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Strongly quasi-local algebras and their K -theories
Hengda Bao, Xiaoman Chen, and Jiawen Zhang

Abstract. In this paper, we introduce a notion of strongly quasi-local algebras. They are defined for
each discrete metric space with bounded geometry, and sit between the Roe algebra and the quasi-
local algebra. We show that strongly quasi-local algebras are coarse invariants, hence encoding
coarse geometric information of the underlying spaces. We prove that for a discrete metric space
with bounded geometry which admits a coarse embedding into a Hilbert space, the inclusion of the
Roe algebra into the strongly quasi-local algebra induces an isomorphism in K-theory.

1. Introduction

Roe algebras are C *-algebras associated to metric spaces which encode coarse geometric
information of the underlying spaces. They were introduced by J. Roe in his pioneering
work of higher index theory on open manifolds [9, 11], in which he showed that the K-
theory of Roe algebras serves as receptacles for indices of elliptic differential operators.
Hence the computation of their K-theories becomes a central problem in higher index
theory.

An efficient and practical approach is to employ the coarse Baum—Connes conjecture,
which asserts that the coarse assembly map from the coarse K-homology of the space to
the K-theory of the Roe algebra is an isomorphism [10, 20]. The coarse Baum—Connes
conjecture has fruitful and significant applications in geometry and topology, for instance
on the Novikov conjecture and the bounded Borel rigidity conjecture (see e.g. [2, 18, 19]),
and on the non-existence of metrics of positive scalar curvature on open Riemannian man-
ifolds (see e.g. [12, 17]).

By definition, the Roe algebra C *(X) of a discrete metric space (X, d) with bounded
geometry is defined to be the norm closure of all locally compact operators T €
B(L2(X; H)) (where H is an infinite-dimensional separable Hilbert space) with finite
propagation in the following sense: there exists R > 0 such that for any f, g € £*°(X)
acting on £2(X; J() by amplified pointwise multiplication, we have fTg = 0 when their
supports are R-disjoint (i.e., d(supp f, suppg) > R). Since general elements in Roe alge-
bras may not have finite propagation, it is usually hard to detect whether a given operator
belongs to them or not.
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To overcome this issue, J. Roe suggested an asymptotic version of finite propagation
called quasi-locality in [9, 11]. More precisely, an operator T € B(£?(X; H)) is quasi-
local if for any € > 0 there exists R > 0 such that for any f, g € £°°(X) with R-disjoint
supports, we have || f Tg| < . We form the quasi-local algebra' C;(X) of X as the C*-
algebra consisting of all locally compact and quasi-local operators in B(£?(X; H)), and
show that they are coarse invariants. It is clear that operators with finite propagation are
quasi-local, and hence the quasi-local algebra C;(X) contains the Roe algebra C*(X).

A natural question is to ask whether these two algebras coincide, which has been
extensively studied over the last few decades [1,6,8,11,13,14]. Currently the most general
result is due to Spakula and the third author [14], which states that C*(X) = C;(X)
for any discrete metric space with bounded geometry and having Yu’s property A. Here,
property A is a coarse geometric property introduced by Yu [19] in his study on the coarse
Baum—Connes conjecture. However, the question remains widely open outside the world
of property A [4,7].

On the other hand, the property of quasi-locality is also crucial in the work of Engel [1]
on index theory of pseudo-differential operators. He discovered that while indices of genu-
ine differential operators on Riemannian manifolds live in the K-theory of (appropriate)
Roe algebras, the indices of uniform pseudo-differential operators are only known to be
in the K-theory of quasi-local algebras. Hence it is important to study whether the Roe
algebra and the quasi-local algebra have the same K-theory.

In this paper, we introduce a notion of strong quasi-locality and study associated
strongly quasi-local algebras. Our main focus is to study their K-theories, which might be
a potential approach to attack the higher indices problem above. To illustrate the idea, let
us explain when X is uniformly discrete (i.e., there exists C > 0 such that d(x, y) > C
for x # y). For the general case, see Section 3.12. Fix an infinite-dimensional separable
Hilbert space H and denote by K(H); the unit ball of the compact operators on H. We
introduce the following:

Definition A. Let X be a uniformly discrete metric space with bounded geometry and
T € B*(X;H)). We say that T is strongly quasi-local if for any & > 0 there exists
L > 0 such that for any L-Lipschitz map g : X — K(H);, we have

T ®1dsc, A(9)]]| < &

where A(g) € BU?(X;H ® H)) is defined by A(g)(6x R E® 1) 1= 8, @ £ ® g(x)n for
5xREQRNelP(X;HRH) = 2(X) @ HQ H.

Definition A is inspired by a characterisation for quasi-locality provided in [13] which
states that an operator T € B(£2(X; H()) is quasi-local if and only if for any & > 0 there
exists L > 0 such that for any L-Lipschitz map g : X — C with ||g|lcc < 1, we have

'Note that a uniform version was already introduced in [7].
Note that the notion of strong quasi-locality in Definition A is equivalent to that in Definition 3.4
provided the underlying space is uniformly discrete.
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[T, g]ll < &. Hence the notion of strong quasi-locality can be regarded as a compact oper-
ator valued version of quasi-locality, and undoubtedly strengthens the original notion (as
literally suggested).

Analogous to the case of quasi-locality, we form the strongly quasi-local algebra
C;; (X) as the C*-algebra consisting of all locally compact and strongly quasi-local oper-
ators in B(£2(X; J()). We show that the strongly quasi-local algebra C;;(X ) contains
the Roe algebra C*(X), and is contained in the quasi-local algebra C;(X) (see Propo-
sition 3.6). We also study coarse geometric features of strongly quasi-local algebras, and
show that they are coarse invariants as in the case of Roe algebras and quasi-local algebras
(see Corollary 3.12).

Our motivation of introducing strongly quasi-local algebras is that their K-theory is
relatively easy to handle when the underlying space is coarsely embeddable. More pre-
cisely, we prove the following:

Theorem B. Let X be a discrete metric space of bounded geometry. If X admits a coarse
embedding into a Hilbert space, then the inclusion of the associated Roe algebra C*(X)
into the strongly quasi-local algebra CS’(‘](X ) induces an isomorphism in K -theory.

Theorem B is the main result of this paper, which is inspired by the well-known the-
orem of Yu [19] that the coarse Baum—Connes conjecture holds for discrete bounded
geometry spaces admitting a coarse embedding into a Hilbert space. The proof of The-
orem B follows the outline of [16, Section 12] (which originates in [19]), but is more
involved and requires new techniques. We divide the proof into several steps, and here let
us explain several key ingredients in the proof.

First we prove a coarse Mayer—Vietoris argument for strongly quasi-local algebras
(Proposition 4.5), which allows us to cut the space and decompose the associated algebras.
Recall that an analogous result for Roe algebras was already established in [3]. This leads
to the reduction of the proof for Theorem B to the case of sequences of finite metric spaces
with block-diagonal operators thereon (Lemma 4.7).

We would like to highlight a technical lemma used to achieve the coarse Mayer—
Vietoris result. Recall that for a quasi-local operator T € C; (X), it is clear from defin-
ition that the restriction y47 x4 belongs to C;(A4) for any subspace A. However, this is
not obvious in the case of strongly quasi-local algebras due to certain obstructions on
Lipschitz extension (see Remark 3.9). To overcome the issue, we provide a character-
isation for strong quasi-locality in terms of compact operator valued Higson functions
(Proposition 3.7). Note that these functions appeared in [15, Section 4.2] to study the
stable Higson corona and the Baum—Connes conjecture. Thanks to the extendability of
Higson functions, we obtain a restriction result (Lemma 3.10) as required. Moreover, by
some delicate analysis, we obtain a “uniform” version (Proposition 3.8) which plays a key
role in following steps.

Then we construct a twisted version of strongly quasi-local algebras (Definition 5.10)
for sequences of finite metric spaces, and show that the identity map on the K-theory
of the strongly quasi-local algebra factors through the K-theory of its twisted counterpart
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(Proposition 6.8). To achieve this, we replace several propagation requirements for twisted
Roe algebras by different versions of (strong) quasi-locality, and construct an index map
in terms of the Bott—Dirac operators. We would like to point out that for the original quasi-
local algebras, there is a technical issue to define the index map (Lemma 6.4) following
the methods either in [19, Lemma 7.6] or in [16, Lemma 12.3.9]. Hence we have to move
to the world of strong quasi-locality.

Finally, we prove that the inclusion map from the twisted Roe algebra into the twis-
ted strongly quasi-local algebra induces an isomorphism in K-theory (Proposition 7.1).
Combining with a diagram-chasing argument, we conclude the proof for Theorem B.

Theorem B should be regarded as a first step to attack the problem whether quasi-local
algebras have the same K-theory as Roe algebras. More precisely, we pose the following
open question:

Question C. Let X be a metric space with bounded geometry which admits a coarse
embedding into a Hilbert space. Then, do we have K, (Cg (X)) = K«(C;(X))?

The paper is organised as follows: In Section 2, we collect notions from coarse geo-
metry and recall the definition of Roe algebras. We also define quasi-local algebras and
show that they are coarse invariants. In Section 3, we introduce the main concept of this
paper—strong quasi-locality and study their permanence property and coarse geometric
features. Section 4 is devoted to the coarse Mayer—Vietoris sequence for (strongly) quasi-
local algebras, based on which we reduce the proof for Theorem B to the case of sequences
of finite metric spaces. We introduce twisted strongly quasi-local algebras in Section 5,
and construct the index map in Section 6. In Section 7, we show that twisted Roe algebras
and twisted strongly quasi-local algebras have the same K-theory, and hence conclude
the proof in Section 8. The appendix provides a proof for Proposition 5.4 which slightly
strengthens [16, Proposition 12.1.10] and is necessary to achieve the main theorem, hence
we give detailed proofs for the convenience of readers.

2. Preliminaries
We start with some notions and definitions.

2.1. Notions in coarse geometry
Here we collect several basic notions.

Definition 2.1. Let (X, dx) be a metric space, A € X and R > 0.
(1) A is bounded if its diameter diam(A) := sup{dx (x, y) : x, y € A} is finite.
(2) The R-neighbourhood of A in X is Ngr(A) :={x € X :dx(x,A) < R}.
(3) Aisanetin X if there exists some C > 0 such that N¢c(4) = X.
(4) For x¢ € X, the open R-ball of xg in X is B(xg; R) :={x € X : dx(x9,x) < R}.
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(5) (X.dx) is said to be proper if every closed bounded subset is compact.
(6) If (X, dy) is discrete, we say that X has bounded geometry if for any r > 0 there
exists an N € N such that |B(x;r)| < N for any x € X, where | B(x;r)| denotes
the cardinality of the set B(x;r).
Definition 2.2. Let f : (X,dx) — (Y, dy) be a map between metric spaces.

(1) f is uniformly expansive if there exists a non-decreasing function p4 : [0, 00) —
[0, 00) such that for any x, y € X, we have

dy (f(x). f(»)) = p4(dx (x. ).

(2) f is proper if for any bounded B C Y, the pre-image f~'(B) is bounded in X.
(3) f is coarse if it is uniformly expansive and proper.

(4) f is effectively proper if there exists a proper non-decreasing function p_ :
[0, 00) — [0, 00) such that for any x, y € X, we have

p—(dx (x,y)) <dy(f(x), f(»)).

(5) f is a coarse embedding if it is uniformly expansive and effectively proper.

Note that f being uniformly expansive is equivalent to the expansion function py :
[0, 00) — [0, 0] of f, defined as

pr(s) := sup {dy (f(x), f(»)) : x,y € X withdx (x,y) < s}, (2.1
being finite-valued.

Definition 2.3. Let (X, dx) and (Y, dy) be metric spaces.

(1) Two maps f, g : (X,dx) — (Y, dy) are close if there exists R > 0 such that for
all x € X, we have dy (f(x), g(x)) < R.

(2) Acoarse map f : (X,dx) — (Y,dy) is called a coarse equivalence if there exists
another coarse map g : (Y, dy) — (X, dx) such that f o g and g o f are close
to identities, where g is called a coarse inverse to f. It is clear that f is a coarse
equivalence if and only if it is a coarse embedding and f(X)isanetin Y.

(3) (X,dyx) and (Y, dy) are said to be coarsely equivalent if there exists a coarse
equivalence from X to Y.

For families of metric spaces and maps, we also need the following notions.

Definition 2.4. Let {(X,, dx,)}sen be a sequence of finite metric spaces. A coarse dis-
Jjoint union of {(X,. dx,)} is a metric space (X, dy) where X is the disjoint union of { X, }
as a set, and dy is a metric on X satisfying the following:

* the restriction of dx on X, coincides with dyx,,;

e dx(Xn, X\ X,) > ccasn — oo.
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Note that any two such metrics dx are coarsely equivalent. We say that a sequence
{(Xy.dx,)}nen has uniformly bounded geometry if its coarse disjoint union has bounded
geometry.

