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On anchored Lie algebras and the Connes—Moscovici
bialgebroid construction

Paolo Saracco

Abstract. We show how the Connes—Moscovici bialgebroid construction naturally provides uni-
versal objects for Lie algebras acting on non-commutative algebras. As a supplement, we see how
these objects interact with the study of flat bimodule connections.

Introduction

Given a Hopf algebra H (possibly with bijective antipode §) over a field k and a left
H-module algebra A, one can turn the vector space A ® H ® A into a left bialgebroid
H = AO H © A over A in a natural way. This procedure has been introduced inde-
pendently, and under different forms, by Connes and Moscovici [10] in their study of the
index theory of transversely elliptic operators, and by Kadison [27] in connection with
his work on (pseudo-)Galois extensions. Later, Panaite and Van Oystaeyen proved in [39]
that the two constructions are in fact equivalent (isomorphic as A-bialgebroids) and that, as
algebras, they are particular instances of the L-R-smash product introduced in [40]. Nev-
ertheless, following [5], we refer to the bialgebroid A © H O A as the Connes—Moscovici
bialgebroid.

Following the foregoing and, in particular, in view of the results in [39], two observa-
tions were made, that triggered the present investigation,

(i)  that whenever a Lie algebra L acts by derivations on an associative algebra A
(for the sake of simplicity, let us call it an A-anchored Lie algebra), then A
becomes naturally an Uy (L)-module algebra and

(i) that the associated Connes—Moscovici bialgebroid construction satisfies a uni-
versal property (both as A¢-ring and as A-bialgebroid, see [39, Proposition 3.1
and Theorem 3.2]) which suggests the possibility that A © Uk (L) © A plays for
an A-anchored Lie algebra L the same role played by the universal enveloping
algebra for a Lie algebra.
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Among anchored Lie algebras we find the well-known Lie—Rinehart algebras, which
are in particular Lie algebras acting on commutative algebras. As it can be inferred from
the substantial literature on the topic, Lie—Rinehart algebras are a deeply investigated area,
in particular for its connections with differential geometry (the global sections of a Lie
algebroid £ — M form a Lie-Rinehart algebra over €°°(.M)). Rinehart himself gave
an explicit construction of the universal enveloping algebra U(R, L) of a Lie-Rinehart
algebra in [44] and proved a Poincaré—Birkhoff—Witt theorem for the latter. Other equi-
valent constructions are provided in [16, §3.2], [23, page 64], [48, §18]. The universal
property of U(R, L) as an algebra is spelled out in [23, page 64] and [32, page 174]
(where it is attributed to Feld’man). Its universal property as an A-bialgebroid is codified
in the Cartier—Milnor—-Moore Theorem for U(R, L) proved in [35, §3], where Moerdijk
and Mrcun show that the construction of the universal enveloping algebra provides a left
adjoint to the functor associating any cocommutative bialgebroid with its Lie—Rinehart
algebra of primitive elements and they find natural conditions under which this adjunction
becomes an equivalence (as it has been done in [34] for cocommutative bialgebras and Lie
algebras). Further algebraic and categorical properties and applications are investigated in
[2,17,23-25].

However, there are many important examples of Lie algebras acting by derivations
on associative algebras which are not necessarily commutative (actually, any Lie algebra
acts by derivations on its universal enveloping algebra and any associative algebra acts
by inner derivations on itself). Furthermore, while the space of primitive elements of a
bialgebra is always a Lie algebra and a primitively generated bialgebra is always cocom-
mutative, the space of primitive elements of a bialgebroid is not, in general, a Lie-Rinehart
algebra and not every primitively generated bialgebroid is necessarily cocommutative. A
third observation that stood up for the present investigation is that, instead, the space of
primitive elements of a bialgebroid is always a Lie algebra acting by derivations on the
base algebra.

These facts, together with the two foregoing observations (i) and (ii), called for the
study of Lie algebras L acting on non-commutative algebras A in their own right and, in
particular, for the study of the associated Connes—Moscovici bialgebroid A © Uk (L) © A4,
as it has been done for Lie—Rinehart algebras and their universal enveloping algebras.

In the present paper, we are mainly concerned with two universal properties of By, =
A O Uk(L) ® A, as an A®-ring and as an A-bialgebroid, which reflect the two well-known
universal properties of universal enveloping algebras reported above. The first one (Theo-
rem 2.9) exhibits A © Uy (L) © A as the universal A¢-ring associated with the A-anchored
Lie algebra L, similarly to what happens for U(R, L) in [23, page 64]. Namely, for any
A¢-ring ¢4 : A° — R and any k-Lie algebra morphism ¢y, : L — L(R) such that

[62(X), da(a ® b°)] = pa(X - (a ® b?))

foralla,b € A and all X € L, there exists a unique morphism of A¢-rings ® : By — R
extending ¢7. This naturally affects the study of the representations of L (see Corol-
lary 2.10). The second universal property (Proposition 3.4) exhibits A © Ux(L) © A as
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the universal A-bialgebroid associated with the A-anchored Lie algebra L, similarly to
what happens for U(R, L) in [35, Theorem 3.1(i)]. Namely, for any A-bialgebroid B and
any morphism of k-Lie algebras ¢y : L — B which lands into the space Prim(8) of
primitive elements of B and that is compatible with the anchors, there exists a unique
morphism of A-bialgebroids ® : B; — B that extends ¢r..

Parallel to the new insights into the structure of bialgebroids over non-commutative
base, which have been the author’s original motivation for the present study and that are
mainly collected in Sections 3 and 4, the representation theory of anchored Lie algebras
provide also an alternative, derivation-based approach to non-commutative differential
calculus over associative algebras, as shown briefly in Section 5. In this, the universal
property of A © Uk (L) © A as an A°-ring and its bialgebroid structure play a crucial role
in deducing categorical properties of the associated flat bimodule connections.

Concretely, after a first section devoted to recalling some definitions and some pre-
liminary results, we introduce A-anchored Lie algebras in Section 2.1 and we prove that
the Connes—Moscovici bialgebroid associated to an A-anchored Lie algebra satisfies the
stated universal property as A°-ring in Section 2.2 (Theorem 2.9). In Section 3.1, we
detail how taking the space of primitives of an A-bialgebroid induces a functor from the
category of A-bialgebroids to the category of A-anchored Lie algebras and in Section 3.2
we show that the Connes—Moscovici construction provides a natural left adjoint to this
latter functor (Theorem 3.6) and, at the same time, we prove the second universal prop-
erty of A © Ux(L) © A (Proposition 3.4). At this point, by finding inspiration from the
Milnor—Moore and the Moerdijk—Mr¢un theorems, we look for intrinsic conditions on a
bialgebroid that allow us to recognize it as a A © Uk (L) © A for a certain A-anchored
Lie algebra. Section 4 is devoted to finding a first answer (Theorem 4.14). After studying
in more detail the space of primitives of a Connes—Moscovici bialgebroid in Section 4.1,
we tackle the question in the general framework in Section 4.2 and in the particular case of
bialgebroids over a commutative base in Section 4.3. Finally, we conclude with some final
remarks about future lines of investigation in Section 4.4. As a supplement, in Section 5
we show how representations of an A-anchored Lie algebra L are naturally equivalent to
certain flat bimodule connections on the first-order differential calculus Hom; (L, A) and
we comment on how this research direction can be extended further and connected with
the differential calculi studied by Dubois-Violette and collaborators (see, e.g., [12—14]).

Notation

All over the paper, we assume a certain familiarity of the reader with the language of
monoidal categories and of (co)monoids therein (see, for example, [30, VII]).

We work over a ground field k of characteristic 0. All vector spaces are assumed to be
over k. The unadorned tensor product ® stands for ®. All (co)algebras and bialgebras
are intended to be k-(co)algebras and k-bialgebras, that is to say, (co)algebras and bialgeb-
ras in the symmetric monoidal category of vector spaces (Vecty, ®, k). Every (co)module
has an underlying vector space structure. Identity morphisms Idy are often denoted by V.
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In order to avoid confusion between indexes of elements and coproducts or coactions,
we will adopt the following variant of the Heyneman—Sweedler’s Sigma Notation. For ¢
in a coalgebra C, m in a left C-comodule M and 7 in a right C-comodule N we write

Ac(O)=) cay®cp.  pum)=Y mcp@mey.  pn() =) ne nq).

Given an algebra A, we denote by A its opposite algebra. We freely use the canonical
isomorphism between the category of left A-modules 4Mod and that of right A°-modules
Mod 40. We also set A° := A ® A° and we identify the category of left A°-modules 4eMod
with that of A-bimodules 4Mody4. Recall that any morphism of algebras n : A° — R leads
to two commuting algebramaps s : A - R,ar>a ® 1°,andt : A° > R,a° — 1 ® a°,
(i.e. s(@)t(b®) = t(b°)s(a) for all a,b € A) and conversely. Given two R-bimodules M
and N, this gives rise to several A-module structures on M and N and it leads to several
ways of considering the tensor product over A between the underlying A-bimodules. In the
present paper, we focus on the A-bimodule structure induced by A€ acting on the left via
n and which we denote by s M ;o. We usually consider this bimodule structure when taking
tensor products. If we want to stress the fact that M is considered as a left A°-module, we
may also write , M . Therefore, given two R-bimodules M and N, we consider the tensor
product A-bimodule

M®N

M® N:: Mo® No: .
4 s B s (t(@)ym®n—m®s(@n|meMneN,ae A

ey
Inside M ® 4 N, we will also consider the distinguished subspace

M x4 N = {Zm, ®ani €M 4N|Y mit(@)®ani =y m Q4 nis(a)}, 2
i i i

which is often called Takeuchi—Sweedler’s x-product. It is an A-subbimodule with actions
a- (th ®4 ”i) = Zs(a)mi ®4 nj
i i
and
(Zmi ®4 ni) ca=Y m ®41(a’)n;
i i

for all Zi m; ®4n; € M x4 N anda € A (see [48, Definition 2.1] and [49, page 460]).
In particular, the following relations hold forallm e M,n € N, Zi m; @qn; € M x4 N
and foralla € A:

t(a®)ym ®An(§m®A s(a)n and Zmit(a") Q4 n; @Zmi ®4nisa). (3)
i i

For the sake of clarity, it will be useful to set
avm<b=s@tbB)ym=na®b’)m, bwmaa=ms(a)t(’)=mnla®b’) (4)

form e ;,M,anda,b € A.
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1. Preliminaries

We begin by collecting some facts about bimodules, corings and bialgebroids that will be
needed in the sequel. The aim is to keep the exposition self-contained. Many results and
definitions we will present herein hold in a more general context and under less restrictive
hypotheses, but we preferred to limit ourselves to the essentials.

Given a (preferably, non-commutative) k-algebra A, the category of A-bimodules
forms a non-strict monoidal category (4Modg, ®4, A4, a, [, r). Nevertheless, all over the
paper we will behave as if the structural natural isomorphisms

apy NP (M QOUN)Q4P - M4 (N Q4 P),
(MRan)@apr>meq (n®yq p),
ly AR M —- M, a@®4mi—>a-m,

T M rA—>M, mQPuar>m-a,

were “the identities”, that is, as if yMod4 was a strict monoidal category.

1.1. Graded and filtered A4 -bimodules

As far as we are concerned, we assume A to be filtered over Z with filtration
F,(A) =0 foralln <0 and F,(A)=A foralln >0
and we assume it to be graded over Z with grading
Ag=A and A, =0 foralln # 0.

By a graded A-bimodule we mean an A-bimodule M with a family of A-subbimodules
{M, |n €Z}suchthat M = P, c; M,. By afiltered A-bimodule we mean an A-bimodule
M with a chain of A-subbimodules {F,,(M) | n € Z}, thatis F,(M) € F;(M)if p <gq.
The filtration is said to be exhaustive if M = | J,,c; Fu(M). Given a filtered A-bimodule
M, one can consider the associated graded bimodule gr(M) defined by

Fo (M)

g (M) = ——— = 0D

and gr(M) := EB gr,(M).

nez

In what follows we will be interested in positively filtered and graded bimodules, that is,
those for which the negative terms are 0.

