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Computing the spectral action for fuzzy geometries:
from random noncommutative geometry to
bi-tracial multimatrix models

Carlos 1. Pérez-Sanchez

Abstract. A fuzzy geometry is a certain type of spectral triple whose Dirac operator crucially
turns out to be a finite matrix. This notion incorporates familiar examples like fuzzy spheres and
fuzzy tori. In the framework of random noncommutative geometry, we use Barrett’s characteriza-
tion of Dirac operators of fuzzy geometries in order to systematically compute the spectral action
S(D) = Tr f(D) for 2n-dimensional fuzzy geometries. In contrast to the original Chamseddine—
Connes spectral action, we take a polynomial f with f(x) — oo as |x| — oo in order to obtain
a well-defined path integral that can be stated as a random matrix model with action of the type
S(D)=N-uwF+ Y ;trA; -trB;, being F, A; and B; noncommutative polynomials in 22n—1
complex N x N matrices that parametrize the Dirac operator D. For arbitrary signature—thus for
any admissible KO-dimension—formulas for 2-dimensional fuzzy geometries are given up to a sex-
tic polynomial, and up to a quartic polynomial for 4-dimensional ones, with focus on the octo-matrix
models for Lorentzian and Riemannian signatures. The noncommutative polynomials F', A; and B;
are obtained via chord diagrams and satisfy: independence of N ; self-adjointness of the main poly-
nomial F (modulo cyclic reordering of each monomial); also up to cyclicity, either self-adjointness
or anti-self-adjointness of A; and B; simultaneously, for fixed i. Collectively, this favors a free
probabilistic perspective for the large-N limit we elaborate on.

1. Introduction

In some occasions, the core concept of a novel research avenue can be traced back to a
defiant attitude towards a no-go theorem. However uncommon this is, some prolific theo-
ries that arose from a slight perturbation of the original assumptions, aiming at an escape
from the no-go, have shaped the modern landscape of mathematical physics. Arguably,
the best-known story fitting this description is supersymmetry.

Another illustration is found in noncommutative geometry (NCG) applications to par-
ticle physics: In an attempt to unify all fundamental interactions, the proposal of trading
gravitation coupled to matter on a usual spacetime manifold M by pure gravitation
on an extended space M x F is bound to fail—as a well-known symmetry argument
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(amidst other objections) shows—as far as spacetime is extended by an ordinary mani-
fold F. Rebelling against the no-go result, while not giving up a gravitational unification
approach, shows the way out of the realm of commutative spaces (manifolds) after restat-
ing the symmetries in an algebraic fashion. For the precise argument we refer to [25,
Sec. 9.9] and for the details on the obstruction to [32,56,70].

Following the path towards a noncommutative description of the ‘internal space’ F
(initially a two-point space), Connes was able to incorporate the Higgs field on a geomet-
rically equal footing with gauge fields, simultaneously avoiding the Kaluza—Klein tower
that an augmentation of spacetime by an ordinary space F would cause. As a matter
of fact, not only the Higgs sector but the whole classical action of the Standard Model
of particle physics has been geometrically derived [4, 17] from the Chamseddine—Connes
spectral action' [16]. The three-decade-old history of the impact of Connes’ groundbreak-
ing idea on the physics beyond the Standard Model is told in [19] (to whose comprehensive
references one could add later works [9, 10,13,55]); see his own review [24] for the impact
of the spectral formalism on mathematics.

On top of the very active quest for the noncommutative internal space F that corre-
sponds to a chosen field theory, it is pertinent to point out that such theory is classical and
that quantum field theory tools (for instance, the renormalization group) are adapted to it.
The proposals on presenting noncommutative geometries in an inherently quantum setting
are diverse: A spin network approach led to the concept of gauge networks, along with a
blueprint for spin foams in NCG, as a quanta of NCG [54]; therein, from the spectral action
(for Dirac operators) on gauge networks, the Wilson action for Higgs-gauge lattice the-
ories and the Kogut—Susskind Hamiltonian (for a 3-dimensional lattice) were derived, as
an interesting result of the interplay among lattice gauge theory, spin networks and NCG.
Also, significant progress on the matter of fermionic second quantization of the spectral
action, relating it to the von Neumann entropy, has been proposed in [18]; and a bosonic
second quantization was undertaken more recently in [28]. The context of this paper is
a different, random geometrical approach motivated by the path-integral quantization of
noncommutative geometries

z:/ e~ T /D)gp, (1.1
M

where S(D) = Tr f(D) is the (bosonic) spectral action. The integration is over the space
M of geometries encoded by Dirac operators D on a Hilbert space that, in commutative
geometry, corresponds to the square integrable spinors €y (well defining this Z is a
fairly simplified version of the actual open problem stated in [25, Ch. 18.4]). The meaning
of this partition function Z is not clear for Dirac operators corresponding to an ordinary

ITo be precise, in this article ‘spectral action’ means ‘bosonic spectral action’. The derivation of the
Standard Model requires also a fermionic spectral action {(J & Dlﬁ) where J is a matrix (see [30]) of
classical fermions. See [52] for a physics review and [71] and [25, Sections 9—18] for detailed mathematical
exposition.
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spacetime M . In order to get a finite-rank Dirac operator one can, on the one hand, truncate
the algebra C *° (M) and the Hilbert space #3s in order to get a well-defined measure dD
on the space of geometries M, now parametrized by finite, albeit large, matrices. On the
other hand, one does not want to fall in the class of lattice geometries [46] nor finite
geometries [51].

Fuzzy geometries are finite-dimensional geometries that escape the classification of
finite geometries given in [51], depicted in terms of the Krajewski diagrams, and [61].
In fact, fuzzy geometries retain also a (finite-dimensional) model of the spinor space
that is not present in a finite geometry. Moreover, in contradistinction to lattices, fuzzy
geometries are genuinely—and not only in spirit—noncommutative. In particular, the
path-integral quantization of fuzzy geometries differs also from the approach in [46] for
lattice geometries.

Of course, fuzziness is not new [53] and can be understood as limited spatial resolu-
tion on spaces. The prototype is the space spanned by finitely many spherical harmonics
approximating the algebra of functions on the sphere S2. This picture is in line with mod-
els of quantum gravity, since classical spacetime is expected to break down at scales below
Planck length [29].

Although the three components of a spectral triple have sometimes been evoked in the
study of fuzzy spaces [26] and their Dirac operators on some fuzzy spaces are well studied
(e.g. the Grosse—Pre$najder Dirac operator [41]), a novelty in [5] is their systematic spec-
tral triple formulation; for instance, fuzzy tori, elsewhere addressed (e.g. [27,68]), acquire
a spectral triple [7]. Spectral triples are data that algebraically generalize spin manifolds.
More precisely, when the spectral triple is commutative (i.e. the algebraic structure that
generalizes the algebra of coordinates is commutative, with additional assumptions we
omit) a strong theorem is the ability to construct, out of it, an oriented, smooth manifold,
with its metric and spin¢ structure. This has been proven by Connes [23] taking some
elements from previous constructs by Rennie—Varilly [67].

This paper computes the spectral action for fuzzy geometries. Compared with the
smooth case, our methods are simpler. For an ordinary manifold M or an almost com-
mutative space M x F (being F a finite geometry [71, Sec. 8]), one commonly relies on
a heat kernel expansion

e ™) ~ 30, 0Y), (-0,

n>0

which allows, for f of the Laplace-Stieltjes transform type f(x) = [p+ e_’xzdv(t),
to determine the spectral action Tr f(D/A) in terms of the Seeley—DeWitt coefficients
a»n(D?) [36], being t = A7! the inverse of the cutoff A; see also [31]. The elements
of Gilkey’s theory are not used here. Crucially, f is instead assumed to be a polynomial
(with f(x) — oo for |x| — o0), which enables one to directly compute traces of pow-
ers of the Dirac operator. This alteration of the Chamseddine—Connes spectral action—in
which f is typically a symmetric bump function around the origin—comes from a con-
vergence requirement for the path-integral (1.1), as initiated by Barrett—Glaser in [8] (a
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polynomial spectral action itself is already considered in [54], though, for gauge networks
arising from embedded quivers in a spin manifold).

1.1. Recent and parallel progress in random NCG

‘Random NCG’ is a short name for the construction of probability measures on families
of finite-dimensional” Dirac operators, which is in line with equation (1.1). Since this par-
tition function resembles the canonical ensemble in statistical physics, ‘random NCG’ is
called ‘Dirac ensembles’ elsewhere [49]. Also the terminology ‘dynamical fuzzy spectral
triples’ is used in [35], where the Batalin—Vilkovisky formalism is addressed for this type
of models.

Initially, the motivation of [8] was to access information about fuzzy geometries by
looking at the statistics of the eigenvalues of D using Markov chain Monte Carlo sim-
ulations®. This and a posterior study [6] deliver evidence for a phase transition to a 2-
dimensional behavior (also of significance in quantum gravity [14]). Glaser explored the
phase transition of the fuzzy-sphere—like (1, 3) case—that is of KO-dimension 2, as satis-
fied by the Grosse—Pre$najder operator—together with that of (1, 1) and (2, 0) geometries
of KO-dimensions 0 and 6, respectively. For the (1, 3) geometry, the spectral action used in
the numerical simulations of [37] was obtained inside MCMCv4, a computer code aimed
at simulating random fuzzy geometries; the formula (in C++ language) for the spectral
action can be found in the file Dirac. cpp of [38].

In [44], algebraic relations among the moments E[% Try (K¢ Ké’ Kf Kg)] (fora, b, c,
d € Zso) of the N x N matrices Ky, K, that parametrize the Dirac operator in dimen-
sion 2 (see Section 4 for details) are found, using the loop equations. The phase diagram
(spanned by the second moment and by the coupling constant) of a quadratic-quartic
theory is explored. In [48] and [44] results are reported in agreement with computer sim-
ulations [37].

By using the chord-diagrams techniques of the present paper, a Yang—Mills(-Higgs)
gauge theory was obtained in [65] from the spectral action on fuzzy geometries (in the
sense that the sectors of the Yang—Mills—Higgs theory on a smooth manifold are identifi-
able with those of [65].

The partition function (1.1) should be interpreted as ‘convergent integral’. If this is
rather grasped as a ‘formal integral’, we have a tool to generate random maps of certain
kind (edge-colored [66] maps which might be stuffed [11], as the renormalization flow
yields an effective action with more traces). The correlation functions obey Topological
Recursion [3]. A recent review of it is [45].

2Most properly, as we will see, the terminology should be ‘random finite-dimensional spectral triples’.
Notice however, that not all finite-dimensional spectral triples are considered in this class.

3Formulas for the spectral action for geometries of signature (0, 3), which lead to a tetra-matrix model
were presented in [8, App. A.6] (strictly seen, these lead to an octo-matrix model, but a simplification is
allowed by the fact that the product of all gamma matrices is a scalar). Concerning this paper, our solely
analytic approach to spectral action computations yields, out of a single general proof, a formula for any
admissible KO-dimension, as it will become apparent in Proposition 5.4.
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Aiming at the search of fixed points of the renormalization flow (which might be
candidate for a transition to a manifold phase) the Functional Renormalization Group is
developed from scratch in [64] for the matrix models that are motivated by random NCG.

1.2. Organization of this paper

Finally, the paper is organized as follows: the next section, based on [5], introduces
spectral triples and fuzzy geometries in a self-contained way. The definition is slightly
technical, but the essence of a fuzzy geometry can be understood from its matrix alge-
bra, its Hilbert space #¢ and Barrett’s characterization of Dirac operators (Sections 2.3
and 2.4). In Section 3, we compute the spectral action in a general setting. A conve-
nient graphical description of ‘trace identities’ for gamma matrices (due to the Clifford
module structure of J¢, Section 3.1) is provided in terms of chord diagrams, which later
serve as organizational tool in the computation of Tr(D™), m € N. As the main results
in Sections 4 and 5, we derive formulas for the spectral action for 2- and 4-dimensional
fuzzy geometries, respectively. In the latter case, we elaborate on the Riemannian and
Lorentzian cases, being these the first reported (analytic) derivations for the spectral action
of d-dimensional fuzzy geometries with general Dirac operators in d > 3.

In Section 6, we restate our results, aiming at free probabilistic tools towards the large-
N limit (being N the matrix size in Barrett’s parametrization of the Dirac operator). In
order to define noncommutative (NC) distributions, one often departs from a self-adjoint
NC polynomial. It turns out that only a weaker concept (‘cyclic self-adjointness’) defined
here is satisfied by the main NC polynomial P in

Tr f(D) = N -Try P + ZTrN ®; Try U;;
14
the other NC polynomials ®; and W; (for fixed i) either satisfy this very condition, or they
are both cyclically anti-self-adjoint. The trace Try cannot tell apart these conditions from
the actual self-adjointness of an NC polynomial.

The conclusions and the outlook are presented in the last two sections. Even though
the text is self-contained, Supplementary Material is offered that might be of help for the
full understanding of this paper. It is available online at the article’s web page. Its content
is the following:

* Section I provides in detail computations of chord diagrams.

* Some properties of gamma matrices in general signature that were useful for the main
text appear in Section II.

* Section III gives the spectral action for Riemannian and Lorentzian signatures explic-
itly (for a quadratic-quartic potential)

* Some proofs omitted in the main text are located in Section I'V.
* The definition of cyclic self-adjointness is given in Section V.