Definition 2.5. A family of maps { f; : X; — Y;}iesr between metric spaces is called a
uniformly coarse embedding if there are non-decreasing proper functions p+ : [0, c0) —
[0, 00) such that

p—(dx; (x,y)) = dy,(fi(x), fi(y)) = p+(dx; (x,y))

foralli € I and x, y € X;. We say that {X; };e; uniformly coarsely embeds into Hilbert
spaces if there exists a uniformly coarse embedding { f; : X; — E;};e; where each E; is
a Hilbert space.

It is clear that a sequence of finite metric spaces { X}, },en uniformly coarsely embeds
into Hilbert spaces if and only if its coarse disjoint union | |, X, coarsely embeds into
some Hilbert space.

2.2. Roe algebras and quasi-local algebras

For a proper metric space (X, dy), recall that an X -module is a non-degenerate *-represen-
tation Co(X) — B(Hx) for some infinite-dimensional separable Hilbert space #y. We
also say that #x is an X-module if the representation is clear from the context. An
X -module is called ample if no non-zero element of Cy(X) acts as a compact operator
on Hx . Note that every proper metric space X admits an ample X -module.

Let #x and Ky be ample modules of proper metric spaces X and Y, respectively.
Given an operator T € B(Hx, Hy), the support of T is defined to be

supp(T) := {(y.x) € Y x X : yyTxu # 0 for all neighbourhoods U of x and V' of y}.

When X =Y, the propagation of T € B(Hy) is defined to be

prop(T) := sup{dx (x, y) : (x,y) € supp(T)}.

We say that an operator T € B(Hx) has finite propagation if prop(T) is finite, and T is
locally compact if fT and Tf are compact for all f € Co(X) (which is equivalent to
both yx T and T yx being compact for all compact subsets K € X).

Definition 2.6. For a proper metric space X and an ample X-module Ky, the alge-
braic Roe algebra C[Hx] of Hx is defined to be the x-algebra of locally compact finite
propagation operators on #x, and the Roe algebra C*(Hx) of Hx is defined to be the
norm-closure of C[Hx] in B(Hx).

It is a standard result that the Roe algebra C*(Hx) does not depend on the chosen
ample module Hx up to *x-isomorphisms, hence denoted by C*(X) and called the Roe
algebra of X . Furthermore, C*(X) is a coarse invariant of the metric space X (up to non-



Strongly quasi-local algebras and their K-theories 247

canonical x-isomorphisms), and their K-theories are coarse invariants up to canonical
isomorphisms (see, e.g., [10]).
Now we move on to the case of quasi-locality.

Definition 2.7. Given a proper metric space (X, dy) and an ample X-module #x, an
operator 7" € B(Hy) is said to be quasi-local if for any ¢ > 0, there exists R > 0 such
that 7" has (&, R)-propagation, i.e., for any Borel sets A, B C X with dx (A, B) > R, we
have || y4aTxB| < e.

It is clear that the set of all locally compact quasi-local operators on Hx forms a
C *-subalgebra of B(Hx ), which leads to the following:

Definition 2.8. For a proper metric space X and an ample X-module #x, the set of all
locally compact quasi-local operators on Hy is called the quasi-local algebra of Hy,
denoted by Cj (Hx).

As in the case of Roe algebras, we now show that quasi-local algebras do not depend
on the chosen ample modules either.

Let X and Y be proper metric spaces and Hx, Ky be ample modules, respectively.
Let f : X — Y be a coarse map. Recall that a covering isometry for f is an isometry
V : Hx — Hy such that supp(V) C {(y,x) : dy (y, f(x)) < C} for some C > 0. In this
case, we also say that V' covers f. It is shown in [16, Proposition 4.3.4] that covering
isometries always exist. Following the case of Roe algebras, we have the following:

Proposition 2.9. Let Hx and Ky be ample modules for proper metric spaces X and Y,
respectively. Let f : X — Y be a coarse map with a covering isometry V : Hx — Hy.
Then V induces the x-homomorphism

Ady : Cq*(e%x) — Cq*(e%y), T—VTV*.

Furthermore, the induced K -theoretic map (Ady )« : K« (C; (Hx)) > K« (Cq* (Hy)) does
not depend on the choice of the covering isometry V, hence denoted by fx.

Proof. Note that there exists a Borel coarse map close to f by [16, Lemma A.3.12], hence
without loss of generality, we can assume that f is Borel and V' covers f.

Following the same argument as in the Roe case (see, e.g., [16, Lemma 5.1.12]),
VT V* is locally compact. Fix a ty > 0 such that supp(V) C {(y,x) : dy (y, f(x)) < to}.
For any ¢ > 0, the quasi-locality of 7 implies that there exists a Ry > O such that T
has (&, Ro)-propagation. We set R = 2t + pr(Ro) + 1 where pr is defined as in equa-
tion (2.1). For any Borel sets C, D C Y with dy (C, D) > R, it is clear that

dy (N, (C), N1y (D)) = pr(Ro) +1 > pr(Ro)

and hence dy (f 71 (N, (C)), f (N (D))) > Ry. Since V covers f, we obtain

xcV =xcVxr-iw,cy and V xp = xs-1w,onV " xp-
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Hence

IxcVTV*xpll = lxc V-1, @) Txr-1w,mnV 1ol
= xr-rwvgenTxr-1wy on ll < &

which implies that VT V* is quasi-local.
The second statement follows almost the same argument as in the case of Roe algebra
(see, e.g., [16, Lemma 5.1.12]), hence omitted. [

It is shown in [16, Proposition 4.3.5] that for a coarse equivalence f : X — Y, we
can always choose an isometry V' : #x — Hy covering f such that V' is unitary. Con-
sequently, we obtain the following:

Corollary 2.10. Let Hx and Hy be ample modules for proper metric spaces X and Y,
respectively. If X and Y are coarsely equivalent, then the quasi-local algebra C; (Hx)
is x-isomorphic to Cq* (Hy). In particular, for a proper metric space X the quasi-local
algebra C;(Hx) does not depend on the chosen ample X -module Hx up to *-isomor-
phisms, hence called the quasi-local algebra of X and denoted by C;(X).

3. Strongly quasi-local algebras

In this section, we introduce a new class of operator algebras which are called the strongly
quasi-local algebras. They sit between Roe algebras and quasi-local algebras and their
K-theories will be the main focus of the paper. Here we study their basic properties and
coarse geometric features.

Let us begin with some more notions:

Definition 3.1. Let (X, dy), (¥, dy) be metric spaces and g : X — Y be a map.

(1) Given L > 0, we say that g is L-Lipschitz if dy (g(x), g(y)) < Ldx (x, y) for any
x,y e X.

(2) Given A C X, e > 0and R > 0, we say that g has (&, R)-variation on A if for any
x,y € Awithdy (x,y) < R, we have dy (g(x), g(y)) < e. When A = X, we also
say that g has (e, R)-variation.

Definition 3.2. Let g : X — C be a continuous function on a metric space (X, dy).

(1) We say that g is bounded if its norm || g |0 := Sup,cx |g(x)| < 0o. Denote the set
of all bounded continuous functions on X by Cp(X), and by Cp(X )1 the subset
consisting of functions with norm at most 1.

(2) We say that g is a Higson function if g € Cp(X) and for any ¢ > 0 and R > 0,
there exists a compact subset K C X such that g has (e, R)-variation on X \ K.
Denote Cy(X) the set of all Higson functions on X .
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Our notion of strong quasi-locality is inspired by the following result partially from
[13, Theorem 2.8]. Recall that for operators 7, S € B(H) on some Hilbert space #, their
commutator is defined to be [T, S]:=TS — ST.

Proposition 3.3. Let X be a proper metric space, #x be an ample X -module and T €
B(Hx ) be a locally compact operator. Then the following are equivalent:

(1) T is quasi-local in the sense of Definition 2.7;

(2) forany e >0, there exists L > 0 such that for any L-Lipschitz function g € Cp(X )
we have ||[T, g]|| < &;

(3) for any € > 0, there exist §, R > 0 such that for any function g € Cp(X)1 with
(8, R)-variation we have ||[T, g]|| < &;

(4) [T, h] is a compact operator for any h € Cp(X).

Note that the equivalence among (1), (2) and (4) are the “easier” part of [13, The-
orem 2.8]. And also note that the equivalence between (1) and (3) can be proved using the
same argument therein to show “(1) < (2)”, hence omitted.

3.1. Strong quasi-locality

Now we introduce the notion of strong quasi-locality, where we consider compact operator
valued functions instead of complex valued ones in Proposition 3.3 (3).

Throughout the rest of the paper, we only consider proper discrete metric spaces to
simplify the notation. We also fix an infinite-dimensional separable Hilbert space 3.

Let X be a proper discrete metric space and #y be an ample X-module. For each
x € X, denote Hy := y(xyHx. An operator S € B(Hy ® H) can be regarded as an
X-by-X matrix (Sx,y)x,yex, where Sy, € B(Hy @ H, #, ® H). Denote K(H) the
C*-algebra of compact operators on H, and K (H); its closed unit ball (with respect to
the operator norm).

Recall thatamap g : X — K(H) is bounded if || g||oo := sup ey [|g(x)| < co. Given
abounded map g : X — K(H), we define an operator A(g) € B(Hx ® H) by setting its
matrix entry as follows:

Idge, ® g(x), y=nx,

A(Q)x,y = {o (3.1)

, otherwise.

Note that this is a block-diagonal operator with respect to the decomposition Ky @ H =
D, x (Hx ® H). We also write A g, (g) instead of A(g) when we want to emphasise the
module Hy involved.

The following is the main concept of this paper:

Definition 3.4. Let X be a proper discrete metric space and #x be an ample X -module.
An operator T' € B(Hy) is called strongly quasi-local if for any & > 0 there exist §, R > 0
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such that for any map g : X — K(H); with (§, R)-variation, we have

[T ® 1dsc, A(g)] ||%(J€X®g{) <e. (3.2)

It is easy to see that the set of all locally compact strongly quasi-local operators on J#x
forms a C *-algebra, hence called the strongly quasi-local algebra of Hx and denoted by
Coq(Hx).

Remark 3.5. A direct calculation shows that for x, y € X, the xy-matrix entry of the
commutator [T ® Idg¢, A(g)] in inequality (3.2) is given by

[T ® Idse, A(Q)]x,y = Tx,y ® (g(¥) — g(x)). (3.3)

The following result records the relation amongst Roe algebras, quasi-local algebras
and strongly quasi-local algebras.

Proposition 3.6. Let X be a proper discrete metric space and Hx be an ample X -module.
Then we have

(D) Cq(Hx) < Cj (Hx):
(2) if X has bounded geometry, then C*(Hx) < Cg(Hx);
(3) if X has bounded geometry and Property A, then C*(H#x)= CSZ(J(X) = Cq* (Hx).

Proof. (1) Fix a rank-one projection p € B(H). For g € Cp(X)1, we construct g : X —
K(H)1 by g(x) := g(x)p. Since [T ® Ids¢c, A(g)] = [T, g] ® p, the conclusion follows
from the definition of strong quasi-locality and Proposition 3.3 (3).

(2) Assume that T € B(Jx ) has propagation at most R. Then forany g : X — K (H),
the commutator [T" ® Idg¢, A(g)] has propagation at most R from (3.3). Since X has
bounded geometry, it is well known (see, e.g., [16, Lemma 12.2.4]) that there exists an N
depending on R such that for any g : X — K(H); we have

|17 ® Idsc, A(2)]| < N - sup | T2y ® (g(v) — g(0)) |-
X, YEX,

d(x,y)<R
This concludes the proof.
(3) It follows from [14, Theorem 3.3] that C*(#x) = C; (Hx) under the given as-
sumption, which (together with (1) and (2)) concludes the proof. [

Our next aim is to explore characterisations for strong quasi-locality as in Proposi-
tion 3.3. First note that Definition 3.4 is a compact operator valued version of condition (3)
therein. Unfortunately, we cannot find an appropriate substitute for condition (1) in Pro-
position 3.3. As for condition (2) therein, it is clear that the compact operator valued
version is equivalent to strong quasi-locality provided the underlying space is uniformly
discrete (i.e., there exists C > 0 such that d(x, y) > C for x # y in X). However, it is
unclear whether this holds in general.
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As for condition (4) in Proposition 3.3, we have the following result concerning com-
pact operator valued Higson functions. Recall that a compact operator valued function
h: X — K(H) on a metric space X is a Higson function if h is bounded and for any
e > 0 and R > 0, there exists a compact subset K C X such that & has (g, R)-variation
on X \ K.

Proposition 3.7. Let X be a discrete metric space of bounded geometry and #x an ample
X -module. Then for a locally compact operator T € B(Hx ), the following are equivalent:

(1) T is strongly quasi-local;
2) [T ® Idg¢, A(h)] € K(Hx ® H) for any Higson function h : X — K(H).

The proof of Proposition 3.7 is almost identical to that of [13, Theorem 2.8 “(1) <
(3)’] with minor changes, hence omitted.

