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HPD-invariance of the Tate conjecture(s)
Gongalo Tabuada

Abstract. We prove that the Tate conjecture (and its variants) is invariant under homological projec-
tive duality. As an application, we obtain a proof, resp. an alternative proof, of the Tate conjecture
(and of its variants) in the new case of linear sections of determinantal varieties, resp. in the old
cases of Pfaffian cubic fourfolds and complete intersections of quadrics. In addition, we generalize
the Tate conjecture (and its variants) from schemes to stacks and prove this generalized conjecture(s)
for low-dimensional root stacks and low-dimensional (twisted) orbifolds.

1. Introduction

Let k be a base field of characteristic p >0 and X a smooth projective k-scheme. Through-
out the article, we will write Z*(X)qg := EB?i:éX) Z!(X)q for the graded Q-vector space
of algebraic cycles on X up to rational equivalence and Z*(X)q/~num for its quotient
with respect to the numerical equivalence relation. Given a prime number / # p, consider
the classical cycle class map

Gal(ks/ k)

Z*(X)q, = HY* (Xk,. Qi (%)) (1.1)

where k; stands for a (chosen) separable closure of k, Gal(kg/ k) for the absolute Galois
group of k, and H}(—, Q;) := (lim, H}(—,Z/!")) ®z, Q; for [-adic cohomology. In
the sixties, Tate [40,41] conjectured the following:

Conjecture T/ (X). When k is finitely generated over its prime field, the above cycle class
map (1.1) is surjective.

Examples of fields which are finitely generated over their prime fields include finite
fields, number fields, function fields, etc. In contrast, algebraically closed fields are not
finitely generated over their prime fields. The Tate conjecture holds when dim(X) < 1,
when X is an abelian variety of dimension < 3, and also when X is a K 3-surface; consult
the surveys [3, 28, 44]. Besides these cases (and some other cases scattered in the litera-
ture), the Tate conjecture remains wide open. In Theorem 2.7, resp. in Theorems 2.13 and
2.15, below we will provide a proof, resp. an alternative proof, of the Tate conjecture in
some new, resp. old, cases.
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The above conjecture of Tate admits several variants. For example, in the sixties, Tate
[40,41] conjectured moreover the following:

Conjecture T/ (X). When k is finitely generated over its prime field, the classical cycle
class map is surjective

Gal(kg/ k")

Z*(Xe)o, — | HE (Xk, Qi (%)) (12)

k'/k
where the union runs over all the finite field extensions k' | k inside k.

Conjecture SS!(x ). When k is finitely generated over its prime field, the (continuous)
[-adic representations {H}} (Xr,, Q1) | 0 < n < 2dim(X)} of the absolute Galois group
Gal(ks/ k) are semi-simple.

It is well known that T/ (X) = T!(X). Moreover, when p = 0, we have the following
implication {T! (X) | X € SmProj(k)} = {SS*(X) | X € SmProj(k)}, where SmProj(k)
stands for the category of smooth projective k-schemes; consult [29].

In the 2000s, Milne [28] formulated the following p-adic variant:

Conjecture T?(X). When k is finite, the classical cycle class map is surjective:

Z*(X)q, = HZ(X)(%)?, (1.3)

crys

where Hc’f,ys(—) stands for crystalline cohomology and ¢ is the crystalline Frobenius.

Finally, in the eighties, Beilinson (see [16, Conj. 50]) conjectured the following:
Conjecture B(X). When k is finite, we have Z*(X)g = Z*(X)Q/~num-

Note that combining Conjecture B(X) with Conjectures T/ (X) and T?(X), we con-
clude that the classical cycle class maps are bijective:

YFUETD g (X g, = HEZE(X)(%)?.

crys

Z*(X)q, — HZ*(Xi, Qi(x)

This provides an optimal description of algebraic cycles using /-adic and crystalline coho-
mology. The conjectures C(X), with C € {T/, SS’, T? B}, also hold when dim(X) < 1
and when X is an abelian variety of dimension < 3; consult [9,15,16,45]. Moreover, these
conjectures, with C € {Tl, SSl, T?}, hold! for K 3-surfaces.

2. Statement of results

A differential graded (= dg) category 4 is a category enriched over complexes of k-
vector spaces; consult Section 3.1. As explained in Section 4, given a smooth proper dg

"When dim(X) < 3, we have T/(X) & T?(X) (for every | # p).
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category + in the sense of Kontsevich, the Tate conjecture and its variants admit noncom-
mutative analogues C,. () with C € {T?, T/, SS!, T2, B}. Examples of smooth proper dg
categories include finite dimensional k-algebras of finite global dimension A as well as
the canonical dg enhancement perfy, (X) of the category of perfect complexes perf(X) of
every smooth proper k-scheme X (or, more generally, of every smooth proper algebraic
stack X0); consult [18,26].

Theorem 2.1. Given a smooth projective k-scheme X, we have the equivalences:
C(X) & Cue(perfy, (X)) with C € {T',T!SS!, T? B}.

Intuitively speaking, Theorem 2.1 shows that the Tate conjecture and its variants
belong not only to the realm of algebraic geometry but also to the broad noncommuta-
tive setting of smooth proper dg categories in the sense of Kontsevich.

HPD-invariance

For surveys on homological projective duality (HPD), we invite the reader to consult [25,
42]. Let X be a smooth projective k-scheme equipped with a line bundle £x (1); we will
write X — P (V) for the associated morphism, where V := H(X, £x(1))V. Assume
that the triangulated category perf(X) admits a Lefschetz decomposition (Ag, A;(1),...,
A;_1(i — 1)) withrespectto £x (1) in the sense of [23, Def. 4.1]. Following [23, Def. 6.1],
let Y be the HP-dual of X, £y (1) the HP-dual line bundle, and Y — P (V") the morphism
associated to £y (1). Given a linear subspace L C V'V, consider the linear sections X, :=
X xXp) P(LY)and Y =Y xpvy P(L). As a first application of Theorem 2.1, we
obtain the following result:

Theorem 2.2 (HPD-invariance). Assume the following:
(a) the linear sections X1, and Yy, are smooth?;
(b) we have dim(Xz) = dim(X) — dim(L) and dim(Yz) = dim(Y) — dim(L");

(¢) the conjectures CnC(Agg), with C € {Tl, T, SSl, T?, B}, hold, where Agg stands
for the dg enhancement of Ao induced from perfy,(X).

Under the assumptions (a)—(c), we have the following equivalences:
C(X1) & C(Yr) withC e {T',T',SS', T? B}.

Remark 2.3 (Mild assumptions). Given a generic subspace L C V'V, the sections Xz, and
Y7, are smooth, and the equalities dim(X7 ) = dim(X) —dim(L) and dim(Yz) = dim(Y) —
dim(LJ-) hold. Moreover, the conjectures Cnc(A(ég), with C € {Tl VT, ss! , T?,B}, hold
whenever the triangulated category Ao admits a full exceptional collection. This is the
case in all the examples in the literature. For these reasons, the assumptions (a)—(c) of
Theorem 2.2 are quite mild.

2The linear section Xz, is smooth if and only if the linear section Y7, is smooth; see [25, p. 9].
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Remark 2.4 (Generalization). Theorem 2.2 holds more generally when Y is singular.
In this case, we need to replace Y by a noncommutative resolution of singularities
perfdg(Y; F'), where ¥ is a certain sheaf of noncommutative algebras (consult [25, §2.4]),
and conjecture C(Y) by its noncommutative analogue Cpc(perfy, (Y 7).