» Section VI relates a double-trace matrix model to expectations taken with respect to
an auxiliary (single-trace) matrix model.
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2. Fuzzy geometries as spectral triples

The formalism of spectral triples in noncommutative geometry can be very intricate and
its full machinery will not be used here. We refer to [71] for more details on the usage of
spectral triples in high energy physics.

The essential structure is the spectral triple (A, #, D), where A is a unital, involutive
algebra of bounded operators on a Hilbert space # . The Dirac operator D is a self-adjoint
operator on J with compact resolvent and such that [D, «] is bounded for all a € +. On
H, the algebraic behavior between of the Dirac operator and the algebra A—and later
also among D and some additional operators on J/—encodes geometrical properties. For
instance, the geodesic distance d between two points x and y of a Riemannian (spin)
manifold (M, g), can be recovered from

dg(x,y) = SuSo{la(x) —a(y)||a e Aand ||[D.d]| = 1},

being + the algebra of functions on M and D the canonical Dirac operator [22, Sec. VI.1].

Precisely, those additional operators lead to the concept of real, even spectral triple,
which allows to build physical models. Next definition, taken from [5], is given here by
completeness, since fuzzy geometries are a specific type of real (in this paper all of them
even) spectral triples.

Definition 2.1. A real, even spectral triple of KO-dimension s € Z /87 consists in the
following objects and relations:
(i) an algebra 4 with involution ,

(i) a Hilbert space J# together with a faithful, x-algebra representation p : A —
L(H),

(iii) an anti-linear unitarity (called real structure) J : #H — H, (Jv, Jw) = (w, v),
being (e, e) the inner product of J,

(iv) a self-adjoint operator y : # — JH commuting with the representation p and
satisfying y2? = 1 (called chirality),

(v) foreacha,b € 4, [p(a), Jo(b)J '] =0,

(vi) aself-adjoint operator D on J that satisfies
[[D.p(a)]. Jp(b)J '] =0, a,b € A,

(vii) the relations

J? =€, (2.1a)
JD =¢€DJ, (2.1b)
J)/ = e”yJ’ (2.1¢)

with the signs €, €, €’ determined by s according to the following table:
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s O 1 2 3 4 5 6 17

+ + - - - - + +
¢ 4+ - + + + - 4+ 4+
e 4+ + - + 4+ + - +

A fermion space of KO-dimension s is a collection of objects (4, #, J, y) satisfying
axioms (i) through (v) and (vii), except for equation (2.1b).

2.1. Gamma matrices and Clifford modules

Given a signature (p,q) € Zio, a spinor (vector) space V is a representation ¢ of the

Clifford algebra4 €Ll(p,q). Th_us, clements of the basis e? and ¢ of R4, g = 1,..., p

andd = 1,...,q, become endomorphisms c¢(e?) = y%, c(e?) = y4 of V.Ifd = q + pis

even, V is assumed to be irreducible, whereas only the eigenspaces V., V- cVof y are,

if ¢ + p is odd. The size of these square matrices (the Dirac gamma matrices) is olptal,
It follows from the relations of the Clifford algebra that

1
Pyt =y Sty = i g

which can be used to iteratively compute products of gamma matrices in terms of gH¥
and their anti-symmetrization. Taking their trace Try (contained in the spectral action)
gets rid of the latter, so we are left with dim V - gl1V1gh2v2 ... = A product of an odd
number of gamma matrices is traceless; the trace of a product of 2n gamma matrices
can be expressed as a sum of over (2n — 1)!! products of n bilinears g"¥ that will be
represented diagrammatically.

2.2. Fuzzy geometries

Section 2.2 is based on [5]. A fuzzy geometry can be thought of as a finite-dimensional
approximation to a smooth geometry. A simple matrix algebra My (C) conveys infor-
mation about the resolution of a space (an inverse power of N, e.g. ~ 1/+/N for the
fuzzy sphere S;‘\, [69]) where the noncommutativity effects are no longer negligible. To
do geometry on a matrix algebra one needs additional information, which, in the case of
fuzzy geometries, is in line with the spectral formalism of NCG.

Definition 2.2 (Paraphrased from [5]). A fuzzy geometry of signature (p, q) € Zéo is
given by

* a simple matrix algebra 4 with coefficients in K = R, C, H; in the latter case,
Mpy/,(H) C My (C), otherwise # is My(R) or My (C)—in this paper we take
always A = My (C);

“We recall that the Clifford algebra €{(p, q) is the tensor algebra of RPT7 modulo the relation
2¢(v,w) = v ® w + w ® v for each u, w € R?TY, being g = diag(+, ..., +,— ..., —) the quadratic
form with p positive and g negative signs, and C£(p, q) is the complexification of €£(p, q).
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* ahermitian C{(p, g)-module V with a chirality y. Thatis a linear mapy : V — V
satisfying y* = y and y2 = 1;
* aHilbert space # = V ® My (C) with inner product
W@ R, w®S) = (v,w) Tr(R*S)
foreach R, S € My (C), being (e, o) the inner product of V;
* aleft-+A representation p(a)(v ® R) = v ® (aR)on H,a € Aand v ® R € K,
o threesigns €,€’, ¢’ € {—1, +1} determined through s := ¢ — p by the following table:

s=gq—p(mod8 O 1 2 3 4 5 6 7
€ + + - - - - + +
¢ + -+ + + - + o+
" + + - + 4+ + - +

* areal structure J = C ® x, where * is complex conjugation and C is an anti-unitarity
on V satisfying C? = € and Cy* = ¢'y*C for all gamma matrices u = 1,..., p + ¢;

» aself-adjoint operator D on J satisfying the order-one condition
[[D.p@)], Jp(b)J '] =0,  foralla,b € A;

* achirality I' = y ® 1,4 for #, where y is the chirality of V. These signs impose on
the operators the following conditions:

J? =¢, JD =¢€'DJ, JT =€'TJ.

For s odd, I" can be thought of as the identity 1. The number d = p + ¢ is the dimension
of the spectral triple and s = g — p is its KO-dimension.

We pick gamma matrices that satisfy
(y")? = +1, uw=1,...,p, y* hermitian, (2.2a)
y"? =1, w=p+1,....p+q  y" anti-hermitian, (2.2b)

in terms of which the chirality for V is given by y = (—i)*¢=1/2y1... P4 For mixed
signatures it will be convenient to separate spatial from time like indices, and denote by
lowercase Roman the former (a = 1,. .., p) and by dotted indices’ (¢ = p+1l,....p+¢q
the latter. The gamma matrices y¢ are hermitian matrices squaring to +1, and y¢’s denote
here the anti-hermitian matrices squaring to —1. Greek indices are spacetime indices
o, B, 1u,v,...€ Ag :i={1,2,...,d}.

We let the gamma matrices generate Q := (y!, ..., y4)g as algebra; this splits as
Q =Q% @ Q, where Q7 contains products of even number of gamma matrices and ™

an odd number of them.

SDotted indices are here unrelated to their usual interpretation in the theory of spinors. Also for the
Lorentzian signature, the 0, 1, 2, 3 numeration (without any dots) is used.
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2.3. General Dirac operator

Using the spectral triple axioms for fuzzy geometries, their Dirac operators can be char-
acterized as self-adjoint operators of the form [5, Sec. 5.1]

Dw®R) =) w'v® (K/R+€RK), veV,ReMy(C), (23)
I
with {w!}; a linearly independent set and I an abstract index to be clarified now. For
r € N<g, let A, be the set of r-tuples of increasingly ordered spacetime indices u; € Ag,
e, AL ={(ur,....pr) | i < pj, ifi < j}. Welet A, = (-J,Al;, whose odd part is
denoted by A,

Ay ={(p1,...,pr) | forsomeoddr, 1 <r <d &pu; <pjifi <j}
={L,....,dyU{(pi,p2, pu3) | 1 S 1 < pa < p3 <dj}
U{(ir, oz, pras pis) | 1 S < pp <---<ps <djpuU...

The most general Dirac operator in dimension d writes in terms of products I'/ of gamma
matrices that correspond to indices I in these sets, each bearing a matrix coefficient kj,

Yreas ' ®@k; ford = p+ qeven,

, (2.4)
ZIeAd I' k; ford = p+ ¢ odd.

D@a) — {

We elaborate on each of the tensor-factors, 'Y and k;. First, '/ is the ordered product of
gamma matrices with all single indices appearing in 7/,

rf = yHrL i

for I = (1, ..., r) € A} This can be thought of as each gamma matrix y* corre-
sponding to a one-form dx* (in fact, via Clifford multiplication for canonical spectral
triples) and A, as the basis elements of the exterior algebra. The set Ay = U,A;, can
thus be seen as an abstract backbone of the de Rham algebra Q3 = P, Qfz and A/,
of the r-forms Q. There are #(A!) = (‘ri) independent r-tuple products of gamma
matrices. We now separate the cases according to the parity of s (or of d). Second,
kr(R) = (K7 R + €’ RKy) is an operator on My (C) > R, which needs a dimension-
dependent characterization.

2.4. Characterization of the Dirac operator in even dimensions

We constrain the discussion to even (KO-)dimension. In Definition 2.2, the table implies
€’ = 1; on top of this, the self-adjointness of D implies that for each I, both w’ and R —
(K7 R + RKj) are either hermitian or both anti-hermitian. In terms of the matrices Ky,

this condition reads K;‘ = +Kj or K}‘ = —Kj, respectively. In the first case, we write
K; = Hj, in the latter K7 = L. One can thus split the sum in equation (2.3) as
Dw®R)=)Y o'v®(HR+RH)+Y o've(LiR—RLy). 2.5)

1 1
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Additionally, since d = 2p — s is even, yy* + y¢y = 0. Hence, the same anti-commuta-
tion relation yo + wy = 0 holds for each @ € Q7. This leads to the splitting

D= @{H,e}+ Y o ®[L5 o], 2.6)
IeAy TeAy

where each o/ and 7/ is an odd product of gamma matrices, and A7 is the set of multi-
indices of an odd number of indices u € {1,...,d}. In summary,

H*=eq, (@hH)*=—al e, H} = Hj, LY =—Lj.

We generally treat commutators and anti-commutators as (noncommuting) letters ky =
{Ky, }4, for each I € Ay. The sign e; = £ determines the type of the letter for kj,
being the latter defined by the rule

2.7)

if +1 then K; = Hy, therefore k;j = hy,
ife;f =
—1 then Ky = Ly, therefore k; = [y,

sokr(R) = K1 R + ef RKj, for R € My (C). Explicitly, one has

DPD ="yl @ky+ > VY'Y @ kuvp + .-

m sv,0
+erp®k@+21—'“®kﬂ,
p i

which runs through 3, y#1yH2 -+ yHd/2 @ kyyy jiypry , if the 4 divides d, or through

M1 ihd /2 M1 thq
Z r e kﬂllLZ'"Md/Zfl + Z r e kﬂ”‘l'"“d/kl
” "

if d is even but not divisible by 4. Hatted indices are, as usual, those excluded from
{1,...,d},

av-p=,2,....u—Lu+1,....,v=—1Lv+1,...,0—1,p+1,....d). (2.8

In order for a Dirac operator to be self-adjoint, k; is constrained by the parity of
r =r(l), being |I| = 2r — 1, and by the number u(/) of spatial gamma matrices in
the product T'/ . In a mixed signature setting, p, g > 0, an arbitrary I € A7 has the form
I =(ay,...,a:,¢1,...,¢y) for0 <t < pand 0 <u < g, and so the corresponding matrix
satisfies

(FI)* — (_1)u+|_(u+t)/2jl—~l — (—1)"+r_1F1. (29)

The first equality is shown in detail in Supplementary Material, Section II. The second is
just due to (—1)L®+0/2] — (—1)L@r=1/2] — (—1)"~1 This decides whether k; should be
an ‘hy-operator’ or an ‘/j-operator’ (see equation (2.7)), which is summarized in Table 1.
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u(l) () ki

even odd &y
odd odd [
even even [
odd even hy

Table 1. For I = (ay,...,ay,¢1,...,¢1) € Aczl,r_1 a hermitian matrix Hj or an anti-hermitian
matrix Ly parametrizes kj according to the shown operators iy = {Hy, e}orl;y = [Lj, e]

For indices running where the dimension bounds allow, one has

14 p+aq
DPD ="y @hy+ Y v ®L+ Y vV'V ®lave
a=1 ¢c=p+1 a,b,c

YV @ hape + VYV @ Ly + D vV @ L+
a.b.¢ ab,é ab.e
YuTé®@hs+ 3, r‘e lz if g and d /2 have same parity,
Y T+, r‘e he if g and d /2 have opposite parity.
The last term is a product of d — 1 = p + ¢ — 1 matrices. This expression is again

determined by observing that the operator kj is self-adjoint if (=1)**4/2 equals +1

and otherwise anti-hermitian, being 1 the number of spatial gamma matrices in T'# =

ARED yA“ .- y4. We proceed to give some examples.

Example 2.3 (Fuzzy d = 2 geometries). The next operators appear in [5]:

* Type (0,2). Thens = d = 2, s0 € = 1. The gamma matrices are anti-hermitian and
satisfy (y')? = —1. The Dirac operator is

DO =yl Ly, o]+ > ®[Ls, o].
e Type(1,1). Thend = 2,s = 0, so € = 1. The Dirac operator is
DD =yl @ (H, o} +12 QL. o].

e Type (2,0). Thend = 2, s = 6, so ¢ = 1. The gamma matrices are hermitian and
satisfy (y)? = 41. The Dirac operator is

DCO =yl (H,, o} +y> Q@ {H,, o).

