homotopy and by 2 its curvature. Due to that fact that equation (4.23) is a
deformation retract and p is a DGLA morphism, we are exactly in the situation of Propo-
sition 3.3 and the statement becomes a purely computational issue; so let us start with
some book-keeping. Throughout the proof, we will make use of the following equation
for X € T®°(A¥TC),Y e T®(A'TC), and o € Q'(C):

do(X.Y) = [ia(@) X, Y] = (= D*[ X, ia(@) Y ] — (@) [X. Y], *)
where for the left-hand side, we define
da(X,Y) = (da);jia(dx) X Ady(dx”/)Y

in a coordinate patch. The validity of equation (*) for one-forms of the type « = fdg
follows by the usual Schouten calculus. By R-linearity of equation (¥), its validity follows
for general one-forms in every coordinate patch and hence also globally. Let us define,
using the curvature €2, the map

@:5 (TT(S" @ Ty (©))°111) > [T (S g ® Ty (€))°[1]

i i

defined on homogeneous and factorizing elements P; @ X; € []; (S'g® Tholy (C )O[1],
j =12by

QP ® X1V P® Xa) = (—D)Xile; v P v P, @ QF(X1, Xa).

This map is well defined, i.e., in fact graded symmetric, and of degree 0. With a slight
abuse of notation, we denote also by

Q:s® (]’[ (S'g® Tpoly(C))G[l]) st (]‘[ (S'g® Tpoly(c))G[l])

i i
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its extension as a coderivation of degree 0, i.e.,

QX1 V- vX) = Y E0)RXe) V Xe@) V Xo3) VeV Ko
oeSh(2,k—2)

for X; € [1;(S" @ ® Tpory(C))C[1]. Note that for every

keN and X;e€ l_[ (S'g® Tpoly(C))G[1]7

1

we have that
QKX vV X)) =0

since 2 decreases the symmetric degree by one and hence the expression
2=y 1ok
' k!
k

is a well-defined map. Since 2 is a coderivation of degree 0, it is even a coalgebra mor-
phism. Its components are given by

1
Q¢ k—¢
- Q
€k (k—0)! ’

which can be seen again by counting symmetric degrees. This shows, in particular, that
Q hory 1 h
@ o (-)) = ()"

We proceed now inductively, so let us assume that e o (-)"" coincides with is, from
Proposition 3.3 up to order k. For X; € Tpo1y(Mrea)[1], j = 1,...,k + 1, we have

look+1(X1 VoV Xjey1)
=hoQ)oil (X1 V--V Xpiy)

k
E\O

=y Y Dol

Jj=1 o€eSh(j,k+1—j)

X (i (Xo) V-V Xo() Vil p— i1 (KXo V-V Xok11)))

k
E\O

=Y X Dheos

Jj=1 o€Sh(j,k+1-;)

X

Q/1 Qk—J
Xhor VeV Xhor ) V. Xhor VeV Xhor )
(G =11 em oD (k= jHy1rTeU+D o(k+1)/ |
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Let us now take a look at

ho Q3 (7 7HXGE) Vv v X)) v Qk XoGien VoV XoGes)
= (=1 Tk 'X"“)'h[ﬂj TG VeV X)) QT (X VeV Kol

(_1)1+Z'1£=1 X6l
- k

. i i—1 hor hor k—j hor hor

® ia(0)[Q/ (Xgly VoV X)), Q7 (Xl gy Vo VX (k+1))]
) (—l)zljc=l |Xa(j)|
= Tei

1 hor k—j hor hor
® do' (2771 (X2 oty VoV XU, QT (X Ve vV X, (k+1)))

€

The factor % appears, since Q¥ raises the symmetric degree in g by k and hence the

commutator has k£ — 1 symmetric degrees in g degrees and at most one vertical degree,
since both of the entries are horizontal multivector fields. Moreover, since i,(w") anni-
hilates the terms which do not have a vertical degree, the formula is valid. Note that
by definition of the curvature of @, we have Q = dw + %[a) w] or for a chosen basis
Q= do’ + %f]jlwk A w*. Since w’ vanishes on horizontal lifts, we can write

1(6J—1(yh h k—j ¢ yhor hor
hoQ,(Q (Xoty VoV Xg() v &2 ](X G+p VoV X (k+1)))
(—1)Zk=1 Ko
B k
1/yh h k—j (yh hor
® QN (Q7 TN XN Ve v X)), QT (XY VeV XN L))

1 hor hy k—j hy hy
= EQ(QJ (X5t VeV XG0y, QY (Xt iy VoV X))

€

and hence

iook+1(X1 VooV Xpi)

_ (o)
Z > o

j=10€Sh(j,k+1—j)

QJ ' h hor Qk_j h hor
G- 1).( o VoV X))V 1 KoGan VoV Xolern)

= FQ" (X vV X))
The last equality follows from the observation that
QF (Xt v v X))
=T v
= Q((k - 1)'(69)k+1(Xh°r v X))
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— zk: 3 e(0)  (k—1)!
ST T R
i oesniri- 2 (J =Dk =)
. hor hor k—j hor hor
X Q(QJ I(Xa(l) \VARERV/ Xa(j)) v Q j(Xo(j+1) VY Xa(k+1)))»

and the proof is completed. ]
Corollary 4.17. The induced map at the level of Maurer—Cartan elements

P MC (Tcan(C€)) — MC (Tpoty (Mrca)
is surjective.

