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Pseudodifferential operators on filtered manifolds
as generalized fixed points

Eske Ewert

Abstract. On filtered manifolds one can define a different notion of order for the differential operat-
ors. In this paper, we use generalized fixed point algebras to construct a pseudodifterential extension
that reflects this behaviour. In the corresponding calculus, the principal symbol of an operator is a
family of operators acting on certain nilpotent Lie groups. The role of ellipticity as a Fredholm con-
dition is replaced by the Rockland condition on these groups. Our approach allows to understand
this in terms of the representations of the corresponding algebra of principal symbols. Moreover, we
compute the K-theory of this algebra.

1. Introduction

A filtered manifold is a smooth manifold M whose tangent bundle is filtered by sub-
bundles
0=H°CH'CH*C---CH =TM.

Moreover, one requires that [X,Y] € T®(H!*/) for all X € I®(H'), Y € [®(H/),
where one sets H¥ = TM for all k > r.Itis called a filtration of step r, if H” = TM and
H"™' % TM. Then one defines the order of X € I'®(H?) \ I'*®(H' 1) to be i to obtain
a new notion of order for the differential operators. For example, the contact structure of
a contact manifold gives rise to a step 2 filtration. In this case, one attaches order 2 to the
Reeb vector field, while the sections of the contact structure have order 1. Other examples
are graded Lie groups, general Heisenberg manifolds or foliations. Also note that every
smooth manifold can be understood as a filtered manifold of step 1.

This approach of different orders was first used to examine hypoelliptic operators like
Hormander’s sum of squares operators, Kohn’s Laplacian and other operators that do not
fit into the classical pseudodifferential calculus, see [26,27,52]. Several pseudodifferential
calculi were defined to examine these operators, see for example [11,25,54] for graded Lie
groups, [5] for Heisenberg manifolds or the unpublished manuscript [38] for general fil-
tered manifolds. Recently, in noncommutative geometry a tangent groupoid approach was
used to study these manifolds and their operators, see [3,7-9,16,17,30,40,41,45,55-58].
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A crucial difference to the usual differential calculus is that the highest order parts of
operators do not necessarily commute. This is reflected by the fact that one can understand
the highest order part to act as right-invariant operators on certain graded Lie groups,
which are not necessarily Abelian. Namely, as the filtration is compatible with the Lie
bracket, it induces a smooth family of Lie brackets on the fibres of the graded bundle

,
tyM =P H /H™ > M.
i=1
The resulting Lie algebras in the fibres are nilpotent and integrate to the so-called osculat-
ing Lie groups G for x € M. Together they form the bundle of osculating groups Ty M .
It is not a group bundle in the usual sense as the fibres can be non-isomorphic as groups.

The Rockland condition is useful to analyse the highest order part of an operator act-
ing as right-invariant operators on the osculating groups. It was introduced by Rockland
in [51], where he showed that a right-invariant differential operator on the Heisenberg
group is hypoelliptic if and only if it satisfies the Rockland condition. This equivalence
holds in fact for every graded Lie group G: Beals proved in [4] that satisfying the Rock-
land condition is necessary for a right-invariant differential operator D to be hypoelliptic,
whereas sufficiency was shown by Helffer and Nourrigat in [31]. Every irreducible unitary
representation 7: G — U(H) induces an infinitesimal representation drr of the Lie algebra
of G as (possibly unbounded) operators on . Then one says that D satisfies the Rockland
condition if dzz (D) is injective (in a suitable sense) for all representations 7 except for the
trivial representation. This condition was generalized in [11] to right-invariant operators
on G that appear as the highest order parts of pseudodifferential operators. We remark
that graded Lie groups are nilpotent so that their representation theory can be described
by Kirillov’s orbit method [33].

Van Erp and Yuncken [58] defined a pseudodifferential calculus for filtered manifolds
based on the tangent groupoid and a zoom action of R~ (. This builds on the work of
Debord and Skandalis [20] who showed that the classical pseudodifferential calculus can
be recovered from the zoom action on the tangent groupoid in the case where no filtration
is present. The tangent groupoid of a filtered manifold was constructed in [9, 30,41, 57]
using different methods. As a set it is given by

TyM =TgM x {0} UM x M x (0,00).

It is in fact a smooth field of Lie groupoids over [0, c0), where one uses at ¢ = 0 the group
multiplication in the fibres and for t > 0 the pair groupoid structure. The zoom action of
R0 on Ty M is given by

ay(x,y,t) = (x,y,)L_lt), forx,ye M,t >0,
a)(x,v,0) = (x,6,(v),0), forx e M,v € Gy.

Here, § denotes the dilation action of R~¢ on 7y M induced by 4, (v) = Ay for A > 0,
v e H./H.™! and x € M to encode the new notion of order.
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In this article, we use a different approach to the pseudodifferential calculus using gen-
eralized fixed point algebras. This extends the construction in [23], where we considered
graded Lie groups. This is in nature closer to the approach of Debord and Skandalis in [20]
where the pseudodifferential operators are obtained by averaging certain functions on the
tangent groupoid over the zoom action.

Generalized fixed point algebras were introduced by Rieffel [49, 50] to define a non-
commutative version of orbit spaces of proper group actions. When a locally compact
group G acts on a locally compact Hausdorff space X properly, the functions on the orbit
space Co(G\X) can be understood as G-invariant multipliers of Co(X). For example,
the principal symbols of classical pseudodifferential operators of order zero belong to
Co(S*M), where S* M denotes the cosphere bundle. This is the generalized fixed point
algebra of the R~ g-action on 7*M \ M x {0} given by scaling in the cotangent direction.
Here, one needs to take out the zero section of the cotangent bundle to obtain a proper
action.

Now suppose G acts instead on a C*-algebra A. Meyer gives in [39] conditions under
which one can build a generalized fixed point algebra Fix%(A) inside the G-invariant
multiplier algebra of A. Namely, one needs to find a continuously square-integrable subset
R C A. Then one obtains elements of the generalized fixed point algebra by averaging
elements of R over the group action in an appropriate sense. Moreover, the constructions
yields a Morita—Rieffel equivalence between Fix® (A4) and an ideal in the reduced crossed
product C’ (G, A).

To find such a subset R for the zoom action on the groupoid C*-algebra of the tangent
groupoid, we define an analogue of the Schwartz type algebra of Carillo Rouse [6] adapted
to the filtered setting. It consists of smooth functions on Ty M such that f; is compactly
supported in M x M for t > 0, whereas fy has rapid decay in the fibres of Ty M. Fur-
thermore, we need to take a zoom-invariant ideal J in C*(T gy M) for the generalized fixed
point algebra construction. This corresponds in the unfiltered case to taking out the zero
section under the Fourier transform C*(TM) — Co(T*M) at t = 0. For filtered mani-
folds, J consists of all elements that restricted to # = 0 and x € M lie in the kernel of the
trivial representation myiy: Gx — C of the osculating group. Evaluation at t = 0 leads to
a short exact sequence of C*-algebras with compatible R g-actions

K(L2M) ® Co(Rg) —— J —2% Jp.

We show that one can find continuously square-integrable subsets for them such that there
is a corresponding extension of generalized fixed point algebras

K(L2M) — Fix®0(J) —23 FixR=0(J,).

We call it a pseudodifferential extension and Sg the principal symbol map. In fact, we

show that the sequence is the C*-completion of the order zero extension of [58].
Consequently, a pseudodifferential operator P of order zero on a compact filtered

manifold is Fredholm if and only if its principal symbol Sz ( P) is invertible in Fix®>° (Jo).
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The principal symbol algebra Fix®>0 (Jp) is a continuous field of C*-algebras over M
where the fibre over x € M is Fix®> (ker(7yiy: Gx — C)). To obtain a more concrete
Fredholm condition, we compute the spectrum of the latter C*-algebras. This yields a nat-
ural way to show that Sg (P) is invertible in the principal symbol algebra if and only if
for all x € M the operators Sy (P)x and Sy (P)} satisfy the Rockland condition on the
osculating group G. In case of a step 1 filtration, all osculating groups are isomorphic to
(RYmM 1y and we recover the well-known ellipticity condition that the principal sym-
bol p satisfies p(x,&) # Oforall ¢ #0and x € M.

Our approach allows to show that the algebra of principal cosymbols Fix®>0(Jy)
is KK-equivalent to the usual algebra of principal symbols Co(S*M). This uses the
mentioned Morita—Rieffel equivalence with an ideal in C} (R~¢. Jo) coming from the gen-
eralized fixed point algebra construction. Then we use results from [23] to deduce that it
is in fact Morita—Rieffel equivalent to the whole crossed product. Now, one can use a
deformation to the Abelian case by scaling the Lie brackets to zero and the Connes—Thom
isomorphism to relate it to the unfiltered case.

This article is organised as follows. The definition of a filtered manifold and its tangent
groupoid is recalled in Section 2. Its groupoid C*-algebra is introduced in Section 3. In
Section 4, the Schwartz type algebra is defined. The pseudodifferential extension is built
as an extension of generalized fixed point algebras in Section 5. In Section 6, we show
that the resulting algebra of principal symbols is a field over M whose fibres consist
of operators of type zero on the osculating groups. We compare our construction to the
calculus by van Erp and Yuncken in Section 7. The results on the Morita equivalences are
shown in Section 8. In Section 9, we describe the Rockland condition and the K-theory of
the principal symbol algebra.

The results from this article are also contained in the author’s PhD thesis [22].

2. Filtered manifolds and their groupoids

First, we recall the definition of a filtered manifold, its tangent groupoid and zoom action.

Definition 2.1 ([53]). A filtered manifold (M, H) is a smooth manifold with a filtration
of its tangent bundle 0 = HCH'CH?Cc...CH =TM consisting of smooth
subbundles satisfying

[T*(H"), T®(H’)] < T°(H'"/)  foralli,j > 0. (1)

Here, we set H' = TM for all i > r. A manifold is filtered of step r, if H" = TM and
H™1 #=TM.

A filtered manifold of step r = 1 is just the data of an ordinary smooth manifold. A
contact manifold is an example of a filtered manifold of step 2.
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Example 2.2. A graded Lie group G of step r is a Lie group whose Lie algebra admits a

grading
,
g= @ Qi
i=1

with g, # 0 and [g;, g;] C g;+; foralli, j > 0. Again, one sets g; = 0 fori > r. In partic-
ular, the Lie algebra g is nilpotent and, consequently, the group G as well. For more details
on graded Lie groups and the analysis on these groups we refer to [25,28]. Every graded
Lie group of step r can be understood as a filtered manifold of step r in the following way.
Let n; = dimg;. Define a basis {X1,. .., X, } of g by choosing a basis {X,, ,+1,..., Xz, }
for all g;. Extend these to right-invariant vector fields {X,..., X, } on G and define H' to
be the subbundle spanned by {X, ..., X,, }. This defines a filtration of the tangent bundle
of G.

For a broader overview on different types of filtered manifolds appearing in various
areas of mathematics see [7, Section 2.3].

2.1. The osculating groupoid

The filtration of the tangent bundle of a filtered manifold (M, H) of step r allows to define
the graded vector bundle

r
@PH/HT > M.
i=1

This bundle can be equipped with the structure of a Lie algebroid over M, which we
will denote by ty M. For the general theory of Lie algebroids and Lie groupoids see, for
example, [37]. The bracket

[,- ] T®@gM) x T®(tgM) - Tty M)

is induced by the Lie bracket of vector fieldson TM.Let X € I®(H)and Y € T®(H/)
be representatives of (X) € T(H!/H' "'y and (Y) € I'®°(H’//H/~1) and set

[(X), (V)] = ([X. Y]).

Condition (1) ensures that this is well defined. The anchor ty M — TM 1is given by the
zero map. Therefore, the bracket restricts to each fibre (ty M), for x € M and turns
(tg M), into a graded Lie algebra. It is nilpotent by condition (1) and the fact that
Hi/H'7' =0fori > r.

The Lie algebroid tg M integrates to a Lie groupoid Ty M over M (see [57, Section 3,
Section 8]). As a manifold, it is the graded vector bundle @!_, H' /H'~!. Its source and
range map are the base projection.

Definition 2.3. For x € M denote by G, the simply connected Lie group of (tg M), and
call it the osculating group at x € M.
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Every osculating group is a graded Lie group of step r. The group multiplication of
G is uniquely determined in terms of the Lie bracket by the Baker—Campbell-Hausdorff
formula (see, for example, [14, Theorem 1.2.1]). The groupoid multiplication in Ty M
is given by the group product in the fibres. As the brackets vary smoothly along M, this
defines a Lie groupoid multiplication. The Lie groupoid Ty M is called the osculating
groupoid or the bundle of osculating groups in [57]. In [9] it is called the tangent group
bundle. However, Ty M is in general not a group bundle in the sense of principal bundles
as the group structure might vary from point to point.

Example 2.4. Let M = R3 and define three vector fields
X =0 + 20, Y =0, and Z =0,.

Let H C TR3 be the subbundle spanned by X, Y. One computes [X, Y] = —2yZ. There-
fore, the osculating groups are Abelian whenever y = 0, while they are isomorphic to the
Heisenberg group for y # 0.

Example 2.5. In the step r = 1 case and x € M, the osculating group G, is the tan-
gent space Ty M with group operation being the addition of tangent vectors. Hence, all
osculating groups are isomorphic to the Abelian group R4mM),

Example 2.6. For a contact manifold of dimension 2k + 1 all osculating groups are iso-
morphic to the (2k + 1)-dimensional Heisenberg group.

Example 2.7. When G is a graded Lie group, understood as a filtered manifold as in
Example 2.2, all osculating groups are isomorphic to G.

Definition 2.8. The dilation action of R~ on tyg M is defined by D (v) := Alv for
v e Hl/HI7' Tt integrates to an action on Ty M, which we denote by §;(£§) = A - &
for & € Gy.

From now on, we will always assume that the bundles H I of the filtration of a filtered
manifold (M, H) have constant rank, which is automatic if M is connected.
Definition 2.9. The homogeneous dimension of a filtered manifold (M, H) is

r

dy = Zi(rank(Hi) —rank(H'™")).

i=1

In the following we denote by n the dimension of M as a manifold. Then the weight
sequence of (M, H) is defined as

G1,.-sqn) =, .., 1,2,...,2,...,1,...,T),
where each 1 <i < r occurs (rank(H?) — rank(H?~1))-times.

