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Generators in Z-stable C *-algebras of real rank zero

Hannes Thiel

Abstract. We show that every separable C *-algebra of real rank zero that tensorially absorbs the
Jiang—Su algebra contains a dense set of generators. It follows that, in every classifiable, simple,
nuclear C *-algebra, a generic element is a generator.

1. Introduction

The generator problem for C *-algebras asks to determine the minimal number of genera-
tors for a given C *-algebra. One difficulty when studying this problem is that the minimal
number of generators is a rather ill-behaved invariant; in particular, it may increase when
passing to ideals or inductive limits. We showed in [13] that a much better behaved invari-
ant is obtained by considering the minimal number n such that generating n-tuples are
dense.

The most interesting aspect of the generator problem is to determine which C*-
algebras are generated by a single operator, and it is a major open question if every
separable, simple C*-algebra is singly generated. A natural variant of this problem is
to describe the class of C *-algebras that contain a dense set of generators. In previous
work, we showed that this class includes all separable AF algebras [13, Theorem 7.3] and
all separable, approximately subhomogeneous (ASH) algebras that are Z-stable, that is,
that tensorially absorb the Jiang—Su algebra Z [14, Theorem 5.10].

In this paper, we show that every separable, Z-stable C*-algebra of real rank zero
contains a dense set of generators; see Theorem 5.3. This includes all separable, nuclear,
purely infinite C *-algebras of real rank zero (Corollary 5.5) and in particular every Kirch-
berg algebra (Corollary 5.6). Together with the previous result about Z-stable ASH alge-
bras, we deduce that every classifiable, simple, nuclear C *-algebra contains a dense set of
generators; see Corollary 5.7.

The main tool to prove these results is the generator rank, which was introduced in
[13]. A unital, separable C *-algebra A has generator rank at most 2, denoted by gr(A4) <n,
if the set of self-adjoint (n + 1)-tuples that generate A as a C™*-algebra is dense; see
Definition 2.1 for the general definition in the nonunital and nonseparable case. By [13,
Proposition 5.6], A has generator rank zero if and only if A is commutative with totally
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disconnected spectrum. Since two self-adjoint elements a and b generate the same sub-
C *-algebra as the element a + i b, it follows that A has generator rank at most one if and
only if A contains a dense set of generators.

Our main result (Theorem 5.3) shows that separable, Z-stable C *-algebras of real rank
zero have generator rank one. To prove this, we heavily rely on the permanence properties
of the generator rank that were established in [13]. In particular, the generator rank does
not increase when passing to ideals, quotients, or inductive limits, and we can estimate the
generator rank of extensions; see Theorem 2.4.

The general strategy is as follows: given a unital, separable, Z-stable C *-algebra A of
real rank zero, we use that Z is the inductive limit of generalized dimension-drop algebras
Z) 300 (see the proof of Proposition 4.3 for the definition) to reduce the problem to
computing the generator rank of A ® Zz00 300.

We obtain the estimate gr(4 ® Zse 300) < 1 by combining two results: first, we show
that A ® Zj 3 has finite generator rank (we verify that it is at most 8); see Propo-
sition 4.3. Then, using a delicate construction of generators in A ® Zjx 300, we show
that gr(4 ® Zjwo 30) < n + 1 implies that gr(4 ® Zx 30) < n, for every n > 1; see
Lemma 5.2.

To verify that A ® Z,» 3 has finite generator rank, we use the short exact sequence

0—- A X C()((O, l), M6oo) — A X Zzoo,3oo — A (4 (Mzoo D M3oo) —> O,

and it suffices to show that the ideal and the quotient have finite generator rank. To
estimate the generator rank of A ® Co((0, 1), Mg=), we use that it is an ideal in 4 ®
Co([0, 1], Mgso). In Section 3, we prove an upper bound for the generator rank of such
algebras.

The algebra A @ Zj0 300 has a natural structure as a C([0, 1])-algebra, with each
fiber over (0, 1) isomorphic to A ® M=, and with the fibers at 0 and 1 isomorphic to
A ® M3 and A ® My, respectively. We use a Stone—WeierstraB-type result that char-
acterizes when a set of self-adjoint elements generates A ® Z,x 300: the elements have to
generate each fiber, and they have to suitably separate the points in [0, 1]. The assumption
of real rank zero is crucial for both: it is used in the proof of Proposition 4.2 to show that
the tensor product of A with a UHF algebra has generator rank one, and it is used in the
proofs of Lemma 3.2 and Lemma 5.2 to construct self-adjoint elements that separate the
points in [0, 1].

Notation

Given a C *-algebra A, we use A, to denote the set of self-adjoint elements in A. We write
M, for the C*-algebra of d-by-d complex matrices. Given a subset F C 4 and a € A,
we write a €, F if there exists b € F such that |ja — b|| <& Weset N :={0,1,2,...},
the natural numbers including 0. The spectrum of an operator « is denoted by o (a).
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2. The generator rank
In this section, we recall the definition and basic properties of the generator rank gr and

its precursor gr, from [13].

Definition 2.1 ([13, Definitions 2.1 and 3.1]). Let A be a C*-algebra. Then gry(A) is
defined as the smallest integer n > 0 such that, for every ay, ..., a, € Ag, € > 0, and
¢ € A, there exist by, ..., b, € A, such that

|b; —aj|| <eforj=0,....n and c € C*(bo,...,by).

If no such n exists, then gry(A) = oo. The generator rank of A is defined as gr(A4) :=
gry(A), where A denotes the minimal unitization of A.

For the definition and the basic properties of the real rank of C *-algebras, we refer to
[1, Section V.3.2, p. 452ff].

Remark 2.2. Let A be a C*-algebra. If A is unital, then gr(A) = gr,(A) by definition.
By [14, Theorem 5.5], we also have gr(4) = gry(A4) whenever A4 is subhomogeneous. By
[13, Theorem 3.13], we have gr(4) = max{rr(A4), gry(A4)}. In particular, if 4 has real rank
zero, then gr(A) = gry(A).

In general, however, it is unclear whether gr(A4) = gry(A4); see [13, Question 3.16].

For separable C *-algebras, the generator rank and its precursor can be described by
the denseness of generating tuples.