Example 2.4 (Some fuzzy d = 4 geometries). For realistic models the most important
4-fuzzy geometries have signatures (0, 4) and (1, 3) corresponding to the Riemannian
and Lorentzian cases. We derive the first one in detail in order to arrive at the result in
[5, Ex. 10]. The rest follows from considering equation (2.9).
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* Type (0,4), s = 4, Riemannian. Notice that the gamma matrices are all anti-hermitian
and square to —1 in this case. Therefore, products of three gamma matrices are self-
adjoint: (y2y?y%)* = (—)3y¢yby? = y4yby¢. The accompanying operators have the
form {H; ., o} for H,; . self-adjoint,

a

DOD =N i@ [Li o]+ Y Yy Y @ (Hy o) (2.10)
a

a<b<é
e Type(1,3),s =2, Lgrentzian. Call y° the only gamma matrix that squares to +1, and
denote the rest by y¢, ¢ = 1,2, 3. Then
DU =y @ (H. o} + 7 @ [Le. o]
+ 3 v ® [Lac. o] +y1y2y @ (A o). @.11)

a<c

(For the Lorentzian signature, the dotted-index convention is redundant with the usual
0,1, 2, 3 spacetime indices; then we henceforward drop it.)

* Type(4,0),s = —4 =4 (mod 8). The opposite case to ‘Riemannian’: now all gamma
matrices are hermitian, square to 41, and triple products I'? are skew-hermitian,
D*O = ZV“ ®{Hg, o} + Z Va)’b)’c ® [Lapes @] (2.12)
a a<b<c

Fuzzy geometries with odd s allow elements of T also to parametrize Dirac opera-
tors,

DPD =N yr @ky+ Y vV ks + D VYV @k + -
" 1,2 WV,
+ZF“””®/€@,+ZFW®’%+Zrﬂ®kﬂ' (2.13)

Examples of D for a d = 3 geometry are given in [5] and are not treated here.

2.5. Random fuzzy geometries

Given a fermion space of fixed signature (p, ¢), that is to say, a list (A, H, o, J, T')
satisfying the listed properties in Definition 2.1 ignoring those concerning D, we con-
sider the space M = M (A, H, J, T, p,q) of all possible Dirac operators D that make of
(s, #, D, J,T) areal even spectral triple of signature (p, q) € Z2,,.

The symmetries of a spectral triple are encoded in Aut(#4), Inn_(A) and Out(+), none
of which implies the Dirac operator. This can be compared with the classical situation,
in which fixing the data (+, #, J, ") can be interpreted as imposing symmetries on the
system and subsequently finding compatible geometries, encoded in D € M, typically
via the extremization 6S (Do) = 0 of an action functional S(D) that eventually selects a
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unique classical solution D¢ € M. The random noncommutative setting that appears in [8],
on the other hand, considers ‘off-shell’ geometries. These can be stated as the following
matrix integral

7(pa) — /M e SD)4p, S(D) = Tr f(D), (2.14)

being f(x) an ordinary® polynomial of real coefficients and no constant term. We next
compute the spectral action Tr f(D).

3. Computing the spectral action

In the spectral action (2.14) the trace is taken on the Hilbert space . We do not label it
but, to avoid confusion, we label traces on other spaces: the trace Try is that of the spinor
space V, the trace of operators on the matrix space My (C) is denoted by Trps, (c), and
Try stands for the trace on CV.

A homogeneous element spanning the Dirac operator D = ) *; w; ® ky contains a first
factor wy, consisting of products of gamma matrices, and a second factor k; determined
by a matrix that is either hermitian or anti-hermitian [5]. We describe each factor and then
give a general formula to compute the spectral action.

3.1. Traces of gamma matrices

We now rewrite the quantity

(1 -+ phoan) == Try (yH! .- yHer) 3.

dimV
in terms of chord diagrams of 2n points’, to wit n (disjoint) pairings among 2n cyclically
ordered points. These are typically placed on a circle in whose interior the pairings are
represented by chords that might cross. One finds

2n
#{crossings of chords in i
(oo pon) = Y (1yferonine 4T gt (3.2)
2n-pt chord i,j=1,
diagrams i~yJ

where ~, means that the point i is joined with j in the chord diagram y. We denote
the total number of crossings of chords by cr(y). We count only simple crossings; for
instance, the sign of the 8-pt chord diagram with longest chords in the upper left corner of
Figure 1.2 in the Supplementary Material is (—1)°.

®In contrast to noncommutative polynomials mentioned below.
In a more involved context, these are called ‘chord diagrams with one backbone’ [2].
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It will be convenient to denote by CD», the set of 2n-pt chord diagrams and to asso-

ciate a tensor y*!"#2» with y € CD,, and an index set U1, ..., oy € Ay,
2n
XMI"'HZn _ (_1)#{crossings of chords in x} l_[ g/Liu,,-. (33)
i,j=1,
i"’)(./

This y-tensor is a version of the chord diagram y whose i-th point on the circle is deco-
rated with the spacetime index p;; thus y*1"#2» depends on the dimension, although it is
not explicitly so denoted. All known identities for traces of gamma matrices can be stated
in terms of these tensors, for instance

TrC4(VM1VM2VM3VM4) — 4(gM1M2gM3M4 _ guluaguzm + gM1M4gltzl/«3)

in four dimensions: If 6, £, ¢ denote the three 4-pt chord diagrams, one can rewrite in terms
of their corresponding tensors

M1 Ha H1
QHik2isia —  [ig \ pe | EHk2isie — py pa | CHak2bsHe = puy J

A [

M3 H3 H3
(3.4)

the aforementioned trace identity as
TrV(y‘“y"“zymy““) — dim V(@Ml//«z//«sm 4 é;mu«zll«slu + é-mmu«yu)'

For small n, this seems to be a heavy notation, which, however, will pay off for higher
values (the double factorial growth #CD,, = (2n — 1)!! notwithstanding) since by cyclic
symmetry one ends up computing few diagrams.

3.2. Traces of random matrices

The aim of this subsection is to compute traces of words of the form® Traz,, () (k1, - k1,,)
using the isomorphism My (C) = N ® N (being N the fundamental representation) at the
level of the operators. By [8],

ki =K ® 1y +er-(Iy ® K, ef = =*.

The sign e is determined by Table 1.

8Choosing the basis of My (C) that consists of the matrices €;; (i, j = 1,..., N) with only non-
zero entry equal 1 at the (i, j)-entry, the trace Tras, (c) of an operator A : My (C) — My (C) reads
Tray ©)(A) =2 €;;[A(eij)], where {€]} }i j=1,....v the dual basis. This basis is convenient to re-express
the operators /, i : My (C) — My (C) givenby [ : m + [L,m] or h : m — {H,m} (for fixed complex N
by N matrices L* = —L, H* = H) interms Try L and Try H, respectively.
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Proposition 3.1. Foranyr € N,

Trary oy Ckay - kr,) = Y sgn(ly) - Try (Krye) - Tew [(KT)ie ] (3.5)
YTeP,
where
* Try and Tty () are the traces on End(N) and End(My (C)), respectively,

o P, is the power set 210 of {1, 1Y, thus Y = {1,....r}\ Y for Y € P,,
. SgIl(IT) is (_1)#{commutalors appearing in all the klj with j € T} that is

sen(ly) = (]‘[ e,,.) e {—1,+1,

ieT

* and, finally, the cyclic order (... > 1 —>1—>2—>3 — ...) on the set {1,...,r1},
which can be read off from the trace in the left-hand side of equation (3.5), induces a
cyclic order on a given subset & = {by,...,bg} € P,. Respecting this order, define

& K[E = Klbl Klbz “.Klbé and
T _ T T T _ T
& (KD =K K[ oK, = (K1, -+ K1, K1, )T

Proof. By induction on the number r — 1 of products, we prove first that

ky, -+ kp, = Z Hsgn(IT)KIYC ® (KT)ry.

YeP,ieY

The statement holds for r = 2, by direct computation; we now prove that the statement
being true for r implies its veracity for r + 1. In the first line of the right-hand side of the
next equation we use the assumption and then directly compute

r

(kpy -+ kr, Vkr, .y = H (K1, ® In +er, - (In © Ky, ]

(K1r+1 ® Iy + €y ” (IN ® K )Ir+1)
= ( ( €1,-)K1Tc ® (KT)IT)

YeP, ieY

(K ® Iy + e, - (v @ KT)p, )

= Z (Heli)KITcKIrH ®(K My

YTeP, ieY

+ Z (l_leli)eerKITC ® (KT)ITKIY;M)

TeP, i€

Z (l_[ eli) - Kige ® (KT)IG.

@ETrJrl i€e®
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To the last equality, one arrives by considering that any set ® € P, either contains r + 1
(thus ® = Y U {r + 1} for some T € P,) or does not (® = Y € P,). These two sets are
listed in the sum after the third equal sign (concretely, the second term and the first one,
respectively). Then, it only remains to take traces

TrMN(C)(kll wokp) = Z sgn(ly) - Trygn (KITC ® (KT)I’Y‘)
YeP,

= Y sgn(ly) Try [Kppe |- Ten [(KT)1y]. "
TeP,

3.3. The general structure of Tr D™

From the analysis of the gamma matrices one infers that for a polynomial f(x) = > f;x’
the spectral action selects only the even coefficients Tr f(D) = Y fo; Tr(D?"). In order
to compute the spectral action of any matrix geometry we only need to know the traces of
the even powers, which we now proceed to compute.

Proposition 3.2. Given a collection of multi-indices I; € A;, let 2n denote the total
number of indices, 2n = 2n(Iy, ..., ;) := |I1| 4+ ... + |I2¢|.- The even powers of the
Dirac operator satisfy

1 2ty __ Iy1Ip;
Gy O =) { 2 7

Iy,...,I€Ag * X€CD2p

X [T;; sgn(Iy) - Try (Kpye) - Try ((KT)IT)]},
(3.6)

in whose terms the spectral action S(D) = Tr f(D) =", fa; Te(D?") can be com-
pletely evaluated.

Proof. Fort € N,

Te(D?) = — Tr[( yorf ®k1)2t]

dim V dimV feny
1
= Z dim[/TrV(FI1 "'FIZt)TrN(kll"'kIZt)
Iy,.... I €A
= Z (I Io¢) Trpggy oy (kpy - k1) (3.7)
I,..., I €A

One uses then equation (3.2) and Proposition 3.1 with the notation of equation (3.3). =

Notice that since the indices u; of a multi-index I = (1 - 1) € Aq are pairwise
different, the traces of the gamma matrices greatly simplify. This also ensures that there are
no contractions between indices of the same k-operator, say g*Vk .. (k’s with repeated
indices do not exist).
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In even dimension d, the Dirac operator is spanned by the number « (d) of independent
odd products of gamma matrices. This equals

d d d
K(d) = #(A7) = (1) + (3) bt (d_l)

which can be rearranged (using Pascal’s identity) as

K(d)=<d0—l)+<d1—1)+...+<5:;)+(2:1)=2d—1'

The Dirac operator has then as many ‘matrix coefficients’ and is therefore parametrized
by (what will turn out to be a subspace of) My (C)®*@) 1In this manner, the ‘random
spectral action’ (2.14) becomes a k (d)-tuple matrix model.

Definition 3.3. Given integers ¢,n € N (interpreted as in Proposition 3.2) and a chord
diagram y € CD,y, its action (functional) a,(x) is a C-valued functional on the matrix
space My (C)®*@) defined by

aw(PIK] = Y el [ > sgn(ly) - Try (Krye) - TrN((KT)m] (3.8)
Iq,..., Iz;EAd_, YePy;
2n=%; |I;|
for K ={Kj, e My(C) | I; e A} € My (C)®<@) We often shall omit the dependence
on the matrices and write only a, (). We define the bi-trace functional as a sum over the
non-trivial subsets T in equation (3.8)

ba(OIKI= )] XI"HIZ'[ > sen(Ir) - Try (Krye) - TrN((KT)IT)] (3.9
Ii,..., IztEA;, YTePy,
2n=Y; |1 XA
and the single trace functional s,(y) via ay(y) = N - $,(x) + bn(x). The factor N
ensures that s, does not depend on N (cf. Section 3.4).

The restriction 2n = ), |;| allows one to exchange the sums over the multi-indices
I and the chord diagrams in equation (3.6). Then one can restate Proposition 3.2 as
(1/dim V) Tr(D?') = N8y, + Ba;, where

-(d—1)
Su= Y. Y =) (3.10)
n=t xe€CDy,
t-(d—1)
Bu= Y, Y ba(x) 3.11)
n=t xeCDaz,
The parameter n lists all the numbers of points 2n = 2¢,2(t + 1),...,2t¢ - (d — 1) that
chord diagrams contributing to Tr(D?’) can have in dimension d.
In view of equations (3.10) and (3.11), all boils down to computing the single trace
s, (x) and multiple trace part b, () of chord diagrams. We begin with the former.
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3.4. Single trace matrix model in the spectral action—manifest @ (N)

For geometries with even KO-dimension s = g — p, the spectral action’s manifest leading
order in N can be found from the last proposition (see Section 6). Aiming at their large- N
limit we state the following.