Given two filtered bimodules M, N, we can perform their tensor product M ® 4 N
and this is still a filtered bimodule: the k-th term of the filtration on M ® 4 N is the A-
subbimodule generated by the elements m ® 4 n such that m € Fg(M), n € F;(N) and
s + t = k; analogously for two graded A-bimodules. With these tensor products, we have
that the categories (,FMod,, ® 4, A) and (,GMod 4, ® 4, A) of filtered and graded bimod-
ules, respectively, are monoidal categories (it follows, for instance, from [36, Chapter A,
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Proposition 1.2.14 and Chapter D, Lemma VIII.1]). Morphisms of filtered (respectively,
graded) bimodules are A-bilinear maps that respect the filtration (respectively, grading).

The result we are principally interested in is that the construction of the graded bimod-
ule associated to a filtered bimodule is functorial (see, for example, [36, chapter D, §III]).
Moreover, the natural surjection

om.N:gr (M) @4 gr(N) — gr(M ®4 N), ®)
uniquely determined by
(m+ Fs—1(M)) ®4 (n + Fi—1(N)) > (m ®4n) + Fsps—1(M ®4 N)

form € Fg(M) and n € F;(N) (see [36, page 318]), and the isomorphism ¢g : A = gr(A)
endow the functor

gr(—) : 4FMod, — 4GMod,, M > gr(M),

with a structure of lax monoidal functor (see [1, Definition 3.1]). For further details about
filtered and graded bimodules, we refer the reader to [36].

1.2. A-corings

Now, we recall that an A-coring is a monoid in the monoidal category of A-bimodules
(4Mody4, ® 4, A). More concretely, an A-coring is an A-bimodule € endowed with a
comultiplication A¢ : € — € ® 4 € and a counit ee : € — A such that

(Ae®4C€)oAe=(CERgAe)oAe and (e R4 C€)oAe=C€=(€ Ry ce)oAe.
(6)
For the general theory of corings and their comodules, we refer to [8].

Later on, we will be particularly interested in (exhaustively) filtered A-corings such
that the associated graded components are projective as A-bimodules. These are A-corings
€ endowed with an increasing filtration {F,,(€) | n € N} as A-bimodules such that € =
U, Fr(€), gr,(€) = F,(€)/F,-1(€) is a projective A-bimodule and

Ae(Fy(€)) S Y Fi(€) ®4 F;(€) @)
i+j=n
for all n > 0 (i.e., Ag is a morphism of filtered A-bimodules). We will refer to these
A-corings as graded projective filtered A-corings. By convention, we put F_;(€) = 0.
Notice that the inclusion (7) makes sense in view of the following well-known result for
filtered (bi)modules (see, for instance, [16, Lemma B.1]).

Lemma 1.1. Let € be an A-bimodule with filtration { F,,(€) | n € N} such that gr,(€) is
a projective A-bimodule for all n > 0. Then

2 R(©)
Fa(€) = k@o Fer(©) ®)
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foralln > 0 and so F,(€) is a projective A-bimodule. Moreover, the canonical map

gr(€) ®4gr(€) — gr(€ ®4 ©),
(4 Fr(€) @4 (8 + Fi(€) = § @4 + Frik11(€ ®4C),

from (5) is an isomorphism of A-bimodules. If, in addition, the filtration {F,(€) | n € N}
is exhaustive, then € == gr(€) as A-bimodules and, in particular, € is a projective A-
bimodule.

Proof. By definition and projectivity of gr, (€), we have a split short exact sequence
0 — Fp1(€) — Fu(C) — gr,(€) — 0
of A-bimodules, which implies that, as A-bimodules,
Fu(€) = F,—1(€) @ gr,, ().

By proceeding recursively, one reaches (8). The second claim follows from [31, The-
orem C.24]. About the last claim in the statement, saying that the filtration is exhaustive
means that € =~ Er_r)ln (F,(€)) as A-bimodules. Since (8) means that F,, (€) = F, (gr(€)) as
A-bimodules, we have that € =~ li_r)nn (Fr(€)) ~ li_r)nn (Fn(gr(€))) ~ gr(€) asclaimed. =

Analogously to the theory of filtered coalgebras (see, for example, [47, §11.1]), the
graded A-bimodule gr(€) associated to a graded projective filtered A-coring € becomes
a graded A-coring in a natural way, as the subsequent Proposition 1.2 formalizes.

For the sake of clarity, by a graded A-coring we mean an A-coring £ endowed with an
N-grading {D,, | n € N} as A-bimodule such that every D, is projective as A-bimodule,

Agp(Dy) C @ Di ®4 D; forallm e N and ep(Dy) =0 foralln > 1.
i+j=n

It can be seen as a comonoid in the monoidal category of graded A-bimodules. Notice that
A p is uniquely determined by the A-bilinear maps

AP D, P Di®a D
i+j=n

obtained by (co)restriction of Ag to the graded components of O and D ® 4 D and
which, in turn, are uniquely determined by the A-bilinear maps

A["] p;li,)k
ApH = (D, =2 @ Diwa D 5 Dy 04 Dx) ©)
i+j=n

for all n > 0 and for all 4 4+ k = n. Following [3, Definition 2.2], we say that the graded
A-coring D is strongly graded whenever A%’k] is injective for all &,k € N.
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Proposition 1.2. Let € be a graded projective filtered A-coring. Then the A-coring struc-
ture on € induces an A-coring structure on gr(€). Moreover, for any morphism of graded
projective filtered A-corings f 1€ — B, the induced graded A-bilinear morphism gr(f) :
gr(€) — gr(B) is a morphism of graded A-corings.

Proof. The first claim follows from the functoriality of gr(—) and from the fact that Ae :
€ - € ®4 €andee: € — A are filtered morphisms of A-bimodules. In fact, they induce
graded morphisms of A-bimodules

gr(Ae) gr(ee)
gr(€) — = gr(t ®4 €) = gr(€) ® 4 gr() and gr(€) —=> gr(A) ~ A,

which provides an A-coring structure on gr(€), since gr(—) is lax monoidal. Concerning
the second claim, it is enough to apply gr(—) to the diagrams expressing the comultiplica-
tivity and counitality of f. |

Remark 1.3. For any morphism f : € — B of filtered A-corings, we have that

[n]
Ag(e)

8, (€) —— iy j=n 81 (C) ®4 81;(€)
grn(f)l leaw jon 83 ()85, () (10)

g (8) O Dirj=neri(B) ®18r;(B)

gr(B)
commutes for all n > 0.

Corollary 1.4 (of Proposition 1.2). The assignment € > gr(€) induces a functor gr(—)
from the category of graded projective filtered A-corings to the category of graded A-
corings.

1.3. A-bialgebroids

Next, we recall the definition of a left bialgebroid. It can be considered as a revised version
of the notion of a x 4-bialgebra as it appears in [45, Definition 4.3]. However, we prefer
to mimic [29] as presented in [7, Definition 2.2] (in light of [7, Theorem 3.1], this is
something we may do).
Definition 1.5. A left bialgebroid is the datum consisting of
(B1) apair (A, B) of k-algebras, called the base algebra and the total algebra respect-
ively,
(B2) a k-algebra map ng : A° — B, inducing a source sg : A — B and a target
tg : A° — B which are k-algebra maps, and making of 8 an A¢-bimodule,
(B3) an A-coring structure (B, A g, eg) on the A-bimodule , B = ;B;o,
satisfying
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(B4) A g takes values into B x4 B and Ag : B — B x4 B is a morphism of k-
algebras, where the algebra structure on B x4 8B is given by the component-
wise product

(E®a0E ®al) =EE @480, an
forall £,£,¢,0 € B,

(B5) eg(Es8(e(£)) = e8(68') = eg(£18(e8(8))%)) forall £, ¢ € B,

(B6) eg(lg) = la.
A k-linear map g : 8 — A which is left A¢-linear and satisfies (B5) and (B6) is called
a left character on the A°-ring B (see [5, Lemma 2.5 and following]).

A morphism of left bialgebroids from (4, B) to (A’, B’) is a pair of k-algebra morph-
isms ¢g : A — A’ and ¢y : B — B’ such that

¢10s£:s£/0¢0’ ¢10[£:l‘£/0¢0’ 81-}/0(1)1:(]50083

and

B 91 3

MJ as

£®A£—>£/®A$'H~>£/®A/£/
$1Q491

commutes. In this paper, we will focus on left bialgebroids over a fixed base algebra A,
that we call left A-bialgebroids. A morphism of left A-bialgebroids between B and B’ is
then an algebra map ¢ : 8 — B’ such that

posg=s8. Polg=tlg, cgop=cg,  (p®a¢9)oAg=~Agog.
The category of left A-bialgebroids will be denoted by Bialgd,.

We will often omit to specify the A-bialgebroid 8B in writing the comultiplication A g
or the counit g, when it is clear from the context.

Remark 1.6. Let us make explicit some of the relations involved in the definition of a
left bialgebroid and some of their consequences. In terms of elements of A and 8B, and by
resorting to Sweedler Sigma Notation, relations (6) become

Y Enm ®a b ®abe) = ) En B4 ko) ®4fo)),
> s(eGa))ie) =& =Y i1(eE@)’)éa
for all ¢ € B. Moreover, for all a, b € A the A-bilinearity of A forces

D (5@i(0)E) ) ®a (s(@)1 (B*)E) ) = Y s(@k) ®41(b")Eq).

In particular,

(12)

A(s(@)) =s(@)®4lg  and  A(t(a®) =13 ®41(a”) (13)
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for all @ € A. As a consequence, the multiplicativity of A forces

AEs(@) = AOAG@) = (3 €y ®4 b)) (@) @4 15)

=Y £1)s(a) ®a4 £
AEr(@) = AO @) = (Y En) ®aée) (18 @4 1) o
=Y 1) ®a fpt(a).
for all £ € B. The A-bilinearity of & becomes
e(s(a)t(b°)€) = ae(®)b (15)
and since it also preserves the unit, we have that
£(s(a)) = e(s(a)1g) = ae(lg) = a = e(lg)a = e(1(a)). (16)
Therefore, in light of the character condition on ¢,
e(Es(@) E e(61(e(s(@))°)) ‘2 e(61(a%)). (17)

One may also define, in a symmetric way, the notion of a right bialgebroid (see
[28, §2]). Henceforth, however, all the bialgebroids we consider will be left bialgebroids,
whence we will often omit to specify the adjective “left”.

Example 1.7. Let us give some examples.

(a)

Any bialgebra over a field k is a k-bialgebroid.

(b) On the algebra A ® A° we may consider the morphisms

(©

s:A—> AR A%, a—a®l1°,

t:A° > AQ A%, b’ 1®b°,

A:ARA° > (AR A)®4 (AR A%), a®b’t—> (a®1%)®4(1RQb%,
e A® A° - A, a®b° v ab.

These make of A ® A° an A-bialgebroid (see [29, Example 3.1]).

Assume that A is a finite-dimensional algebra over k and set B := Endg(A4).
Consider s : A — B given by left multiplication and ¢ : A — B given by right
multiplication. The morphism

BR®B—>Hm (AR A A)., f®gr[a®b— f(a)g(h)]

induces an isomorphism 8 ® 4 8 = Hom (4 ® A, A). In view of this, one can
endow B with a structure of A-bialgebroid with source s, target #, A given by

A(f)a®b) = f(ab)

(up to the latter isomorphism) and € by evaluation at 14 (see [29, page 56]).
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(d) Let R — S be a depth two ring extension (see [28, Definition 3.1]) and set A :=

(e

®

Cs(R), the centralizer of R in S. Then the ring of endomorphisms B := Endg(S)
of S as an R-bimodule satisfies

BR4B=gHoMR(S®rS.S), [ ®agr[s®rs — f(s)g(s"].

as above (see [28, Proposition 3.11]) and we may endow it with an A-bialgebroid
structure exactly as in (c) ([28, Theorem 4.1]).

Let (H,m,u, A, ¢) be a bialgebra and let A be a braided commutative algebra in
g Y D. This means that A is at the same time a left H-module algebra (that is, an
algebra in the monoidal category (gMod, ®, k) of left H-modules) with action
H®A— A h®a+> h-a,satisfying

h- (Clb) = Z(h(l) . a)(h(z) . b) and h- lA = S(h)lA
forallh € H,a,b € A, and a left H-comodule algebra with coaction p : A —
H ® A, satisfying
plab) = Y acnbeny ®a@bey  and  p(la) = 1y ® La

for all a, b € A. Furthermore, these structures are required to satisfy

Y hwacy ® hey -ao = Y (hay - @) -nhe) ® (hay - @)
and ) (a(-1) - b)aqy = ab foralla,b € A and h € H (the latter expresses the
braided commutativity). Under these conditions, the smash product algebra H#A4
is an A-bialgebroid with
(h@a)(h' ®b) =Y hayh' ® (he)-b)a,
lawa = 1g ® 14,
s(a) = Za(—l) ® a(o),
t(a’) =1y ®a,
Ath®a) = (ha) ® 14) ®4 (he) ® a),
e(h®a) =c¢eh)a
foralla,b € A, h,h’ € H. This is a left-left symmetrical version of [5, Example

3.4.7] and [7, Theorem 4.1].