To the best of the author’s knowledge, Theorem 2.2 is new in the literature. In what
follows, we illustrate its strength in three important examples:

Example 1: Determinantal duality

Let U; and U, be two k-vector spaces of dimensions d; and dp, with dy < dp, V =
Uy ® Uy, and 0 < r < dj an integer. Consider the determinantal variety ZZ,I, 4 C P(V)
defined as the locus of those matrices U, — U IV with rank < r. Recall that the deter-
minantal varieties with r = 1 are the classical Segre varieties. For example, Z;’z c Pp3
is the quadric hypersurface {[vg : v1 : v2 : v3] | Vov3 — v1V2 = O}. In contrast with the
Segre varieties, the determinantal varieties Zgl, dy° with » > 2, are not smooth. The sin-
gular locus of z;h, & consists of those matrices U, — UIV with rank < r, i.e., it agrees
with the closed subvariety Z;l’jjz. Nevertheless, it is well known that Zgl, 4, admits a
canonical Springer resolution of singularities X 21, d Zgl, 4, Which comes equipped
with a projection g: X 21’ s Gr(r, Uy) to the Grassmannian of r-dimensional subspaces
in U;. Following [4, §3.3], the category perf(X), with X := 31, dy admits a Lefschetz
decomposition (Ag, Ay(1),...,Agr—1(dar — 1)), where Ag = Ay =--- = Ay, =
q* (perf(Gr(r, Uy))) >~ perf(Gr(r, Uy)).

Proposition 2.5. The conjectures Coo(AS), with C € {T!, T/, SS!, T2, B}, hold.

Dually, consider the variety W;l, @ C P(V'Y) of those matrices U,” — U; with corank
> r, and the associated resolution of singularities ¥ := y(’il, s W;l’ & As proved?
in [4, Prop. 3.4 and Thm. 3.5], X and Y are HP-dual to each other. Given a generic
linear subspace L C V'V, consider the associated smooth linear sections X7 and Y ; note
that whenever ]P’(LJ-) does not intersect the singular locus of Zgl, 4, We have X; =

P(LY) N Zzh, 4,- Theorem 2.2 yields the following result:

Corollary 2.6. We have the following equivalences:
C(Xr) & C(Yr) withC e {T!,T!,ss!, T?,B}.
By construction,

dim(X)=r(dy+dr,—r)—1 and dim(Y)=r(di —dr—r)+did— 1.

3In [4, Prop. 3.4 and Thm. 3.5], the authors worked over an algebraically closed field of characteristic
zero. However, the same proof holds mutatis mutandis over any field k. Simply replace the reference [17]
concerning the existence of a full strong exceptional collection on perf(Gr(r, Uy)) by the reference [7,
Thm. 1.3] concerning the existence of a tilting bundle on perf(Gr(r, U )). The author is grateful to Marcello
Bernardara for an e-mail exchange on this issue.
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Consequently, we have
dim(Xy)=r(dy+dy—r)—1—dim(L) and dim(Yp)=r(dy—dr—r)—1+dim(L).

Since the Tate conjecture and its variants hold in dimensions < 1, we hence obtain from
Corollary 2.6 the following result:

Theorem 2.7 (Linear sections of determinantal varieties). Let X; and Yy, be as in Corol-
lary 2.6 and C € {T!,T!,SS', T? B}.

(i) Whenr(dy+dy—r)—1—dim(L) <1, the conjectures C(X1,) hold.
(ii)) Whenr(dy —dy—r)—1-+dim(L) < 1, the conjectures C(Yr) hold.

To the best of the author’s knowledge, Theorem 2.7 is new in the literature. It proves
the Tate conjecture and its variants in new cases. Here are two examples:

Example 2.8 (Segre varieties). Let r = 1. Thanks to Theorem 2.7 (i), the conjectures
C(XL), with C € {T!, T/, SS!, T? B}, hold when d; — d; — 2 + dim(L) < 1. In all these
cases, X7 is a linear section of the Segre variety Z‘li1 s and its dimension is 2(d, —dim(L))
or 2(dy — dim(L)) + 1. Therefore, by letting d» — oo and by keeping dim(L) fixed, we
obtain infinitely many new examples of smooth projective k-schemes X, of arbitrary
dimension, satisfying the Tate conjecture and its variants.

Subexample 2.9. Letr = 1, d; = 4, and d, = 2. In this particular case, the Segre variety
Z};,z C P7 agrees with the rational normal 4-fold scroll S1,1,1,1; see [13, Ex. 8.27]. Choose
a generic linear subspace L C V'V of dimension 1 such that the hyperplane P(L+) C P7
does not contain any 3-plane of the ruling of Sy 1,1,1. By combining Example 2.8 with [8,
Prop. 2.5], we hence conclude that the rational normal 3-fold scroll X;, = Sy, 2 satisfies
the Tate conjecture and its variants.

Example 2.10 (Square matrices). Let d; = d» = d. Thanks to Theorem 2.7 (i), the con-
jectures C(X7), with C € {T!, T/, SS’, T?, B}, hold when —r2 — 1 4+ dim(L) < 1. In
all these cases, X, is of dimension 2(dr — dim(L)) or 2(dr — dim(L)) + 1. Therefore,
by letting d — oo and by keeping r and dim(L) fixed, we obtain infinitely many new
examples of smooth projective k-schemes Xy, of arbitrary dimension, satisfying the Tate
conjecture and its variants.

Subexample 2.11. Let d; = d, = 3 and r = 2. In this particular case, the determinan-
tal variety Z§,3 C P® has dimension 7 and its singular locus is the 4-dimensional Segre
variety Z} 5 C Z3 5. Given a generic linear subspace L C V' of dimension 5, the asso-
ciated smooth linear section Xy, is 2-dimensional and, thanks to Example 2.10, it satisfies
the Tate conjecture and its variants. Note that since codim(Lt) =5 > 4 = dim(Z%a), the
subspace IP (L) C IP® does not intersect the singular locus Z} 5 of Z3 5. Therefore, for all
the above choices of L, the associated surface X is a linear section of the determinantal
variety Z§’3.
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Example 2: Grassmannian—Pfaffian duality

Assume that p = 0. Let W be a k-vector space of dimension 6 and X = Gr(2, W) the
Grassmannian variety equipped with the Pliicker embedding

Gr(2, W) — P(AZ (W), (w1, w2) = [w1 A wa].

Following [22] and [25, §4.4], the category perf(X) admits a Lefschetz decomposition
(Ao, ..., As(5)) with Ag = Ay = Ay = (Ox, Uy, S*(Uy)) and Az = Ay = As =
(Ox, Uy), where Uy, stands for the dual of the tautological bundle on X and S?(Uy)
for the symmetric power of Uy . Following Remark 2.3, these full exceptional collections
imply that the conjectures CnC(Agg), with C € {Tl VT, SSl, T?, B}, hold. As proved in
[22, Thm. 1] and [25, §4.4], the HP-dual Y of X is given by perf(Pf(4, WV); ¥), where
Pf(4, WV) C P(A2(WV)) is the (singular) Pfaffian variety and ¥ is a certain sheaf of non-
commutative algebras; consult Remark 2.4. Let L C A2(W") be a generic linear subspace.
When dim(L) < 6, the associated subspace P (L) C P(A?(W")) does not intersect the
singular locus of Pf(4, WY). Consequently, the linear section Y7 agrees with the smooth
section Pf(4, W), := Pf(4, WY) N P(L). Theorem 2.2 yields the following result:

Corollary 2.12. When dim(L) < 6, we have the following equivalences:
C(Xr) & C(Pf4, WY)L) withC € {T',T' SS'}.