Proof. Let w € Tploly(Mred) be a Maurer—Cartan element, i.e., a Poisson structure. We
define

1.
= Z k—!loo,k(ﬂ\/k)-
k>1
This series is actually well defined in T, (C), since we have

— l 1 k—1 hor\ Vk
H_I;k!(k—l)!g (™)

using the explicit for of i, as in Proposition 4.16. But
- . - G
Qk 1((7Th0 )Vk) c (Sk 1 q ® Tpl()ly(c)) ,

whence IT € M C(Tcu(C)) is well defined. The identity p(IT) = x is then clear using
again the explicit form. |

Remark 4.18. In particular, the above proposition shows not only that if C admits a flat
connection, then iy, has iy = (-)h"r as only a structure map, but also how to correct the
horizontal lift in order to obtain an L.,-quasi-ismorphism.

Having seen the importance of the ad-hoc defined differential d on T,y (C), we lean
now again towards 7,y (C x g*) and try to find an extension of the differential —[J, -] in
order to make the inclusion ¢: Tcar (C) = Tray(C X g*) a quasi-isomorphism with respect
to d. As a first step we have the following proposition.

Proposition 4.19. The map [mkks, -] is a well-defined differential on Tryy(C x g*) that is
explicitly given by

[kks. E R P RaRX]|=(®SE(PRa®X)+IEQPR®a® X), (4.27)
where Scg denotes the Chevalley-Eilenberg differential. Moreover, the canonical inclusion
t (Tean(€), 0, [+, +1) = (Tray(C x @¥), [mkxs — I, -1 [, ])

becomes a DGLA morphism.
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Proof. Since the bracket does not depend on the S g*-part we restrict ourselves to P ®
o ® X. Let us compute

[y i j
5 l-jek®e Nel  PRa® X

1 o o
:E_fif(ek@[e’/\e’,P®ot]®X+[ek,P®ot]Ae’/\e]®X)

. A 1 . )
i?ekvis(ef)P@)e’ /\05®X—§ i§P®e’ Ael ANglep)a @ X

and
[—e Aei)e., P Ra®X]
= PR AR Lo X — (D)X (P Ra® X A(ei)c,
where | X| denotes the multivector field degree and || the exterior degree. Putting this
together, we directly get (4.27). Since mgks is a Poisson structure, we directly see that it

squares to zero. Moreover, [gks, -] boils down to d when restricted to elements in the
image of the canonical inclusion ¢, i.e., in (1 ® [[72,(S' g ® 1 ® Tpoiy (C)))C. m

Alternatively, the identity
[mkks, J] = A (4.28)

implies that the canonical wgks defines a curved Maurer—Cartan element in the curved
DGLA (T1ay(C x g*),A,—[J, -1, [+, -]). Therefore, twisting by ks yields a Lie algebra
differential on T,y (C x g*) with curvature zero. The next step is, of course, to check if ¢
is still a quasi-isomorphism.

Proposition 4.20. The inclusion

L (TCarl(C)v a’ [ ’ ]) - (TTay(C X g*)v [T[KKS - Jv ']’ [ ’ ]) (429)
is a quasi-isomorphism of DGLAs.

Proof. Let us compute the cohomology of Tm,y(C x g*) by interpreting it as a double
complex. The two differentials are [—J, -] and [mgks, -] and as bigrading we set

o0
i _,\G
Cp’q = (Sq g* ® 1_[ (Sl g ® (Ag* ® Tpoly(c))p Q)) )
i=0
One can directly see that the differentials are compatible with the bigrading in the sense
that
[/, ]:CP7 — CP9%! and  [mggs, -]:CP4 — CPT14,

By Proposition 4.12, the cohomology of [—J, -] is given by ([1524(S’ @ ® Tyoty(C)))C,
on which the horizontal differential [kks, -] is just d. Thus ¢ is an isomorphism on the
first sheet and thus on the cohomology. ]
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The above results show that the Cartan model is an intertwiner of T,y (C x g*) and
Tholy (Myeq), which can be summarized in the diagram

(TTay(C x a*), [mkgs — J. 1. [, ])
(TCM(C), a,[-, ]) (4.30)
L

(TP"IY(Mred)v O, [ , * ])

So far we have shown that both ¢ and p are DGLA morphisms and also quasi-isomor-
phisms. For convenience, we included the L ,-quasi-inverse i, of p. From this diagram
and the fact that every L ,-quasi-isomorphism is quasi-invertible, we have the following:

Theorem 4.21. There exists an L o-quasi-isomorphism

(TTay(C X g*)v [T[KKS - J, ']’ [ ’ ]) - (Tpoly(Mred)’ 0, [ ’ ])

Note that the KKS Poisson structure is not defined on M, but just in an open neigh-
borhood of C. Recall that we aim to find a curved L -morphism

Tred: (TQ(M)’A’_[J’ ']’ [ > ]) - (Tpoly(Mred)»OvO’ [" ])

and its formal correspondence. To achieve this, we proceed in the following way: we
construct a (non-curved) quasi-inverse of ¢ in Diagram (4.30) denoted by P and then twist
it by —mkks in order to find a curved morphism

PKES (TTay(C X Q*),A» _[J’ ']v [ ’ ]) g (Tpoly(Mred)vAredv [”KKS,reds ']s [ s ])

for

A -—Z(_l)kp AV k) and -—Z(_l)kp (e
red - = k! 1+k KKS KKS,red - = A k\tkKs)-

k>0 k>0

There are now two issues with this approach:

* since we did not introduce a complete filtration on the involved DGLAs, we have to
check by hand that both of the series actually converge in a suitable sense;

* this is actually not what we want, since our target, i.e., Tpoly(Mreq), has to have zero
curvature and zero differential.

