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An equivariant Poincaré duality for proper cocompact
actions by matrix groups

Hao Guo and Varghese Mathai

Abstract. Let G be a linear Lie group acting properly on a G-spin® manifold M with compact
quotient. We give a short proof that Poincaré duality holds between G-equivariant K-theory of M,
defined using finite-dimensional G-vector bundles, and G-equivariant K-homology of M, defined
through the geometric model of Baum and Douglas.

1. Introduction

Poincaré duality in K-theory asserts that the K-theory group of a closed spin® manifold is
naturally isomorphic to its K-homology group via cap product with the fundamental class
in K-homology. This class can be represented geometrically by the spin®-Dirac operator.
More generally, if a compact Lie group acts on the manifold preserving the spin® structure,
the analogous map implements Poincaré duality between the equivariant versions of K-
theory and K-homology. In the case when the Lie group is non-compact but has finite
component group, induction on K-theory and K-homology allows one to establish the
analogous result [7] for proper actions. The observation underlying Poincaré duality in all
of these cases is that there exist enough equivariant vector bundles with which to pair the
fundamental class.

In contrast, Phillips [14] showed through a counter-example with a non-linear group
that, for proper actions by a general Lie group G on a manifold X with compact quo-
tient space, finite-dimensional vector bundles do not exhaust the G-equivariant K-theory
of X, and that it is necessary to introduce infinite-dimensional vector bundles into the
description of K-theory (see also [10]).

One case in which finite-dimensional bundles are sufficient is when the group G is
linear (see [13]), owing to the key fact that in this case every G-equivariant vector bundle
over X is a direct summand of a G-equivariantly trivial bundle, i.e. one that is isomorphic
to X x V for some finite-dimensional representation of G on V.

Motivated by this, we give a short proof of Poincaré duality in this setting. That is, we
show that the natural map from G-equivariant K-theory to G-equivariant K-homology
(which for us means Baum—Douglas’ geometric K-homology [2]), given by pairing with
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the fundamental class, is an isomorphism for proper cocompact G-spin® manifolds where
G is a matrix group.

Theorem 1.1. Suppose that a linear Lie group G acts properly and cocompactly on a
G -equivariantly spin® manifold X. Then there is a natural isomorphism

v KE(X) — KE(X), (1.1)

where the left- and right-hand sides denote G-equivariant K-theory and geometric K-
homology, respectively.

For compact Lie group actions, Theorem 1.1 is implied by the work of [5] on the
isomorphism between the equivariant geometric and analytic models of K-homology.
Meanwhile, by the Peter—Weyl theorem, such groups form a subclass of linear Lie groups.
Consequently, Theorem 1.1 provides another approach to some of the results in [5].

While Theorem 1.1 makes no reference to the analytic model of K-homology [, 9],
we note that (1.1) still holds when the right-hand side is replaced by the analytic K-
homology group KK (Co(X).C). Indeed, as a special case of Emerson—Meyer’s general
second duality result in [6, Section 6], (in particular, see the first display after (1.5) in [6]),
we have

KK (Co(X),C) = K&(TX).

By the Thom isomorphism from [14, Theorem 8.11] (see also Theorem 2.6 below), we
have
KE(TX) ~ KE(X).

Putting this together gives K5 (X) = KK G (Co(X),C). Combined with Theorem 1.1, this
gives the following corollary.

Corollary 1.2. Suppose that a linear Lie group G acts properly and cocompactly on a G-
equivariantly spin® manifold X . Then we have an isomorphism between the G -equivariant
geometric and analytic K-homology groups of X :

KS(X) = KKE(Co(X),C). (1.2)

In particular, the geometric K-homology groups K@ are part of a G-equivariant extraor-
dinary homology theory.

The natural map realizing this isomorphism (1.2) is the Baum—Douglas map [2, 7],
which can be described as follows. Let (M, E, f) be a G-equivariant geometric K-cycle
for K& (X) (see Definition 2.8 below). Then M is a G-equivariantly spin® manifold with
Dirac operator Dy acting on sections of a spinor bundle Sy, E is a G-equivariant vector
bundle over M, and f: M — X is a G-equivariant continuous map. The Baum-Douglas
map takes

[M,E, f1+ f[L*(Su ® E), ¢, De(1 + D%)7/?],
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where ¢ is the *-representation of Co(M) on B(L?(E)) given by pointwise multiplica-
tion, and the right-hand side is the pushforward under f of a class in KK (Co(M), C).
Corollary 1.2 then implies that the following holds.

