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Homotopy Rota–Baxter operators and post-Lie algebras

Rong Tang, Chengming Bai, Li Guo, and Yunhe Sheng

Abstract. Rota–Baxter operators and the more general O-operators, together with their intercon-
nected pre-Lie and post-Lie algebras, are important algebraic structures, with Rota–Baxter operators
and pre-Lie algebras instrumental in the Connes–Kreimer approach to renormalization of quan-
tum field theory. This paper introduces the notions of a homotopy Rota–Baxter operator and a
homotopy O-operator on a symmetric graded Lie algebra. Their characterization by Maurer–Cartan
elements of suitable differential graded Lie algebras is provided. Through the action of a homotopy
O-operator on a symmetric graded Lie algebra, we arrive at the notion of an operator homotopy
post-Lie algebra, together with its characterization in terms of Maurer–Cartan elements. A coho-
mology theory of post-Lie algebras is established, with an application to 2-term skeletal operator
homotopy post-Lie algebras.

1. Introduction

This paper carries out a homotopy study of Rota–Baxter operators, O-operators (also
called relative Rota–Baxter operators and generalized Rota–Baxter operators), and the
related pre-Lie algebras and post-Lie algebras.

1.1. Background

Homotopy began with a fundamental notion in topology describing the continuous defor-
mation of one function to another.

The first homotopy construction in algebra is the A1-algebra of Stasheff, arising from
his work on homotopy characterization of connected based loop spaces [44]. Later related
developments include the work of Boardman and Vogt [8] aboutE1-spaces on the infinite
loop space, the work of Schlessinger and Stasheff [40] about L1-algebras on pertur-
bations of rational homotopy types, and the work of Chapoton and Livernet [13] about
pre-Lie1-algebras. Homotopy of a large class of algebraic structures was obtained in the
context of operads [31].

Homotopy structures, A1- and L1-algebras in particular, have many applications in
mathematics and physics, in supergravity, string theory [6,43], and especially in noncom-
mutative geometry [13, 19, 23, 26, 48].
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Rota–Baxter associative algebras originated from the probability study of G. Bax-
ter [7] and later found applications in the Connes–Kreimer algebraic approach to renor-
malization of quantum field theory [12, 14, 22, 32]. Indeed, in the fundamental algebraic
Birkhoff factorization for regularization maps in the Connes–Kreimer approach, Rota–
Baxter algebra is the target of the regularization. Further, the algebraic Birkhoff factoriza-
tion can be interpreted as a factorization in a larger Rota–Baxter algebra [17, 18].

A Rota–Baxter operator on a Lie algebra is naturally the operator form of a classical
r-matrix [41] under certain conditions. To better understand such connection with the
classical Yang–Baxter equation and the related integrable systems, the notion of an O-
operator on a Lie algebra was introduced [9, 28].

An O-operator naturally gives rise to a pre-Lie or more generally a post-Lie alge-
bra, and also found broad applications in mathematics and mathematical physics [3, 5,
13, 46, 47]. Incidentally, there is a pre-Lie algebra structure in Feynman graphs [15], as
the domain of the regularization. Pre-Lie1-algebras have been related to renormaliza-
tion [24].

1.2. Approach of the paper

Given the importance of Rota–Baxter algebras and O-operators, and homotopy theories, it
is useful to study the homotopy of these structures and establish the relationship to homo-
topy pre-Lie and post-Lie algebras. Such a study might further improve the understanding
of the roles played by these structures in renormalization and other applications.

The operadic framework of homotopy is not yet general enough to include Rota–
Baxter algebras. We thus take the more classical approach via differential graded Lie
algebras (dgLa) and Maurer–Cartan elements whose idea can be traced back to the well-
known work of Gerstenhaber [21] on deformations.

This approach is based on the principle that objects of a certain algebraic structure on
a vector space are given by degree 1 solutions of the Maurer–Cartan equation in a suitable
dgLa built from the vector space. When the vector space is replaced by a graded vector
space, similar solutions give objects in the homotopy algebraic structure.

For instance, for a vector space V , the graded vector space ˚C1nD0 Hom.^nV; V /
together with the Nijenhuis–Richardson bracket Œ�; ��NR is a dgLa with the trivial deriva-
tion. A Lie algebra structure on V is precisely a degree 1 solution ! 2 Hom.^2V; V / of
the Maurer–Cartan equation. For a graded vector space V D˚i2ZV

i , let S.V / denote the
symmetric algebra of V and let Homn.S.V /;V / denote the space of degree n linear maps.
Then with a similarly defined Nijenhuis–Richardson bracket Œ�; ��NR on the graded vector
space ˚n2Z Homn.S.V /; V / (see equation (2.2)), we again have a graded Lie algebra
(gLa) and (curved) L1-algebras can be characterized as degree 1 solutions of the corre-
sponding Maurer–Cartan equation.

In a recent study [30, 45], this approach was taken to give a Maurer–Cartan charac-
terization of O-operators and relative Rota–Baxter Lie algebras, and further to establish
a deformation theory and its controlling cohomology for O-operators and relative Rota–
Baxter Lie algebras.
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To illustrate our approach in a broader context, we focus on the Rota–Baxter Lie alge-
bra for now and regard its algebraic structure as a pair .`; T / consisting of a Lie bracket
` D Œ�; �� and a Rota–Baxter operator T . Then to obtain the homotopy of the Rota–Baxter
Lie algebra, one can begin with taking homotopy of either the binary operation ` or the
unary operation T . The homotopy of the Lie algebra `1 D ¹`iºC1iD1 is well known as the
L1-algebra. Together with the natural Rota–Baxter operator action as defined in [39], we
have the Rota–Baxter homotopy Lie algebra .`1; T / or Rota–BaxterL1-algebra. Similar
to Rota–Baxter Lie algebra, a Rota–Baxter homotopy Lie algebra is expected to induce a
homotopy post-Lie algebra, giving rise to the commutative diagram

.`; T / //

RB action
��

.`1; T /

RB action
��

post-Lie // homotopy post-Lie

(1.1)

where the horizontal arrows are taking homotopy and the vertical arrows are taking actions
of the Rota–Baxter operators.

In this paper, we will pursue the other direction, by taking homotopy of the Rota–
Baxter operator T and obtain T1 WD ¹TiºC1iD0 , without taking homotopy of `. We call the
resulting structure .`; T1/ the operator homotopy Rota–Baxter Lie algebra to distinguish
it from the above-mentioned Rota–Baxter homotopy Lie algebra. The action of T1 gives
rise to a variation of the homotopy post-Lie algebra which we will call the operator homo-
topy post-Lie algebra (see Remark 3.5). This gives another commutative diagram shown
as the front rectangle in equation (1.2) while the diagram in equation (1.1) is embedded as
the right rectangle.

Eventually, the full homotopy of the Rota–Baxter Lie algebra should come from the
combined homotopies of both the Lie algebra structure and the Rota–Baxter operator
structure, tentatively denoted by .`1; T1/ and called the full homotopy Rota–Baxter Lie
algebra. A suitable action of T1 on `1 should give the full homotopy post-Lie algebra
whose structure is still mysterious. These various homotopies of the Rota–Baxter Lie alge-
bra, as well as their derived homotopies of the post-Lie algebra, could be put together and
form the diagram

.`1; T1/ .`1; T /

.`; T1/ .`; T /

full homotopy
post-Lie

homotopy
post-Lie

operator homotopy
post-Lie post-Lie

(1.2)

where going in the left and inside directions should be taking various homotopy, and going
downward should be taking the actions of (homotopy) Rota–Baxter operators.
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1.3. Outline of the paper

After some background on dgLas and Maurer–Cartan equations summarized in Section
2.1, we introduce in Section 2.2 the notion of a homotopy O-operator with any weight
(Definition 2.9). Using a derived bracket, we construct a dgLa which characterizes homo-
topy O-operators of any weight as their Maurer–Cartan elements (Theorem 2.16).

In Section 3, by applying a homotopy O-operator to a symmetric graded Lie alge-
bra (sgLa), we obtain a variation of the homotopy post-Lie algebra, called the operator
homotopy post-Lie algebra. From here we can specialize in several directions and obtain
interesting applications. First, when the weight of the O-operator is taken to be zero, we
obtain homotopy O-operators of weight zero. Since O-operators of weight zero naturally
derive pre-Lie algebras [39], it is expected that homotopy O-operators of weight zero
derive pre-Lie1-algebras. We confirm this in Corollary 3.12, yielding the commutative
diagram

O-operators
homotopy

//

��

homotopy O-operators

��

pre-Lie
homotopy

// pre-Lie1:

(1.3)

In other words, the compositions of taking homotopy and taking operator action in either
order give the pre-Lie1-algebras.

Another application of our general construction is the characterization of post-Lie
algebra structures on any given Lie algebra using Maurer–Cartan elements in a suitable
dgLa (Corollary 3.7). There has been quite much interest on such constructions in the
recent literature [10, 11, 20, 38].

In Section 4, we first consider the cohomology theory of post-Lie algebras. In the
“abelian” case of pre-Lie algebras, the cohomology groups were first defined in [16] by
derived functors and then in [34] by resolutions of algebras from the operadic Koszul
duality theory. We explicitly establish a cohomology theory of post-Lie algebras which
specializes to the above cohomology theory of pre-Lie algebras. The third cohomology
group of a post-Lie algebra is applied in Section 4.3 to classify 2-term skeletal operator
homotopy post-Lie algebras.

Notations. We assume that all the vector spaces are over a field of characteristic zero. For
a homogeneous element x in a Z-graded vector space, we also use x in the exponent, as
in .�1/x , to denote its degree in order to simplify the notation.

2. Homotopy O-operators of weight �

In this section, we introduce the notion of a homotopy O-operator of weight �, where � is
a constant. We construct a dgLa and show that homotopy O-operators of weight � can be
characterized as its Maurer–Cartan elements to justify our definition.
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2.1. Maurer–Cartan elements and Nijenhuis–Richardson brackets

We first recall some background needed in later sections.

Definition 2.1 ([31]). Let .g D ˚k2Zgk ; Œ�; ��; d / be a dgLa. A degree 1 element � 2 g1

is called a Maurer–Cartan element of g if it satisfies the Maurer–Cartan equation

d� C
1

2
Œ�; �� D 0: (2.1)

A permutation � 2Sn is called an .i;n� i/-shuffle if �.1/ < � � �<�.i/ and �.i C 1/<
� � � < �.n/. If i D 0 or n, we assume that � D Id. The set of all .i; n � i/-shuffles will be
denoted by S.i;n�i/. The notion of an .i1; : : : ; ik/-shuffle and the set S.i1;:::;ik/ are defined
analogously.

