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Tracing projective modules over noncommutative
orbifolds

Sayan Chakraborty

Abstract. For an action of a finite cyclic group F on an n-dimensional noncommutative torus Ag,
we give sufficient conditions when the fundamental projective modules over Ay, which determine
the range of the canonical trace on Ay, extend to projective modules over the crossed product C*-
algebra Ag x F. Our results allow us to understand the range of the canonical trace on Ag % F,
and determine it completely for several examples including the crossed products of 2-dimensional
noncommutative tori with finite cyclic groups and the flip action of Z, on any n-dimensional non-
commutative torus. As an application, for the flip action of Z5 on a simple n-dimensional torus Ag,
we determine the Morita equivalence class of Ag x Z2, in terms of the Morita equivalence class
of Ag.

1. Introduction
For n > 2, let 7, denote the space of all n x n real skew-symmetric matrices. The n-

dimensional noncommutative torus Ag is the universal C *-algebra generated by unitaries
Uy, U,, Us,..., U, subject to the relations

UpU; = ¥ 1% U, Uy, (1.1)
for j,k =1,2,3,...,n, where 6 := (0%) € 7. For the 2-dimensional noncommutative

tori, since 6 is determined by only one real number, 6;,, we will denote 6,1, by 6 again
and the corresponding 2-dimensional noncommutative torus by Ag.

There is a canonical action of SL(2, Z) on 2-dimensional noncommutative tori, which
is given by sending U; to e”iacelel" U; and U, to e”ibdslelbUz"l, for a matrix (‘C’ 2) €
SL(2,Z). This action was further generalised to the higher dimensional noncommutative
tori. It was pointed out in [14] that the right replacement of the group SL(2, Z) is

Sp(n,Z,0) := {W € GL(n,Z) : WT oW = 0}.

Then there is a natural action of Sp(n,Z,6) on the n-dimensional noncommutative torus Ag.
It is easy to see that Sp(2, Z, 0) is exactly SL(2, Z).
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The study of crossed product C *-algebras associated to finite group actions on non-
commutative tori goes back to the work of Bratteli, Elliott, Evans, and Kishimoto [3].
However, they only looked at the action of Z, on the C *-algebra Ay, for 2-dimensional
tori. Recall that the action of Z, on any n-dimensional Ay, often called the flip action, is
defined by sending U; to Ui_l. Note that the above action is basically given by the matrix
—id, € Sp(n, Z, 6), where id,, is the n X n unit matrix. Later various other authors stud-
ied actions of other finite cyclic subgroups of SL(2, Z) on 2-dimensional noncommutative
tori; see [4,9,24,25]. Motivated by the 2-dimensional results, it is also natural to consider
a finite cyclic group F inside Sp(n, Z, ) and consider the crossed product Ag x F, for an
n-dimensional torus Ag. We may call such a crossed product a noncommutative orbifold.

The authors in [2,9] considered actions of cyclic subgroups of SL(2, Z) on 2-dimen-
sional noncommutative tori. Along with K-theory computations of the corresponding
crossed products, the authors computed the images of the canonical tracial states of such
algebras. The recent development of the classification program of C*-algebras allowed
them to deduce results about isomorphism and Morita equivalence classes of such algeb-
ras, when the algebras are simple. One of the major facts they used is that the algebras are
simple AH algebras when 6 is irrational (for the finite group actions, the algebras are even
AF). Then the algebras are classifiable in the sense of Elliot’s classification program.

Jeong and Lee in [14] and He in [12] studied actions of finite subgroups of Sp(n, Z, 9)
on an n-dimensional Ag and found many of such crossed products to be classifiable, when
0 is non-degenerate (see Definition 5.6) so that Ag is simple. However, they did not discuss
isomorphism and Morita equivalence classes of the crossed products. Our paper is a first
attempt towards this kind of results for the higher dimensional cases.

To understand isomorphism and Morita equivalence classes of such noncommutative
orbifolds, it is necessary to compute the K-theory of the orbifolds and understand the
ranges of the canonical tracial states of the algebras. While the dimensions of the K-
groups are known (from [15]), the tracial ranges are not understood. Our main results
help to understand which numbers belong to the tracial ranges of the orbifolds and even
determine the tracial ranges completely for several examples.