Theorem 2.3 ([13, Theorem 3.4]). Let A be a separable C*-algebra and n € N. Then
gro(A) < nifand only if, for every ay, . ..,an € Asy and € > 0, there exist by, . .., by € Axa
such that

|b; —aj||l <eforj=0,....n and A= C*(bo,...,by).

Analogously, we obtain a characterization of gr(A) < n by denseness of generating
tuples in A.

We will repeatedly use the following permanence properties of the generator rank,
which were shown in [13, Theorems 6.2 and 6.3].

Theorem 2.4. Let [ C A be a closed, two-sided ideal in a C*-algebra A. Then
max { gr(1), gr(A/1)} < gr(A) < gr(1) + gr(A/1) + 1.
Moreover, if A = lim_ Ay is an inductive limit, then
—y)

gr(A4) < ]im)hinfgr(A;k).

It is natural to expect that the generator rank of the direct sum of two C *-algebras
is the maximum of the generator ranks of the summands. We have verified this in the
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case that both summands have real rank zero (see Proposition 2.5 below) and whenever
one of the summands is subhomogeneous [14, Proposition 5.8]. However, in general, this
remains unclear; see [13, Question 6.4].

Proposition 2.5 ([13, Lemma 7.1]). Let A, B be C*-algebras of real rank zero. Then
gr(A & B) = max{gr(4), gr(B)}.

Proposition 2.6 ([13, Proposition 5.6]). A C*-algebra A has generator rank zero if and
only if A is commutative with totally disconnected spectrum.

Remark 2.7. Let A be a separable C *-algebra. Since two self-adjoint elements a and b
generate the same sub-C *-algebra as the element a + i b, and since the set of generators
in A is always a Gs-subset, we have gry(4) < 1 if and only if the set of (non-self-adjoint)
generators in A is a dense Gg-subset; see [13, Remark 3.7].

If A has real rank zero, then gry(A4) = gr(A). Thus, a separable C*-algebra A of
real rank zero has generator rank at most one if and only if a generic element in A4 is a
generator.

We end this section with a standard result that will be used in the proof of Lemma 5.2.
We include a proof for completeness. For the definition and basic results of C(X)-algebras,
we refer to [3, Section 2].

Given an element a in a C(X)-algebra, and x € X, we let a(x) denote the image of
a in the fiber at x. We will repeatedly use that the map X — R, x > |la(x)|| is upper
semicontinuous, and that ||a|| = sup,cy |la(x)]|; see [3, Lemma 2.1].

Lemma 2.8. Let X be a compact Hausdorff space, let A be a unital C(X)-algebra, and
let B C A be a sub-C*-algebra. Then the following are equivalent:

(a) we have C(X) C B;

(b) B separates the points in X in the sense that, for every distinct x¢, x1 € X, there
exists b € B with b(xo) = 0 and b(x;) = 1.

Proof. Assuming (b), we need to verify (a). We first show that 1 € B. For every y € X,
there exists by € B with b, (y) = 1. Replacing b, by byb}, we may assume that by, is
positive. Set Uy, :={z € X : ||l = b, (2)|| < %}, which is open since ||1 — by ()| is upper
semicontinuous. Hence, the compact set X is covered by (U, )y,ex, which allows us to
choose y1,..., ¥y~ € X such that X is covered by U_j\;l Uy,. Set b := Z]N=1 by, € B.
Let f:R — [0, 1] be a continuous function with f(0) = 0 and such that f takes value 1
on [%, 00). Set ¢ := f(b) € B. For each x, we have b(x) > % and therefore ¢(x) = 1. It
follows that ¢ = 1, since |c — 1| = sup,cx [lc(x) — 1| = 0.

Claim 1. Let F C X be closed and x € X \ F. Then there exists a positive b € B with
b|r =0and b(x) = 1. To prove the claim, let y € F'. By assumption, there is b, € B such
that b, (y) = 0 and b, (x) = 1. As above, we may assume that by, is positive, and we may
then find y1,..., yn € F such that F is covered by the sets U; :={z € X : || by, (2)|| < %}
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forj =1,...,N.Let g:R — [0, 1] be a continuous function with g(1) = 1 and such that
g takes the value 0 on (—oo, %] For each j, set ¢; := g(by;) € B. Then c; vanishes on
Uy;, and ¢;(x) = 1. Thus, b := (c1c2 -+ cn)(c1c2 -+ cy)™ has the desired properties,
which proves the claim.

Claim 2. Let F C G C X with F closed and G open. Then there exists b € B with
0=<b =<1 blx\¢g =0, and b|r = 1. To prove the claim, set C := X \ G. Applying
Claim 1 and using that 1 € B, for each y € C we obtain a positive b, € B such that
bylr =1 and b,(y) = 0. As in Claim 1, we find y;, ..., yar such that C is covered
by the sets {z € X : [|b);(2)]| < %} for j =1,..., N. With g as above, the element
d = g(by,) - g(by,) satisfiesd|c =0andd|r = 1. Setb := h(dd*), where h: R — R
is the function A(¢) = min{¢, 1}. Then b has the claimed properties.

Claim 3. Let f: X — [0, 00) be continuous, and let € > 0. Then there exists b € B with
Ib — f|| <2e. Setbg:=1.Foreachk > 1, set

Fr:={xeX: f(x)>ke} and Gr:={xe€X: f(x)> (k—1e}.

Then Gy is open, Fy is closed, and Fy € Gy. Using Claim 2, choose by € B such that
0 <br =1,bi|x\G, =0,and bi|F, = 1.

Note that by = 0 for large enough k, which allows us to set b := ¢ ZZOZO by.. For each
x € X,wehave f(x) <b(x) < f(x) + 2¢ by construction, and thus ||b(x) — f(x)| < 2e.
Hence, [|b — | = supyex [6(x) — f(x)]| < 2e.

It follows from Claim 3 that B contains every positive function in C([0, 1]), which
implies the result. u

3. Generator rank of C([0,1], A)

Throughout this section, we let A denote a unital, separable C *-algebra of real rank zero
and generator rank at most one, and we set B := A ® C([0, 1]). We consider B with its
natural C ([0, 1])-algebra structure, with each fiber isomorphic to A. The goal is to verify
gr(B) < 6, which we accomplish in a series of lemmas.