Let V D˚k2ZV
k be a Z-graded vector space. We will denote by S.V / the symmetric

algebra of V . That is, S.V / WD T .V /=I , where T .V / is the tensor algebra and I is the
2-sided ideal of T .V / generated by all homogeneous elements of the form

x ˝ y � .�1/xyy ˝ x:

We will write
S.V / D ˚C1iD0S

i .V /:

Denote the product of homogeneous elements v1; : : : ; vn 2 V in Sn.V / by v1 ˇ � � � ˇ vn.
The degree of v1ˇ � � � ˇ vn is by definition the sum of the degree of vi . For a permutation
� 2 Sn and v1; : : : ; vn 2 V , the Koszul sign ".� I v1; : : : ; vn/ 2 ¹�1; 1º is defined by

v1 ˇ � � � ˇ vn D ".� I v1; : : : ; vn/v�.1/ ˇ � � � ˇ v�.n/

and the antisymmetric Koszul sign �.� I v1; : : : ; vn/ 2 ¹�1; 1º is defined by

�.� I v1; : : : ; vn/ WD .�1/
�".� I v1; : : : ; vn/:

Denote by Homn.S.V /;V / the space of degree n linear maps from the graded vector space
S.V / to the graded vector space V . Obviously, an element f 2 Homn.S.V /; V / is the
sum of fi W S i .V /! V . We will write f D

PC1
iD0 fi . Set C n.V; V / WD Homn.S.V /; V /

and C �.V; V / WD ˚n2ZC
n.V; V /. As the graded version of the classical Nijenhuis–

Richardson bracket given in [37], the Nijenhuis–Richardson bracket Œ�; ��NR on the graded
vector space C �.V; V /, for any f D

PC1
iD0 fi 2 C

m.V; V /, g D
PC1
jD0 gj 2 C

n.V; V /,
is given by

Œf; g�NR WD f ı g � .�1/
mng ı f; (2.2)

where f ı g 2 CmCn.V; V / is defined by

f ı g D

�C1X
iD0

fi

�
ı

�C1X
jD0

gj

�
WD

C1X
kD0

� X
iCjDkC1

fi ı gj

�
; (2.3)
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while fi ı gj 2 Hom.S iCj�1.V /; V / is defined by

.fi ı gj /.v1; : : : ; viCj�1/

D

X
�2S.j;i�1/

".�/fi
�
gj .v�.1/; : : : ; v�.j //; v�.jC1/; : : : ; v�.iCj�1/

�
;

with the convention that f0 ı gj WD 01 and .fj ı g0/.v1; : : : ;vj�1/ WD fj .g0;v1; : : : ;vj�1/.
See [25, 33] for the notion of a curved L1-algebra.

Theorem 2.2 ([1, 33]). With notations as above, .C �.V; V /; Œ�; ��NR/ is a graded Lie alge-
bra .gLa/. Its Maurer–Cartan elements

PC1
iD0 li are the curved L1-algebra structures

on V .

We denote a curved L1-algebra by .V; ¹lkºC1kD0/. A curved L1-algebra .V; ¹lkºC1kD0/
with l0 D 0 is exactly an L1-algebra [29].

Definition 2.3 ([1]). A symmetric graded Lie algebra (sgLa) is a Z-graded vector space
g equipped with a bilinear bracket Œ�; ��g W g˝ g! g of degree 1, satisfying

(1) (graded symmetry)
Œx; y�g D .�1/

xy Œy; x�g;

(2) (graded Leibniz rule)�
x; Œy; z�g

�
g
D .�1/xC1

�
Œx; y�g; z

�
g
C .�1/.xC1/.yC1/

�
y; Œx; z�g

�
g
:

Here x; y; z are homogeneous elements in g, which also denote their degrees when in
exponent.

An sgLa.g; Œ�; ��g/ is just a curved L1-algebra .g; ¹lkºC1kD0/, in which lk D 0 for all
k � 0, k ¤ 2.

For a graded vector space V D˚i2ZV
i , the suspension operator s W V 7! sV assigns

V to the graded vector space sV D˚i2Z.sV /
i with .sV /i WD V i�1. The natural degree 1

map s W V ! sV is the identity map of the underlying vector space, sending v 2 V to its
suspended copy sv 2 sV . Likewise, the desuspension operator s�1 changes the grading
of V according to the rule .s�1V /i WD V iC1. The degree �1 map s�1 W V ! s�1V is
defined in the obvious way.

Example 2.4. Let V be a graded vector space. Then s�1gl.V / is an sgLa where the
symmetric Lie bracket, for any f 2 Homm.V; V /, g 2 Homn.V; V /, is given by

Œs�1f; s�1g� WD .�1/ms�1Œf; g�: (2.4)

1The linear map f0 is just a distinguished element ˆ 2 V 0.
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Let .g; Œ�; ��g/ and .g0; Œ�; ��g0/ be sgLas. A homomorphism from g to g0 is a linear map
� W g! g0 of degree 0 such that

�
�
Œx1; x2�g

�
D
�
�.x1/; �.x2/

�
g0
; 8x1; x2 2 g:

Definition 2.5. A linear map of graded vector spaces D W g! g of degree n is called a
derivation of degree n on an sgLa .g; Œ�; ��g/ if

DŒx; y�g D .�1/
nŒDx; y�g C .�1/

n.xC1/Œx;Dy�g; 8x; y 2 g:

We denote the vector space of derivations of degree n by Dern.g/. Denote Der.g/ D
˚n2Z Dern.g/, which is a graded vector space.

Remark 2.6. A derivation of degree n on an sgLa.g; Œ�; ��g/ is just a homotopy derivation
¹�kº

C1

kD1
of degree n on .g; Œ�; ��g/, in which �k D 0 for all k � 2. See [25] for more details.

By a straightforward check, we obtain the following proposition.

Proposition 2.7. With the above notations, .s�1 Der.g/; Œ�; ��/ is a symmetric graded Lie
subalgebra of .s�1gl.g/; Œ�; ��/, where the bracket Œ�; �� is defined by (2.4).

Definition 2.8. An action of an sgLa.g; Œ�; ��g/ on an sgLa.h; Œ�; ��h/ is a homomorphism
of graded vector spaces � W g! Der.h/ of degree 1 such that s�1 ı � W g! s�1 Der.h/ is
an sgLa homomorphism.

In particular, if .h; Œ�; ��h/ is abelian, we obtain an action of an sgLa on a graded vector
space. It is obvious that ad W g! Der.g/ is an action of the sgLa.g; Œ�; ��g/ on itself, which
is called the adjoint action.

Let � be an action of an sgLa.g; Œ�; ��g/ on a graded vector space V . For x 2 gi , we
have �.x/ 2HomiC1.V;V /. Moreover, there is an sgLa structure on the direct sum g˚ V ,
for any x1; x2 2 g; v1; v2 2 V , given by

Œx1 C v1; x2 C v2�� WD Œx1; x2�g C �.x1/v2 C .�1/
x1x2�.x2/v1:

This sgLa is called the semidirect product of the sgLa.g; Œ�; ��g/ and .V I �/, and denoted
by g Ë� V .

2.2. Homotopy O-operators of weight �

Now we give the main notion of this paper.

Definition 2.9. Let � be an action of an sgLa.g; Œ�; ��g/ on an sgLa.h; Œ�; ��h/. A degree 0
element

T D

C1X
iD0

Ti 2 Hom.S.h/;g/ with Ti 2 Hom.S i .h/;g/
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is called a homotopy O-operator of weight � on an sgLa.g; Œ�; ��g/ with respect to the
action � if the following equalities hold for all p � 0 and all homogeneous elements
v1; : : : ; vp 2 h:X

1�i<j�p

.�1/˛Tp�1
�
�Œvi ; vj �h; v1; : : : ; Ovi ; : : : ; Ovj ; : : : ; vp

�
C

X
kClDpC1

�2S.l;1;p�l�1/

".�/Tk�1
�
�
�
Tl .v�.1/; : : : ; v�.l//

�
v�.lC1/; v�.lC2/; : : : ; v�.p/

�

D
1

2

X
kClDpC1
�2S.k�1;l/

".�/
�
Tk�1.v�.1/; : : : ; v�.k�1//; Tl .v�.k/; : : : ; v�.p//

�
g
; (2.5)

where
˛ D vi .v1 C � � � C vi�1/C vj .v1 C � � � C vj�1/C vivj :

Remark 2.10. The linear map T0 is just an element � 2 g0. Below are the generalized
Rota–Baxter identities for p D 0; 1; 2 W

Œ�;��g D 0;

T1
�
�.�/v1

�
D
�
�;T1.v1/

�
g
;�

T1.v1/; T1.v2/
�

g
D T1

�
�
�
T1.v1/

�
v2 C .�1/

v1v2�
�
T1.v2/

�
v1 C �Œv1; v2�h

�
C T2

�
�.�/v1; v2

�
C .�1/v1v2T2

�
�.�/v2; v1

�
�
�
�;T2.v1; v2/

�
g
:

Remark 2.11. If the sgLa reduces to a Lie algebra and the action reduces to an action
of a Lie algebra on another Lie algebra, the above definition reduces to the definition
of an O-operator of weight � [9, 28] on a Lie algebra2. More precisely, the linear map
T W h! g satisfies

ŒT u; T v�g D T
�
�.T u/.v/ � �.T v/.u/C �Œu; v�h

�
; 8u; v 2 h:

Definition 2.12. A degree 0 element

R D

C1X
iD0

Ri 2 Hom.S.g/;g/ with Ri 2 Hom.S i .g/;g/

is called a homotopy Rota–Baxter operator of weight � on an sgLa.g; Œ�; ��g/ if the follow-

2An O-operator was called a generalized Rota–Baxter operator in [46] and a relative Rota–Baxter
operator in [39].
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ing equalities hold for all p � 0 and all homogeneous elements x1; : : : ; xp 2 g,X
1�i<j�p

.�1/˛Rp�1
�
�Œxi ; xj �g; x1; : : : ; Oxi ; : : : ; Oxj ; : : : ; xp

�
C

X
kClDpC1

�2S.l;1;p�l�1/

".�/Rk�1
��
Rl .x�.1/; : : : ; x�.l//; x�.lC1/

�
g
; x�.lC2/; : : : ; x�.p/

�

D
1

2

X
kClDpC1
�2S.k�1;l/

".�/
�
Rk�1.x�.1/; : : : ; x�.k�1//; Rl .x�.k/; : : : ; x�.p//

�
g
;

where ˛ D xi .x1 C � � � C xi�1/C xj .x1 C � � � C xj�1/C xixj .

Remark 2.13. A homotopy Rota–Baxter operator

R D

C1X
iD0

Ri 2 Hom
�
S.g/;g

�
of weight � on an sgLa.g; Œ�; ��g/ is a homotopy O-operator of weight � with respect to the
adjoint action ad. If, moreover, the sgLa reduces to a Lie algebra, then the resulting linear
operator R W g! g is a Rota–Baxter operator of weight � [7, 22] in the sense that�

R.x/;R.y/
�

g
D R

��
R.x/; y

�
g
C
�
x;R.y/

�
g
C �Œx; y�g

�
; 8x; y 2 g:

In the sequel, we construct a dgLa and show that homotopy O-operators of weight �
can be characterized as its Maurer–Cartan elements to justify our definition of homotopy
O-operators of weight �. For this purpose, we recall the derived bracket construction of
graded Lie algebras. Let .g; Œ�; ��g; d / be a dgLa. We define a new bracket on sg by

Œsx; sy�d WD .�1/
xsŒdx; y�g; 8x; y 2 g: (2.6)

The new bracket is called the derived bracket [27]. It is well known that the derived bracket
is a graded Leibniz bracket on the shifted graded space sg. Note that the derived bracket
is not graded skew-symmetric in general. We recall a basic result.