To understand the tracial range of an orbifold, one should first understand the same for
the noncommutative torus itself. This was done by Elliott in [10]. To give an overview of
our results, we recall the tracial range result from [10]. For an integer p with 1 < p < 2,
if we denote the sub-matrix M 19 of 6 consisting of rows and columns indexed by the
numbers iy, iz, ...,i2p forsomei; <i; <--- <izp, I := (i1,i2,...,12p), then Elliott’s
result may be stated as

Tr(Ko(49)) =Z + Y pf(M})Z,

0<|I|<n

where || := 2m for I = (i1,1i2,...,i2,) and pf denotes the pfaffian. Here Tr denotes the
canonical tracial state on Ag.

It was observed in [5] that for each such I, there is a projective module 8? over Ag,
trace of which is exactly pf(M 19 ), assuming pf(M 19 ) # 0. This module is governed by an
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element g7 € SO(n,n|Z). Here SO(n, n|Z) is a certain subgroup of the group of linear
transformations of the space R2" preserving the quadratic form x1Xx,4+1 + X2Xp42 + -+ +
XnXap (see Section 3 for more details). The modules of such kind are called fundamental
projective modules.

Now coming back to the crossed products of n-dimensional tori Ag with a finite cyc-
lic group F C Sp(n, Z, 0), if TrF denotes the canonical trace on Ag x F, the regular
representation Ag x F — My (Ay) gives

Trf' (Ko(4g x F)) C %Tr(KO(Ag)) = %(Z + ) pf(Mﬁ)Z).

o<|I|<n

Our main theorem (Theorem 1.1) determines when the term % pf(M 19 ) lies in the left-
hand side of the above equation. The proof of the theorem involves extending the modules
819 to modules over the crossed products using the so-called metaplectic operators, which
were already used by the author (in a joint work with Luef) in [6] to extend a specific type
of modules (Bott classes) to modules over the crossed products.

Let R denote the subgroup of SO(n, n|Z) generated by the elements of GL(n, Z).

Theorem 1.1 (Theorems 4.2 and 5.2). With all the notations introduced above, assume
that pf(MIB) #0. Let W € GL(n, Z) be of finite order such that W'OW =6 and F := (W).
Suppose that g1 s F(g1,2)™! C R inside SO(n,n|Z). Then 819 becomes a finitely gener-
ated, projective module over Ag x F and % pf(Mle) e Trf (Ko(Ag x F)), where N is the
order of W.

The condition in the above theorem is easy to check for many examples. In fact, we
provide some examples with explicit tracial range computations. These examples include
the 2-dimensional cases and the flip action of Z,. It is worthwhile to explicitly state the
consequences for the flip action here in the introduction, since the results were unknown
to the author. For the tracial range, we get

T2 (Ko(dg » 22)) = 5 Tr (Ko(49))

for any 6 in 7;,. And as a corollary we have the following:

Corollary 1.2 (Corollary 5.11). Let 01,6, € T;, be non-degenerate. Let Z5 act on Ag, and
Apg, by the flip actions. Then Ag, x Z, is strongly Morita equivalent to Ag, X Z5 if and
only if Ay, is strongly Morita equivalent to Ag,.

It is worth mentioning that the only action of a finite cyclic subgroup of Sp(3, Z, 8) on
a 3-dimensional torus Ay, when 6 is non-degenerate, is the flip action [14, Theorem 1.4].

Apart from the applications in classification of C*-algebras, the computations of the
ranges of tracial states turn out to be useful in physics (Bellisard’s gap labelling theorem,
in particular). Our results are similar to results which appeared in connection with the
study of a twisted version of the gap labelling theorem, recently conjectured in [1]. We
hope that our techniques will be helpful for a better understanding of the conjecture.
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This article is organised as follows: in Section 2, we recall the definition of twisted
group C *-algebras and give relevant examples. In Section 3, we discuss the fundamental
projective modules over noncommutative tori. Section 4 deals with extending the funda-
mental modules to modules over orbifolds, and proving Theorem 1.1 (Theorem 4.2). In
the last section, Section 5, the proof of Theorem 1.1 (Theorem 5.2) about the ranges of
the canonical traces on orbifolds is discussed along with various examples. We also dis-
cuss the results about Morita equivalence classes of orbifolds, along with Corollary 1.2 in
Section 5.

Notation. e(x) will always denote the number e27*

matrix.