Lemma 3.1. Let xq,...,x4 € Bg, and ¢ > 0. Then there exist y1,..., Y4 € By, such that
e —xill <efork=1,....,4 and A= C*(y1(t)....,ys(t))forallt €[0,1].

Proof. Using that each x;: [0, 1] — A is uniformly continuous, choose N > 1 such that
lx; (1) — x; (')l < & forall z,¢" € [0,1] with [t — /| < 3.
Let j € {0,..., N}. Then x1(22—]{,) and xz(zz—l{,) belong to Ag,. Using that A is unital

and separable with gr(4) < 1, we can apply Theorem 2.3 to obtain yfz'i ), yéz'i ) e Ag, such

that
@) 2j @) 2j € _ @) @)
‘ylj _Xl(m) vy —xZ(ﬁ) <Z, and A =C*(y;”,y,7).
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Analogously, we obtain y(zj ), y(Zj ) € Ag, such that

@) _ @) 2j
b -n ()] <5 b (3)

For j € {0,..., N}, let f;,g;:[0,1] — [0, 1] be continuous functions such that
(1) f; takes the value 1 on [%, zé—;\“,l] forj =0,...,N —1;

<§, and A=C* (y(zj), ‘(‘2]')).

(2) the collection ( f;);—o,...,n is a partition of unity subordinate to the family

0 2 1 4 2N —3 2N 2N —1 2N |.
2N JC\2N 2N )77 2N 2N )’ 2N 2N |’
(3) g; takes the value 1 on [2] !

Hfor j =1,...,N;
(4) the collection (g);—o

.....

is a partition of unity subordinate to the family
1 0 3
{loaw)

2N —4 2N —1 2N —2 2N
2N )P\2N'2N )7\ 2N 7 2N )7\ 2N 2N |}
The functions are depicted in the following picture
| fN—2 fN—1
0.1 2 N
2N 2N
1 80 81 82 EN-1 gN
0.1 2 2N-1]
2N 2N 2N

Set

N N N N
2j 2j 2j 2j
1= w3 v =Y 0 va=) v va= Y v
j=0 j=0 j=0

]=
To verify that ||y, — x1|| < &, we estimate || y1(¢) — x1(¢)|| fort € [0,1]. Fort =1
_ ,eN

we have y;(1) = y;”" ', and so

[y1(D) = x1 (D] = [31(1) =y

Givent €[0,1),let j €{l,..., N} satisfyr € [21—2 2j
we have

L) Smce|t—2’ —2
ei-2 (22
¢ ’“( 2N )H+

(2
X1

N
oG o

| <<
373

=20 < 5%,
&2 —x1(0)] <

12;] 2) —xa@)| <<
(22—1]\/) —x1(t)

[y —x0)] <
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Usine th _ ,@i-2) £ 25 £ d th : (1) = 1
sing that y1 (1) =y fi-1(6) + ¥ £;.(0) and that f;_1(1) + £;(1) = 1, we get
. . 2
[y1(0) —x1(0)] < H)’?J 2 —x1(0)|| fj-1(0) + Hyizl) —x1 ()| fi @) < 35

Hence, [|y1 — x1]| = sup,epo,17 1y1(1) — x1 (@) < %8 < ¢&. Analogously, one shows
that ||yx — x| < efork =2,3,4.
It remains to verify that {y1, ..., y4} generates A in each fiber. Given ¢ € [0, 1], choose

[ €{0,...,2N — 1} such thatt [ﬁ ?—Nl].lfl is even, set j = %.Then

25

@) =y and  ya(r) = y&.

If [ is odd, set j = HTl Then

(/)

y
y3(t) = y§$P and  ya(r) =y

Thus, either {y1(?), y2(¢)} or {y3(t), ya(¢)} generates A, and it follows that A =
C*(y1(t), ..., y4(2)) in either case. [

Lemma 3.2. Let x1, X2, X3 € By, and ¢ > 0. Then there exist y1, ¥2, y3 € By, with
v — xk || < efork = 1,2,3, and such that C*(yy, y2, y3) separates the points in [0, 1]
in the sense of Lemma 2.8 (b).

Proof. Using that each x;: [0, 1] — A is uniformly continuous, choose N > 1 such that
llx; (£) — x; (")l < & forallz,7/ € [0,1] with |1 — /| < 4.
Let j € {0,..., N}. Using that A has real rank zero, we find invertible elements

GH GH GH
G 3j
_x —_—
Y1 3 (SN)

Y10y, Yy € Ag, with finite spectra such that
3) 3j £ 3)) 3j £
— — | <-, — — | <-, d
per =)l <6 [ -ola)] <5 e |
By perturbing the elements, if necessary, we may assume that the spectra of y]?j ) and
y]S] ) are disjoint whenever k # k' or j # j’. Choose u > 0 such that any two distinct
(3/)

points in {0} U | J k,j 0 (¥ ") have distance at least 2/+. We may assume that 1 < T

For j € {0,..., N}, let f;,g;,h;:[0,1] — [0, 1] be continuous functions such that
(1) f; takes the value 1 on [%, %] forj =0,...,N —1;
(2) the collection ( f;);=o,...,n is a partition of unity subordinate to the family

0 3 2 6 3N —4 3N 3N -1 3N1).
3N JT\3N2N )T 3N 3N )’ 3N 3N |)°

(3) gj takes the value 1 on [% 23—]]\,] forj =1,...,N;

&

1

(4) the collection (gj);=o,...,n is a partition of unity subordinate to the family

.....

0 1 0 4 3N -6 3N -2 3N -3 3N ).
3N J\3N'3N )T 3N 3N ) 3N 3N |)°
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(5) ho takes the value 1 on [%, ﬁ], hy takes the value 1 on 3];’1\71, %] and /;
takes the value 1 on [%, %] forj=1,...,N — 1,

(6) the collection (4;);—o

N is a partition of unity subordinate to the family

.....