By construction, dim(Xy, ) = 8 —dim(L) and dim(Yz) = dim(L) — 2. Moreover, when
dim(L) = 6, X, is a K3-surface and Y7, a cubic fourfold; consult [22, §10]. Since the Tate
conjecture and its variants hold for K3-surfaces, we hence obtain from Corollary 2.12 the
following result:

Theorem 2.13 (Pfaffian cubic fourfolds). Let Pf(4, W) be as in Corollary 2.12. When
dim(L) = 6, the conjectures C(Pf(4, WY ) 1), with C € {T!, T!,SS'}, hold.

An alternative (geometric) proof of Theorem 2.13, based on the Kuga—Satake corre-
spondence, was obtained by André in the mid nineties; consult [1, Thm. 1.6.1].
Example 3: Veronese—Clifford duality

Let W be a k-vector space of dimension d and X the projective space P (W) equipped
with the double Veronese embedding P(W) — P(S2W), [w] — [w ® w]. Consider the
Beilinson full exceptional collection

perf(X) = ((9)((—1), (9x, (9)((1), veey (9x(d - 2))
(see [5]) and seti := [d /2] and

(0x(=1),0x) ifd =2i,

Agy=A1=---=A; , = ((9}((—1),(9)(), Aj_y = {((QX(—I)) d =201



HPD-invariance of the Tate conjecture(s) 169

Under the preceding notations, the category perf(X) admits the Lefschetz decomposition
(Ao, A1(1),...,A;—1 (i — 1)) with respect to the line bundle £x (1) = Ox (2). Following
Remark 2.3, these full exceptional collections imply that the conjectures C, (Agg), with
C e {T!,T!,sS', T?,B}, hold.

Let # := X Xps2w) @ C X x P(S2(WY)) be the universal hyperplane section,
where @ C P(S2(W)) x P(S?(W)) stands for the incidence quadric. By construction,
the projection g: # — P (S2(W")) is a flat quadric fibration. As proved in [24, Thm. 5.4]
(see also [2, Thm. 2.3.6]) the HP-dual Y of X is given by perfy, (P (SZ(WVY)):€lo(q)).
where €ly(gq) stands for the sheaf of even Clifford algebras associated to g; consult
Remark 2.4. Let L C S?(WV) be a generic linear subspace. On the one hand, X}, corre-
sponds to the smooth complete intersection of the dim(L) quadric hypersurfaces in P (W)
parametrized by L. On the other hand, Yy, is given by perfy, (P(L): €lo(g)|L). Theorem
2.2 yields the following result:

Corollary 2.14. We have the following equivalences:
C(XL) © Cuc(perfy, (P(L):€lo(g)L)) withC € {T', T',SS!, T7 B}.

Recall that the space of quadrics P(S?(W ")) comes equipped with a canonical filtra-
tion Ay C+-- C Ay C Ay C P(S2(WY)), where A; stands for the closed subscheme of
those singular quadrics of corank > 7.

Theorem 2.15 (Intersection of two quadrics). Let X1 be as in Corollary 2.14. Assume
that dim(L) = 2 and that P(L) N A, = @.

(i)  When d is even, the conjectures C(X1), with C € {T!, T/, Ss!, T2, B}, hold.

(i) Whend is odd and k =¥ is a finite field of characteristic p > 3, the conjectures
C(Xy), with C € {T!, T/, SS!, T?, B}, hold.

The proof of Theorem 2.15 is based on the solution of the corresponding noncom-
mutative conjectures of Corollary 2.14; consult Section 8 for details. In what concerns
the Tate conjecture, an alternative (geometric) proof, based on the notion of variety of
maximal planes, was obtained by Reid* in the early seventies; consult [31, Thms. 3.14
and 4.14]. Therein, Reid proved the Hodge conjecture but, as Bruno Kahn informed me,
a similar proof works for the Tate conjecture. In what concerns the variants of the Tate
conjecture, Theorem 2.15 is, to the best of the author’s knowledge, new in the literature.

Remark 2.16 (Intersection of even-dimensional quadrics). As explained in Remark 8.3
below, when d is even and dim(L) > 2, i.e., when X7, is the intersection of dim(L) even-
dimensional quadric hypersurfaces, a proof similar to the one of Theorem 2.15 shows that
the conjectures C(Xr ), with C € {Tl T, Ss! , T?, B}, are equivalent to the corresponding
conjectures for the discriminant 2-fold cover of the projective space P(L). This result is
also new in the literature.

“4Reid also assumed in loc. cit. that P(L) N A, = @; consult [31, Def. 1.9].
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Tate conjecture(s) for stacks

As a second application of Theorem 2.1, we obtain the following extension of the Tate
conjecture and of its variants to the broad setting of smooth proper algebraic k-stacks:

C(X) 1= Cue(perfy, (X)) with C e {T', T', SS', T?, B}. (2.17)
The next results prove these extended conjectures in several different cases:

Theorem 2.18 (Root stacks). Let X be a smooth projective k-scheme, £ a line bundle on
X, ¢ e I'(X, £) a global section, n > 1 an integer, and X := {/(&L, )/ X the associated
root stack. When the zero locus Z — X of the global section ¢ is smooth, we have the
following equivalences:

C(X)+C(Z) & C(X) withC e {T',T!,SS!, T?,B}. (2.19)

Corollary 2.20 (Low-dimensional root stacks). When dim(X) < 1 or X is an abelian
surface, the conjectures C(X), with C € {T!, T/, Ss!, T2, B}, hold. The conjectures C(X),
withC € {Tl, T, SSl, TP}, also hold when X is a K 3-surface.

Theorem 2.21 (Orbifolds). Let G be a finite group of order n, X a smooth projective k-
scheme equipped with a G-action, and X, := [X / G] the associated global orbifold. When
p 1 n, we have the following implications:

> C(X7 x Spec (k[o])) = C(X) withC € {T'. T',8S'.T?. B}, (2.22)

oCG

where o is a cyclic subgroup of G. Moreover, when k contains the nth roots of unity, the
k-schemes X° x Spec(k[o]) in (2.22) can be replaced by the k-schemes X°.

Corollary 2.23 (Low-dimensional orbifolds). Assume that p } n.
(i)  When dim(X) < 1, the conjectures C(X), with C € {T!, T, SS!, T?, B}, hold.
(ii)  Assume that k contains the nth roots of unity. When X is an abelian surface, the

conjectures C(X), with C € {T!, T, Ss!, TP, B}, hold. The conjectures C(X),
with C € {Tl, T, SSl, TP}, hold also when X is a K3-surface.

(iii) Assume that k contains the nth roots of unity. When X is an abelian variety of
dimension 3 and G acts by group homomorphisms>, the conjectures C(X), with

C e {T!,T!,sS!, 17, B}, hold.

Let G, X, and X :=[X/G] be as above in Theorem 2.21. Suppose that X is equipped
with a sheaf of Azumaya algebras® # of rank r. In this case, similarly to (2.17), we can
write C(X; F) 1= Ce(perfy, (X: F)), with C € (T!, T!,SS!, T?, B}, where perfy, (X F)
stands for the dg category of perfect complexes of ¥ -modules. The following result is the
“twisted” version of Theorem 2.21.

SFor example, in the case where G = Z /2, we can consider the canonical involution x > —x.
%In other words,  is a G-equivariant sheaf of Azumaya algebras of rank r over X.
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Theorem 2.24 (Twisted orbifolds). When p { nr and k contains the nth roots of unity,
we have the following implications:

D C¥e) = C(X: F) withC e (T, T',SS' T, B}, (2.25)

oCG

where o is a cyclic subgroup of G and Yy is a certain o~ -Galois cover of X induced by
the restriction of ¥ to X°.

Corollary 2.26 (Low-dimensional twisted orbifolds). When dim(X) <1 or X is an abelian
surface, the conjectures C(X; ¥), with C € {T!, T, Ss! T2, B}, hold. The conjectures
C(X: F), withC € {T! | T!, Ss!, TP}, also hold when X is a K3-surface.