These two problems are solved in Section 4.4, where we construct a quasi-inverse of ¢ such
that Areq = Tkksred = 0 and we show that the series are well defined. But at first we need
to extend our considerations to the formal setting, where we have a complete filtration by
degrees of #.
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4.3. Formal equivariant multivector fields and their reduction

We want to consider the formal analogue of the equivariant multivector fields on M from
equation (4.4). Since we are only interested in formal Maurer—Cartan elements, we have
to rescale the curvature by # as in (4.5); i.e., we consider the curved DGLA

((Sa* ® Ty (M) [[A1]. hA, —[J, 1. [, -]).

A formal curved Maurer—Cartan element A(x — J') € h(S g* ® Tyory(M))C[[#]] corre-
sponds to an invariant formal Poisson structure 7= with formal momentum map J + #J’.

The Taylor series expansion discussed in Section 4.1 allows us to interpret the element
hmggs as a formal curved Maurer—Cartan element. Thus we can perform the twisting
procedure, yielding the flat DGLA

(TTay(C X g*)[[h]]» [hnKKS - Jv ']’ [ s ])

For a formal Maurer—Cartan element % (w — J’), one can check that mgxks + 7 is a G-
invariant formal Poisson structure with formal momentum map J + #J’ as desired and
again 7 = m¢ + O(h). Moreover, the Cartan model for the multivector fields reads in the
formal setting:

(Tean(O[[]. 7. - -])

and the bracket on Tpo1y (Mreq)[[%]] is simply extended #-bilinearly. Summarizing, we have
the following claim.

Theorem 4.22. In the diagram

(Tray (C x g [hrrkks — 7. <11+ <])
(TCarl(C)[[h]]v ho, [ ’ ])
7|

(Tpoly(Mred)[[h]]’ 0, [ > C ])’

both maps are DGLA morphisms and t is still a quasi-isomorphism of DGLAs.

Proof. The proof essentially follows from the above considerations. More explicitely, the
inclusion of the Cartan model into T,y (C x g*)[[#]] is a quasi-isomorphism of DGLAs
since the bracket with [—J, -] is not scaled by # and [ngks, -] is just 0 in the cohomology
of [—-J, -]. In other words, the argument from Proposition 4.20 applies. (]

Note that here we only prove the fact that the L o-quasi-inverse of ¢ exists. In Sec-
tion 4.4, we give an explicit formula for this map.
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Remark 4.23 (Laurent series). We observe that the map p in the above theorem is not a
quasi-isomorphism due to the scaling problem by #. Concerning the projection from the
Cartan model t0 Meq, we still have the map / satisfying 70h + hhd = h(deg, + deg,,)id,
as in Proposition 4.15. However, since we are not allowed to divide by #, the projection
p in the formal setting is no longer a quasi-isomorphism. We remark that, if we con-
sider instead the Laurent series in 7 in all the complexes, e.g., Tyoly (Mreq)[A™ 1, A]], then it
remains a quasi-isomorphism.

Moreover, we know from [18, Theorem 4.6] that L,-quasi-isomorphisms induce
bijections on the equivalence classes of formal Maurer—Cartan elements. In our setting,
this yields the following corollary.

Corollary 4.24. Every formal Maurer—Cartan element h(swx — J') in Tray (C x g*)[[]] is
equivalent to a formal Maurer—Cartan element

hitc € Tean(C)' [l C Ty (C x g™

In other words, the above Corollary states that every formal Poisson structure wggs + 7
with formal momentum map J +#J" is equivalent to a formal Poisson structure wggs + ¢
with undeformed momentum map J. Finally, we can construct an explicit equivalence
transformation from a generic Maurer—Cartan element % (7w — J') to one with J’ = 0. Set
X} =hJ/e and J/* = exp(X;}))(J;) — Ji — hJ]. One can recursively define for k > 1

XFHh = g/ Hlel = —(exp(XF) -+ exp(X})(Ji) — Ji — hJ])e'. (4.31)

Proposition 4.25. Let (7w — J') be a formal Maurer—Cartan element in Tryy (C x g*)[[1]].
Then
X = log (klim exp(XF) - exp(X})) (4.32)
—00

satisfies exp(X£°)(J;) = J;i + hJ{ and hence hexp(—X°)(mkks + ) — hrks is a for-
mal Maurer—Cartan element in T,y (C x g*)[[h]] equivalent to h(zw — J').

Proof. Note that X} € O (%) and inductively one gets
Ji+hJ] + JF = exp(XF) exp(XF") - exp(X}) (Ji) = exp(XF) (i +hJ] + J[%)
= J; +hJ] + J* + XE) + o@F .

Hence J/* ™1 € O(#*+1) as well as X,’f“ € O(h**1). In particular, X£° is well defined
and satisfies
exp(X°)(Ji) = Ji + hJ] + Jim JE =T +hJ]
—>00
in the -adic topology. The gauge equivalence exp(—X;°), therefore, maps #(x — J') to
exp(—X°) > h(n —J') = exp(—X;l’o)(hnKKs —J +h(r — J')) — (hmkks — J)
= hexp(—X;°)(mkks + ) — Amkks;

compare [31, Proposition 6.2.34] for a formula of the gauge action. ]
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44. L . -quasi-inverse of ¢

Finally, we want to find an explicit description of the L..-quasi-inverse of ¢, i.e., an Lso-
quasi-isomorphism

P: (TTay(C X Q*), [NKKS =J, ']v [ ’ ]) - (Tpoly(Mred)’Oa [ ’ ])

One can check that the homotopy 4 of [—J, -] from Proposition 4.12 does not commute
with [mgks, - ]. The idea is to start with [—J, -] as differential on the Taylor decomposition
and zero differential on the Cartan model, construct the L,-quasi-isomorphism P in this
case, and then investigate the compatibility with [7gxs, - ].