, and id,, will be the m x m unit

2. Twisted group C *-algebras and noncommutative orbifolds

Let G be a discrete group. Amap w : G x G — T is called a 2-cocycle if
o(x, y)o(xy, z) = o(x, yz)w(y, 2)
whenever x, y,z € G, and if
wx,1)=1=w(l,x)

forany x € G.
The w-twisted left regular representation of the group G is given by the formula

(Lo() f)() = o(x, x7' ) f(x7y),

for f € 12(G). The reduced twisted group C *-algebra C* (G, w) is defined as the sub-C *-
algebra of B(I?(G)) generated by the w-twisted left regular representation of the group G.
Since we do not talk about full group C*-algebras in this paper, we simply call C*(G, w)
the twisted group C *-algebra of G with respect to w. When w = 1, C*(G,w) =: C*(G)
is the usual reduced group C *-algebra of G. We refer to [9, Section 1] for more on twisted
group C*-algebras and the details of the above construction.

Example 2.1. Let G be the group Z". For each 6 € 75, construct a 2-cocycle on G by
defining wg (x, y) = e({(—0x, y)). The corresponding twisted group C *-algebra C* (G, wg)
is isomorphic to the n-dimensional noncommutative torus Ag, which was defined in the
introduction.

Example 2.2. Suppose that W is an invertible n x n matrix of finite order with integer
entries. Let F' := (W) act on Z" by usual matrix multiplication with vectors. Let us also
take 6 € T,,. We assume in addition that W is a 0-symplectic matrix; i.e., WOW = 0.
Then we can define a 2-cocycle wp on G := Z" x F by wy((x,s),(y,1)) = wg(x,s5- ).
Sometimes one calls the corresponding twisted group C *-algebra, C*(G, wy), a noncom-
mutative orbifold. We will come back to this example in Section 4.
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3. K-theory generators of noncommutative tori

3.1. Projective modules over noncommutative tori

In [22], Rieffel and Schwarz defined (densely) an action of the group SO(n, n|Z) on 7;,.
Recall that SO(n, n|Z) is the subgroup of GL(2n, R), which contains matrices, with
integer entries and of determinant 1, of the following 2 x 2 block form:

A B
e=(¢ 1)
where A, B, C, and D are arbitrary n X n matrices over Z satisfying
A'C+C'A=0, B'D+D'B=0, and A'D+C'B=id,.
The action of SO(n, n|Z) on Ty, is defined as
g0 = (A6 + B)(CO + D)™!

whenever CO + D is invertible. The subset of 7;, on which the action of every g €
SO(n,n|Z) is defined, is dense in 77, (see [22, p. 291]). We have the following theorem
due to Hanfeng Li.

Theorem 3.1 ([16, Theorem 1.1]). Forany 6 € T;, and g € SO(n, n|Z), if g0 is defined,
then Ag and Agg are strongly Morita equivalent.

For any R € GL(n,Z), let us denote by p(R) the matrix (§ (Rgl)[) € SO(n, n|Z),
and for any N € 7; N My, (Z), we denote by pu(N) the matrix (i%" 1{1\;) € SO(n, n|Z).
Notice that the noncommutative tori corresponding to the matrices p(R)6 = ROR' and
W(N)O = 6 + N are both isomorphic to Ay. Also define

0 0 idp 0
0 id,— 0 0
SO(n,n|Z) 3 ozp := id, ! "021' 0 0 , 1<p<n/2
P
0 0 0 idy—2p

We recall the approach of Rieffel [21] to find the Ay, 9 — Ag bimodule and follow the
presentation in [16].

We fix 1 < p <n/2andlet g € N such that n = 2p + ¢. Let us write 8 € 7, as
(9“ 012 ), partitioned into four sub-matrices 611, 612, 621, 622, and assume 6;; to be an

621 622
invertible 2 p x 2 p matrix. Define a new cocycle wgr on Z" by wg/ (x,y) = e({(—0'x,y)/2),

where
o — o5 —01'612 I,
92191_11 022 — 92191_11 012 ?

Set A = C*(Z",wy) and B = C*(Z", wg'). Let M be the group R? x Z4,let G :=
M x M, and let (-, -) be the natural pairing between M and its dual group M (our notation
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does not distinguish between the pairing of a group and its dual group, and the standard
inner product on a linear space). Consider the Schwartz space £ := §(M) consisting of
smooth and rapidly decreasing complex-valued functions on M.