0 2 1 5 3N -5 3N -1 3N -2 3N
3N JT\3N2N )T 3N 3N ) 3N 3N |)

The functions are depicted in the following picture:

 Jfo fi In-1
| >< \ / ><fN
12 3 4 5 6 sN-1]
" 3N 3N 3N 3N 3N 3N 3N
| &0 81 EN-1 &N
0.1 2 3 4 -3 ]
3N 3N 3N 3N 3N
| ho hl hN—l hN
ERRR AR
3N 3N 3N 3N 3N 3N

Define y1, y2, y3:[0, 1] — A by

N N
10 =Y 0P+ £, ya0) = > 08 + g (),

Jj=0 j=0
N .
y3() =Y 5 + yuh; o),
j=0

fort € [0, 1].
To verify that || y; — x1|| < &, we estimate || y;(¢) — x1(¢)|| for ¢ € [0, 1], similarly as
in the proof of Lemma 3.1. For t = 1, we obtain

(=i = [+ p—ri ) < £+ £ < 2

Givent € [0,1),let j € {1,..., N} satisfy t € [3;'—;,3, %). Using at the second step that

|t — %| < %,wehave
; 3j 3j
y§3j) — X1 (ﬁ) H + ‘X1 (ﬁ) —x1(7)

; 3
||y§3]) +tu—x1(O)| =p+ ‘ < Z¢
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Analogously, we obtain || y?j =3 4 tw—x1(0)| < %8. We deduce that

11O =@ = [T + 10 520+ 0+ 0) -0 0] < S

Hence, ||y1 — x1|| = sup,efo,17 Iy1(1) — x1()| < %s < ¢&. Analogously, one shows that
v — x|l < efork =2,3.

It remains to verify that C*(yy, y2, y3) separates the points in [0, 1] in the sense of
Lemma 2.8 (b). Let s, € [0, 1] be distinct. Choose k € {1,2, 3} such that both s and ¢ are
contained in the set

U[Sj—irk—l 3j+k+1]

iz 3N 3N
Let us consider the case k = 1. Choose j, j’ € {0,..., N} such that s € [%, %] and
te [;’—{\;, 31;;2]. Then

3j 35/
i) =y +suand yi @) =y + g

Since s # ¢, and by choice of w, it follows that y;(s) and y; (¢) have finite spectra that are
disjoint and do not contain 0. Hence, there exists a continuous function f:R — [0, 1] such
that f(y1(s)) =0and f(y1(¢)) = 1. Then the element b := f(y;) € B satisfies b(s) =0
and b(r) = 1.

The cases k = 2, 3 are analogous, using y, and ys. ]

Proposition 3.3. Let A be a unital, separable C *-algebra of real rank zero and generator
rank at most one. Set B := A ® C(|0, 1]). Then we have gr(B) < 6.

Proof. We show that every 7-tuple in By, can be approximated by a tuple that generates
B. Since B is separable and unital, this verifies gr(B) < 6; see Theorem 2.3.

Let xq,...,x7 € By, and ¢ > 0. Applying Lemma 3.1 for xy, ..., x4, we obtain
V1,..., Y4 € Bg, such that

lyj —xjll <eforj =1,....4 and A= C*(y1(t),...,ys(t)) forallz € [0, 1].

Applying Lemma 3.2 for x5, x¢, X7, we obtain ys, yg, y7 € Bg, such that || yx — xg|| < ¢
for k = 5,6, 7, and such that C*(ys, ys, y7) separates the points in [0, 1] in the sense of
Lemma 2.8 (b).

Set D := C*(y1,...,y7) C B. Then D exhausts each fiber of B and, moreover, sepa-
rates the points in [0, 1]. Hence, D = B by [15, Lemma 3.2], which shows that {y1,..., y7}
generates B, as desired. [

Remark 3.4. The proof of Proposition 3.3 can be generalized to show the following: if
A is a unital, separable C*-algebra of real rank zero, then B := A ® C([0, 1]) satisfies
gr(B) <2gr(A4) + 4.
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4. Establishing finite generator rank

In this section, we prove that unital, separable, Z-stable C *-algebras of real rank zero
have finite generator rank; see Proposition 4.3. In the next section, we will successively
reduce the upper bound for the generator rank of such algebras down to one.

We start with a lemma that simplifies the computation of the generator rank for C*-
algebras that absorb a strongly self-absorbing C *-algebra. For the definition and basic
results of strongly self-absorbing C *-algebras, we refer to [17]. Given a strongly self-
absorbing C *-algebra D, a C*-algebra A is said to be D-stable if A =~ A ® D. Since
every strongly self-absorbing C *-algebra is nuclear, we do not need to specify the tensor
product. Typical examples of strongly self-absorbing C *-algebras are UHF algebras of
infinite type, the Jiang—Su algebra Z, and the Cuntz algebras O, and O,.

Lemma 4.1. Let D be a strongly self-absorbing C*-algebra, let A be a separable, D-
stable C*-algebra, and let n € N. Then the following are equivalent:

(1) we have gry(A) < n;

(2) forevery xg,...,xn € Ag and € > 0, there exist g, ..., Vn € (A ® D), such that

lyi— ;@D <eforj=0.....n and A® D =C*(yo.....¥n);

(3) forevery xg,..., X, € Ag, € > 0, and z € A, there exist yg,...,Vn € (A ® D)g,
such that

[yi—(;@D| <eforj=0.....n and z®1¢€; C*(yo.....yk).

Proof. Since A =~ A ® D, we have gry(A) = gry(4A ® D). Using that A is separable, it
follows from Theorem 2.3 that (1) implies (2). It is clear that (2) implies (3). Assuming
(3), let us verify (1). To show gry(4A ® D) <n,letag,...,an € (A ® D)s, € > 0, and
¢ € A® D.Weneed to find by, ..., b, € (A ® D), such that

|bj —aj|| <eforj=0,....n and c € C*(bo,...,by).

Since D is strongly self-absorbing and A is separable and D-stable, there exists a
*-isomorphism ®: A — A ® D that is approximately unitarily equivalent to the inclusion
i:A— A® D given by ((a) = a ® 1; that is, there exists a sequence (i, ),, of unitaries
in A ® D such that limy, o U, P(a)u), = t(a) for alla € A; see [17, Theorem 2.2]. Set

Xj 1= CID_I(aj) forj =0,....,n and z:= ® !(c).