Let us focus on the deformation retract of DGLAs

(Tear(C), 0) ;:::é;:::z (Tray (C x g*),p—J,;Q:::::::)h (4.33)

and apply the construction from Section 3. By Proposition 3.2, we have an L ,-quasi-
isomorphism P given by P; = p and

P,=P!=(RyP>— P! 0" YoH,, (4.34)

where Q and R denote the Lqo-structure on S(7Tmy(C x g*)[1]) and on S(Tcar(C)[1]),
respectively. Moreover, H, is the extension of

hERPRa® X)
_ mis(%)g X P X e( ANdQ X if degsg* E + degAg* o 7& O,
0 else,

since Q1 = [J, -]; compare Proposition 4.12.

Lemma 4.26. Forn = 2, one has
Py(X1 Vv X2) = —p((=DM[hX 1, Xo] — [X1. hXa)) (4.35)
for all homogeneous X1, X» € Try(C x g*)[1].

Proof. One has P} o H, = 0. Furthermore, for Q1 (X1, Y1) = — (=)l x,, X,] with
| X1| denoting the shifted degree in Tty (C x g*)[1], we have with the formula for H», see
[21, p. 383],

P2(X1 \/X2)
=—po Q; o HZ(XI VX2)

=_2
2

= —p((=)X[hX,, X5]) = [X1,hXa)).

(= (DX X, X, 4 ipXa] + (~)XIHXF X, 4 ip X, X))



The strong homotopy structure of Poisson reduction 953

The last step is easily seen for homogeneous elements by counting the g*-degrees. In fact,
if X, =ipX,, then h X, = 0 and the statement holds. If i pX, = 0, then p([h X1, X2]) =0
since the bracket contains at least one g*-component that is annihilated by p. The same
holds for 1 < 2. ]

As a next step, we want to obtain an Lo,-morphism between (Tmy(C x g*),
[rxks — J, -]), and (Tcae(C), 9). Let us first observe that P, contains n — 1 brackets and
n — 1 applications of /, increasing the A°®g*-degrees. This implies that the P, are non-
zero only if all n arguments have no A g*-contribution and the sum of the S g*-degrees is
n — 1. As a consequence, all n — 1 brackets consist of pairings between A g*-components
coming from % and the [] S g-components, whereas the Tp,1y(C)-components are just
wedged together. Moreover, the first term in (4.34) does not contribute since the bracket
R} is here in C-direction and we have

P,=P!=—-P! 00" o H,. (4.36)

Therefore, to prove the compatibility of P with the differentials [7xks, -] and d, we only
have to show that
—dP, = P, o (Q™)}.

where (Q7)" is the extension of —[nkks, -]. By the proof of Proposition 4.19 and the
above arguments, the only part with a non-trivial contribution is the extension of —d =
—id ® is(e') ® id ® (e;)c A.

Proposition 4.27. The map P from (4.36) is an Loo-quasi-isomorphism from the Taylor
series expansion (Tt (C x g*), [mxxs — J, 1) t0 (Tca(C), 0) and an Loo-quasi-inverse
to the inclusion t from Proposition 4.20. The same holds in the formal setting with the
rescaled differentials [hngxxs — J, -] and ho.

Proof. By the above reasoning all brackets consist of pairings in g*-direction and the
Tholy (C)-components are just wedged together, so d satisfies a Leibniz rule. Let us show
the statement inductively. For n = 1, it is obvious. In addition, we know that [k, d] = 0
and thus

Pl oQ" 'oH,0(Q")' =P} 00" o H,o(-d)
= =P, 00,7 o (=0); 0 Hy
= =P, 0057 0 (Q"); 0 Hy
as the only part of Q7 that contributes is —d. Moreover, we have
(050511 = =001 (M7
since (Q™)} = [—mkks, -] is a derivation. Then (4.36) gives
_3Pnl+1 = 8Pn1 QZ+1Hn+1 = —Pn(Q”)Z QZ+1Hn+1 =—Py QZ+1Hn+1(Q”)ZI}

and the statement follows by induction. ]
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Remark 4.28. Note that here we cannot use the usual twisting procedure since we have
no complete filtration compatible to P such that wgks is of degree one. Of course, this is
to be expected since the differential on ¢, (C) is not an inner one.

We can also show that P is compatible with the curvature, which is easier to show in
the formal setting.

Proposition 4.29. The map P from (4.36) is an L s-morphism between the curved Taylor
expansion (Tt (C x g*)[[R]]. AA, [—J, - 1. [+, -]) and (Tcax(C)[[%]], 0,70, -, -]).

Proof. We can twist P from Proposition 4.27 with —Amgxs as in [13, Lemma 2.7]. Then
we obtain an L.-morphism from the Taylor expansion (Tt (C x g*)[[#]], AA, [/, -])
to (Tcart(C), 0, 20). This is clear since the new codifferential on S(7ry (C x g*)[[7]][1])
is given by

1
Q6 = Q1(—hmkks) + EQZ( — hrKKs, —hJTKKs) = [hnkks — J, hrkks] = —hA,
01(X) = 01(X) + Qa(—hnkks. X) = [~hngks + J + hagks. X].