Connes—Moscovici bialgebroid (see [10,39] and [5, Example 3.4.6]). Let H be
a Hopf algebra (in fact, a bialgebra would suffice) and let A be an H-module
algebra. The vector space B := A ® H ® A becomes an algebra via

(@@h@b)(d @K ®b) = alha) -a) ®hah' ® (ha-b)b  (18)
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and unit 14 ® 1y ® 14. It can be endowed with an A-bialgebroid structure as
follows:

sgla) =a®ly ® la,

t3(a’) =14 ® ly ®a,
Agla®@h®b):=> (a®hu)® 14) ®4 (14 ® h) ® b).
egla®h ®b) :=acg(h)b.

Following [39], we will denote this bialgebroid by A ® H © A, avoiding the
use of symbols like # or x, x in order to avoid confusion with two-sided smash
or crossed products in the sense of [19]. Notice that for all a,a’, b, b’ € A and
h € H we have

ar (@ ®@heb)<ab LRy @1)I4Q 1y @b)d @b

D ud' @h @ b'b,

av @ Rh@b) b2 (@ heb)(be 1y ®14)(14® 1y ®a)
23 d (hay ) @ hy ® (hey - ).

Remark 1.8. It is known that an A°-ring is a left bialgebroid if and only if the category
aMod of left B-modules is monoidal in such a way that the forgetful functor gMod —
4eMod is a monoidal functor (see, for example, [45, Theorem 5.1]). In particular, the tensor
product of two B-modules M and N is M ®4 N with diagonal action £ . (m @4 n) ==
> (Eq)y »m) ®4 (§2) - n) and A is a B-module with

£.a:=e(E1(a) 2 e(Es(a)). (19)

It is, in fact, a left B8-module algebra (see [5, §3.7.1] for a right-handed analogue). In
particular, for all a,b € A and all £ € 8 we have

Y Gay-a)Ep-b) =E.ab  and  E.l4=s(f). (20)

2. The Connes—-Moscovici bialgebroid as universal A°-ring

In this section, we introduce A-anchored Lie algebras and we show that the Connes—
Moscovici bialgebroid A ® Uy (L) © A naturally associated to an A-anchored Lie algebra
satisfies a universal property as A°-ring. In particular, unless stated otherwise, we assume
to work over a fixed base algebra A, possibly non-commutative. We conclude the section
with an extension of the PBW theorem to bialgebroids of the form A © Uy (L) © A.
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2.1. A-anchored Lie algebras

Definition 2.1. An A-anchored Lie algebra is an ordinary Lie algebra L over k together
with a Lie algebra morphism @ : L — Derg (A), called the anchor. We will often write
X - a for (X )(a). A morphism of A-anchored Lie algebras between (L, ®) and (L', )
is a Lie algebra morphism f : L — L’ such that w’ o f = w. The category of A-anchored
Lie algebras and their morphisms will be denoted by AnchLie4. As a matter of notation,
we may write simply (A4, L, ) to mean the A-anchored Lie algebra (L, w).

Remark 2.2. The reader needs to be warned that the terminology “A-anchored” used here
is inspired from the literature, but it neither strictly coincides with the classical notion of
A-anchored module, nor it properly extends it. In fact, in the literature, an “A-anchored
module” [42, §1] (also called “A-module with arrow” [41, §3] or “A-module fléché” [43,
§1]) is an A-module M over a commutative algebra A together with an A-linear map
M — Derg(A). Since, in the present framework, A is assumed to be preferably non-
commutative, the vector space Derk(A) does not carry any natural A-module structure
and hence we do not have any reasonable way to speak about an A-linear anchor. In spite
of this, in order to limit the proliferation of different terminology in the field and trusting
that the non-commutative context will help in distinguishing between the two notions, we
decided to adopt the term “A-anchored” in this framework as well.

Example 2.3. Let us give a few important examples.
(a) The Lie algebra Dery (A) with the identity map is an A-anchored Lie algebra.
(b) Any Lie algebra L is a Uk (L)-anchored Lie algebra.

(c) Any k-algebra A, with the associated Lie algebra structure £(A) = (A4, [—, —]4)
given by the commutator bracket, is an A-anchored Lie algebra with anchor
induced by the adjoint representation. Namely,

£(A) — Derg(A), a> [b>[a.bla].

(d) A Lie—Rinehart algebra over a commutative algebra R (called in this way in hon-
our of G. S. Rinehart, who studied them in [44] under the name of (K, R)-Lie al-
gebras) is a Lie algebra L endowed with a (left) R-module structure R @ L — L,
r ® X + r - X, and with a Lie algebra morphism @ : L — Derk(R) such that,
forallr € Rand X,Y € L,

w(r-X)=r-wlX) and [X,r-Y]=r-[X,Y]+o(X)()-Y.

Clearly, any Lie—Rinehart algebra over R is an R-anchored Lie algebra.

(e) Let B be an A-bialgebroid and consider the vector space of primitive elements
Pim(B) = {X e B|AX) =X ®41+1®4 X}.

This is a Lie algebra with the commutator bracket. Assume that X € Prim(8). In
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light of Equation (20), X acts on A by derivations, which means that the assign-
ment
wg : Prim(8) — Derg (A), X X.(-),

is well defined. Moreover,

wg(XY —YX)a)=XY).a—(YX).a=X.Y.a)-Y.(X.a)
= wg(X)(wg(Y)(a)) - wg(Y)(0g(X)(a))
= [0g(X),wg(Y)](a)
implies that wg is a morphism of Lie algebras and hence it is an anchor for

Prim(8). As a matter of notation, we write 8g : Prim(8) — B for the canonical
inclusion.

Definition 2.4. Assume that (L, w) is an A-anchored Lie algebra.

(L)

(L2)

(L3)

An A-anchored Lie ideal (L', ®') in (L, w) is a Lie ideal L’ in L together with
an anchor o’ such that the inclusion L” C L is a morphism in AnchLie4. Equival-
ently, it is vector subspace L’ C L such that [X, X']p € L' forall X' e L', X € L
with anchor @’ given by the restriction of w.

An A-anchored Lie subalgebra (L”, ") in (L, w) is a Lie subalgebra L” of
L together with an anchor w” such that the inclusion L” C L is a morphism in
AnchLiey4. Equivalently, it is a vector subspace L” C L such that [X”,Y"], € L”
for all X”,Y” € L” with anchor @” given by the restriction of .

If we have two A-anchored Lie algebras (L', @) and (L”, w”) and a Lie algebra
morphism § : L” — Derg (L’) such that

[a)”(X”),a)’(X/)] — (,()/((S(XN)(X/)) 1)

in Derg(A) for all X' € L’ and all X" € L”, then we define the semi-direct
product of (L', ®") and (L”, w”) to be the k-vector space L” x L’ with Lie
bracket

[(XN, X’), (Y”, Y/)]
= (X" Y 8(X(X) =8 (X)) + [X".Y'Ir)  (22)

and anchor
L — Derg(A), X", XY= (X" + o' (X). (23)

We denote it by (L” x5 L', wg).

For the sake of brevity, from now on we will only speak about ideals and subalgebras
without reporting the syntagma “A-anchored Lie” in front. Definition 2.4(L.3) is consistent
in view of the following results.
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Lemma 2.5. The semi-direct product (L, ) of two A-anchored Lie algebras (L', ") and

(L", w") is an A-anchored Lie algebra.

Proof. The fact that the semi-direct product is a Lie algebra follows from the fact that, as
Lie algebras, it is the semi-direct product of L’ and L”. Thus, we only need to check that
ws is a Lie algebra morphism. To this aim, we compute directly

05 ((X". X)) 05 (Y. Y"))]
= 0" (X") + o' (X). 0" (Y") + o' (V)]
= [0"(X").0"(¥")] + [0/ (X)), 0" (¥")] + [0"(X"). 0 (V)]
+[0'(X").0' (V)]
Lo (X" Y1) + o (BX)(Y) — o (X)X + o (X' Y1)
= ws(([X". Y "L 8(X")(X') =8 )(X) + [X'. Y1)
a),g([(X// X, (Y".Y")])

—~

forall X', Y' € L’ andall X", Y" € L". ]

The following lemma should not be surprising.

Lemma 2.6. Let (L, w) be an A-anchored Lie algebra and let (L', ") and (L", »") be
subalgebras of (L, w). Then there exists a semi-direct product (L" xg L', wg) of (L', w")
and (L", ") such that L" xg L' — L, (X", X") = X" + X', is an isomorphism of A-
anchored Lie algebras if and only if

e (L ,0)isanideal in (L,w);

e L =L"+ L ask-vector spaces;

e L'NL"=0(thatis, L=L"&® L)

If this is the case, then § . L — Derg (L’) is given by X" + [X", —]L.

Proof. In one direction, notice that (L', »’) is an ideal in (L” x5 L', ws) via the canonical
morphism L' — L” @ L', X’ + (0, X’), and that (L”, »”) is a subalgebra of (L” xg
L', wg) via the canonical morphism L” — L” & L', X" + (X", 0). Furthermore, one
recovers § as

[(X”,0),(0,X")] = (0,8(X")(X"))

forall X’ € L’, X" € L”. In the other direction, assume that (L', ') is an ideal in (L, ®)
and that L = L” & L’ as k-vector spaces. Consider further the assignment § : L” —
Derk (L") given by X” +— [X”, —]r (which is well defined because L’ is an ideal). It
satisfies

[a)"(X"),a)’(X')] — a)(X") oa)(X') —a)(X’) OQ)(X”)
=o([X". X'lL) = 0(8(X") (X)) = &' (8(X")(X")
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forall X’ € L', X" € L”, which is (21), and so we may perform the semi-direct product
(L" xg L', wg). Then

[X// + X/, Y// + Y/]L — [X//, Y//]L + [X/, Y//]L + [X”, Y/]L + [X/, Y/]L
= [X" Y N+ (X)) =8 )X + (XY ),

sothat L” @ L’ = L is a morphism of Lie algebras and moreover
CI)(X//+X/) :a)(X//)+w(X/) =a)”(X”)—|—a)/(X/),
whence it is of A-anchored Lie algebras, too. [

Remark 2.7. The reader has to be warned that, despite the definition of ideal and of
semi-direct product in Definition 2.4 has been inspired by the subsequent Lemma 4.1
and Proposition 4.3 and by the results in Section 4.3, they may turn out to be improper
terminologies in the future. In fact, it is not true in general that the quotient of an A-
anchored Lie algebra by an ideal is an A-anchored Lie algebra (unless the ideal has the
zero anchor) or that (L, w) is a semi-direct product of (L, w’) and (L”, @") if and only if
there is a short exact sequence of A-anchored Lie algebras

oL L5150 24)

such that g admits a section o which is a morphism of A-anchored Lie algebras. On the
one hand, the canonical projection L” xgs L’ — L” is not a morphism of A-anchored Lie
algebras because it is not compatible with the anchors. On the other hand, in order to have
that ®” o ¢ = w and that w o ' = w’, we should have had that

o =wof=w"ogof=0,

which is not the case in general.

What one may observe is that (L, ) is a semi-direct product of (L', w’) and (L”, ")
if and only if there is a short exact sequence of Lie algebras (24) such that g admits a
section o and both f and ¢ are morphisms of A-anchored Lie algebras (but g is not, in
general).