Remark 2.10. The homogeneous dimension of a filtered manifold is the homogeneous
dimension of all osculating groups as defined in [28].
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Assigning to a filtered manifold (M, H) its osculating groupoid Ty M is functorial,
when considering the following morphisms.

Definition 2.11. A filtered manifold map or Carnot map f:(My, Hy) — (M3, Hy) is a
smooth map between filtered manifolds (M, Hy) and (M, H;) such that

df(H)) c H,  foralli € N. )

A Carnot diffeomorphism is a diffeomorphism f: M; — M, such that f and f~! are
filtered manifold maps.

Let f: (M, Hy) — (M>, H) be a Carnot map. Condition (2) ensures that there is a
well-defined induced vector bundle morphism t f: tg, My — tg, M», which satisfies

[t/(X). tfM] =tf(X.Y])  for X.Y € I*®(tg, My).

Consequently, using the exponential maps, one obtains a Lie groupoid homomorphism
between the osculating groupoids 7'f: Ty, M1 — Tu, M>. It restricts in each fibre to a
homomorphism of graded Lie groups T f: Gx — Gy(x). The map T'f is equivariant for
the dilation actions, that is,

Tx f(A-E) =LA -T f(§) forx e M,A > 0and £ € Gy.

We will consistently use the notation d f: TM; — T M, for the usual differential, whereas
the homomorphism between the osculating groupoids is denoted T'f: Ty, M1 — Ta, M>.
The latter is called the Carnot differential in [9]. They show that it generalizes the Pansu
derivative introduced in [43] for Carnot groups.

Proposition 2.12 ([9, Proposition 5.5]). The assignment (M, H) +— Ty M and f + Tf
defines a functor from the category of filtered manifolds with filtered manifold maps to the
category of Lie groupoids with Lie groupoid homomorphisms.

2.2. The tangent groupoid

Besides the osculating groupoid Ty M, the pair groupoid is another important groupoid
attached to a filtered manifold (M, H).

Example 2.13. For a set M, the pair groupoid of M is the groupoid with arrow space
M x M and unit space M. The range and source r,s: M x M — M and unit u: M —
M x M are given by

rx.y)=x,  s(x.y)=y,  ulx)=(xx).
The inverse and multiplication are defined by
.yt =x) ad  (xy)-(0.2) = (x,2).

If M is a smooth manifold, the pair groupoid of M is a Lie groupoid.
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The two groupoids Ty M and M x M can be glued together in a smooth way, yielding
the tangent groupoid of M. We first discuss its groupoid structure.

Definition 2.14. The tangent groupoid Ty M of a filtered manifold (M, H) consists of
the arrow space
TyM = (TgM x{0}) U (M x M x (0,00))

and the unit space M X [0, 00). The range and source maps r,s: Ty M — M x [0, 00) are

given by

r(x,£0) = (x,0), s(x,£,0) = (x,0) for & € Gy,
r(x,y,t) = (x,t), s(x,y,t) = (y,1) forx,y € M andt > 0.

The unit u: M x [0, 00) — Ty M and the inverse i: Ty M — Ty M are defined by

u(x,0) = (x,0,0) forx € M, u(x,t) = (x,x,t) forx € Mandt >0,
i(x,£,0)=(x,671,0) forée Gy, i(x,y.1)=(y.x,t) forx,y e Mandt > 0.

The multiplication m: Ty M@ — Ty M is given by

(x,€,0)(x,n,0) = (x,6-1,0) for&,n € Gy,
(x,y,0)(y,z,t) = (x,z,1) for x,y,z € M andt > 0.

Att = 0, the multiplication and inversion in the osculating groups are used.

The range fibres are given by

{(x,£,0) | £ € Gy} forx e M andt =0,

THM(x’t)Z
{(x,y,t) | ye M} forx e M andt > 0.

Example 2.15. Let M = G be a graded Lie group with the filtration H as in Example 2.2.
The tangent groupoid T G is isomorphic to the transformation groupoid

9 =(Gx[0,00)xG

of the action (G x [0, 00)) v» G given by (x,).v = (x6;(v), t). Here, we set §p(v) =
lim;—08;(v) =0forallv € G.

The isomorphism ¢: Ty G — ¢ is given by ¢ (x, y,t) = (x.t,8,-1(x"1y)) fort > 0
and ¢ (x,£,0) = (x,0,£) when identifying G, with G. The inverse is given by (x,?,v) >
(x,x68;(v),t) fort > 0 and (x,0,v) — (x,v,0).

A crucial feature of the tangent groupoid of a filtered manifold is that it defines a Lie
groupoid:

Theorem 2.16 ([9, 18, 58]). The tangent groupoid Ty M of a filtered manifold (M, H)
admits a smooth structure such that it becomes a Lie groupoid.
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We recall the construction of coordinate charts in [9].

Definition 2.17 ([9, Definitions 2.8 and 9.2]). An H-frame X = (X1, ..., X;,) over an
open subset V' C M consists of vector fields X;: V' — TM, such that (X1, ..., Xanagi)
defines a frame for Hi|V foralli =1,...,r. An H-chart is a local chart x: V — U
between open subsets V' C M and U C R” together with an H -frame X over V.

For an H-chartk: M 2 V — U C R”, Choi and Ponge construct in [9, (9.5)] a chart
¢ TgM 2V — U, where

V=TgM|y x{0}) UV xV x(0,00)),
U = {(x,v,1) €U xR" x [0,00) | ()7 (1 - v) € U}.

Here, £* is the e-Carnot map U x R" — R" associated with the H -chart « as described
in [9, Proposition 4.17]. The map ¢, is given by

Pic(x,§.0) = (k(x), Txk(§),0) for§ € Gy,
Gie(x, y,1) = (k(x), 27! ~eﬁ(x)(/c(y)),t) forx,y € Vandt > 0.

Its inverse is

(k7 1(x), (Txk) "1 (v), 0) for (x,v) e U x R" andt = 0,
(K_l(x), (e ok)1(t - v),1) for (x,v,7) € Uand? > 0.

¢K_1(x,v,t)={

The smooth structure of Ty M is uniquely determined by the charts ¢, for all H -charts «
of M and by requiring that the inclusion M x M x (0, 00) < Ty M is a smooth embed-
ding (see [9, Definition 9.7]). To shorten notation, we will sometimes denote Voo = M
and Voo = M x M x (0, 00) in the following. Note that for each H-chartk: V — U, the
open subset V is a subgroupoid of Ty M.

Example 2.18. Let G be a graded Lie group and let k: G — R” be the global coordinate
chart obtained from the exponential map. Then the e-Carnot map is 5 (y) = x71.y, see
[8, Proposition 7.12]. Therefore, ¢, is the isomorphism from Example 2.15.

Often, it will be useful to understand T M as a smooth field of groupoids over the
space [0, o0) in the sense of [35, Definition 5.2].

Lemma 2.19. The tangent groupoid Ty M of a filtered manifold (M, H) is a smooth field
of groupoids over [0, 00) with fibres isomorphic to the pair groupoid of M fort > 0 and
the osculating groupoid Ty M fort = 0. All these subgroupoids are amenable.

Proof. The projection : Ty M — [0, 00) is a smooth submersion. It satisfies 6 = pr, or =
pr, os where pry: M x [0, 00) — [0, 00) is the projection to the second coordinate. Restrict-
ing the structure maps of Ty M to t > 0, it is clear that the groupoids 6~ !{¢} are the pair
groupoid of M fort > 0 and Ty M fort = 0.

As all fibres of Ty M are nilpotent Lie groups, thus amenable, it follows from [2,
Proposition 5.3.4] that Ty M is amenable. The pair groupoid of M is amenable as well. m
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2.3. The zoom action

The following zoom action of R~ on Tz M by Lie groupoid automorphisms was defined
in [58, Definition 17] and [30, Lemma 5.4]. It plays an essential role for the definition of
the pseudodifferential calculus in [58]. We will use it to construct a generalized fixed point
algebra.

Definition 2.20. The zoom action of R~¢ on Ty M is defined for A > 0 by
a(x,y,0) = (x,p,27't) for (x,y,t) € M x M x (0, 00),
ay(x,£,0) = (x,6,(8),0) for (x,&) e Ty M.

Lemma 2.21. The zoom action of R~y on the tangent groupoid of a filtered manifold
(M, H) is a smooth action by Lie groupoid automorphisms.

Proof. 1t can be checked easily that all ), are groupoid morphisms with underlying maps
of the unit space

M x [0,00) > M x [0, 00), (x,1) — (x,A711).

They satisfy o, = o3 oy forall A, u > 0 and oy = id. The smoothness on M x M x
(0, 00) is clear. Let k: V' — U be an H-chart for M and ¢,: V — U the corresponding
chart for Ty M. Then one computes for A > 0 and (x,v,7) € U

Balx,v,t) = (¢>K oy o qbK_l)(x, v, t) = (x, A-v, /\_lt), 3)
where A - (v1,...,v,) = (A?'vy,..., A9 v,). Hence, the action is smooth. n
Definition 2.22. Let ¢ € N denote a common multiple of the weights g1, ¢z, ..., qxn-
Define a homogeneous quasi-norm || - ||: U — Rs¢ for H-charts V — U by
" 2\ 2
IGeov. ) = (me) for (x,v,1) € U, 4)
j=1

Even though this is not a norm, it has the advantage of being compatible with the zoom
action. Namely, it satisfies |81 (y)|| = A||y|| forall A > 0 and y € U, where § is the zoom
action in coordinates as in (3). Moreover, this function is smooth outside v = 0.

2.4. Functoriality

For a filtered manifold map f:(M;, Hy) — (M>, H,), we already know from Propos-
ition 2.12 that it induces a Lie groupoid morphism 7f: Ty, My — Tu,M,. It can be
extended to a map of the corresponding tangent groupoids f: Tg, M1 — Ty, M, with

fCx,y.0) = (f(0). f(). 1) for (x,y.1) € My x My x (0, 00),
f(x.§.0) = (f(x). Tx f(§).0)  for (x.§) € Tr, M.

Note that the induced map f is equivariant for the respective zoom actions.
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Proposition 2.23 ([9, Proposition 9.17, Corollary 9.18]). Let f:(My, Hy) — (M3, H3)
be a filtered manifold map. Then {: Ty, My — Tg, M, is a Lie groupoid homomorphism
with underlying map (x,t) — (f(x),t) of the unit spaces. The assignments (M, H) +>
Ty M and f + T define a functor from the category of filtered manifolds to the category
of Lie groupoids.

3. The groupoid C*-algebra of the tangent groupoid

To build a generalized fixed point algebra out of the zoom action on the tangent groupoid,
we need to attach a C*-algebra to the tangent groupoid. In this section, we recall the
construction of groupoid C*-algebras.

3.1. Haar system

As Ty M is a Lie groupoid, it admits a smooth left Haar system (see for example [44,
Theorem 2.3.1]). In the following, we explicitly describe a left Haar system.

Fix an atlas of H-charts (k;: M D V; — U; CR");er for M. Let (p;)ies be a partition
of unity which is subordinate to the open cover (V;);e; of M. One can define a measure
v on M by setting

[ra=%] (T Ny or f € Ce(M)

iel

where dx denotes the Lebesgue measure on U; € R”. Furthermore, the atlas of H-
charts gives rise to a smooth family of measures on the osculating groups. Each H -chart
k:V — U induces a local trivialisation

T:TuM|y = U x R,
The Lebesgue measure on R” can be pulled back using the graded isomorphism
Tk: Gy S Rre forall x € V.

Write the vector fields corresponding to the H -frame «.(X;) for j = 1,...,n in terms of
the coordinate vector fields as

Ke(Xj) = Zb""@ with b € C®(U).
k=1

Let By (x) := (bjk(x));l,kzl

invertible, affine linear map

for x € U and define as in the proof of [7, Lemma 3.9] the

Ax(y) := (Bx(x)") " (y — x). &)
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Recall that dy denotes the homogeneous dimension of M. Define for f € C.(Ty M)

/fdv(x’o) = Z/ pi (x)|det By (k(x))| f(x, (Tuki) " 1(v),0)dv  for x e M,
Rn

iel
/fdv(x”) = /M f(x,y,t)dv(y) forxeM,t > 0.

Lemma 3.1. The family of measures {v(x’t)}(x,,)eMx[o,oo) defines a smooth left Haar
system on Ty M.

Proof. For (x,t) € M x [0, 00) the support of v*?) is contained in Ty M *? . The left
invariance follows for # > 0 as in the pair groupoid case. For ¢t = 0, this is due to the fact
that the Lebesgue measure induces a bi-invariant Haar measure on the osculating groups.
For f € C°(Tyg M), we show that the map

(x,1) — / £ dp&®D

is smooth. Using the partition of unity, f can be written as a finite sum f' =) ;. (oo} Ji
with f; € C2°(V;) fori € I U {oo}. As smoothness for # > 0 is clear, it suffices to prove
for all H-charts k: V' — U and f € C2°(U) that the following map is smooth:

(x,t) — t—dH / (f o¢K)(x,;c_1(y),t) dy fort > 0,
U
(x.0) > |det By (k(x))] /R (o) x, (T ™ (). 0) o
= |detBX(K(x))|/]};n f(k(x),v,0)dv.

For x € V and ¢t > 0 consider the diffeomorphism
DU > UCD =y e R" | (e5,) "'t -v) € U},
y> ! “Eeny (V)

By [8, Remark 7.5], s’é(x) can be decomposed as sﬁ(x) = éZ(x) 0 Ag(x) With Ae(x) as
in (5). Moreover, it follows from their description of £* that the differential d(& ( x))(y) is
of upper triangular form with ones on the diagonal. Consequently,

|det(dpS™" ()| = 1~ |det By (x(x))| "
holds for all y € U. Therefore, we obtain

t_dH/U(f°¢K)(x,fc_1(y),l)dy = Z_d”/Uf(K(X),t‘l (). 1) dy
= |det By (k(x))| [ Fk (). v.1)dv.
UG

Thus the Haar measure is smooth. [
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3.2. The groupoid C*-algebra

Using the left Haar system {v(x”)}(x’,)eMX[O’oo), the linear space C.(Tg M) can be
equipped with the following involution and convolution:

)= fyh, (6)
(f * () = / Fomg™) dr® () = / Feg I @)

for f,g € C.(TyM) and y € Ty M. More explicitly, the involution is given by

froy)y = fy,x.0) forr >0, f¥(x,£.0) = f(x.§7".0).