Corollary 1.3. Suppose that a linear Lie group G acts properly and cocompactly on a
G-equivariantly spin® manifold X. Then for any e € KKSG(Co(X), C), there exist a G-
equivariantly cocompact spin® manifold M and a G -equivariant continuous map f:M —
X such that e is the pushforward under f of the class of a Dirac-type operator on M in
KKS(Cyo(M), C). More precisely, there exists a vector bundle E — M such that

e = fi[L*(Su ® E), ¢, Dp(1 + D3)7V/2].

2. Preliminaries

We begin by recalling the definitions and facts we will need. Unless specified otherwise,
G will always denote a closed subgroup of GL(n, R) for some 7. All vector bundles will
be complex. For this section, let X be a locally compact proper G-space.

2.1. Equivariant K -theory

In [13], Phillips showed that the G-equivariant K-theory of the space X with G-cocompact
supports can be defined in a such a way that is directly analogous to non-equivariant,
compactly supported K-theory.

Definition 2.1 ([ 13, Definition 1.1]). A G-equivariant K -cocycle for X is atriple (E, F,t)
consisting of two finite-dimensional complex G-vector bundles E and F over X and a G-
equivariant bundle bundle map ¢ : E — F whose restriction to the complement of some
G-cocompact subset of X is an isomorphism. Two K-cocycles (E, F,t) and (E’, F',t")
are said to be equivalent if there exist finite-dimensional G-vector bundles H and H' and
G-equivariant isomorphisms

a:E®H—>E ®H, b:F®OH—>F oH

such that b1 (1. @ id)ay = t, @ id for all x in the complement of a G-cocompact subset
of X. The set of equivalence classes [E, F, t] of K-cocycles forms a semigroup under the
direct sum operation, and we define the group K g (X) as the Grothendieck completion of
the semigroup of finite-dimensional complex G-vector bundles over X .

Remark 2.2. When it is clear from context, or when X is G-cocompact, we will omit the
map ¢ from the cycle, and simply denote a class in Kg (X) by [E] — [F].

Remark 2.3. For general locally compact groups, Definition 2.1 needs to be modified to
include infinite-dimensional bundles [14, Chapter 3]. For G linear, this is not necessary
[13, Theorem 2.3].
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Definition 2.4. For each non-negative integer i, let
Kg(X) = Kg(X xR,
where G acts trivially on R.

By [13, Lemma 2.2], K, ’G satisfies Bott periodicity, so that we have a natural isomor-
phism KL (X) = K;t?(X) for each i. We will use the notation

K&(X) = Kg(X) ® Kg(X).

In addition, Ké; are contravariant functors from the category of proper G-spaces and
proper G-equivariant maps to the category of abelian groups, and form an equivariant
extraordinary cohomology theory with a continuity property. In particular, Bott periodic-
ity implies that for any G-invariant open subset U C X, there is a six-term exact sequence
of abelian groups

Ko(U) — K%(X) —— K2(X\U)

a] la @1

KL(X\U) +—— KL(X) +—— KL(U).

Here, the map K ’G U)— K ’G (X) is induced by the extension-by-zero homomorphism —
see Remark 2.5 below, and the boundary maps 9 are defined as in equivariant K-theory
for compact group actions [15].

Remark 2.5 (Extension-by-zero). Any inclusion of G-invariant open subsets Uy — U,
induces in the obvious way an extension-by-zero *x-homomorphism Cy(U;) — Cy(U3).
This extends to a x-homomorphism Co(U;) x G — Cy(U;) x G between crossed prod-
ucts. The induced map on operator K-theory, together with the identification

K5(U)) = K;i(Co(Uj) x G),

gives a map
Kg(Ur) — Kg(Ua).