2.2. A universal A4°¢ -ring construction

Assume that we are given an A-anchored Lie algebra (L, w). Recall that we may consider
the universal enveloping algebra Uy (L) of L and that there is a canonical injective k-
linear map

jL L — Ug(L), X x, (25)

which allows us to identify X with its image x in Uy (L). The anchor @ makes of A a left
representation of L with L acting as derivations, that is, we have a Lie algebra morphism

L 2 Derg(4) C L(Endi(A)) (26)
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where we have that £(Endg (A4)) is the Lie algebra associated to the associative algebra
(Endk (A), o,1idy4). By the universal property of the universal enveloping algebra, there is
a unique algebra morphism

Q : Ukx(L) — Endg(A)

which extends w.
Lemma 2.8. The base algebra A is naturally an Ux (L)-module algebra.
Proof. See, for instance, [11, Example 6.1.13(3)]. Explicitly,

x-a=wX)(), x -1y =) and u-a=wu)a) 27

forall X € L,u € Ug(L) and a € A. |

As a consequence of Lemma 2.8, we may consider the Connes—Moscovici A-bialge-
broid A © Ui (L) © A. For the sake of simplicity, we will often denote it by Bz. As an
A®-ring, it comes endowed with a Lie algebra morphism

Jp: L — £(8r), X—1®x®1,

which satisfies
[JL(X). 18, (a ®b%)]g, =ng, (X -(a®b%) (28)

foralla,b € Aandall X € L, where
X - @®b’)=X-a)®b°+a® (X b)°

is the L-module structure on the tensor product of two L-modules. Equivalently, ng, :
A¢ — By is a morphism of L-modules, where $;, has the L-module structure induced
by Jr.

The A¢-ring By, with Jp, is universal among pairs (R, ¢1,) satisfying these properties.

Theorem 2.9. Given an A®-ring R with k-algebra morphism ¢4 : A°* — R and given a
Lie algebra morphism ¢y, : L — £(R) such that

[¢L(X).pa(a @ b°)] 5 = ¢a(X - (a @ b°)), 29)

foralla,b € A and all X € L, there exists a unique morphism of A¢-rings ® : By, — R
such that ® o Jp, = ¢r. It is explicitly given by

d: B, —> R, a®@u®br da(a b (u), (30)

where ¢' - Ug (L) — R is the unique morphism of k-algebras such that ¢’ o ji = ¢r.
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Proof. By the universal property of the universal enveloping k-algebra Uy (L), there
exists a unique morphism of k-algebras ¢’ : Ux (L) — R such that ¢’ o j; = ¢r. Now,
set U := Uk (L) and consider the k-linear map

P:AQUOA—>R, a®uebr ¢a(a® b (u)
of (30). It follows immediately from the definition that
Dong, = ¢4 and PoJp =¢r.
Now, a straightforward check using (29) and induction on a PBW basis of U shows that

¢’ (Wala ®b°) = da((uqy-a) ® (ue)-b)°)d' (ue) (31D
forallu € U and a, b € A. In view of this, we have
P((a@u®b)(d vRb))

DN 0(a(ua) - a) @ ueyw ® (ue) - b)b)

2> gulatuay -a') ® () - 5)b)°)¢ (uezyv)

= > pa@a ®b°)pa((uq) - a') ® (u@) - b)) (u(2)¢' (v)

Z ga(a ® b°)¢' ()a(a’ ® b'°)' (v)
= P@Queb)Pd ®veDb)

forallu,v € U, a,a’,b,b’ € A. Thus, ® is a morphism of A°-rings and it is clearly the
unique one satisfying ® o J;, = ¢r. ]

Corollary 2.10. Given an A-anchored Lie algebra (L, w), any representation p : L —
Endx (M) of L into an A-bimodule M satisfying the Leibniz condition

p(X)a-m-b)=a-p(X)(m)-b+w(X)a) - m-b+a-m-w(X)(Db) (32)

foralla,b € A, X € L and m € M, makes of M a left A © Ux(L) © A-module, and
conversely.

Proof. If M is an A-bimodule, then the assignments
sg : A—> Endx(M), at+> [m—a-m],

and
tg : A° - Endx (M), b° +— [m +— m - b],

make of Endg (M) an A®-ring with ¢4 : A° — Endg(M),a ® b° +— sg(a)tg (b°). If we
consider the Lie algebra morphism ¢y, := p, then equation (32) is exactly condition (29)
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and hence there is a unique morphism of A¢-rings R : A © Ux(L) ©® A — Endx(M)
such that R o J;, = p. The other way around, if we have a morphism of A°-rings R :
A © Uk(L) ®© A — Endg (M) and we compose it with Jy, we get a Lie algebra morphism
¢r : L — Endg (M) such that

$L(X)(a-m-b)
= (R(14 ® x ® 14) 0 pala ® b°))(m)
= R(14 ® x ® 14)(a ® 1y ® b))(m)

CR(@@x®b) + @X)@ @ 1y ®b) + (@ ® Iy ® o(X)())(m)

=a-¢L(X)(m)-b+w(X)@) -m-b+a-m-w(X)(D). u

Remark 2.11. Observe that the algebra maps ¢’ : Ux (L) — R and ¢4 : A° — R satisfy
(31) if and only if they satisfy

PRI (a ® (S(u) 'b)0> = $aluq)-a ®b)¢ (ue)

forallu € U, a,b € A. This implies that the A°-ring morphism ® : A @ Ux(L) © A — R
in Theorem 2.9 coincides, up to the isomorphism of A-bialgebroids from [39, Theorem
2.5], with the algebra map w of [39, Proposition 3.1].

Proposition 2.12. Let B := {X, | @ € S} be a k-basis for L, where S is an ordered
set of indexes. Then By, is a free left A°-module with basis given by 14 @ 1y ® 14 and
lg ® Xxq, " Xa, ® 14 where the xq, -+ Xq,’s are the cosets of the standard monomials
Xay *++ Xq, in the basis B (see [26, §V.2]).

Proof. Tt follows from the PBW theorem (see, for instance, [26, Theorem V.2.3]) and the
definition of the left A-module structure on By.. [ ]

3. The Connes—Moscovici bialgebroid as universal enveloping
bialgebroid

Our next aim is to prove that the Connes—Moscovici bialgebroid 87, = A © Ux(L) © A
satisfies a universal property as A-bialgebroid as well, in the form of an adjunction be-
tween the category of A-anchored Lie algebras and the category of A-bialgebroids.

3.1. The primitive functor
In light of Example 2.3(e), we may consider the assignment
P : Bialgdy — AnchlLiegq

given on objects by P(8B) = (Prim(B), wg) and on morphisms by simply (co)restricting
any ¢ : B — B’ to the primitive elements, that is ¢ o g = 0g/ o P(¢). The latter gives
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a well-defined morphism of A-anchored Lie algebras because it is compatible with the
commutator bracket and

wg (p(X))(a) = ea (p(X)ig(a°)) = ez ($(X)g(1g(a®)))
= ¢eg(9p(X1g(a®))) = eg(Xig(a®)) = wg(X)(a)
for all X € Prim(8) and a € A. Summing up, we have the following result.

Proposition 3.1. There is a well-defined functor PP : Bialgd, — AnchLieq which assigns
to every A-bialgebroid B its Lie algebra of primitive elements Prim(8B) with anchor wg :
Prim(B) — Derk(A) sending X to

wg(X):A— A, ar>wg(X)a) =X .a. (33)

Next lemma states a property of the primitive elements of an A-bialgebroid that we
already observed for Bz, in (28) and that will be useful to prove the universal property in
the forthcoming section.

Lemma 3.2. For B an A-bialgebroid, every primitive element X € Prim(B) satisfies
Xt(a®) —t(a®)X =t(e(Xt(@®)’) and  Xs(a)—s@)X =s(e(Xs(a))) (34)
forall a € A. In particular,
[X.n8(a®b%)]g=n8(X.(a®Db%) (35)
forall X € Prim(B) and all a,b € A.

Proof. In view of the definition of 8 ® 4 B and of B x 4 B we have that

Xt(@®) @41g+1@) @4 X L X @450) + 1g @4 Xs(a).

By resorting to the left-hand side identity in (3), this relation can be written equivalently
as
Xt(@’)®@alg +1t@°)®4 X =1(@°)X ®4lg + 13 ®4 Xs(a) (36)

or
Xt(@®)Ra1g+13Q045(@)X =X Q45(a)+ 1g @4 Xs(a). 37)

By applying B ® 4 ¢ to both sides of (36) and by recalling that e(X) = 0, we get

D @)X + t(e(Xt(a)’).

Xt(a®) = t(@°)X +t(s(Xs(a))’)
If we apply instead € ® 4 8B to (37) then we get
s(e(Xt(a%)) + s(@)X = Xs(a),

which gives the other relation in (34). ]
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3.2. An adjunction between AnchLie4 and Bialgd 4

We show now how the Connes—Moscovici bialgebroid construction provides a left adjoint
to the functor PP in a way that mimics the well-known “universal enveloping algebra/space
of primitives” adjunction

Bialg,

Uk (—) (\ —i\) Prim(—) (38)
Liek.

Remark 3.3. Despite being well-known, it seems that no “classical” reference explicitly
reports the adjunction (38) in the form we stated it here. Nevertheless, it is straightforward
to check that the involved functors are well defined (they are, in fact, slight adjustments of
the functors considered in [34, page 239]) and that they form an adjoint pair. The unit L —
Prim(Uk (L)) (induced by the canonical map j, of (25)) and the counit Uy (Prim(B)) — B
(the unique algebra morphism extending the Lie algebra inclusion Prim(B) € £(B)) are
the obvious natural morphism which are proved to be bijective in [34, Theorem 5.18].

Proposition 3.4. Let (L, ) be an A-anchored Lie algebra. Given an A-bialgebroid 8B
and given a Lie algebra morphism ¢, : L — £(B) such that ¢, (L) < Prim(B) and

PL(X) .a = o(X)(a) (39)

for all a € A and for all X € L, there exists a unique morphism of A-bialgebroids @ :
Br, — B such that ® o Jp = ¢ and it is explicitly given by (30).

Proof. SetU := Uk (L) andlet ¢’ : U — B be the unique k-algebra map extending ¢z.. In
view of (35) and (39), ng and ¢, satisfy (29). Thus, by Theorem 2.9, there exists a unique
morphism of A°-rings ® : By — B satistying ® o J;, = ¢r. Moreover, ng : A* - B
is always a morphism of A-bialgebroids, where A€ has the A-bialgebroid structure from
Example 1.7(b). Therefore, in view of Remark 2.11 and of [39, Theorem 3.2], if we show
that (14,¢") : (k, U) — (A, B) is a morphism of bialgebroids, then we can conclude that
® is a morphism of A-bialgebroids and finish the proof. Equivalently, we need to check
that ¢’ : U — B satisfies

D 4 ) ®ad @) =Y ¢’ @) ®a W) (40)

and
eg(@’'(u)) = ey (u)ly (41)

for all u € U. Since, in view of the PBW theorem, U admits a k-basis of the form

(g} Ufx1xn |n>1,X1,.... X, €L},
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it is enough to check (40) and (41) on the elements of this basis. A direct computation
shows that eg(¢'(1y)) = eg(1g) = 14 = ey (ly)14 and that

eg (@' (x1---xn)) = £8(¢' (x1 -+ Xn—1)9"(x2)) e (¢'(x1 -+ xn—1)s(e8 (9" (xn))))
=eg(¢'(x1- xn—1)s(e8(PL(Xn)))) =0 = ey (x1 -+ Xn)14
for all n > 1. Therefore, relation (41) holds. Concerning (40), we notice first of all that
() ®a¢'(lv) =1®41z =) ¢'(lv)a) ®1 ¢ (10)).

which shows that it is satisfied for u = 1y, and we prove by induction on n > 1 that it
also holds for u = x; --- x,, where X1,..., X, € L. Forn = 1 we have

D 9 (x) ®a ¢ (x@) = ¢'(x) ®4 ¢'(1v) + ¢'(ly) ®4 ¢'(x)
=¢L(X)®alg + 13 ®4¢L(X)
=Y P ®a¢' (X))

Assume now that (40) holds for n > 1, that is, that we have

D¢ (k1 X)) ®a ¢ (X1 X)) = D' (1 xn) (1) ®a ¢/ (X1 Xn)2)
42)
for all Xq,..., X, € L and hence, in particular,

D (k1 X)) ®a P ((x1 -+ Xn)2)) € B x4 B.