Corollary 3.4. Let d = q + p (thus s) be even. The spectral action (2.14) for the fuzzy
(p. q)-geometry with Dirac operator D = DPD gsatisfies, for any polynomial f(x) =

Y i<r<m JrX", the following:

1
dim

ST D)= = Y T (DPOP) =N Y fuSu + B

1<2t<m 1<2t<m

where 2n(Iy, ..., I>;) = Y ; |1;|. Here, B stands for products of two traces, whose coef-
ficients are all independent of N, with S, given by equation (3.10) and for y € CD,,,

5n(){) = Z XIIMIzt{TrN(Kh Klz "'KIZt)
11,...,12t€A;,
2n=3; |1;l

+ (eny o) Ton (K Kioy o+ Kn)f - (Gu12)

Proof. For any given collection of multi-indices /1, ..., I; one selects in Proposition 3.2
the two sets T = @ and Y = {1, ..., 2¢} which correspond with the first and second
summands between curly brackets. The overall N -factor corresponds to Try (1x). Clearly
any other subset Y has no factor of N since is of the form

— <«
TI‘N( l_[ K1i>XTI’N(1_[K1i),
ieY

i€{l,. 20\ Y

where none of the products is empty. The arrows indicate the order in which the product
is performed (— preserves it and < inverts it, but this is irrelevant to the point of this
corollary). Therefore no trace of 1 appears. One easily arrives then to equation (3.12) by
excluding from a, () all the non-trivial sets, that is Y, T¢ # 0. ]

3.5. Formula for Tr D? in any dimension and signature

We evaluate in this section Tr(D?) for Dirac operators D of a fuzzy geometry in any
signature (p, q).

Proposition 3.5. The Dirac operator of a fuzzy geometry of signature (p, q) satisfies for
oddd =p+q

T ([DPOP) =2 3 (-1 DN Ty (K3) + er (Tey K1),
IeA,

dim V'
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being u(1) the number of spatial indices in 1. If d is even, then the sum is only over
I e A;, and the expression reads

Tr ([DPOP) =2 Y (=)D DN - Try (K7) + e (Try K1),

dim V
IeAy

with |I| =2r(l) — 1.

Proof. In order to use equation (3.7), notice that (/1 I) # 0 implies that /7, I, € Az have
the same cardinality. If that were not the case (without loss of generality |/1]| > |I2]), since
any non-zero term from (/;I,) arises from a contraction of indices (cf. equation (3.2)),
a different number of indices would imply that there is a chord connecting two indices
Wi, pj of Iy = (11, ..., 1r). Since I € Ag, those indices are different, so g/ = 0.
Thus, only chord diagrams for pairings g*” of indices with u € Iy and v € I, survive.
Since the indices of I and I, are strictly increasing, both ordered sets have to agree. This
means that we only have to care about evaluating (/1’), with I" = (u/, ..., u},) being a
copy of I = (i1, ., fw), i.e. u; = ;. Since this last equality is the only possible index
repetition

w
(Ml""’/’l’wl’l/l""’/’b:u) = Z (_l)cr(X)l_[glLiMjSij — (_l)cr(:'t) l_[ gﬂﬂ
n=1

2w-pt chord i,],
diagrams x i~j

where m is the diagram with longest chords, that is joining antipodal points. The number
of crossings cr(r) is (’;’) An additional sign (—1)¥ comes from [];_, g"*, beingu < ¢
the number of spatial indices in 7, yielding

(I11y) = 8] (~)*I+(), (3.13)

From equation (3.7) with # = 1 one has

T ([DP9P) = Y (L) Tragy o) (ki kr,)
I11,eA

= > O Tr g [(Kr @ Ly + e @ K]
IeA

= Z(_l)u(1)+(lél)[TrN(KI)TrN(lN) + Tra (In) Trv (K] )
IeA

dim V

+ 2e; Try (Kp) Ten (K]

In the second equality we used equation (3.13). The third one follows from Proposi-
tion 3.1. For p + ¢ even, the sum runs only over I € A. In the sign appearing in
equation (3.13), (Zl) could then be replaced by r (1) — 1 with 2r (1) — 1 = |1, for (/) =
r—1 (mod 2). ]
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4. Two-dimensional fuzzy geometries in general signature

We compute traces of D2, D*, D® for 2-dimensional fuzzy geometries general signatures.
Concretely, for d = 2 the spinor space is V = C2.

4.1. Quadratic term

For a metric ¢ = diag(e;, e») notice that e;, = (—=1)*)  Therefore, by Proposition 3.5
one gets

%Tr [(D?PD)2] = %:(—1)“0‘)1\/ ~Try (K2) + %:[TrN(KM)]Z
=N ¢ Try(KuKy) + ) [Try (KPP .1
sy 1%

where u () = 0 if w is time-like and if its spatial, u(p) = 1. Case by case,

o (= N-Try(L2) + [Try (Lo)]?) for (p.q) = (0,2),
N -Try(H? — L?) + [Tey (H)]? + [Try (D)2 for (p,q) = (1, 1),
Yo (+ N -Ten(H2) + [Tra (Ho)P?) for (p.q) = (2.0).

reproducing some of the formulas reported in [8, App. A].

4.2. Quartic term

In [8, App. A] also the quartic term for d = 2 was computed. We recompute for a general
d = 2 geometry of arbitrary signature aiming at illustrating the chord diagrams at work.
Since d = 2, multi-indices i € A5 are just spacetime indices u = 1, 2. Hence, after
Proposition 3.2,
|51 H1 a3

1

— Tr(D4) = Z (M \Hz + Ha f2 + fa J 2 )

2 N e

3

Hlsees a €AY s s

x {N “Trw (K Ko Ky Ky

4
+ Z € Try (Km e K/M e KM4) TrN(KlLi)

i=1
+ Z euiem[TrN(KMuKMw)TrN(KmKMj)]
1<i<j<4

4
+Ze'eui'TrN(KMi)TrN(KM4"'KMi"'Km)
i=1

+e-N-TrN(KM4KM3KM2Km)}, 4.2)
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with e = e, e,,€,,€,, and {i, j, v, w} = Ay. In the first line, the value of the chord
diagrams is gi1#2ghatts — glilts gli2ita 1 gltilta gli2l3 " the signs e, = =+ appearing in
g = diag(eq, e2) being determined by (p, ¢). Summing over all indices, one gets

1
3T (IDPD)*) = N[ Try (K}) + Trv (K3)
+ 46162 TI‘N(K%K%) — 28182 TrN(K1 KzKl Kz)]

+ 4Ty (K KP + Y Trw K- Tey [Ko(e1 K7 + e2K3)]}
n=1,2
2
+3 > [Trv(K2)] + 2e1e2 Try (K7) - Ty (K3). (4.3)
n=1,2
One gets directly the results of [8, App. A.3, A.4, A.5] by setting

KIZ{H1 for (p,q) = (2,0) and (1, 1), 4
Lj for(p.q) =(0,2),
and
K, - {Hz for (p. g) = (2,0), “5)
L; for(p,q) = (1,1) and (0, 2).

The conventions for which these hold are (y¥)* = e, y’ (no sum, v = 1, 2).

4.3. Sextic term
We now compute the sixth-order term.

Proposition 4.1. Let g = diag(eq, ) denote the quadratic form associated to the signa-
ture (p, q) of a 2-dimensional fuzzy geometry with Dirac operator D. Then

1
3 Tr(D®) = N - S¢[K 1, K2] + Bs[K1. K],

where the single-trace part is given by

S6[K1. K») =2+ Try {e1K$ + 66, KT K3 — 62 K7 (K1K2)? + 3ex(K7K>)?
+ e2K5 + 6e1 K3 K7 — 6e1K5(K2K1)* + 3e1 (K3 K1)?}

and the bi-trace part is
Bs[K1, K] = 6Try (K1) {2 Tew (K7) + 2 Trw (K1 K3)
+ 6eres Ten (K3K2) — 2eqen TrN(KlszKle)]}
+ 6TrN(1<2){2TrN(K§') + 2Ty (KoK
+ 6eres Try (K3K?) — 2e1e5 Try (K2K, KzKl)]}
+ 48 Try (K1K>) - [e1 Trn (K7 K>) + e2 Trn (K3 K1) |
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+6Try(K?) - {ez[s Try (K2K2) — 2 Try (K2 K1 K2 K )]
+ e1[5Tra (KT) + TrN(Kg)]}
+ 6 Try (K3) - {el [8 Try (KT K3) — 2Ty (K1 K2 K1 K>)|

+es[5Trn (K2 + TrN(K;‘)]}
+ 4(5[Trn (K7)]* + 6eres Try (K1 K3) Try (K7) + 9[Try K7 Ko)?
+ 5[Try (K3)]? + 6erex Try (KT Ko) Try (K3) + 9[Try K1 K31%).
Proof. The part (g - - tg) concerning the chord diagrams evaluates to
(_1)0gungusu4gusus + (_l)lgMIMZgM3M5gM4M6 + (_I)Ogmuzgususgmus
+ (_l)lgmmguzmgusue 4 (_1)2gM1M3gM2M5gM4U«6 4 (_l)lgmmguzuegmus
+ (_1)0gM1M4gM2M3gM5M6 + (_1)3gu1u4guzusgu3ue + (_1)2gM1M4gM2M6gM3M5
+ (_l)lgHIMSglL2M3gM4H6 + (_1)2gM1M5gM2/L4g/L3M6 4 (_1)1gu«1usguzusgu«3u4
+ (_1)0gM6M1 guzluglmus + (_1)1gM6M1gMzM4gM3M5 4 (—l)ogﬂﬁm guzus g,u3/L4
4.6)

but it is actually useful to depict these terms as in Figure 1, for then, due to the cyclicity of
Try, one can compute by classes (modulo 7 Z¢ /3-rotations) of diagrams. To each class, a
Roman number is assigned,

4.7)

One can relabel the 1 ;-indices to obtain

—— Tr(D®) = > a(y) = 3a() + 6a(ll) + 2a(Ill) + 3a(IV) + a(V),
dimV

X€CDg¢
the factors being the multiplicity of each diagram class. The single-trace part S¢ can be
computed for each diagram directly (in the Supplementary Material one of these is shown).
We simplified the notation: a3 as a, and similarly we shall write b for b, since therein
only 6-pt diagrams appear (a power 2¢ > 2 of the Dirac operator determines the number
of points of the chord diagrams only for dimensions d < 2).

We now compute the bi-trace term. Defining

Ouvp = evep - Trn(Ky) - Try (K KoKy KpKy), (4.8a)
Puvp = evep - Trn (Ky,) - Trn (K K, K2K ), (4.8b)
Quvp = evep - Try(Ky) - Try (K K2 KD, (4.8¢)

Ruvp = €p- Ty (KuKy) - Try (K K, K3), (4.8d)
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[z p— G I I L —
/ \N2+M5g\\uz+ﬂs \\Mz-l-l%/ /P
6 M He [ N/ﬁ - Ml

‘/lz—l-utsw \6#2—1—% /[Mz-l-/%/ 1

(U1 pe) =

He Ml I — Mﬁ - Ml
\wuz + Hsa/ |2 4 N5\‘
o e // prat 74
ﬂe i Ml /16 i M /16 - /u
+mw wm+Mw wm+Mw \m
Figure 1. On the proof of Proposition 4.1.
Suve = €p - Try (K Ky) - Try (K Ky Ky K)p), (4.8¢)
Tuvp = epevep - Try(K7) - Try (K K, K, Kp). (4.8)
Uuvp = epeve, - Try(K2) - Trn (KK ), (4.82)
Viwp = [Try (K Ky Kp)]2, (4.8h)
Wive = eve, - Trn (K K2) - Try (K K7), (4.8i)
we can find by direct computation, that for any of the 6-pt chord diagrams y there are
integers py.qy, - - ., Uy, Wy such that
b(X) = D 0y Ouvp + Py Puve + a3 Qpuvp (4.92)
W5V,
F+ 7y Ruvp + Sy Suvo + Ly Tuvp + uy Uy (4.9b)
+ Uy Viwp + wy Winp. (4.9¢)

The terms O, P, Q come from the (1, 5) partition of 6, i.e.
Try (1 matrix) x Trp (5 matrices);

R, S, T,U terms come from the (2, 4) partition and W, V' from the (3, 3) partition of
6. This claim is verified by direct computation; the proof for b(I) is presented in the
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Supplementary Material and the rest is similarly obtained by

b(I) = +2 Y (40,up + 2Py + 6Ryvp + 6S,u0p

n,v,0

+ 2T3vp + Upvp + 4Viuvp + 6Winp). (4.10a)

b(Il) = —2 Z (2040p + 2Puvp + 200 + 8Ryuvp + 4S,u0p

sV, 0

+ Tyvp + 2Unvp + 4Vinp + 6Winp), (4.10b)

B = 42 > (6Quvp + 12Ryu0p + 3Upuup + 4Viwp + W) (4.10c)
50,0

b(IV) = +2 Z (2Puvp + 4Quvp + 8Ryuvp + 4Syup

sVs0

+ 3Upvp + HVjuvp + 6Winp), (4.10d)

b(V) = —2 Z (60uvp + 6Ryuvp + 680 + 3Tynp + 4Viwp + 6Wyinp).  (4.10e)
V.0

One then performs the sums explicitly and arrives at the claim for 8 = ) + 600 ]

5. Four-dimensional geometries in general signature
We compute now the spectral action for 4-dimensional fuzzy geometries.