Since mxks contains a Ag*-degree, the twisting does not change the L-structure on the
Cartan model and the twisted morphism is just given by P. ]

Note that, in this case, P is no longer a quasi-isomorphism, and that the result also
holds in the classical setting:

Corollary 4.30. The map P from (4.36) is also an Lo-morphism between the curved
DGLAs (Tray(C x g*). A, [=J, -]) and (Tcan(C), 0, 9).

Proof. Since the morphism P is #-linear, we can compute explicitly that the Taylor coef-
ficients of P are compatible with the above curved DGLA structures. By the construction
of P, we know that

RyP} =P Q0+ Py 057

n

where R} is the bracket on the Cartan model and Q1 is the extension of [/, -]. Moreover,
we have by Proposition 4.29 that

hRYP) + RyP} = P (hQoV ) + P} Q% + P, Qb7

n
where R} = —d and Q¢ = —A. This gives
hRIP, = Py 1(hQoV ) = R{P) = P (QoV )
and the statement is shown. [

Remark 4.31. This can also be directly shown for the classical setting. Indeed, we do not
have the complete filtration, but by the explicit forms of P and mkgs, all the appearing
series in the twisting procedure are still well defined.



The strong homotopy structure of Poisson reduction 955

5. The reduction L ..-morphism and reduction of formal Poisson
structures

Let us now merge together all the results we obtained in the previous sections in order to
finalize the construction of the reduction scheme. Let a Lie group action ®: G x M — M on
a general manifold M and an equivariant map J: M — g* with regular value 0O interpreted
as an element J € (g* ® €*°(M))C be given. In (4.4), we defined the curved DGLA

(TQ(M)’A’ _[J? ']’ [ P ])’
and we want to obtain an L-morphism to Tj,01y(Meq) With zero differential in order to

reduce, in particular, formal Poisson structures.

5.1. The reduction L ,,-morphism

Under the above assumptions that the action is proper in an open neighborhood of the
constraint surface C := J ~1({0}), we find an open G-invariant neighborhood C € M. =
Uice € C X g*, such that the momentum map on Uy, is just the projection on the second
factor and such the group acts as the product of the action on C and the coadjoint action.
This yields the curved DGLA morphism

'|Unice: (TQ(M)’A’_[Jv ']v ['s ]) g (Tg(UﬂiCC)ﬂ)’h]nice’_[J|Unice7 ']’ [" ])

which is just the restriction to the invariant open subset M. concatenated with the exten-
sion of the G-equivariant diffeomorphism to Uy;ce. Moreover, we know from [4, Lemma 3]
that Upee is an open neighborhood of C x {0} such that Uy N ({p} x g*) is star-shaped
around {p} x {0} for all p € C, hence we also have the Taylor expansion as in equa-
tion (4.7). It is a morphism of curved DGLAs

Ta+: (Tg(Unice)s Mo —[ [Uniees 1 [++ *1) = (Tray(C x ™), A, =[], -1, [+, -]).
With Proposition 4.29 and Corollary 4.30, we obtain, furthermore, a curved Lo-morphism
P:(Try(C x g™ A =[], 1. [+ 1) = (Tean(€), 0.0, - -])

and finally we have the projection
P (Tean(€). 0,0, [+, -1) = (Tpoly(Mrea). 0,0, [, -])

from equation (4.23) that is a DGLA morphism and hence also a morphism of (curved)
L o-algebras.

Theorem 5.1. The composition of the above morphisms results in a curved L -morphism
Tred: (TQ(M)v A,, _[Js : ]9 [' ) ']) - (Tpoly(Mred)v 07 Os [' s ° ])7 (5'])

called reduction Loo-morphism. Considering the setting of formal power series in h, we
can extend Tieq h-linearly and obtain

Tred: (Tg(M)[[h]L hA, _[Jv ']v [ ’ ]) - (Tpoly(Mred)[[h]]s 0,0, [ ’ ])
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5.2. Reduction of formal Poisson structures

As mentioned above, a formal curved Maurer—Cartan element A (r — J') € ATg(M)[[7]]
is an invariant formal Poisson structure Am with a formal moment map J + #J’. By Treq
we obtain, therefore, a formal Maurer—Cartan element

hitea = ) %Tred,k (h(x — J)VF) (5.2)
k>1
in Tpoty (Mreq)[[%2]] which corresponds to a formal Poisson structure meq on Mreq.

In order to show that this morphism gives indeed a non-trivial reduction scheme for
formal Poisson structures, we show at first that we recover the Marsden—Weinstein reduc-
tion. This classical setting is included in our formulation by considering special curved
formal Maurer—Cartan elements 4w € hTg(M )[[#]], where in fact & € TplOly (M) does not
depend on #, i.e., is a classical G-invariant Poisson structure with a momentum map J.
Proposition 5.2. The reduction procedure of Marsden—Weinstein coincides with the one
via Treq from Theorem 5.1 for Maurer—Cartan elements of the form hmw € hTg(M)[[A]]

with w € Tploly(M).