To prove the Poincaré duality, we will make use of the following Thom isomorphism
theorem for G-spin® bundles:

Theorem 2.6 ([14, Theorem 8.11]). Let E be a finite-dimensional G-equivariant spin®
vector bundle over X. Then there is a natural isomorphism

To: Ki(X) > K™ E ()

fori = 0,1, where dim E is the real dimension of E and i + dim E is taken mod 2.
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2.2. The Gysin homomorphism

Theorem 2.6 can be used to give an explicit geometric description of the Gysin (pushfor-
ward) homomorphism in G-equivariant K -theory, which we will need later.

Let Y; and Y5 be two G-cocompact G-spin® manifolds and f:Y; — Y, a G-equivariant
continuous map. By cocompactness, both Y7 and Y, contain only finitely many orbit types.
Together with the fact that G is a linear group, this implies, by [11, Theorem 4.4.3], that
there exists a G-equivariant embedding

jn: Y — R
for some n, where G is considered as a subgroup of GL(2n, R). Let
iy,: Yo — Yo x R?"
denote the zero section, and define the G-equivariant embedding

iy,: Y1 — Yo x R,

y = (fO). Jn ().

Let v; be the normal bundle of iy,, which we identify with a G-invariant tubular neigh-
bourhood U; of its image. Note that it follows from the two-out-of-three lemma for
G -equivariant spin®-structures (see [12, Section 3.1] and [8, Remark 2.6]), together with
the assumption that Y7 and Y, are G-spin®, that v; has a G-spin° structure, and so Theo-
rem 2.6 applies. Identifying the normal bundle with Uy, we have the Thom isomorphism

Te: K (Y1) = KEHmv (), 2.2)
fori = 0, 1. The Gysin homomorphism
f!: K&(Yl) N KiG+diln Y>—dim Yy (Yz) (2.3)

associated to f is then the composition

K’G (Yl) TG Kiéi-dim Y>+2n—dimY, (Ul)

lx

K1G+d1m Y>+2n—dimY; (Yz % RZn) = K1G+d1m Y>—dimY; (YZ),

where A is induced by the extension-by-zero map associated to the inclusion of U; into
Y, x R2" (see Remark 2.5 below), and the right horizontal isomorphism is due to Bott
periodicity.

Remark 2.7. It can be seen from the above that f; depends only on the G-homotopy class
of f and that the Gysin map is functorial under compositions.
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2.3. Equivariant geometric K -homology

We briefly review the equivariant version of Baum and Douglas’ geometric definition of
K-homology [2]; see [3-5], or [7] for more details. As before, X is a locally compact
proper G-space.

Definition 2.8. A G-equivariant geometric K-cycle for X is a triple (M, E, '), where

* M is a proper G-cocompact manifold with a G-equivariant spin®-structure,

* FE is a smooth G-equivariant Hermitian vector bundle over M,

* f:M — X is a G-equivariant continuous map.

For i = 0 or 1, the G-equivariant geometric K-homology group KiG (X) is the abelian
group generated by geometric K-cycles (M, E, f), where dim M = i mod 2, subject to
the equivalence relation generated by the following three elementary relations.

(i)  (Direct sum — disjoint union) For two G-equivariant Hermitian vector bundles
E, and E; over M and a G-equivariant continuous map f: M — X,

MUME{UE,, fUf)~(M,E1® Es, f).

(i)  (Bordism) Suppose two cycles (M1, Eq, f1) and (M», E;, f») are bordant, so
that there exists a G-cocompact proper G-spin® manifold W with boundary, a
smooth G-equivariant Hermitian vector bundle £ — W and a continuous G-
equivariant map f: W — X such that (W, E|aw . f |sw) is isomorphic to

(My, Eq, f1) U(=M2, E3, f3),

where —M, denotes My with the opposite G-spin® structure. Then
(My, Eq, f1) ~ (M3, Ez, f2).