Proposition 2.14 ([27]). Let .g; Œ�; ��g; d / be a dgLa, and let h � g be a subalgebra which
is abelian, i.e., Œh;h�g D 0. If the derived bracket is closed on sh, then .sh; Œ�; ��d / is a gLa.

Let � be an action of an sgLa.g; Œ�; ��g/ on an sgLa.h; Œ�; ��h/. Consider the graded vector
space C �.h;g/ WD ˚n2Z Homn.S.h/;g/. Define a linear map

d W Homn
�
S.h/;g

�
! HomnC1

�
S.h/;g

�
by

.dg/p.v1; : : : ; vp/ D
X

1�i<j�p

.�1/˛gp�1
�
�Œvi ; vj �h; v1; : : : ; Ovi ; : : : ; Ovj ; : : : ; vp

�
; (2.7)
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where
˛ D nC 1C vi .v1 C � � � C vi�1/C vj .v1 C � � � C vj�1/C vivj :

Also define a graded bracket operation

J�; �K W Homm
�
S.h/;g

�
� Homn

�
S.h/;g

�
! HommCnC1

�
S.h/;g

�
;

Jf; gKp.v1; : : : ; vp/

D �

X
kClDpC1

�2S.l;1;p�l�1/

".�/fk�1
�
�
�
gl .v�.1/; : : : ; v�.l//

�
v�.lC1/; v�.lC2/; : : : ; v�.p/

�
C .�1/˛

X
kClDsC1

�2S.k�1;1;p�k/

".�/gl
�
�
�
fk�1.v�.1/; : : : ; v�.k�1//

�
v�.k/; v�.kC1/; : : : ; v�.p/

�
�

X
kClDpC1
�2S.k�1;l/

.�1/ˇ".�/
�
fk�1.v�.1/; : : : ; v�.k�1//; gl .v�.k/; : : : ; v�.p//

�
g
; (2.8)

where ˛ D .mC 1/.nC 1/, ˇ D n.v�.1/ C � � � C v�.k�1//CmC 1 and

f D
X
i

fi 2 Homm.S.h/;g/; g D
X

gi 2 Homn.S.h/;g/

with fi ; gi 2 Hom.S i .h/; g/ and v1; : : : ; vp 2 h. Here we write dg D
P
i .dg/i with

.dg/i 2 Hom.S i .h/;g/, and Jf; gK D
P
iJf; gKi with Jf; gKi 2 Hom.S i .h/;g/.

Theorem 2.15. For an action � of an sgLa.g; Œ�; ��g/ on an sgLa.h; Œ�; ��h/, with the nota-
tions above, the triple .sC �.h;g/; J�; �K; d/ is a dgLa.

Proof. By Theorem 2.2, the graded Nijenhuis–Richardson bracket Œ�; ��NR associated to the
direct sum vector space g˚ h gives rise to a gLa.C �.g˚ h;g˚ h/; Œ�; ��NR/. Obviously,

C �.h;g/ WD ˚n2Z Homn
�
S.h/;g

�
is an abelian subalgebra. We denote the symmetric graded Lie brackets Œ�; ��g and Œ�; ��h by
�g and �h, respectively. Since � is an action of the sgLa.g; Œ�; ��g/, �g C � is a semidirect
product sgLa structure on g˚ h. Theorem 2.2 implies that �g C � and ��h are Maurer–
Cartan elements of the gLa.C �.g ˚ h; g ˚ h/; Œ�; ��NR/. Define a differential d�gC� on
.C �.g˚ h;g˚ h/; Œ�; ��NR/ via

d�gC� WD Œ�g C �; ��NR:

Further, we define the derived bracket on the graded vector space ˚n2Z Homn.S.h/; g/

by
Jf; gK WD .�1/mŒd�gC�f; g�NR D .�1/

m
�
Œ�g C �; f �NR; g

�
NR; (2.9)



Homotopy Rota–Baxter operators and post-Lie algebras 11

for all f D
P
fi 2 Homm.S.h/;g/, g D

P
i gi 2 Homn.S.h/;g/. Write

Œ�g C �; f �NR D

C1X
iD0

Œ�g C �; f �
i
NR;

where
Œ�g C �; f �

i
NR 2 Hom

�
S i .h/;g

�
:

By (2.3), for all k � 2, x1; : : : ; xk 2 g and v1 : : : ; vk 2 h, we have

Œ�g C �; f �
k
NR

�
.x1; v1/; : : : ; .xk ; vk/

�
D
�
.�g C �/ ı fk�1 � .�1/

mfk�1 ı .�g C �/
��
.x1; v1/; : : : ; .xk ; vk/

�
D

kX
iD1

.�1/˛.�g C �/
�
fk�1

�
.x1; v1/; : : : ;2.xi ; vi /; : : : ; .xk ; vk/

�
; .xi ; vi /

�
� .�1/m

X
1�i<j�k

.�1/ˇfk�1
�
.�g C �/

�
.xi ; vi /; .xj ; vj /

�
; .x1; v1/; : : : ;2.xi ; vi /;

.xiC1; viC1/; : : : ; 2.xj ; vj /; : : : ; .xk ; vk/
�

D

kX
iD1

.�1/˛.�g C �/
��
fk�1.v1; : : : ; Ovi ; : : : ; vk/; 0

�
; .xi ; vi /

�
� .�1/m

X
1�i<j�k

.�1/ˇfk�1
��
Œxi ; xj �g; �.xi /vj C .�1/

vivj �.xj /vi
�
;

.x1; v1/; : : : ;2.xi ; vi /; : : : ; 2.xj ; vj /; : : : ; .xk ; vk/
�

D

kX
iD1

.�1/˛
��
fk�1.v1; : : : ; Ovi ; : : : ; vk/; xi

�
g
; �
�
fk�1.v1; : : : ; Ovi ; : : : ; vk/

�
vi
�

� .�1/m
X

1�i<j�k

.�1/ˇ
�
fk�1

�
�.xi /vj ; v1; : : : ; Ovi ; : : : ; Ovj ; : : : ; vk

�
; 0
�

� .�1/m
X

1�i<j�k

.�1/ˇ
�
fk�1

�
.�1/vivj �.xj /vi ; v1; : : : ; Ovi ; : : : ; Ovj ; : : : ; vk

�
; 0
�
:

Here

˛ D vi .viC1 C � � � C vk/;

ˇ D vi .v1 C � � � C vi�1/C vj .v1 C � � � C vj�1/C vivj :

On the other hand, we have

Œ�g C �; f �
0
NR D 0;

Œ�g C �; f �
1
NR.x1; v1/ D

�
Œf0; x1�g; �.f0/v1

�
:
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Moreover, we obtain�
Œ�g C �; f �NR; g

�p
NR

�
.x1; v1/; : : : ; .xp; vp/

�
D

� X
kClDpC1

Œ�g C �; f �
k
NR ı gl

��
.x1; v1/; : : : ; .xp; vp/

�
� .�1/.mC1/n

� X
kClDpC1

gl ı Œ�g C �; f �
k
NR

��
.x1; v1/; : : : ; .xp; vp/

�
:

By a straightforward computation, we have�
Œ�g C �; f �

k
NR ı gl

��
.x1; v1/; : : : ; .xp; vp/

�
D

X
�2S.l;p�l/

".�/Œ�g C �; f �
k
NR

�
gl
�
.x�.1/; v�.1//; : : : ; .x�.l/; v�.l//

�
;

.x�.lC1/; v�.lC1//; : : : ; .x�.p/; v�.p//
�

D

X
�2S.l;p�l/

".�/Œ�g C �; f �
k
NR

��
gl .v�.1/; : : : ; v�.l//; 0

�
;

.x�.lC1/; v�.lC1//; : : : ; .x�.p/; v�.p//
�

D

X
�2S.l;p�l/

".�/.�1/x̨
��
fk�1.v�.lC1/; : : : ; v�.p//; gl .v�.1/; : : : ; v�.l//

�
g
; 0
�

� .�1/m
X

�2S.l;p�l/

".�/

�

pX
jDlC1

.�1/
x̌�
fk�1

�
�
�
gl .v�.1/; : : : ; v�.l//

�
v�.j /; v�.lC1/; : : : ; Ov�.j /; : : : ; v�.p/

�
; 0
�
;

where x̨ D .v�.1/ C � � � C v�.l/ C n/.v�.lC1/ C � � � C v�.p// and x̌ D v�.j /.v�.lC1/ C

� � � C v�.j�1//. For any � 2 S.l;p�l/, we define � D �� 2 S.p�l;l/ by

�.i/ D

´
�.i C l/; 1 � i � p � l I

�.i � p C l/; p � l C 1 � i � p:

Thus ".� I v1; : : : ; vp/ D ".� I v1; : : : ; vp/.�1/.v�.1/C���Cv�.l//.v�.lC1/C���Cv�.p//. In fact, the
elements of S.l;p�l/ are in bijection with the elements of S.p�l;l/. Moreover, by k C l D
p C 1, we haveX

�2S.l;p�l/

".�/.�1/x̨
��
fk�1.v�.lC1/; : : : ; v�.p//; gl .v�.1/; : : : ; v�.l//

�
g
; 0
�

D

X
�2S.k�1;l/

".�/.�1/�
��
fk�1.v�.1/; : : : ; v�.k�1//; gl .v�.k/; : : : ; v�.p//

�
g
; 0
�
;
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where � D n.v�.1/ C � � � C v�.k�1//. For any � 2 S.l;p�l/ and l C 1 � j � p, we define
� D ��;j 2 S.l;1;p�l�1/ by

�.i/ D

8̂̂̂̂
ˆ̂<̂
ˆ̂̂̂̂:

�.i/; 1 � i � l I

�.j /; i D l C 1I

�.i � 1/; l C 2 � i � j I

�.i/; j C 1 � i � p:

Thus we have

".� I v1; : : : ; vp/ D ".� I v1; : : : ; vp/.�1/
v�.j /.v�.lC1/C���Cv�.j�1//:

Then X
�2S.l;p�l/

".�/

pX
jDlC1

.�1/
x̌�
fk�1

�
�
�
gl .v�.1/; : : : ; v�.l//

�
v�.j /;

v�.lC1/; : : : ; Ov�.j /; : : : ; v�.p/
�
; 0
�

D

X
�2S.l;1;p�l�1/

".�/
�
fk�1

�
�
�
gl .v�.1/; : : : ; v�.l//

�
v�.lC1/; v�.lC2/; : : : ; v�.p/

�
; 0
�
:

Therefore, we obtain�
Œ�g C �; f �

k
NR ı gl

��
.x1; v1/; : : : ; .xp; vp/

�
D

X
�2S.k�1;l/

".�/.�1/n.v�.1/C���Cv�.k�1//

�
��
fk�1.v�.1/; : : : ; v�.k�1//; gl .v�.k/; : : : ; v�.p//

�
g
; 0
�

� .�1/m
X

�2S.l;1;p�l�1/

".�/
�
fk�1

�
�
�
gl .v�.1/; : : : ; v�.l//

�
v�.lC1/; v�.lC2/; : : : ; v�.p/

�
; 0
�
:

On the other hand,�
gl ı Œ�g C �; f �

k
NR

��
.x1; v1/; : : : ; .xp; vp/

�
D

X
�2S.k;n�k/

".�/gl
�
Œ�g C �; f �

k
NR

�
.x�.1/; v�.1//; : : : ; .x�.k/; v�.k//

�
;

.x�.kC1/; v�.kC1//; : : : ; .x�.p/; v�.p//
�

D

X
�2S.k;p�k/

".�/

kX
iD1

.�1/˛
0�
gl
�
�
�
fk�1.v�.1/; : : : ; Ov�.i/; : : : ; v�.k//

�
v�.i/;

v�.kC1/ : : : ; v�.p/
�
; 0
�
;
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where ˛0 D v�.i/.v�.iC1/ C � � � C v�.k//. For � 2 S.k;p�k/ and 1 � i � k, we define
� D ��;i 2 S.k�1;1;p�k/ by

�.j / D

8̂̂̂̂
<̂̂
ˆ̂̂̂:
�.j /; 1 � j � i � 1I

�.j C 1/; i � j � k � 1I

�.i/; j D kI

�.j /; k C 1 � j � p:

Thus we have ".� Iv1; : : : ; vp/D ".� Iv1; : : : ; vp/.�1/v�.i/.v�.iC1/C���Cv�.k//. Then we have�
gl ı Œ�g C �; f �

k
NR

��
.x1; v1/; : : : ; .xp; vp/

�
D

X
�2S.k�1;1;p�k/

".�/
�
gl
�
�
�
fk�1.v�.1/; : : : ; v�.k�1//

�
v�.k/; v�.kC1/ : : : ; v�.p/

�
; 0
�
:

By (2.9), we obtain that the derived bracket J�; �K is closed on sC �.h;g/, and it is given by
(2.8). Therefore, .sC �.h;g/; J�; �K/ is a gLa.

Moreover, we define a linear map dD Œ��h; ��NR on the graded spaceC �.g˚h;g˚h/.
By simple computations, we obtain that d is closed on the subspace sC �.h; g/, and
is given by (2.7). By Œ��h; ��h�NR D 0, we obtain that d2 D 0. Moreover, by Im � �

Der.h/, we have Œ�g C �; ��h�NR D 0. Thus, we deduce that d is a derivation of the
gLa.sC �.h;g/; J�; �K/. Therefore, .sC �.h;g/; J�; �K; d/ is a dgLa. The proof is finished.

Homotopy O-operators of weight � can be characterized as Maurer–Cartan elements
of the above dgLa. Note that an element

T D

C1X
iD0

Ti 2 Hom.S.h/;g/

is of degree 0 if and only if the corresponding element T 2 sHom.S.h/;g/ is of degree 1.

Theorem 2.16. Let � be an action of an sgLa.g; Œ�; ��g/ on an sgLa.h; Œ�; ��h/. A degree 0
element

T D

C1X
iD0

Ti 2 Hom.S.h/;g/

is a homotopy O-operator of weight � on g with respect to the action � if and only if
T D

PC1
iD0 Ti is a Maurer–Cartan element of the dgLa.sC �.h;g/; J�; �K; d/, i.e.,

dT C
1

2
JT; T K D 0:

Proof. For a degree 0 element T D
PC1
iD0 Ti of the graded vector space C �.h; g/, we

write
dT C

1

2
JT; T K D

X
i

�
dT C

1

2
JT; T K

�
i
;
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where .dT C 1
2
JT; T K/i 2 Hom.S i .h/;g/. By straightforward computations, we have�

dT C
1

2
JT; T K

�
p
.v1; : : : ; vp/

D �

X
1�i<j�p

.�1/˛Tp�1
�
�Œvi ; vj �h; v1; : : : ; Ovi ; : : : ; Ovj ; : : : ; vp

�
�

X
kClDpC1

�2S.l;1;p�l�1/

".�/Tk�1
�
�
�
Tl .v�.1/; : : : ; v�.l//

�
v�.lC1/; v�.lC2/; : : : ; v�.p/

�
C
1

2

X
kClDpC1
�2S.k�1;l/

".�/
�
Tk�1.v�.1/; : : : ; v�.k�1//; Tl .v�.k/; : : : ; v�.p//

�
g
;

where ˛ D vi .v1 C � � � C vi�1/ C vj .v1 C � � � C vj�1/ C vivj . Thus, T D
PC1
iD0 Ti 2

Hom.S.h/; g/ is a homotopy O-operator of weight � on g with respect to the action � if
and only if T D

PC1
iD0 Ti is a Maurer–Cartan element of the dgLa.sC �.h;g/; J�; �K;d/.

We note that a Lie algebra is an sgLa concentrated at degree �1. Moreover, a Lie
algebra action is the same as an action of the sgLa on a graded vector space concentrated
at degree �1. Therefore, we have the following corollary.

Corollary 2.17. Let � W g! Der.h/ be an action of a Lie algebra g on a Lie algebra h.
Then a linear map T W h! g is an O-operator of weight � on g with respect to the action
� if and only if T is a Maurer–Cartan element of the dgLa.˚C1nD0 Hom.^nh; g/; J�; �K; d/,
where the differential d W Hom.^nh;g/! Hom.^nC1h;g/ is given by

.dg/.v1; : : : ; vnC1/

D

X
1�i<j�nC1

.�1/nCiCj�1g
�
�Œvi ; vj �h; v1; : : : ; Ovi ; : : : ; Ovj ; : : : ; vnC1

�
;

for all g 2 Hom.^nh;g/ and v1; : : : ; vnC1 2 h, and the graded Lie bracket

J�; �K W Hom.^nh;g/ � Hom.^mh;g/! Hom.^mCnh;g/

is given by

Jg1; g2K.v1; : : : ; vmCn/

D

X
�2S.m;1;n�1/

.�1/1C�g1
�
�
�
g2.v�.1/; : : : ; v�.m//

�
v�.mC1/; v�.mC2/; : : : ; v�.mCn/

�
C

X
�2S.n;1;m�1/

.�1/mnC�g2
�
�
�
g1.v�.1/; : : : ; v�.n//

�
v�.nC1/; v�.nC2/; : : : ; v�.mCn/

�
C

X
�2S.n;m/

.�1/1CmnC�
�
g1.v�.1/; : : : ; v�.n//; g2.v�.nC1/; : : : ; v�.mCn//

�
g
;

for all g1 2 Hom.^nh;g/, g2 2 Hom.^mh;g/ and v1; : : : ; vmCn 2 h.
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If the Lie algebra h is abelian in the above corollary, we recover the gLa that controls
the deformations of O-operators of weight 0 given in [45, Proposition 2.3].

3. Operator homotopy post-Lie algebras

In this section, we first recall the notion of a post-Lie algebra, and then give the definition
of an operator homotopy post-Lie algebra as a variation of a homotopy post-Lie algebra.
We construct a dgLa and show that operator homotopy post-Lie algebras can be charac-
terized as its Maurer–Cartan elements to justify the notion. We also show that operator
homotopy post-Lie algebras naturally arise from homotopy O-operators of weight 1.

Definition 3.1 ([47]). A post-Lie algebra .g; Œ�; ��g;B/ consists of a Lie algebra .g; Œ�; ��g/
and a binary product BW g˝ g! g such that

x B Œy; z�g D Œx B y; z�g C Œy; x B z�g; (3.1)

Œx; y�g B z D aB.x; y; z/ � aB.y; x; z/; (3.2)

here aB.x; y; z/ WD x B .y B z/ � .x B y/ B z and x; y; z 2 g.

Define LB W g! gl.g/ by LB.x/.y/ D x B y. Then by (3.1), LB is a linear map
from g to Der.g/. In the sequel, we will say that LB is a post-Lie algebra structure on the
Lie algebra .g; Œ�; ��g/.

Remark 3.2. Let .g; Œ�; ��g;B/ be a post-Lie algebra. If the Lie bracket Œ�; ��g D 0, then
.g;B/ becomes a pre-Lie algebra. Thus, a post-Lie algebra can be viewed as a nonabelian
version of a pre-Lie algebra. See [10, 11] for the classifications of post-Lie algebras on
certain Lie algebras, and [35] for applications of post-Lie algebras in numerical integra-
tion.

The following well-known result is a special case of splitting of operads [4, 39, 47].

Proposition 3.3. Let .g; Œ�; ��g;B/ be a post-Lie algebra. Then the bracket Œ�; ��C defined by

Œx; y�C WD x B y � y B x C Œx; y�g; 8x; y 2 g; (3.3)

is a Lie bracket.

We denote this Lie algebra by gC and call it the sub-adjacent Lie algebra of the post-
Lie algebra .g; Œ�; ��g;B/.

Definition 3.4. An operator homotopy post-Lie algebra is an sgLa.g; Œ�; ��g/ equipped
with a collection .k � 1/ of linear maps �k W ˝kg! g of degree 1 satisfying, for every
collection of homogeneous elements x1; : : : ; xn; xnC1 2 g,

(i) (graded symmetry) for every � 2 Sn�1, n � 1,

�n.x�.1/; : : : ; x�.n�1/; xn/ D ".�/�n.x1; : : : ; xn�1; xn/; (3.4)
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(ii) (graded derivation) for all n � 1,

�n
�
x1; : : : ; xn�1; Œxn; xnC1�g

�
D .�1/x1C���Cxn�1C1

�
�n.x1; : : : ; xn�1; xn/; xnC1

�
g

C .�1/.x1C���Cxn�1C1/.xnC1/
�
xn; �n.x1; : : : ; xn�1; xnC1/

�
g
; (3.5)

(iii) for all n � 1,X
iCjDnC1; i�1; j�2
�2S.i�1;1;j�2/

".�/�j
�
�i .v�.1/; : : : ; v�.i�1/; v�.i//; v�.iC1/; : : : ; v�.n�1/; vn

�
C

X
iCjDnC1; i�1; j�1

�2S.j�1;i�1/

.�1/˛".�/�j
�
v�.1/; : : : ; v�.j�1/; �i .v�.j /; : : : ; v�.n�1/; vn/

�
D

X
1�i<j�n�1

.�1/ˇ�n�1
�
Œxi ; xj �g; x1; : : : ; Oxi ; : : : ; Oxj ; : : : ; xn

�
; (3.6)

where

˛ D x�.1/ C x�.2/ C � � � C x�.j�1/;

ˇ D xi .x1 C � � � C xi�1/C xj .x1 C � � � C xj�1/C xixj C 1:

The notion of a pre-Lie1-algebra was introduced in [13]. Recall that a pre-Lie1-
algebra is a graded vector space V equipped with a collection of linear maps

�k W ˝
kV ! V; k � 1;

of degree 1 with the property that, for any homogeneous elements v1; : : : ; vn 2 V , we
have

(i) (graded symmetry) for every � 2 Sn�1,

�n.v�.1/; : : : ; v�.n�1/; vn/ D ".�/�n.v1; : : : ; vn�1; vn/;

(ii) for all n � 1,X
iCjDnC1; i�1; j�2

�2S.i�1;1;j�2/

".�/�j
�
�i .v�.1/; : : : ; v�.i�1/; v�.i//; v�.iC1/; : : : ; v�.n�1/; vn

�
C

X
iCjDnC1; i�1; j�1

�2S.j�1;i�1/

.�1/˛".�/�j
�
v�.1/; : : : ; v�.j�1/; �i .v�.j /; : : : ; v�.n�1/; vn/

�
D 0;

where ˛ D v�.1/ C v�.2/ C � � � C v�.j�1/.
Obviously, an operator homotopy post-Lie algebra .g; Œ�; ��g; ¹�kºC1kD1/ reduces to a

pre-Lie1-algebra when .g; Œ�; ��g/ is an abelian sgLa.
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Remark 3.5. Since a Rota–Baxter Lie algebra of weight 1 gives a post-Lie algebra, we
expect that a Rota–Baxter homotopy Lie algebra of weight 1 (a homotopy Lie algebra
with a Rota–Baxter operator of weight 1) induces a homotopy post-Lie algebra.