3. Preliminaries
Throughout the article, k& denotes a base field of characteristic p > 0.

3.1. Dg categories

For a survey on dg categories, we invite the reader to consult [18]. A differential graded
(= dg) category A is a category enriched over complexes of k-vector spaces. Let us write
dgcat(k) for the category of (small) dg categories. Let +A be a dg category. The opposite
dg category A°P has the same objects and A°P(x, y) := A(y, x). A right dg A-module
is a dg functor M: A°? — €y, (k) with values in the dg category €y.(k) of complexes
of k-vector spaces. Following [18, §3.2], the derived category D (+A) of # is defined as
the localization of the category of right dg +-modules € (4A) with respect to the object-
wise quasi-isomorphisms. Let us write D, (+4) for the triangulated subcategory of compact
objects.

A dg functor F: A — B is called a Morita equivalence if it induces an equivalence
on derived categories D (A) >~ D(B); see [18, §4.6]. As explained in [35, §1.6], the cat-
egory dgcat(k) admits a Quillen model structure whose weak equivalences are the Morita
equivalences. Let us denote by Hmo(k) the associated homotopy category.

The tensor product A ® B of dg categories is defined as follows: the set of objects
is obj(A) x obj(B) and (A ® B)((x, w), (v,2)) ;= A(x,y) ® B(w, z). As explained
in [18, §2.3], this construction gives rise to a symmetric monoidal structure — ® — on
dgcat(k) which descends to the homotopy category Hmo(k).

A dg A-B-bimodule is a dg functor B: A ® B°P — €y, (k) or, equivalently, a right dg
(AP ® B)-module. A standard example is the dg +A-B-bimodule

FB:AQBP - Cy(k), (x.2) B(z, F(x)) 3.1

associated to a dg functor F : A — B. Following Kontsevich [19-21], a dg category +A
is called smooth if the dg A-A-bimodule i34 belongs to the category D, (AP ® A) and
proper if ), dim H" A(x, y) < oo for any pair of objects (x, y).



172 G. Tabuada

3.2. Additive invariants

Given dg categories # and B and a dg A-B-bimodule B, consider the following dg cate-
gory T'(A, B; B): the set of objects is obj(+4) L obj(B); the complexes of k-vector spaces
of morphisms 7'(4, B;B)(x, y) are equal to #4(x, y) when x, y € A, to B(x, y) when
X,y € B,toB(x,y) when x € A and y € 8, and to 0 when x € B and y € #4; and the com-
position law is induced by the composition law of # and B and by the dg 4-B-bimodule
structure of B. By construction, we have canonical dg functors t4: A — T (4, 8;B) and
tg: B — T(A, B;B).

Recall from [35, Def. 2.1] that a functor £: dgcat(k) — D, with values in an additive
category, is called an additive invariant if it satisfies the following conditions:

(i) it sends the Morita equivalences to isomorphisms;

(i) given 4, B, and B, as above, the dg functors ¢4 and (g induce an isomorphism
E(A) ® E(8) = E(T(A, 8:B)).

Let us write rep(-4, B) for the full triangulated subcategory of D (AP ® B) consisting
of those dg A-B-modules B such that for every object x € 4 the associated right dg 8-
module B(x,—) belongs to D, (B). As explained in [35, §1.6.3], there is a natural bijection
between Homyyyo (k) (/4. B) and the set of isomorphism classes of the category rep (s, 8B).
Under this bijection, the composition law of Hmo(k) corresponds to the (derived) tensor
product of bimodules. Therefore, since the dg #-8-bimodules (3.1) belong to rep(A, B),
we have the following functor:

dgcat(k) — Hmo(k), oA A, (A LR i)’) — rB. (3.2)

The additivization of Hmo(k) is the additive category Hmog (k) with the same objects as
Hmo(k) and with abelian groups of morphisms Homyyyo, (k) (+4, 8) given by the Grothen-
dieck group Ky rep(A, 8) of the triangulated category rep(+4, 8). As explained in [35,
§2.3], the following composition is the universal additive invariant:

Utdgeat(k) > Hmo(k) — Hmoo (k). A > A, (A —> B) > [rB]. (3.3

3.3. Noncommutative motives

For a book on noncommutative motives, we invite the reader to consult [35]. Recall from
[35, §4.1] that the category of noncommutative Chow motives NChow(k)g (with Q-
coefficients) is defined as the idempotent completion of the full subcategory of Hmog (k)g
consisting of those objects U(+4)g with # a smooth proper dg category. This category
NChow(k)q is Q-linear, additive, and rigid symmetric monoidal. Moreover, we have nat-
ural isomorphisms:

Homchow(k) o (U(A)Q, U(i)’)@) = Ko(rep(AOp ® fB))@ >~ Ko(AP ® B)g. (3.4)
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Given a Q-linear, additive, rigid symmetric monoidal category (€, ®, 1), its N -ideal is
defined as follows (tr(g o f) stands for the categorical trace of g o f):

N(a,b) :={f € Home(a,b) | Vg € Home(b,a) we have tr(g o f) = 0}.

Under these notations, recall from [35, §4.6] that the category of noncommutative numer-
ical motives NNum(k)gq (with Q-coefficients) is defined as the idempotent completion of
the quotient category NChow(k)g /N .

4. Noncommutative conjectures

Let 4 be a smooth proper (k-linear) dg category.

Noncommutative conjecture Tﬁc (A)

Let [ # p be a prime number. Following Thomason [43], consider the /-adic étale K-
theory groups

KLe(A @y ky) := my (holimy, Ly IK (A @ ky: Z/1%)) n € Z, (4.1)

where IK (A ®j ks;7/1") stands for the (non-connective) algebraic K-theory spectrum
with Z/ [V-coefficients of the dg category A Qi ks and Lxy IK (A Qp ks; Z /1) for the
Bousfield localization of IK(A ®g kg; Z/17) with respect to complex topological K-
theory KU. Thanks to the work of Suslin [33,34] and Gabber [12], we have a Z-graded
ring isomorphism Ki’e‘(ks) ~ Z;[t,t71], where ¢ is of degree 2. Note that this implies
that the above K-theory groups (4.1) are Z;-modules and that

KL (A @ k) = KL (A @ k)

for every n € Z. Note also that, by construction, the absolute Galois group Gal(k/ k) acts
on the above Z;-modules (4.1) and that we have a canonical Q;-linear homomorphism:

Ko(A)g, — Ko™ (A ®p ko). (4.2)

Conjecture Tfm (A). When k is finitely generated over its prime field, the above homo-
morphism (4.2) is surjective.
Noncommutative conjecture wa (A)

Let [ # p be a prime number. Similarly to (4.2), we have a canonical Q;-linear homo-
morphism

Ko(A @i Ko, — Ko™ (4 @i k) T (4.3)
for every finite field extension k’/k inside k. Moreover, since ks = Uk, Jk k', where
the union runs over all the finite field extensions k’/k inside k;, the functors A ®; —
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and Ko(—)q, preserve filtered colimits, and the Q;-linearized Grothendieck group
Ko(A ®r ks)q, identifies with colimy//x Ko(A ® k')q,. Consequently, we obtain a
canonical Q;-linear homomorphism:

[ ks/ k'
Ko(A ® kg, > | Ko™ (4 @k ko) 150 4.4
k'/k
Conjecture Tﬁc(ﬁ). When k is finitely generated over its prime field, the above homo-
morphism (4.4) is surjective.

Lemma 4.5. We have the implication TIIIC(,A) = wa(a“)).