(iif)  (Vector bundle modification) Let V be a G-spin® vector bundle of real rank 2k
over M. Upon choosing a G-invariant metric on V/, let M be the unit sphere
bundle of (M x R) @& V, where the bundle M x R is equipped with the trivial
G-action. Let F be the Bott bundle over M , which is fibrewise the non-trivial
generator of K°(S2K). (See [4, Section 3] for a more detailed description.) Then

(M,E, f)~ (M,F @ x*(E), f on),

where 7 : M — M is the canonical projection.
Addition in K igeo’G (X) is given by

(M1, Eq, fil + (M2, Ea, 5] = [Mi UM, E\ U E,, fil f2],

the additive inverse of [M, E, f] is its opposite [-M, E, f], while the additive identity is
given by the empty cycle, where M = 0.
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Remark 2.9. The above definition of classes [M, E, f] continues to make sense if we
replace the bundle E by a K-theory class. Indeed, if

e = [Ex] = [E2] = [E]] - [E3] € KG(M),
then there exists a G-vector bundle F over X such that
ETQE,®F ~E{®E,®F.
By Definition 2.8 (i), this means that
[M.E1. f1+ M. E}. f1+[M.F. f]=[M.E}, f1+[M. Ez, f]+[M.F, f].
Adding the inverse of [M, F, f] to both sides and rearranging shows that the class
M,e, f]:=[M,Ey, f]—[M, Ez,id] = [M, E},id] — [M, E}, id]

is well defined.

Finally, we can describe vector bundle modification using the Gysin homomorphism
(2.3). To do this, let M be the manifold underlying the vector bundle modification of a
cycle (M, E, f) by abundle V, as in Definition 2.8 (iii). Then M is the unit sphere bundle
of (M x R) @ V. We will refer to the G-equivariant embedding

ssM—>MC(MxR)®V,

m— (m,1,0)

as the north pole section.

Lemma 2.10. Let (M, E, f) be a geometric cycle for X. Let (]\71, FQna*(E), fom)be
its modification by a G-spin® vector bundle V of even real rank, and let w: M — M be
the projection. Let s: M — M be the north pole section. Then

(M,F ® n*(E), f oxt) ~ (M,s\[E], f o 7).

Proof. The proof we give is similar to that of [5, Lemma 3.5] concerning the case of
compact Lie group actions; compare also the discussion following [4, Definition 6.9].
To begin, observe that the total space of V' can be identified G-equivariantly with a G-
invariant tubular neighbourhood U of the embedding s: M — M. The Gysin map sy is
then the composition

K5(M) 25 K5 (U) S K5 (), 2.4)

where Tg is the Thom isomorphism in the form (2.2), while A is the homomorphism
induced by the extension-by-zero map Co(U) — CO(ZVI ). Note that T is essentially
given via tensor product with a “Bott element", and (2.4) admits the following geometric
description. Let F be the Bott bundle over M, and let Fy be the bundle defined by pulling
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back the restriction F|ps along 7. The composition (2.4) is then given by pulling back a
vector bundle over M along 7 and tensoring with the class [F] — [Fp]. On the other hand,
since M is the boundary of the unit sphere bundle of (M x R) @& W, and the bundle Fj
is pulled back from M, the cycle (]\2 , Fo ® n*(E), f o m) is bordant to the empty cycle.
Thus we have a bordism of cycles

(M. F @x*(E), f ox) ~ (M. ([F] = [Fol) @ x*(E), f o 7).

whence the right-hand side is equal to (1\7 ,S![E], f o ) by the description of the compo-
sition (2.4) given above. ]

3. Poincaré duality for geometric K-homology

In this section, we prove Theorem 1.1. For the rest of this section, let X be a proper
G -spin® manifold with X /G being compact.

We can define the following natural map between K (X) and K. G (X), which can be
thought of as cap product with the fundamental K-homology class on X . For this, let S
be the unit circle in C, and define the map

c:X > X xS!

3.1
X (x,1). G-
Definition 3.1. Define ¢: K% (X) — KZ(X) by

¢:KiG(X) - Klg—dimX(X)v
[X, e, id], ifi =0,
X >
[X xSt c(e),pry]. ifi =1,

where pr;: X x S! is the projection onto the first factor, and we have used the notation
from Remark 2.9.

We now show that ¢ is an isomorphism by defining explicitly a map v that will turn
out to be its inverse.