The convolution can be written as

(f *g)(x,y,1) = t~H /M f(x,z,t)g(z,y,t)dv(z) fort > 0,

(f *g)(x,£.0) = / FCx,n,0)g(x, 0 E,0) dv™0(x, ,0).

Let the /-norm on C.(Tgx M) be given by || f |7 = max{|| f||1.r, || f 1,5}, where

£ = sup [11av
(x.1)

and || f|l7,s = |/ *|l7,-- The (full) groupoid C*-algebra of Ty M is defined as the C*-

completion of C.(Ty M) with respect to representations that are bounded by the /-norm

as in [47, Chapter II, Definition 1.12].

Example 3.2. Let G be a graded Lie group. By the description of Ty G as a trans-
formation groupoid in Example 2.15, C*(Tg G) is isomorphic to the crossed product
C*(G,Co(G x [0,00)) (see [47]).

3.3. Continuous field structure

As the tangent groupoid Tz M is a continuous field of amenable groupoids, its C*-algebra
admits a continuous field structure. The same is true for the bundle of osculating groups
Ty M viewed as a continuous bundle of groups over M.

Proposition 3.3. The C*-algebra of the tangent groupoid Ty M is a continuous field of
C*-algebras over [0, 00) with fibres isomorphic to C*(Tg M) fort = 0 and the C*-algebra
of compact operators K(L2>M) fort > 0.

Proof. Recall that Ty M is a continuous field of groupoids by Lemma 2.19. As all group-
oids §~1{¢} are amenable, C*(Ty M) defines a continuous field of C*-algebras with fibres
C*(0~1{t}) by [35, Corollary 5.6]. For ¢ > 0, the groupoid 8~!{t} is isomorphic to the
pair groupoid of M. The Haar measure on 0~ {t} is given by

| Koo = | Kena)  forK e oM < ).
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There is a well-known isomorphism ®;: C*(M x M, ;) — K(L?>M) with

(@, (K)y)(x) = 1~ fM K. )y () dv(y)

for K € C.(M x M) and v € C.(M). Therefore, for t > 0 we obtain epimorphisms
p:C*(Tg M) — K(L?>M) given by

(e (/)9 (x) = 1740 /M £y Y () dv(y) ®)

for f € Co(TygM),y € Cc(M)andx € M. |

Now consider the C*-algebra of the osculating groupoid at ¢ = 0. As Ty M is a con-
tinuous field of amenable groups over M, [35, Corollary 5.6] applies again.

Lemma 3.4. The C*-algebra C*(Ty M) is a continuous field of C*-algebras over M
with fibre projections

¢x:C*(TgyM) — C*(Gy)  forx € M.

Lemma 3.5. Denote by py: C*(TgM) — C*(Ty M) the *-homomorphism induced by
restriction to t = 0. There is a corresponding short exact sequence

Co(Rx0) ® K(L2M) —— C*(TgM) —2% C*(Tu M). ©9)

Proof. The subset M x (0, 00) C M x [0, 00) is open and invariant. By [32], the kernel
of po is C*(Tua M |px(0,00))- The fibre projections p; from (8) for # > 0 combine to an
isomorphism

P:C* (T M|px(0,00) = Co(Rs0, K(L?M)) (10)

defined by p(f)(t) = p:(f) for f € Ce(Ta M |prx(0.00))- =

Remark 3.6. If the filtration is of step r = 1, the C*-algebra C*(Tg M) is isomorphic to
Co(T*M). Namely, the fibrewise Fourier transform yields an isomorphism C*(TM) —
Co(T*M). If the osculating groups are not Abelian, C*(Tg M) is noncommutative.

4. A Schwartz type algebra

In this section, the Schwartz type algebra A(Ty M) C C*(Tyg M) is defined by adapt-
ing the construction in [6] to the filtered manifold setting. The Schwartz type algebra
consists of functions f € C®°(Tyz M) which restrict at + > 0 to a compactly suppor-
ted function f; € C°(M x M), whereas f, has rapid decay in the fibres of Tz M. This
algebra will be convenient for the generalized fixed point algebra construction.
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4.1. Definition of the Schwartz type algebra

First, the Schwartz type algebra will be defined locally as in [6, Definition 4.1] using the
charts ¢: V. — U of Ty M obtained from H -charts k: V' — U. In the following we use
the homogeneous quasi-norm on U from (4). Consider the smooth function

k:U xR" x[0,00) > U x R"

given by k(x,v,t) = (x,t - v). Recall that 6: Ty M — [0, 00) denotes the projection.

Definition 4.1. Let A(U) consist of all functions f € C*°(U) satisfying
(1) thereis T > 0 and a compact subset K C k(U) such that (k(y),0(y)) ¢ K x[0,T]
implies f(y) =0,
(ii) forall p € Ng and o = (a1, a2, 3) € Nj x N x N there is a constant D o > 0
such that

sup (1 + My D?1051 03297 (1) < Dp.ar-
yve

We check first that this space is invariant under Carnot diffeomorphisms.

Proposition 4.2 ([6, Proposition 4.2]). Let F:U; — U, be a Carnot diffeomorphism
and F: Uy — U, the induced map as in Proposition 2.23. Then f oF € A(U,) for all
S € A(U2).

Proof. As the induced map F: U; — U, is smooth, it is clear that f o F is smooth for all
f € A(Uy). In fact, as in the proof of [9, Lemma 9.15] we have

F(x,v) = (F(X),t_l “(erxy o F Og;l)([ -v),t) fort >0,
o (F(x), Tx F(v), 0) fort =0,

for (x,v,t) € U; and the respective e-Carnot maps U; x R” — R” fori = 1, 2. To show
condition (i), define Fy:k1(U;) — k2(U,) by

(x,v) — (F(x), (sF(x) oFo 8;1)(1))).

It is a diffeomorphism with inverse (F~!);. The following diagram commutes:

b,

ky (Up) —25 ky(Uy).

Let K> C k2(U) be a compact subset for f as in (i). Then K; := (F;) ' (K3) is a
compact subset such that (f o F)(y) = 0if k;(y) ¢ K;. If f vanishes for t > T, also
f o[F vanishes fort > T.
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For the rapid decay property, write IF (x, v, ¢) = (F(x), w(x, v,?),t). Because of this
structure of I, one can write for y = (x,v, ), n = F(y) and @ € Nj x N x Ny

B(foE)p) = Y 8 /(- Ps(y).

8] <lerl
where Pj is a finite sum of products of the form
3‘561 Fi(x)- 8f,zwj(x, v,1).

We only need to estimate each Ps for y = (x, v,t) such that k(x, v, t) € K; as otherwise
8‘,37 f(F(y)) = 0. In particular, x is contained in a compact subset, so that ail Fi(x) is
bounded. By [9, Corollary 6.7],

er@ © Foer (v) = Tx F(v) + Og(Jlv]|7*1)

holds near v = 0. Here, O, (||v])) is defined as in [9, Definition 3.2]. Hence, [9, Lemma 3.9]
implies that there are smooth R for j = 1,...,n such that

wj(x,v,1) = (TxF(v)); + Z P9y R (x, 1 - ).
le|<gj+1=[e]

For all (x,v,t) € k~1(K;) the components x and (x, - v) are in compact sets. Moreover,
we only need to consider ¢ < T'. It follows that one can find Cs, ; > 0 and mg, ; such that

1352w; ()] < Co,y (L+ [y )™ forall y € k™ (K) N 67'[0.T].

Together, this means that there are Cs > 0 and ms € N such that | Ps(y)| < Cs(1 + ||y )™
for all such y. As [ is a Carnot diffeomorphism, one can find likewise D > O and [ > 0
such that for all y with k(y) € K;

L+ [lyll < DA+ [[F()).

Let p € Ny. Because f satisfies the rapid decay condition (ii), there are constants
Di(ms+p),s > 0 such that for all n € U,

|8§;f(’7)| =< Dl(m5+p),8(1 + ||;7||)_l(k+m(§).
It follows that supyeU(l + ||)’||)p|3§IF(y)| < oo .

The invariance under Carnot diffeomorphisms allows to define the Schwartz type
algebra in the following way. For an H-chartk: V — U let

AV) = {f €C®(V) | fop." € AU)}.

We will denote by r1,s1: Ty M — M the maps given by r; = pr; or and s; = pr; os.
The following definition is inspired by [6, Definition 4.4].
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Definition 4.3. The Schwartz type algebra A(Tg M) is the space of functions f €
C%°(Ty M) such that
(i) there are T > 0 and a compact subset K C M x M such that (r1, 51, 0)(y) ¢
K x [0, T] implies f(y) =0,
(ii) f has rapid decay att = 0, that is, for all H-chartsx:V — U and y € C2°(V x
V x [0, 00)), the function f, belongs to A(V), where

fx@) = (ro(ri,s1,0)() f(y)  foryeV.

We will verify later that A(Tg M) is indeed an algebra. First, it is shown that one can
decompose A(Ty M) as in [6, (5)].

Lemma 4.4. Let (k;: Vi — Uj)ier be an atlas of H -charts for M. The space A(Tg M)
can be decomposed as

ATaM) = AV;) + CZ(Veo).
iel
Proof. Let f € A(V) foran H-chart x: V — U. We claim that f € A(Ty M). There is
a diffeomorphism «z: V x V — k(U) given by

(o 3) > (). 8y (0 ().

It makes the following diagram commute:

v —* U

l(rw'l) lk

V xV —55 k(U).

Let Ky C k(U) be a compact subset for f o ¢, ! as in Definition 4.1. Then ¢ 1 (Ky) is
compact and f(y) = 0 whenever (r1,51)(y) ¢ ¢, 1 (Ku). In fact, condition (i) from Defin-
ition 4.3 for f € C®°(V) is equivalent to (i) from Definition 4.1 for f o ¢! € C®(U).
Moreover, f has rapid decay at ¢ = 0 by the invariance under Carnot diffeomorphisms
from Proposition 4.2. Clearly, A(Tx M) contains all smooth functions with compact sup-
portin M x M x R and is closed under finite sums.

For the converse inclusion, let f € A(Ty M) and let K C M x M be a compact set
and T > 0 as in Definition 4.3 (i). Note that V; x V; x [0, 00) fori € [ and M x M x
(0, 00) define an open cover of K x [0, T']. Therefore, there is a finite partition of unity
(0i )i e u{oo} consisting of smooth, compactly supported functions subordinate to this open
cover. By Definition 4.3 (ii), f; := fp, are in A(V;) fori € I and foo € CJ°(Voo). This
yields a decomposition of f* as above. |
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For a vector bundle £ — M consider functions that have uniform rapid decay in the
fibres.

Definition 4.5 ([6, Definition 4.6]). Let w: E — M be a smooth vector bundle. A function
f € C°(E) has uniform rapid decay in the fibres, if for all local trivialisations ¢: E |y —
V xR™, peNganda = (a1, a2) € Nj x N§* and all cutoff functions y € C°(V)

sup (14 [v)? |95 952 1 (x) f (9~  (x, v))| < oc.
(x,v)eV xRm

Let S(E) be the space of functions with uniform rapid decay in the fibres. Let S¢,(E)
consist of all f € S(E) such that 7(supp f) is compact.

Lemma 4.6. The restrictions e;: f +— fy fort € [0, 00) yield surjections

er: ATgM) — CO(M x M) fort >0,
€0:A(THM) — Scp(THM)«

Proof. Let f € A(TyM). Condition (i) from Definition 4.3 ensures that f; is com-
pactly supported for each # > 0. For t = 0 it implies compact support in the M -direction.
Moreover, fo belongs to S¢,(TH M) as any locally defined norm on the fibres of 7y M is
equivalent to the homogeneous quasi-norm.

For t > 0, surjectivity is easily seen by extending a function in C°(M x M x {t})
smoothly to a function in C°(M x M x Rsy).

At t = 0, it suffices to show that eg: A(U) — S.,(U x R") is surjective for each
H-chart k: V — U. Let fy € $,,(U x R") and let Ko C U be a compact subset such
that fo(x,v) = 0 whenever x ¢ Ky. As K is compact there is a 1 > § > 0 such that
(e¥)"(v) € U for all x € Ko and |[v||?? < §. Here, g is the common multiple of the
weights used in the definition of the quasi-norm in Definition 2.22. Choose a smooth
function 0 < y < 1 on [0, co) which satisfies y(0) = 1 and y(¢) = 0 whenever ¢ > §.
Define f(x,v,1):= fo(x,v)x(®)x(||t - v|*?). The following set is compact and contained
ink(U):

K :={(x,v) € U xR" | x € K¢ and [|v]|*? < §}.

Then f(x,v,t) = 0 whenever k(x,v,t) ¢ K ort > §. Moreover, f satisfies the rapid
decay condition and e (f) = fo. L]
4.2. Algebra structure

We proceed by showing that the Schwartz type algebra is a *-algebra with respect to the
operations in (6) and (7). First, we prove the following estimates for the groupoid inversion
i:U — U and product m: U® — U with respect to the homogeneous quasi-norm.
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Lemma 4.7. Let K C k(U) be compact, T > 0 and a € NZ"*1.

(1)  There are Cio.x,7 > 0and l; o € N such that for all y € U with k(y) € K and
0(y) =T
0% ()] < Crax.r (14 |y [

forj =1,....2n+ 1.

(ii) There are Cp o k,7 > 0 and 1y o € N such that for all (y.n) € U® with
k(y).k(n) € Kand 0(y) =T

|95m (. m)j| < Coarier (1+ [y D' (1 + [l
forj=1,...,2n+ 1.
Proof. For (i) the inversion is given in local coordinates as i: U — U with

(S;I(I : v)at_l '86;1(I-U)(x)’t) fort > 0,

i(x,v,t) =
(x,—v,0) fort =0,

for (x,v,t) € U by [9, Lemma 9.9]. As noted there, near v = 0
Eo=1()(X) = =V + Og(v]|9T)

holds. So [9, Lemma 3.9] and the compactness of K x [0, T'] can be used, similarly as in
the proof of Proposition 4.2, to derive bounds of the desired form.
We proceed similarly for (ii) and write for ((x, v, 1), (67" (t - v), w, 1)) € U®

(x.t7" (exo e;;,(t‘v))(t -w),t) fort >0,

(x,v-w,0) fort =0,

m((x,v,1), (.1t -v),w, 1)) = {
as in [9, Lemma 9.11]. By their argument, for all x € U

ex 06k (W) = vex w+ O (0. w) )

holds for (v, w) near (0,0). As K x [0, T'] is compact and the group multiplication is
polynomial and depends continuously on x, one obtains estimates of the claimed form
using again [9, Lemma 3.9]. ]

Corollary 4.8. For K C k(U) compact and T > O there are Cx, 7 > 0 and | € N such
that

(i) forally € Uwithk(y) e Kand0(y) <T,
L+ ly ™ < Crr(+ [y,
(i) forally,ne Uwith(n',y) e UD k(). k(n™" -y) € Kand 0(n) < T,

L+ vl < Cer(+ D'+ I~ -y D
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Theorem 4.9. The Schwartz type algebra A(Ty M) is a *-algebra with respect to the
involution and convolution defined in (6) and (7). Moreover, there are inclusions of *-
algebras

CSO(THM) CA(TygM) C C*(THM).