Proof. By Lemma 4.10, we know that %7 takes in the Taylor expansion the form Amggs +
hrc, where me = [; ok withnl €S g ® T 41, (C). Then the application of p o P yields
a Maurer—Cartan element % meq in the reduced DGLA (Tp01y (Mreq[[#]]), 0, [, -]) via

1
hitred = Z EP o Py (h(JTKKs +nc), ... h(wkks + 7TC)) = P(h”g),
k>1

so this series is indeed well defined. This Maurer—Cartan element corresponds to a classi-
cal Poisson structure m..q with

P*ea(dg,dy) = 7d(dp*p,dp*y) = *(xks + 7c)(d prol p*¢, dprol p*yr)

for ¢, ¥ € €°°(Myeq), where prol: €°(C) — ¢*°(C) ® [[; S’ g is the canonical pro-
longation. But this is just the usual reduced Poisson structure from Marsden—Weinstein
reduction. ]

Now we want to show that our construction is indeed a non-trivial extension of the
classical Marsden—Weinstein reduction to the formal setting. For simplicity, let us consider
for a moment just a part of T4, namely the map

T‘red =po P: (TTay(C X g*)[[h]], ha, _[J’ ']7 [ ’ ]) - (Tpoly(Mred)[[h]]» 0,0, [ ’ ])
Lemma 5.3. The induced map at the level of Maurer—Cartan elements

T‘red: MC(TTay(C X g*)[[h]]) - MC(Tpoly(Mred)[[h]])

1~ /
hr—J) > ETred,k(h(n — J")VF)
k>1

(5.3)

is a surjection.
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Proof. Let hieeq € M C(Tpo1y(Mieq)[[#]]), then we know from Corollary 4.17 that

I = Z ‘ook (”red) )

k>1

is a well-defined Maurer—Cartan element in T, (C)[[#]] with differential 9. Thus A1IT is a
Maurer—Cartan element with respect to the differential 70 and it satisfies p(AI1) = A eq.
Using Proposition 4.19, we see that A (ks + IT) € M C(Tmy(C x g)[[%]]) and

3 L F k(s + 1)) = ptl) = i
k>1

as desired. [

5.3. Comparison of the reduction procedures

We conclude with a comparison of the different reduction procedures. More explicitly, we
want to compare the reduction via Treq from Theorem 5.1 with the reduction of formal
Poisson structures via the formal Koszul complex; see Appendix A.

In the setting of curved DGLAS or curved L -algebras, it is more tricky to talk about
equivalent Maurer—Cartan elements. Thus we switch to the description of our reduction in
terms of flat DGLASs as in Theorem 4.22. Here we need mgks which is not available in the
general setting, so from now on we restrict ourselfes to the Taylor expansion

(Tray(C x "), [Amrgxs — J. 1. [+, -]).

Consider a formal Poisson structure 3 = Y oo o "7, € D®°(A2TM)[[A]] with a for-
mal equivariant momentum map J; = J + hJ': g — €°°(M)[[#]]. By Proposition A.3,
one gets an induced formal Poisson bracket on M,.q = J ~1({0})/G via

7 {u, V}req = ¢*{[prol w *u], [prol 7 *v]}, .

where the deformed restriction map is given by

o

Z —ia(hJ o) (5.4)

¢ = (id + i, (8 Yho)

compare Proposition A.3. We directly see that the reduction procedure works analogously
for 4 € Ty (C x g)[[A]].

Theorem 5.4. The reduction of formal equivariant Poisson structures with formal mo-
mentum maps via

T‘red =po P: (TTay(C X g*)[[h]]’ [hnKKS - J, ']v [ ’ ]) - (Tpoly(Mred)[[h]]’ 0, [ ’ ])

coincides with the reduction of formal Poisson structures via the formal Koszul complex
from Proposition A.3.
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Proof. We show at first that the reduction procedures coincide on Maurer—Cartan elements
of the form Arwc, i.e., where the quantum momentum map is just the classical momen-
tum map. Note that by Corollary 4.24 every formal Maurer—Cartan element (' — J') is
equivalent to such an Amrc. Writing again

e € (8'g ® Ty (O)[[H]).

the reduced Poisson structure via Tyeq is easy to describe, namely by

(o)
1~
hilea = ) FTrled,k(hnc VeV hic)
k=1

© 1k
- Z FpoPk(Trc,-nJTC) = p(hﬁg)~
k=1

In the reduction via the formal Koszul complex, one has ¢* = (* and thus the reduced
formal Poisson structures coincide by the same reasons as in the classical setting of Propo-
sition 5.2.

The idea is now to use the explicit equivalence from Proposition 4.25. Let 2(xr — J')
be a formal Maurer—Cartan element in 71,y (C x g*)[[#]] and let X;° be the equivalence
between the formal Maurer—Cartan elements (7xks + 7, J + AJ’) and (ngks + 7c, J).
The reduction via the formal Koszul complex maps both Poisson structures to the same
formal Poisson structure on M,.4. This follows from formula (A.13) for the equivalence
between the reduced Poisson structures since X 2° differentiates only in the direction of g*.
We only have to show that T4 also maps both to the same one. But X induces the
following equivalence on the level of the reduced manifold:

po PI(X;:O v exp (exp(Xg°) > h(m — J'))) =0,

see, e.g., [7, Proposition 4.9], whence both reduced structures are again equal. This proves
the theorem. ]

A. BRST-like reduction of formal Poisson structures

In this appendix, we want to recall a reduction scheme for formal Poisson structures sim-
ilarly to the reduction of star products in [16] resp. to the BRST reduction as formulated
in [4]. It is obtained by extending the Koszul part of the classical BRST reduction as
in [19,30] to the formal setting. This can be achieved by the homological perturbation
lemma; see [8, Theorem 2.4] and [28, Chapter 2.4] for versions adapted to our setting.

A.1. Homological perturbation lemma

Definition A.1 (Homotopy equivalence data). A homotopy equivalence data (HE data)
consists of two chain complexes (C,d¢) and (D, dp) over a commutative ring R together
with two quasi-isomorphisms

p:C—->D and i:D—C (A1)
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and a chain homotopy
h:D — D with idp — pi =dph + hdp (A.2)
between pi and idp.