Definition 3.2. Define the map v: KS(X) — K} (X) by

¥ KC g x (X) = K5(X),
M. E, f]+~ f[E],

fori = 0, 1, where f; is the Gysin homomorphism from (2.3).
Remark 3.3. Note that
AIE] € A(KG(M)) € KEmX—4mM (x) = KX~ 0 () = K5 (X),

so the degrees make sense.
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We first need to show that ¥ is well defined. For this, we will use the following lemma.

Lemma 3.4. Let W be a G-cocompact, G-spin® manifold-with-boundary, and let X be a
G -cocompact G -spin® manifold. Let h: W — X be a G-equivariant map, and let i : 0W <>
W be the natural inclusion. Then the composition

(h Iaw)v

KWy 5 K5 @w) % kg (x)
is the zero map.

Proof. We give the proof when dim dWW = dim X mod 2 and show that

ko) 5 kS ow) P ko (x) 3.2)
is the zero map; the proofs for the other cases are similar.

Let us consider the composition (3.2) upon applying the Thom isomorphism, Theo-
rem 2.6, in the form of (2.2), and use the description of the Gysin map from (2.3).

Let jw be a G-equivariant embedding of W into R?" for some 7, where G is realized
as a subgroup of GL(2n, R); note that this is possible because G is assumed to be linear.
Let jaw denote the restriction of jy to dW. Letix: X — X x R?" be the zero section.
Define the embedding

iw: W — X x R?",
w > (h(w), jw(w)),

and let iy be the restriction of iy to dW . Let vy and vy denote the respective normal
bundles of the embeddings iy and igp. We may identify these normal bundles with G-
invariant tubular neighbourhoods Uy and Upy in X x R?", noting that in general Uy
has boundary. Since the normal bundle of dW in W is trivial and one-dimensional, there
is a natural G-equivariant identification

Usw = 0Uw x (=, ¢) (3.3)

for some ¢ > 0. It follows from the two-out-of-three lemma for G-equivariant spin®-
structures (see [12, Section 3.1] and [8, Remark 2.6]), together with the fact that W and X
are G-spin®, that vy and vy are G-spin® vector bundles, and hence Theorem 2.6 applies.
The resulting Thom isomorphisms for W, W, and X (in the notation of (2.2)) are shown
as vertical arrows in the following commutative diagram:

KO (W) — K& ow) —Hmt ko (x)

lTG lTG lTG (3.4)

KL (Uw) 255 KO(Upw) —2 K& (X x R?™),
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where the map Tgi™* is determined uniquely by commutativity, and the homomorphism A
is induced by the extension-by-zero map Co(Usw ) — Co(X x R?") as in Remark 2.5. It
thus suffices to show that the composition A o Tgi* vanishes.

By [13, Lemma 2.2] or [ 14, Chapter 5], we have a six-term exact sequence

KO (Uw\dUw) —2 K2(Uw) —L— K% (0Uw)

ST lg (3.5)

Kcl;(an) <]—* Ké(Uw) <T Kcl;(Uw\an),

where j* is induced by the inclusion j: dUy <> Uw and the maps A are again induced
by the extension-by-zero map Co(Uw \dUw) — Co(Uw ). The identification (3.3) gives
a natural isomorphism K (0Uw) = K& (Usw ). Using this, the bottom row of (3.4) fits
into the following commutative diagram:

Tgi*
KL(Uw) =% K% (Upw) —2— K%(Ux)

\j*, gT *T (3.6)

)
K& (0Uw) —— K& (Uw\Usw).
It follows from exactness of (3.5) that A o Tgi* = 0, and hence (h|gw )1 0i™* = 0. |
Proposition 3.5. The map  is well defined.

Proof. That i respects disjoint union/direct sum is clear, since for any element of the
form [M, E; @ E», f] € KS (M), we have

VIM,E\ & E>, f] = filE1 ® Ex] = filE1] + filE2] € KG(M).