3.2. Strong quasi-locality on subspaces

In this subsection, we study the behaviour of strong quasi-locality under taking subspaces.
First note that in the case of quasi-locality, we have the following observation (which
follows directly from Definition 2.7): given a proper discrete metric space X and an ample
module Hy, for any quasi-local operator 7" € B(Hx) and any & > 0 there exists R > 0
such that for any A € X the operator y47T x4 has (e, R)-propagation. In other words,
quasi-locality is preserved “uniformly” under taking subspaces.

Now we focus on the case of strongly quasi-local operators, and show that they have
similar behaviour when taking subspaces. However, the proof is more involved due to the
lack of characterisation in terms of (g, R)-propagation.

Proposition 3.8. Let X be a discrete metric space with bounded geometry and Hx an
ample X -module. Assume T € B(Hx) is locally compact and strongly quasi-local. Then
for any € > 0, there exist 5, R > 0 such that for any A C X and g : A — K(H); with
(8, R)-variation, we have

|1CtaTxa) ® ldse, A 550,030 < &

where AT x4 is naturally regarded as an operator on Hy := yaHx.

Remark 3.9. A natural thought for the proof is to extend a function g : A — K(H); to X
and preserve the variation (or at least with controlled variations). However (as pointed out
by Rufus Willett in personal communications), this is at least as hard as finding extensions
with values in a Hilbert space. The problem of extending Hilbert space valued functions is
fairly well studied [5], and there are known obstructions. In the following, we will bypass
the problem using Proposition 3.7.

First we prove a “subspace-wise” version of Proposition 3.8 (note the difference on
orders of quantifiers). To simplify the notation, for A € X we will regard the characteristic
function y4 either as the multiplication operator on Jx or the amplified multiplication
operator y4 ® Idgc on Hx ® H according to the context.
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Lemma 3.10. Let X be a discrete metric space with bounded geometry and Hx an ample
X -module. Assume that T € B(Hx) is locally compact and strongly quasi-local. Then for
any A C X and ¢ > 0, there exist §, R > 0 such that for any g : A — K(H) with (§, R)-
variation, we have || [(xaT y4) ® Idge, A(g)] H%(,%Aépf}c) <e.

Proof. By Proposition 3.7, we know that [T ® Idg¢, A(h)] € K(Hx ® H) for any Higson
function 4 : X — K(H). Now, fix a subspace A C X. For any Higson function g : 4 —
K(H), it follows from [15, Lemma 4.3.4] that g can be extended to a Higson function
g:X — K(H). Hence we obtain

[(xaT x4) ® Idge, A(g)] = xalT ®Idgc, A(8)]xa € xaK(Hx ® H)ya € K(Ha @ H).

Using Proposition 3.7 again, we obtain that y47 y4 is strongly quasi-local on 4. This
concludes the proof. ]

Now we are in the position to prove Proposition 3.8. Roughly, our idea is assuming
the contradiction and using the condition of strong quasi-locality repeatedly to obtain a
single piece of subspace, which is contradictory to Lemma 3.10.

Proof of Proposition 3.8. Fix a base point xg € X, and write Bg for B(xo; S) where S > 0.
Assume the contrary, then there exists some g9 > 0 such that for each n € N, there exist
A, € X and g, : Ay — K(H); with (%,n)—variation on A, such that

|24, T x4, © dsc, Alga)]]| > eo. (3.4)
Note that (xg)s>o strongly converges to Idg, as S — oo, hence forn € N,
g0 < sup | xas[xa, Txa, ® Idsc, A(gn)lxas ||
S>0

= sup |UxannBs Txa,nps © Idse, Algn)l-
>0

Without loss of generality, we can assume that each A4, is finite. For the above &, there
exists Ro > 0 such that 7" has (%, Ro)-propagation.
Claim. For any R > Ry, there exists N € N such that for any n > N we have

” [XAn\BRTXA,,\BR ® Idg, A(gn)] “ > %)

We assume the contrary, i.e., assume that there exist some R > Ry and an increasing
sequence (nx)p~, € N tending to infinity such that

| U \BR T XA \Br ® 1dsc, Algn ]| < %0-

Since dx(BR, X \ BZR) > R > R, we obtain

& &
”)(A,,kﬂBRTXAnk\BzR | < §0 and ||XA,,k\BzRTXA,,kﬂBR | < go_
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Now we cut up the operator XAn, Ty An,, 3S follows:

Xn, TXAn, = XAug"Bor T XAu, 0Bor + XAn, \Br T XAu, \B2r
+ XA \Bar T XA, N(B2r\BR)

+ XA Br T XAy \Bor + XAy \Bor T XA, "B

Combining the above inequalities with (3.4), we obtain

€0 €0
I (X4u, NBor T XAn, nBsr ® Idoc, A(gn,)] | >e0—2- i 2. e

which is a contradiction since A,, N B is contained in a fixed finite subset B> g and g,
has ( L 71 )-variation on A4, « N Bar. Hence we prove the Claim.

Now we continue the proof of Proposition 3.8. Set A1 = Ay, ny = 1 and choose

R; > Ry such that A1 C Bpr,—2. We recursively choose subsets Al, A2, ..., positive
numbers Rl < R, < --- and natural numbers n; < ny < --- as follows. Suppose that
A1, .. A, 1, Ri <+-+ < Rj_yand n; < --- < nj_ are chosen for i > 2. The Claim

implies that there exists a natural number n; > n;_; such that
|Uxan \Be, , Xy \Br,_, ®1dsc, A(gn)]| > =

We take A; := Ap, A\ BRL . (whlch is non-empty by the above estimate) and choose
R; > Rl 1 such that Aju---ud; CB R;—2i- In summary, we obtain non-empty sub-
sets {A; };en and functions g; := gn; |gi : A; = K(H), with (nil_, n;)-variation such that

\xz Txz ®dse, A@D]| > —

Define 4 := | ;e A; and extend each gi to A by zero on the complement (still
denoted by g;). It is clear from the above construction that dy (4;, A \ A;) > 2:~!, and
hence g; has (ll., i)-variation on A. Moreover, we have

~ &
[aTra ® Wse. A@]] >
This is a contradiction to Lemma 3.10. Hence we conclude the proof. [

3.3. Coarse invariance of strongly quasi-local algebras

In this subsection, we show that strongly quasi-local algebras are coarse invariants provid-
ed the underlying spaces have bounded geometry. In particular, this implies that strongly
quasi-local algebras are independent of ample modules. The proof follows the outline of
that for Proposition 2.9 but is more involved.
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Proposition 3.11. Let X, Y be discrete metric spaces with bounded geometry and Hyx,
Hy be ample modules for X and Y, respectively. Let f : X — Y be a coarse map with a
covering isometry V : Hx — Hy. Then V induces the following *-homomorphism

Ady : C;(:(]fx) — C;;(ny), T—VTV*.

Furthermore, the induced K -theoretic map (Ady )« : K«(Cg(Hx)) — K« (Cg(Hy)) does
not depend on the choice of the covering isometry V, hence denoted by f.

Proof. We only show that VT V* € Cg(Hy) if T € Cg(JHx). The “Furthermore” part
follows almost the same argument as in the case of Roe algebra, hence omitted.

First note that VT V* is locally compact as in Proposition 2.9. To see that VT V* is
strongly quasi-local, we assume that supp(V) C {(y, x) : dy (f(x),y) < Ry} for some
Ry > 0. Since Y has bounded geometry, there exists N € N such that

{y €Y :dy(f(x).y) <Ro}| =N
for any x € X. Hence we can write (see, e.g., [16, Lemma 12.2.3])
V=W+W+- -+ Wy

where each W; € B(Hy, Hy) satisfies supp(W;) € supp(V), supp(W;) N supp(W;) is
empty for any j # i, and for any pair (y1, x1) # (y2, x2) € supp(W;) we have x; # x5.
Set M := max{||W;|| :i = 1,..., N}. For later use, we denote

D; :={x € X : 3y € Y such that (y, x) € supp(W;)} C X.

It follows that for each i there exists a map #; : D; — Y such that (y, x) € supp(W;) if
and only if x € D; and y = #;(x).
It suffices to show that each W,-TW]-* is strongly quasi-local. Given an ¢ > 0, there
exist §’, R” > 0 such that for any ¢ : X — K(H); with (§’, R’)-variation, we have
€
T ®Idge, A < —.
II7 ® s, AW < 52>
Set

8:min{ and R = Ro+ ps(R),

€ 5,}
AM2||T|
where py is defined in (2.1). For any g : ¥ — K(J(); with (8, R)-variation and each i, we
construct ¢; : X — K(H); as follows:

(goti)(x)’ if x EDi,
@i (x) = ,
, otherwise.

It is clear that (#; (x), x) € supp(W;) C supp(V) C {(y,x) : dy (f(x),y) < Rp} for each
i and x € D;, which implies that dy (; (x), f(x)) < Ry < R. Hence we obtain

xXe

sup @i (x) = (g0 )| <6,
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which implies that for each i we have
IA(pi —go YW ®Ids))l <8M  and  [[(W; ® Ids)A(pi —g o )l =dM. (3.5)
On the other hand, direct calculations show that for each i we have
A(Q)(W; ® Idy) = (W; ® Id30)Alg;)
and
(W ® 1d30)A(g) = Api) (W @ Idg).
Hence we obtain
[[W: T W) ® Idse, Ag)]|
= [(WiT) ® Idsc) Al ) (W} @ 1dge) — (W; @ Ids0) Algi) (TW/) @ ds) |
< [(W:T) ® 1dsc) Ag o £) (W} @ 1dsc)
— (W ® lds)) A(g o /)((TW}*) ® Ids() || +2M>|T|8
e
< | W @ 1d30)[T ® Idse, Ag o W] @ 1ds) | + 2
where we use (3.5) in the second inequality. Note that g o f : X — K(H); has (&, R')-
variation. Hence ||[7' ® Idg¢, A(g o f)]ll < 537z, Which implies
e . e .
oMz 2
Hence each W; T Wj* is strongly quasi-local. ]

[lOWT W) @ 1dsc, A(g)]|| < M2 -

As a direct corollary, we obtain:

Corollary 3.12. Let Hx and Hy be ample modules for discrete metric spaces X and Y
of bounded geometry, respectively. If X and Y are coarsely equivalent, then the strongly
quasi-local algebra CSZ(%X) is *x-isomorphic to Csf](e}’fy). In particular, for a discrete
metric space X of bounded geometry the strongly quasi-local algebra C:](fo) does
not depend on the chosen ample X -module Hx up to x-isomorphisms, hence called the
strongly quasi-local algebra of X and denoted by CS";(X ).

3.4. The case for sequences of metric spaces

Here we study the strongly quasi-local algebra for a sequence of metric spaces. This is
crucial to analyse the “building blocks” when we prove our main theorem.

Let {X,}sen be a sequence of finite metric spaces and p, : Co(X,) — B(H,) an
ample module for X,. Let X be a coarse disjoint union of {X,} and Hy := B, H,.
Since Co(X) = €P,, Co(X,), we can compose p, into a single representation,

p =D CoX) — []B(Hn) S B(Hx).

It is clear that p is an ample module for X. In the following, we also regard a sequence
(Tn)nen € [, B(Hy) as a single operator in B(Hy).
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For a locally compact operator 7" € B(Hx ) with finite propagation, it follows directly
from definition that 7" is block-diagonal up to compact operators. Hence we have the
following decomposition for Roe algebras:

Lemma 3.13. Using the same notation as above, we have

(1) (C*(Hx) N[, B(Hn)) + K(Hx) = C*(Hx);

(2) (C*(Hx) N, B(Hn)) N K(Hx) = DB, C*(Hn).

In the case of (strong) quasi-locality, we have similar results as follows. We only need
those concerning strong quasi-locality for later use, while we collect them here for com-
pletion.

Lemma 3.14. Using the same notation as above, we have

(1) (CF(Hx) N1, B(Hn)) + K(Hx) = CF (Hx);

(2) (C7(Hx) N, B(Hn)) N K(Hx) = DB, C (Hn):

(3) (Cx(Hx) N1, BHa)) + K(Hx) = CL(Hx);

(4) (Cq(Jtx) N1, B(Hn)) N K(Hx) = B, Co(Hn).

Proof. The proof is different from that for Roe algebras, and we only prove (3) and (4)
since the other two are similar and easier.

For (3): note that K (Hx) < CS’; (#x ), hence the left-hand side is contained in the right

one. For the converse, it follows from [13, Corollary 4.3] that for any T € Csf](e%x) C
C; (Hx) and & > 0, there exists some N € N such that

<Eé&.

N N
”T - (ZX&-)T(ZM-) =Y xx Txx,
i=1 i=1 i>N

Since T is locally compact, then (Zfil )(X,.)T(Zf\;l Xx;) is compact. It suffices to show
that Y ;o n xx; Txx; € C;a(](x). Given ¢ > 0, the strong quasi-locality of 7" implies that
there exist §, R > 0 such that for any g : X — K(H); with (8, R)-variation, we have
T ® Idgc, A(g)]ll < e. Now, for any such g, we have

“ [(,;v 1T, ) ® 1dse, A(g) H

sup ” [(XX,‘ TXX;‘) ® Idge, A(g)] ”
i>N

= sup || xx, [T ® Idsc, A(®)]xx; || < e

i>N

Hence we obtain that ) ,_ y xx; T xx; is strongly quasi-local, which concludes (3).
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For (4): note that C*(J¢,) = C; (Hy) = C;S(J(n) = K (H},) for each n and hence
(cateo nTTBEE)) N R0 = 400 0 (T B N KGx))

= C(Hx) NP K(Hn) = P K(H)

= P it

Hence we conclude the proof. ]

For later use, we introduce the following notion of (strong) quasi-locality for a se-
quence of operators. Note that the definition is nothing but uniform versions of (strong)
quasi-locality.