Denote by A = §(Z", wg) and B>* = S(Z", wg’) the dense sub-algebras of A and
B, respectively, consisting of formal series (of the variables {U;}) with rapidly decaying
coefficients. Let us consider the following (2p + 2¢) x (2p + ¢) real valued matrix:

T11 0
T = 0 idg |, 3.1
T3 Ts

where Ty is an invertible matrix such that T{, JoT11 = 611, Jo == (_ ?d ld") T51 = 65,
and T3 is any g X g matrix such that 6,5 = T3 — T;z. For our purposes, we take T3, =

022/2.
We also define the following (2p + 2¢) x (2p + gq) real valued matrix:

Jo(T{)™ —Jo(T) ™' T,

S = 0 id,
0 T3,
Let
Jo 0 0
J=10 0 idg
0 —id;, 0

and J’ be the matrix obtained from J by replacing the negative entries of it by zeroes.
Note that 7 and S can be thought as maps from (R”)* to R? x (R?)* x R? x (R?)*
(see the definition of an embedding map in [16, Definition 2.1]), and S(Z"), T(Z") C
R? x (R?)* x Z4 x (R?)*. Then we can think of S(Z"), T(Z") as in G via composing
S|zn, T|z» with the natural covering map R? x (R?)* x Z4 x (R49)* — G. Let P’ and
P” be the canonical projections of G to M and M\, respectively, and let

T':=P'oT, T":=P"'oT, §:=PoS, S§":=P'oS.

Then the following formulas define a B°°-A bimodule structure on &*°:

(SUDYx) = e(( = T1), J'TW)/2)x, T"U)) f (x = T'(1)), (3.2)
(f.ghae (D) = e((—=T).J'T(1)/2)) /G (x.~T"DO)g(x + T'(D) f(x)dx, (3.3)
WU £)(x) = e(( = S1), I'S1)/2)(x, =" D)) f (x + S'D)), (3.4)
<(f.2)(1) = e((SW). I'S(1)/2)) /G (x. S"(D)Z (x + 5'()) £ (x)dx. (35)

where U’, 0 U, ?2r% denote the canonical unitaries with respect to the group element / € Z"
in A% and §8°°, respectively. See [16, Proposition 2.2] for the following well-known
result.
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Theorem 3.2 (Rieffel). The smooth module §°°, with the above structures, is an B°°-

A Morita equivalence bimodule which can be extended to a strong Morita equivalence
between B and A.

Let & denote the completion of &°° with respect to the C*-valued inner products
given above. Now, & becomes a right projective A-module which is also finitely generated
(see the discussion preceding [9, Proposition 4.6]). Note that & is a Morita equivalence
bimodule between B = Ay, ¢ and A = Ay.

3.2. Fundamental projective modules

For a definition of the pfaffian of a skew-symmetric matrix A, pf(A4), we refer to [5, Defin-
ition 3.1]. We start with the following remark.

Remark 3.3. The trace of the module &, which was computed by Rieffel [21], is exactly
the absolute value of the pfaffian of the upper left 2p x 2p corner of the matrix 6, which
is 011. Indeed, as [21, Proposition 4.3, p. 289] says that the trace of & is | det T'|, where

~ T11 0
T =
( 0 idq)’

the relation 7}, JoT11 = 611 and the fact det(Jo) = 1 give the claim.
Let p be an integer such that 1 < p < 3.

Definition 3.4. A 2 p-pfaffian minor (or just pfaffian minor) of a skew-symmetric matrix
A is the pfaffian of a sub-matrix M IA of A consisting of rows and columns indexed by
i1,i2,...,I2p for some numbers iy < iy < -+ <iszpand [ := (i1, i, ...,i2p).

n

Note that the number of 2 p-pfaffian minors is (2p

) and the number of all pfaffian
minors is 271 — 1.