Proof. Let f be an element of K(l,’a(gA) ®i kg)1/1 which is fixed under the Gal(ky/k)-
action. We need to construct an element o of Ko(+#)g, which is mapped to B by the
homomorphism (4.2). Since the conjecture T. () holds, there exists a finite field exten-
sion k’/ k inside kg (which we can assume without loss of generality to be Galois’) and an
element o’ of Ko(A ® k"), which is mapped to § by the homomorphism (4.3). Recall
from [27, §7] that we have well-defined Q;-homomorphisms

— Rk k' KO(rA’)Ql — Ko(A Qp k/)(@l, resgs )k Ko(A Qp kl)@l — K()(A)Ql

such that
resgr /i (@) @k k' = Z o).
o€Gal(k'/ k)
Let us take o := ﬁresk//k(a’). Since B is fixed by the Gal(kg/k)-action and (4.3) is
Gal(k’/ k)-equivariant, we hence conclude that & is mapped to B by the homomorphism
4.2). [

. . 1
Noncommutative conjecture SS, (+)

Recall from above that, up to isomorphism, we have two (continuous) /-adic representa-
tions . .
Ky (A @k ks)iji. Ky (A @k ko (4.6)

of the absolute Galois group Gal(kg/ k).

Conjecture SSIIm(,A)). When k is finitely generated over its prime field, the above l-adic
representations (4.6) are semi-simple.

Noncommutative conjecture T? (+A)

Let k := 4 be a finite field of characteristic p > 0, W (k) the associated ring of p-typical

Witt vectors, K := W(k);,, the fraction field of W(k),and o: K = K the automorphism
induced by the Frobenius map A + A? on k. Recall that the associated field extension
K/Q), is finite.

7If the field extension k’/ k is not Galois, take the normal closure of k’ inside kj.
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Consider the topological Hochschild homology THH(+4) of the dg category .
The canonical S!-action on THH(#4) gives rise to the spectrum of homotopy orbits
THH(A)j g1, to the spectrum of homotopy fixed-points 7C ~(A) := THH(A)"S ', and
also to the Tate construction TP (A) := THH(A)"S ' As explained in [30, Cor. 1.4.3],
these spectra are related by the following cofiber sequence:

S THH(A)j51 — THH(A)®S' &% THH(A)'S', @.7)

where N is the norm map. It is well known that the abelian groups THH..(+4) are k-linear.
Hence, the spectrum X THH(+4A), 1 becomes trivial after inverting p. Consequently, the
cofiber sequence (4.7) leads to a canonical isomorphism:

can: TCy (4)1/p — TPo(A)1/- (4.8)

Recall that T Po(A) 1, p is a finitely-generated module over TPy (k)1/, = K, i.e., a finite-
dimensional K-vector space. Since + is smooth and proper, it is also well known that the
spectrum THH(+4) is bounded below and p-complete. Making use of [30, Lem. II 4.2],
we hence obtain moreover a “cyclotomic Frobenius”:

0p: TCy (A)1)p — TPo(A)1)p. (4.9)

Let us write ¢ := ¢, o can™! for the associated endomorphism of T Py ()1, . This endo-
morphism ¢ is not K-linear but only o-semilinear.

Now, recall from [36, Prop. 4.2] that the assignment 4 — T Po(A)1/, gives rise to
a Qp-linear functor from NChow(k)q, to the category of K-vector spaces Vect(K). By
compositing it with the forgetful functor from K-vector spaces to Q,-vector spaces, we
hence obtain the following Q,-linear functor:

TPo(—)1/p:NChow(k)q, — Vect(Qp). (4.10)

This leads, in particular, to the induced Q-linear homomorphism

Ko(A)g, ~ Homxchow(k)q, (Ulk)q,. U(A)q,)

l @11

TPO(fA’)l/p =~ HomVecl(Qp) (TPO(k)l/p» TPO(A)l/p)-

Lemma 4.12. The preceding homomorphism (4.11) takes values in the Qp-linear sub-
space T Py (A)'f Ip of those elements that are fixed by ¢.

Proof. On the one hand, the Q,-linear endomorphisms @: T'Py(4)1/, — TPo(A)1/p
(parametrized by the smooth proper dg categories #) give rise to a natural transforma-
tion from (4.10) to itself. On the other hand, thanks to the enriched Yoneda lemma, the
Qp-linear natural transformations from the following functor

Ko(—)@, = Homxchow(k)g, (U(k)q,. —):NChow(k)g, — Vect(Qp)
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to the above functor (4.10) are in one-to-one correspondence with the elements of the Q-
vector space TPy(k)1/, ~ K. Under this bijection, the unit element 1 € K corresponds
to the above homomorphism (4.11). Therefore, in order to prove Lemma 4.12, it suffices
to show that the endomorphism ¢: TPy (k)i;, — TPo(k)1/p, sends 1 to 1. This follows
from the explicit descriptions

can: W(k)[u,v]/(uv — p) - WE)[8,87], uwr ps, v 8L,

op: W(k)u,v]/(uv — p) — W), 67, ur38, v ps!

of the homomorphisms can, ¢,: TC, (k) — TPy (k), where the variables u and § have
degree 2 and the variable v has degree —2; consult [6, Props. 6.2-6.3]. ]

Thanks to Lemma 4.12, we have an induced Q,-linear homomorphism:
Ko(A)q, — TPO(,A)‘f/p. (4.13)
Conjecture T2.(A). The above homomorphism (4.13) is surjective.

Noncommutative conjecture B, (-4)

Recall from [35, §4.7] that the Grothendieck group Ko(A) := Ko(D.(+A)) of the dg cat-
egory + is equipped with the Euler pairing y: Ko(4) X Ko(#4) — Z defined as

(IM].[N]) = Y (1) dim Homgp, () (M. N[-n).

This bilinear pairing is not symmetric neither skew-symmetric. Nevertheless, as proved
in [35, Prop. 4.24], the left and right kernels of y agree. Consequently, we have a well-
defined numerical Grothendieck group Ko (#4)/~num := Ko(4)/ Ker(y). In what follows,
we will write Ko (A)qQ/~num for the associated Q-vector space (Ko (#A)/~num)Q, Which is
isomorphic to the quotient Ko(4)qg/ Ker(xg)-

Conjecture B,,.(A). When k is finite, we have Ko(A)g = Ko(A)Q/~num-

5. Proof of Theorem 2.1

We start by proving the equivalence T/ (X) < Tﬂc (perfye(X)). On the one hand, recall
from [11, §18.3] that since Q C @Q;, we have a natural isomorphism between the Q;-
linearized Grothendieck group

Ko(perfdg(X))@l ~ Ko(X)q,

and the direct sum EB?EEX) ZH(X )@, On the other hand, it follows from the canoni-
cal Morita equivalence perfy, (X) ® ks — perfy, (Xk,) and from the work of Thomason
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[43, Thm. 4.1] and Soulé [32, §3.3.2] that we have a natural isomorphism between the
Z[1/I]-linearized [-adic étale K-theory group K(l)’Et(perfdg(X ) ®k kg)1/1 and the direct
sum @?;mo(X) ezti (Xk,. Qq(i)). Moreover, as explained by Friedlander in [10, §5], under
the preceding isomorphisms the homomorphism (4.2) (with A = perf, (X)) corresponds
to the graded homomorphism (1.1). Consequently, (1.1) is surjective if and only if (4.2) is
surjective.