Let us compute

Y (rx2 X)) ®4 ¢ (1 %2+ Xnt1)2)

= ) ¢ (D@2 X)) ®4 ¢ (1) @) (X2 -+ Xn 1) 2)

= Y ¢ (D)@Y ((x2- Xnr1) () @4 ¢' (1) @) ((x2 - Xn+1) )
2 (X a) @49 (k) e))

(¢ (G2 3w ) @4 ¢ (52 xws) @)

2 4L (X) ®als + 18 BadL (X)) D¢ (2 ur)) 84 ¢ (2 ar 1))
2 Z¢>/(X1)(1)¢/(X2---xn+1)(1) ®4¢' (x1)2)@ (X2 Xn11)(2)

= Y (@D (2 Xns)) 1) ®4 ($'(X1)P (02 Xnt1))2)

= Z¢/(X1X2"'xn+1)(1) ®4 ¢ (X1X2+ Xn41)2).

so that it holds for n 4+ 1 and we may conclude that it holds for every n by induction. =
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Corollary 3.5. Let (L, ) be an A-anchored Lie algebra. Given an A-bialgebroid B and
given a morphism of A-anchored Lie algebras ¢r, : (L, w) — (Prim(B), wg), there exists
a unique morphism of A-bialgebroids ® : By, — B such that ® o J = 0g o ¢r, where
0g : Prim(B) — B is the canonical inclusion.

Proof. The morphism of Lie algebras (0g o ¢p) : L — £(B) satisfies (39) if and only if
¢r is of A-anchored Lie algebras. ]

Theorem 3.6. The assignment
B : AnchLieq — Bialgdy, (L,w)—»AQUK(L)® A
induces a well-defined functor which is left adjoint to the functor
P : Bialgdy — AnchLieg, B +— (Prim(B), wg),
where wg : Prim(B) — Derk (A) is the anchor of equation (33). Write
¥g : Ux(Prim(8B)) - B

for the unique algebra map extending the inclusion 0g : Prim(B) C B. Then the unit and
the counit of this adjunction are given by

yL : (L,w) = (Prim(4 © Uk (L) © A), w400, (L)0A4)-

43)
X=>J(X) =140 xQ 1y,

and
eg: A Ug(Prim(B)) © A — B, a@u®bisgla)g(b®)dg(u),

respectively, where x = jr (X), as usual. Furthermore, every component of the unit is a
monomorphism and hence B is faithful.

Proof. We need to see how B operates on morphisms. Let f : (L,w) — (L', ') be a
morphism of A-anchored Lie algebras. In view of the fact that

ws, (7L (X)(@) 2 wg, (14 @x @ 1)) L (4 @x® 14) . a

19
Deg (14®x® 14) (@ ® 1y ® 14))

(g)si,»L((x-a)(@lU®1A+a®x®1A+a®1U®(x-lA))

Dx.a + aegy (x) & w(X)(a)

for all X € L and a € A, the morphism yr : L — Prim(8Br) induced by J;, (namely,
we have J; = fg, o yr) is a morphism of A-anchored Lie algebras for every L in
AnchLieq and hence, by Corollary 3.5, there exists a unique morphism of A-bialgebroids
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®: By — B such that Do Jp = Jp o f =0g, oy o f anditis explicitly given
by (30). We set B(f) = .
In order to conclude, consider the natural assignment

Bialgd4 (A © Uk (L) © A, B) — AnchLieq (L, Prim(B)),

(44)
W > Prim(W) o yr..

Corollary 3.5 states that for every ¢ in AnchLieg (L, Prim(8)) there exists a unique &
in Bialgd4 (A © Uk (L) © A, 8) such that ® o J; = Og o ¢, which implies that (44) is
bijective. ]

Remark 3.7. In the context of the proof above, let F : U — U’ be the unique k-algebra
morphism satisfying F o j; = jpr o f. Since

v :U — B, Uur> 14 ® F(u) ® 1y4,

is a k-algebra morphism such that ¢ o j; = Jr/ o f, the unique morphism of A-bialge-
broids B(f) : B — Brs induced by f : L — L' has the form

B(f)a®u®b)=a® F(u) @b

foralla,b € Aandu € U. Thus, if f : (L,w) — (L', ®’) is a morphism of A-anchored
Lie algebras, we will also write A © U(f) O A to denote the A-bialgebroid morphism
B(f), where U(f) : Ux(L) — Uik (L) is the unique k-algebra morphism such that

U(f)ojL=jvrof

Example 3.8. Let A be a finite-dimensional algebra and let B = Endg(A) with the
A-bialgebroid structure of Example 1.7(c). It is clear that Prim(8B) = Der(A). Then,
the image of the associated Connes—Moscovici bialgebroid A @ Uk (Derg(A)) ® A in
Endk (A) via €g is the A°-subring of Endk(A) generated by A° and Dery(A). In this
sense, it can be interpreted as the derivation A°-ring of A in the sense of [33, Chapter 15,
§1.4].

In particular, the counit of the adjunction is not surjective in general. We will see with
Corollary 4.4 why also the unit is not surjective.

4. An intrinsic descriptionof A © Ux(L) © A

Inspired by the results of Milnor—-Moore and Moerdijk—Mrcun, which give an intrinsic
description of those bialgebras/bialgebroids that are universal enveloping algebras of Lie
algebras/Lie—Rinehart algebras, we look for necessary and sufficient conditions on an A-
bialgebroid 8B in order to claim that it is a Connes—Moscovici bialgebroid A © Ug (L) © A
for some A-anchored Lie algebra (L, ®).
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4.1. The primitives of the Connes—-Moscovici bialgebroid
To begin with, we need a more detailed analysis of the space of primitives of By .
Lemma 4.1. Let B be an A-bialgebroid. Then the k-vector subspace
(sg —tg) ={sgla) —13(a’) |ac A} S B

is an ideal in Prim(B). The Lie bracket is explicitly given by

[s8(a) —t8(a®).s8(b) —ta(b°)] = sg([a.bla) — tg([a.D]})
and the anchor by

wg : (sg —tg) — Derg(A), sg(a) —tg(a®) — la,—a.
foralla,b € A.

Proof. Sets :=sg andt = tg. The fact that (s — ) is contained in Prim(43) follows from

Ag(s(@) —1(@*)'E's(@) ®4 15 — 1 ®41(a°)
) (s(a) —1(a®)) ®4 1 — 13 ®4 (s(a) —t(a®)).

The fact that it is a Lie ideal in Prim(8) with respect to the commutator bracket follows
because

[X.s(a) —1(a%)] g = Xs(a) — Xt(a®) — s(@)X +1(a®)X
Zs(e(Xs(@)) — 1(e(X1(a*))°)
Zs(e(Xs(@)) —1(e(X5(a))°) € {s —1).
Now, a direct computation shows that
[s(@) = 1(@®), s(b) — 1(b)] g = s([a. bla) —([a. b]3)
forall a,b € A as claimed. Furthermore,
s (s(@) — @) (b) = (s(@) —1(a®)) . b
2 en(s(@)s(h) — e5(t @) (b%)) = [a.bls
for all a, b € A and hence the proof is concluded. ]

Lemma 4.1 makes it clear why the counit €g : Bprim(8) — B of Theorem 3.6 is not
injective in general. Namely, every element of the form

aRlyRlyu—14®1ly®a—14Q (sgla) —tg(a’) ® 14

for a € A lives in the kernel of €g.
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Example 4.2. Consider the A-bialgebroid B8 = Endg(A) from Example 1.7(c). As we
have seen in Example 3.8, the primitive elements of B are the derivations of A. It is easy
to see that (s — ¢} are exactly the inner derivations.

For H a Hopf algebra and A an H-module algebra, we will often write
14 @ Prim(H) ® 14
for{l4 ®h ® 14 | h € Prim(H)}.

Proposition 4.3. For any Hopf algebra H and any H-module algebra A, we have that
14 ® Prim(H) ® 14 and (s — t) are subalgebras of Prim(A © H © A). Moreover, we
have an isomorphism of A-anchored Lie algebras

(14 ® Prim(H) ® 14) x5 (s — 1) = Prim(A © H © A)
given by the vector space sum.
Proof. The fact that (s — t) is an ideal in Prim(A © H © A) has been established in
Lemma 4.1 for a general A-bialgebroid. The fact that 14 ® Prim(H) ® 14 is a subalgebra
is a straightforward computation. Moreover, notice that if

Uy@X®ly=aQ@1lp®l4—14Q®1pg ®a

for some X € Prim(H) and some a € A, then
0=(AReg @A) (143X Q1Y) =(AQer RA)aRIgRly—14 R 1y Ra)
=a®ly—14®a
which implies that
a®IlE®l4—14®1lg®@a=na®1]-14®a°) (14 ® 1n ® 14) = 0.
In view of Lemma 2.6, we are left to check that
Pim(AO H® A) C (14 @ Prim(H) ® 14) + (s — ). (45)

Let us consider a primitive element § € A © H © A. Fix abasis {¢; | i € S} for 4 as
a vector space, where S is some set of indexes with a distinguished index 0 and eg = 14.
Write
£ = Zei ® hij ® e;
ij
where almost all the /;; are 0. Consider also the dual elements {e | i € S} of the ¢;’s.
Since £ is primitive, the following relation holds

Y (ei ® (hij) 1) ® 14) ®4 (14 ® (hij)2) ® ¢;)
i,J
= (e ®hij ®e;) ®a (14 ® 1y @ 14)
i,j
+(1a® 1y ®14) ®a (ei ® hij ® e;). (46)
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For k # 0 # [, let us apply the k-linear morphism (¢; ® H ® 4) ®4 (A ® H ® ¢}) to
both sides of the identity (46). We find out that

Z((hkl)(l) ®14) ®4 (14 ® (hi1)(2)) =0

from which it follows that hx; = 0, by applying (H ® A) ® 4 (A ® eg) to both sides
again. Therefore,

E=14 ®h00®1A+Zei ® hio ® 1A+21A ® hoi ® e;.
i#0 i#0
Consider again the identity (46), that now rewrites
> (14 ® (hoo)1y ® 14) ®4 (14 ® (hoo) () ® 14)

+ Z(ei ® (hio)1) ® 14) ®4 (14 ® (hio)2) ® 14)
i#0

+ Z(IA ® (hoi)(1) ® 14) ®4 (14 ® (hoi)2) ® €;)
i#0
=(la®hy®14) R4 (14 R®1g®14) + (14 @ 1y @ 14) ®4 (14 ® oo ® 14)
+Y (e ®hio® 14) ®4 (14 ® 1 ® 1)
i£0
+(a®1g ®14) ®4 (€; @ hio ® 14)
+ Z(IA ®hoi ®e;)®4(14Q® 1y @ 14)
i#0
+ (14 R1g ®14) ®4 (14 ® hoi ® e;).

If we apply (17 ® H ® A) ®4 (A ® H ® 17) then we get that

Z((hOO)(l) ® 14) ®4 (14 ® (hoo)(2))
= (hoo®14) ®4 (14 ® 1g) + (1g ® 14) ®4 (14 ® hoo)

+ ) (1g ® 11) ®4 (i @ hig) + (ho; ® €;) @4 (14 @ 1g). (47
i#0

By resorting to the k-linear isomorphism (H ® A) ®4 (A® H) = H ® A® H, the
equality (47) becomes

Z(hoo)a) ®14® (hoo)@) =hoo ® 14 ® 1y + 17 ® 14 ® hoo

+Zh0i®€i®1H+1H®ei®hio. 48)
i#0

By applying H ® 13 ® H to both sides of the identity (48) we get that

Z(hoo)(l) ® (hoo)(2) = hoo @ 1g + 1g ® hoo,
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whence /g is primitive in H, and by applying H ® e; ® H for all k # 0 we get
la @ hgo + hox ® 17 = 0. (49)

By applying further H ® ey we find that hor = —e(hro)1lg and hence from (49) we
deduce that

0=1g ® hgo—e(hxo)lg ® lug = 1 & (hgo — e(hio)1H),

which in turn entails that g — e(hxo) g = 0 by applying ey ® H to both sides, that is,
hixo = e(hgo) 1y for all k # 0. Summing up,

E=14Q®hoo® 14+ ZE(hko)(ek @lu®ls—14® lg ®ex)
k#0

which proves that the inclusion (45) holds. ]
Corollary 4.4. For any A-anchored Lie algebra (L, w) we have
Prim(A © Uk (L) © A) = L x5 (sg, —t3,)-

Proof. 1t follows from [34, Theorem 5.18] that Prim(Uyk (L)) = L. Moreover, it is clear
that L =~ 14 ® L ® 14 as A-anchored Lie algebras. [

It is evident from Corollary 4.4 why, in general, the unit y;, : L — Prim(8.) from
Theorem 3.6 cannot be surjective.

4.2. Primitively generated bialgebroids
Let B be an A-bialgebroid and consider the A°-bimodule

Mg = A° ® Prim(B) ® A°.
There is a canonical A°-bilinear map ¢ g : Mg — B given by

[4
4 122000 e 80 8 8,

A° @ Prim(B) ®
where 03 : Prim(8) — B is the inclusion and

m . BIBRXB — B, XQYRz>Xxyz.