Let 6 € 7,. We will now see that for each non-zero pfaffian minor of 6, we can con-
struct a projective module over Ag such that the trace of this module is exactly the pfaffian
minor. Fix 1 < p < % Choose [ := (i1, iz,...,i2p) fori; <ip <--- <iap, and assume
that the pfaffian minor pf(M 19 ) is non-zero (so that M 19 is invertible). Choose a permuta-
tion ¥ € §, such that (1) =iy, 2(2) = iz,..., 2(2p) =izp. H Uy, Us, ..., U, are
generators of Ag, there exists an n x n skew-symmetric matrix, denoted by ¥ (6), such
that Us (1), Us(2), . . ., Uz @n) are generators of Ax(g) and Axg) = Ag. Note that the upper
left 2p x 2p block () is exactly M?, which is invertible. Now, consider the project-
ive module constructed as completion of S(R? x Z"~2?) over Ax(g) as in the previous
subsection and denote it by 6’? The trace of this module is the pfaffian of M 16' by the
remark above, which is Y e (=D T4} 6i,,,_1)ic0,- Varying p. and assuming that
all the pfaffian minors are non-zero, we get 2"~ ! — 1 projective modules. We call these
2"=1 _ 1 elements the fundamental projective modules.

We recall the following fact due to Elliott which will play a key role.
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Theorem 3.5 (Elliott). Let 6 be a skew-symmetric real n x n matrix. Then Tr(Kg(Ag)) is
the range of the exterior exponential
exp(0) : AS"Z" — R.

We refer to [10, Theorem 3.1] for the definition of exterior exponential and the proof
of the above theorem. The range of the exterior exponential is well known and is given
below as a corollary of the above theorem:

Corollary 3.6. Tr(Ko(Ag)) is the subgroup of R generated by 1 and the numbers
m
Z(_l)ISI 1_[ 9j§(23_1)jg(25) fOl"] = jl < j2 <--- < j2m =n,
& s=1
where the sum is taken over all elements & of the permutation group S»,, such that
EQs—1)<&Q@s)foralll <s <m and £(1)<£3B)<---<&C2m-—-1).

Noting that ZE(—l)lfl [T51 Ojcrsryjecasy 15 exactly the pfaffian of M ? where I =
(i1.i2,...,i2m), we have

Tr(Ko(4g)) =Z+ Y pf(M])Z. (3.6)
0<|I|<n
where |1| :=2m for I = (i1,i2,...,i2m).
So for a non-zero pf(Mle), I = (i1,i2,...,i2p), we have constructed a projective mod-

ule 819 over Ag, whose trace is pf(M 19 ). A quick thought shows that 8‘19 is an equivalence
bimodule between Ay and Ay, ¢ for some g7 5 € SO(n,n|Z). Indeed, let RIE be the per-
mutation matrix corresponding to the permutation X. Note that X () = p(R}:)(?. Then
clearly g7.x = 02,p(R}).

3.3. Explicit generators of Ko(A4y) for a general 6 € 7,

Consider the matrix Z € 7, whose entries above the diagonal are all 1:

o 1 .- e
-1

7 =
: 1
-1 ... e =1 0

Now, for any 6 € Ty, there exists some positive integer ¢, such that all the pfaffian minors
of u(tZ)0 = 6 + tZ are positive (see [5, Proposition 4.6]). Note that Ag4,z and Ay
define the same noncommutative torus. We then have the following theorem.
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Theorem 3.7. The K-theory classes of the fundamental projective modules 8?""2 , along
with [1], generate Ko(Agy:7z) and hence Ko(Ag).
Proof. See [5, Theorem 4.7]. [

4. Noncommutative orbifolds and projective modules

Let us recall Example 2.2. Let W := (a;;) be an invertible n x n matrix of finite order
with integer entries and let F' be the finite cyclic group generated by W. In addition, we
assume that W'0W = 0. Hence F is a finite subgroup of Sp(n,Z,0) := {A € GL(n,Z) :
ATHA = 6}. By [9, Lemma 2.1], we have C*(Z" x F, wy) = Ag xq F, where the action
of F on Ag is given by (see [14, Equation (2.6)]):

n k—1
a(U;) ze(ZZakiaﬁij)Ula”-'-U,f’”', 4.1)
k=2j=1
where Uy, ..., U, are the generators of Ag. Sometimes we just write the crossed product

as Ag x F, without the “«a” decoration.
Let us look into the case where n = 2. Note that Sp(2, Z, 8) = SL(2, Z). Finite cyclic
subgroups of SL(2, Z) are up to conjugacy generated by the following four matrices:

~1 0 —1 -1
W‘”::(o —1)’ W(3):=(1 o)’

0 —1 0 -1
W = (1 0)’ Mo = (1 1)’

where the notation W, indicates that it is a matrix of order r. The actions of the cyc-
lic groups generated by these matrices are considered already in [9], where the authors
constructed projective modules over the corresponding crossed products using the funda-
mental projective modules.