We now prove the equivalence T! (X) < Tfm (perfye(X)). Recall from Section 4 that

the canonical Q;-linear homomorphism (4.4) (with A = perfdg (X)) may be described as

3)

4. : /
COlimk//k (Ko(perfdg(X) =P k/)Ql (_) Gal(ks/k ))’

e
Ky (perfy(X) ®k ks) |,

where k'/ k is a finite field extension inside k. Similarly, the canonical Q;-linear homo-
morphism (1.2) may be described as the filtered colimit

. Gal(ks/ k'
COllmk//k (Z*(Xk/)Ql —> Hezt*(st,Ql(*)) allks/ ))

Consequently, the proof is now similar to the proof of T (X) < wa (perfy, (X)) with k
replaced by a finite field extension &k’ of k inside k.

We now prove the equivalence SSZ(X ) & SSiC (perfyy(X)). As above, by combin-
ing the canonical Morita equivalence perfy,(X) ®k ks — perfy,(Xk,) with the work of
Thomason [43, Thm. 4.1] and Soulé [32, §3.3.2], we obtain natural isomorphisms between
the /-adic (continuous) representations

I, i,
Ko™ (perfy(X) @k ks) )0 Ky (perfy(X) @k ks) )
of the absoluts: Galois group Gal(k/ k) and the direct sums @?iﬂéx) H2 (Xy,,Q;(i)) and
@finéx) H2 (X k- Q1(i)), respectively. Note that these direct sums are semi-simple if
and only if the /-adic representations

{HE Xk, Q) [0 =i <dim(X)} and {HZ"(Xg, Q) |0 =i < dim(X)}

are semi-simple. Therefore, we conclude that the /-adic representations (4.6) (with A =
perfy, (X)) are semi-simple if and only if the /-adic representations { H(Xx,, Q;) | 0 <
n < 2dim(X)} are semi-simple.

We now prove the equivalence T?(X) < T perfy, (X)). Note first that we have the
following equality of graded Q;-vector spaces:

1
HEy (X)) = HE3 (X)7?,

where ¢ stands for the crystalline Frobenius. Therefore, the conjecture T?(X) may be
re-formulated as the surjectivity of the classical cycle class map

Z*(X)q, — HZL(X)7?. (5.1)
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On the one hand, recall from [11, §18.3] that since Q C Q;, we have a natural isomor-
phism between the Q) -linearized Grothendieck group Ko (perfy,(X))q, =~ Ko (X)q, and
the direct sum @?:]ég( ) Z! (X )Qp. On the other hand, recall from [37, Thm. 5.2] that we
have a natural isomorphism between the Z[1/p]-linearized topological periodic cyclic
homology group T Py(perfy,(X))1/, and the direct sum @?i;“éx) chlés(X ), which iden-
tifies ¢ with p—ﬂqb. Under the preceding isomorphisms, the homomorphism (4.13) (with
4 = perfy, (X)) corresponds to the graded homomorphism (5.1). Consequently, (5.1) is
surjective if and only if (4.13) is surjective.

Finally, we prove the equivalence B(X) < Bic(perfy,(X)). Note first that since
D, ( perfy, (X)) ~ perf(X),
the Euler pairing y: Ko(X) X Ko(X) — Z may be re-written as

(I71.18]) = > _(=1)" dim Homperrx) (. §[-n).

Recall from [11, §19] that a graded algebraic cycle & € Z*(X)q is numerically equivalent
to zeroif [y B -a = 0 for every B € Z*(X)q. Recall also that we have the isomorphism

N dim(X) ‘
Ko(X)g = P Z'(X)g. [F]r> ch(¥)- VTdy. (5.2)
i=0

where ch(¥) stands for the Chern character of ¥ and +/Tdy for the square root of
the Todd class; see [11, §18.3]. Given any two perfect complexes ¥, § € perf(X), the
Hirzebruch—Riemann—Roch theorem (see [11, Cor. 18.3.1]) yields the equality

Bu (1 (%" ®oy §)) = /X (7)) - <((9)).
where Eu denotes the Euler characteristic and 7: X — Spec(k) is the structural mor-
phism of X. Since ¥V ®p, ¥ ~ Hom(¥, §), where Hom(—, —) stands for the inter-
nal Hom of the rigid symmetric monoidal category perf(X), we hence conclude that
Eu(w«(Hom(¥ , §))) agrees with y([¥], [§]). This implies that (5.2) descends to the
numerical quotients

Ko(X)g ———— @™ Z1(X)q

l l (53)

~ im(X i
KO(X)Q/Nnum T> @?:é ) Z! (X)Q/Nnum-

Consequently, the proof follows now from the fact that the conjecture B(X), resp.
By (perfy, (X)), is equivalent to the injectivity of the vertical graded homomorphism on
the right-hand side of (5.3), resp. to the injectivity of the vertical homomorphism on the
left-hand side of (5.3).
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6. Proof of Theorem 2.2

By definition of the Lefschetz decomposition (Ag, Ay(1),...,A;—1(i — 1)), we have a
chain of admissible triangulated subcategories A;_y C --- C Ay € Ay with A,(r) :=
A, ® £x(r). Note that A, (r) >~ A,. Let a, be the right orthogonal complement to A, 4,
in A,; these are called the primitive subcategories in [23, §4]. By construction, we have
the semi-orthogonal decompositions

A, ={ar,ar41,...,ai—1), 0<r<i-—1. 6.1)

As proved in [23, Thm. 6.3] (see also [2, Thm. 2.3.4]), the category perf(Y') admits an HP-
dual Lefschetz decomposition (B;_; (1 — j),B;j2(2—j),...,Bo) withrespectto £y (1);
as above, we have a chain of admissible triangulated subcategories B;_; CB;_, € --- C
By. Moreover, the primitive subcategories coincide (via a Fourier—Mukai-type functor)
with those of perf(X) and we have the semi-orthogonal decompositions

]Br = (a()? C[], ce adim(V)—r—Z)a O S r S j - 1' (6'2)

Furthermore, the assumptions (a)—(b) of Theorem 2.2 imply the existence of the semi-
orthogonal decompositions

perf(Xz) = (Cr. Agim) (). .... A1 (i — dim(V))), (6.3)
perf(Yz) = (Bj—1(dim(L>) — j). ... Bymy(—1).Cr). (6.4)

where Cy, is a common (triangulated) category. Let us denote by (Cig, Acrlg, and a'2, the
dg enhancement of Cp,, A,, and a,, induced from the dg category perfy,(Xz). Similarly,

let us denote by (ng/ and Bfg the dg enhancement of C; and B, induced from the dg
category perfy, (¥z). Note that thanks to assumption (a) of Theorem 2.2, all the above dg
categories are smooth and proper.

We start by proving the equivalence T/ (X1 ) < T/ (Y7). As explained in [35, Prop. 2.2],
since the functor (3.3) is an additive invariant, the above semi-orthogonal decomposition
(6.3) gives rise to the direct sum decomposition

U (perfy,(X1))g, = UCT)a, ® UG, ) @ ®UAE))g,  (65)
in the Q;-linearized category NChow(k)g,. Consider the functors
KLt~ @y ky)1 )0t dgeat(k) — Veet(Q)), n € Z (6.6)
with values in the category of Q;-vector spaces.
Proposition 6.7. The above functors (6.6) are additive invariants.