Using that uj, (x; ® Du,, — aj for j =0,...,nand uy,(z ® 1)u,, — c, we can choose
m such that

ul (x; @ Dupy —aj <£forj:0,...,n and |ul(z ® Du,y —c <&
m\*J J 2 m 2
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By assumption (3), we obtain yy, ..., y, € (A ® D)s, such that
lyj = @D < gforj =0,....,n and z®1 € C*(¥o,..., n).
For j =0,...,n, we have
luyyjum —aj| < Hu;‘nyjum —up(x; ® l)umH + “u;‘n(xj ® Dum —aj || < e
Moreover, from z ® 1 €;/, C*(yo,...,yn), it follows that
Up (2 @ Dtm €gj2 C* (U, YoUm, - ... Uy Yntim),
and thus
€ € C*(UpyoUm, ..., UpYnlim),
which shows that u}, yousm, . . ., U, yntim have the desired properties. [ ]

Proposition 4.2. Let A be a separable, unital C*-algebra of real rank zero that tensori-
ally absorbs a UHF algebra of infinite type. Then gr(A) < 1.

Proof. Let D be a UHF algebra of infinite type such that A is D-stable. Since A is unital,
we have gr(A4) = gry(A). To verify condition (3) of Lemma 4.1, leta, b € A, € > 0, and
¢ € A.Weneed to find x, y € (A ® D), such that

[x—@eD)|<e, [[y-G®1| <e, and c®1€; C*(x.y).

Since A has real rank zero, we may assume that a is invertible and that its spectrum
o (a) is finite, so that there exist A1, ..., 4, € R\ {0} and pairwise orthogonal projections
P1,..., Pn € A that sum to 14 such thata = Z;;l Ajpj. Choose i > 0 such that p is
strictly smaller than the distance between any two values in o (a) U {0}. We may assume
that u < e.

Choose d > 5 such that D admits a unital embedding M; € D. Using that ¢ can
be written as a linear combination of four positive, invertible elements, we can choose

positive, invertible elements c3,¢3...,c4 € A such that
3 .
lejll < 7 forj =2,....,d and c € C*(ca,...,cq).

Let (€ x)j,k=1,..,4 be matrix units for M. We define x,y € A ® My as

d . d
J
x:=a®1+§ =—pe;; and :=b®1+§c-®e-+e-.
j:ldﬂ Ji y j=21 (€1 1)

As matrices, these elements look as follows:

b ¢ ¢ c
1 2 €3 d
atgw 00 & b 0 0
2
Y= 0 a+d“ , y = 3 0 b
: 0
0 0 a+p cs 0 0 b



H. Thiel 1270

Then

“x—(a ® l)” =

d .
Z]

— Mejj =u<Ee
j=1d

and

d
[y=@en]|=|> ¢, +en)

Jj=2

d
< lejll <e
j=2

Set B:=C*(x,y) CTAQ My € A® D. We will verify that z ® 1 € B. The j-th
element on the diagonal of x is a + ﬁ W, whose spectrum is

0(a+iu) = {)Ll —i—iu,...,kn ~|—Lu}.

d d d
Given distinct j, k € {1,...,d}, it follows from the choice of u that the spectra of
a+ 17“ and a + %M are finite disjoint sets not containing 0. For j € {1,...,d}, let

fi:R — [0, 1] be a continuous function that takes the value 1 on o(a + éu) and the
value 0 on {0} U (g, 0(a + §/L). Then

1®ej; = fi(x) eBC AR M;.

Thus, B contains the diagonal matrix units of M.
To show that B also contains the other matrix units, we follow ideas of Olsen and
Zame from [9]. Given k € {2,...,d}, we have

ck®er =(1®ein)y(l ®exr) € B.

Then
i ®en =(¢j ®ew)(c; ®e)* € B.

Since ¢ is positive and invertible, we have C;l eC *(c]%) C A, and it follows that
c,:l ® eq11 € B. Hence,

1® ek = (' ®en)(ck ® erx) € B.

It follows that 1 ® My € B.Foreachk € {2,...,d}, we deduce that

d
c®1= Z(l ® e_jl)(ck Rer)(1® ekj) € B.
j=1
Since ¢ € C*(ca,...,¢cq),wegetc ® 1€ B C AQ® D, as desired. [

We use M~ to denote the UHF algebra of type 2°°, and similarly for M3e.

Proposition 4.3. Let A be a unital, separable C*-algebra of real rank zero. Then
gr(A® 2Z) <8.
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Proof. Let Z3% 3 be the generalized dimension-drop algebra given by
Zzoo’g,oo = {f (S] C([O, 1],M200 24 M3oo) . f(O) € Mzoo ®1, f(l) el® M3oo}.

By [12, Theorem 3.4], Z is an inductive limit of a sequence of C*-algebras each iso-
morphic to Zw 300. Hence, A ® Z is isomorphic to an inductive limit of C*-algebras
isomorphic to A ® Z;x 3. Using that the generator rank behaves well with respect to
inductive limits (Theorem 2.4), we get

gr(A® Z) <liminfgr(A @ Zseo 300) = gr(A ® Zze 300).
n—>o0
It thus suffices to verify gr(4 ® Zjw 300) < 8. Set

1= {f € Zyoso: f(0) = f(1) = O}.

Then I is a closed, two-sided ideal in Zjeo 300 and Zpeo 300 /1 = Moo @ M300. Since
Z»» 3 is nuclear, we obtain a short exact sequence

0—)A®]—)A@Zzoojg,oo—)A@(Mzoo@Mg,oo)—)o.

Note that A ® I is isomorphic to a closed, two-sided ideal in A ® Mg ® C ([0, 1]).