Definition 3.15. Let {X, },en be a sequence of finite metric spaces and p, : Co(X,) —
B () be ample modules. For a sequence (7,),en Where T,, € B(H,,), we say that
(1) (Tp)nen is uniformly quasi-local if for any & > 0 there exists R > 0 such that for
anyn € N and C,,, D, € X, with d(C,, D,) < R, we have || xc,Tuxp, || < €
(2) (Tp)nen is uniformly strongly quasi-local if for any & > 0 there exist 6, R > 0

such that for any n € N and g, : X, — K(H); with (§, R)-variation, we have
7% ® Idgc, A(ga)]ll < e.

Lemma 3.16. Let { X, },eN be a sequence of finite metric spaces, py : Co(Xy) — B(Hy)
be ample modules and Hx := P, Hy. For a sequence (Ty)nen € [, K(Hn), we have
(1) (Tn) € C;(Hx) if and only if (T) is uniformly quasi-local;
(2) (Ty) € Cq(Hx) if and only if (Ty) is uniformly strongly quasi-local.

Hence, if (T,) is uniformly strongly quasi-local, then it is uniformly quasi-local.

The proof is straightforward, hence omitted.
Analogous to the coarse invariance of Roe algebras, we have the following result con-
cerning sequences of spaces. The proof is similar, hence omitted.

Proposition 3.17. Let {X, }neN be a sequence of finite metric spaces with uniformly
bounded geometry, and p, : Co(Xy) — B(Hy) be an ample module for X,. Let X be
a coarse disjoint union of { X, } and Hx := €,, #n. Then the K-theories K(C*(Hx) N
[ 1, B(Hn)), Ki(CJ (Hx) N[, B(Hn)) and K. (C5(FHx) N[, B(Hn)) are independ-
ent of p, up to canonical isomorphisms.

4. The coarse Mayer—Vietoris sequence

The tool of Mayer—Vietoris sequences is widely used within different area of mathematics,
especially in algebraic topology. It provides a “cutting and pasting” procedure, which
allows us to obtain global information from local pieces.
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In coarse geometry, Higson, Roe and Yu introduced a coarse Mayer—Vietoris sequence
for K-theories of Roe algebras associated to a suitable decomposition of the underlying
metric space in [3]. More precisely, recall that a closed cover (A, B) of a metric space X
is said to be w-excisive if for each r > 0 there is some s > 0 such that N, (A) N N, (B) €
Ns(A N B). Associated to an w-excisive closed cover (A4, B) of a metric space X, we
have the following short exact sequence (called the coarse Mayer—Vietoris sequence):

Ko(C*(AN B)) —— Ko(C*(4) ® Ko(C*(B)) — Ko(C*(X))

I |

Ky (C*(X)) «—— Ki(C*(4)) & K1 (C*(B)) «— Ki(C*(4N B)).

In this section, we explore a coarse Mayer—Vietoris sequence for strongly quasi-local
algebras and use it to reduce the proof of Theorem B to the case of “sparse” spaces. Let
X be a discrete metric space with bounded geometry and #x be an ample X -module.

Definition 4.1. Let A be a (closed) subset of X. Denote by C;g (A, X) the norm-closure
of the set of all operators T € C;’;(]{’X) with support contained in Ng(A) x Ng(A) for
some R > 0.

Lemma 4.2. Cg (A, X) is a closed two-sided *-ideal in Cg(Hx).

Proof. Tt suffices to show that for 7, S € CS*(; (Hx) with supp(T) € Ng(A) x Ng(A) for
some R > 0, then 7S and ST belong to CS’Z(A, X). By Proposition 3.6 (1), we know
that S € C;(Hx). Hence for any & > 0, there exists Ry > 0 such that S has (”'ST”, Ry)-
propagation. It follows that

ITS = XN TS X Ngiry ) | = I XN T (X NR(4)S — X NR(A)S XNy Ry ()| < €.

Hence, by definition, we obtain that 7'S € CSZ(A, X). A similar argument shows that
ST € CSZ(A’ X)) as well, which concludes the proof. |

Based on a similar argument as in the proof of [3, Section 5/Lemma 1] together with
Corollary 3.12, we have the following:

Lemma 4.3. For a (closed) subset A C X, take an isometry V covering the inclusion
i A <> X. Then the range of Ady : Cg(A) — Cg(X) is contained in Cg(A, X). Fur-
thermore, the map ix : Ky (Cg(A)) — K«(Cg(A, X)) is an isomorphism.

We also have the following result analogous to [3, Section 5/Lemma 2]:
Lemma 4.4. Let (A, B) be an w-excisive (closed) cover of X, then we have
CS’;(A, X)+ C::](B, X)= CS’;(X)

and
CS’ZI(A, X)Nn CSZ(B,X) = CST](A N B, X).
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Proof. GivenT € Cg (X ) and & > 0, it follows from Proposition 3.6 (1) that there exists
R > O such that 7" has (8 R)-propagation. Note that T = y4T + yp\aT since AUB =X,
then T is 2e-close to x4 T x pz(4) + xB\AT X N (B\4)- Hence we obtain that CJj (A X)+

(B X) is dense in C} (X ). It follows from a standard argument in C *-algebras (e.g.,
[3 Sectlon 3/Lemma 1]) that Cq(A4, X) + CH(B, X) = Cg(X).

Concerning the second equatlon we only need to show that C} o (A, X )C (B,X) C

(A NB,X).FixT,S eCy o(X) with supp(T') € Ng(A) x NR(A) and supp(S) -
N R(B) x Nr(B) for some R > 0. The assumption of w-excision implies that there exists
an L > 0 such that Ng(A4) N Nr(B) € N.(AN B). Hence we have T'S = Ty, (4nB)S.-
For any ¢ > 0 there exists an L’ > 0 such that 7' has (ﬁ L')-propagation and S has
(”'ST” L")-propagation. Hence we have

ITS = Xy 1 anBY TS XNy, panBy || < 2e.
Therefore we obtain that 7S € C; (4N B, X), which concludes the proof. |

Applying the Mayer—Vietoris sequence in K-theory for C*-algebras (see [3, Sec-
tion 3]) to the ideals C} (4. X), c (B, X) in c (X) and combining with Lemma 4.3
and Lemma 4.4, we obtam the followmg coarse Mayer—Vletorls principle for strongly
quasi-local algebras:

Proposition 4.5. Let (A, B) be a (closed) w-excisive cover of X. Then there is a six-term
exact sequence

Ko(C(AN B)) —— Ko(Cg(A)) & Ko(Cy(B)) — Ko(Cy(X))

I |

K1(Cq(X)) «—— Ki(Cg(A) & Ki(Cg(B)) «—— Ki(C(AN B)).

For future use, we record that the same argument can be applied to obtain the Mayer—
Vietoris principle for quasi-local algebras as follows. However, this will not be used in
this paper.

Proposition 4.6. Let (A, B) be a (closed) w-excisive cover of X. Then there is a six-term
exact sequence

Ko(C/ (AN B)) —— Ko(Cj(A) & Ko(Cg(B)) — Ko(C7 (X))

[ |

Ki(C}(X)) +—— K1(C(A) @ Ki(C(B)) +— Ki(C}(AN B)).

Now we use Proposition 4.5 to reduce the proof of Theorem B to the case of block-
diagonal operators.
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Lemma 4.7. To prove Theorem B for all bounded geometry metric spaces that coarsely
embed into a Hilbert space, it suffices to prove that for any sequence of finite metric spaces
{Yn}52, which has uniformly bounded geometry and uniformly coarsely embeds into a
Hilbert space, the inclusion C*(Hy) N [], B(Hn) — Cg(Hy) N1, B(Hn) induces
isomorphisms in K-theory where ¥, is an ample Y,-module, Ky is their direct sum and
Y is a coarse disjoint union of {Yy}.

Proof. Lemma 3.13 and 3.14 imply that

C*(Jty) _ C* ) NIL B - Catly) | CGUty) N T, B
R(Hy) — Dn C(Hn) KRHy) — Da )

Since C*(J,) = Cg(Hy) for each n, we obtain the following commutative diagram:

o= Ka( @, C*(Hn)) — Kiu(C*(Jy) N1, BHn)) — Ki(C*(Hy)/K(Hy)) —> -

H | |

= K@, CAH) — Ku(CL(Ir) N T, BH) — KulCL(Hy)/K(Hy)) —> - .

Hence, the right vertical map is an isomorphism from the assumption and the Five Lemma.
Now consider the following commutative diagram:

s KK (Hy)) —— Ku(C*(Hy)) —— Ku(C*(Hy)/K(Hy)) — -

H | |

o Ku(R(Hy)) —— Ku(Cy(Hy)) —— Ku(Cy(Hy)/K(Hy)) —— -+,

we obtain that K, (C*(H#y)) — K« (C;f] (Hy)) is an isomorphism by the Five Lemma.
Now for a metric space X satisfying the assumption, we follow the argument in [16,
Lemma 12.5.3]. Fix a basepoint xo € X and for each n € N U {0}, we set

X, = {xeX:n3—n <dx(x,xg) < (n+1)3+(n+1)}.

Let A :=|_|,.coen Xn and B :=|_|,,..qq X»- It is obvious that (4, B) is an w-excisive cover
of X. Applying the coarse Mayer—Vietoris sequences for the associated Roe algebras ([3])
and strongly quasi-local algebras (Proposition 4.5), we obtain the following commutative
diagram:

i — Ko (C*(AN B)) — K+ (C*(A) ® K+ (C*(B)) — K (C*(X)) —> -+

| | |

> Ka(CHAN B) — Ku(CH(A) & Ku(CH(B) — Ku(CH(X)) — -

The left and middle vertical maps are isomorphisms according to the previous paragraph,
hence we conclude the proof by the Five Lemma again. [
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5. Twisted strongly quasi-local algebras

In this section, we recall the Bott—Dirac operators which will be used in the next section
to construct index maps. We also recall the notion of twisted Roe algebras from [16, Sec-
tion 12.3] (originally in [19, Section 5]) and introduce their strongly quasi-local analogue.

5.1. The Bott-Dirac operators on Euclidean spaces

Let us start by recalling some elementary properties of the Bott—Dirac operators. Here we
only list necessary notions and facts, while guide readers to [16, Section 12.1] for details.

Let E be a real Hilbert space (also called a Euclidean space) with even dimension
d € N. The Clifford algebra of E, denoted by Cliffc (E), is the universal unital complex
algebra containing E as a real subspace and subject to the multiplicative relations x - x =
|| x[|3 for all x € E. It is natural to treat Cliffc (E) as a graded Hilbert space (see for
example [16, Example E.2.12]), and in this case we denote it by Hg.

Denote <§€2E the graded Hilbert space of square integrable functions from E to #g
where the grading is inherited from J{g, and denote S the dense subspace consisting of
Schwartz class functions from E to #g. Fix an orthonormal basis {ey,...,es} of E and
let x1,...,x4 : E — R be the corresponding coordinates. Recall that the Bott operator C
and the Dirac operator D are unbounded operators on Cf% with domain S defined as

d
. 0u
(Cu)(x) =x-u(x) and (Du)(x) = Zei : E(x)
i=1 !
foru € Sg and x € E, where ¢; : Cliffc (E) — Cliffc (E) is the operator determined by
¢;(w) = (=1)"w - ¢; for any homogeneous element w € Cliffc (E).

Definition 5.1. The Bott-Dirac operator is the unbounded operator B := D + C on £%
with domain Sg.

Given x € E, recall that the left Clifford multiplication operator associated to x is
the bounded operator ¢y on éﬁ% defined as the left Clifford multiplication by the fixed
vector x, and the translation operator associated to x is the unitary operator Vy on SC%
defined by (Vyu)(y) := u(y — x). Given s € [1, 00), recall that the shrinking operator
associated to s is the unitary operator S5 on £% defined by (Ssu)(y) := s~4/2u(sy).

Definition 5.2. For s € [1,00) and x € E, the Bott—Dirac operator associated to (x, s) is
the unbounded operator By, := s !D + C — ¢y on éﬁi- with domain Sg.

Note that By g = B and By, = s~ /2 VS jsBS? Vi Ttis also known that for each
s € [1,00) and x € E, the operator By, is unbounded, odd, essentially self-adjoint and
maps Sg to itself (see, e.g., [16, Corollary 12.1.4]).

Definition 5.3. Let s € [1,00), x € E and By be the Bott—Dirac operator associated
to (x,s). Define a bounded operator on éﬁzE by

Fyx = Bsx(1+ BZ,)™/2.
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We list several important properties of the operator Fy . For simplicity, we denote
Xx,R ‘= XB(x:;R) forx € E and R > 0.