Proof. Let F: A — B be a Morita equivalence. As proved in [27, Prop. 7.1], the induced
dg functor F Qg ks: A Qf ks — B Qg ks is also a Morita equivalence. Therefore, since
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(non-connective) algebraic K-theory with Z/[V-coefficients sends Morita equivalences to
equivalences of spectra (consult [35, §2.2.2]), we conclude that the above functors (6.6)
send Morita equivalences to isomorphisms. Let 4 and B be two dg categories and B a dg
A-B-bimodule. Following Section 3.2, we need to show that the dg functors ¢4 and tp
induce an isomorphism:

Ky (A @ ks)1/1 @ K, (A @k ket — Ky(T (4, B:B)) 68)

/1

Consider the dg categories A ®; ks and B ®j ks and the dg bimodule B ® k. Since
algebraic K-theory with Z /[ -coefficients is an additive invariant, the dg functors t 4@, r,
and (g, k, induce an equivalence of spectra between the wedge sum IK (A ®y ky; Z/1V) v
IK(B Qp ks; Z/1V) and IK(T (A Qy ks, B Q ks; B ® ks); Z./1V). Therefore, using
the fact that the dg category T'(A Qi kg, B Qr ks; B ® ky) is equal to the dg category
T (A, B;B) ® ks, we conclude from the definition of the above functors (6.6) that (6.8)
is indeed an isomorphism. ]

Proposition 6.7 yields, in particular, the Q;-linear functor
Kb (= ®p ky)1/1: NChow(k) g, — Vect(Q)). (6.9)

Making use of the functor (6.9), the canonical Q;-linear homomorphism (4.2) (with A =
perfy, (X1 )) may be described as the induced homomorphism

Homychow(k) g, (Ulk)q,- U(Peffdg(XL))Ql)
l (6.10)
Homyea@)) (Ko (ks)1/1, Ko (perfey(X) ®x ks), ,):

note that (6.10) takes values in K(l)’et(perfdg (X1) ® ks)?;ﬂl(h/ 2 Therefore, thanks to the

above direct sum decomposition (6.5), the induced homomorphism (6.10) identifies with
the (diagonal) Q;-linear homomorphism:

KO((CL ), @ @r =dim(V) KO(Agg)QI

l

Kl et(Cdg i k )Gal(ks/k) ® @r ) KI et(Adg i k )Gal(ks/k)
This implies the following equivalence:
Tl (perfyy (X1)) € Th(Cr) + Th(Agh 1) + -+ + The(AFE ). 6.11)

Note that all the above holds mutatis mutandis with Xy replaced by Y7. Hence, the semi-
orthogonal decomposition (6.4) leads to the equivalence

The(perfyy(Y2)) € Th(B5E,) + -+ + Th(BE | 1)) + Tho(CP). (6.12)

dim(
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The assumption (c) of Theorem 2.2 and the semi-orthogonal decompositions (6.1)—(6.2)
imply that the conjectures TflC(Afg) and Tfm(Bfg), with 0 < r <i — 1, hold. Conse-
quently, the rlght -hand side of (6.11), resp. (6.12), reduces to the conjecture T (C dg)
resp. T JCp de' ). Moreover, since the functor perf(X 1) = Cp — perf(Yy) is of Fourier—
Mukai type, the dg categories C Lg and (Cig are Morita equivalent. This implies that
the conjectures TnC ((Cig) and TnC (C Lg ) are equivalent. Consequently, the proof of The-
orem 2.2 follows now from the equivalences T/ (X1) < Tfm (perfy,(Xr)) and TN(YV,) &
Tfm (perfy (Y1) established in Theorem 2.1.

We now prove the equivalence T/ (X1) < T'(Y7). Recall from [27, Thm. 7.1] that the
functor — ®y, ky:dgcat(k) — dgcat(ky) preserves smooth proper dg categories and gives
rise to a Q;-linear functor — ®j ks: NChow(k)g, — NChow(ks)q,. Consequently, the
above direct sum decomposition (6.5) in the Q;-linearized category NChow(k)q, gives
rise to the direct sum decomposition

U(perfdg(XL) Rk ks)
~ UCE &% k)g, ® UL, o) @% kg, @ -+ ® UMY, & ko)g,

in the Q;-linearized category NChow(k;)q,. Similarly to (the proof of) Proposition 6.7,
the functors R
Klbet(-) 1/1: dgceat(ks) — Vect(Q;)

are additive invariants. This yields, in particular, the QQ;-linear functor

KL(=)11: NChow (ks)q, — Vect(Q;). (6.13)

Making use of the functor (6.13), the canonical Q;-linear homomorphism (4.4) (with A =
perfy, (X1 )) may be described as the induced homomorphism

Homxchow(k,)q, (Ulks)q, U(Peffdg(XL) Rk ks)Ql)

l (6.14)

Homyecy(@)) (K(l)’et(ks)w, K(l,’et(Pel’fdg(XL) Ok ks)l/l);

note that (6.14) takes values in (., Jk K (perfdg (X)) ®r k )Gal(kS/ k. Therefore, thanks
to the above direct sum decomposition of U(perfy,(X1) ®k k )Q ,» the induced homomor-
phism (6.14) identifies with the (diagonal) Q;-linear homomorphism

Ko((C ®r ks)g, ® @r dim(V) KO(Agg ®r ks)q,

|

I, d Gal(ks/ k' 1, d Gal(ks/ k'
Uy Ko™ (CF* ®x ks)l/l( " @ @)y Unryi Ko (AF @4 k )1/1( 1.
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This implies the equivalence
= = d = d = d
T (perfyg (X)) € Th(CP) + Tho(Ag 1) + - + Tho(AE)). (6.15)

Note that all the above holds mutatis mutandis with Xy, replaced by Y. Hence, the semi-
orthogonal decomposition (6.4) leads to the equivalence:

The (perfyy(Y2)) € ThB5E,) + - + Th By ;1) + Tho(CF). (6.16)

The remainder of the proof is now similar to the proof of T! (X)) < T/ (Y7).
We now prove the equivalence SS’(X1) < SS!(Y7). Note that similarly to (the proof
of) Proposition 6.7, the following functors are additive invariants:

K5 (— ®k ky)1y1: dgeat(k) — Repea, /1) (Q1) 7 € Z,
where Repg, i, /1) (Q1) stands for the category of (continuous) /-adic representations of

Gal(ks/ k). Hence, they yield, in particular, the Q;-linear functors

K™ (= @k ks)1/i, K1 (= @k ks)1/1:NChow(k) g, = Rebgaqe,/ (@) (6.17)

Therefore, by applying the Q;-linear functors (6.17) to the above direct sum decomposi-
tion (6.5), we obtain the equivalence

S (perfyy(XL)) € SSL(CF) + SSL(AGE 1) + -+ + SSL(AFE ).

All the above holds mutatis mutandis with X replaced by Y. Consequently, the above
semi-orthogonal decomposition (6.4) leads to the equivalence

d d !
SSpe(perfyy (V1)) ¢ SS(BJE,) + -+ SS1(Byr ;1)) +SS1.(C5).

The remainder of the proof is now similar to the proof of T (X1) < TH(YL).

The proof of the equivalence T? (X)) < T?(Yy) is similar to the proof of T/ (X1) <
T (Y7): simply replace Q; by Q,, and the Q;-linear functor (6.9) by the Q,-linear functor
(4.10).

Finally, we prove the equivalence B(X1) < B(Yz). As above, the semi-orthogonal
decomposition (6.3) gives rise to the direct sum decomposition

U (perfyy (X))o ~ U(CE)o ® UAE, 1))o ® -+ & UAFE g (6.18)

in the category NChow(k)g. As proved in [36, §6], given any smooth proper dg category
4, we have a natural isomorphism:

HomNNum(k)Q (U(k)@, U(A))Q) ~ KO(A)Q/Nnum. (6.19)

Therefore, by applying Homnchow(k)o (U(k)@, —) and Homxnum(x)o (U(k)q, —) to the
direct sum decomposition (6.18), we obtain the equivalence of

Bue(perfyg(XL)) € Bac(CJ¥) + Bue(AG ) + -+ + Bae(A% ) x
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All the above holds mutatis mutandis with X, replaced by Y. Consequently, the above
semi-orthogonal decomposition (6.4) leads to the equivalence

d d dg’
Bnc(perfdg(YL)) < Bnc(ng_l) + -+ Bnc(Bd]gm(LL)) + Bnc((CLg )

The remainder of the proof is now similar to the proof of T/ (X1) < T!(Y7).