5.1. The term Tr D2

For any four-dimensional geometry p + ¢ = 4 of signature (p, q) there are eight matrices,
K, K>, K3, K4, X1, X2, X3 and X4 € My (C), parametrizing the Dirac operator

4
pwa) — ZV“‘X’ku"‘Fﬂ ® Xu. 5.1
n=1

Here, the lower case operators on My (C) are related to said matrices by
k= {Kyu, o}eu and X ={Xyu, o}eﬂ

where given a sign ¢ = &, the braces {4, B} = AB + ¢ BA represent a commutator or an
anti-commutator. As before, I'! = y2y3y4, T'2 = yly3y# etc., but in favor of a lighter
notation we have replaced K by X,,. The metric here is g = diag(ey, e2, €3, e4) and the
spinor space is V = C*.

The numbers u () and u (D) of spatial subindices of each (multi-)index, p and b, can
be written in terms of the signs e, and e; that define the (anti-)hermiticity conditions—
namely (y*)* = e, y* and (y*)* = esy”. First, trivially, ey = (=1)*_ On the other
hand, since u(v) + u(D) is the total number g of spatial indices, one has, by the Supple-
mentary Material, Section II,

e = (_l)u(ﬁ)+L3/2J — (_1)q+1+u(V) _ ev(—l)q'H.
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Since the spinor space is four-dimensional, by Proposition 3.5 one has

4
1
i [(DPD)2] = 3" (~)“WFIRIN  Try (K2) + €, (Try Kpu)?]
n=1

4
+ Y (—D)UOFBRIIN  Tey (X2) + e3(Try X,)?]

v=1
4
Z euN -Try [K + (=111 X 7]

+ (Try K)? + (Try Xp)2. (5.2)

In Section III in the Supplementary Material we specialize equation (5.2) to fuzzy Rie-
mannian and Lorentzian geometries. Before, it will be useful to obtain the quartic term in
order to integrate it with the quadratic one.

5.2. The term Tr D4
To access Tr(D*) we now detect the non-vanishing chord diagrams.

5.2.1. Non-vanishing chord diagrams. In four dimensions, chord diagrams of various
number of points (2n = 4,6, 8, 10, 12) have to be computed to access Tr(D4). Next propo-
sition helps to see the only non-trivial diagrams and requires some new notation. With each
multi-index /; running over eight values I; = ., b (i, v = Ay), the 8* decorations for the
tensor y/1727314 fa]1 into the following t-types:

I H1 7 1
. | pit ,1
L= X —I = yhbblig Ly m e pst Ty | 0= T3 =i
T f i s
I3 w3 2 M2
H1 M 71
| Py I
D= T4 M2, 3= T5 =in, iu= Te =i» ¢. (5.3)
i it i
I Uy U3

The leftmost diagram y is of generic type. On the other hand, not only do the diagrams in
the list indicate the number of points (the total number of bars transversal to the circle),
they also state how these are grouped: normal indices u; = 1,. .., 4 being a single line and
multiple D; a triple line. Although they are in fact ordinary chord diagrams, they cannot
have contractions between the grouped lines due to the strict increasing ordering of their
indices.

If a diagram y accepts a decoration of the type 7; in the left-hand side of (5.3), up
to rotation, we symbolically write y € 7;. In the t-types of the right-hand side, however,
I corresponds strictly to the upper index of the respective diagram in the list, /5 to the
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rightmost, and so on clockwise. One can sum over the 7; classes—since we are interested
in products of y/1*/4 with traces (which are cyclic) and products of two traces (which are
summed over all the subsets of {1, 2, 3,4}, see equation (3.8) for details)—and in order to
do so, one has to include symmetry factors, namely {1, 4,2, 4,4, 1} in that order. All the
chord diagrams contributing to Tr(D*) in d = 4 are then covered by

(Y)Y Yy )y +)) (5.4)
XET4 XET2 XET3 XE€T4 X€T5  X€T6
A cross check is that the symmetry factors add up to 16 and, since each (multi-)index in the

list (5.3) can take four values, the number of all diagram index decorations is 4% x 16 = 8*.
Which of them survives is shown next.

Proposition 5.1. Let g = diag(ey, e3, €3, e4) denote the quadratic form given by the sig-
nature (p, q). For any u, v, 1, ia, 43, fba, V1, V2, V3, Vg = 1, ..., 4 the following holds
for each one of the diagrams y of the type t;—defined by equation (5.3)—indicated to the
right of each equation:

R34 H2sia _ U3 Shha W4 SHL3

X = emeMSMSM3 ememz?mSM + ememSmSm, (11)
Durpams — (_1ylol+1

X = (-1 €101 €112 €13 Ovpny o iz (12)

1203

where 0 = o(p,v) = (uwzm

o] <0y < o3, Also

) € Sym{ay, @z, a3}, with b = (a1, a2, 3) ordered as

1 when {a, i, v, p} = Ay,
&Wp:{ {o, o v, p} 4 5.5)

0 otherwise,

(i.e. Sguvp is the Levi-Civita symbol in absolute value). Whenever not all the four indices
Mn1, U2, V1, V2 agree,

JUIR = (1) e egeeq (1612 — 82 61) Feu ([ ea)8l8. (@)

23 t%) 23 t%) Mm1 vy
aFv;

YU = (1) sy (51181 — 828180 F e ( [ ea)Bi282. @)
aF#v]

(see below for the sign choice). Otherwise these two diagrams satisfy )(‘“A““A‘ = ejezesey
QL . 016,06

and yMHHI = —ejeyezeq. Moreover, letting o = o(v, 1) = (vivzvz) € Sym{#6y, 6,, 65},

with b = (04, 04, 63) ordered as 6, < 0, < 03, one has
Dy Db 1
XMUIVZ]B = (_1)|0|+ evleV2ev38/,LV1V2V3’ (‘C5)

and, finally, if x € 16

yPrv203bs t[ev, €0, 8)280¢ — €y,€0,80380% + e e,84813 . (t6)

V1 Tv3 vy T2 vy T2

The upper signs in equations (t3), (t4) and (t¢) are taken if y has minimal crossings.

Proof. See Supplementary Material. ]
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The minimality condition on the crossings, assumed for the 73 4,6 classes, is meant
to shorten the proof. Exactly for those classes, the spacetime indices do not necessarily
determine a unique diagram by assuming that it does not vanish. This requirement can be
left out, and in that case equation (7s) should have a global sign =+ that depends on the
diagram; in the 734 cases (13) and (74) the term ¢, (]_[wévl ea)Sﬁf(gL’f would undergo
a diagram-dependent sign change. However, as we will see, these will be ‘effectively’
replaced by the minimal-crossing diagram, so the simplified claim suffices.

This is based on the following Lemma, where we assume that any of the chord cross-
ings of each diagram is transversal.

Lemma 5.2 ([1]). For any n € N, the sum of the crossing parities of all diagrams with
n-chords is 1,

Z (_1)#{cmxsings of X} — 1. (5.6)

X€CD2x

The proof by Aizenman—Warzel given in [1, Lemma 4.4], can be restated in terms of
chord diagrams:

Proof. By induction in n. Since CD, consists of a single chord, there are no crossings
and the sum (5.6) equals indeed (—1)°. We take (5.6) as induction hypothesis and prove
ZXECDZrH—Z (—1)Herossingsof ¥} — | Forgq € {2,3,...,2(n + 1)}, denote by y; € CD, the
diagram obtained from y after removing the chord (1a); see Figure 2. We can thus split
CD2,42 in 2n + 1 copies {CDzp.q}q of CD2,, where CDyy 4 is the image of y — x;.
Then

2n+2
Z (_ 1 )cr(x) — Z Z (_ 1 )cr(x;,) (_ 1 )#{crossings between yx; and (1a)} (57)
XECD2y 42 a=2 xq€CD2p;q

where we recall that cr(§) = #{crossings of (all chords of) &} for any chord diagram &. To
determine the second sign, notice that the crossings between the chord diagram y and the
chord (1a) have all parity (—1)“. Therefore,

2n+2
Z (_1)Cr(x): Z(_l)a Z (_1)Cr(xa)
XECD2p+2 a=2 Xa€CD2p;a
2n+2
=) (D*=1-1+1-+1=1
a=2

Figure 2. The parity of the crossings respects (—1)¢ (independent from the particular y).
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In the line change we used the induction hypothesis ) Ya€CDan-a (—=1)"a) for each copy
CDZn;a of CDZn . |

As a last piece of preparation, we need to determine the signs ey, ey, ey, ey, for each
7;-type. These turn out to be constant and fully determined by the t;-type.

Claim 5.3. Assuming that for 11, I, I3, 14 € A;:4 the tensor )(11 LIl does not vanish,
then ey, e, ey, eq, reads in each case

eur sl = +1, (5.8)

epey ep,ep; = —1, 5.9)

e e,y ep, = +1, (5.10)

epep ep,ep, = —1, 6.11)

€, €p,€p,€p, = +1. (5.12)

Proof. See Supplementary Material. ]

5.2.2. Main claim. With help of these two results, we state the main one. We recall that
the definition of the permutation o (v, i), appearing next, is given in equation (5.5).

Proposition 5.4. For a 4-dimensional fuzzy geometry of signature (p,q), the purely quar-
tic spectral action %Tr(D“) = NS84 + By is given by

Se="Trw {23 K + Xt
n

+4> eues(2K2K? +2X2 X2 — Ky K KKy — X, X, X, X,)

n<v

— Y Sapuveacs[(KuXy)? +2K2X2] +2(-1) Y [(KuX,u)* — 2K X7
a,B,1u,v w

+ 8(_1)q+1 Z(_1)‘0(‘,,M)‘8MV1v2v3epb(Xu,KU1 Kv2KV3 + K;LXVI Xv2XU3)}7

w,v
(5.13)

and

By =8 ()" e, Try X, - Trw (X, X2) + €y Try (K) - Try (K, K7)
sV

{2 Try (X2) - Try (X2) + 4euev[TrN(X,LX,,)]2}

{2 Try (K2) - Trw (K2) + 4eﬂe,,[TrN(K,LK,,)]2}

4

+ 2
w,v=1

4

+ 2
w,v=1
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4
+4Y {2(—1)1+qu Ty (Kp) - Try (K X2) + 2e, Trw (X,0) - Try (X, K2)
n=1

+ (=) Try (X2) - Ty (K2) + 2 Trw (K X))

4
-8 Z (_l)la(u’v)lgvmuzua A = Tew (Xo) - Trn (K Ky Kis)
v,u=1
+ epyeps (Try Ky - Try (Xy K, Kiy)

+ Try Xy, - Tev (Ko X, Xps) + (D9 Try K, -TrN(XmXMXM)}

4

+24 ) (=D)"e, Trn(Ky) - Try (KuXZ) + e, Trn (X,) - Try (K2 X))
nFv=1

+12)° {2[TrN(K,va)]2 + epen ()7 Tey (K2) - Try (Xf)}. (5.14)
n#Y

The eight matrices K,,, X, satisfy the following (anti-)hermiticity conditions:
Ki=e K, and  X;=e (-1)"T'X,  foranyp € Ay, (5.15)
where each e, € {+1,—1} is determined by g = diag(e, e2, e3, e4).

Proof. We first find §4 = 2,6,:2 s, () using equations (5.3) and (5.4). By direct compu-
tation

Y w0 =2) T (K +8)  eue, Trv (K2 K?)
X€CD» " W<v
—4) euey Ten (K Ky K, Ky). (5.16)

n<v

In view of (5.8) and (5.12) and the similarity of the t; and ¢ type diagrams, one gets the
same result by replacing K, by K, = X, namely

3 s6(0) =2 Tin(XH) +8) eue, Trn (X2X2)
w

X€CDg¢ n<v
— 43 eue, Trn (X X, X, X)), (5.17)
n<v
Next, using equation (5.9), the 6-pt diagrams are evaluated,

Z 53(0) = 4ZTrN [8ura s €1 €1z s (—1)'Howl
X€CD3 v,

' (XVKMIKMZ KIL3 - KM3 KILZ KIMXV)]
=-8) Try|[6 (D)o X, Ky Ky Ky |
IN [OvpipapzC1€uspus v g Koy Bps
v,

=8(=D)"" Y " Trw [Supspausr (DX Ky Ky K] (5.18)
V.1
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Here, again using the duality between 7, and 75 evident in Proposition 5.1 and Claim 5.3,
the s5 term can be computed by swapping each K, matrix with the K matrix,

Y ss(n= > =300

X€CDs5 X€CD3

(5.19)

K,< X, forallv=1,2,3,4

(but there is no sign swap e, <> ej).