For a shorter notation, we will denote such an HE data by
p:(C,dc) 2 (D,dp):i,h.

Moreover, we say that a graded map B: Do — De_1 with (dp + B)? = 0 is a perturba-
tion of the HE data. The perturbation is called small if idp + Bh is invertible, and the
homological perturbation lemma states that in this case the perturbed HE data is again an
HE data; see [8, Theorem 2.4] for a proof.

Proposition A.2 (Homological perturbation lemma). Let
p:(C,dc) 2 (D,dp):i,h
be an HE data and let B be small perturbation of dp. Then the perturbed data
P:(C.d¢) = (D,dp): 1. H (A.3)
with

A= (idp+ Bh)™'B, dp =dp +B, dc =dc +iAp, A
P=p—hAp, I =i—iAh, H =h—hAh, '

is again an HE data.

We will even encounter a simpler situation, namely that the complex C is concentrated
in degree 0 and D, = 0 forn < O:

) dp,1 ) dp,2
00— Do ? . Dy 3 g ot
ho h
iJTp (A.S)
0 ¢ Co ¢ 0

In this case, the perturbed HE data corresponding to a small perturbation B according to
(A.4) is given by

P=p, I=i—i(idp+ Biho) 'Bihg, H =h—h(idp + Bh)"'Bh
and, using the geometric power series, this can be simplified to
P=p, I=i(Gdp+ Biho)™', H = h(idp + Bh)™'. (A.6)

Here we denote by By: D; — Dy the degree one component of B, analogously for /.
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A.2. Formal Koszul complex

We start with the classical Koszul complex A®g ® 4°°(M) that can be interpreted as
the smooth functions on M with values in the complexified Grassmann algebra of g. The
Koszul differential d is given by

3AIgREP(M) - A'g @ ECX (M), awrs i(Jo)a = Joiiae)a, (A7)

where i1 denotes the left insertion and Jo = Jo,iei the decomposition of Jy with respect
to a basis e!, ..., e" of g*. Then 9% = 0 follows immediately with the commutativity of
the pointwise product in (M ). The differential d is also a derivation with respect to
the associative and super-commutative product on the Koszul complex, consisting of the
A-product on A®g tensored with the pointwise product on the functions. Moreover, it is
invariant with respect to the induced g-representation

g3 &> p(€) =adf) ®id —id ® %, € End (A*g ® €™ (M)) (A.8)
as we have
Ip(ea)(x ® f)
= frex ni(e?) nile)x ® Joi f + fLi(e)x ® Joi f +ile)x ® Joi{Joa. [ o
= pleq)d(x ® f)

forall x € A®gand f € €°(M).
One can show that the Koszul complex is acyclic in positive degree with homology
%*°°(C) in order zero, and that one has a G-equivariant homotopy

hit Alg @ €°(M) — ATlg @ € (M) (A.9)

given on C C Upiee C C x g* by
b ox
hi(x)(c, p) = e; /\/ t a—(c,t,u)dt, with dhg = idg — prol ¢*
0 i

and /1 o prol = 0, where x € A¥q ® €°(C x g*) and (c, ) € C x g*; see [4, Lemma 6]
and [16] for the notation Uy;.. In other words, this means that

prol: (¢°°(C).0) 2 (A®g ® €>°(M),d):*, h
is an HE data of the special type of (A.5); i.e., we have the diagram

d 0
0 EX(M) S Alg®E®(M) &—— -

ho hy
l*J Tprol

0¢— F°C) é—- 0
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Let now 73 be an invariant formal Poisson structure with a formal equivariant momen-
tum map J3. In order to take care of the formal momentum map, we extend the Koszul
complex #-linearly and gain the HE data

prol: (€ (C)[[4]],0) 2 (A*g ® G (M)[[A]], 8): *, h.

Since the formal momentum map J} is a deformation of Jy in the sense that the difference
Jy — Jo = J': g = A€ (M)|[A]] starts in order one of #, the formal differential d; =
i(J) =0+ B with B =1i(J’) on A°g ® €°(M)[[#]] is a small perturbation in the
sense of the homological perturbation lemma (Lemma A.2). Indeed, 8% = 0 follows for
the same reasons as 9% = 0, and id + B/ is invertible as formal power series since Bh
stars in order one of #. Consequently, the corresponding perturbed HE data of the formal
Koszul complex

prol: (¢ (C)[[A]].0) = (A°g ® € (M)[[A]], 05): ", h
is given by
prol = prol, * =*(id+ Biho)™', h =h(id+ Bh)™; (A.10)
compare (A.6). In particular, we have ¢t*d; = 0,
idpeg@@oo (M) — prole™ = dxh + hoy, (A.11)

as well as ¢* prol = idgoeo(c)[[a)) because of hg prol = 0. Moreover, 0y, is still a g-equivari-
ant derivation of the algebra structure. Therefore, also ¢* and h are g-equivariant as all
involved maps are.