Now we construct the dgLa that characterizes operator homotopy post-Lie algebras as
Maurer–Cartan elements. Let .h; Œ�; ��h/ be an sgLa. Denote

xCn.h; h/ WD Homn
�
S.h/; s�1 Der.h/

�
; xC�.h; h/ WD ˚n2Z

xCn.h; h/:

Define a graded linear map @ W xCn.h; h/! xCnC1.h; h/ by

.@ˇ/p.v1; : : : ; vp/ D
X

1�i<j�p

.�1/˛ p̌�1

�
Œvi ; vj �h; v1; : : : ; Ovi ; : : : ; Ovj ; : : : ; vp

�
;

where ˛ D n C 1 C vi .v1 C � � � C vi�1/ C vj .v1 C � � � C vj�1/ C vivj . Then define a
graded bracket operation

Œ�; ��c W xCm.h; h/ � xCn.h; h/! xCmCnC1.h; h/

by

Œ˛; ˇ�cp.v1; : : : ; vp/

D �

X
kClDpC1

�2S.l;1;p�l�1/

".�/˛k�1
�
s
�
ˇl .v�.1/; : : : ; v�.l//

�
v�.lC1/; v�.lC2/; : : : ; v�.p/

�
C .�1/�

X
kClDpC1

�2S.k�1;1;p�k/

".�/ˇl
�
s
�
˛k�1.v�.1/; : : : ; v�.k�1//

�
v�.k/; v�.kC1/; : : : ; v�.p/

�
�

X
kClDpC1
�2S.k�1;l/

.�1/�".�/s�1
�
s˛k�1.v�.1/; : : : ; v�.k�1//; sˇl .v�.k/; : : : ; v�.p//

�
;

where � D .mC 1/.nC 1/, �D .nC 1/.v�.1/C � � � C v�.k�1// and ˛D
P
i ˛i 2

xCm.h;h/,
ˇ D

P
i ˇi 2

xCn.h; h/ with ˛i , ˇi 2 Hom.S i .h/; s�1 Der.h// and v1; : : : ; vp 2 h. Here
we write @ˇ D

P
i .@ˇ/i with .@ˇ/i 2 Hom.S i .h/; s�1 Der.h// and Œ˛; ˇ�c D

P
i Œ˛; ˇ�

c
i

with Œ˛; ˇ�ci 2 Hom.S i .h/; s�1 Der.h//.

Theorem 3.6. With the above notations, .s xC�.h; h/; Œ�; ��c ; @/ is a dgLa. Moreover, its
Maurer–Cartan elements are precisely the operator homotopy post-Lie algebra structures
on the sgLa.h; Œ�; ��h/.

Proof. Setting � D 1, g D s�1 Der.h/ and � D s in Theorem 2.15, we obtain that
.s xC�.h; h/; Œ�; ��c ; @/ is a dgLa.

Let L D
PC1
iD0 Li 2 Hom0.S.h/; s�1 Der.h// with Li 2 Hom.S i .h/; s�1 Der.h// be

a Maurer–Cartan element of the dgLa.s xC�.h;h/; Œ�; ��c ; @/. We define a collection of linear
maps �k W ˝kh! h .k � 1/ of degree 1 by

�k.v1; : : : ; vk/ WD
�
sLk�1.v1; : : : ; vk�1/

�
vk ; 8v1 : : : ; vk 2 h: (3.7)
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ByLn�1 2 Hom0.Sn�1.h/; s�1Der.h//, we obtain (3.4) and (3.5). Moreover, write @LC
1
2
ŒL;L�c D

P
i .@LC

1
2
ŒL;L�c/i with .@LC 1

2
ŒL;L�c/i 2Hom.S i .h/; s�1Der.h//. Then

for all v1; : : : ; vn 2 h, by a similar computation as in the proof of Theorem 2.16, we have�
s

��
@LC

1

2
ŒL;L�c

�
n�1

�
.v1; : : : ; vn�1/

�
vn

D �

X
1�i<j�n�1

�n�1.�1/
˛
�
Œvi ; vj �h; v1; : : : ; Ovi ; : : : ; Ovj ; : : : ; vn�1; vn

�
�

X
kClDn

�2S.l;1;n�l�2/

".�/�k
�
�lC1.v�.1/; : : : ; v�.l/; v�.lC1//; v�.lC2/; : : : ; v�.n�1/; vn

�
�

X
kClDn
�2S.k�1;l/

.�1/ˇ".�/�k
�
v�.1/; : : : ; v�.k�1/; �lC1.v�.k/; : : : ; v�.n�1/; vn/

�
;

where ˛ D vi .v1 C � � � C vi�1/ C vj .v1 C � � � C vj�1/ C vivj and ˇ D v�.1/ C � � � C

v�.k�1/, which implies (3.6). Thus, ¹�kºC1kD1 is an operator homotopy post-Lie algebra
structure on the sgLa.h; Œ�; ��h/.

When the sgLa h reduces to a usual Lie algebra, we characterize post-Lie algebra
structures on h as Maurer–Cartan elements. See [10,11,20,38] for classifications of post-
Lie algebras on some specific Lie algebras.

Corollary 3.7. Let .h; Œ�; ��h/ be a Lie algebra. Denote xCn.h; h/ WD Hom.^nh;Der.h//
and xC�.h;h/ WD ˚n�0 xCn.h;h/. Then . xC�.h;h/; Œ�; ��c ; @/ is a dgLa, where the differential
@ W xCn.h; h/! xCnC1.h; h/ is given by

.@˛/.u1; : : : ; unC1/

D

X
1�i<j�nC1

.�1/nCiCj�1˛
�
Œui ; uj �h; u1; : : : ; Oui ; : : : ; Ouj ; : : : ; unC1

�
;

and the graded Lie bracket Œ�; ��c W xCn.h; h/ � xCm.h; h/! xCmCn.h; h/ is given by

Œ˛; ˇ�c.u1; : : : ; umCn/

D �

X
�2S.m;1;n�1/

.�1/�˛
�
ˇ.u�.1/; : : : ; u�.m//u�.mC1/; u�.mC2/; : : : ; u�.mCn/

�
C .�1/mn

X
�2S.n;1;m�1/

.�1/�ˇ
�
˛.u�.1/; : : : ; u�.n//u�.nC1/; u�.nC2/; : : : ; u�.mCn/

�
� .�1/mn

X
�2S.n;m/

.�1/�
�
˛.u�.1/; : : : ; u�.n//; ˇ.u�.nC1/; : : : ; u�.mCn//

�
;

for all ˛ 2 Hom.^nh;Der.h//, ˇ 2 Hom.^mh;Der.h//, and u1; : : : ; umCn 2 h.
Moreover, LB W h! Der.h/ defines a post-Lie algebra structure on the Lie algebra

.h; Œ�; ��h/ if and only if LB is a Maurer–Cartan element of the dgLa. xC�.h; h/; Œ�; ��c ; @/.
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When the sgLa h is abelian, we characterize pre-Lie1-algebras as Maurer–Cartan ele-
ments, which was originally given in [13].

Corollary 3.8. Let V be a Z-graded vector space. Denote

xCn.V; V / WD Homn
�
S.V /;gl.V /

�
; xC�.V; V / WD ˚n2Z

xCn.V; V /:

Then . xC�.V; V /; Œ�; ��c/ is a gLa, with the graded Lie bracket

Œ�; ��c W xCm.V; V / � xCn.V; V /! xCmCn.V; V /;

Œ˛; ˇ�cp.v1; : : : ; vp/

D �

X
kClDpC1

�2S.l;1;p�l�1/

".�/˛k�1
�
ˇl .v�.1/; : : : ; v�.l//v�.lC1/; v�.lC2/; : : : ; v�.p/

�
C .�1/mn

X
kClDpC1

�2S.k�1;1;p�k/

".�/ˇl
�
˛k�1.v�.1/; : : : ; v�.k�1//v�.k/; v�.kC1/; : : : ; v�.p/

�
�

X
kClDpC1
�2S.k�1;l/

.�1/�".�/
�
˛k�1.v�.1/; : : : ; v�.k�1//; ˇl .v�.k/; : : : ; v�.p//

�
;

where � D n.v�.1/ C � � � C v�.k�1// and ˛ D
P
i ˛i 2

xCm.V; V /, ˇ D
P
ˇi 2 xC

n.V; V /

with ˛i ; ˇi 2 Hom.S i .V /; V /.
Moreover,

L D

C1X
iD0

Li 2 Hom1
�
S.V /;gl.V /

�
defines a pre-Lie1-algebra structure by

�k.v1; : : : ; vk/ WD Lk�1.v1; : : : ; vk�1/vk ; 8v1 : : : ; vk 2 V; (3.8)

on the graded vector space V if and only if L D
PC1
iD0 Li is a Maurer–Cartan element of

the gLa. xC�.V; V /; Œ�; ��c/.

In the above corollary, if the graded vector space V reduces to a usual vector space, we
characterize pre-Lie algebra structures as Maurer–Cartan elements. See [13, 36] for more
details.

It is known that post-Lie algebras naturally arise from O-operators of weight 1 as
follows.

Proposition 3.9 ([5]). Let T W h! g be an O-operator of weight 1. Then .h; Œ�; ��h;B/ is
a post-Lie algebra with the multiplication u B v WD �.T u/v.

In the sequel, we generalize the above relation to homotopy O-operators of weight 1
and operator homotopy post-Lie algebras.
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Define a graded linear map ‰ W C �.h;g/! xC�.h; h/ of degree 0 by

‰.f / D s�1 ı � ı f; 8f 2 Homm.S.h/;g/:

Therefore, we have ‰.f /k D s�1 ı � ı fk . In the following, we set � D 1 in Theorem
2.15 for notational simplicity.

Theorem 3.10. Let .g; Œ�; ��g/ and .h; Œ�; ��h/ be sgLas and � W g! Der.h/ an sgLa action.
Then ‰ is a homomorphism of dgLas from .sC �.h;g/; J�; �K; d/ to .s xC�.h; h/; Œ�; ��c ; @/.

Proof. It follows from a direct but tedious computation. We omit details.

Now we are ready to show that the homotopy O-operators of weight 1 induce operator
homotopy post-Lie algebras.