Proof. For the involution, note that if K C M x M is a compact subset for ' € A(Tyg M)
as in Definition 4.3, i(K) C M x M is a compact subset for f*. Here, i: M x M —
M x M is the inversion on the pair groupoid. By Lemma 4.4 and linearity, it suffices to
show that f* € A(V;) for f* € A(V;) for j € I.For j = oo, itis clear that f* lies again
in C2° (Vo).

Suppose now that f* € A(U) for an H-chartx: V' — U. Denote by Ky, K¢+ C k(U)
the compact subsets for f, f* respectively. As f*(y) = f oi(y), the derivatives of the
inversion i can be bounded by powers of 1 4 ||y || as in Lemma 4.7 with K = Ky« and T
such that f* vanishes for # > 7. By Corollary 4.8, 1 + [|y| < Ck,,r(1 + li(y)D! holds
for all y € k=1 (Ks) with 6(¢) < T. Then the Schwartz seminorms for f can be used to
show that f* has the rapid decay property.

For the convolution, note that f x g for f, g € A(Tyg M) is a well-defined smooth
function as f, g are Schwartz functions at t = 0 and compactly supported otherwise. If
Kr, Kg C M x M are compact subsets for f, g, it follows that K := m(Ky, Kg) is a
compact subset for f* * g, where m denotes the multiplication in the pair groupoid.

To prove the rapid decay, we decompose g as in Lemma 4.4 into a finite sum of
gi € AV;), j =1,...,m,and go € C°(Vs) and use linearity to write

fxg= > [fxg.
je{l,...,m, 00}
Let T > 0 be such that f and g vanish for 1 > T'. As there is a compact subset Kz, C
V; x V; for each gj, it follows that
Kfag, x[0,T] = m(Ky, Kg;) x [0, T]

is openly covered by V; x V; x [0,00) and M x M x (0, c0) as for t = 0 the source and
range maps coincide. Let {y, 1 — y} be a corresponding compactly supported partition
of unity. Let £y > O be such that 1 — y vanishes for t < ty and choose a bump function
w € C®(Rs¢) withw(t) = 1fort >ty and w(t) = 0 fort < t9/2. Then we can write

(f *8)a—p = (f @0 8) xg; - @08)),_,. (11

This is a convolution of functions in C2°(M x M x R.), so that the result is clearly
contained in A(Tg M).

Consider now (f * g;),. Let w; € C°(V;) fori = 1,2 be such that w; (x) = 1 for all
x € ri(supp y) and wa(x) = 1 forall x € r(Kyg,). Foreachy € Ty M,

(f % gi)x(y) = xo (”l»sl,e)()/)/f(V’?)gj(ﬂ_l)ds(y)(n)
= 10 (1510001 [ £ (e (7 @
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= xo(rsu, 9)(}/)/w1(rl(yn))f(yn)wz(sl(Vn)))gj (™ " ()
= (f - (@or)-(w2051)* gj)x

holds. In conclusion, we obtained a finite decomposition

m
frg=) ixgy+ Do fPxgy (12)
j=1 je{l,...,m,00}
with fjc’o,gj?o € C®(Vxo), fi. g € A(V})and y; € C°(V; x V; x [0, 00)). Therefore,
it is left to show that A(U) * A(U) < A(U).
Let f,g € A(U) and denote by K¢, K¢, K¢y € k(U) the respective compact subsets,
and let T > 0 be such that f, g vanish for ¢ > T. To show rapid decay, we must estimate
the derivatives

Ben'yy =) 00 gn'y)-MP(p7ty)  forn'y ek (Kg)and 1 < T,

where M?%(n~', y) is a product of Bf," m;(n~',y). The bounds from Lemma 4.7 for the
multiplication and inverse allow to estimate | M| forall y € k= (K rxg)andnek™1(Ky)
witht < T by C(1 + ||n])" (1 + ||y ) for some C > 0 and r, s € Ng. Therefore, we can
use the rapid decay of f and g to estimate for p € N using Corollary 4.8,

A+ D [ 11 @0 g0 MGy @

S+ lyh?* /If(n)l(l + 7192 -, g ()| dv™ @ ()

< A+ lypP*s / @I+ D" @+ oty DT dv @ ()

< [Lroia+ Iy e+ wr o)

< [ iyt ar ) < oo
for all y € U. The last integral converges by [28, Corollary 1.17]. This finishes the proof
that A(Ty M) is a *-algebra.

Clearly, C2°(Ty M) is contained in A(TzM). For f € A(U), we can construct

a sequence fp, € C°(U) which converges to f in the /-norm. This will imply that
ATy M) C C*(Ty M). This can be done by choosing a sequence of functions y, €

CZ(R™) with 0 < y,n < 1, supp(xm) C B(0,m) and xpm|po,m—1) = 1. Then fr,(x,v,1) :=
f(x,v,1t)xm(v) is such a sequence. |
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5. Generalized fixed point algebras for filtered manifolds

In this section, we briefly recall the notion of a generalized fixed point algebra. Then we
use the Schwartz type algebra to define a generalized fixed point algebra of the zoom
action on a certain ideal in the C*-algebra of the tangent groupoid.

5.1. Generalized fixed point algebras

Generalized fixed point algebras were defined by Rieffel as a noncommutative analogue
of proper group actions on spaces in [49, 50]. Here, we follow the approach of Meyer
in [39]. We recall the main definitions and refer to [23, 39] for more details.

For this section, let G be a locally compact group and A a C*-algebra with a strongly
continuous G-action «. For the pseudodifferential operators in the following sections we
will always consider the multiplicative group G = R~ . Define for a € A the following
operators as in [39, (1), (2)]:

{fal: A= Cp(G. 4).  ((alb)(x) := ax(a)*D, 13)
la):Ce(G. A) — A, la) f = /Gax(a)f(X) dx. (14)

Here, dx denotes a Haar measure on G. They are G-equivariant for the diagonal action
of G on C.(G, A) and Cp (G, A), respectively. Furthermore, they are adjoint to each other
with respect to the pairings (a |b) = a*b fora,b € Aand (f | g) = [ f(x)*g(x) dx for
f € Cp(G, A) and g € C.(G, A). Recall that C.(G, A) can be completed into the right
Hilbert A-module L?(G, A).

Definition 5.1 ([39]). An element a € A is square-integrable if the operator |a)) extends
to an adjointable operator |a)): L2(G, A) — A.

If a € A is square-integrable, ((a| can be understood as an adjointable operator A —
L?*(G, A) with adjoint |a)) as explained in [39, Section 4]. On the subspace of square-
integrable elements A; € A one can define a norm || - ||s;, which turns it into a Banach
space,

lalls = lla] + lI{al o la) "> = llall + | (all.

Definition 5.2 ([39, Definition 6.2]). A continuously square-integrable G-C*-algebra
(A, R) is a C*-algebra A with a strongly continuous G-action together with a subset
R C Ag which is
()  relatively continuous, thatis, ((a | b)) := {((a| o |b)) € C¥(G, A) C B(L?(G, A))
foralla,b € R;
(ii)  complete, that is, R is a closed subspace of (A, || - ||s) and |a)) (C. (G, A)) C R
foralla € R;

(iii) dense in A.
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We remark that not every G-C*-algebra has such a subset R and that it does not have
to be unique, see [39, Section 8].

Definition 5.3. Let (A4, R) be a continuously square-integrable G-C*-algebra. The gen-
eralized fixed point algebra Fix® (A, R) is defined as the closed linear span of |a)) ((h| for
a,b € R inside the G-invariant multiplier algebra MY (A).

Itisin fact a C*-algebra and |R)) C B(L?(G, A), A) can be completed into an imprim-
itivity bimodule between Fix® (4, R) and the ideal generated by ((R | R)) inside CH(G.A)
[39, Theorem 6.2].

Example 5.4. Let G ~, X be a proper group action on a locally compact Hausdorff
space X. Then the orbit space G\ X is a locally compact Hausdorff space. The group
action induces an action on the C*-algebra Co(X) by (g - f)(x) := f(g~'-x)forg € G,
x € X. In this case, one computes for f € Co(X) that

1S 1B (cox).co(x,L2(GY)) = SUP/ |f(g™" - x)*dg.
xeX JG

Therefore, f € Co(X) is square-integrable if and only if sup,c x [ (g7 -x)|?dg < oo.

Denote by C.(X) the closure of C.(X) € Co(X)s with respect to || - ||si. By [39, The-
orem 9.1] the closure can be described as

CX) = {f e co(X):/G|f<g—1 0)Pdg < ocoand (£ | £) € C:‘(G,co(X»}.

By [39, Theorem 9.1], (Co(X), C.(X)) is a continuously square-integrable G-C*-
algebra. For fi, f» € Cc(X) the operator | f1)){( f>| € MP(Co(X)) is given by multiplic-
ation with the function

Gx > /G flg™ ) folg™ - x) dg.

Using that the action is proper, one can show that this function belongs to Co(G\ X). By
the Stone—Weierstrass Theorem the generalized fixed point algebra Fix® (Co(X), Cc (X))
is Co(G\ X) (see also [49, Example 2.6], [46, Proposition 3.2]).

Definition 5.5 ([49]). A continuously square-integrable G-C*-algebra (A, R) is called
saturated, if the ideal generated by (R | R)) € CF(G, A) is C} (G, A).

Example 5.6 (see [48], [23, Lemma 2.18]). Let G act properly on a locally compact
Hausdorff space X . Then (Co(X), C.(X)) is saturated if and only if the action G ~, X is
free.

5.2. The zoom action

The zoom action « on the tangent groupoid from Definition 2.20 induces an action on the
introduced convolution algebras.
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Lemma 5.7. The maps 6:C.(TgM) — C.(Ty M) defined by

©.1)¥) =A% f(ai(y))  forA>Oand f € Co(TuM)

extend to a strongly continuous Rq-action on C*(Ty M ). Moreover, A(Tg M) is invari-
ant under the action.

Proof. Note that the Haar system {v*)}, e arx(0.00) Satisfies

/cuf dv®D = / Fdv®ATD forall £ e Co(TyM). (15)

Using this one can show o (f * g) = 0, (f) *x 0 (g) for f,g € C.(Tyg M). Furthermore,
all o are linear and satisfy o, (f*) = (0, (f))* for all f € C.(TgM). As each o0 is
an isometry with respect to the /-norm, it follows that o extends to a strongly continuous
action on C*(Ty M).

To see that A(Tg M) is invariant, note that it suffices to show this for f € A(U), as
C°(M x M x R.y) is invariant. Because k(8 (x,v,t)) = (x,t -v) = k(x,v,t) for all
A > 0, one can take the compact set K for f for all (). Furthermore, for fixed A > 0
the function o (f) has compact support in the ¢-direction and satisfies the rapid decay
condition. This follows from the homogeneity of the quasi-norm. [

Lemma 5.8. The ideal ker(pg) < C*(Ty M) is invariant under the zoom action. Under
the isomorphism from (10),

piker(po) = Co(Rx0) @ K(L2M),

the zoom action corresponds to the action t Q 1, where t is induced by the free and proper
scaling action of R~ on itself, namely,

@ @) = fQ7"t)  for f € Co(Rso) and At > 0.

Proof. The homomorphism pg is equivariant for the zoom action and the action on
C*(Tg M) induced by the dilations in Definition 2.8. The second claim follows from
the computation that p o o) = (1), ® 1) o p forall A > 0. L]

5.3. Generalized fixed point algebras for filtered manifolds

In this section, we show that the generalized fixed point algebra construction can be
applied to certain ideals in the groupoid C*-algebras associated with the tangent groupoid
of filtered manifolds.

Definition 5.9. Let J, be the ideal in C*(Ty M) defined as

Jo = ﬂ ker(Tyiv © Gx)-
xXeEM
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Here, 7yiv: C*(Gy) — C denotes the representation induced by the trivial representation
of the osculating group Gy, that is,

R (f) = /G f()dx  for f € Co(Gy).

The ideal Jy can be extended to an ideal J in C*(Tgy M) as follows.

Definition 5.10. Let J denote the ideal in C*(Tgy M) given by

J = ) ker(u 0 gx © po).
xeM

Both ideals J and Jy are invariant under the zoom action o of R~ (. To apply the gen-
eralized fixed point algebra construction to this R~ g-action on J, consider the following
*-subalgebra of J.

Definition 5.11. Let R C J consists of all f € A(Ty M) such that
/fdv("’(’) =0 forallx € M. (16)

We show first the following lemma, which will replace an application of the mean
value theorem in the Euclidean case.

Lemma 5.12. Let g € A(U) and K, K> C k(U) be compact subsets. For all a € N there
are D > 0 and b € N such that for all (y~*, 1) € U® with k(y) € K1, k(n) € K»

IR ( A+’ ¢ 4
gy ' —gy™HI <D Tl ZII [

Proof. It suffices to show the claim for real-valued g € A(U). Let y~! = (x, v, ) and
n = (e;1(t - v), w, ). Define the function G:[0, 1] x U® — R by

G(x,v,t,w,h) = g((x,v,1)- (8;1(t -v),h-w,t)).

Hence, we obtain

1
g((x,v,t)(e;l(t-v),w,l))—g(x,v,t) :/0 0,G(x,v,t,w,s)ds.