We denote the image of the deformed Koszul differential by

I = imop| prq@eeanm = (Jrili-

Since prol ¢* is a projection with kernel gz, compare (A.11), we get with the injectivity of
prol

311 = kert* |<€°°(M)[[h]]~

As 0y 18 €°°(M)[[A]]-linear, J3 is an ideal in €°° (M )[[A]] with respect to the pointwise
product. Moreover, g3 is a Poisson subalgebra of (°°(M)[[%]],{-, - }#) because of

UL g
= (e i I+ L I i &+ Jni & U Tn i+ Tni I 87 )
=0

for f = fiJhig =g’ Ju,j € $». As usual, one can consider the Poisson normalizer

By ={f € €MD {f $1} C I}

the biggest Poisson subalgebra containing J3 as a Poisson ideal. Then we know that the
quotient is a Poisson algebra and we even have the following proposition.
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Proposition A.3. There exists a unique formal Poisson structure mteq on Myeq such that
Bi/gn 3 [f1> " f € 77C (Miea) [[A]]

is an isomorphism of Poisson algebras with inverse 7*u + [prol 7 *u].

Proof. We have for u € €°(Myea)[[1]], j = j*Jnx € In,and f € By,

prol w*u, j}n = o* (j¥{prol w*u, Jn s }n + Jngdprol w*u, j*}s)
= t*(jk,f(ek)M prolt*u) =0

as well as

ﬂei)cl*f = l*&ei)Mf = f Jnitn =0,
thus the maps are both well defined. The fact that the maps are mutually inverse is clear
since

t*prol =id and id — prol¢* = dxh € 5.

The compatibility with the pointwise product follows from the explicit form ¢* = * o

Dk (—B1ho)¥ and the fact that

ho(f prol¢) = prol¢ - ho f.
which directly yields

([fg]) = " ([f prole™g]) =" f -1"g.

The compatibility of prol in the setting M = M. in the notation of [16] is clear since it
is just a pull-back. In addition, we get a unique induced formal Poisson structure on Mg
via

7 {u, v}req = ¢*{[prol  *u], [prol 7 *v]}, .

Antisymmetry is clear and also the Jacobi identity follows directly, where we omit the
sign for the equivalence classes:

7 AV, Whed} oy

= ¢*{ prol = *u, prol ¢ *{prol 7 *v, prol w*w}; },

= ¢*({{prol 7 *u, prol w* v}, prol w*w}, + { prol w* v, {prol 7 *u, prol = *w}s }, )
= 7" ({{u. V}rea- w} g + {v. {1t Wheea},y)-

Concerning the Leibniz identity, we get

JT*{M, vw}red

¢*{ prol 7 *u, prol(*v) prol(7 *w)},

¢*({ prol 7 *u, prol (= *v) }, prol(sr*w) + prol(z *v){ prol = *u. prol(z*w)}, )

{
“(
7 (0{ut, Whea + {u, V}reaw),

since ¢*(f prol¢) = t*(f)¢. L]
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Now we want to show that the reduction procedure is compatible with equivalences,
i.e., that equivalent formal Poisson structures with formal momentum maps are reduced
to equivalent reduced Poisson structures.

Proposition Ad. Let T = exp(Xp): (4, J) — (73, J;) be an equivalence of formal
invariant Poisson structures with momentum maps, i.e., X3 € hI'°(TM)[[#]] such that

Trap=m;, and Toly=J;. (A.12)
Then one has even Xy, € hI'™(TM)S[[h]] and
Trea = (m*) L ot* o T oprolox™ (A.13)
is an equivalence between the reduced formal Poisson structures mteq and nr/ed.

Proof. The proof is analogue to the case of star products in [28, Lemma 4.3.1]. At first,
as in [31, Proposition 6.2.20], one can show that T3 = 7'[;1 is equivalent to

T{f.gn =TS Tg}y-

But then (A.12) implies that

Loy Tf ={TL I ©), = T{fIn®)};, = T Ly, f-

In particular, this yields [£as, Xz] = O and thus the invariance of Xj. In addition, recall
from Proposition A.3 that we have an isomorphism of Poisson algebras

~ B
=2

By [31, Proposition 6.2.7], we know that T is an automorphism with respect to the point-
wise product, thus we see directly from the definition of the deformed Koszul differential
that

(€°° (Mrea) [[1]], 7rea)

Tody=0,0T = T:9s — J}.
Analogously, we have for j' € ¢} with j = T~'j’' € J and f € By
T1 i =T i €T =" = T: 8 — By

Thus Tieq establishes an isomorphism of the spaces B5/dx and B;/d;. It remains to
check the compatibility with the Poisson bracket:

¥ Trea{it, Ve = ¢*'T prol «*{prol 7 *u, prol w*v}; = *' T {prol *u, prol =* v}
since T maps the kernel of ¢* into the kernel of ¢*’. On the other hand, we get

T Treatt, TreaV}oq = t*'{prol ¢*'T prol *u, prol ¢ *'T prol A4

!/
= *{T prol *u, T prol 7 *v}}
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since we take on the right-hand side the bracket in 8; /4, where [prol t*' f1=[f]. Thus
the compatibility with the brackets is shown. It remains to show that 7;.4 is of the form
Tred = €XP(Xreq,) for some vector field Xyeq s € A1 (T Mreq)[[%]]. Since T = exp(Xy) we
know that 7.4 i a formal power series of C[[#]]-linear operators starting with id + % (- - -).
We can write Teq = exp(hD) via

hD =% (_ISLH(T —id)®.
5s=0

Again by [31, Proposition 6.2.7] it suffices to show that Tieq(Uv) = Tieq(4) Treq(v), Which
directly implies that Tieq = exp(Xyeq) for some vector field X;eq € AT (T M,eq)[[]]. But
this is clear since each of the involved maps in the definition of T4 is compatible with
the pointwise product: the maps prol, 7*, and (7*)~! since they, resp. their inverses, are
pull-backs, the map T since T = exp(X3), and ¢* by Proposition A.3. ]
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