Since real rank zero is preserved by passing to matrix algebras and inductive limits,
we get 1r(A @ Myo) = 0 for k = 2,3, 6. By Proposition 4.2, we obtain gr(4 ® My~) <1
for k = 2, 3, 6. Using that the generator rank does not increase when passing to closed,
two-sided ideals (Theorem 2.4) at the first step and Proposition 3.3 for A ® Mg~ at the
second step, we get

gr(AQ® 1) < gr(4® Mg~ ® C([0,1])) < 6.
By Proposition 2.5, we have
ar (A ® (Moo P M3oo)) = max { gr(A ® Mp),gr(A® M3oo)} <1
Applying the estimate for the generator rank of an extension (Theorem 2.4), we get
(A ® Zyw 30) < gr(AQ 1) + gr (A ® (Maw & M3x)) +1 <38,

as desired. [

5. Establishing generator rank one

In this section, we prove our main result: separable, Z-stable C *-algebras of real rank
zero have generator rank one; see Theorem 5.3. We deduce some interesting corollaries,
most importantly that every classifiable, simple, nuclear C*-algebra has generator rank
one; see Corollary 5.7.
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Recall that the dimension-drop algebra Z5 3 is defined as
Zy3:={f€C(0,1.My® M3): f(0) e M, ® 1, f(1) €1® M3}.

Below, we always view Z 3 as the subalgebra of C([0, 1), M) given by the next result.

Lemma 5.1. The dimension-drop algebra Z, 3 is isomorphic to the subalgebra of
C([0, 1], M) consisting of the continuous functions f:[0, 1] — Mg that satisfy

@11 U122
Q@21 022
@11 12
f) = ,
021 022
@11 Q12
021 Q22
Bii Bz Pis
B21 B2z P23
Bz Bz B33
S = .
B3z B3 Ba
Bz Bu Brz
B2z B2 Pa

for some aji, Bjr € C.

Proof. Using an identification of M, ® M3 with Mg, we naturally view Z; 3 as a subal-
gebra of C([0, 1], Ms). Let u € Mg be the permutation matrix given as

S O O O O =
oS O o o = O
S O O = O O
S = O O O O
- o O O O O
S O = O O O

Let ¢ — v, be a continuous path of unitaries in Mg with v9 = 1 and v; = u. Then v is
a unitary in C([0, 1], Me) that conjugates Z, 3 € C([0, 1], M) onto the subalgebra of
functions described in the statement. [ ]

Lemma 5.2. Let A be a unital, separable C*-algebra of real rank zero, and let n € N
such that gr(A) < n + 2. Let Xg,...,Xp4+1 € Asy, € > 0, and z € A. Then there exist
V05> Ynt+1 € (A ® Z3 3)sa sSuch that

Hyj—(xj®l)H <eforj=0,....n+1 and z®1¢€,C*(yo,...,Yns1)-
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Proof. Consider the n + 3 elements % X0, ..., Xnt1 € Aga. Using that A is unital, sepa-
rable with gr(4) < n + 2, apply Theorem 2.3 to obtain a, X, ..., X, ; € Ag, such that
1<% I —xj <eforj=0 I, and A=C*(a.x /
a—i <§, [x; —xjl| <eforj=0,....n+1, an =C™(a,xp,..., X1 1)
Note that a is positive and invertible. To simplify notation, set b := x;, and ¢ := x}. Choose
a polynomial p in noncommuting variables such that

|z=pla.b.c.xs....x; )| <e

Since p is continuous as a map A3 — A, we can choose § > 0 such that every ¢ € Ag,
with ||¢ — c|| < & satisfies

|z = pa.b.é.xh,....xj )| <e

Since A has real rank zero, we can choose an invertible element ¢’ € A, with finite
spectrum o (¢’) and such that |’ — c|| < % Then ¢’ =} ;c; Ajq; for some finite set
J, some pairwise disjoint real numbers A; (the eigenvalues of ¢’), and some pairwise
orthogonal projections ¢; that sum to 14.

Choose 1 > 0 such that any two points in {0} U {A; : j € J} have distance strictly
larger than 4;4. We may assume that 2 < ¢ and 2u < %

Next, we define auxiliary functions a®): [0,1] > Rfork =1,...,6 by

aD@)y:=14+t1—-1), «D@):=1, aP@):=1—1

and
a®@) = -V @), @) :=-a®@1), a®(@):=—-a®@),

for ¢t € [0, 1]. The functions are shown in the following picture:

1 — Ol(l)
o \ a®
(4)
o — a®@
-1 /
—  q®

We note the following properties:

(@) «® is continuous with ||oe(k)||oo <2, fork=1,...,6;

®) aD0) = «®(0) = «®(0) and «® (0) = «@(0) = «©® (0);

(©) a®W1) =a®(1),a® 1) =a®(),and @ (1) = «©(1);

@ a©@) <a@@) <a® (@) <a® @) <a® () < aW () foreach r € (0,1).
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Foreachk = 1,...,6, we define fix:[0,1] — A by
Jer@) =Y (A + pa®@))g;
jeJ

for t € [0, 1]. We let ex; € Mg denote the matrix units, for k,/ = 1,..., 6. Then define
f.g:[0,1] > A ® Mg by

6
@) =" fir(t) ® ex.

k=1
g() =b®1+a®(er2+ex +es6+ ess5) + put(e23 + €3 + es6 + €64)
+ (1 —1)a(ess + es3)

fort € [0, 1].
This means that f(z) and g(¢) have the following matrix form:

b a
S a bl w
o . - pt b (1—10)a
f(t) = .. s g(t) = (1 —t)a b i
Je6 b a
ut a b

We view elements in A ® Z5 3 as continuous functions [0, 1] - A4 ® Ms. By (a), f
is continuous. Using (b) and (c), we deduce that f belongs to A ® Z, 3. We also have
gE€EA®Zy3. Set

B:=C*"(fig.x5Q®1,....x,,, 1) C AR Z>3.

For each t € [0, 1], we let B(t) € A ® Mg be the image of B under the evaluation map
A® Zy3 —> AQ Mg, h — h(t). We use eg; to denote the matrix units in M.

Claim 1a. Lett € (0,1). Then 1 ® Mg C B(t). To prove the claim, note that the spectrum
of fkk () is
k .
o(fie®) = A +aP@): j e T},

fork =1,...,6. Using (d), we obtain that o ( fxx(¢)) and o ( f7;(¢)) are disjoint whenever
k #1.

Given k € {1,...,6}, let h: R — [0, 1] be a continuous function that takes the
value 1 on o ( fxx (¢)) and that takes the value 0 on {0} U U#k o(f1;(2)). Then 1 ® exy =
hi(f(2)) € B(t). Thus, B(t) contains the diagonal matrix units of 1 ® M.