To estimate |0, G| note that G = g o m o (id x §), where §(w, h) = h - w. Writing n;, =
(ex1(t - v), h - w, 1), one calculates that

n
WGy sy =D gy - mn) - Quymi (v~ ) - 0nB; (w. ).
i,j=1

By the structure of U we can find a compact subset K, C K c k(U) that is star-shaped
in the sense that for (x,v) € K also (x,/ -v) € K holds forall & € [0, 1]. Let T > 0 be
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such that g vanishes for # > 7. Lemma 4.7 applied to i (K;) U Kand T gives C > 0 and
! € N with

10w, mi (" )l < CA+ Iy~ DY A+ Inal)! < €+ Iy D" A+ [inl)!

for all y, n with k(y) € Ky, k(n) € K and t < T. For these y, n use the rapid decay
condition for g to estimate using Corollary 4.8

— B . , ) i 2

[0y, (¥ 1 )| S A+ |y 1 “nnlD 1%2(a+1?) <(+ ||Ylhl D la+i?)
? 2
O 1 D T ] D
(L4 llyhat? = A+ [lylhe+?

As §;(w, h) = h¥ w;, it follows that |0,6; (w, s)| < |w;| < |[n]|%. Together, these estim-
ates imply the claim. ]

Lemma 5.13. Let (M, H) be a filtered manifold. Consider the restricted zoom action
0:Rao v J. For f € R the operator (( f| as in (13) satisfies {f|g € L'(R>¢,J) for
all g € R.

Proof. We show that (A > |03 (f*) * g|l7) € L' (Rxo, %) holds for all f, g € R. Because
o) for A > 0 is an isometry with respect to the /-norm,

loa-1(f*) x gl = 1L/ * * oa(@lr = lloalg™) = flz

holds for all f, g € R. Therefore, and as R is invariant under involution, it will suffice to
show

o0
/1 ||0,1(f)>kg||1%<oo forall f, g € R. a7

We decompose [ as in Lemma 4.4 and write

a(f)xg= Y oaf))xg

je{1,...,m,00}

with fj € Ry; := RN A(V;) and foo € C2°(Vo). We proceed to decompose this further
as in (12). Let K,, K be compact subsets for f;, g and let ' > 0 be such that f; and
g vanish for ¢t > T. As before, let {y, 1 — y} be a compactly supported partition of unity
subordinate to the open cover V; x V; x [0, 00) and Voo of m(Ky;, K¢) x [0, T]. As noted
in the proof of Lemma 5.7, we can take the same compact subset Ky, C k(U) for all
0,(fj). For A > 1, let x, be the scaled version of y defined by y, (x,y,t) = y(x,y, A7 7).
As A > 1,{ya, 1 — ya}is still a partition of unity for the cover of

m(Kf], Kg) X [0, T] = m(KU,x(f;')’ Kg) X [O, T].
As before, we have a decomposition

02 (f5) * g = (02(f5) * ©x; + (02(fi) * &) 1-x)-
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Inspecting the argument for the first summand in the proof of Theorem 4.9, we can find a
gj € Ry, that does not depend on A such that

(@ (fj) * @ xx = (Oa(fj) * &) s-

For the second summand, recall the construction of w € C*°([0, c0)) in Theorem 4.9. It
follows as in (11) that for wy (1) := w(A7 1),

O3 * 1mxp) = (02(1) - @90) ¥ €)_y)
= (Ul(fj (wo0))* g)(l—m)'

Note that f; - (w 0 ) € C°(Voo). As [xal, |1 — xa] <1 for all A > 1, it suffices to
prove (17) for the two cases f € C2°(V) and g € R, and f, g € Ry. Here, Ry denotes
all functions f € A(U) with f o ¢, € Ry foran H-chartk:V — U.

Suppose first that f € C°(Vo) and g € R. Let T, 79 > 0 be such that f(x, y,t) =
g(x,y,t) = 0whenevert > T and f(x,y,t) =0fort < ty. Forx € M and ¢t > 0 we
have

(02(f) * g)(x. y.1) = Adn;=dn /M Feez A g2y, 1) do(2).

which is only non-zero for t < T'. Moreover, it vanishes if A > T't I'pecause then A 711 <
to holds fort < T, sothat f(x,z,A7't) = 0. As 1 > 1, only ¢t > ty have to be considered.
As g restricted to t > 7o is a compactly supported function, we can find a compact subset
K C M such that f(x,y,t) =0if (x,y) ¢ K x K and g(x,y,t) =0 if t > ¢ty and
(x,y) ¢ K x K. Moreover, there is a constant C > 0 such that |g| < C for ¢t > ¢ and
| f] < C.We obtain

oo T/ty
/ loa(f) * glls & < T2 C20(K)? / 2951 4 < oo,
1

1

Consider now the case that f, g € Ry. To shorten notation, write b(x) = |det By (x)]
for x € U. For y € U with r(y) = (x,t), one has

(£ x &) = 2b00) [ pedz AT g (o ) az
= b(x)/ FO,z, A7) g (e, Az ) ) dz.
UGt

Let Kr, K, be compact subsets for f and g as in Definition 4.1. As K is a compact
subset for all 0 (f), we only need to consider y € K := m(Ky, Kg) by Theorem 4.9.
Moreover, we only need to consider z € U™ with (x, (A™'7) - z) € Ky . Define two
functions Ri, R, by

Ri(y.m):==g*(n"-y)—¢* (),

Ry(x,z,t):= f(x,z,t)— f(x,z,0).
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‘We write
(02(/) * 8%) () = b(x) (g*(y) / fx.2.00dz + / £ 2 ORI (s (r A" -2, 0)) dz

+/R2(x,z,)t_1t)g*((x,)t_l -Z,t)~y)dz).

The first term vanishes as f € Ry. The mean value theorem in Lemma 5.12 applied to
i(K),Kr,ganda = dy + 1 yields D > 0 and b € N such that

- A+ A" 2P - .
|Ri(y, (x, A" -z,0))| < D WZ”A Loz
j=1

L+ A28 N
—p - I Zx 2|

A+ Iy &
o (1t o
B P

fory € K and z € U%Y with (x, A1) -2) € K. For the last inequality we used that
A > 1. The usual mean value theorem and the rapid decay of f allow to find C > 0 such
that

[Ra(x,2, 4710 < ATHC(1 4 |z )~ HD@nED,

As f has rapid decay, one can estimate
| fGe 2.0 S (14 [z~ 72
As g* is rapidly decaying, as well, and using Corollary 4.8 and A > 1, we find

|g*((X, A_IZ,[) . y)| 5 (1 + ”(-’C,A_IZ,Z) . y”)_l(dH-i-l)
PR (G i D

~ (1+ [yt
o Q4G AT 2 D (14 [zt D
- (1+ [yt =+ lyh®H

Therefore, we obtain for all (x,7) € M x [0, c0)

/ 02(f) % | VD < bEOATN(1 4 1).

As there is a T > 0 such that g* vanishes for # > T and f is compactly supported in x,
this implies [0 (f) * g*ll7.- < A™L. For || - ||1.s, replace y by y ! in the estimates above
and use Corollary 4.8 to derive similar estimates. The convergence of || loo A~2dA finishes
the proof of (17). [ ]
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Theorem 5.14. For a filtered manifold (M, H) the *-subalgebra R C J is square-inte-
grable with respect to the zoom action of Rq. Denote by R its closure with respect to the
| - |lsi-norm. Then (I, R) is a continuously square-integrable R o-C*-algebra.

Proof. The Schwartz type algebra A(Tgy M) is a *-subalgebra of C*(Ty M) by The-
orem 4.9. Condition (16), which is that the Haar integrals vanish at r = 0, is preserved
when taking the involution or convolution of functions in R. Therefore, R is a *-subalge-
bra of J. Moreover, it is invariant under the zoom action of R+, as 4 (Tgy M) is invariant
by Lemma 5.7 and the dgy-homogeneity of the Haar system at ¢ = 0, which follows
from (15).

To see that R is dense in J, let f € J and ¢ > 0. There is a g € C°(Ty M) with
| f — gll <e&/2. To adjust g to have vanishing integrals at ¢t = 0, define the function
h € C(M) by

h(x) =/gdv(x’°)

for x € M. It satisfies

|h(xX)| = [Tuiv(@x (P0(8))) = Tuiv (qx (Po(IN = |1 f — gl <&/2

for all x € M. Choose a function k € C2°(Ty M) such that [ k dv®9 = 1 forall x €
r(po(supp g)) and ||k||; < 1. This can be done by defining such a function locally on the
charts V; and pasting them together with a smooth partition of unity. Let g := (hory) - k.
It is a smooth, compactly supported function on Ty M, and ||2]| < e/2. Asg—g € R
and || f — (g — @)|| < &, this finishes the proof that R is dense in J.

Now, the estimate in Lemma 5.13 together with [23, Lemma 2.11, Remark 2.12] imply
that (J, R) is a continuously square-integrable R -C*-algebra. |

Hence, the generalized fixed point algebra Fix®>0(J, R) is defined as in Definition 5.3.
It is the closed linear span of | f))((g| for f, g € R by [23, Lemma 2.11]. By [39, (19)]
these can be described as strict limits in the multiplier algebra of J. Use a net (y;)ier
consisting of smooth, compactly supported functions y;: R~o — [0, 1] that converge uni-
formly on compact subsets to 1 to cut off at zero and infinity. Assume that y; (1) =
xi(A"Y) foralli € I and A > 0. Then | f))((g| is given by the following strict limit

el = tim [ (s e 4. (18)

5.4. The pseudodifferential extension

Recall that Jo = po(J). The C*-algebra extension for the tangent groupoid in (9) restricts
to the short exact sequence of R~ o-C*-algebras

Co(Ro0) @ K(L2M) —— J —2%% J,. (19)
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There is a corresponding short exact sequence of generalized fixed point algebras by [23,
Proposition 2.19]. Using the subsets R:=RnN Co(R=0) ® K(L2M) and R := po(R),
one obtains continuously square-integrable R~ o-C*-algebras (Co(R~q) ® K(L2M), ﬁ)
and (Jo, 52_0) by [23, Lemma 2.14, Remark 2.15]. The same arguments as in the proof of
[23, Proposition 5.11] yield the following description of the corresponding extension of
generalized fixed point algebras.

Proposition 5.15. Let Ro := po(R). The zoom action of R~ on the extension in (19)
gives rise to a short exact sequence of generalized fixed point algebras

K(L2M) — Fix®(J, R) —2%% Fix®>*(Jo. Ro). (20)
Here, po denotes the restriction of the strictly continuous extension of pg to the corres-
ponding multiplier algebras.

We call this extension the order zero pseudodifferential extension in the following.
The symbol algebra Fix®>°(Jo, Ro) is a continuous field of C*-algebras.

Proposition 5.16. The generalized fixed point algebra FixR>0 (Jo, Ro) is a continuous
field of C*-algebras over M with fibre projections

Jx: Fix®>0(Jo, Ro) — Fix®>0(Jy, R,).

Here, Jy :=ker(@yiy) < C*(Gy) and Ry consists of all | € §(Gy) with vanishing integral
with respect to the Haar measure on Gy.

Proof. This follows from [49, Theorem 3.2], see also [23, Remark 2.24]. [

The order zero operators in Fix®>0(J, R) have a faithful representation as bounded
operators on L2(M). The *-homomorphisms p,: C*(Tyg M) — K(L?>M) defined in (8)
for ¢t > 0 can be restricted to the ideal J. The restrictions are still surjective. Therefore,
they yield strictly continuous representations

P FixR=0(J, R) > M(K(L>M)) = B(L®>M)  foralls > 0.
Lemma 5.17. The representation py: Fix®>0(J, R) — B(L2M) is faithful.
Proof. The result holds by the same reasoning as in the proof of [23, Lemma 5.13]. [

Lemma 5.18. Let (x;)ier be anet of y; € C2°(Rx¢) that converge uniformly on compact
subsets to 1 and satisfy yi(A™') = xi(A) forall A > 0. Let f,g € Rand h = f* x g.
Then the operators T; (h) given by

Ty (x) = /0 21 (A= / h(x,y. Y () dv(y) % @1

fory € L2(M), x € M, converge strictly to p1(| f ) {g|) as multipliers of K(L*M).
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Proof. Use the description of | f)) ((g| as a strict limit as in (18). As pj is strictly continu-
ous and p; o o) = p;y—1 forallz, A > 0 we get

o0 [ee)
A =tim [ n@par s % =tim [ n@m(r 0 %
The operators 7;(h) above are obtained by inserting the definition of p, in (8). |

The same argument as in [23, Lemma 5.15] shows:

Lemma 5.19. The following diagram commutes:

K(L2M) — Fix®=(J R)

Lemma 5.20. Let h € R N ker(pg) and let T;(h) be defined as in (21). Then (T;(h))
converges in norm in K(L?>M). In particular;, its strict limit as multipliers of K(L>M)
exists and is contained in p; (Fix®>0(J, R)).

Proof. Ash € R C A(Ty M) vanishes for t = 0, it can be written as h = ¢f with f €
A(Tgy M). By definition of the representation pj in (8), it follows that p, (h) = Ap, (f)
for all A > 0. Hence, forall A > 0

[pa) <= M pa(HI = ALF-

We show that (7; (h)) is Cauchy. Let T > 0 be such that & vanishes for ¢ > T'. For j > i,
we estimate

0o T
T (h) = T (M) || Sfo (i) = 1 O)llpa)| 4 < ||f||/0 (1= xi(A)dA.

As y; — 1 on compact subsets, the claim follows. As K(L?M) is complete, it follows
that (7;(h)) converges in norm. The second claim follows as convergence in norm implies
strict convergence and K(L? M) is contained in p; (Fix®>0(J, R)) by Lemma 5.19. =

6. The principal symbol algebra

In this section, we examine the principal symbol algebra Fix®>0(Jo, Ro). It is a continu-
ous field of C*-algebras over M with fibres Fix®>0(J,, Ry) by Proposition 5.16. Here, J
is the kernel of the trivial representation 7y;y: C*(Gy) — C. It was shown in [23, Propos-
ition 6.11] that Fix®>0 (Jx, eR_x) is the C*-closure of the operators of type zero on G,. We
state now a bundle version of this result. We use tempered fibred distributions on Ty M
as in [58, Section 7.1]:
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Definition 6.1. For a smooth vector bundle 7: E — M, a tempered fibred distribution
with compact support in the M -direction is a continuous C2°(M )-linear map u: S (E) —
C2°(M). Denote by S/ (E) the linear space of tempered fibred distributions.