Therefore, by the universal property of the tensor A¢-ring T4e(Mg) (considered as the
free A°-ring on the A°-bimodule Mg; see [30, Theorem VII.3.2] or [37, Proposition
1.4.1]), there exists a unique morphism of A¢-rings

Dg: Tae(Mg) — B (50)

that extends ¢ 3. We set cg : Mg — T 4¢(M g) for the canonical inclusion.
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Since T4e (M g) is a graded A°-ring with grading given by
Tye(Mg)g = A® and Tge(Mg)y = Mg ®ge -+ Qe Mg (n times),

for all n > 1, B inherits a natural filtration as A°-ring given by
n
Fa(8B) = ®5( @D Tue (Ma) ). (51)
k=0

We set by definition F_;(8) := 0, as usual. Notice that F;(B) is the A°-subbimodule of
B generated by A¢ and Prim(8), thus we call {F,,(8B) | n € N} the primitive filtration.

Example 4.5. Let (L, w) be an A-anchored Lie algebra and consider the Connes—
Moscovici bialgebroid 87 = A © Uk (L) © A. Recall that Uk (L) is a filtered k-algebra
with filtration induced by the canonical projection Tk (L) — Uk (L). Then

Fu(AOUk(L) © A) = AQ F,(Ux(L)) ® A. (52)

Definition 4.6. We say that an A-bialgebroid B is primitively generated if
8= F(®).

n>0

Remark 4.7. Definition 4.6 is given in the same spirit of [34, page 239]. In particular,
the Connes—Moscovici bialgebroid A © Uk (L) ® A of an A-anchored Lie algebra (L, w)
is primitively generated. Notice also that B is primitively generated if and only if ® g of
(50) is surjective.

Proposition 4.8. The canonical morphism ®g is natural in 8 € Bialgd,. Namely, every
morphism ¢ : B — B’ of A-bialgebroids induces a morphism Ty : Tge (Mg) — Tae (Mg/)
of graded A°-rings in a functorial way and the following diagram commutes

T.
Tae(Mg) —— Tae(Mg')

%l l%/ (53)

£T>{8/.

Proof. By the universal property of the tensor A°-ring and a standard argument, any
morphism ¢ : 8 — B’ of A-bialgebroids induces a unique morphism T : Tge(Mg) —
T4e(Mg) of graded A°-rings extending A° ® P(¢) ® A°. It satisfies

¢O®£:(D£/OT¢, |

Corollary 4.9. Any morphism ¢ : B — B’ of A-bialgebroids is filtered with respect to
the primitive filtration, that is to say, ¢ (F,(B)) C F,(B’) for all n > 0. In particular, the
component of the counit € g corresponding to an A-bialgebroid 8 is a filtered morphism.
Furthermore, € g is surjective if and only if B is primitively generated.
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Proof. The fact that any morphism of A-bialgebroids is filtered follows from the commut-
ativity of (53) and the definition of the primitive filtration. Now, set U := Uy (Prim(SB))
and L := Prim(8). Since, by Proposition 4.3,

Pim(AQU O A) =14 QL ®1y) B (sg, —t8,)

and since P(eg)(14 ® X ® 14) = X for all X € Prim(B), it is clear that P (eg) is sur-
jective. Thus, Tey : Tae(Mg,) — Tae(Mg) is surjective as well and we know from
Example 4.5 that ® g, is surjective. Since, by naturality of ®g, the following diagram
commutes

T.
Tae(Mg,) —=% Tye(Mg)

s, | F@

_—
BL = B,
€g is surjective if and only if ® g is. |

Example 4.10. Let A = Mat, (k) be the algebra of n x n matrices with coefficients in k,
for n > 2. Consider again the bialgebroid 8 = Endy (A) of Example 1.7(c), its space of
primitive elements Prim(48) = Dery (A) and the associated Connes—Moscovici bialgebroid
A © Ug(Derg(A)) © A as in Example 3.8. Every f € Endg(A) is uniquely determined
by the images f(Ei ;) = > f}:,i Ep i forall i, j and it satisfies

fy=3%" (Zmi,jf;f,’;{)Eh,k =D fid EniME;x

hk i, hk i,j
= 77.,@( Y Sl Eni® E,-,k)(M),
i,j.h.k

whence € g is surjective and B is primitively generated.

Let B be an A-bialgebroid. Recall that, given the filtered left A°-module 8 with
filtration { F;,(B) | n > 0} as in (51), we can consider the associated graded left A°-module
gr(8B) as in Section 1.1. Since €g is a morphism of filtered A°-modules, it induces a left
A¢®-linear homomorphism

gr(eg) : gr(A © U(Prim(B)) © A) — gr(B).

The following lemma, which should be well known, is implicitly needed in the proof
of Theorem 4.13 below. Its statement resembles closely [35, Remark 2.4]. Its proof can be
deduced from the results in [ 16, Appendix B] and it follows closely the argument reported
in [47, page 229] for coalgebras over a field, but we sketch it here for the sake of the
reader.



On anchored Lie algebras and the Connes—Moscovici bialgebroid construction 1037

Lemma 4.11. Let B be a primitively generated A-bialgebroid. Then (sBo, Ag, eg) is
a filtered A-coring with the primitive filtration. In particular, if gr,,(8B) is a projective left
A¢-module for all n > 0, then F,(B) is a projective left A°-module for all n > 0, the map

gr(B) ®4 gr(B) — gr(B ®4 B),
(X + Fp(B) @4 (y + Fr(B) = x ®4 Y + Frik+1(B ®4 B),

is an isomorphism of left A®-modules and the A-coring structure on B induces an A-
coring structure on gr(B). Furthermore, any morphism ¢ : 8 — B’ of primitively gen-
erated A-bialgebroids which are graded projective as A-corings induces a morphism of
graded A-corings gr(¢) : gr(8) — gr(B).

Proof. 1t follows from Lemma 1.1 and Proposition 1.2, once proved that B8 with the
filtration {F,,(8B) | n € N} is a filtered A-coring. To this aim observe that, as a left A¢-
submodule of B, F,(B) is generated by 1g and by elements of the form X; --- X for
1 <k <nand X; € Prim(8B) for all i. By applying A g we find that

Ag(lg) =13 ®41g € Fo(B) ®4 Fo(B),

and that

k

Ag(Xy- X)) =[[(Xi®alg+18®@aX)= D Xp -+ Xp, ®4 Xy, -+ Xg,
i=1 t+s=k

belongsto } ", . Fi(B) ®4 Fs(B), where
{pill<i=<tyUdgjl1=j=sp={l.....k},

pL<p2<---<prandqy < gy <--- < gs. By left A®-linearity of A g, we may conclude
that it is filtered. On the other hand, ¢ g is obviously filtered (by definition of the filtration
on A). Therefore, (80, Ag,eg) is in fact a filtered A-coring. [

In view of Lemma 4.11 and by mimicking [35, page 3140] and Section 1.2, we give
the following definition.

Definition 4.12. A primitively generated A-bialgebroid B is called graded projective if
each associated graded component gr,, (8B) is a projective left A°-module.

The following can be understood as an analogue of the celebrated Heyneman—Radford
Theorem for coalgebras [20, Proposition 2.4.2] (extending the earlier Heyneman—
Sweedler Theorem [21, Lemma 3.2.6]).

Theorem 4.13. Let ¢ : B — B’ be a morphism of graded projective primitively gener-
ated A-bialgebroids. If gr(B) is strongly graded as an A-coring and ¢ is injective when
restricted to the left A®-submodule of B generated by Prim(B), then ¢ is injective.
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Proof. In order to prove that ¢ is injective, we are going to prove that gr(¢) is injective.
In view of [36, Chapter D, Corollary III.6], the latter implies that ¢ is injective as well.

To this aim, let us prove that gr, (¢) is injective for every n > 0. To begin with, let us
prove that gr,(¢) is injective. Since gro(B) = Fo(B)/F-1(B) = Fo(B) = Og(A4°), we
may take ) ; sg(a;)tg(b?) as generic element in ker(gry(¢)). Then

0=gro(@)( D ss@)ia®f)) = Y ss(aris ).
i i
By applying ¢ g to both sides we find out that >, @;b; = 0 in A, whence
Yai®b! =) (@ @1k @15 - 14®bY)
i i

in A€ and so

Y ss(@)ts(h)) =) sg(ai)(ss(bi) —ig(b))) € A° - (s3 —I3).

Being ¢ injective on A° - Prim(8), we conclude that ) ; sg(a;)tg(h{) = 0 and hence
gro(¢) is injective.

To prove that gr,(¢) is injective, notice that an element in Fy(8B)/Fo(B) is of the
form

3 saais®)) + 3 s5@))is (b)) Xisa@)ig (b)) + Fo(B)

i J

E " ss(@ja))s((b]b))°)X; + Fo(B)
J

for X; € Prim(8) and a;, b,-,a},bj’-,a}’, bj’-’ € Aforall i, j. Therefore, we may assume that

Y isa(ai)tg(b?)Xi + Fo(B) is a generic element belonging to ker(gr; (¢)). This implies
that

0=gn@)( Y s8@)iab))X; + Fo(8)) = Y sm(@)is (b)) (X) + Fo(B)
and hence there exists ) _; 5@/ (a]’-)tig/(b}o) € Fo(8B’) such that
> salats (B))¢(Xi) + Y sg(a))ig (b)) =0
i j

in B'. By applying g’ again we find out that } |; a’;b; = 0 and hence

Y sa(a)te (b)) =" sa(a))(ss (b)) —ta(b}°) € A° - (sg — ).
J J
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Summing up,

0= sg (@)X + Y s (sa (b)) — 15 (b))
i J
= o( X sa@)s )X + Y s8())(s50)) ~15(5))).
i J

but, being ¢ injective on A¢ - Prim(B), this yields that

0= sg@)is®)Xi + Y sa@) (55 b)) —18()"))
i J

in B and hence
> ss(@)is(bf)X; + Fo(8) = 0.
i
Finally, let us prove that gr, (¢) is injective for all n > 1 by induction. We just showed
the case n = 1. Assume that gry(¢), ..., gr,(¢) are all injective for a certain n > 1 and
consider an element z € ker(gr,, ;(¢)). Consider also the canonical projections

i B (B ®agr(B) — gr,(B) @487 (B)
i+j=n+1
forh +k =n+ 1, asin (9). For all p, g such that p + g = n + 1 we have that
ro( D ei@ @ae@) = @@ agn@)op. G4
i+j=n+1
Therefore, for all 1 < h < n we have that

0= (piZ o AT o (grs (9))(2)
Lo ( P e 2ag@)oal)e

i+j=n+1
(8 (®) ®a grc(9)) o pi2y 0 AL (2).

By the induction hypothesis and projectivity of gry(8B) and gr,(B’) as left A°-modules
for all s > 0, we know that gr, (¢) ® 4 gri (¢) is injective and hence

B [n+1] _
(Ph,k °© Ag:l(ﬂ) )(z) =0

(6L (

forallh +k =n+ 1,1 < h < n. Since gr(B) is strongly graded by hypothesis, p;?k o

Ag&,)] is injective and hence z = 0. -

Theorem 4.14. Let B be an A-bialgebroid. Then we have an isomorphism
B=2AOU(L)OA

for an A-anchored Lie algebra (L, w) if and only if
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(CM1) L is a subalgebra of Prim(B) and Prim(B) =~ L x5 {(sg —tg8),

(CM2) B is graded projective and primitively generated,

(CM3) the left A®-submodule of B generated by L is 0 (in which case we require ng
to be injective) or it is free and generated by a k-basis of L,

(CM4) A¢-(sg —tg) N A° - L = 0 (in particular, A€ - Prim(B) = (A - L) & (A° -
(s —18)))

Proof. We want to apply Theorem 4.13 to show that the conditions listed are sufficient.
First of all, let us prove that for any A-anchored Lie algebra (L, w) the Connes—Moscovici
bialgebroid By, is graded projective and that gr(By) is strongly graded (we already know
that By, is primitively generated from Example 4.5 and Remark 4.7).