It follows that B(¢) contains

1 1
1 ®ex3 = E(l ®e)g(t)(1 ®es33) and 1@ ess = E(l ® e44)g (1) (1 ® eep).
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We have a ® e12 = (1 ® e11)g(t)(1 ® ex2) € B(t), and thus
a® ® ex = (a ® e12)*(a ® e12) € B(1).

As in the proof of Proposition 4.2, we use that a is positive and invertible, to deduce
a~!' ® exn € B(t), and thus

1®e12 =(a®erz)(a ' ®ex) € B1).

Analogously, we get that B(¢) contains 1 ® e34 and 1 ® esg. It follows that B(z) contains
1 ® ey forevery k,l € {1,...,6},and so 1 ® Mg € B(t). Similarly, one proves:

Claim 1b. We have
1 ® (exs + ex+2,1+42 + €k+a,1+4) € B(0), fork,l €{l,2}.
Claim 1c. We have 1 ® (e33 + ess) € B(1) and
1 ® (exs + ex+a,1+4) € B(1), fork,l €{1,2},

and
1® (e13 + €144,4), 1 ® (€31 +eq1+4) € B(1), forl €{1,2}.

Claim 2. Let t € [0,1]. Then z ® 1p, €; B(t). First, we assume that ¢ € (0, 1). By
Claim la, we have 1 ® e11,1 ® ep1 € B(t), and thus

a®e;n =(1®e1)gt)(1 ® ear) € B(2).
Analogously, we obtain
b®eir, fuilt)®eir, xy e, ..., X, ®err € B(r).
We have
| fi1@) —c| < || f1@) =<' + "= ¢l <2 + g <.
By choice of §, we get
||Z —p(a.b, fi1(1), x5, ...,x;lﬂ)” <e,
and thus
z ®eq1 € B(1).
It follows that z ® egr €, B(t) for each k, and consequently z ® 1 €, B(t).

Next, we consider the case t = 0. Set éx; := ex; + exy2,1+2 + €k+a,1+4 € Mg for
k,l € {1,2}. By Claim 1b, we have 1 ® éx; € B(0) for each k, /, and thus

a®en =(1®en)g0)(1®ez) € B(0).
Analogously, we obtain
b®éi, f11(0)®é11, x5 Q8&11,...,x,,; ® &1 € B(0).

Arguing as in the proof of Claim la, we get z ® €11 €, B(0). It follows that z ® €, €,
B(0), and consequently z ® 1 €. B(0).
Similarly, one proves z ® 1 €. B(1).
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Claim 3. Lets,t€[0,1] with s #t. Then there exists d € B such that d(s)=0 and d(t) =1.
We first consider the case s < ¢. By choice of u, the intervals [A; —2u, A; + 2u] are
pairwise disjoint for j € J. We may, therefore, choose a continuous function #: R — [0, 1]
that takes the value 0 on

So=J (A =214 = A =9)p] U [2; + (=) 2j +2u))
jeJ

and the value 1 on

T:=J[&-U-0pA+A-0ul.
JjeJ

Note that T consists of the real numbers that have distance at most (1 —#)u to some A;.
For the purposes below, one could consider S as the real numbers that have distance at
least (1 — s)u to each A;.

Set ¢ := h(f) € B, the element obtained by applying functional calculus for 4 to f.

Since f = diag( fi1,..., fes), we have ¢ = diag(h( f11),...,h(fs6)).
Let r € [0, 1]. We have

U(fkk(r)) = {)tj + /LOl(k)(r) 1 J € J}.
Ifk € {1,5,2,6)}, then |[«® ()| > 1, and thus
A = (0 + na® )|z 1w = 1= 9)n,

whence
o(fer(r)) € S.
It follows that
h(f11) = h(fss) = h(f22) = h(fe6) = 0.
For k € {3, 4}, we have
A= (& +pa® @) = pll —s| and |2; — (A + pa®@)] = pl1 1],

whence
o(fer(s)) €S and o(fer(r)) S T.
It follows that

h(f33)(s) = h(faa)(s) =0 and h(f33)(t) = h(faa)(®) = 1.

In conclusion, we have

c(s) =0 and c(t) =1Q® (e33 + e44).



Generators in Z-stable C *-algebras of real rank zero 1277

If t < 1, then, by Claim 1a, there exist bg; € B such that by;(t) = 1 ® ey fork,[ €
{1,...,6}. Then the following element has the desired properties:

d := ¢ + bischs1 + by3chsy + bsschbss + beschse.

If t =1, then, by Claim lc, there exist bx3,b3; € B such that bg3(1) =1® (ex3 + €k +4,4)
and b3;(1) = 1 ® (e3; + es,44) for k, I € {1,2}. Then the following element has the
desired properties:

d :=c + bischz; + bazchss;.

Next, let us indicate how to proceed in the case s > ¢. Let 1: R — [0, 1] be a continuous
function that takes the value 0 on

Si={J (W —2m. 2 =l U A — (A=) A + (L —9)p] U [A; + . Aj + 2u])
jeJ

and the value 1 on

T:=|J{& - A= d; + (1=}
jeJ

The element ¢ := h(f) € B satisfies ¢(s) = 0 and ¢(¢z) # 0. Similar as in the case s < ¢,
one then constructs d € B such that d(s) = 0 and d(¢) = 1, which proves the claim.
Claim 3 verifies condition (b) in Lemma 2.8, whence B contains C([0, 1]). Thus, B
is a C([0, 1])-subalgebra of A ® Z, 3. If ; denotes the quotient map from A ® Z, 3 to
the fiber at ¢, then Claim 2 shows that 77, (z ® 1) €, 7;(B) = B(t) forevery ¢ € [0, 1]. By
[3, Lemma 2.1], we get z ® 1 €, B, which proves the result. [

Theorem 5.3. Let A be a separable, Z-stable C*-algebra of real rank zero. Then A has
generator rank one. In particular, a generic element of A is a generator.

Proof. We first prove the theorem under the additional assumption that A is unital. In this
case, we have gr(A4) < 8 by Proposition 4.3. Next, we successively reduce the upper bound
for gr(A).