Theorem 3.11. Let T D
PC1
iD0 Ti 2 Hom0.S.h/;g/ be a homotopy O-operator of weight

1 on an sgLa.g; Œ�; ��g/ with respect to an action � W g! Der.h/. Then .h; Œ�; ��h; ¹�kºC1kD1/
is an operator homotopy post-Lie algebra, where �k W ˝kh! h .k � 1/ are linear maps
of degree 1 defined by

�k.v1; : : : ; vk/ WD �
�
Tk�1.v1; : : : ; vk�1/

�
vk ; 8v1 : : : ; vk 2 h: (3.9)

Proof. By Theorems 2.16 and 3.10, we deduce that ‰.T / is a Maurer–Cartan element of
the dgLa.s xC�.h;h/; Œ�; ��c;@/. Moreover, by Theorem 3.6, we obtain that .h; Œ�; ��h;¹�kºC1kD1/
is an operator homotopy post-Lie algebra.

Corollary 3.12. Let T D
PC1
iD0 Ti 2 Hom0.S.V /; g/ be a homotopy O-operator of

weight 0 on an sgLa.g; Œ�; ��g/ with respect to an action � W g! gl.V /. Then .V; ¹�kºC1kD1/
is a pre-Lie1-algebra, where �k W ˝kV!V .k�1/ are linear maps of degree 1 defined by

�k.v1; : : : ; vk/ WD �.Tk�1.v1; : : : ; vk�1/
�
vk ; 8v1 : : : ; vk 2 V: (3.10)

It is straightforward to obtain the following result.

Proposition 3.13. Let .g; Œ�; ��g; ¹�kºC1kD1/ be an operator homotopy post-Lie algebra.
Then .g; ¹lkºC1kD1/ is an L1-algebra, where l1 D �1, l2 is defined by

l2.x; y/ D �2.x; y/C .�1/
xy�2.y; x/C Œx; y�g; (3.11)

and for k � 3, lk is defined by

lk.x1; : : : ; xk/ D

kX
iD1

.�1/xi .xiC1C���Cxk/�k.x1; : : : ; Oxi ; : : : ; xk ; xi /: (3.12)

Definition 3.14 ([25]). Let .V; ¹lkºC1kD1/ be an L1-algebra and .V 0; ¹l 0
k
º
C1

kD1
/ an L1-

algebra in which l 0
k
D 0 for all k � 1 except k D 2. A curved L1-algebra homomorphism

from .V; ¹lkº
C1

kD1
/ to .V 0; l 02/ consists of a collection of degree 0 graded multilinear maps
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fk W V
˝k ! V 0, k � 0, with the property that fn.v�.1/; : : : ; v�.n//D ".�/fn.v1; : : : ; vn/,

for any n � 0 and homogeneous elements v1; : : : ; vn 2 V , and

nX
iD1

X
�2S.i;n�i/

".�/fn�iC1
�
li .v�.1/; : : : ; v�.i//; v�.iC1/; : : : ; v�.n/

�
D
1

2

nX
iD0

X
�2S.i;n�i/

".�/l 02
�
fi .v�.1/; : : : ; v�.i//; fn�i .v�.iC1/; : : : ; v�.n//

�
:

Then combining Theorems 3.11 and 3.13, we obtain the following one.

Theorem 3.15. Let T D
PC1
iD0 Ti 2 Hom.S.h/;g/ be a homotopy O-operator of weight

1 on an sgLa.g; Œ�; ��g/ with respect to the action � W g ! Der.h/. Then T is a curved
L1-algebra homomorphism from the L1-algebra .h; ¹lkºC1kD1/ to .g; Œ�; ��g/.

Proof. For all v1; : : : ; vn 2 h, by straightforward computations, we have

nX
iD1

X
�2S.i;n�i/

".�/Tn�iC1
�
li .v�.1/; : : : ; v�.i//; v�.iC1/; : : : ; v�.n/

�
D

X
1�i<j�n

.�1/˛Tn�1
�
Œvi ; vj �h; v1; : : : ; Ovi ; : : : ; Ovj ; : : : ; vn

�
;

nX
iD1

X
�2S.i�1;1;n�i/

".�/Tn�iC1
�
�
�
Ti�1.v�.1/; : : : ; v�.i�1//

�
v�.i/; v�.iC1/; : : : ; v�.n/

�
(2.5)
D

1

2

nX
iD0

X
�2S.i;n�i/

".�/
�
Ti .v�.1/; : : : ; v�.i//; Tn�i .v�.iC1/; : : : ; v�.n//

�
g
;

where ˛ D vi .v1 C � � � C vi�1/C vj .v1 C � � � C vj�1/C vivj , which implies that T is a
curved L1-algebra homomorphism.

Similarly, the above result also holds for homotopy O-operators of weight 0.

4. Classification of 2-term skeletal operator homotopy post-Lie
algebras

In general, it is expected that the 2-term homotopy of an algebra structure is equivalent
to the categorification of this algebraic structure, and the 2-term homotopy algebras are
quasi-isomorphic to the 2-term skeletal homotopy algebras, which are classified by the
third cohomological group. Baez and Crans [2] accomplished these for Lie algebras. In
this spirit, we classify 2-term skeletal operator homotopy post-Lie algebras by the third
cohomology group of a post-Lie algebra. For this purpose, we first define representations
of post-Lie algebras and then develop the corresponding cohomology theory.
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4.1. Representations of post-Lie algebras

Here we introduce the notion of a representation of a post-Lie algebra .g; Œ�; ��g;B/ on a
vector space V . We show that there is naturally an induced representation of the sub-
adjacent Lie algebra gC on Der.g; V /. This fact plays a crucial role in our study of
cohomology groups of post-Lie algebras in the next subsection.

Definition 4.1. A representation of a post-Lie algebra .g; Œ�; ��g;B/ on a vector space V
is a triple .�; �; �/, where � W g! gl.V / is a representation of the Lie algebra .g; Œ�; ��g/
on V , and �; � W g! gl.V / are linear maps satisfying that for all x; y 2 g,

�.x B y/ D �.x/ ı �.y/ � �.y/ ı �.x/; (4.1)

�
�
Œx; y�g

�
D �.x/ ı �.y/ � �.y/ ı �.x/; (4.2)

�
�
Œx; y�g

�
D �.x/ ı �.y/ � �.x B y/ � �.y/ ı �.x/C �.y B x/; (4.3)

�.y/ ı �.x/ D �.x/ ı �.y/ � �.y/ ı �.x/ � �.x B y/C �.y/ ı �.x/: (4.4)

Let .g; Œ�; ��g;B/ be a post-Lie algebra and .V I�;�;�/ a representation of .g; Œ�; ��g;B/.
By Proposition 3.3 and (4.3), we deduce that .V I�/ is a representation of the sub-adjacent
Lie algebra .g; Œ�; ��C /. It is obvious that .gI ad; LB; RB/ is a representation of a post-Lie
algebra on itself, which is called the regular representation.

Let .V I �; �; �/ be a representation of a post-Lie algebra .g; Œ�; ��g;B/. Define a Lie
bracket Œ�; ��� W ˝2.g˚ V /! g˚ V by

Œx1 C v1; x2 C v2�� WD Œx1; x2�g C �.x1/v2 � �.x2/v1; (4.5)

and a bilinear operation B�;� W ˝
2.g˚ V /! g˚ V by

.x1 C v1/ B�;� .x2 C v2/ WD x1 B x2 C �.x1/v2 C �.x2/v1: (4.6)

By straightforward computations, we have the following theorem.

Theorem 4.2. With the above notations, .g˚ V; Œ�; ���;B�;�/ is a post-Lie algebra.

The post-Lie algebra given above is called the semidirect product of the post-Lie alge-
bra .g; Œ�; ��g;B/ and the representation .V I �; �; �/, and is denoted by g Ë�;�;� V .

Proposition 4.3. Let .V I �; �; �/ be a representation of a post-Lie algebra .g; Œ�; ��g;B/.
Then .V I �C � � �/ is a representation of the sub-adjacent Lie algebra .g; Œ�; ��C /.

Proof. By Theorem 4.2, we have the semidirect product post-Lie algebra g Ë�;�;� V .
Considering its sub-adjacent Lie algebra structure Œ�; ��C , we have�

.x1 C v1/; .x2 C v2/
�
C

D x1 B x2 C �.x1/v2 C �.x2/v1 � x2 B x1 � �.x2/v1 � �.x1/v2

C Œx1; x2�g C �.x1/v2 � �.x2/v1

D Œx1; x2�C C .�C � � �/.x1/v2 � .�C � � �/.x2/v1: (4.7)

Thus .V I �C � � �/ is a representation of the sub-adjacent Lie algebra .g; Œ�; ��C /.
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In particular, if .�; �; �/ D .ad; LB; RB/ is the regular representation of a post-Lie
algebra .g; Œ�; ��g;B/, then adCLB �RB is the adjoint representation of the sub-adjacent
Lie algebra .g; Œ�; ��C /.

Corollary 4.4. Let .V I �; �; �/ be a representation of a post-Lie algebra .g; Œ�; ��g;B/.
Then the semidirect product post-Lie algebras g Ë�;�;� V and g Ë0;�C���;0 V given by
the representations .V I �; �; �/ and .V I 0; �C � � �; 0/ respectively have the same sub-
adjacent Lie algebra gC Ë�C��� V given by (4.7), which is the semidirect product of the
Lie algebra .g; Œ�; ��C / and its representation .V I �C � � �/.

Let .V I �; �; �/ be a representation of a post-Lie algebra .g; Œ�; ��g;B/. We set

Der.g; V / WD
®
f 2 Hom.g; V / j f

�
Œx; y�g

�
D �.x/f .y/ � �.y/f .x/

¯
(4.8)

and define y� W g! Hom.Der.g; V /;Hom.g; V // by�
y�.x/.f /

�
y WD �.x/f .y/C �.y/f .x/ � f .x B y/; (4.9)

where x; y 2 g, f 2 Der.g; V /. By a straightforward computation, we deduce the follow-
ing lemma.

Lemma 4.5. For all x 2 g, we have y�.x/ 2 gl.Der.g; V //.

Theorem 4.6. Let .V I �; �; �/ be a representation of a post-Lie algebra .g; Œ�; ��g;B/.
Then .Der.g; V /I y�/ is a representation of the sub-adjacent Lie algebra .g; Œ�; ��C /, where
y� is given by (4.9).

Proof. By (4.9), for all x; y; z 2 g and f 2 Der.g; V /, we have���
y�.x/; y�.y/

�
� y�

�
Œx; y�C

��
.f /

�
z

D �.x/
�
�.y/f .z/C �.z/f .y/ � f .y B z/

�
C �.z/

�
�.y/f .x/C �.x/f .y/ � f .y B x/

�
�
�
�.y/f .x B z/C �.x B z/f .y/ � f

�
y B .x B z/

��
� �.y/

�
�.x/f .z/C �.z/f .x/ � f .x B z/

�
� �.z/

�
�.x/f .y/C �.y/f .x/ � f .x B y/

�
C
�
�.x/f .y B z/C �.y B z/f .x/ � f

�
x B .y B z/

��
� �

�
x B y � y B x C Œx; y�g

�
f .z/ � �.z/f

�
x B y � y B x C Œx; y�g

�
C f

��
x B y � y B x C Œx; y�g

�
B z

�
(3.2);(4.3)
D �.x/�.z/f .y/C �.z/�.y/f .x/C �.z/�.x/f .y/ � �.x B z/f .y/

� �.y/�.z/f .x/ � �.z/�.x/f .y/ � �.z/�.y/f .x/

C �.y B z/f .x/ � �.z/f
�
Œx; y�g

�
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(4.8)
D �.x/�.z/f .y/C�.z/�.y/f .x/„ ƒ‚ …C�.z/�.x/f .y/ � �.x B z/f .y/

��.y/�.z/f .x/„ ƒ‚ …��.z/�.x/f .y/��.z/�.y/f .x/C �.y B z/f .x/„ ƒ‚ …
��.z/�.x/f .y/C�.z/�.y/f .x/„ ƒ‚ …

(4.4)
D 0:

Thus .Der.g; V /I y�/ is a representation of the sub-adjacent Lie algebra .g; Œ�; ��C /.