Proposition 5.4 ([16, Proposition 12.1.10]). For each ¢ > 0 there exists an odd function
U:R — [—1, 1] withW(t) - 1 ast — +oo, satisfying the following:
(1) Foralls €[l,00)and x € E, we have || Fsx — ¥V (Bsx)| < &
(2)  There exists Ry > 0 such that for all s € [1,00) and x € E, we have
prop(¥(Bs,x)) < 5~ Ro.
(3) Foralls € [1,00) and x € E, W(Bsx)? — 1 is compact.
(4) Foralls €[l,00)and x,y € E, V(Bs,x) — V(By,y) is compact.
(5) Foralls e[l,o0)and x,y € E, || Fs.x — Fs || < 3|lx — yllg. And there exists
¢ > 0 such that for all s € [1,00) and x,y € E, we have
[W(Bs.x) = W(Bsy)ll < cllx—yllE.
(6) Forall x € E, the function
[1,00) —> %(l’%), s+ W(Bsx)
is strong-* continuous.
(7)  The family of functions
[1,00) > B(LE), s> ¥(Bsyx)>—1
is norm equi-continuous as x varies over E and s varies over any fixed compact
subset of [1, 00).
(8)  Foranyr > 0, the family of functions
[1,00) > B(L%), s> VU(Byy)— U(By,)
is norm equi-continuous as (x, y) varies over the elements of E x E with
|x — y| < r, and s varies over any fixed compact subset of [1, 00).

(9) Foranye; > 0, there exists Ry > 0 such that for all R > Ry, s > 2d and x € E,
we have

||(\IJ(BS,X)2 - (1 - Xx,R)” <é&1.
(10) Forany gy > 0, r > 0 there exists R, > 0 such that for all R > R, s > 2d and
x,y € Ewith||x — y||g <r, we have

”(‘IJ(Bs,x) - \P(Bs,y))(l - Xx,R)” < &2.

Moreover, we can require the function W, the constants Ro in (2), ¢ in (5), Ry in (9) and
R, in (10) are independent of the dimension d of the Euclidean space E.

Remark 5.5. Note that statements (9) and (10) above are slightly stronger than those in
[16, Proposition 12.1.10]. For completeness, we give the proofs in Appendix A.
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5.2. Twisted Roe and strongly quasi-local algebras

Thanks to Lemma 4.7, we only focus on sequences of finite metric spaces with uniformly
bounded geometry.

We fix some notation first. Let {X},},en be a sequence of finite metric spaces with
uniformly bounded geometry which admits a uniformly coarse embedding into Euclidean
spaces { f,, : X, — E,} where each E, is a Euclidean space of even dimension d,,. Let X
be a coarse disjoint union of {X,} and denote E := {E, },eN-

Recall that I is a fixed infinite-dimensional separable Hilbert space. Denote #,, :=
02(X,) ® H, which is an ample X,-module under the amplified multiplication repres-
entation. Denote #,, g, := Hn ® SCZEn , which is both an ample X,,-module and an ample
E,-module similarly. Also define #y := @,, #, and Hx g := €D, #n,E, , both of which
are ample X-modules. For T, € B(Hy,g,), write propy, (T,) and propg, (T,) for the
propagation of 7,, with respect to the X,-module structure and the E,-module structure,
respectively. From Definition 2.6 and Definition 3.4, we form the Roe algebras C*(#, g, )
of X, and C*(Hx g) of X, and the strongly quasi-local algebras CSE(J(,,, E,) of X, and
CSE(%X,E) of X.

To introduce the twisted Roe and strongly quasi-local algebras, we need an extra con-
struction from [16, Definition 12.3.1] which involves the information of the uniformly
coarse embedding as follows:

Definition 5.6. Given n € N and T € %(f%n), we define a bounded operator TV on
Hn,E, = *(Xp) ® H ® £3 by the formula

TV 18, ®E®U > 8¢ ®E® V() TV/ (s

forx € X,,§ e Handu € éﬁzn, where f, is the uniformly coarse embedding and Vr, (x)
is the translation operator defined in Section 5.1.

For each n, decompose J, = D,.cx, Hn,x Where Hy x 1= )(x}Hy for x € X, and
Hn.E, = @xex,, Hnx @ 1’,]25". Hence T € B(H,,E,) can be considered as an X,-by-
X, matrix operator (T, y)x,yex, Where Ty ) is a bounded operator from #, , ® iZEn to
Hyx ® ién. It is clear that for 7 € QS(éEzEn) we have

TV _ Idy ® an(x)Tfo,(x)’ y =X,
oy 0, otherwise.
Hence TV is a block-diagonal operator with respect to the above decomposition.

Now we introduce the following twisted Roe algebras from [16, Section 12.6].

Definition 5.7. Let [[,cn Cp([1, 00), & (H#y,E,)) denote the product C*-algebra of all
bounded continuous functions from [1, co) to K(H,,g,) with supremum norm. Write
elements of this C *-algebra as a collection (75 s)neN,se[1,00) fOr Tn,s € K(Hn,E,), Whose
norm is

(T )|l = sup ”Tn,s”%(.}(,,,gny
neN,
s€[1,00)
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Let A(X; E) denote the *-algebra of [ [,,cry Cp ([1, 00), K (Hn,E, ) consisting of elements
satisfying the following conditions:

(D SUPse[1,00),neN PIOPY,, (Thn,s) < o0;
(2) limg— o0 SUp, e Propg, (Tn,s) = 0;
(3) further,

: |4 : |4
lim  sup ”X(),RTn,s —Tns|l = lim  sup ||Tn,on,R —Tns|l =0.
R—00 5¢[1,00), R—00 5¢[1,00),

neN neN

The twisted Roe algebra A(X; E) of {X,}nen is defined to be the norm-closure of
AXGE)in[],en Cp([1, 00), &(Hn,E,))-

Remark 5.8. The above definition appears different to [16, Definition 12.6.2], while it
coincides with the case of r = 0 therein. To see this, note that each X, is finite hence
C*(H#n,E,) = K(Hn,E,) for n € N. Then the following lemma shows that we can recover
condition (4) in [16, Definition 12.6.2].

Lemma 5.9. Givenn € N and a compact operator T € K (Hy E,), we have
lim || p/T = T| =lim|Tp} —T|| =0
iel iel

where {p; }ieq is the net of finite rank projections on &‘1}25".

Proof. Given ¢ > 0, it suffices to find a finite rank projection p € %(éﬁ%ﬂ) such that
|pV'T —T| < e.Replacing T by its adjoint T*, we obtain the other equality as well.

Since T  is compact, there exists a finite rank projection P € B(H#, E,) such that
| PT —T| < 5. Moreover, we can assume that the image of P is contained in the subspace
spanned by the finite set

{6 ®& Quj:x € Xy, € Houj € L3 fori, j = 1,2,....N}.
Hence for each x € X,,, there exists a finite rank projection gx € %(éﬁzEn) such that

P < Z Px @ 1dy ® gx.

xeXy,
where py is the orthogonal projection onto C8, C £2(X,,). Take an arbitrary finite rank
projection p € %(i%n) with p > Vf’: ()9 Vs, (x) for each x € X,,. Then we have
Y= px®Usc ® V)PV = D px ®dyc ® gy = P.
xeX, xeX,

This implies that p¥ P = P. Hence we obtain
Ip¥T =T < |p"T = p" PT||+ |PT —T| <2|PT -T|| <e,

which concludes the proof. [



Strongly quasi-local algebras and their K-theories 265

Definition 5.10. Let [ [, . Cp([1, 00), K (Hy,E,)) denote the product C *-algebra of all
bounded continuous functions from [1, c0) to K(Hy, g,) with supremum norm. Write
elements of this C*-algebra as a collection (7. s)neN,se[1,00) fOr T s € K(Hn,E, ), Whose
norm is

[(Tus)l = sup  [Tuslw,k,)-

neN,s€[1,00)

Let Ag(X; E) denote the %-algebra of [ [, Cp([1. 00), K(Hy,E,)) consisting of ele-
ments satisfying the following conditions:

(1) For any & > 0, there exists §, R > 0 such that for any n € N, s € [1, o0) and
gn : Xn — K(H)1 with (8, R)-variation we have ||[T,s ® Idsc, A g, , (82)]] <eé,
where K is the fixed Hilbert space and A is from (3.1).

(2) limg— o0 SUp,en Propg, (Tn,s) = 0.

(3) For any & > 0, there exists R’ > 0 such that for each n, C, € X, and Borel
set D, € E, with dg,(f4(Cy), Dy) > R’ we have || xc,Tn.s XD, | < € and also
lxp,Tnsxc,|l <eforalls e [1,00).

The twisted strongly quasi-local algebra Ay (X ; E) of { X, },en is defined to be the norm-
closure of Ag(X; E)in [[,en Cp([1. 00), K(Hn,E,)).

Remark 5.11. We provide some explanation on condition (3) in Definition 5.10. Recall
that #, g, is both an X,,-module and an E,-module, so we can consider the (X, x E,)-
support of a given operator T € B(H, g, ) defined as

suppy, xg, (T) := {(x, V) € X, X Ep @ yyxy T xu # O for all neighbourhoods U of v}.
We define the associated (X, x E,)-propagation of T to be

propy, g, (T) := sup {|| fu(x) — v|E, : (x,v) € suppy, x, (T)}.

For (Ty,5) € [1,,en Cp([1. 00), &(Hn,E,)), we say that (T, ) has uniformly finite
(Xn x Ey)-propagation if sup, ey sef1,00) PfOPx,, £, (Tn,s) is finite, and say that (75 s) is
uniformly (X, x Ey)-quasi-local if for any ¢ > 0 there exists R > 0 such that for each n,
Cu € X, and Borel set D, € E, with Cy x Dy € {(x,v) € X X Ep : || fu(x) —v| g = R},
we have || yc, Tn.s XD, || < & forall s € [1,00). It is clear that limits of uniformly finite
(X x Ep)-propagation operators are uniformly (X, x E,)-quasi-local. Note that Defini-
tion 5.10 (3) says that 7, s and Tn*’s are both uniformly (X, x E,)-quasi-local.

Lemma 5.12. We have A(X: E) C Ay(X; E) € [[,en Cp([1, 00), K(Hn E,)).

Proof. Given T = (T} 5)neN se[1,00) € A(X; E), condition (1) in Definition 5.10 fol-
lows from Proposition 3.6 and Lemma 3.16. We only need to check condition (3). Note
that Definition 5.7 (3) tells us that Ty, s x¢ r = Tn.s and T,* xg p = T, (equivalent to
)(K g In,s = Th,s) uniformly, hence Remark 5.11 implies that it suffices to show that for
any R > 0, T}, ¢ )(K rand T, X(‘)/, g both have uniformly finite (X, x Ej)-propagation for
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all n € N and s € [1, 00). Now Definition 5.7 (1) implies that there exists an M > 0
such that propy, (T»,s) < M and propy, (7,’s) < M foralln € N and s € [1, 00). Since
{fn : Xy = E,}nen is a uniformly coarse embedding, there exists some p; : Rt — R™
such that || f (x) — (W |E, < p+(dx,(x,y)) foralln € N and x, y € X,,. It follows dir-
ectly from definition that propy, g (Tu.s X(I)/,R) < p+(M) + R and propy, g, (Tn*,sX(I)/,R) <
p+(M)+ Rforalln € N and s € [1, 00). [

Finally, we introduce the following operators:

Definition 5.13 ([16, Section 12.3 and 12.6]). For eachn € N, s € [1,00) and x € E,,
Definition 5.3 provides a bounded operator Fj y € %(éﬁ%ﬂ), also denoted by F;, s x. Apply-
ing Definition 5.6, we obtain an operator F, 5 := Fnlfs+2d,,,o in B(Hp g,) where d,, is the
dimension of E,. Let Fy be the block diagonal operator in [ [, B(Hn g,) € B(Hx,E)

defined by F; := (F nVs 2, o)n- Finally, we define F' to be an element in

[ 1B, 00); Hn,5,)) € BLA([1, 00); Hx,E))

defined by (F(u))(s) := Fsu(s).

Similarly, given ¢ > 0 let ¥ be a function as in Proposition 5.4 and F S‘I’ be the bounded
diagonal operator on Ky g defined by F¥ := (Fn‘f's)n where F,:I"S = W(Bys+2d,.0)" -
Let FY be the bounded operator on @, L*([1, 00), Hy,Eg,) defined by (FY(u))(s) :=
Flu(s).

6. The index map

Recall that in [16, Section 12.3 and 12.6], Willett and Yu construct an index map (with
notation as in Section 5.2),

Indr : K (C* () N [[B(H)) > Ke(AX: E)),

where F is the operator in Definition 5.13. They use Indr to transfer K-theoretic inform-
ation from Roe algebras to their twisted counterparts, which allows them to reprove the
coarse Baum—Connes conjecture via local isomorphisms. More precisely, they prove the
following:

Proposition 6.1 ([16, Proposition 12.6.3]). With notation as in Section 5.2, for each s €
[1, 00) the composition

Ko (C*0) 0[] B0 ) ™5 KoA(X: ) 5 Ko(C*(2) 0[] B0 )

is an isomorphism, where i* : A(X; E) — C*(Hy,g) is the evaluation map at s.
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In this section, we construct index maps in the strongly quasi-local setting and prove
similar results. This allows us to prove certain isomorphisms in K-theory to attack The-
orem B later. We follow the procedure in [16, Section 12.3], while more technical analysis
is required.