Foru € Sc’p(E ) and each x € M there is a tempered distribution u, € $’(Ey) such that
(u, fY(x) = (uy, fx) forall f e S(E).For E =Ty M, there is a well-defined convolution

*ISC,p(THM) XS(TyM) — Sclp(THM),

which restricts in the fibres to the convolution on the osculating groups. To define homo-
geneity of fibred distributions, recall that the dilations yield an R~ -action on §(Ty M)
given by

(03 f)(x. ) = A9 f(x,8,()) forA >0, f €S8(TugM)and§ € Gy.

This action can be extended to Sép(THM ) by

(onstt, f) == A9 (u, 051 f)

forues ép(TH M), f €S(TgM)and A > 0. It allows to extend the notion of kernels and
operators of type v on graded Lie groups (see for example [25, Definition 3.2.9]) to the
bundle of osculating groups.

Definition 6.2. Let v € R. A fibred distribution u € Sc’p(TH M) is called a kernel of type v
if it is smooth away from the zero section and 0,.(u) = A'u for all A > 0. Denote
by KV (Tg M) the space of kernels of type v. The corresponding continuous operator
Tu:8(Tg M) — Sc/p(TH M) given by T,,(f) = u x f is called an operator of type v.

In particular, 7, restricts at x € M to the right-invariant continuous linear operator
8$(Gx) — 8'(Gy) given by f +— u, * f for f € $(Gx). Moreover, one calculates as in
[25, Lemma 3.2.7] that an operator T of type v satisfies

T(oy-1f) = Aoy-1(Tf) forallA > 0and f € $(TyM).

The left regular representations A,: C*(Gy) — B(L?Gy) for x € M allow to under-
stand the elements | f)){(g| with f, g € R as a smooth family of bounded, right-invariant
operators (| fx)){(gx]) on L2(Gy). By a bundle version of the arguments in [23, Propos-
ition 6.6, Lemma 6.7, Corollary 6.8, Lemma 6.9, Theorem 6.10, Proposition 6.11] (see
also [22, Chapter 8] for details) we obtain the following result.

Theorem 6.3. Let (M, H) be a filtered manifold. The linear span of | f)) {(g| for f,g € Ro
is KO(Ty M). Consequently, Fix®>°(Jy, Ro) is the C*-completion of the operators of
type zero.

7. Comparison to the calculus by van Erp and Yuncken

The pseudodifferential calculus for filtered manifolds by van Erp and Yuncken is also
based on the tangent groupoid and the zoom action. Note that they use a version of the
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tangent groupoid which is a field over R and not [0, co). In this section, we outline their
construction and compare it to the generalized fixed point algebra approach.

7.1. The calculus of van Erp and Yuncken

Recall the theory of fibred distributions on Lie groupoids and their convolutions as in
[58, Section 2], see also [36].

Definition 7.1 ([58, Definition 6]). Let € be a Lie groupoid with unit space §® and range
and source r,s:§ — § ) An r-fibred distribution, respectively an s-fibred distribution, is
a continuous C® (€ (®)-linear map u: C® () — C®(£©), where the C*°(£©)-module
structure on C*°(§) is induced by the range, respectively the source map. The spaces of
r- and s-fibred distributions are denoted by &,.(§) and &;(9).

There are well-defined convolution products *: .. (§) x &1.(§) — &L (§) form =r,s
that turn &/ (¥) into an associative algebra [36, Theorem 3.2].

Definition 7.2. A subset X C § is proper if the restricted range and source maps
rlx: X — €©  and slx: X - €©

are proper. For w = r, s, let Q. be the bundle of smooth densities tangent to the range
fibres, respectively source fibres, of . Let C;°(¥: Q) denote the space of smooth sec-
tions f such that supp( f) is proper.

Then C3°(9: €2,) is arightideal in €;(§), whereas C;°(9; Q) is a left ideal in (%)
(see [58, Proposition 9] and [36, Proposition 3.3]).

The zoom action from Definition 2.20 induces an R~ g-action ax on &, (T M) by
automorphisms. Each «, restricted to C2°(Tgz M ; Q) coincides with 0;-1 as in Lem-
ma 5.7 when identifying C°(Tgy M ; Q,) with C2°(Tg M) using the left-invariant Haar
system.

Definition 7.3 ([58, Definitions 18 and 19]). A properly supported P € &,.(Tyg M) is
essentially homogeneous of weight m € R if

ay«(P) — AP GCSO(THM;Qr) forall A > 0.

The space of these distributions is denoted by W77 (M).

A distribution P € &,(M x M) is an H -pseudodifferential kernel of order < m if there
isa P € W7 (M) that restricts to P at¢ = 1. Denote by W7; (M) the space of these kernels.
For P € WY (M) define the following corresponding H -pseudodifferential operator by

Op(P):C*(M) — C®(M),  Op(P) f(x) = (Px. f).

Moreover, they define the principal cosymbol of P € W} (M) by extending it to a
P € ¥%; (M) and restricting P to t = 0. To make this independent of the choice of the
extension, the space of cosymbols is defined as follows.
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Definition 7.4 ([58, Definitions 34 and 35]). For m € R, let Ess; (M) consist of all prop-
erly supported u € &.(Ty M) such that

Sax(u) = A"u € C2(Tu M ; Q) forall A > 0.
Here, 8, is induced by the dilations in the fibres of Ty M . Define
7 (M) = Essy (M) /C°(Tu M; Q).

The principal cosymbol of P € W} (M) is defined by extending P to P € W}, (M) and

setting
sp(P) = [Po] € X (M).

Van Erp and Yuncken show in [58, Proposition 47] that the wave front set of P €
W7 (M) is contained in the conormal to M x [0, oo). This implies by [58, Lemma 46] that
IP belongs, in fact, to the space of proper r-fibred distributions &, ((Ty M) as defined in
[58, Definition 11]. As Cg" (Ty M ; Q2,) is a two-sided ideal in 8;,S (Tg M), it is then easy
to see that |,z W5 (M) is a Z-graded algebra, see [58, Theorem 49]. Moreover, there
is a well-defined involution on &; ((Ty M) by [36, Theorem 3.2]. We summarize now the
main properties of the calculus.

Proposition 7.5 ([58, Lem. 36, Prop. 37, Cor. 38, Thm. 49, Prop. 50, Thm. 52, Cor. 53],
[17, Prop. 3.1]). The pseudodifferential calculus on a filtered manifold (M, H) satisfies
the following:

(1) Form € Z there is a short exact sequence

WL (M) s (M) —Hy s (), 22)

The inclusion is well defined, which can be seen by considering the map
1ﬂf'l'_}_l(M) — V(M) with P +— tP for P € 1[]1’1{’1_1 (M), which does not change
the kernel at t = 1.

(i) For P e Vi (M)and Q € \Iffq (M) withm,l € R, the convolution is in \IJZH (M)
and s,’fI'H(P * Q) = ST (P) s (Q).

(iii) For P € Wi (M) and m € R, the formal adjoint P* is in W (M) and s (P*) =
s (P)*.

(iv) Fork = 0 and r the step of the filtration, the following regularities hold:

W (M) € CE(M x M @,).
() Y5 (M) =CX(M x M:Q,).

meZ
Remark 7.6. Dave and Haller extend in [17] the pseudodifferential calculus to operators
acting between sections of vector bundles E, F' over M . In this case, distributions in

&,(Ty M;hom(s*(E), r*(F)) ® Q)
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are used, where E = E x R and F = F x R are the vector bundles over the unit space
M x R.

We will use global exponential coordinates as in [57, Section 3.2]. They identify an
open subset W of tg M x R, the Lie algebroid of Ty M, with an open, zoom-invariant
neighbourhood W of

TgM x0U Aps x (0,00) C Ty M.

Here, Ajs denotes the diagonal in M x M.

Suppose @1 € C*°(M x M) is constant 1 on Ays and vanishes outside W;. Then
@ € C®(Ty M) defined by ¢ := ¢ o (rq, s1) is called an exponential cutoff in [58,
Lemma 27]. It is invariant under the zoom action. It is shown in [58, Lemma 27] that each
P e} (M) differs from a Q €W (M) supported on W by an element of C7°(Ty M ; 2,),
namely, set Q = @P for an exponential cutoff ¢.

As we used the Schwartz type algebra in the construction of the generalized fixed
point algebra Fix®>0(J, R), the corresponding operators on L2(M) as in Lemma 5.18
have compactly supported kernels. Therefore, we compare it to the following variant of
van Erp and Yuncken’s calculus with compact instead of proper supports.

Definition 7.7. Let Wy (M) consist of all P € W; (M) such that there is a compact
subset K C M x M such that all P, for # # 0 are supported in K. Likewise, Ess}; .(M)
denotes all u € Ess7; (M) with compact support in the x-direction and

m (M) = Ess}y (M) /C(Tu M Q).

Lemma 7.8. Let m € Z. The pseudodifferential extension of order m in (22) restricts to
a short exact sequence

(M) s W (M) —y S (M), (23)
Proof. This can be shown analogously to [58, Lemma 36, Proposition 37, Corollary 38].
For surjectivity of the principal cosymbol map, extend a compactly supported u €
Ess7; (M) as in [58, Lemma 36] to the constant distribution il € & (taM x R) given
by @i; = u. Using an exponential cutoff ¢ for a ¢; € C°(M x M) that is constant 1
on a neighbourhood of A, (wppu) C M x M and zero outside of Wi, one obtains an
u € ¥ (M) that extends u. |

7.2. Principal cosymbols as generalized fixed points

First, we compare the space of principal cosymbols of order O to the generalized fixed
point algebra at t = 0, namely, Fix®>0 (Jo, Ro). Consider the following bundle version
of the space of approximately homogeneous distributions defined in [54, Chapter I, Sec-
tion 2].
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Definition 7.9. A distribution u € Sc’p(TH M) is approximately 0-homogeneous if
(1)  u is smooth outside the zero section,
(i) u=wuy+uyforsomeu; € Sp(TgM) and u, € Sép(THM),
(i) ox(u) —u € Sep(Tg M) forall A > 0.

Denote by .‘bgp(TH M) the space of approximately 0-homogeneous distributions.

By [54, Propositions 2.2, 2.4] they are closely related to kernels of type 0 from Defin-
ition 6.2.

Proposition 7.10. There is a surjective linear map ®: $Q (Tg M) — K°(Tu M) with
ker(®) = S0 (Ty M) N C2(Ty M),

Proof. By the bundle version of [54, Proposition 2.4], every u € SBSP(TH M) can be written
asu = f 4w with f € CF(TgM) and w € K°(TygM). In fact, it is shown in [54,
Proposition 2.2], that & € C*°(t}; M) admits a radial limit @ (x, §) := limy_, o u(x, A£),
which defines a smooth, 0-homogeneous function . Therefore, W extends to a tempered
fibred distribution and w is its inverse under Fourier transform. The above decomposition
of u is unique as kernels of type 0 coincide with smooth (—dg)-homogeneous functions
outside the zero section. Therefore, CJ(Th M) N K O(Tg M) = {0} and u > w is a well-
defined linear map.

For surjectivity, let w € K°(Ty M) be a kernel of type 0. The Euclidean Fourier trans-
form w € §'(t7; M) is smooth and 0-homogeneous outside the zero section M x {0}. Take
a smooth cutoff function y € C*°(t7; M) which vanishes near the zero section and is con-
stant 1 outside an r-compact set. Then u = F ~!(y) is an approximately 0-homogeneous
distribution by [54, Proposition 2.2] and one can write

u=w-—F"11 - ).

The latter is smooth as (1 — y)w € Sép(tH M), so that ®(u) = w. The claim concerning
the kernel follows from the uniqueness of the decomposition above and the definition
of ®. ]

Note that QSP(TH M) is larger than the space Ess?v_l, (M) we consider. However, the

following result holds. See [17, Lemma 3.6] for a more general result for X (M).
Lemma 7.11. There is a linear bijection ©: Z(I)-I,c (M) — X%(TgM).
Proof. The map ® in Proposition 7.10 induces a bijective, linear map

58 (Tu M)/ ker(®) — KTy M).

We show that there is a linear bijection E%, (M) — SBSP(TH M)/ ker(®). The inclusion

of Essl(ll’C (M) into 62P(TH M) induces a linear map to the quotient

Y Essy (M) — 9% (T M)/ ker(®).
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To see that it is surjective, let u € Qgp(TH M) and choose a function w € C°(Ty M)
which is constant 1 in a neighbourhood of r(suppu) x {0} and consider wu € &, (Tu M).
It is essentially 0-homogeneous as for all A > 0

op(wu) —wu = —0((1 —w)u) +op(u) —u + (1 — w)u

is smooth. It is also compactly supported as the left hand side is. As u — wu = (1 —w)u
is smooth, it follows that ¥ (wu) = [u].

Finally, we show that ker(y) = C°(TygM). If u € Ess?q’c (M) is contained in the
kernel of v, it is smooth by the description of the kernel of ®. It is also compactly sup-
ported. So it must lie in CZ°(T M ). As CZ°(Tp M) C CZ(Ty M) the converse inclusion
holds, too. [

By the description of K (7 M) in Theorem 6.3, we obtain a linear map
®: X (M) — Fix®>*(Jp, R)
with dense image. However, it is not clear from the proof that it is a *-homomorphism for

the convolution and involution of distributions. This will be shown later.

7.3. Pseudodifferential operators as generalized fixed points

It was observed in [20, Theorem 3.7] that classical pseudodifferential operators on a mani-
fold M can be written as averages over the zoom action of functions f € A(T M) with
fo € So(TM). We will show this for filtered manifolds for the order zero case.

Lemma 7.12. Let g € CX°(ty; M x R) vanish at all points (x,0,0) for x € M. Then
fooo xiA)g(x,A-£ Q) % converges in Sc’p(tl*{M).