Finally, we split the sum }_,ccp, =22 ,er, 4D e, in order to compute the
term s4. The calculation simplifies using equation (5.10) and noticing that (for u; =
W2 = v1 = v, being false), one has

D (—nyrti(gr sz — 572 80| Try (Kpuy Xo, Ky Xo,)
v,

+ep eusrep e, Try (sz Kuzxvl Km)]
= > (D" Try {Ku X, Ko Xy + X, Ky X, K,

WFEY
—KMX,,K,,XM—XMK,,X,,KM} =0, (5.20)

using the cyclicity of the trace. Therefore, in both equations (73) and (74) the only contri-
bution to s4 comes from the term e, (]_[(Hév ea)Sﬂ“f 8y? (which require u; # v;) and from
the terms y/*#*#H and y#*H** These terms appear, respectively, in the first and second lines
of

D sa() == D Sapuveaes Trn [(KuX,)? + 2K X]]
XECDy o,B, i,
+2erezeseq Y Try [(KuX,)? —2K2 X7, (5.21)
w

Expressing this via the delta d,,,, is motivated by

eu(nep) = H ep.

pFV PFEM,
pFV

We now compute in steps the bi-tracial functional

4
By = Z { Z )(111213I4X[ZeliTrN(Kll"'Kli"'K14)'TrNKIi

ITe(A7)** " X€CDay(1) i=1
+ > > ener,(Ten (K, Kr,) Ten (K1, K1)

1<i<j<4 v,w#i,j

4
+3 (]"[e,j) Tey (K7,) -TrN(K14---f1\i---K11)]}. (5.22)

i=1 j#i
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The contribution to B4 arising from the term in the square brackets in the first, second
and third lines are referred to as the (1, 3), (2,2) and (3, 1) partitions, respectively. For a
fixed number 2r of points, these are denoted by » -, b7 (x), for = € {(1,3),(2,2), (3, 1)}.
In view of the partial duality established in Proposition 5.1, we obtain the contributions to
B4 by similarity; thus we first compute 12-pt and 4-pt diagrams together and later 6-pt and
10-pt diagrams. This duality would be perfect if both replacements K,, <> K;(= X,) and
e, <> e; would swap the equations (t; <> 7¢) and (t <> 75) in Proposition 5.1. However,
ey, <> e; is not needed for the swapping to hold.

We begin with the 12-pt diagrams for the (1, 3) and (3, 1) partitions. As consequence
of Claim 5.3,

4
YV + 65N = D (M e, Tey Xy, - Tey (X, {Xoy X))

XE€T6 Vi V4=1

+ cyclic]
=4 eueve Try Xy - Tew (XX, X, })

W,V
=8 (-D)"Me, Try X, - Tr (X, X)) (5.23)
TRy

after some simplification; the last equality follows from equation (II.2) from the Supple-
mentary Material. The (2, 2) partition evaluates similarly to

Z bgz’z)()() =2 Z {eﬂeveé Tr(Xi) Tr(X2) + 2epevepe; Tr(X, X,)?}
XET6 W,V
4
-y {2 Try (X2) - Trw (X2) + depe, [ Try (XMXV)]Z}, (5.24)
w,v=1

since ey evepe; = (—1)2(+9) by equation (I1.2) from the Supplementary Material. One
then computes err(, be () by summing equations (5.24) and (5.23).

The 4-pt diagrams contain ordinary indices and their computation is not illuminating.
Since it moreover resembles that for the 12-pt diagrams we omit it and present the result

4
D ba() = Y 8ey Tra(Ky) - Try (KuK7)
XET1 w,v=1
¢ 2
+ Z {ZTrN(Kﬁ)~TrN(K5)+4euev[TrN(K,LK,,)] } (5.25)
w,v=1

‘We now present the computation of 6-pt and 10-pt diagrams. Again, we remark that the
terms corresponding to the (1, 3) and (3, 1) partitions agree, ZX 521’3) ()= ZX B?’l)()().
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In order to see this, first we notice that ) 5 551,3) (x) equals

43 (=D"118, s - { = Tew Xy - Ty (Kpuy Ky Ky
e + epyes Try Ky - Trn (X, K, Ks)
+epen, Try Ky, - Try(Xo Ky, Kys)
+ eprep, Try Ky - Ten (X Ky Kuy)

due to equation (72) and eje;,, e,,e,; = —1 (see Claim 5.3). But also departing from

Zx 553’1)()(), using (5.9) to convert the triple signs to a single one (e.g. epey, e, =

—ey,), renaming indices (which gets rid of the minus sign via the skew-symmetric fac-
. 1,3 3,1

tor (—1)' 11y one gets to the same expression. Thus, Zx Bg )()() + Zx Bg )()() equals

8 (—D)"ol A —Try X, - Try (Kpuy Ky Kpis) + €ppepuy Try Ky - Try (X Ky, Ky )}
V.0

Using the skew-symmetry of (—1)'*1°! and the cyclicity of the trace, one proves easily that
the (2, 2) partition 522’2) vanishes, and so does in fact bgz,z)' Thus, the only contributions
from 10-pt diagrams are the partitions (1, 3) and (3, 1) which can be computed similarly
as for the 6-pt contributions, by a similar token. Thus

> bs(n =268V

X€CD1p XETs
==8 Y Sununs(—D™ey €00,
[4,V1,2,V3
x e Try Ky - Tey (Xo, X, Xo3) + €0, Try Xy - Tey (KXo, Xo,)
+ ey, Try Xo, - Tra (KXo, Xo,) + ey, Try X - Tey (KXo, Xo,) |-
By performing the sum of the terms in the last line one sees that they cancel out due to

the skew-symmetry of (—1)**|. The only contribution comes therefore from the two first
terms in the square brackets, which are directly seen to yield

D bs(D =8 D Suvrvans (DX [(=1)? Try K, - Try (Xo, X0, X05)
X€CD1o HsV1,V2,V3

+ ey, ey, Try Xy, -TrN(KMX,,ZXv3)].

Concerning the 8-pt diagrams,

Z ba(y) = Z (2)(’“’;1“2‘32 + 4Xﬂ1“2ﬁ‘ﬁ2){n0n-trivial partitions}
X€CDg W15H2,V1,V2,
not all equal
+ Z(Z}(“‘l“[‘ + 4y MY fnon-trivial partitions). (5.26)

"w
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The sum over the 8-pt chord diagrams is splitted in the 73 and 74 types with their symmetry
factors; in each line these are, respectively, the two summands in parenthesis. Here ‘non-
trivial partitions’ in curly brackets refers to (1, 3), (2,2) and (3, 1). We call the second
line A, for which straightforward computation yields

4
A=4-DHY {Zeu Trn (Kyo) - Tra (K X2) + 2e, Ty (X,0) - Try (X, K2)
n=1

2
+ Tew (X2) - Tew (K2) + 2(=1D) Tey (K X0) | } (5.27)
by rewriting ejezezes = (—1)2. We now compute the first line of equation (5.26) consid-

ering first only the 73 diagrams (the t4-type is addressed later). The sum (1,3) + (3, 1) of
partitions can be straightforwardly obtained,

5 Z Xmﬁluzf:z{(l’ 3) + (3, 1) partitions}

M1,M42,V1,V2,

not all equal
— (—1 M1t 2 VI gV2 _ V2 eV1) 2 gv2
=2 E [ (-1 61626364(5u15M2 SMSM) e,“( l_[ ea)i?mSvl]
H1,42,V1,V2, aFvp
not all equal

X [elLl Try (K/M) -Try (le{Kuz» Xltz}) +eu, TrN(KMz) - Try (KM{XW , Xltz})
+ ey, TN (Xo,) - Ten (Kpy {K s X0, }) + €w, Tra (Xo,) - Try (K (K iy X, ) |

=8y ( I1 ea)(TrN(KM) Try (KuX2) + epey Try (X,) - Try (K2X,,))

uF#EV  aFv
=8 (—1)'"*e, Try(K,) - Try (KuX2) + e, Trn (X)) - Try (K2 X)), (5.28)
H#V

In the first equality we just used the expression for y#1"142%2_In order to obtain the second
one, it can be shown that the terms proportional to (8, 8,2 — 8,28,5) cancel out. Using
equation (II.2) from the Supplementary Material one simplifies the signs to obtain the last
equality. The condition of p # v in the sum of the last equations reflects only the fact
that the four indices cannot coincide (cf. assumptions in Proposition 5.1). The remaining

partition reads

) Z y1P12P2 5 (2 D) partition}

M1,M42,V1,V2,
not all equal

=4y ( I1 ea)[zeﬁ Try (K X,)? + e, Try (K2) - Try (X2)]
WAV aFv

= +4 Z {2[TrN(KMX,,)]2 + epey (=D Try (K7) - Try (XD} (5:29)
uF#v
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Using a similar approach (which would be redundant here), one can similarly show
that the contribution of the t4-diagrams is precisely twice that of r3, obtaining in total
3 x [equations (5.28) + (5.29)] for the 8-pt diagrams. The claim follows from

6 6
Sa= . D s(p and  Be=) 3 3 bI(n (530

r=2 yeCDy, T r=2 x€CDy,
where 7 runs over the non-trivial partitions & € {(1, 3), (2,2), (3, 1)}. ]

Remark 5.5. Each anti-hermitian parametrizing matrix L can be replaced by a traceless
one L' =L — (Try L/N) - 1y, since L appears in D only via anti-commutators; since
Try L is purely imaginary, L’ is also anti-hermitian.

6. Large-N limit via free probability?

Random matrix theory provides an important class of noncommutative probability spaces
that can be studied with free probability [43,57,58]. (The potentials for such random matri-
ces have a single trace, but this is not essential: other models whose potentials feature two
or more traces—called trace polynomials—are elsewhere considered in related contexts
[12,15,47] in probability.) One could start with noncommutative self-adjoint polynomials
P e R{xy,...,x¢), towit, P(xq,...,x¢) = P(xy1,...,x,)*, if each of the noncommu-
tative variables x; satisfies formal self-adjointness x;“ = x;. For instance, the following
polynomials are self-adjoint:

A
Pz(xl’”,’xx)=x%+..-+x3+azxixj', (6.1a)
i#j

1
P4(x1’ ,”’xK) = xi‘ + .. +X: + 5 Z()leixjxixj —{—Azxizx]?), (6.1b)
i#j

being A;, A real coupling constants. One can instead evaluate P in square matrices of size,
say, N and define

dUN(X(N)) — va (Xl(N)a o, X’EN)) — CN X e—N2 TrN[P(Xl(N) ,,,,, XISN))]
AAAX M)A (X)) (6.2)
being Cy a normalization constant and A the Lebesgue measure

dA(Y) = [ [a¥u [ ] 9(@¥i)3@yy). Y € My(C).

i i<j

The distributions ¢y defined by

on (XM XV = /TrN(X}fV)---X}I’V))duN(XW)) 6.3)
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are of interest in free probability. As shown in Sections 3, 4 and 5, we have devel-
oped a geometrically interesting way to produce noncommutative polynomials. Although
these are not directly self-adjoint, self-adjointness is not essential in order for one to
ponder the possible convergence of the measures they define. As far as the trace does
not detect it, the weaker notion of cyclic self-adjointness suffices. This requirement is
satisfied by polynomials in P € C(Zy, ..., Z,) that fulfill Trxy[P*(Zy,...,Zy)] =
Try[P(Z1,...,2Zy)], where Z4, ..., Z, are either hermitian or anti-hermitian N x N
matrices. In the Supplementary Material we provide a definition of this relaxed kind of
self-adjointness (Definition V.1) that does not make reference to a matrix realization, but
that concept will be clear from the next examples.

Example 6.1. Consider the formal adjoint P* of the NC polynomial P given by
P(h.ly. 1. 13) = i {h(lal3 — I31y) + Lo (Ish — hi3) + 13(hly — 1)}
Recalling that the /’s (resp. the /’s) are hermitian (resp. anti-hermitian), one obtains

[P(h9 117 125 13)]* = (h[127 13] + 12[137 h] + 13[h’ 12])*Z;k
= {(1213 — I3lo)h + (Ish — hiz)ly + (hly — lzh)l3}ll
= (hll2, 3] + L[l3, h] + I3]h, L)) 11, (6.4)
where [e, o] is the commutator in R{k, [y, [5, [3). Clearly P* # P, but up to the cyclic
permutation ¢ € Z /47 defined by bringing the letter /; from the last to the first position
of each word, a bijection of words in P is established. Hence P is cyclic self-adjoint. On

the other hand, take W(h, I, [3) = (I3l3 — I313)h. By a similar token, one sees that W is
cyclically anti-self-adjoint.

It would not be surprising that the spectral action Tr /(D) for fuzzy geometries (since
it has to be real) in any dimension and allowed KO-dimension leads for any ordinary
polynomial f to the type of NC polynomials we just introduced. Preliminarily, we verify
this statement only for the explicit computations we performed in this article:

Corollary 6.2. For the cases
* d =2, in arbitrary signature and being f a sextic polynomial; and
*  Riemannian and Lorentzian signatures (d = 4) being f quartic polynomial,

the spectral action Tr f(D) = dim V(N - Sy + By) for fuzzy geometries has the form

Sg=Tin P and By =) Ty ;- Try ¥y, (6.5)
i

where P, ®;,W; € R(x1,...,z¢q)) withk(d) = 24=1 e NC polynomials such that
* P iscyclically self-adjoint

* and ®; and V; are both either cyclically self-adjoint or both cyclically anti-self-
adjoint.
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7. Conclusions

We computed the spectral action Tr f(D) for fuzzy geometries of even dimension d,
whose ‘quantization’ was stated as a 2¢~!-matrix model with action

Tr f(D) =dim V(N - 8¢ + By)
being the single trace Sy and bi-tracial parts By of the form
Sf =Try F, cf(_))f = Zi(TI'N Q Try ){d; ® ¥;}.

With the aid of chord diagrams that encode non-vanishing traces on the spinor space V,
we organized the obtention of (finitely many) noncommutative polynomials F, ®; and \V;
in 29~ hermitian or anti-hermitian matrices in My (C). These polynomials are defined
up to cyclic permutation of their words and have integer coefficients that are independent
of N. We commented on a free probabilistic perspective towards the large- N limit of the
spectral action and adapted the concept of self-adjoint noncommutative polynomial to a
more relaxed one (cyclic self-adjointness) that is satisfied by F. Furthermore, for fixed i,
either both ®; and W; are cyclic self-adjoint or both are cyclically anti-self-adjoint.