We follow the same notation as in Section 5.2. Let { X, },eN be a sequence of finite
metric spaces with uniformly bounded geometry which admits a uniformly coarse embed-
ding into Euclidean spaces { f,, : X,, — E,} where each E,, is a Euclidean space of even
dimension d,.

Let us start with several lemmas to analyse relations between the operator F from
Definition 5.13 and the twisted strongly quasi-local algebra Ay (X; E). Here we remind
the reader that for any element (7}, ) in Definition 5.7 and 5.10, we only require the
continuity of 7}, s for each (not uniformly with respect to) n € N.

Lemma 6.2. The operator F is a self-adjoint, norm one, odd operator in the multiplier
algebra of Ayq(X; E).

Proof. The operator F is self-adjoint, norm one and odd since each F}, s x is. Given ¢ > 0,
let W : R — [—1, 1] be a function as in Proposition 5.4 for this €. Then Proposition 5.4 (1)
implies
IF=F¥ <  sup [IF) 5,
neN,s€[1,00)

= sup sup ”Fn,s,fn(x) - ‘Ij(Bn,s,f,,(x))” =e

neN,s€[1,00) xeX,

- \Ij(Bn,s,O)V ”

Hence it suffices to show that (T, s) F¥ = (T,sF,") belongs to Ay(X: E) for any
(Th,s) € Aq(X E).

First it follows from [16, Lemma 12.3.5] that for each n € N, the map s = T}, ¢ Fn‘lfs
is norm-continuous. Now we verify conditions (1)—(3) in Definition 5.10 for (7}, s Fn‘l,’s).
Note that condition (2) follows directly from Proposition 5.4 (2), and (3) holds since
propg, (Fn‘l”s) are uniformly finite for all » € N and s € [1, c0). For condition (1), note
that foranyn € N, s € [1,00) and g : X;, — K(H);, we have

(FyYs ®Idge) - A(g) = A(g) - (Fy'y ® Idy).
Hence we obtain

” [(Tn,anlI,Js) ® Idgc, A(g)] ” = H ([Tn,s ® Idge, A(g)]) : (an,ls by Idﬂf) ”
< ||[[Tn.s ® Idsc, A(9)]].

which concludes the proof. [

Lemma 6.3. Considered as represented on L*([1,00)) ® Hx. g via amplification of iden-
tity, C(Hx) N[, B(Hy) is a subalgebra of the multiplier algebra of Asq(X; E).
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Proof. 1t suffices to show that (S Th,s) € Ay(X: E) for any (T, 5) € Aq(X; E) and
(Sn) € Cq(Jx) N [1, B(H#,).} 1t is clear that the map s > S, T, s is norm-continuous
and bounded foreachn € N.

Now we verify conditions (1)—(3) in Definition 5.10 for s — (S, T,,s). First note that
foranyn € N, s € [1,00) and g : X,, — K(F); we have

[[Sh ® 1dgz @ 1dac. Age, g, ()] = |[Sn @ Tdoc. Age, ()] (6.1)

Hence condition (1) follows from direct calculations together with Lemma 3.16.

Condition (2) follows from the fact that each S, ® Id €2 has zero Ej,-propagation.
Now we check condition (3). Given & > 0, it follows from (S )eCy . (Jx) < C; (Hx)
that there exists R; > 0 such that S, has (2|| Tl , R1)-propagation for alln e N On
the other hand, there exists R, > 0 such that for anyn € N, s € [1,00), C, € X,, and
Borel set Dy C E, with d, (fu(Cp), Dn) = Ra we have || xc, Tu,s xp, || < sy and
lxp, Tasxc, |l < m Now let R = p4 (R1) + R, where p comes from the uniformly
coarse embedding { f, : X, — E,}. For any n € N, C; € X,, and Borel set D), C E,
with dg, (f.(C,), D;,) = R we have f,(Ng,(C,)) S Ny, (r)(fn(C,)), which implies
that dg, (fu(Ng, (C}))), D)) > R». Therefore, we obtain

||XC,§ Sn Tn,s)(D;l | < ||XC,§ Sn Tn,SXD;, —Xc} Sn)(,NR1 (C,/,)Tn,SXD;, [
+ Ixc; Sn X we, iy Tns xpy
< lxc;Snxne, el - 1 Tnsll + 1Snll - X g, cciy Tros Xy |

£ £
PO ———— Tns Sn I o N
BT TTP B AR AT TERY]

for all s € [1, c0). On the other hand, we have
XDy SnTn.sxcyl = 1Suxp, Tnsxey |l < ISull - 1xp, Tusxeyll <&
for all s € [1, 00). So we finish the proof. L]

Regarding C .(Fx) N [T, B(Hn) as a subalgebra in B(L?([1, 00)) ® Hx ) as in
Lemma 6.3, we have the following:

Lemma 6.4. For any (S,) € C} o (Hx) N1, B(Hn), we have [(S,). F] € Aq(X: E).

Proof. From Proposition 5.4 (1), it suffices to show that the map

s = [(Sn), Fs'] = [(Sn), (¥(Bn,s+24,,0) )]

belongs to Ay (X; E) for any W as in Proposition 5.4, i.e., to verify conditions (1)—(3) in
Definition 5.10.

3To be more precise, (S, T.5) stands for ((S, ® Id.:lizE ) Thys).
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First note that for any n € N, s € [1,00) and g : X, — K(H); we have

[[Sn. (B s424,,0)" ] ® Wdsc. Az, ., (8)]
= [Sn ®Idgz @ ldsc, A, (@)]¥(Bns12d,.0)"

+ lp(Bn,S-i-Zdn,O)V[AJ(’n}En (g), Sn ® Id‘;ﬁZEn X Idg—c],

which has norm at most 2||[S, ® Ids, A, (g)]|| according to (6.1). Hence we conclude
condition (1) from the strong quasi-locality of (S,). Condition (2) follows from Proposi-
tion 5.4 (2) and the fact that S, has zero E,-propagation.

To check condition (3), we fix an ¢ > 0. It follows from Proposition 3.8 that there
exist 8', R” > 0 such that for any n € N, 4 C X and g : A — K(H); with (8, R')-
variation we have || [xaSnxa ® Idgc, A(g)] || < %- Moreover, since C; a(Hx) < C;(Hx),
we assume that (S,) has (£, R")-propagation. Denote by p+ the parameter functlon from
the uniformly coarse embedding { f,, : X,, — E,}.

By Proposition 5.4 (10), there exists R” > 0 such that for all n € N, s > 2d,, and
X,y € E, with |[x — y||g, < p+(R’) we have

”(‘IJ(Bn,s,x) - \IJ(Bn,s,y))(l - XB(x,R”))” < 8/-

Set R=R" + p4(R).Foranyn € N, s € [1,00), C € X, and Borel set D C E, with
dg,(f2(C), D) > R, we are going to estimate the norm || xc [Sy, Fn‘I,’S])(D II.
Denote C’ := Ng/(C) S X,. Since (S,) has (7, R')-propagation, we obtain

|xclSn F¥ x| < 2- 2 + lxeclxe Suxer. FE xpl|.- (6.2)
Consider the function

g Xn - E'B(<:£2E‘,,)l by X = lIj(l':"n,s—l-Zd,,,f,,(x)))(D-

Proposition 5.4 (4) implies that g(x) — g(y) € S?(é@zEn) for any x, y € X,,. Moreover, we
claim that g has (§', R’)-variation on C’. In fact, for any x, y € C’ with dx, (x, y) < R’ we
have || /4 (x) — fu(W £, < p+(R’). Note thatdg, (f,(C),D)> Randx € C' = Ng/(C),
hence D C E, \ B(fn(x), R"). Therefore, by the choice of R” above, we obtain that g
has (&', R’)-variation on C’.

Finally, note that each élizE is separable and infinite-dimensional, hence isomorphic to
the fixed Hilbert space . Fixing an xo € X,, we define g : X, - K(£% )1 by g(x) =
M . It follows from the above analysis that g has (&, R')- variation on C’. Hence
by the choice of §’, R’ at the beginning, we obtain that

e Snxcr. Fy xpl = [(xc'Snxe) ® ldgs . 2A, @]

has norm at most 5. Combining with (6.2), we obtain

xS0 F o] <22 + |xeleesSuxer ol = 5 +5 =«

Similarly, we have || yp[Sy, F s]xcll < & Hence we conclude the proof. |
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Lemma 6.5. For any projection (pn) € Cg(JHx) N [, B(Hn), the function
s+ ((pn) Fs(pn))* — (pn)
is in (pn)Asq(X; E)(pn)-

Proof. From Lemma 6.4, it suffices to show that the function s > (pn)F2 — (py) is in
Ay (X E). Moreover, we only need to show that the function

s+ () (F ) = (Pn) = (Pn(¥(By s424,,0)")?) — (Pn)

is in Ay(X; E) for any W as in Proposition 5.4. For n € N, it follows from Proposi-
tion 5.4 (7) that the function s — pj, (F,:I,’ )% — pn is bounded and continuous.

Now we verify conditions (1)—(3) in Definition 5.10. First note that for any n € N,
s €[l,00)and g : X;, > K(H); we have

[(Pn(¥(Bns42d,,0)" ) — pn) ® Idsc. Age, . (2)]
= [pn ® Idszn ® Idyg, AJf’n,En (g)] : ((\IJ(Bn,s-f-Zdn,O)V)z ® Id‘}f)

— [pn (024 Id$2En ® Idf}fv AJ{’,,,EH (g)]’

which has norm at most 2||[p, ® Ids, A g, (g)]|| according to (6.1). Hence we conclude
condition (1) from the strong quasi-locality of (p5). Condition (2) follows from Propos-
ition 5.4 (2) and the fact that p, has zero E,-propagation. Finally, for condition (3),
it suffices to note that (p,) is uniformly quasi-local. Hence, combining with Proposi-
tion 5.4 (9) and using a similar argument as in the last few lemmas, we conclude the
proof. |

Having obtained the above essential ingredients, we are now in the position to con-
struct the index map. It follows from a standard construction in K-theories (see, e.g.,
[16, Definitoin 2.8.5]).

Definition 6.6. Let # = #* @ J~ be a graded Hilbert space with grading operator U
(i.e., U is a self-adjoint unitary operator in B(#) such that #* coincides with the (£1)-
eigenspace of U), and A be a C*-subalgebra of B(J) such that U is in the multiplier
algebra of A. Let F € B(H) be an odd operator of the form

(v o)

for some operators V : = — H T and W : HT — H~. Suppose F satisfies
e F isin the multiplier algebra of 4;

e F?—lisin A.

Then we define the index class Ind[F] € K¢(A) of F to be

(1—VW)? V(1 —WV) ]_[o o}

Ind[F]:= |:W(2— VWY1 —=VW) WVQR—-WV) 0 1
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Combining Lemmas 6.2-6.5, we obtain that for any projection (p,) € CS’Q(J(X)
N1, B(Hn) the operator ((pn)Fs(pn)) is an odd self-adjoint operator on the graded
Hilbert space €, pn(L>([1, 00), Hn,E,)) satisfying

*  ((pn)Fs(pp)) is in the multiplier algebra of (p,)As(X: E)(pn);

° ((pn)Ev(pn))z - (Pn) isin (pn)Asq(X; E)(pn)

Hence Definition 6.6 produces an index class in Ko((pn)Asq(X; E)(pn)). Composing
with the Ko-map induced by the inclusion (p,)As(X: E)(pn) — Asq(X; E), we get an
element in Ko(As(X; E)), denoted by Ind 7 ¢4 [(pr)]. Analogous to [16, Lemma 12.3.11],
we obtain the following:

Proposition 6.7. Through the process above together with a suspension argument, we get
well-defined K -maps for x = 0, 1,

Indrsq : K (C5(00) N [[BOH)) > KulA(X: E)),

which are called the strongly quasi-local index maps.

Finally, we have the following result (comparing with Proposition 6.1):
Proposition 6.8. Given s € [1,00), let " : Ayy(X; E) — Cg(Hx,g) N [], B(Hn,E,) be
the evaluation map at s . Then the composition

K (€0 N[ B0)) U K (A (XS E)) S K (Cotee) N[ B z,))

is an isomorphism.