In view of (52), we know that F,,(Br) = A ® F,,(Ux(L)) ® A. By exactness of the
tensor product over a field, the short exact sequence of k-vector spaces

0 — Fu—1(Uk(L)) — F,(Ux(L)) — gr,(Ux(L)) — 0
induces a short exact sequence of left A°-modules
0—AQ® Fr1(Uk(L) @ A— AQ F(Ux(L)) ® A — AQ gr, (Ux (L)) A — 0.

Therefore, we have gr, (Br) = A ® gr,,(Ux(L)) ® A as left A°-modules. In particular,
gr,(Br) is a free left A°-module.
To show that gr(By) is strongly graded, consider an element

2= a4 ®uyp ®bg e AR gr,(U)® A
a,B
such that ( p;?i ) AZ(]JRL))(Z) = 0 for some £, k satisfying i + k = n, where the elements
{au}a in A are linearly independent over k as well as the elements {bg}g. Now, consider
the commutative diagram

a3 ®gr, (U) @b}
AQgr,(U)® A gr,(U)

Mgtz

Ditj=n(AQeri(U)® A) @4 (AR gr;(U) ® A) Al
Pak

ARgrnU)®A)®4(ARegn(U)® A) DitjneriU) ®@gr;(U)
= i
A®g,U)®A®en(U)® A g (U) ® gri (V).

a;®gr,(U)®1; Qg (U)Qbj
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If we plug z in it and we recall that gr(U) is strongly graded (that is, pgr(U) ) Agrl(]U)
injective for all n > 0 and for all # 4+ k = n) then we find u, g = 0 for all o, B and hence
z=0.
Now, the inclusion of A-anchored Lie algebras L — Prim(8) extends uniquely to
a morphism of A-bialgebroids W : 8y — B, in view of the universal property of Bz,
(Corollary 3.5). Moreover, similarly to what we did in the proof of Corollary 4.9, one can
show that W is surjective (because B is primitively generated and P (W) is surjective).
Therefore, to conclude by applying Theorem 4.13 we are left to check that the candidate
isomorphism W is injective when restricted to A¢ - Prim(8B). Since

Prim(c(BL) = (IA QL® lA) 52 (S$L - [£L>’
a generic element in A¢ - Prim(8B) is of the form

D a4 ®@xi®bij+ Y ajay® ly @b —aj, ® ly ®aybj,

for X; € L and a; ;, b,-,,,ahk, b;l’k, a;l € A, where we may assume that the Xj’s are
elements of a k-basis of L, without loss of generality. Thus,

i,j hk

= sglai)tsbij)Xi + Z&@(a sy ) = ss(ay Ots(ayby ).
h.k

i,J

By (CM4), this entails that

0="> ss(ai;)abi;)X; (55)
iJ
and
0= sg(aj aptsby ) —ssla) ts@by ). (56)

h.k
By (CM3), relation (55) yields that

Y aij ®bij=0
J
in A for all i. Relation (56), instead, implies that

0=773(Z(1Z’ka;l®b;: ahk ®ahb )
h.k

However, since A° - L is a free left A°-module with action given via g (or 1 g is injective
by hypothesis), 1 g itself has to be injective and hence

O_Zahkah —aj e ®ayby ;.
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which, in turn, yields

_ " ! " 1 /AN
O = Zah,kah ® lU ® bh,k _ah’k ® 1U ® ahbh,k'
h.k

Summing up, (CM1) ensures the existence of a morphism W and (CM2) entails that W is
surjective. Conditions (CM3) and (CM4), instead, allow us to conclude that W is injective
on A¢ - Prim(8) and hence, by Theorem 4.13, W is injective on By. Thus, ¥ is an
isomorphism.

The fact that the conditions (CM1)—(CM4) are necessary is clear. [

Remark 4.15. In the context of the proof above, observe that if L = 0, then Prim(B) =
(sg —tg). If moreover B is primitively generated, then W : A © k © A — B is surjective
and it coincides with ng : A° — B up to the isomorphism A ©® k © A = A°. This is the
point where injectivity of 1 g enters the picture.

Example 4.16. Let A = Mat, (k) forn > 2 and let B = End (A) as in Example 1.7(c). It
follows from the Skolem—Noether theorem that every derivation of A is inner. In particular,
Prim(8) = (sg — tg) and conditions (CM1) and (CM4) are satisfied. Moreover, as we
have seen in Example 4.10, 8 is also primitively generated and, in fact, gr,(8) = 0 for
alln > 1.

In order to apply Theorem 4.14, we are left to show that g is injective (notice that we
already know it is surjective), but a straightforward computation reveals that ng coincides
with the composition of isomorphisms

o Matn (K)®(-)"
Mat, (k) ® Mat, (k) ————— Mat, (k) ® Mat, (k) = Mat,2 (k) = Endk (Mat, (k)).

Therefore, (CM2) and (CM3) are satisfied as well and, by Theorem 4.14,

B = A0 Uk(0) O A.

4.3. Bialgebroids over commutative algebras

A slightly more favorable situation is provided by the case of bialgebroids over a com-
mutative base.

Let us assume henceforth that A is a commutative k-algebra. This implies that now
we can consider the target tg of an A-bialgebroid 8B as an algebra map g : A — B and
hence we will omit the (—)°. By Lemma 4.1, we may consider the quotient Lie algebra

Prim(B) := Prim(B)/(sg —t8),

which is A-anchored with anchor w g induced by wg, because now (sg — tg) is abelian
with zero anchor. This induces a well-defined functor

P’ : Bialgd4 — AnchLiey, B+ Prim(B).
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As we have seen in Proposition 4.3 and in Corollary 4.4, By, satisfies the additional
property that Prim(8z) = Prim(8r) xs (sg, —tg,) as A-anchored Lie algebras. If we
restrict our attention to the full subcategory Bialgd, of Bialgd, composed by all those A4-
bialgebroids B such that Prim(B) = Prim(B) x5 (sg — tg) as A-anchored Lie algebras,
then the functors B and P” induce functors

P : Bialgd, — AnchLiey, B+ Prim(B)

and
B : AnchLie4 — Bialgd,,, (L,w)—> AQ Uk(L) © A.

It can be shown that, in this case, we always have a natural isomorphism
YL = (L 2 Prim(8Br) — W(!BL))
inducing a surjective map
Bialgd, (Bz . B) — AnchlLies((L,w), (Prim(B). @ g)).

which, however, is not injective in general (that is, B and P are not adjoint functors).
Nevertheless, we may always consider a “preferred” morphism of A-bialgebroids

AQUK(18)0A
_—

eg = (A © Uk (Prim(B)) © 4 A O Uy (Prim(8)) © 4 =2 £)

induced by a chosen injection t g : Prim(8) — Prim(8) and by the counit of the adjunction
in Theorem 3.6. Since the hypothesis on Prim(8) ensures that

P(eg) : Prim(A © Ug (Prim(8B)) ® A) — Prim(B)

is an epimorphism, we may conclude that B is primitively generated if and only if € g is
surjective, as in Corollary 4.9, and we may restate Theorem 4.14 in the present framework.

Theorem 4.17. Let B be an A-bialgebroid over a commutative algebra A. Then
Bx=AQO Uk(Prim(B)) O A
if and only if
(CM1) Prim(B) == Prim(B) xg (sg —1g8),

(CM2) B is graded projective and primitively generated,

(CM3) the left A°-submodule of B generated by Prim(B) is 0 (in which case we
require N g to be injective) or it is free and generated by a k-basis of Prim(8B),

(CM4) A¢-(sg —tg) N A°-Prim(B) = 0.
Example 4.18. Let A := C[X] and consider the A-bialgebroid

1
H = (C[x,y,t,z,?]



P. Saracco 1044

studied in [15, §5.6] and inspired by the coordinate ring of the Malgrange’s groupoid. Its
bialgebroid structure is uniquely determined by

sg(X) = x, tge(X) =y, ex(x) =X =ex(y),
ex(t) =1, ex(z) =0, Agp(x) =x®4g1,
Ap(y) =1®4y, Ap(t)=1tR®at, Ap(z) =zQut +1>®4z

and ordinary multiplication and unit. The ideal I = (¢t — 1) generated by t — 1 in J is a
bi-ideal (it is an ideal by construction and a coideal by [8, §2.4]) and hence the quotient
# /I is an A-bialgebroid. It can be identified with B := Clu, v, w] with
s(X) = u, t(X)=w, e(u) = X =¢e(w), e(v) =0,
A(u) =u®4ql, Aw) =1®4 w, AW)=v R4 1+ 1®4.

The space of primitive elements of B is
Prim(B) = (W' —w' |i = 0)® Cv

with Prim(8) =~ Cv, whence (CM1), (CM3) and (CM4) are satisfied (in this case, § = 0
by Lemma 2.6, as everything is commutative). Concerning (CM2), we observe that 8 with
the foregoing structures is the free left A°-module generated by {v* | k > 0}, whence it is
primitively generated and graded projective (even free). Thus, Theorem 4.17 ensures that

B =A0Uc(Cv) O A.

The same conclusion could have been drawn by observing that 8 =~ C[X] ® C[Y] ®
C[X] is the scalar extension commutative (Hopf) C[X]-bialgebroid obtained from the
Hopf algebra C[Y] and that, as Hopf algebras, C[Y] = Uc(CY).

4.4. Final Remarks

An additional step which deserve to be taken is to restrict the attention further to those
A-bialgebroids B over a commutative algebra A such that sg = tg (for example, cocom-
mutative A-bialgebroids). However, in this case the Connes—Moscovici construction is not
the correct construction to look at. One may prove that the assignment

AQUK(L)© A — A#Uk(L), aQUbr—>ab®u

provides a surjective homomorphism of A-bialgebroids with kernel the ideal generated
by (sg, —tg,) in Br. The A-bialgebroid structure on A # Uy (L) is that of extension of
scalars with trivial coaction on A, that is to say,

s=t:ara® ly. .

e:a@®ui>as(u),

A:a@um—~> Z(a ®u(1)) [ (1A ®u(2))
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and semi-direct product algebra structure, that is,

(@a®@u)(d®v) =Za(u(1)-b)®u(2)v and Lasty (1) = 14 ® 1y, ).

In view of the results from Section 2.2 and Section 3.2, the foregoing observations sug-
gest that A # Ui (L) would be the right A-bialgebroid construction to consider, in order
to recover the universal property of Theorem 2.9 and an adjunction as in Theorem 3.6.
Nevertheless, we keep this question for a future investigation.

5. The finite-dimensional case and flat bimodule connections

In this last section, we show how, for a finite-dimensional A-anchored Lie algebra (L, w),
representations of (A, L, w) in the sense of Corollary 2.10 naturally give rise to a fam-
ily of A-bimodules with flat bimodule connection for the first-order differential calculus
Hom, (L, A). As a consequence, we see how the latter forms a closed monoidal category
with closed monoidal underlying functor to A-bimodules and with the associated Connes—
Moscovici bialgebroid A ® Uk (L) © A as the bialgebroid representing it in the spirit
of [18]. For the general theory of differential calculi and bimodule connections, we refer
the reader to [4, 12].

5.1. Anchored Lie algebras, representations and bimodule connections

Recall (e.g. from [4, Definition 1.1] or [12, §6]) that a (generalised) first-order differential
calculus over a k-algebra A is an A-bimodule ! with a derivation d € Derk (A4, Q1) (the
exterior derivative), that is, a k-linear map d : A — Q! satisfying

d(ab) = d(a)-b +a-d(b)

for all a, b € A. A first-order differential calculus (Q!, d) is parallelised with cotangent
codimension n if Q! is free as a left and right A-module, with basis of cardinality n
([4, Definition 1.2]).

Proposition 5.1. There is a bijective correspondence between K-linear morphisms w :
L — Derg(A) and derivations d : A — Homy (L, A) making of Q' = Hom, (L, A) a
first-order differential calculus, where the A-bimodule structure on Q' is provided by
the regular A-bimodule structure on A. In particular, the first-order differential calculus
Q! = Homy (L, A), d) associated with (A, L, ) is parallelised with cotangent dimen-
sion n if and only if L is a finite-dimensional k-vector space of dimension n.