On the one hand, we elaborated on 2-dimensional fuzzy geometries in arbitrary signa-
ture (p, g). When quantized (or randomized), the corresponding partition function is

2 — /M cSPK K, D=D(Ki.K). p+q=2. (1)
p.4q

The space MP? of Dirac operators is MP4 = (Hy)*? x su(N)*?, but this simple
parametrization does not generally hold for d > 2. Here su(N) = Lie(SU(N)) stands
for the (Lie algebra of) traceless N x N skew-hermitian matrices and H y for hermitian
matrices. Concretely, in Section 4 formulas for S(D) = Tr(D? + A4 D* + A¢D®) are
deduced, but the present method enables to obtain S(D) = Tr f(D) for a polynomial f.
This first result is an extension (by the sextic term) of the spectral action presented by
Barrett—Glaser [8] up to quartic polynomials in d = 2.

On the other hand, the novelties (to the best of our knowledge) are the analytic deriva-
tions we provided for Riemannian and Lorentzian fuzzy geometries—and in fact, in arbi-
trary signature in 4 dimensions—as well as a systematic approach that maps random
fuzzy geometries to multi-matrix bi-tracial models. For one thing, this sheds some light
on arbitrary-dimensional geometries and, for the other thing, on extensions to (quan-
tum) models including bosonic fields. For the quadratic-quartic spectral action S(D) =
Tr(D? + A4D*) computed in Section 5 one could study the octo-matrix model

4
z@PD = /MH e S5D) ]_[ dK,dX,, D=DKy Xy, p+rq=4, (12
, i

being, in particular,

P — {H1Xv4 x s1u(N)** p =0,q = 4 (Riemannian), 73)

HX? x su(N)*¢ p =1,q = 3 (Lorentzian).
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For the rest of the signatures, M?-? can be readily obtained with the aid of equation (II.2)
from the Supplementary Material as described for the Lorentzian and Riemannian cases.
As a closing point, it is pertinent to remark that determining whether the Dirac operator of
a fuzzy geometry is a truncation of a spin® geometry is a subtle problem addressed in [39]
from the viewpoint of the Heisenberg uncertainty principle.

8. Outlook

We present a miscellanea of shortly described topics for further work:

Gauge theory. The NCG-framework pays off in high energy physics precisely for
gauge-Higgs theories. A natural step would be to come back to this initial motiva-
tion and to define almost commutative fuzzy geometries (ongoing project) in order to
derive from them the Yang—Mills—Higgs theory on a fuzzy base. The classical action
of that model was obtained in [65], which remains to be quantized in full detail. A pos-
sibility is to follow the BV-formalism [35] for the dynamic fuzzy geometry (without
matter).

Analytic approach. A non-perturbative approach to matrix models, which led to the
solvability of all quartic matrix models [40] (after key progress in [59]) consists in
exploiting the U(N )-Ward-Takahashi identities in order to descend the tower of the
Schwinger—Dyson (or loop) equations (SDE). This was initially formulated for a quar-
tic analogue of Kontsevich’s model [50], but the Grosse—Wulkenhaar approach (SDE
+ Ward Identity [42]) showed also applicability to tensor field theory [60, 63], and
seems to be flexible. A first use of the SDE equations of Dirac ensembles is [44].

Topological Recursion. Probably the analytic approach would lead to a (or multiple)
Topological Recursion (TR), as it appeared in [40]. Alternatively, one could build
upon the direct TR-approach [3]. Namely, the blobbed [11] Topological Recursion
[20, 33, 34] has been lately applied [3] to general multi-trace models that encompass
the 1-dimensional version of the models derived here. An extension of their TR to
dimension d > 2 would be interesting.

Combinatorics. Finally, chord diagrams are combinatorically interesting by them-
selves. For instance, together with decorated versions known as Jacobi and Gauf}
diagrams, they are used in algebraic knot theory [21, Sections 3.4 and 4] in order
to describe Vassiliev invariants. Those appearing here are related to the Penner matrix
model [62]. One can still explore their generating function [2] in relation to the matrix
model with action

S(X)=Try[X2/2—st-(1—tX)71],

for X € Hy. The free energies 5, of this Andersen—Chekhov—Penner-Reidys—
Sutkowski (ACPRS) model ZACPRS = eX¢ N*7**F¢ generate numbers that are more-
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over important in computational biology, as they encode topologically non-trivial com-
plexes of interacting RNA molecules. These numbers are related to the isomorphism
classes of chord diagrams with a certain number of cuts in the circle, leaving segments
(‘backbones’, cf. [2]) but also a connected diagram. For the ACPRS-model there is
also a Topological Recursion ([2]).

Acknowledgments. L. Glaser (whom I own Remark 5.5) and M. Khalkhali are acknowl-
edged for questions, discussion and/or comments that led to improvements of the manu-
script, and O. Arizmendi for providing a couple of references on probability. The INCG-
referee is acknowledged for comments that helped to improve the exposition. I thank
A. Sitarz for hospitality (in 2018).

Funding. The author was supported by the TEAM programme of the Foundation for
Polish Science co-financed by the European Union under the European Regional Devel-
opment Fund (POIR.04.04.00-00-5C55/17-00). When the article was reviewed and re-
submitted, the author was already supported by other sources: the European Research
Council (ERC) under the European Union’s Horizon 2020 research and innovation pro-
gram (grant agreement No818066) and also by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation) under Germany’s Excellence Strategy EXC-2181/1-
390900948 (the Heidelberg STRUCTURES Cluster of Excellence).

References

[1] M. Aizenman and S. Warzel, Kac-Ward formula and its extension to order-disorder correlators
through a graph zeta function. J. Stat. Phys. 173 (2018), no. 6, 1755-1778 Zbl 1405.82006
MR 3881004

[2] J. E. Andersen, L. O. Chekhov, R. C. Penner, C. M. Reidys, and P. Sutkowski, Topological
recursion for chord diagrams, RNA complexes, and cells in moduli spaces. Nucl. Phys., B 866
(2013), no. 3, 414-443 7Zbl 1262.81122 MR 2982079

[3] S. Azarfar and M. Khalkhali, Random finite noncommutative geometries and topological
recursion. 2019, arXiv:1906.09362

[4] J. W. Barrett, Lorentzian version of the noncommutative geometry of the Standard Model of
particle physics. J. Math. Phys. 48 (2007), no. 1, article ID 012303 Zbl 1121.81122
MR 2292605

[5] J. W. Barrett, Matrix geometries and fuzzy spaces as finite spectral triples. J. Math. Phys. 56
(2015), no. 8, article ID 082301 Zbl 1364.81157 MR 3455331

[6] J. W. Barrett, P. Druce, and L. Glaser, Spectral estimators for finite non-commutative geome-
tries. J. Phys. A 52 (2019), no. 27, article ID 275203 MR 3962351

[7] J. W. Barrett and J. Gaunt, Finite spectral triples for the fuzzy torus. 2019, arXiv:1908.06796

[8] J. W. Barrett and L. Glaser, Monte Carlo simulations of random non-commutative geometries.
J. Phys. A 49 (2016), no. 24, article ID 245001 Zbl 1344.81111 MR 3512080

[9] E. Besnard, A U(1)p_j -extension of the standard model from noncommutative geometry. J.
Math. Phys. 62 (2021), no. 1, article ID 012301 Zbl 1456.81471 MR 4204326


https://zbmath.org/?q=an:1405.82006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3881004
https://zbmath.org/?q=an:1262.81122&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2982079
https://arxiv.org/abs/1906.09362
https://zbmath.org/?q=an:1121.81122&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2292605
https://zbmath.org/?q=an:1364.81157&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3455331
https://mathscinet.ams.org/mathscinet-getitem?mr=3962351
https://arxiv.org/abs/1908.06796
https://zbmath.org/?q=an:1344.81111&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3512080
https://zbmath.org/?q=an:1456.81471&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4204326

(10]
(11]

(12]

(13]
[14]
(15]
(16]

(17]

(18]

[19]

[20]
(21]
(22]
(23]

[24]

[25]

(26]

(27]

(28]

From random NCG to bi-tracial multimatrix models 1175

A. Bochniak and A. Sitarz, Spectral geometry for the standard model without fermion dou-
bling. Phys. Rev. D 101 (2020), no. 7, article ID 075038 MR 4100346

G. Boro, Blobbed topological recursion. Theor. Math. Phys. 185 (2015), no. 3, 1729-1740.
Translation from: Teor. Mat. Fiz. 185 (2015), no.3, 423-437 Zbl 1338.81273 MR 3438628
G. Borot, A. Guionnet, and K. K. Kozlowski, Large-N asymptotic expansion for mean field
models with Coulomb gas interaction. Int. Math. Res. Not. IMRN (2015), no. 20, 10451-10524
7Zbl 1332.82069 MR 3455872

L. Boyle and S. Farnsworth, The standard model, the Pati-Salam model, and ‘Jordan geome-
try’. New J. Phys. 22 (2020), no. July, article ID 073023 MR 4162821

S. Carlip, Dimension and dimensional reduction in quantum gravity. Classical Quantum Grav-
ity 34 (2017), no. 19, article ID 193001 Zbl 1373.83002 MR 3696572

G. Cébron, Free convolution operators and free Hall transform. J. Funct. Anal. 265 (2013),
no. 11, 2645-2708 Zbl 1294.46058 MR 3096986

A. H. Chamseddine and A. Connes, The spectral action principle. Comm. Math. Phys. 186
(1997), no. 3, 731-750 Zbl 0894.58007 MR 1463819

A. H. Chamseddine, A. Connes, and M. Marcolli, Gravity and the standard model with neu-
trino mixing. Adv. Theor. Math. Phys. 11 (2007), no. 6, 991-1089 Zbl 1140.81022

MR 2368941

A. H. Chamseddine, A. Connes, and W. D. van Suijlekom, Entropy and the spectral action.
Comm. Math. Phys. 373 (2020), no. 2, 457-471 Zbl 1444.46049 MR 4056640

A. H. Chamseddine and W. D. van Suijlekom, A survey of spectral models of gravity coupled
to matter. In Advances in noncommutative geometry—on the occasion of Alain Connes’ 70th
birthday, edited by A. H. Chamseddine et al., pp. 1-51, Springer, Cham, 2019

Zbl 1443.58006 MR 4300551

L. Chekhov, B. Eynard, and N. Orantin, Free energy topological expansion for the 2-matrix
model. J. High Energy Phys. (2006), no. 12, article ID 053 Zbl 1226.81250 MR 2276699
S. Chmutov, S. Duzhin, and J. Mostovoy, Introduction to Vassiliev knot invariants. Cambridge
Univ. Press, Cambridge, 2012 Zbl 1245.57003 MR 2962302

A. Connes, Noncommutative geometry. Academic Press, Inc., San Diego, CA, 1994

Zbl 0818.46076 MR 1303779

A. Connes, On the spectral characterization of manifolds. J. Noncommut. Geom. 7 (2013),
no. 1, 1-82 Zbl 1287.58004 MR 3032810

A. Connes, Noncommutative geometry, the spectral standpoint. In New spaces in physics—
formal and conceptual reflections, pp. 23—-84, Cambridge Univ. Press, Cambridge, 2021

Zbl 07425826 MR 4273605

A. Connes and M. Marcolli, Noncommutative geometry, quantum fields and motives. Amer.
Math. Soc. Collog. Publ. 55, American Mathematical Society, Providence, RI; Hindustan Book
Agency, New Delhi, 2008 Zbl 1159.58004 MR 2371808

B. P. Dolan, I. Huet, S. Murray, and D. O’Connor, A universal Dirac operator and noncommu-
tative spin bundles over fuzzy complex projective spaces. J. High Energy Phys. (2008), no. 3,
029,21 MR 2391091

B. P. Dolan and D. O’Connor, A fuzzy three sphere and fuzzy tori. J. High Energy Phys.
(2003), no. 10, 060, 16 MR 2030601

R. Dong, M. Khalkhali, and W. D. van Suijlekom, Second quantization and the spectral action.
J. Geom. Phys. 167 (2021), Paper No. 104285 Zbl 1481.53107 MR 4271792


https://mathscinet.ams.org/mathscinet-getitem?mr=4100346
https://zbmath.org/?q=an:1338.81273&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3438628
https://zbmath.org/?q=an:1332.82069&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3455872
https://mathscinet.ams.org/mathscinet-getitem?mr=4162821
https://zbmath.org/?q=an:1373.83002&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3696572
https://zbmath.org/?q=an:1294.46058&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3096986
https://zbmath.org/?q=an:0894.58007&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1463819
https://zbmath.org/?q=an:1140.81022&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2368941
https://zbmath.org/?q=an:1444.46049&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4056640
https://zbmath.org/?q=an:1443.58006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4300551
https://zbmath.org/?q=an:1226.81250&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2276699
https://zbmath.org/?q=an:1245.57003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2962302
https://zbmath.org/?q=an:0818.46076&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1303779
https://zbmath.org/?q=an:1287.58004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3032810
https://zbmath.org/?q=an:07425826&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4273605
https://zbmath.org/?q=an:1159.58004&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2371808
https://mathscinet.ams.org/mathscinet-getitem?mr=2391091
https://mathscinet.ams.org/mathscinet-getitem?mr=2030601
https://zbmath.org/?q=an:1481.53107&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4271792

(29]

(30]

(31]
(32]

(33]

[34]
(35]

(36]

(37]
(38]

(39]

[40]
(41]