4.2. Cohomology groups of post-Lie algebras

In this subsection, we define the cohomology groups of a post-Lie algebra with coefficients
in an arbitrary representation. Furthermore, we establish a precise relationship between the
cohomology groups of a post-Lie algebra and those of its sub-adjacent Lie algebra.

Let .V I �; �; �/ be a representation of a post-Lie algebra .g; Œ�; ��g;B/. We have the
natural isomorphism

ˆ W Hom.^n�1g˝ g; V /! Hom
�
^
n�1 g;Hom.g; V /

�
defined by �

ˆ.!/.x1; : : : ; xn�1/
�
xn WD !.x1; : : : ; xn�1; xn/; (4.10)

where x1; : : : ; xn�1; xn 2 g. Define the set of 0-cochains to be 0. For n � 1, we define the
set of n-cochains C nDer.g; V / by

C nDer.g; V / D
®
f 2 Hom.^n�1g˝ g; V / j ˆ.f /.x1; : : : ; xn�1/ 2 Der.g; V /

¯
:

For f 2 C nDer.g; V /; x1; : : : ; xnC1 2 g, define an operator

ı W C nDer.g; V /! Hom.^ng˝ g; V /

by

.ıf /.x1; : : : ; xnC1/

D

nX
iD1

.�1/iC1�.xi /f .x1; : : : ; Oxi ; : : : ; xn; xnC1/

C

nX
iD1

.�1/iC1�.xnC1/f .x1; : : : ; Oxi ; : : : ; xn; xi /

�

nX
iD1

.�1/iC1f .x1; : : : ; Oxi ; : : : ; xn; xi B xnC1/

C

X
1�i<j�n

.�1/iCjf
�
Œxi ; xj �C ; x1; : : : ; Oxi ; : : : ; Oxj ; : : : ; xn; xnC1

�
: (4.11)

Proposition 4.7. For all f 2 C nDer.g; V /, we have ıf 2 C nC1Der .g; V /.
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Proof. By the definition of C nC1Der .g; V /, we just need to prove that ˆ.ıf /.x1; : : : ; xn/ is
in Der.g; V / for any x1; : : : ; xn 2 g. For all x; y 2 g, we have

ˆ.ıf /.x1; : : : ; xn/
�
Œx; y�g

�
(4.11)
D

nX
iD1

.�1/iC1�.xi /f
�
x1; : : : ; Oxi ; : : : ; xn; Œx; y�g

�
C

nX
iD1

.�1/iC1�
�
Œx; y�g

�
f .x1; : : : ; Oxi ; : : : ; xn; xi /

�

nX
iD1

.�1/iC1f
�
x1; : : : ; Oxi ; : : : ; xn; xi B Œx; y�g

�
C

X
1�i<j�n

.�1/iCjf
�
Œxi ; xj �C ; x1; : : : ; Oxi ; : : : ; Oxj ; : : : ; xn; Œx; y�g

�
(3.1);(4.2)
D

nX
iD1

.�1/iC1�.xi /
�
�.x/f .x1; : : : ; Oxi ; : : : ; xn; y/

�
�

nX
iD1

.�1/iC1�.xi /
�
�.y/f .x1; : : : ; Oxi ; : : : ; xn; x/

�
C

nX
iD1

.�1/iC1
�
�.x/�.y/ � �.y/�.x/

�
f .x1; : : : ; Oxi ; : : : ; xn; xi /

�

nX
iD1

.�1/iC1�.xi B x/f .x1; : : : ; Oxi ; : : : ; xn; y/

C

nX
iD1

.�1/iC1�.y/f .x1; : : : ; Oxi ; : : : ; xn; xi B x/

�

nX
iD1

.�1/iC1�.x/f .x1; : : : ; Oxi ; : : : ; xn; xi B y/

C

nX
iD1

.�1/iC1�.xi B y/f .x1; : : : ; Oxi ; : : : ; xn; x/

C

X
1�i<j�n

.�1/iCj�.x/f
�
Œxi ; xj �C ; x1; : : : ; Oxi ; : : : ; Oxj ; : : : ; xn; y

�
�

X
1�i<j�n

.�1/iCj�.y/f
�
Œxi ; xj �C ; x1; : : : ; Oxi ; : : : ; Oxj ; : : : ; xn; x

�
(4.1)
D

nX
iD1

.�1/iC1
�
�.x/�.y/ � �.y/�.x/

�
f .x1; : : : ; Oxi ; : : : ; xn; xi /

C

nX
iD1

.�1/iC1�.x/
�
�.xi /f .x1; : : : ; Oxi ; : : : ; xn; y/

�
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C

nX
iD1

.�1/iC1�.y/f .x1; : : : ; Oxi ; : : : ; xn; xi B x/

�

nX
iD1

.�1/iC1�.x/f .x1; : : : ; Oxi ; : : : ; xn; xi B y/

�

nX
iD1

.�1/iC1�.y/
�
�.xi /f .x1; : : : ; Oxi ; : : : ; xn; x/

�
C

X
1�i<j�n

.�1/iCj�.x/f
�
Œxi ; xj �C ; x1; : : : ; Oxi ; : : : ; Oxj ; : : : ; xn; y

�
�

X
1�i<j�n

.�1/iCj�.y/f
�
Œxi ; xj �C ; x1; : : : ; Oxi ; : : : ; Oxj ; : : : ; xn; x

�
D �.x/

�
ˆ.ıf /.x1; : : : ; xn/y

�
� �.y/

�
ˆ.ıf /.x1; : : : ; xn/x

�
:

Thus we deduce that ˆ.ıf /.x1; : : : ; xn/ is in Der.g; V /.

Proving that the operator ı is indeed a coboundary operator needs some preparation.

Proposition 4.8. Let .V I �; �; �/ be a representation of a post-Lie algebra .g; Œ�; ��g;B/.
Then we have ˆ ı ı D dy� ı ˆ, where dy� is the coboundary operator of the sub-adjacent
Lie algebra gC with coefficients in the representation .Der.g; V /I y�/ given in Theorem 4.6
and ı is defined by (4.11).

Proof. For all f 2 C nDer.g; V / and x1; : : : ; xnC1 2 g, we have�
dy�
�
ˆ.f /

�
.x1; : : : ; xn/

�
xnC1

D

nX
iD1

.�1/iC1
�
y�.xi /ˆ.f /.x1; : : : ; Oxi ; : : : ; xn/

�
xnC1

C

X
1�i<j�n

.�1/iCj
�
ˆ.f /

�
Œxi ; xj �C ; x1; : : : ; Oxi ; : : : ; Oxj ; : : : ; xn

��
xnC1

(4.9)
D

nX
iD1

.�1/iC1�.xi /ˆ.f /.x1; : : : ; Oxi ; : : : ; xn/xnC1

C

nX
iD1

.�1/iC1�.xnC1/ˆ.f /.x1; : : : ; Oxi ; : : : ; xn/xi

�

nX
iD1

.�1/iC1ˆ.f /.x1; : : : ; Oxi ; : : : ; xn/.xi B xnC1/

C

X
1�i<j�n

.�1/iCj
�
ˆ.f /

�
Œxi ; xj �C ; x1; : : : ; Oxi ; : : : ; Oxj ; : : : ; xn

��
xnC1



28 R. Tang, C. Bai, L. Guo, and Y. Sheng

(4.10)
D

nX
iD1

.�1/iC1�.xi /f .x1; : : : ; Oxi ; : : : ; xn; xnC1/

C

nX
iD1

.�1/iC1�.xnC1/f .x1; : : : ; Oxi ; : : : ; xn; xi /

�

nX
iD1

.�1/iC1f .x1; : : : ; Oxi ; : : : ; xn; xi B xnC1/

C

X
1�i<j�n

.�1/iCjf
�
Œxi ; xj �C ; x1; : : : ; Oxi ; : : : ; Oxj ; : : : ; xn; xnC1

�
(4.11)
D .ıf /.x1; : : : ; xnC1/

(4.10)
D

�
ˆ.ıf /.x1; : : : ; xn/

�
xnC1;

which implies that dy� ıˆ D ˆ ı ı.

Theorem 4.9. The operator ı W C nDer.g; V /! C nC1Der .g; V / defined by (4.11) satisfies ı ı
ı D 0.

Proof. By Proposition 4.8, we have ı D ˆ�1 ı dy� ıˆ. Thus, by the fact that dy� ı dy� D 0,
we obtain ı ı ı D ˆ�1 ı dy� ı dy� ıˆ D 0.

Let .V I �; �; �/ be a representation of a post-Lie algebra .g; Œ�; ��g;B/. Denote

C �Der.g; V / WD
M
n�1

C nDer.g; V /:

Then we have the cochain complex .C �Der.g; V /; ı/. Denote the set of closed n-cochains
by Zn.g; V / and the set of exact n-cochains by Bn.g; V /. We denote

Hn.g; V / D Zn.g; V /=Bn.g; V /

and call them the cohomology groups of the post-Lie algebra .g; Œ�; ��g;B/with coefficients
in the representation .V I �; �; �/.

It is obvious that f 2 C 1Der.g; V / is closed if and only if f 2 Der.g; V / and

�.y/f .x/C �.x/f .y/ � f .x B y/ D 0; 8x; y 2 g:

Also f 2 C 2Der.g; V / is closed if and only if ˆ.f / 2 Hom.g;Der.g; V // and

�.x3/f .x2; x1/C �.x1/f .x2; x3/ � f .x2; x1 B x3/ � �.x3/f .x1; x2/

� �.x2/f .x1; x3/C f .x1; x2 B x3/ � f .x1 B x2; x3/C f .x2 B x1; x3/

� f
�
Œx1; x2�g; x3

�
D 0; 8x1; x2; x3 2 g:

There is a close relationship between the cohomology groups of post-Lie algebras and
those of the corresponding sub-adjacent Lie algebras.
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Theorem 4.10. Let .V I �; �; �/ be a representation of a post-Lie algebra .g; Œ�; ��g;B/.
Then the cohomology group Hn.g; V / of the post-Lie algebra .g; Œ�; ��g;B/ and the coho-
mology group Hn�1.gC ;Der.g; V // of the sub-adjacent Lie algebra gC are isomorphic
for all n � 1.

Proof. By Proposition 4.8, we deduce thatˆ is an isomorphism from the cochain complex
.C �Der.g; V /; ı/ to the cochain complex .C��1.g;Der.g; V //; dy�/. Thus, ˆ induces an
isomorphism ˆ� from H�.g; V / to H��1.gC ;Der.g; V //.