Proof. The proof follows the outline of those for [16, Proposition 12.3.13 and Proposi-
tion 12.6.3]. Throughout the proof, we fix an s € [1, 00).
For eachn € N, we define amap «,, : E, — E, by

2 (x| =1, if|x|>1,
o) = | =Dl =
0, otherwise
and a sequence of maps

F® 3, — Hop,, 6xQEQui>8, QE® Fy yina ik (faeplh

for k € N U {oo}, where k° = 0. Denote F® .= (F,fk)) € B(Hx,r). We note that for
the fixed s at the beginning, we have that F© = F; from Definition 5.13 and F( =
(Idg, ® Fy.s+24,,0)- Similar to the construction in Proposition 6.7, we obtain

Indpw : Ks (C;;(Jex) n[] EB(J(’n)> = K. (C;gl(JfX,E) n[] %(Jf,,,En))

for each k € N U {oo}. Itis clear that Ind ) = ¢, o IndF g4.
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Using very similar arguments as in [16, Proposition 12.3.13 and Proposition 12.6.3],
we obtain that Indz ) = Ind (). Hence it suffices to show that Ind () is an isomor-
phism to conclude the proof. We will only focus on the case of Ky, and the case of K; can
be handled using a standard suspension argument.

Now we explain that Ind r () is an isomorphism. For each n € N, note that F,foo) =
Idg, ® Fy s+24,,0- Let pu o be the projection onto the kernel of F, 5424, 0, Which is one-
dimensional from [16, Corollary 12.1.4]. Recall that Fy, 54+24,.0 = f((s +2d,) "' D + C)
where f(x) = x(1 + x2)~/2. For each n, we consider the path defined by

Fpgingy0:=f(((s+2dy)"'D +C)), 1€[l,00].

This defines a homotopy between F, s124,,0 and F™

s+2dy.0° which decomposes with
respect to the grading as

0 1
Fnoi+2dn,0 = (1 — Pno O) :

Hence for each n, this homotopy provides that

Inan(oo) [Pn] = [Pn ® Pnol.

for any projection (p,) € CS*(;(J(X) N[, B(Hy). Since the above homotopies are not
uniformly continuous with respect to n, we need an extra argument (which is called a
“stacking argument” in the proof of [16, Proposition 12.6.3]) to conclude that

Ind g0 [(Pn)] = [(Pn ® Pn,o)]-

As suggested by the referee, we provide more details here for the convenience of
readers. Without loss of generality, for any projection (p,) € Cg(Hx) N [], B(Hn), we
assume that

Ind e [(pa)] = ()] = [(g3™)]
where (g,) and (q,(,o)) are projections in CS’;(J(X’E) N1, B(Hn,E,) For each n € N,

the path F é s+2d,,0 above provides a homotopy of projections {Hp }se[0,1] such that

Hy, 0 = g». Hence for each n € N, there exists §, > 0 such that for any #, s € [0, 1] with
|t —s| <8,, wehave |Hp; — Hy | < % Taking an K;,, € N such that K%, < &p. For each
n € N, take an isometry

Vit Hn g, — HEE". v (0,0,....0).

They give rise to an isometry

V=V : Hx g — Hy = @Jé’f}gf
n

Note that V' covers the identity map on X, hence the following homomorphism

®:= Ady : Cl(Jx.p) N [ [BHn.E,) > Co(Hy p) N[ [BEEEED
n n
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gives rise to an isomorphism on K-theories. Hence it suffices to show that

@ (Ind g o) [(Pn)]) = P« ([(Pn ® Pno)])-

Note that for each n € N, we have

qn 0 0 Hyo 0 0

0 O 0 B 0 H”’K%g 0
0 0 0 0 0 Hn,l
/0 0 0\ |

~ 0 H"’K%, 0
| \0 0 Hy1) |

On the other hand, note that

0 0 e 0 0O 0 - 0
0 H”’K%, e 0 0 Hu,o - 0 |

- . . . < =
0 0 <o Hya o o0 - Hn’KI,}i;l

Hence for each n € N there exists a homotopy connecting these two matrices, which are
uniformly continuous with respect to n. Following by a rotation homotopy between

Hy o 0 0 0
00 0 0O H,y, - 0 0
0 Hn,O 0 > Kn
. . ) . and .
0 0 - H g 0 0 i

s 7K
n 0 0 0
we obtain that

gn 0 -+ 0 0 --- 0 0 Hy,p 0 -+ 0
0 0 0 . . . 0 0 0
Do AR Bl 0 0 0 B : : .o
o o0 --- 0 0 0 Hp: 0 o --- 0

Note that these homotopies are uniformly continuous with respect to n, hence from the
construction of W we obtain that

@« (Indp oo [(pn)]) = Px([(Pn & Pn.0)])-

which concludes the proof. [
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7. Isomorphisms between twisted algebras in K -theory

In this section, we study the K-theory of the twisted algebras A(X; E) and Ay (X E)
defined in Section 5.2. The main result is the following:

Proposition 7.1. The inclusion map from A(X; E) to Ay (X; E) induces an isomorphism
in K-theory.

The proof follows the outline of that in [16, Section 12.4], and the main ingredient is
to use appropriate Mayer—Vietoris arguments for twisted algebras (Proposition 7.4). This
allows us to chop the space into easily-handled pieces, on which we prove the required
local isomorphisms (Proposition 7.5).

By saying that (F,),enN is a sequence of closed subsets in (E,), we mean that F, is
a closed subset of E, for each n. Firstly, we define the following subalgebras associated
to (Fy), which is inspired by [16, Definition 6.3.5].

Definition 7.2. For a sequence of closed subsets (F,) in (E,), we define Ay (r,)(X: E)
to be the set of elements (7},,5) € Ay (X; E) satisfying the following: for each n and & > 0
there exists s, ¢ > 0 such that for s > s, . we have

suppg, (Tn,s) S Ne(Fr) X Ne(Fp).

Denote by Agq (r,)(X: E) the norm closure of A (5,)(X; E) in A (X; E). Similarly, we
define A(f,)(X: E) € A(X: E) in the case of twisted Roe algebras.

It is easy to see that Ay (F,)(X: E) and AF,)(X; E) are closed two-side ideals in
Ag(X: E) and A(X; E) respectively. Moreover, we have the following:

Lemma 7.3. Let (F,) and (Gy) be two sequences of compact subsets in (E,). Then

Asq,(F) (X5 E) N Agq (6, (X E) = Ay (FunG,) (X E)

and
Asq,(F) (X3 E) + Asq,6,) (X E) = Asq(Fouc,) (X E).

The same holds for twisted Roe algebras.

Proof. We only prove the case of twisted strongly quasi-local algebras, while the Roe
algebra case is similar. The first equation follows from a C *-algebraic fact that two inter-
sections of ideals coincides with their product together with a basic fact for metric spaces:
For a compact metric space K, a closed cover (C, D) of K and ¢ > 0, there exists § > 0
such that N3 (C) N Ns(D) € N(C N D).

For the second, we fix (T}, 5) € A (F,uG,)(X; E). By definition, for each n there is a
strictly increasing sequence (s, x)keN in [1, 00) tending to infinity such that for s > s,
we have

suppg, (Tn.s) :A/kflrl(Fn U Gp) % Nﬁ(Fn U Gp).



Strongly quasi-local algebras and their K-theories 275

For each n, we construct an operator (W, 5)s on L2((1, 00]) ® H#,_ g, as follows, where
Whs € B(Hn,E,). We set

W X N1 (Fn)» if 1 <s <su,1,
n,s = Snk+175S :
S k+1"Snk X‘N%(F”) + Sn k+1—5nkX"v (F”)’ if sk =5 = S”’k'H’k €N.

Then (W, ) is in the multiplier algebra of A (X; E). Now we consider

(Tn,s) = (Wn,s)(Tn,s) + (] - Wn,s)(Tn,s)(Wn,s) + (1 - Wn,s)(Tn,s)(l - Wn,s)-

It is clear that (W, s)(Ty,s) and (1 — W, o) (T 5)(Wy s) are in Ay (£,)(X; E). Also note
that from the construction above, for each n and s > s, x we have

Suppg, ((1 — Wi s)Ths(1 — Wn,s)) < Nﬁ (Gn) x Nﬁ (Gn).

Hence we obtain that Ay (r,)(X: E) + Agq,G,)(X: E) is dense in Ay (F,uG,)(X: E),
which concludes the proof. [

Consequently, we obtain the following Mayer—Vietoris sequences for twisted algebras:

Proposition 7.4. Let (F,) and (G,) be two sequences of compact subsets in (Ey). Then
we have the following six-term exact sequence:

Ko(Asq,(FunGn) (X3 E)) —> Ko(Asq, () (X5 E)) © Ko(Asq(60) (X5 E)) — Ko(Asq,(FruGn) (X5 E))

I |

K1 (Asq(Fruen) (X5 E)) <— Ki(Aw ) (X5 E)) @ K1 (Agq(60) (X5 E)) <— Ki(Asq,(FunGn)(X; E)).

The same holds in the case of twisted Roe algebra. Furthermore, we have the following
commutative diagram:

> Ki(AFnGn) (X5 E)) — Ki(A) (X5 E)) O Ku(AGy) (X5 E)) — Ki(Aryuen) (X5 E)) —> -+

! | |

w7 Ki(Asq(Funn) (X5 E)) = Ku(Asq,(7n) (X5 E)) @ K (Asq,(6n) (X5 E)) 7 Ku(Asq(rruGn) (X5 E)) = -

where the vertical maps are induced by inclusions.

Proposition 7.4 allows us to chop the space into small pieces, on which we have the
following “local isomorphism” result. Recall that a family {Y; };e; of subspaces in a metric
space Y is mutually R-separated for some R > 0if d(Y;,Y;) > Rfori # j.

Proposition 7. 5 Let (Fy) be a sequence of closed subsets in (Ey) such that we have
F, = |_| F for a mutually 3- sepamted family {F } ; and there exist R > 0 and

(") € X, such that F C B(f(x ) R). Then the mcluswn map from A(r,)(X; E) to
Asq,( F) (X E) lnduces an lsomorphlsm in K-theory.
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Before we prove Proposition 7.5, let us use it to finish the proof of Proposition 7.1. To
achieve that, we need an extra lemma from [16, Lemma 12.4.5] (note that the assumption
of bounded geometry plays a key role here).

Lemma 7.6. For any s > 0, there exist M € N and decompositions
Xp=Xp UXyoU---UXppm, forallneN,

such that the family {B(f,(x):$)}xex,,; is mutually 3-separated for each n € N and
i=12,....M.

Proof of Proposition 7.1. Given s > 0, let M € N and {X}, ;}neN,1<i<m be obtained
by Lemma 7.6. Setting W, := Ns(fn(X»)) and W, := Lliex,; B(fu(x);s), we have
Wy = Ulﬂil W, ;. For each i applying Proposition 7.5 to the sequénce of subsets (W, )n,
we obtain that the inclusion map

Aws ) (X E) — Agqws (X E)

induces an isomorphism in K-theory. Applying the Mayer—Vietoris sequence from Pro-
position 7.4 (M — 1)-times (and Proposition 7.5 again to deal with the intersection) to-
gether with the Five Lemma, we obtain that the inclusion map

Aws)(X:E) = Agqws)(X: E)

induces an isomorphism in K-theory. Finally, note that condition (3) in Definition 5.7 and
condition (3) in Definition 5.10 imply that

AX E) = lim Agwys)(X; E) and  Ag(X; E) = lim Ay ) (X E).
§—>00 §—>00
Hence we conclude the proof. ]

The rest of this section is devoted to the proof of Proposition 7.5. First let us introduce
some more notation:
Let (Fy,) and (G,) be sequences of closed subsets in (E,). We define

Aq(X:(Gn)) = (L, ® XG,)n * Asg(X: E) - (13, ® X6y )n

and
Asq,(Fn)(X; (Gn)) = Asq(X; (Gn)) N Asq,(F,,)(X; E)

Also define A(X;(G,)) and A(f,)(X;(G,)) in a similar way. Moreover, given a sequence
of subspaces Z, C X, (n € N) we define

Asq((zn); (Gp)) = (XZn ® Id;ﬁ%;n )n : Asq(X; (Gn)) - (XZn ® IdeEn),,

and
Asq. (7 (Z0): (Gn)) := (xz, ® Idszn),, Asq,(F) (X (G) - (X2, ® Id;;zEn)n.

Also define A((Z,); (Gn)) and A(f,)((Z,): (G,)) in a similar way.
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Now we move back to the setting of Proposition 7.5. Let (F},) be a sequence of closed

subsets in (E,) such that F, = U;’il Fj(") for a mutually 3-separated family {F l.(n)} -

Taking Gj(.") =M (Fj(")) for each j and n, we define the “restricted product”

res

AN @) .
[T ey X5 G 2= (T Ay iy (X3 (G70) 0 Ay (X ).
J J

Similarly, we define [} A ( F_(n))(X : (G;"))) in the case of twisted Roe algebra.
The following lemma is a’key step in the proof of Proposition 7.5.

Lemma 7.7. Using the same notation as above, the inclusion

res

i: HAsq,(Fj("))(X; (Gj("))) — Asq(F0)(X; E)
J

induces an isomorphism in K -theory. The same holds for the twisted Roe algebra case.