For n > 3, finding a finite order matrix W € Sp(n, Z, 0) is non-trivial. In [14], and in
[12], the authors found some of the matrices for n > 3 and studied the associated actions.
Note that, for all n, there will always be a matrix W of order 2, i.e., —id,. The action by
Z, = (W) is the flip action, which was already defined in the introduction.

One natural question is how does one extend the fundamental projective modules, &7,
over noncommutative tori Ag to the aforementioned crossed products. In [6], this was
answered when the module 8? is a completion of S(R?), i.e., when the dimension of the
torus is even (= 2p), and @ is invertible so that 819 is defined. This module is called the
Bott class. In this section, we do this extension for a general 8? We need the following
proposition for such extensions.

Proposition 4.1. Suppose that F is a finite group acting on a C*-algebra A by the
action a. Also suppose that & is a finitely generated projective (right) A-module with
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a right action T : F — Aut(8), written (§, g) >> £Tg, such that £(Tg)a = (Eag(a))T,
forall§ € & a e A and g € F. Then & becomes a finitely generated projective A x F
module with action defined by

£ (Y agde) = Y. (6ag)Ty.
geF geF

Also, if we restrict the new module to A, we get the original A-module &, with the
action of F forgotten.

Proof. This is exactly the construction of the Green—Julg map. See [9, Proposition 4.5].
(]

Let us first recall the approach of [6], where the authors define the necessary action
of F on the Bott class which allows them to conclude that the Bott class is a projective
module over the crossed product Ag x F, using Proposition 4.1. Hence assume n (= 2p)
to be even for the moment. Since F = (W) acts on Z" as before, we have W' OW = 6.
In order to define an action of F on the Bott class, the authors (in [6]) used the so-called
metaplectic representation of the symplectic matrix TW T ™!, where T'JoT = 0 as in
equation (3.1). Note that, in this case, ¢ = 0 and hence T = T};. The main idea is to use
the following metaplectic extension:

0 —— S —— Mp(n) > Sp(n) > 0, 4.2)

where Sp(n) is the usual symplectic group, and Mp©(n) is the complex metaplectic group
(see [6, Section 5]). For our purposes, we do not need much details about the metaplectic
group, but we need to know that it has a (metaplectic) representation on S(R?) ([6, Defin-
ition 5.1], also see [8, Chapter 7]). Now, F = (T WT~!) sits inside Sp(n). But also we
have the following lift (since H2(F,S"') is trivial, see [6, p- 158]) possible:

_F
L’// l
0 —— S —— Mp®(n) > Sp(n) > 0.

The above defines an action of F' on S(R”) which extends to the necessary completion
(Bott class) of S(R?) and it satisfies the conditions of Proposition 4.1 (see [6, Theorem
5.4]). Hence the Bott class becomes a projective module over Ay x F. In the following,
we shall often write f'W for the above action of W on 8(R?), for f € S§(R”). So from
[6, Equation (5.12)] we have

(W)U = (faw(U))W. [ eS8RP), I € Z??, 4.3)

which is the condition in Proposition 4.1.

Now, we take a general n, not necessarily even. We have R := (p(R), ReGL(n,Z))C
SO(n,n|Z). Also for W € F, we have p(W?') € SO(n,n|Z). In this way, F € SO(n,n|Z).
Recall that g7 5 = Uzpp(RIE).



Tracing projective modules over noncommutative orbifolds 395

Theorem 4.2. With all the notations introduced before, assume that pf(M 19 ) # 0. Let
W € GL(n, Z) be of finite order such that W'OW = 6 and F := (W). Suppose that
21.xF(g12)"! C R inside SO(n,n|Z). Then 819 becomes a finitely generated, projective
module over Ag x F.