In the above theorem, if Œ�; ��g and � are zero, then the post-Lie algebra is a pre-Lie
algebra and we recover the result of [16] as follows.

Corollary 4.11. Let .V I�; �/ be a representation of a pre-Lie algebra .g;B/. Then the
cohomology group Hn.g; V / of the pre-Lie algebra .g;B/ and the cohomology group
Hn�1.gC ;Hom.g; V // of the sub-adjacent Lie algebra gC are isomorphic for all n � 1.

4.3. Classification of 2-term skeletal operator homotopy post-Lie algebras

In this subsection, we first give an equivalent definition of an operator homotopy post-Lie
algebra and then classify 2-term skeletal operator homotopy post-Lie algebras using the
third cohomology group given in Section 4.2.

For all i � 1, let ‚i W ^i�1g˝ g! g be a graded linear map of degree 2 � i . Define

D.‚i / W ˇ
i�1s�1g˝ s�1g! s�1g

by
D.‚i / D .�1/

i.i�1/
2 s�1 ı‚i ı s

˝i ;

which is a graded linear map of degree 1.
Using this process, we can give an equivalent definition of an operator homotopy post-

Lie algebra as follows.

Definition 4.12. An operator homotopy post-Lie algebra is a graded Lie algebra .g; Œ�; ��g/
equipped with a collection of linear maps‚k W ˝kg! g, k � 1, of degree 2� k satisfying
that, for any homogeneous elements x1; : : : ; xn; xnC1 2 g, the following conditions hold:

(i) (graded antisymmetry) for every � 2 Sn�1, n � 1,

‚n.x�.1/; : : : ; x�.n�1/; xn/ D �.�/‚n.x1; : : : ; xn�1; xn/; (4.12)

(ii) (graded derivation) for all n � 1,

‚n
�
x1; : : : ; xn�1; Œxn; xnC1�g

�
D
�
‚n.x1; : : : ; xn�1; xn/; xnC1

�
g

C .�1/xn.x1C���Cxn�1Cn/
�
xn; ‚n.x1; : : : ; xn�1; xnC1/

�
g
; (4.13)
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(iii) for all n � 1,X
1�i<j�n�1

.�1/ˇ‚n�1
�
Œxi ; xj �g; x1; : : : ; Oxi ; : : : ; Oxj ; : : : ; xn

�
D

X
iCjDnC1; i�1; j�2
�2S.i�1;1;j�2/

.�1/i.j�1/�.�/

�‚j
�
‚i .x�.1/; : : : ; x�.i//; x�.iC1/; : : : ; x�.n�1/; xn

�
C

X
iCjDnC1; i�1; j�1

�2S.j�1;i�1/

.�1/j�1.�1/˛�.�/

�‚j
�
x�.1/; : : : ; x�.j�1/; ‚i .x�.j /; : : : ; x�.n�1/; xn/

�
; (4.14)

where ˇ D xi .x1 C � � � C xi�1/ C xj .x1 C � � � C xj�1/ C xixj C i C j and
˛ D i.x�.1/ C x�.2/ C � � � C x�.j�1//.

By (4.13), for n D 1, we have

‚1
�
Œx1; x2�g

�
D
�
‚1.x1/; x2

�
g
C .�1/x1

�
x1; ‚1.x2/

�
g
: (4.15)

By (4.14), for n D 1, we have ‚21 D 0 and so .g; ‚1/ is a complex. By (4.14), for n D 2,
we have

0 D �‚2
�
‚1.x1/; x2

�
� .�1/x1‚2

�
x1; ‚1.x2/

�
C‚1

�
‚2.x1; x2/

�
: (4.16)

Now we will show that the corresponding cohomology space H�.g/ of the complex
.g; ‚1/ enjoys a graded post-Lie algebra structure and this justifies our definition of an
“operator homotopy post-Lie algebra”.

Theorem 4.13. Let .g; Œ�; ��g; ¹‚kºC1kD1/ be an operator homotopy post-Lie algebra. Then
the cohomology space H�.g/ is a graded post-Lie algebra.

Proof. For any homogeneous element x 2 ker.‚1/, we denote by Nx 2H�.g/ its cohomo-
logical class. First, we define a graded bracket operation Œ�; �� on the graded vector space
H�.g/ by

Œ Nx; Ny� WD Œx; y�g; 8 Nx; Ny 2 H
�.g/:

If Nx D Nx0, then there exists X 2 g such that x0 D x C‚1.X/. Hence by (4.15), we have

Œ Nx0; Ny� D
�
x C‚1.X/; y

�
g
D Œx; y�g C‚1

�
ŒX; y�g

�
D Œx; y�g D Œ Nx; Ny�;

which implies that Œ�; �� is well defined. It is straightforward to obtain that .H�.g/; Œ�; ��/ is
a graded Lie algebra.

Then we define a multiplication B on the graded vector space H�.g/ by

Nx B Ny WD ‚2.x; y/; 8 Nx; Ny 2 H�.g/:
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Similarly, by (4.16), we can deduce that B is well defined. By (4.13) for n D 2, we have

Nx B Œ Ny; Nz� D ‚2
�
x; Œy; z�g

�
D
�
‚2.x; y/; z

�
g
C .�1/xy

�
y;‚2.x; z/

�
g

D Œ Nx B Ny; Nz�CC.�1/xy Œ Ny; Nx B Nz�:

In the same way, by (4.14) for n D 3, we have

Œ Nx; Ny� B Nz D aB. Nx; Ny; Nz/ � aB. Ny; Nx; Nz/:

Therefore, .H�.g/; Œ�; ��;B/ is a graded post-Lie algebra.

By truncation, we obtain the definition of a 2-term operator homotopy post-Lie alge-
bra.

Definition 4.14. A 2-term operator homotopy post-Lie algebra is a 2-term graded Lie
algebra .g D g0 ˚ g�1; Œ�; ��g/ equipped with

• a linear map ‚1 W g�1 ! g0,

• a linear map ‚2 W gi ˝ gj ! giCj , �1 � i C j � 0,

• a linear map ‚3 W ^2g0 ˝ g0 ! g�1

such that for all x; y; z; w 2 g0 and a; b 2 g�1, the following equalities hold:

(a1) ‚1.Œx; a�g/ D Œx;‚1.a/�g;

(a2) Œ‚1.a/; b�g D Œa;‚1.b/�g;

(b1) ‚2.x; Œy; z�g/ D Œ‚2.x; y/; z�g C Œy;‚2.x; z/�g;

(b2) ‚2.x; Œy; a�g/ D Œ‚2.x; y/; a�g C Œy;‚2.x; a/�g;

(b3) ‚2.a; Œx; y�g/ D Œ‚2.a; x/; y�g C Œx;‚2.a; y/�g;

(c) ‚3.x; y; Œz; w�g/ D Œ‚3.x; y; z/; w�g C Œz;‚3.x; y;w/�g;

(d1) ‚1‚2.x; a/ D ‚2.x;‚1.a//;

(d2) ‚1‚2.a; x/ D ‚2.‚1.a/; x/;

(d3) ‚2.‚1.a/; b/ D ‚2.a;‚1.b//;

(e1) ‚2.x;‚2.y; z// �‚2.‚2.x; y/; z/ �‚2.y;‚2.x; z//C‚2.‚2.y; x/; z/
D ‚2.Œx; y�g; z/C‚1‚3.x; y; z/;

(e2) ‚2.x;‚2.y; a// �‚2.‚2.x; y/; a/ �‚2.y;‚2.x; a//C‚2.‚2.y; x/; a/
D ‚2.Œx; y�g; a/C‚3.x; y;‚1.a//;

(e3) ‚2.a;‚2.y; z// �‚2.‚2.a; y/; z/ �‚2.y;‚2.a; z//C‚2.‚2.y; a/; z/
D ‚2.Œa; y�g; z/C‚3.‚1.a/; y; z/;

(f ) ‚2.x;‚3.y; z; w// �‚2.y;‚3.x; z; w//C‚2.z;‚3.x; y;w//
C‚2.‚3.y; z; x/; w/ �‚2.‚3.x; z; y/; w/C‚2.‚3.x; y; z/; w/

�‚3.‚2.x; y/ �‚2.y; x/C Œx; y�g; z; w/ �‚3.‚2.y; z/ �‚2.z; y/

CŒy; z�g; x;w/C‚3.‚2.x; z/�‚2.z; x/C Œx; z�g; y;w/�‚3.y; z;‚2.x;w//

C‚3.x; z;‚2.y; w// �‚3.x; y;‚2.z; w// D 0.
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A 2-term operator homotopy post-Lie algebra .g D g0 ˚ g�1; Œ�; ��g; ‚1; ‚2; ‚3/ is said
to be skeletal if ‚1 D 0.

Remark 4.15. If the underlying graded Lie algebra .g0˚ g�1; Œ�; ��g/ in a 2-term operator
homotopy post-Lie algebra .gDg0˚g�1; Œ�; ��g; ‚1; ‚2; ‚3/ is abelian, then .g0˚g�1;

‚1; ‚2; ‚3/ reduces to a 2-term pre-Lie1-algebra or equivalently a pre-Lie 2-algebra.

In [42], the author showed that skeletal pre-Lie 2-algebras are classified by the third
cohomology group of pre-Lie algebras. See [2] also for more details of the classification
of skeletal Lie 2-algebras. Similarly, we have the following theorem.

Theorem 4.16. There is a one-to-one correspondence between 2-term skeletal operator
homotopy post-Lie algebras and triples ..h; Œ�; ��h;B/; .V I�;�; �/;!/, where .h; Œ�; ��h;B/
is a post-Lie algebra, .V I�;�; �/ is a representation of the post-Lie algebra .h; Œ�; ��h;B/,
and ! 2 Hom.^2h˝ h; V / is a 3-cocycle of .h; Œ�; ��h;B/ with coefficients in .V I�;�; �/.

Proof. Let .g D g0 ˚ g�1; Œ�; ��g; ‚1; ‚2; ‚3/ be a 2-term skeletal operator homotopy
post-Lie algebra, i.e., ‚1 D 0. Then by condition .e1/ in Definition 4.14, we deduce that
.g0; Œ�; ��g; ‚2/ is a post-Lie algebra. Define linear maps �, �, � from g0 to gl.g�1/ by

�.x/.a/ WD Œx; a�g; �.x/.a/ WD ‚2.x; a/; �.x/.a/ WD ‚2.a; x/;

where x2g0, a2g�1. Obviously, .g�1I�/ is a representation of the Lie algebra .g0; Œ�; ��g/.
Then by .b2/, .b3/, .e2/, and .e3/ in Definition 4.14, we deduce (4.1)–(4.4), respectively.
Thus .g�1I �; �; �/ is a representation of the post-Lie algebra .g0; Œ�; ��g; ‚2/. Finally, by
.c/ and .f / in Definition 4.14, we deduce that ‚3 is a 3-cocycle of the post-Lie algebra
.g0; Œ�; ��g; ‚2/ with coefficients in the representation .g�1I �; �; �/.

The proof of the other direction is similar. So the details will be omitted.
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