Proof. We only prove the case of twisted strongly quasi-local algebras, and the Roe case
is similar. The proof follows the outline of [16, Theorem 6.4.20].
Consider the following quotient algebras:

Asq(r) (X E)

As ,(Fp), (X,E) =
»(Fn),Q Asq,(F,,),O(X; E)

and )
res .
res, 0 l_[j ASC],(Fj(n))(X’ (Gj ))

[T A, po,(X:(G)) = ,
sq,(F;") J res . (n)
j / 1_[] ASq,(Fj(n)),O(X’ (G] ))

where Agq,(F,),0(X; E) consists of (T,s) € Agq,(r,)(X; E) such that lims o | T s || = 0
for each* n, and ASq (F®) 0(X ; (Gj(."))) is defined in a similar way. From a standard
Eilenberg Swindle aréurﬁerft (see for example [16, Lemma 6.4.11]), Agq (F,),0(X: E) and
[ Asq’ ( Fj(n))’O(X ; (Gj(-"))) both have trivial K-theories. Hence the quotient maps

Asq(F) (X3 E) = Asq (F,),0(X: E)

and
res res, Q

L) ()
[T XG0 = T A ro0) (X3 (G))
J J

induce isomorphisms in K-theory.
It is clear that the inclusion 7 induces a x-homomorphism

res, Q
P (™ .
g 1_[ Asq,(Fj("))(X’ (Gjn )) — Asq,(F,,),Q(Xs E)
J

“4Note that here we do not require that || 7, || — 0 uniformly with respect to 7.
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We also define a map

res

v AS(]a(Fn)(X; E) - 1_[ ASq,(F}-(n))(X; (Gj(n))) by (Tn,s) = l_[(XG;n) Tn,SXGJ(”))v
J J

which induces a x-homomorphism

res,Q
: : @)
vo : Asq(F,0(X; E) — H Ay ) X3 (G,
J

We can check that the compositions ig o yp and yg o ig are both the identity maps.
Hence ig is an isomorphism in K-theory, which implies that the inclusion i induces an
isomorphism in K-theory. ]

Proof of Proposition 7.5. We use the same notation as above and define Gj(-”) = N (F j(”))
for each n € N and j. Then there is a commutative diagram

AFH) (X E) ———— Ay (F) (X E)

I I

[T A ey X5 (G — TT7 A () (X3 (G))

where all maps involved are inclusion maps. It follows from Lemma 7.7 that vertical maps
induce isomorphisms in K-theory. Hence it suffices to show that the bottom horizontal
map induces an isomorphism in K-theory.

Note that conditions (3) in Definition 5.7 and 5.10 imply that

res res

l—.[ A(Fj("))(X; (Gf('n))) = l_[ A(Fj(n)) ((B(xj(n); m)); (G](.”)))
/ J

and
res res

oMy g (n). L))
[T A ey (G = lim TT A o (B :m)): (G).
J J

Hence it suffices to show that for each fixed m, the inclusion

res res

[TA G, (BCS:m): (G57) = [T A, oy (B 5m) (GF)
J J

induces an isomorphism in K-theory.
Note that the inclusion {xj(.”)} ~— B (x;"); m) induces a commutative diagram

[T Ao, (BOG3m)): (G) —— TIF A o, (BGS5m): (G)

I I

[T A e, (1)1 (GF) —— TI A oo, (D)2 (GF)
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where the vertical maps are *-isomorphisms by standard arguments (see for example Pro-
position 2.9). Also note that the bottom horizontal inclusion map

res res

[T (@02 G) = T Ty o (070G
J j

is a *x-isomorphism as well, since conditions (1) and (3) in Definition 5.7 and 5.10 are
equivalent in this case. Hence we conclude the proof. [

8. Proof of Theorem B

In this final section, we finish the proof of the main result.
Proof of Theorem B. Consider the following commutative diagram:

K (C*(Hx) N[, B(Hn)) — Kx(AX:E)) — Ku(C*(Hx,£) N [], B(Hn,E,))

| | |

K (Cig(Fx) N[, B(Hn)) —> Kx(Asq(X: E)) —> Ku(Cq(Hx,E) N[, B(Hn,E,)).

where the horizontal maps come from Proposition 6.1 and Proposition 6.8 and all vertical
maps are induced by inclusions. From Proposition 6.1 and Proposition 6.8 again, we know
that the compositions of horizontal maps are isomorphisms. The middle vertical map is an
isomorphism by Proposition 7.1, and the left vertical map identifies with the right one due
to Proposition 3.17. Hence the inclusion map

C*(Jx) N [[Ba) — CL(Ix) N [] B

induces an isomorphism in K-theory from diagram chasing. Finally, combining with
Lemma 4.7, we finish the proof. [

A. Proof of Proposition 5.4

This appendix is devoted to the proof of Proposition 5.4. We follow the outline of that for
[16, Proposition 12.1.10] and use the same notation as in Section 5.1.

Define a function f : R — [—1,1] by f(x) = JSFT x € R. Also fix a smooth even
function g : R — [0, co) of integral one and having compactly supported Fourier trans-
form. It follows from the proof of [16, Proposition 12.1.10] that given ¢ > 0 there exists
8 > 0 such that the convolution W := f x gg satisfies condition (1)—(8) in Proposition 5.4,
where ggs(x) 1= % g(3) for x € R. In the following, we will prove condition (9) and (10)
therein.

Let us recall the following two lemmas, which follow from [16, Lemma 12.1.6 and

Lemma 12.1.8].
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Lemma A.1. Foralls € [1,00), x € E andt € R, we have that

f(Bs,x - t) = %/(;Oo(Bs,x - t)(l + Az + (Bs,x - 1)2)_1dk»

where the integral on the right converges in the strong-* operator topology.
Moreover, for any s € [1,00), x,y € E andt € R, we have that

F(Bsx —1) — f(Bsy —1) = comy(1 + (Bsx —1)%) 72
2 o0
2 [ B =00+ 22 By =0

: ((Bs,y - l)cy—x + Cy—x(Bs,x - t))
(14 A% + (Box —0)»)1dA,

where the integral on the right again converges in the strong-* topology.

Proof. The first formula follows from the fact that for any ¢t € R, we have the formula

X —t 2 [ x—t
I di
T+(x—02 mJo 1+22+(x-1)?

and functional calculus. And the second formula follows by easy computations as in the
proof of [16, Lemma 12.1.6]. [

Lemma A.2. Forany R > 0, A € [0,00), x € E and s > 2d, we have that
2 2 -1 1 2 2\
lA+22+ B} )2(01— xxp)| < (5 +A2+R ) .
Proof of Proposition 5.4 (9). Given g1 > 0, there exists a compact subset K € R and a
function & : R — [0, oo) of integral one and support in K such that ||gs — |1 < &
Setting @ := f * h, we have

&
W= Plleo = [1f * 85 = f *hlloo = ILf * (g5 =Moo = | flloo - g5 = hllx < Zl,

which implies [|®(Bsx) — W(B;sx)|l < . Hence it suffices to show that there exists
R; > 0 such that for all s > 2d and x € E, we have

[(@(Bsx)? — (1 — xx.r)ll < %1

1

Now we setw : R — R by w(x) := Sl

For any R > 0, we have:

”(q)(Bs,x)z - - Xx,R)”
= ” ((f * h)2 - 1)(Bs,x) (11— Xx,R)H

- (%)(Bs,x) (B (= )|
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S [CALET
< (LD ,
< (L

where the last inequality comes from Lemma A.2 for A = 0. We claim that the function
(f*h)>—1
w

B2 |+ B2 21— xem) |

1

%

Ja+B2)E (% + R2>_ :

is bounded on R. Indeed, since / has support on K and integral one we have

((f * h)? — 1)(x) _ (/ Flx —h(r)dt + 1)(/ f(x —t)h(t)dt — 1)(1 + x?)
w R R

= (/K(f(x—t) + 1)h(t)dt)(/K(f(x—t)— l)h(t)dt)

(14 x?).
Direct calculation shows that
X X 1+ x?
Vit =102 x—-0+JT+@x—-02 2~

which is uniformly bounded on [0, +o00) for ¢ € K. Similarly, (f(x — 1) + 1)(1 + x?) is
uniformly bounded on (—o0, 0] for t € K. Hence =21 46 pounded on R.

On the other hand, note that [|(1 + Bsz, x)_% || <1 from functional calculus. Hence
we obtain that |[(®(Bs,x)? — 1)(1 — xx.r)| tends to zero as R tends to infinity, which

concludes the proof. ]

(fx—0)—1)(1 +x?) =—

Proof of Proposition 5.4 (10). Given &, > 0, there exists a compact subset K € R and

a function 4 : R — [0, 00) of integral one and support in K such that ||gs — hll; < .

Setting @ := f x h, we have ||®(Bs,x) — W(Bs,x)| < %. Hence it suffices to show that
for any r > 0 there exists R, > 0 such that for any s > 2d and x, y € E withdg(x,y) <r,

we have .
2
[(@(Bs,x) — P(Bs,y))(1 — xx,r)ll < 3

For any R > 0, we have
(D(Boo) — DBy = ) = ((f * (Bs) = (f % D (Byy)) (1 = 22)
= [ (B =)= S(Bay = )01t (1= 1)
Combining with Lemma A.1, we have
(®(By.0) — DBy ,))(1 — 1)

- / (cx_ya b Bex—1))) b+ 2 / " (Boy = 1)1+ 2% + (Byy — 1))
R T Jo

((Bs,y = 1)¢y—x + Cy—x(Bsx —1))(1 + A + (Byx — t)z)_ld)k)h(t)dt

(1= xx.R)
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_ /K Cemy(1+ By — 007) 2 (1 — pw.)h(0)dr

2 00
+ _/ / (Bs,y -1+ 2? + (Bs,y - t)z)_l(Bs,y - t)cyfx
T JkJo
~(I+ A7+ (Bs,x — t)z)_l(l — Xx,R)AAR(2)ds
b 00
2 [T By =004 22+ By =077 6B =0
T JkJo
(14 A% + (Bsx — 1)) 71 (1 — xx,r)dAR(t)d1.

Then it is suffices to show that each of the three terms on the right side tends to zero as R
tends to infinity.

For the first term, note that the constant

V14 x2
Nii= sup —————
teK,xeR /1 + (x —1)2

is finite since K is compact. Hence using Lemma A.2 for A = 0, we obtain

H /;{cx—y(l + (Bs,x — t)z)_%(l — Xx,R)h(t)dt

_1 1
< fK lexos |- 10+ Box — 0?21+ B2
_1
N+ BE)T2(1 = yx ) h(1)de
1 _1
SV'N1'<§+R2> .

which tends to zero as R tends to infinity.
For the second term, note that

2 o0
[ By =00+ 22 4 By =027 By =061
(1422 4 (Bsx = 0)*) 71 (1 = yx,R)dAR(1)dr
2 *° -
= ;/I;/() (Bs,y_t)(l +/\2 + (Bs,y_[)z) 1(Bs,y_[)'cy—x
(L4274 (Box = 1)) 72 - (1422 + (Box —1)°) 2
(1422 4 B2 - (1422 + B2) 3(1 — g )dAh()dr,
From functional calculus, for any ¢t € K and A € [0, c0) we have
H (Bs,y - t)(l + Az + (Bs,y - t)z)_l(Bs,y - t)” =<1

and
(1422 + (Box —0)?) 72| < (142372,
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Also note that the constant

1+ A2 4 x2

sup
teK,xeR, /1 + A2 + (x — )2
A€[0,00)

N2 =

is finite since K is compact. Hence using Lemma A.2, we obtain

2 [ee]
- /K/O (Bs.y —1)(1 4+ A2 + (Bs.y, —1)>) "\ (By.y — 1)cy—x

(14 A2 4 (Bsx — 1)) 711 — yx.r)dAA(t)dt

2 oo 211 2 2\~
<Z.1-r-Ny- (1+A)2(§+k + R?) *dA,
g 0

which tends to zero as R tends to infinity.
Finally, let us look at the last term. Note that

2 o0
; /I‘(/(; (Bs,y — t)(l + 12 + (Bx,y _ t)z)_lcy—x(Bs,x _ [)
(1 4+ A2+ (Byx — 02711 — yx,g)dAA(1)dr
2 o0
= /K/O (Bs.y =) (1 + A%+ (Bsy —)*) ' - cy—x - (Bs.x — 1)

(1 4+ A%+ (B —1)2) 2 (1 + 2% + (B x —1)?) 2

(1422 B2 )% - (1422 + B2) 3(1 — g p)dAh(1)dr.

It is easy to see that
s ] = 50+
Hence functional calculus gives that for any ¢ € K,
[(Boy =00 +4 4 (Boy —01)7 | = 504497,
Note also that functional calculus give that for any r € K and A € [0, 00),

|(Boe — )1+ A2+ (Box — )3 72| < 1.

Then using Lemma A.2, we have

2 oo
2 / / (Boy — )1+ 22+ (Byy — 1)) "¢y (Byx — 1)
T JK Jo

(1 + A2+ (Bs,x - t)z)_l(l - Xx,R)dAg(t)dt

2 001 2_11 2 2—l
<= 1Ny | (14 2%)72(s + A%+ R?) *dA,
s 0 2 2

which tends to zero as R tends to infinity. Hence we conclude the proof.
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