(42]

[43]

[44]
(45]
[46]

[47]

C. I. Pérez-Sanchez 1176

S. Doplicher, K. Fredenhagen, and J. E. Roberts, The quantum structure of spacetime at the
Planck scale and quantum fields. Comm. Math. Phys. 172 (1995), no. 1, 187-220

Zbl 0847.53051 MR 1346376

L. Dabrowski, F. D’ Andrea, and A. Sitarz, The standard model in noncommutative geometry:
fundamental fermions as internal forms. Lett. Math. Phys. 108 (2018), no. 5, 1323-1340

Zbl 1395.58007 MR 3785732

M. Eckstein and B. Iochum, Spectral action in noncommutative geometry. SpringerBriefs
Math. Phys. 27, Springer, Cham, 2018 Zbl 1416.81008 MR 3887635

D. B. A. Epstein, The simplicity of certain groups of homeomorphisms. Compos. Math. 22
(1970), 165-173 Zbl 0205.28201 MR 267589

B. Eynard, An overview of the topological recursion. In Proceedings of the International
Congress of Mathematicians—Seoul 2014. Vol. 111, pp. 1063-1085, Kyung Moon Sa, Seoul,
2014 Zbl 1373.14029 MR 3729064

B. Eynard and N. Orantin, Invariants of algebraic curves and topological expansion. Commun.
Number Theory Phys. 1 (2007), no. 2, 347-452 7Zbl 1161.14026 MR 2346575

J. Gaunt, H. Nguyen, and A. Schenkel, BV quantization of dynamical fuzzy spectral triples.
2022, arXiv:2203.04817

P. B. Gilkey, Invariance theory, the heat equation, and the Atiyah-Singer index theorem. Sec-
ond edn., Studies in Advanced Mathematics, CRC Press, Boca Raton, FL, 1995

Zbl 0856.58001 MR 1396308

L. Glaser, Scaling behaviour in random non-commutative geometries. J. Phys. A 50 (2017),
no. 27, article ID 275201 Zbl 1377.46050 MR 3664361

L. Glaser, Code for simulating random fuzzy spaces. Accessed 10 January 2020,
https://github.com/LisaGlaser/MCMCv4

L. Glaser and A. B. Stern, Understanding truncated non-commutative geometries through com-
puter simulations. J. Math. Phys. 61 (2020), no. 3, article ID 033507 Zbl 1439.81064

MR 4076626

H. Grosse, A. Hock, and R. Wulkenhaar, Solution of all quartic matrix models. 2019,
arXiv:1906.04600

H. Grosse and P. PreSnajder, The Dirac operator on the fuzzy sphere. Lett. Math. Phys. 33
(1995), no. 2, 171-181 Zbl 0840.58011 MR 1316346

H. Grosse and R. Wulkenhaar, Self-dual noncommutative ¢*-theory in four dimensions is
a non-perturbatively solvable and non-trivial quantum field theory. Comm. Math. Phys. 329
(2014), no. 3, 1069-1130 Zbl 1305.81129 MR 3212880

A. Guionnet and J. Novak, Asymptotics of unitary multimatrix models: the Schwinger-Dyson
lattice and topological recursion. J. Funct. Anal. 268 (2015), no. 10, 2851-2905

Zbl 1335.46057 MR 3331788

H. Hessam, M. Khalkhali, and N. Pagliaroli, Bootstrapping Dirac ensembles. J. Phys. A 55
(2022), no. 33, Paper No. 335204 MR 4474311

H. Hessam, M. Khalkhali, N. Pagliaroli, and L. S. Verhoeven, From noncommutative geometry
to random matrix theory. J. Phys. A 55 (2022), no. 41, Paper No. 413002 MR 4492421

A. Holfter and M. Paschke, Moduli spaces of discrete gravity. I. A few points. J. Geom. Phys.
47 (2003), no. 2-3, 101-127 Zbl 1041.81073 MR 1991469

D. Jekel, W. Li, and D. Shlyakhtenko, Tracial smooth functions of non-commuting variables
and the free Wasserstein manifold. Diss. Math. 580 (2022), 1-150 Zbl 07560209

MR 4451910


https://zbmath.org/?q=an:0847.53051&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1346376
https://zbmath.org/?q=an:1395.58007&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3785732
https://zbmath.org/?q=an:1416.81008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3887635
https://zbmath.org/?q=an:0205.28201&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=267589
https://zbmath.org/?q=an:1373.14029&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3729064
https://zbmath.org/?q=an:1161.14026&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2346575
https://arxiv.org/abs/2203.04817
https://zbmath.org/?q=an:0856.58001&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1396308
https://zbmath.org/?q=an:1377.46050&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3664361
https://github.com/LisaGlaser/MCMCv4
https://zbmath.org/?q=an:1439.81064&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4076626
https://arxiv.org/abs/1906.04600
https://zbmath.org/?q=an:0840.58011&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1316346
https://zbmath.org/?q=an:1305.81129&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3212880
https://zbmath.org/?q=an:1335.46057&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3331788
https://mathscinet.ams.org/mathscinet-getitem?mr=4474311
https://mathscinet.ams.org/mathscinet-getitem?mr=4492421
https://zbmath.org/?q=an:1041.81073&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1991469
https://zbmath.org/?q=an:07560209&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4451910

(48]
[49]
(50]
(51]

[52]

(53]
[54]
[55]
(561
(571

(58]

[59]

(60]

[61]
[62]
[63]

[64]

[65]

[66]

[67]

From random NCG to bi-tracial multimatrix models 1177

M. Khalkhali and N. Pagliaroli, Phase transition in random noncommutative geometries. J.
Phys. A 54 (2021), no. 3, Paper No. 035202 MR 4209133

M. Khalkhali and N. Pagliaroli, Spectral statistics of Dirac ensembles. J. Math. Phys. 63
(2022), no. 5, Paper No. 053504 MR 4423391

M. Kontsevich, Intersection theory on the moduli space of curves and the matrix Airy function.
Comm. Math. Phys. 147 (1992), no. 1, 1-23 Zbl 0756.35081 MR 1171758

T. Krajewski, Classification of finite spectral triples. J. Geom. Phys. 28 (1998), no. 1-2, 1-30
Zbl 0932.58006 MR 1653118

F. Lizzi, Noncommutative Geometry and Particle Physics. In: Corfu Summer Institute 2017
“Schools and Workshops on Elementary Particle Physics and Gravity” (CORFU2017). Pro-
ceedings of Science 318, SISSA, Trieste, 2018

J. Madore, The fuzzy sphere. Classical Quantum Gravity 9 (1992), no. 1, 69-87

Zbl 0742.53039 MR 1146044

M. Marcolli and W. D. van Suijlekom, Gauge networks in noncommutative geometry. J. Geom.
Phys. 75 (2014), 71-91 Zbl 1315.81098 MR 3126935

P. Martinetti and D. Singh, Lorentzian fermionic action by twisting Euclidean spectral triples.
J. Noncommut. Geom. 16 (2022), no. 2, 513-559 7Zbl 07597893 MR 4478263

J. N. Mather, Commutators of diffeomorphisms. II. Comment. Math. Helv. 50 (1975), 33—40
Zbl 0299.58008 MR 375382

J. A. Mingo and R. Speicher, Free probability and random matrices. Fields Inst. Monogr. 35,
Springer, New York Zbl 1387.60005 MR 3585560

A. Nica and R. Speicher, Lectures on the combinatorics of free probability. Lond. Math. Soc.
Lect. Note Ser. 335, Cambridge University Press, Cambridge, 2006 Zbl 1133.60003

MR 2266879

E. Panzer and R. Wulkenhaar, Lambert-W solves the noncommutative ®*-model. Comm.
Math. Phys. 374 (2020), no. 3, 1935-1961 Zbl 1436.81091 MR 4076091

R. Pascalie, C. I. Pérez-Sanchez, and R. Wulkenhaar, Correlation functions of U(/N )-tensor
models and their Schwinger-Dyson equations. Ann. Inst. Henri Poincaré D 8 (2021), no. 3,
377-458 Zbl 1483.81097 MR 4321221

M. Paschke and A. Sitarz, Discrete spectral triples and their symmetries. J. Math. Phys. 39
(1998), no. 11, 6191-6205 Zbl 0934.58006 MR 1653113

R. C. Penner, Perturbative series and the moduli space of Riemann surfaces. J. Differ. Geom.
27 (1988), no. 1, 35-53 Zbl 0608.30046 MR 918455

C. 1. Pérez-Sanchez, The full Ward-Takahashi identity for colored tensor models. Comm.
Math. Phys. 358 (2018), no. 2, 589-632 Zbl 1387.83034 MR 3774432

C. L. Pérez-Sanchez, On multimatrix models motivated by random noncommutative geometry
I: the functional renormalization group as a flow in the free algebra. Ann. Henri Poincaré 22
(2021), no. 9, 3095-3148 Zbl 07405136 MR 4297108

C. I. Perez-Sanchez, On multimatrix models motivated by random noncommutative geometry
II: A Yang-Mills-Higgs matrix model. Ann. Henri Poincaré 23 (2022), no. 6, 1979-2023

Zbl 07541495 MR 4420568

C. L. Pérez-Sanchez, A ribbon graph derivation of the algebra of functional renormalization
for random multi-matrices with multi-trace interactions. Lett. Math. Phys. 112 (2022), no. 3,
Paper No. 58 Zbl 07544195 MR 4441533

A. Rennie and J. C. Varilly, Reconstruction of manifolds in noncommutative geometry. 2006,
arXiv:math/0610418


https://mathscinet.ams.org/mathscinet-getitem?mr=4209133
https://mathscinet.ams.org/mathscinet-getitem?mr=4423391
https://zbmath.org/?q=an:0756.35081&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1171758
https://zbmath.org/?q=an:0932.58006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1653118
https://zbmath.org/?q=an:0742.53039&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1146044
https://zbmath.org/?q=an:1315.81098&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3126935
https://zbmath.org/?q=an:07597893&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4478263
https://zbmath.org/?q=an:0299.58008&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=375382
https://zbmath.org/?q=an:1387.60005&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3585560
https://zbmath.org/?q=an:1133.60003&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=2266879
https://zbmath.org/?q=an:1436.81091&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4076091
https://zbmath.org/?q=an:1483.81097&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4321221
https://zbmath.org/?q=an:0934.58006&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=1653113
https://zbmath.org/?q=an:0608.30046&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=918455
https://zbmath.org/?q=an:1387.83034&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3774432
https://zbmath.org/?q=an:07405136&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4297108
https://zbmath.org/?q=an:07541495&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4420568
https://zbmath.org/?q=an:07544195&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=4441533
https://arxiv.org/abs/math/0610418

C. I. Pérez-Sanchez 1178

[68] P. Schreivogl and H. Steinacker, Generalized fuzzy torus and its modular properties. SIGMA,
Symmetry Integrability Geom. Methods Appl. 9 (2013), Paper 060, 23 Zbl 1287.81099
MR 3141528

[69] M. Sperling and H. C. Steinacker, Higher spin gauge theory on fuzzy S f{,. J. Phys. A 51 (2018),
no.7,075201 Zbl 1390.81350 MR 3755601

[70] W. Thurston, Foliations and groups of diffeomorphisms. Bull. Amer. Math. Soc. 80 (1974),
304-307 Zbl 0295.57014 MR 339267

[71] W. D. van Suijlekom, Noncommutative geometry and particle physics. Math. Phys. Stud.,
Springer, Dordrecht, 2015 Zbl 1305.81007 MR 3237670

Received 15 January 2020; revised 5 June 2022.

Carlos I. Pérez-Sanchez

Faculty of Physics, University of Warsaw, ul. Pasteura 5, 02-093 Warsaw, Poland;
cperez@tuw.edu.pl; and Institut fiir Theoretische Physik der Ruprecht-Karls-Universitit
Heidelberg, Philosophenweg 19, 69120 Heidelberg, Germany; perez@thphys.uni-heidelberg.de


https://zbmath.org/?q=an:1287.81099&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3141528
https://zbmath.org/?q=an:1390.81350&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3755601
https://zbmath.org/?q=an:0295.57014&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=339267
https://zbmath.org/?q=an:1305.81007&format=complete
https://mathscinet.ams.org/mathscinet-getitem?mr=3237670
mailto:cperez@fuw.edu.pl
mailto:perez@thphys.uni-heidelberg.de

	1. Introduction
	1.1. Recent and parallel progress in random NCG
	1.2. Organization of this paper

	2. Fuzzy geometries as spectral triples
	2.1. Gamma matrices and Clifford modules
	2.2. Fuzzy geometries
	2.3. General Dirac operator
	2.4. Characterization of the Dirac operator in even dimensions
	2.5. Random fuzzy geometries

	3. Computing the spectral action
	3.1. Traces of gamma matrices
	3.2. Traces of random matrices
	3.3. The general structure of Tr Dm̂
	3.4. Single trace matrix model in the spectral action—manifest \mathcal O(n)
	3.5. Formula for Tr D2̂ in any dimension and signature

	4. Two-dimensional fuzzy geometries in general signature
	4.1. Quadratic term
	4.2. Quartic term
	4.3. Sextic term

	5. Four-dimensional geometries in general signature
	5.1. The term Tr D2̂
	5.2. The term Tr D4̂
	5.2.1 Non-vanishing chord diagrams
	5.2.2 Main claim


	6. Large-N limit via free probability?
	7. Conclusions
	8. Outlook
	References