Proof. We show that for each (x, §) € tj; M

oo
K g = tim [ 1i(ge,d 6.0 %
converges and satisfies for all o« € N§
sup |0 K (x, §)| < oo.
(x.8)

As g vanishes at all points (x, 0, 0), it can be written as

gx.61) =) &g (x.61) +1g(x,E1)

j=1

with g, g, € C2°(tf; M x R) for j = 1,...,n. Since they are compactly supported, there
are R, T > Osuch that g;(x,§.¢) = g;(x,§,1) =0for j = 1,...,n whenever ||§] > R
ort > T Itfollows that |K(x,&)| < T(R + 1)max;—1,... n||&;|lco- This shows the claim
for @ = 0. Derivatives in the x-direction give an expression of the same form so it holds
forall o € N . m
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Proposition 7.13. Let © be the map from Lemma 7.11. For P € 111'(1)_1 M) thereis f € R
with fo € So(Ty M) such that

Py — / Proa(f) % cCOM x M) and  O([Py]) = / ox(fo) L.
0 0

Proof. By [58, Lemma 27 and Lemma 42], I differs by a kernel in C}°(Ty M) from an
element Q € ¥ 77 (M) which is supported in the global exponential coordmate patch and
is homogeneous on the nose outside [—1, 1]. Using that P has a uniform compact support
K C M x M fort # 0, one can arrange that the same holds for the kernel in CSO(TH M)
and that Q € \I]JO -(M). So assume, without loss of generality, that P is supported in the
global exponentlal coordinate patch and is homogeneous on the nose outside [ 1,1].

Let P e €/ T(ta M x R) be the pullback under the exponential map and P=gF (IP’) €
C®(t; M x R). Here, ¥ is the fibrewise Euclidean Fourier transform #: §/(tg M x R)
— 8/ (t;; M x R). As remarked in [58, Section 7.3], Pis approximately homogeneous for
the R~ o-action S, (x, &, t) = (x,A-£ At) on t; M x R. This is a dilation action when
considering t7; M x R 5 Masa graded vector bundle over M with the original dilations
ont HM and the usual scaling on R as observed in [58, Section 7.3].

Now we use [58, Proposition 43], which is based on the bundle version of [54, Propos-
ition 2.2]. It allows to find an 4 € C°°(tHM x R\ M x 0 x 0) homogeneous of degree 0
such that P — XA € Sep 7 (17, M x R) for any smooth cutoff function y that vanishes in a
neighbourhood of the zero section M x 0 x 0 and is constant 1 outside a 7-compact set.
Now choose g € C°(ty; M x R) vanishing with all derivatives at all points (x, 0, 0) such
that for all (¢,7) # (0,0)

A(x,£.1) =/O g(x, A& At) 4.

Then fo g(x, AE ) & < converges in Sc’p(t}'fl M) fort = 0 by [28, Theorem 1.65] and for
t > 0 by Lemma 7.12. We write for all # > 0 and a cutoff function y as above

@z—/ g(x, A8, A1) 4 = (P, —X(SJ)At)—(l—X(éJ))/ g(x, A8, 20) 4.
0 0

The first part lies in S, (t7, M) and the second in & (t7; M) with compact support in the
x-direction. So that we obtain under inverse Fourier transform

B, [0 @30 71 (2))(1) & € CX(ty M).

Here, & denotes the zoom action on tg M x R.

As P has uniform compact support, there is an exponential cutoff ¢ built from a com-
pactly supported g1 € C3°(M x M) such that pP = P. Let f := ¢F ~!(g), which is an
element of R with fy € So(Ty M). We obtain for all # > 0, using that ¢ is invariant under
the zoom action,

]P’t—/o Pz(UA(f))%Z%(]P’t—/O PtOUAOJq_l(g)%)-
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For ¢ > 0, this is contained in CZ°(M x M). For t = 0, note that ¢9 = 1 on the support
of Py and g in the x-direction. As Py € XY (M) < ﬁgp(TH M), the claim follows from
Proposition 7.10. ]

Lemma 7.14. For f € R with fo € So(Tg M)

[0 £ (s (f) &

converges strictly to an element Q € FixR>0 (J, R). Moreover,

Fo(@) =tim [~ o) § € Fix®2 (3o, Ro)

Proof. Using the Dixmier—Malliavin Factorization Theorem [21, Theorem 7.2] as in the
proof of [23, Lemma 6.7] one can factorize fo € So(TuyM) as fo = Z;‘l=1 fj* * gj with
fi. 8 € Ro.Let Fj, G; € R be extensions of f;, g; tot > 0, which can be obtained as
in the proof of Lemma 4.6. As h := f — 3, F;* x G; € A(Tyg M) vanishes at 1 = 0,
it follows from Lemma 5.20 that

/0 £ (Vo () &

converges strictly to an element of the generalized fixed point algebra. As
oo A OO A . oo A
[ wwon g = [ nmnm ¢+ Y [ nmo -6 ¢
j=1

and the operators on the right converge to | F;)) (G, |, it follows that the left hand side
converges strictly to an element Q € Fix®>0(J, R). As h € ker(po), the decomposition
above also shows that

Fo(@) = Y1 Mgy = tim [ oo - :
j=1

Theorem 7.15. The pseudodifferential extension of order zero from (23) for a filtered
manifold (M, H) embeds into the generalized fixed point algebra extension from (20)
such that the following diagram commutes:

SO
Vit (M) ——— WY (M) ——— £ (M)

l l b e

— S R
K(L2M) — p1(Fix®>0(J, R)) —L» Fix®>0(Jy, Ro).

with Sy = Po o (F1) .
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Proof. For the inclusion of \I/?{ (M) in the generalized fixed point algebra, let P €
vy .(M). By Proposition 7.13, there is a function f € R with fo € So(Tyg M) and

P —f P13 (f)) % € C(M x M).
0

By Lemma 7.14, f0°° xi(Moa(f) % converges to an element Q of the generalized fixed
point algebra Fix®>0(J, R). Its image p;(Q) in B(L2M) is the unique bounded exten-
sion of the convolution operator associated with fooo p1(oa(f)) % Convolution by the
kernel in C2°(M x M) extends to a compact operator K. It follows that K + Q is the
unique continuous extension of Op(P) and belongs to the generalized fixed point algebra.
Moreover, Lemma 7.14 also implies

Oy (P) = /0 03 (fo) % = Y1) (] = Sy (Q) = Sy (Op(P).

J=1

Hence, the right square in (24) commutes. For P € \IJ;C (M) the commutativity of the
right square and exactness of the rows yields that Op(P) extends to a compact operator
on L2(M). |

Remark 7.16. In particular, we recover the result in [17, Proposition 3.7] that H -pseudo-
differential operators of order 0 extend to bounded operators on L2(M ), while the ones
of order —1 define compact operators.

As the left and middle vertical arrows in (24) are inclusions of *-algebras, the quotient
map O: EOH e FixR>o (Jo, Ro) must be a *-homomorphism, too. Thus, FixR>0 (Jo, Ro)
is the C*-completion of %, (M).

Corollary 7.17. Let C* (\111(21,C (M)) denote the C*-closure of \IJIQI’C (M) inside B(L*>*M).

Then C* (\IJ% (M) is isomorphic to Fix®>0(J, R). There is a short exact sequence of
C*-algebras

K(L2M) —— C* (VY (M) N C* (29 (M),

such that Sy, extends the principal cosymbol map sgl: \I/%, (M) — E(}-I, (M).

Proof. We show that C* (\IJ%,C (M)) = p1 (Fix®>(Jy, R)). The C*-algebra of H -pseudo-
differential operators of order 0 is contained in p; (Fix®>0(Jy, R)) by Theorem 7.15.

For the converse, note first that K(L2M) C C* (\1121,6 (M)). This holds as \IJ?_I,C (M)
contains the kernels in C3°(M x M) and these generate the compact operators on L2(M).
Now, let f,g € R. Let u € Y (M) be the inverse of | fo))((go| € K°(Ta M) under
the map ® in Lemma 7.11. Since the principal cosymbol map is surjective, there is a
P € Wy (M) with sg; (P) = u. Then the operator

(/) (eh = P11/ ) (&) — Op(P) + Op(P)
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is contained in C* (\IJ% .(M)). This is because Op(P) is contained in this algebra and
P1(f){gl) — Op(P) € K(L?>M) as the diagram in (24) commutes. The C*-algebra
Fix®>0(J, R) is generated by | f))(g| with f,g € R. Thus, the result follows. L]

The convolution algebra Ess‘}, (M) can be completed into a C*-algebra. Consider the
*-representations A, for x € M given by the corresponding convolution operators, that is,

Ax()f =uy x f foru € Ess?q’c(M) and f € $(Gy).

To see that these extend to bounded operators on L2(G,), recall that by Proposition 7.10
thereisaw € K°(Ty M) such thaty —w € Co(TuM). Let x € CZ°(Ty M) be such that
X -u = u. Then one can write u = y(u — w) + yw. The first part is in C2°(Tg M), so
convolution with it extends to a bounded operator. As w, extends to a continuous operator
L*(Gx) — L*(Gy) by [34], also convolution with y,w, extends to a bounded operator
by [10, Lemma 2.10]. In fact, using the compact support in the base space, the proof of
[10, Lemma 2.10] yields a C > 0 with

Ax @) < lx(u—w)| + Cllw] forall x € M.
Thus, one can take the completion of Ess%’ (M) with respect to the norm

llull := sup |[Ax ()] foru € Ess?,jc(M).
xeM

Denote the resulting C*-algebra by C* (Ess%,, -(M)). The homomorphism
®:Ess}y (M) /CX(Ta M) = XY (M) — Fix®>(Jo, R)

has dense image. Therefore, one obtains an extension of C*-algebras
C*(TyM) — C*(Ess}y .(M)) — Fix®>*(Jo, R). (25)

Remark 7.18. For a step 1 filtration, the short exact sequence above corresponds under
Fourier transform to the disk bundle extension

Co(T*M) —— Co(B*M) — Co(S*M).

8. Morita equivalence

In this section, we will show that (J, R) and (Jo, Ro) are saturated for the zoom action
of R~¢. Therefore, for each filtered manifold (M, H) the C*-algebras of order zero pseu-
dodifferential operators Fix®>0(J, R) and principal cosymbols Fix(Jg, Ro) are Morita—
Rieffel equivalent to C}(Rx¢.J) and C(R~¢, Jo), respectively. For the Euclidean scal-
ings this is a result of [20].

First, recall the following result. For a graded Lie group G denote Jg = ker(7y) and
R the space of all functions f € §(G) with fG f(x)dx = 0.
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Proposition 8.1 ([23, Corollary 8.3]). For a graded Lie group G the R.o-C*-algebra
(JG. R¢) is saturated for the dilation action of R~. The generalized fixed point algebra
Fix®>0(Jg, R) is Morita—Rieffel equivalent to CI (R, JG).

From this we deduce saturatedness for the respective ideals in the C*-algebras of the
osculating groupoid and the tangent groupoid.

Proposition 8.2. Let (M, H) be a filtered manifold. The C*-algebra of order 0 principal
cosymbols Fix®=0(Jo, Ro) is Morita—Rieffel equivalent to C!(Rxo., Jo). The C*-alge-
bra of order 0 pseudodifferential operators FixR>0 (J, R) is Morita—Rieffel equivalent
to C:( (R, d).

Proof. As all fibres (J,, R,) are saturated by Proposition 8.1, (Jo, Ro) is saturated by
[23, Corollary 2.26]. Therefore, the generalized fixed point algebra construction gives the
Morita—Rieffel equivalence between Fix®>0(Jy, Ro) and C!(R>o, Jo).

We show that (Co(Rs) ® K(L2M), R N Co(R=o) ® K(L2M)) is saturated. The
second claim follows then from the result on saturatedness for short exact sequences in
[23, Corollary 2.17] applied to the sequence (19). By Lemma 5.8, the R~ -action on
Co(Rso) ® K(L?M) is given by 7 ® 1, where 7 is induced by the action of R~ on
itself by multiplication. As 7 is proper, R N (Co(R=o) ® K(L2M)) is the unique dense,
relatively continuous and complete subspace by [39, Theorem 9.1]. As t is also a free
action, it is saturated (see the preprint version of [50] and in [1, Proposition 4.1]). The
Morita—Rieffel equivalence follows again from the generalized fixed point algebra con-
struction. |

9. K-theory and index theory

For this section, suppose that M is a compact filtered manifold. In this case, the algebra
of cosymbols Fix®>0(Jy, Ro) is unital. We examine when an operator on M is elliptic in
an appropriate sense. The short exact sequence (20) yields that P € \1121 (M) is Fredholm
if and only if its principal cosymbol Sg (P) is invertible in Fix®=0(Jy, Ro).

Definition 9.1. A pseudodifferential operator P € W% (M) is C*-H -elliptic if its prin-
cipal cosymbol Sy (P) € Fix®>0(Jo, Ro) is invertible.
9.1. Rockland condition and H -ellipticity

The goal of this section is to understand C*- H -ellipticity better. Moreover, C*- H -ellip-
ticity is compared with H -ellipticity, which was defined by van Erp and Yuncken. We also
discuss the relation to the Rockland condition.

Definition 9.2 ([57, Definition 54]). An operator P € W%} (M) on a compact filtered man-
ifold (M, H) is H -elliptic if its principal cosymbol s} (P) is invertible in

&/(Ty M)/CZ(Ty M),
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If P € W} (M) is H-elliptic, it admits a two-sided parametrix Q € W5 (M), thatis,
PO —1,0P —1e€CX(M x M), see [57, Theorem 60]. If P is an H -elliptic differential
operator, this implies that P is hypoelliptic [57, Corollary 61]. Form = 0, P is H -elliptic
if and only if sI(fI (P) is invertible in ZOH (M). This follows from [57, Lemma 55].

The C*-algebra of principal cosymbols Fix®>°(Jo, Ro) is a continuous field of C*-
algebras over M with fibres Fix®>0 (J, R,) by Proposition 5.16.

Lemma 9.3. Let A be a unital C*-algebra. Suppose A is a continuous field of C*-algebras
over a compact Hausdorff space X with fibre projections qx: A — Ax. Then a € A is
invertible if and only if ay := qx(a) is invertible for all x € X.

Proof. Clearly, invertibility of a implies that ¢ (a) is invertible for all x € M. Conversely,
suppose that ¢ (a) is invertible at every point x € M. Fix x € X and let b, € A, be an
inverse of ay. As ¢y is surjective, there is a b € A with gx(b) = by. Let ¢ := 1 — ab.
Because ¢, (c) = 0, one can find an open neighbourhood Uy of x such that ||g, (c)|| < 1/2
for all y € U, by continuity. By the von Neumann series ab is locally invertible on U,.
Therefore, b(ab)™! is right inverse to @ on Uy. Using a continuous partition of unity
which is subordinate to the open cover U, of X, one can glue together the local inverses
to a global right inverse of a. Similarly, one can construct a left inverse of a. It follows
that a is invertible. [

Therefore, C*- H -ellipticity is a pointwise condition.