Proof. g1,5F(gr,x)”" C R means 05,p(RFW'(R¥)™ )02, € R, noting that the inverse
of 03, is 02, again. Now, (REW’(RE)_I)’ is a p(RE)G -symplectic matrix and the
algebras A RP)6 and Ag are F-equivariantly isomorphic, where the action of F on
Ap(RE g is given by identifying F' with ((REW’(RE) 1)?). So by passing from W’ to
REW’ (Rz )~! if necessary, we may assume without loss of generality that 8 is an Ag-
module.

From 0,,p(W")o2, € R, we have

Uzpp(Wt)O'z (0 (S 1) ) 4.4)

for some S € GL(n, Z). Writing W = ( ) wh ere Wl is the 2p x 2 p block, a simple
computation shows that W, = W3 = 0 and S ( o W ) So we have

(W0 «
v (i 2)

Writing 6 = (g; z;z) as before, W!OW = 0 gives the following compatibility relations:

W61 Wy = 611,
W61, Wy = 642,

4.5)
Wi6 Wy = 6y,
W4t 922 Wy = 922.
Let us first write down equation (3.2), which is
(fUNX) = e((=T D), J'TW)/2)(x, T" (D)) f (x = T' (D)), (4.6)
more explicitly. Writing [ = (I1,1) € Z", forl; € 72P ], € Z9, we have
Tii O ; Tl
T(H)=| 0 id, (11) = I
021 eizz ? Oa1ly + ezﬁlz

Let J; be the matrix obtained by replacing the negative entries of Jy by zeroes. Also, if
Q' and Q" are the canonical projections of R? x R? to R? and R?, respectively, denote

Tlll = Q/O T11, Tl//l = Q//O T11.



Then

e((=TWM).J'T(1)/2)

=e(-=Tul - J6T1111/2)3(

Tl

_ I,

Ools + 221,
Tl

_ I,

01y + 221,

= Ci1(l1) A1, 12),

Ji 0 0
0 0 id,
0O 0 O
JTuh
Oo1ly + 221,
0
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Tl
s /2
02111 + %lz

/2

%
—l-01l1 =15 %12/2)
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where C1 (ll) = e(—T1111 . J6T1111/2), A(ll, 12) = e(—12 . 92111 — 12 . %12/2) AISO,

(. T"(1)) = < (

X1

XZ) 7 (92111 +

T\

" 9
= (x1, T1111)<X27921l1 + %lz>

= Cy(x1,11)B(x2,11, 1),

re=rw) =

X1 — Tl/lll
Xz—lz ’

where Co(x1,11) 1= (x1, T{1 1), B(x2,11,12) := (x2, 02111 + %lzf

Now, for f € S(R? x Z?), we define

end, we check that

(fW. 812

(fW)(x1.x2) := /det(Wa) (fHW1)(x1).

where f# € 8(R?) defined as f#(x') = f(x’, W4x2). Note that here we have used the
metaplectic action of W; on f#. We first want to show that £ — f W extends to a unitary
operator on L2(R? x Z4) using the fact that the metaplectic operators are unitary. To this

(fW.ghr = (f.gW™")12,

which follows from the following computation:

- /G (S W) (1, x2)gGr ) dox
= Jdet(Wy) fG (FH) () G o) dx

— Jdew () /G P WD o) ds

(Where g'(x)) = g(xleZ))

%))

(4.8)
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= \/det(W4)det(W4)_1[ F(x1,x2)g# W (x1)dx1dx,  (change x; to W4_1x2)
G
:/ f(x1,x2)gW—1(x1, x2)dx1d x>
G

= (f.gW )La.

We want to show

(WU = (faw (U)W = (fUw)W. 4.9)
From equation (4.3), we already have
(WU, = (fFUwa) W (4.10)
Now,
(fUw1)*(x1)

= (fUwi)(x1, Wax3),

— T/ Wil
= Co(Wil) AW 1y, Walp)Co(x1, Wily) B(Waxo, Wily, Wals) f (XI 1 1)

W4)C2 — W412

T, Wyl
=l Ci(Wil)Caxy, Wil1)A(ly, 1) B(x2, 11, 12) f (XI 't 1)
Wa(xz —12)

= A1, 1) B(x2, 11, ) (g*Uw,1,) (x1),  where g(x1) = f(x1, %2 — bo).
So the RHS of (4.9) becomes
VAetWa) ((f Uw) ) Wi(x1) = v/det(Wa) A(l1, 12) B(x2, 11, 1) ((¢* U1, )Wh) (x1)

C2) det(Wa) A(lr, 1) B(xa, 11, 1) (8* W) Uy, (x1).
Now, the LHS becomes

(SWUi(x) = Ci(l)Calx1, 1) A1, ) B(x2, 1, ) fW (XIxz__Tl;;ll)

= det(Wq)C1 (1) Ca(x1. 1) ALy, 1) B(x2. 11. L) (g Wh) (x1 — T}, 1)
= Vdet(Wy) A(l1. 1) B(x2. 11 ) (g* W)Uy, (x1).