Proof. The first claim follows from the bijective correspondence

Wy : Homy (L, Homy (A4, N))) <—— Hom, (A4, Hom, (L, N))
S [a = [X — f(X)(a)]] (57)
[X = [a — g(a)(X)]] g
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induced by the Hom-tensor adjunction, where N is any A-bimodule. The second one fol-
lows from the fact that Homy (L, A) = A%mi (L) a5 Jeft and right A-module. ]

Let w : L — Derg(A) be a k-linear map. By following [22, §1], we set QY := Aand
Q" == Homy (A" L, A),

for all n > 1, that is, Q" is the space of n-linear alternating functions from L X --- x L
to A. For the sake of the interested reader, these are the n-dimensional A-cochains of
[9, §23]. For every f € Q" and for all X, X1,..., X, € L we set

X -NX1® QX)) =0X)(f(X1 ® Q@ Xp))

_Zf(xl®-..®[X,X,~]®---®Xn),

i=1

HX1® - ®Xu—1) = fXRX1®-® Xp_1),

and we define the differentials d : Q" — Q"+ inductively by setting d(a)(X) = w(X)(a)
and

d(f)x =X f—d(fx) (58)
foralla € A, X € L, f € Q" withn > 1. In the notation of [12, §3], (58) reads

(ix od)(f) = Lx(f)—(d oix)(f).

Lemma 5.2. The complex (2°,d) is a cochain complex if and only if w : L — Derg (A)
is a morphism of Lie algebras.

Proof. If w is a morphism of Lie algebras then A4 is an L-module and the claim follows
from [22, §1]. Conversely, if (22°, d) is a cochain complex then, foralla € A, X,Y € L,

0=d*@)(X®Y) =oX)w)@)—o)o(X)(a) - o([X.Y])(a). "
Therefore, if (L, w) is an A-anchored Lie algebra, then (2°, d) provides a DGA with

(S ADX1® @ Xpig) =Y ()" f(Xs, ® -+ ® X5,)2(Xp, ® - ® Xy,) (59)
N

as multiplication for all f € Q7, g € Q4, where the sum runs over all ordered subsets
S =(s1,....8) of {1,2,..., p+ ¢}, (t1,....1,;) is an ordered complement of S and
v(S) = Z;?:l S(j) with S(j) equal to the number of indices i for which s; is greater
than 7;.

Let (1, d) be a differential calculus on the algebra A. Recall from [12, §10] that a left
bimodule connection (also called left bimodule covariant derivative) on an A-bimodule M
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is a k-linear map V : M — Q! ® 4 M (the left connection) together with an A-bimodule
mapo : M ®4 Q! — Q! ®4 M (the intertwining map) such that

Va-m)y=a-V(m)+d(a)@am and V(im-a) =V(m)-a+o(m®4 d(a))
(60)
foralla € A,m € M. The curvature R : M — Q% ® 4 M of V is defined by

R(m) = ((d ®4 M) — (A @4 M) o (Q' ®4V))(V(m))

(i.e., R = V?) and V is said to be flat if R = 0. Furthermore, a bimodule with left con-
nection (M, V, o) is called extendable ([4, Definition 4.10]) if for all n > 1, o extends to
0p M Q4 Q" — Q" ®4 M such that

A®aAM)o(Q" ®a0m)0(0n ®4 Q") = 0Omino (M Q4 N)

asmaps from M ® 4 Q" ®4 Q" to Q""" @4 M.

Assume henceforth that (L, @) is an A-anchored Lie algebra such that L is finite-
dimensional as k-vector space with dual basis {e;,e | i = 1,...,n}. For every A-bimod-
ule M we have an isomorphism of A-bimodules

Dy i Q' @4 M ——— Homy (L, M)
fRam——— [ X — f(X)-m] 61)
Yo laef ®a9(e;) «———¢.

Inspired by Corollary 2.10, we may take as definition of representation of (A4, L, w) an
A-bimodule M together with a Lie algebra map p : L — Endy (M) such that

p(X)a-m-b)=a-p(X)(m)-b+w(X)a) - m-b+a-m-w(X)(Db) (62)

foralla,be A, X e Lome M.

Proposition 5.3. There is a bijective correspondence between A-bimodules M together
with a k-linear morphism p : L — Endx (M) and A-bimodules M together with a k-
linear morphism V : M — Q' ® 4 M. Furthermore, for every A-bimodule M we have
an A-bilinear isomorphism o : M @ 4 Q' — Q! ® 4 M uniquely determined by

Py (o(m @4 H)X) =m- f(X) (63)
forallm e M, f € Q' and X € L, where @)y is the isomorphism (61).

Proof. Since we have the isomorphism of A-bimodules ®js of (61) and an analogue Wy,
of the bijective correspondence (57), we have a bijective correspondence between maps
p:L — Endg(M)andmaps V: M — Q! ® 4 M given by the relation

Qs oV =V (p). (64)
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Furthermore, we may consider the chain of A-bilinear isomorphisms
MR4QQ2MUARL* M L* =~ Homy (L, M) = L*®M
2 L*QAQUM =Q'Qu M

which descends from the finite-dimensionality of L. It is straightforward to check that the
composition ¢ of the latter ones satisfies (63). ]

Lemma 5.4. Under the correspondence established in Proposition 5.3, (M, V,0) is an
A-bimodule with left bimodule connection and invertible intertwining satisfying (63) if
and only if (62) holds.

Proof. Foralla € A,m € M, X € L, we compute, up to the isomorphism (61),

®pr (Via-m))(X) = p(X)(a-m),
DPpr(a-Vim) +da) ®4m)(X) =a-p(X)(m) + o(X)(a) -m,
Py (V(m-a))(X) = p(X)(m - a)

and, in view of (63),
Py (V(m)-a+o(m®ad@))(X) = p(X)(m)-a+m-o(X)a). u

Lemma 5.5. Under the correspondence established in Lemma 5.4, (M, V, o) is, in addi-
tion, an A-bimodule with flat left bimodule connection and invertible intertwining satisfy-
ing (63) if and only if p : L — Endg (M) is, in addition, a Lie algebra map.

Proof. Observe that the A-bilinear isomorphism Q! ® 4 M = Homy (L, M) of (61) can
be extended to an A-bilinear isomorphism Q" ® 4 M = Hom (A" L, M). In particular,
for every m € M we can see R(m) as an element in Homy (A%2L, M), up to the latter
isomorphism. For all X, Y € L and for every m € M we have that R(m) satisfies

R(m)(X ® Y) = —p([X. Y])(m) — p(Y)(p(X)(m)) + p(X)(p(Y)(m)). u
Summing up, we proved the following theorem.

Theorem 5.6. We have an isomorphism of categories between the category of represent-
ations (M, p) of (A, L, w) in the sense of Corollary 2.10 and the full subcategory of the
category of A-bimodules with flat left bimodule connection and invertible intertwining
(M, V,0) such that o satisfies (63).

The interested reader may check that an A-bimodule with left bimodule connection
(M, V,0) as in Theorem 5.6 is extendable and satisfies the condition of [4, Lemma 4.74].

Theorem 5.7. Let (L, w) be an A-anchored Lie algebra with L of finite dimension n. For
(R2°,d) induced by (A, L, w) as in Proposition 5.1, the category of A-bimodules with flat
left bimodule connection and invertible intertwining (M, V, o), where o satisfies (63), is
a closed monoidal category with closed monoidal underlying functor to A-bimodules.
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Proof. By Theorem 5.6, the category of A-bimodules with flat left bimodule connection
and invertible intertwining (M, V, g), where ¢ satisfies (63), is isomorphic to the cat-
egory of representations of (A, L, ) which, in turn, is isomorphic to the category of
A © Uk (L) ©® A-modules (by Corollary 2.10). Since Uy (L) is an involutive Hopf algebra,
A © Uk (L) ® A is a Hopf algebroid with antipode in the sense of Bohm and Szlachényi
[6, Definition 4.1] (see [27, Theorem 3.1], [39, Remark 2.6]). In particular, it is a X 4-
Hopf algebra in the sense of Schauenburg [46, Theorem and Definition 3.5], whence the
category of A © Uk (L) ©® A-modules is a closed monoidal category with closed monoidal
forgetful functor to A-bimodules. ]

Let us conclude this subsection with an elementary example.

Example 5.8. Let A be any algebra and d € Dery (A) a derivation on A. The (generalised)
derivation calculus over A (see [4, Example 1.7]) is given by the regular A-bimodule
Q! = A with exterior derivative d = 9. If welet L :=kY and w : L — Dery(4),Y +— 0,
then Q! =~ Hom; (L, A) as A-bimodules. The datum of a left connection V on an A-
bimodule M is equivalent to the datum of a k-linear endomorphism 4 : M — M such
that the left-hand side of (60) is satisfied,

h(a-m)=a-h(m)+ d(a)-m

foralla € A, m € M. That is to say, a left module structure over the skew polynomial ring
A[Y ;9] (also called Ore extension; see [33, §1.2.3] and [38, §1.1]). The left connection V is
a bimodule connection if and only if there exists an A-bilinear endomorphismo : M — M
such that

h(m-a) = h(m)-a + o(m) - 9(a)

foralla € A, m € M. Since the additional condition (63) implies that o = Idys, we have
that an A-bimodule with left bimodule connection as in Theorem 5.7 is an A-bimodule
together with a k-linear endomorphism /4 such that

h(a-m)=a-h(m)+ d(a) -m and h(m-a) = h(m)-a+ m-d(a)

foralla € A, m € M. These are bimodules over A[Y ; d] whose left and right action by Y
coincide. In the particular case of A = C[X] and 9 : C[X] — C[X] uniquely determined
by d(X) = 1, an A-bimodule is a C-vector space M together with two commuting endo-
morphisms f and g (representing the left and the right action by X) and the datum of a
left bimodule connection V as in Theorem 5.7 on M is equivalent to the datum of a third
endomorphism & : M — M such that

hof = foh+Idy and hog=goh+Idy.

These are exactly the modules over the bialgebroid 8 = A © Uc(Cv) © A of Example
4.18.
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5.2. Final remarks and further directions

As correctly noticed by the referee, there is a relationship between the theory of connec-
tions on A-(bi)modules with respect to the so called derivation-based differential calculi
studied by M. Dubois-Violette and collaborators (see [12] for a summary of the topic)
and the connections arising as discussed above from a slightly more general notion than
anchored Lie algebras. We sketch it briefly here, for the sake of the interested reader, but
it will be the subject of a future work.

Anchored Lie algebras and Lie—Rinehart algebras are the extreme cases of a more gen-
eral, unifying notion. A central anchored Lie algebra over A is a Lie algebra L endowed
with a (left) Z(A)-module structure Z(A) ® L — L,z ® X + z - X, and with a Lie
algebra morphism w : L — Der (A) such that

w(z-X)=1z 0oX) and X,z-Y]=z-[X. Y]+ 0(X)(2)-Y

for all z € Z(A) and X,Y € L, where Z(A) is the centre of A. Anchored Lie algeb-
ras correspond to the case Z(A) = k, while Lie—Rinehart algebras correspond to the case
Z(A) = A. The study of central anchored Lie algebras and, in particular, of the flat bimod-
ule connections arising from them as in Section 5.1 is related to the flat left bimodule
Q.. (A)-connections on central A-bimodules with respect to the derivation-based differ-
ential calculus Q})er(A) introduced by Dubois-Violette and Michor in [14, §3.4].

To see how, recall that Q}, (A) is, by definition, Z(A)Hom(Der]k(A), A) and that a
central A-bimodule is an A-bimodule whose left and right Z(A4)-module structures coin-
cide (i.e.,z-m =m -z forall z € Z(A) and m € M). Now, given a central anchored Lie
algebra (A4, L, w), Proposition 5.1 can be adapted to prove that

zmHom(L, Derg (A)) = Derg (A, 74 Hom(L, 4)),

whence Q! = Z( A)Hom(L, A) becomes a first-order differential calculus on A via the
derivation induced by w. If we define a representation of (A4, L, w) to be a central A-
bimodule M together with a Lie algebra map p : L — Endk (M) such that

p(z - X)(m) =z p(X)(m),
p(X)@a-m-b)=a-p(X)(m)-b+w(X)(a) -m-b+a-m-w(X)(D)

foralla,b e A, X € L,m € M, and if we assume that L is finitely generated and projective
as a (left) Z(A)-module, then one can prove, along the lines of Section 5.1, that we have
an isomorphism of categories between the category of representations (M, p) of (4, L, w)
and the full subcategory of the category of central A-bimodules with flat left bimodule
connection and invertible intertwining (M, V, o) such that ¢ satisfies the analogue of (63).

In the particular case of L = Derk(A4) with @ equal to the identity, Q! = Qlljer(A)
by definition and we find that representations of (A, Derg (A), Id) in a central A-bimodule
M are derivation-based flat connections on M in the sense of [13, §2] (see also [12,
page 296]).
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