Corollary 9.4. Let (M, H) be a compact filtered manifold. A principal cosymbol u €
Fix®>0(Jo, Ro) is C*-H-elliptic if and only if uy € Fix®>°(J,, Ry) is invertible for
all x e M.

Consider now the Rockland condition as described in [11], see also [45, Section 3.3.2]
or [17, Section 3.4]. It generalizes the Rockland condition for differential operators de-
fined in [51].

Let G be a graded Lie group of homogeneous dimension Q and m € Z. Let u €
&'(G)/CX(G) be m-homogeneous. It was shown in [17, Lemma 3.6] that the class u €
&'(G)/C(G) can be uniquely represented by a kernel a of type —m if —m — Q ¢ Ny. For
m = 0 this is Lemma 7.11. If —m — Q € Ny, it can be represented by a = k + plog(||x||)
with k € X7™(G) and a (—m — Q)-homogeneous polynomial p. This representation is
not necessarily unique. However, the map $o(G) — So(G) given by f + a * f does not
depend on the chosen representative a of u (see [17, Section 3.4]). Here, So(G) consists
of f € 8(G) with [; x* f(x)dx forall &« € N§.

For a unitary, irreducible representation 7: G — U(Hy), let #2 be spanned by 7 (f)v
for f € $0(G) and v € H,. The operator 7 (u) defined on #2 by

aw)@(f)v) :=7(a* v for f € 8$6(G),v € Hy,

is closable. Denote its closure by 7@).
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Definition 9.5. Let G be a graded Lie group and let u € &'(G)/CP(G) be homogeneous
Then u satisfies the Rockland condition if 7 (u) is injective on HX forall w € G\{nmv}
Here, #2° denotes the space of smooth vectors.

Example 9.6. Recall that for a usual compact manifold of dimension n the osculat-
ing groups are isomorphic to R”. Let P be a pseudodifferential operator on M with
model operators X (P), for x € M. Then X(P), satisfies the Rockland condition if and
only if E/(P\)x(é) # 0 for all £ # 0. This is the usual condition on the principal symbol
of P. Therefore, P is elliptic if and only if ¥ (P), satisfies the Rockland condition for
allx e M.

Further, for a graded Lie group G, Fix®>0(Jg, R¢) is the C*-algebra of kernels of
type O by [23, Proposition 6.11]. The spectrum of Fix®=°(Jg, Rg) can be identified
with (G \ {7uiv})/R=0 by [23, Proposition 8.4]. This allows to describe invertibility in
Fix®>0(Jg, Rg) in terms of the representations of G.

Definition 9.7. An element u € Fix®>°(Jg, Rg) satisfies the C*-Rockland condition if
7 (u) is invertible for all 7 € G \ {7myiy}-

It is well known that an element a of a unital C*-algebra A is invertible if and only if
7 (a) is invertible for all irreducible representations 7w € A, see [24, Proposition 2.2] for a
direct proof. Hence, the following holds.

Proposition 9.8. Ler u € Fix®>°(Jg, Rg). Then u is invertible if and only if u satisfies
the C*-Rockland condition.

Now, we deduce that P € \IJ?{ (M) is C*- H -elliptic if and only if it is H -elliptic.
Proposition 9.9. Let (M, H) be a compact filtered manifold. For P € \If% (M) the fol-
lowing are equivalent:

(1) P is C*-H-elliptic,

(i)  s%(P)x satisfies the C*-Rockland condition for all x € M,

(iii) sl(fl(P) x and sgl(P); satisfy the Rockland condition for all x € M,

(iv) P is H-elliptic.

Proof. The equivalence of (i) and (ii) follows from Corollary 9.4 and Proposition 9.8. By
the results of Glowacki in [29, Theorem 4.3, Corollary 4.9], (ii) and (iii) are equivalent for

all x € M. The arguments in [17, Lemmas 3.9, 3.10], which follow [11] and [45], show
that (iii) and (iv) are equivalent. [

Remark 9.10. The Rockland condition is also defined for operators acting between vector
bundles E, F' over M (see [45, Section 3.3.2] or [17, Section 3.4]). In this case, the model
operators map So(Gy, Ex) — S9(Gy, Fy). It is shown in [17, Lemmas 3.9, 3.10] that
H -ellipticity is again equivalent to satisfying the Rockland condition at all points.
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9.2. Deformation to Abelian case

For a filtered manifold (M, H), consider the restriction of the short exact sequence in (9)
to [0, 1]

CVH
Co((0, 1) ® K(L?M) —— C*(TaMlp,1)) —» C*(TuM).

The C*-algebra on the left is contractible and C*(Tgy M) is nuclear as a bundle of nilpotent
Lie groups. Therefore, the class [ev(l)i 1€ KK(C*(Te M|[o,17). C*(Tu M)) is invertible. As
described in [19], one can define a deformation element

levg' 17! ® [ev]’] € KK(C*(Ty M), K)

associated to the short exact sequence above. Likewise, there is a deformation element
[evo] ™! ® [evi] € KK(Co(T*M),K) for the short exact sequence of Connes’ tangent
groupoid

Co((0,1]) @ K(L2M) —— C*(T M jo.17) —=% Co(T*M).

Connes showed that this class is the analytical index (see [13]).

Using the adiabatic groupoid of Ty M, one can relate the deformation classes in
KK(C*(Tyg M), K) and KK(Co(T*M),K). This construction was carried out in [55] for
contact manifolds, see also [40, 41] for the filtered manifold case. In the following, we
recall the argument.

The Lie algebroid t g M of Ty M is described in [57]. Further, denote by p:tg M —
T (M x [0, 1]) its anchor map and let

[, ] T®gM)x T®({tg M) - Tty M)

be the bracket. Let Tz M? be the adiabatic groupoid of Ty M. It is easier to describe it
in terms of its Lie algebroid (see [20, Remark 2.1]). It is the vector bundle ty M x R over
M x R x R with anchor

PatgM xR — T(M xR) x TR,
pa(x,t,U,s) = (p(x,t,sU),s,0)

forx €e M,t,s € Rand U € tyg My ;). The bracket is defined by
[X,Y]a(x,t,5) = s[X,Y](x,1) for X,Y € T®(tg M x R).

The resulting Lie groupoid can be viewed as a continuous field of groupoids over each
copy of R and over R2. The fibre over s = 1 is the tangent groupoid T M of the filtered
manifold.

For s = 0, the anchor and bracket are zero. One obtains a bundle of Abelian groups.
It is isomorphic to TM x [0, 1] via a splitting as defined in [57, Definition 15]. A splitting
is a vector bundle isomorphism tz M — TM, which restricts on H//H/~! to a right
inverseof H/ — H//H/ ' forj =1,...,r.
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For ¢t = 0 the anchor is zero. Therefore, all fibres over (0, s) for s € R are bundles
of nilpotent groups. The bundle of osculating groups Ty M at s = 1 is deformed into a
bundle of Abelian groups at s = 0. The latter can be identified with 7M using the splitting
above. Denote the subgroupoid at # = 0 by §.

Note that the fibre at (1, 1) is the pair groupoid of M . Its adiabatic groupoid is Connes’
tangent groupoid T M. It is the fibre at t = 1 of Ty M ?.

Therefore, all edges of [0, 1]> can be understood as deformation groupoids and one
can associate corresponding deformation classes in the respective KK-groups.

Denote the restriction to the edges by r;=1, F;=0, F's=1, I's=0. The following diagram
commutes:

Fi=

TgM* —=— TM
lrszl levl
CVH
TuM —— M x M.
Therefore, the following KK-classes coincide:
[ri=1] ® [ev1] = [rs=1] ® [ev{]. (26)

Denote by by and b; the restrictions to t = 0 and # = 1 on the trivial bundle at s = 0. The
deformation class [bo] ™! ® [b1] is the identity. It follows that

[re=1] ® [evo] = [ri=0] ® [b1] = [ri=0] ® [Do]. @7
Denote by co and c; the respective restrictions on §. We obtain
[rs=1] ® [evg'] = [ri=o] ® [e1] = ([r=0] ® [co]) ® ([col ™" ® [c1]). (28)

Let roo be the restriction to t = 0, s = 0. One can show that it induces a KK-equivalence
as in [55, Lemma 21]. This is done by writing it as a composition of the restriction to the
union of = 0 and s = 0 and further restriction to = s = 0. Both maps have contractible
kernels. Using (27) and (28), one obtains

[roo] ™" ® [rr=1] = [evol ",
[ro0] ™' & [re=1] = ([co] ™' ® [e1]) ® [evg]~".
Inserting this into (26) shows that the deformation classes for Ty M and T M are related
by
levo] ! ® [evi] = ([co] ' @ [e1]) ® ([evg' 7! @ [evi']).
The class W := ([co] ™! ® [c1]) € KK(Co(T*M),C*(Ty M)) is a KK-equivalence. This
is a well-known consequence of the Connes—Thom isomorphism, see [12, Corollary 7]

and [42, Corollary 1] for the bundle version. We show that the KK-equivalence W restricts
to the ideals used in the generalized fixed point algebra construction.

Lemma 9.11. The KK-equivalence ¥ € KK(Co(T*M),C*(Ty M)) restricts to a KK-
equivalence V| € KK(Co(T*M \ (M x 0)), Jo).
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Proof. Define the ideal Jg C C*(§) that consists of all sections (as) € C*(¥) such that all
as,x fors € [0,1] and x € M lie in the kernel of the trivial representation of the nilpotent
Lie group over (s, x). The trivial representations induce a commuting diagram

Jo — s C*(TagM) — s Co(M)
Tel | Tcl Tfl
Jg — 5 C*(§) —L— C([0.1].Co(M)) 29)
leo lco lfo

Co(T*M\(M x 0)) —2 Co(T*M) —2° 5 Co(M).
As ker(eq) is contractible, one can build the deformation class
W[ := ([eo] ! o [e1]) € KK(Co(T*M \ (M x 0)), Jo).

Similarly, there is a class « := ([ fo] ~! o [ f1]) € KK(Co(M),Co(M)). Because (29) com-
mutes, there is a commuting diagram in KK

Jo —— X (TpM) —Is Co(M)

wl] ¥| o

Co(T*M\ (M x 0)) <2 Co(T*M) —2%% Co(M).

The KK-classes in the middle and on the right are KK-equivalences. The long exact
sequences in KK-theory and the Five Lemma yield that

- ® W|:KK(A4, Co(T*M \ (M x 0))) — KK(4, J),
| ® _:KK(Jo, B) — KK(Co(T*M \ (M x 0)), B)

are isomorphisms for all separable, nuclear C*-algebras A, B. Taking A = Jy and B =
Co(T*M \ (M x 0)), one obtains a class in KK(Jg, Co(T*M \ (M x 0)) that is the KK-
inverse of V|. |

As a consequence, the C*-algebra of principal cosymbols of order 0 has the same
K-theory as its unfiltered counterpart.

Theorem 9.12. Ler (M, H) be a filtered manifold. Then Co(S* M) and the C*-algebra
of principal cosymbols Fix®>°(Jg, Ro) are KK-equivalent.

Proof. The C*-algebra Fix®>°(Jy, Ro) is Morita—Rieffel equivalent to C!(Rxo,Jo) by
Proposition 8.2. Therefore, they are KK-equivalent. As (R~g, ) = (R, 4) and by the
Connes—-Thom isomorphism, C*(R~g, Jo) is KK-equivalent to Co(R) ® Jo. This C*-
algebra is KK-equivalent to Co(R) ® Co(T*M \ (M x 0)) by Lemma 9.11. The converse
argument, applied to the step 1 filtration case, yields that Co(R) ® Co(T*M \ (M x 0))
is KK-equivalent to Co(S*M). L]
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9.3. Towards index theory

In this section, let (M, H) be a compact filtered manifold. Following the explanation in [3,
Section 5.3] (see also [13, §11.9.«]), one can attach to an H -elliptic H -pseudodifferential
operator P of order m a class in Ko(C*(Ty M)). Let P be alift of P to W77 (M ). By defin-
ition, the equivalence class [Po] € &,.(Tg M )/C2°(Ty M) is invertible. So there is a Qg €
8;(THM) with Sp :=1—Qg *x Py € Cgo(THM) and S; :=1—-Pyx Qg € Cgo(THM)
Let o (P) := [e] — [eo] € Ko(C*(Tyg M)) be the formal difference of idempotents

o 1— 87 PosSo) 4 o (1 ©
T \SoxQox(1+58) 82 *~\o o)

The same construction works for operators that act on a vector bundles over M .

Lemma 9.13. Let (M, H) be a compact filtered manifold. Consider the short exact se-
quence from (25) given by

C*(Ty M) — C*(Ess% (M)) — C*(3% (M)). (30)

For an H -elliptic P € \IJ?I (M) the class o (P) € Ko(C*(Ty M)) above is the image of
[51('-)1 (P)] e Ky (C*(Z% (M))) under the boundary map in K-theory of (30).

Proof. Let Qg € &.(Ta M) satisfy 1 — Qg * Py € C(TgM) as wellas 1 — Py x Qg €
C2°(Tg M) as above. By [58, Lemma 55], Q is contained in EssOH (M). Hence, Py and
Q are lifts of [Po] and [Po]~! in Essy, (M ). Computing the image of [s% (P)] under the
index map as in [15, Definition 1.46] gives exactly the class above. [

For completeness, we mention that the index problem on filtered manifolds amounts
to inverting the Connes—Thom isomorphism by the same proof given by Baum and van
Erp in [3, Theorem 5.4.1] for contact manifolds and by Mohsen in [40, Theorems 4.3, 4.4]
for H -elliptic differential operators on filtered manifolds:

Theorem 9.14. Let (M, H) be a compact filtered manifold and let P be an H -elliptic H -
pseudodifferential operator acting on vector bundles E, F over M. Let W: K(T*M) —
Ko(C*(Tg M)) denote the Connes—Thom isomorphism and ind;: K°(T*M) — Z the
topological index map. Then P is Fredholm and its Fredholm index is given by

ind(P) = ind; (¥~ (og (P))).

An index theorem in terms of characteristic classes is shown in [3, Corollary 2.6.1] for
contact manifolds and in [40, Theorem 4.6] for filtered manifolds.
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