7. Proof of Proposition 2.5

As proved in [7, Thms. 1.3 and 1.7], the dg category perfy, (Gr(r, Uy)) is Morita equiv-
alent to a finite dimensional k-algebra of finite global dimension A. Let us write J(A)
for the Jacobson radical of A4, Vi, ..., Vs for the simple (right) A/J(A)-modules, and
Dy :=Endyg;ja)(V1)...., Ds := Endyy, j(4)(Vs) for the associated division k-algebras.
Thanks to the Artin—Wedderburn theorem, the quotient A/J(A) is Morita equivalent to
the product Dy X --- x Dg. Moreover, the center of D; is a finite field extension /; of k
and D; is a central simple /;-algebra. As proved in [38, Thm. 3.15], we have the direct
sum decomposition

U(AR)g = U (perfy, (Gr(r.Un))g = U(A/J(4) g = Ull)g & -+ & Ull)o

in the category NChow(k)q. Similarly to the proof of Theorem 2.2, we hence obtain the
equivalences

CAE) & Cpoll)) + -+ + Cuells)  with C € {T, T/, SS!, T?, B}.

Note that since the k-schemes Spec(/;) are O-dimensional, the conjectures C(Spec(/;)),
with C € {Tl VT, ss! , T?,B}, hold. Consequently, the proof follows now from the equiv-
alences C(Spec(l;)) < Cpc(l;) established in Theorem 2.1.

8. Proof of Theorem 2.15

Item (i). Following [24, §3.5] (see also [2, §1.6]), let us write Z for the center of €lo(q)|L
and Spec(Z2) =: Iﬁ(L) — P (L) for the discriminant cover of P(L). As explained in loc.
cit., IF’(L) — P (L) is a 2-fold cover which is ramified over the divisor D := P (L) N A;.
Since by assumption dim(L) = 2, we have dim(D) = 0. Consequently, since D is smooth,
f”(L) is also smooth. Let us write & for the sheaf of noncommutative algebras €lo(q)r
considered as a sheaf of noncommutative algebras over P (L). As proved in loc. cit., since
by assumption we have P(L) N A, = @, ¥ is a sheaf of Azumaya algebras over P(L) of
rank 2(4/2~1 Moreover, the category perf(P(L); €l (9)11) is equivalent (via a Fourier—
Mukai-type functor) to perf(ff’ (L); ). This leads to a Morita equivalence between the dg
categories perfy, (P(L); €lo(g))) and perfdg(]ﬁ(L); F). Making use of [38, Thm. 2.1],
we hence obtain the isomorphisms

U (perfy, (P(L): ‘€lg(q)|L))Q ~ U (perfy, (P(L); F))o = U (perfy, (f”(L)))Q
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in the category NChow(k)q. Similarly to the proof of Theorem 2.2, this leads to the
equivalences

Cue(perfy, (P(L):€lo(q)1)) ¢ Cue(perfy, (P(L))) with C e {T', T/, SS!, T7, B}.

Since @(L) is a curve, the conjectures C(f”(L)), with C e {T!, T/, Ss!, T2, B}, hold.
Consequently, thanks to Corollary 2.6, the proof follows now from the equivalence

C(P(L)) ¢ Cue(perfy, (P(L)))
established in Theorem 2.1.

Item (ii). Following [24, §3.6] (see also [2, §1.7]), let us write EA”(L) for the discrimi-
nant stack associated to the pull-back ¢z, along P(L) C P(S?(W")) of the flat quadric
fibration ¢: # — P(S2(WV)). As explained in loc. cit., since by assumption 1/2 € k,
P (L) is a smooth Deligne—-Mumford stack. Moreover, using the fact that P (L) is a square
root stack and that the critical locus of the flat quadric fibration g|z, is the divisor D, we
conclude from [14, Thm. 1.6] that perf(I@’(L)) = (perf(D), perf(P(L))). Hence, similarly
to the proof of Theorem 2.2, we obtain the equivalences

Cue(perfy, (P(L))) & C(D) + C(P(L)) withC e {T', T/, SS'. T, B}.  (8.1)

Let us write  for the sheaf of noncommutative algebras €/y(g)|z, considered as a sheaf
of noncommutative algebras over I/P\’(L). As proved in [24, §3.6] (see also [2, §1.7]), since
by assumption we have P(L) N A, = @, ¥ is a sheaf of Azumaya algebras over I@(L).
Moreover, the category perf(P(L); €lo(g)|r) is equivalent (via a Fourier-Mukai-type
functor) to perf(IﬁJ (L); ¥). This leads to a Morita equivalence between the dg categories
perfy, (P (L); €lo(g))L) and perfdg(@ (L); ). Making use of Corollary 2.14, we hence
obtain the equivalences

C(XL) ¢ Cue(perfy, (P(L): F)) with C e {T', T, SS', T, B}. (8.2)

Since by assumption dim(L) = 2, we have dim(IP(L)) = 1. Using the fact that the Brauer
group of every smooth curve over a finite field k is trivial, we hence conclude that in
(8.2) we can replace the dg category perfy, (]f" (L): ¥) by the dg category perfy, (]IA’> (L)).
Consequently, since dim(D) = 0, the proof follows now from the combination of the
above equivalences (8.1)—(8.2) with the fact that the Tate conjecture and its variants hold
in dimensions < 1.

Remark 8.3 (Intersection of even-dimensional quadrics). Let Xz, be as in Corollary 2.14.
Assume that d is even, that dim(L) > 2, that P(L) N A, = @, and that the divisor P (L) N
A is smooth. Under these assumptions, a proof similar to the one of Theorem 2.15 gives
rise to the equivalences

C(Xr) & C(P(L)) with C e {T', T, sS", T?, B}, (8.4)

where P (L) is the discriminant 2-fold cover of P(L).
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9. Proof of Theorem 2.18

Let us write f: X — X for the canonical morphism. As proved by Ishii—-Ueda in [14,
Thm. 1.6], we have a semi-orthogonal decomposition:

perf(X) = (perf(Z)n—1.....perf(Z)1, f*(perf(X))).

where all the categories perf(Z); are (Fourier—-Mukai) equivalent to perf(Z) and moreover
f*(perf(X)) is (Fourier—-Mukai) equivalent to perf(X ). Therefore, arguments similar to
those used in the proof of Theorem 2.2 yield the searched equivalences (2.19).

10. Proof of Theorem 2.21

Note first that since p } n, the integer n is invertible in k. Making use of [39, Thm. 1.1 and
Rk. 1.3], we hence conclude that the noncommutative Chow motive U(perfy,(X))q is a
direct summand of P, U (perfy, (X7 x Spec(k[o])))q. Therefore, arguments similar
to those used in the proof of Theorem 2.2 yield the searched implications (2.22). Assume
now moreover that k contains the nth roots of unity. In this case, [39, Cor. 1.5 (i)] implies
that U(perfy, (X))q is a direct summand of Docc U (perfy, (X "))8"’, where r, are cer-
tain positive integers. Hence, as above, arguments similar to those used in the proof of
Theorem 2.2 yield the implications Y C(X?) = C(X), with C € {T', T/, SS, T? B}.

11. Proof of Theorem 2.24

The proof of Theorem 2.24 is similar to the proof of Theorem 2.21 (in the case where
p 4+ n and k contains the nth roots of unity). Simply replace perf(X) by perf(X; ),
perfdg(X") by perfdg(Yg), and [39, Cor. 1.5 ()] by [39, Cor. 1.28 (ii)].
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