Claim. Letn € N such that gr(A) < n + 2. Then gr(A) < n + 1. To prove the claim, we
verify condition (3) of Lemma 4.1. Let xg, ..., Xy4+1 € Ax, € > 0, and z € A. We need to
find yg, ..., Yn+1 € (A ® Z)s, such that

[y —(;®@1)| <eforj=0,....n+1 and z®1 € C*(Yo.....Vn+1)-

By identifying Z, 3 with a unital sub-C *-algebra of Z, elements yy, ..., y,+1 with the
desired properties are provided by Lemma 5.2.

Applying the claim seven times, we obtain that gr(4) < 1.

If A is nonunital, we use that A is separable and has real rank zero to choose an
increasing approximate unit ( p, ), of projections in A; see [2, Proposition 2.9]. For each n,
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we consider the unital corner A, := p, Ap,. By [2, Corollary 2.8], real rank zero passes to
hereditary sub-C *-algebras. By [17, Corollary 3.1], Z-stability passes to hereditary sub-
C *-algebras. Thus, A, is a unital, separable, Z-stable C *-algebra of real rank zero, and
thus gr(4,) < 1. By Theorem 2.4, we get

gr(A) <liminfgr(4,) = 1.
n

Since A is noncommutative (if nonzero), we have gr(4) # 0 by Proposition 2.6, and so
gr(A) = 1. Since A is separable and has real rank zero, gr(4) = 1 means that generators
in A are a dense Gg-subset; see Remark 2.7 [ ]

Remark 5.4. Using the methods developed in [13, Section 4], one can remove the as-
sumption of separability in Theorem 5.3: every Z-stable C *-algebra of real rank zero has
generator rank one. They key point is that, for every Z-stable C *-algebra A and every sep-
arable sub-C *-algebra By C A, there exists a separable, Z-stable sub-C *-algebra B C A
with Bp € B. Similar methods are used in the proof of Corollary 5.5 below.

For the definition and the basic properties of pure infiniteness for nonsimple C*-
algebras, we refer to [7].

Corollary 5.5. Every nuclear, purely infinite C*-algebra of real rank zero has generator
rank one.

Proof. Let A be a nuclear, purely infinite C *-algebra of real rank zero. As in [13, Para-
graph 4.1], we let Subg,(A) denote the collection of separable sub-C *-algebras of A;
a subset § C Suby,(A) is o-complete if W € § for every countable, directed subset
T C S;asubset § C Subgep(A) is cofinal if, for every By € Subge,(A), there is B € § with
By C B.

We let Squc, Spis and S0 denote the sets of separable sub-C *-algebras of A that are
nuclear, purely infinite, and have real rank zero, respectively. It follows from [1, Para-
graph 11.9.6.5 and Proposition 1V.3.1.9] that §,,. is o-complete and cofinal. Using [7,
Proposition 4.18 and Corollary 4.22], it follows that S,; is o-complete and cofinal. Lastly,
it was noted at the end of [13, Paragraph 4.1] that real rank zero satisfies the “Lowenheim—
Skolem condition,” which means that S, is 0-complete and cofinal. Set

S =8N Spi N Sio-

It is well known that the intersection of countably many o-complete, cofinal subsets is
again o-complete and cofinal, whence § is o-complete and cofinal.

Let B € §. Then B is a separable, nuclear, purely infinite C *-algebra of real rank zero.
It follows from [8, Theorem 9.1] that B is Q-stable, and thus Z-stable. By Theorem 5.3,
we have gr(B) = 1. Since A is the inductive limit of the system § (indexed over itself),
we obtain gr(A4) < 1 by Theorem 2.4. Since purely infinite C *-algebras are by definition
noncommutative, we have gr(A4) # 0 by Proposition 2.6, and so gr(4) = 1. ]
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Recall that a Kirchberg algebra is a separable, simple, nuclear, purely infinite C*-
algebra. By Zhang’s theorem [1, Proposition V.3.2.12, p. 454], every simple, purely infi-
nite C *-algebra has real rank zero. Thus, Kirchberg algebras have real rank zero. Applying
Corollary 5.5, we obtain the following corollary.

Corollary 5.6. Every Kirchberg algebra has generator rank one.

Let us say that a simple, nuclear C *-algebra is classifiable if it is unital, separable, Z-
stable and satisfies the universal coefficient theorem (UCT). By the recent breakthrough in
the Elliott classification program [4-6, 16], two simple, nuclear, classifiable C *-algebras
are isomorphic if and only if their Elliott invariants (K-theoretic and tracial data) are
isomorphic.

Corollary 5.7. Let A be a unital, separable, simple, nuclear, Z-stable C *-algebra satis-
fying the UCT. Then A has generator rank one. In particular, a generic element in A is a
generator.

Proof. By [10, Theorem 4.1.10], A is either stably finite or purely infinite. In the second
case, A is a Kirchberg algebra and we obtain gr(4) = 1 by Corollary 5.6. (The purely
infinite case does not require the UCT.)

In the first case, it follows from [16, Theorem 6.2 (iii)] that A is an ASH algebra. By
[14, Theorem 5.10], every Z-stable ASH algebra has generator rank one. Thus, we have
gr(A) = 1 in either case.

Since A is unital and separable, gr(4) = 1 means that generators in A are a dense
Gg-subset; see Remark 2.7. n

Remarks 5.8. (1) It seems likely that the proof of the main theorem can be generalized to
show the following: if A4 is a unital, separable, Z-stable C *-algebra such that A @ My
and A ® M3~ have real rank zero, then A has generator rank one.

(2) Let A be a unital, separable, Z-stable C*-algebra. By [15, Theorem 3.8], A4 is
singly generated. Our results show that, under additional assumptions, A even contains
a dense set of generators. It is reasonable to expect that every Z-stable C *-algebra has
generator rank one. However, by [13, Proposition 3.10], the real rank is a lower bound for
the generator rank, and it is not known that every Z-stable C *-algebra has real rank at
most one.

Note that every unital, separable, simple, Z-stable C*-algebra has real rank at most
one: it is either purely infinite and then has real rank zero or it is stably finite and thus has
stable rank one by [11, Theorem 6.7], which entails real rank at most one. Therefore, the
following question has no obvious obstruction:

Question 5.9. Does every unital, separable, simple, Z-stable C *-algebra have generator
rank one?
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