Next, let [W, E, h] be an equivariant bordism between two elements [My, E1, k1] and
[-M3, E3, h3]. Then Lemma 3.4 applied to dW = M; U —M, implies that

(hih[E1] = (h2)[E2],

hence v is well defined with respect to the bordism relation. To see that ¢ is well defined
with respect to vector bundle modification, let (M, F & n*(E), f o 7) be the modifica-
tion of a cycle (M, E, f) for X by abundle V, as in Definition 2.8 (iii). By Lemma 2.10,
we have
[M.F®zx*(E), fon] = [M,s[E], f ox].
Functoriality of the Gysin map with respect to composition, together with the fact that
m os = id, now implies that
Y[M.S[E) fon] = (f on)si[E]

= fro(mwos)E]

= filE]

= w[Mv E9 f] |
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Proposition 3.6. The map ¢ is injective.

Proof. Forany e € K (X), we have

V[X, e, id] = idi(e). ifi =0,

vt = {vf[X xSt aie).pr] = (roy(idie)) = (proidyte). ifi = 1.

which are both equal to e, where we have used functoriality of the Gysin map. Hence
¥ o ¢ = id, so ¢ is injective. ]

For surjectivity, we will use the Gysin homomorphism from Subsection 2.2, together
with the following result, which is a special case of [5, Theorem 4.1] but applied to linear
instead of compact G.

Lemma 3.7. Let M, N, X be three G-cocompact G-spin® manifolds, g:N — X a G-
equivariant continuous map, and f: M — N a G-equivariant embedding with even codi-
mension. Then for any G-vector bundle E — M, we have

[M.E.go f1=[N. fUE].g] € KZ(X).

Proof. The proof of Theorem 4.1 in [5], which was stated for compact Lie groups, goes
through with no changes to our setting. ]

Proposition 3.8. The map ¢ is surjective.

Proof. Examining Definitions 3.1 and 3.2, one sees that ¢ o { is given, at the level of
geometric cycles, by

(M.E. f] > flE] > {[X,ﬁ[E],id], if dimM = dim X mod 2,
[X X Sl,Cg(f![E]),prl], otherwise,
where the map ¢ was defined in (3.1). Let i: M — R?" be a G-equivariant embedding for
some 7, and let j: X — R2" x X be the zero section. Upon compactifying R?", f factors
as
§2n x X

/ [ 3.7)

M —— X,

where pr, is the projection onto the second factor, and j becomes an embedding X —
S x X.

Suppose first that dim M = dim X mod 2. Then it suffices to prove that any geometric
cycle of the form (M, E, f) is equivalent to (X, fi[E],id). By Lemma 3.7 applied to the
embedding i x f, we have

[M.E. f]=[S"x X.(i x fW]E].pry] € K¢ (X). (3.8)
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Meanwhile, Lemma 3.7 applied to j, together with functoriality of the Gysin map, yields
[Xa ﬁ[E]’ld] = [X’ ﬁ[E]vprZ ° .]]
= [52" % X. ji(ALE)). prs]
=[S x X, (j o /N[E]. pry]. (3.9)
Finally, the maps i x f and j o f are G-homotopic through
F-MxI >R¥x X — S?"xX,
(m, 1) = ((1 = 0)i(m), f(m)).
Invariance of the Gysin map under G-homotopy now implies that (3.8) and (3.9) are equal,
and we conclude.
The case of dim M # dim X (mod 2) proceeds analogously as follows. Here, we
need to show that any geometric cycle of the form (M, E, f) is equivalent to (X x
S, ei(ALE]), pry), where ¢ was defined in (3.1). Similar to (3.8), we have

[M.E, f1=[S*"x X x 8", (i x (co [)),[E].pr,] € KZ(X), (3.10)
Define
JiX xSt 82 x X x ST,
(x.8) > (j(x),s).
Then
[X X Sl,c!(f![E]),prl] = [X x Slvc!(f![E])’Prz Of!]
= [$?" x X x S*, ji(c( ALED)). pra ]
= [$*" x X, (j o c o fN[E].pr,]. (3.11)
The mapsi X (co f)and j oc o f are G-homotopic through
F:MxI —R”xXxS'— 8§"xX xS,
(m,1) — ((1=1)i(m), f(m),1),
and the claim follows from G-homotopy invariance of the Gysin map. |

Proposition 3.8 and equation (3.6) together imply that ¢: K| IG (X)—> K g_ dim x (X) is
an isomorphism for i = 0, 1, which establishes Theorem 1.1.
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