Thus we have proved equation (4.9). We finish the proof with the compatibility of the
action with the inner product (-, ) 4 as defined in (3.3):

(fW.gW)poo = ap-1({f. &) A).

This will make sure that the action of F' on S(R? x Z%) defined through equation (4.7)
has a unique extension to &7, and hence we can use Proposition 4.1. Now, replacing f by
f W1, it suffices to check that

([ gW)ae = ap-1 ({(f W', g)u=). 4.11)
Note that
(f.8)ax() = (gU_, f)12 4.12)
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for (f.g)12 = [ f(x)g(x)dx, and hence

aw-1((f. &) a=) () = (gaw (UL)). f),.. (4.13)
Now,
(f, eW)ae (D) 2 (@)U, £)
49 / (garw (U_) W) Todx.
RPxZ4
“ / (gew (U_) )T WD) (x)dx.
RPxZ4
L oy (W g)am) (),
which is the desired identity. ]

Remark 4.3. The condition of the above theorem holds if and only if RIE wt (RIE)_1 is
of the form (**). However, the condition reveals more information: equation (4.4) really
means that one can define an action of (S”) on A, 6, and the Morita equivalence between
Ag and Ay, ¢ can be lifted to an equivalence between the corresponding orbifolds. This
will appear in a joint work with Ullisch [7].

As an immediate corollary, we have the following:

Corollary 4.4. Let Z and t be as in Section 3.3. With all the notations introduced before,
assume that pf(M19+tZ) # 0. Let W € GL(n, Z) be of finite order such that W'W = 0,
W!ZW = Z and let F := (W). Suppose that g1 x F(g1.x)~"' C R inside SO(n,n|Z).
Then 8}9+’Z becomes a finitely generated, projective module over Ag x F.

Proof. 1t follows immediately from the preceding theorem (Theorem 4.2) and Theo-
rem 3.7, noting that the isomorphism between Ag,z and Ay is F-equivariant. ]

The above corollary shows that under the extra assumption W!ZW = Z, all the
fundamental projective modules over Agy;z = Ap become finitely generated, projective
modules over the crossed product.

5. Some applications: Morita equivalence of noncommutative
orbifolds
5.1. Trace of the extended module

Let F be a finite group acting on a C *-algebra A. Also suppose that 7 is an F-invariant
trace on A. Then we can define a trace ¥ on 4 x F by

‘L’F< Z agSg) = 1(de).

geF
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Let & denote the finitely generated, projective A x F-module, which is obtained from a
finitely generated, projective A-module &, as in Proposition 4.1.

Lemma 5.1. 7 ([6F]) = r‘(gfl , where [€F] and [€] denote the K-theory classes of [T

and [8], respectively.

Proof. Let pf denote the projection corresponding to &%, and p the projection corres-
ponding to &. Define the canonical injection (regular representation) W from A x F to
A ® B(I*(F)) by mapping a to deF g-a ® pg (where p, is the projection onto the
functions supported on {g}) and by mapping 8, to 1 ® p(g), where p is the right regular
representation. It is well known that the above map defines an inverse to the Green—
Julg map in F-equivariant K-theory (see e.g. [13, p. 191]). If p¥ isin A x F, let us
write pf = > ger dgdg. Then ¥ ([pF]) = t(a.). On the other hand, [¥(pF)] = [p] in
K(A® B(I*(F))), and hence, t([¥(p")]) = t([p]). But t([W(p")]) = | F|z(ac), using
the above formula of W and the fact that 7 is F-invariant. Hence ¥ ([pf]) = fl(L{’H) A

similar computation holds when pf is in some matrix algebra over A x F. ]

5.2. Images of the canonical traces of noncommutative orbifolds

Let us come back to the noncommutative orbifolds. As in Example 2.2, take a finite order
matrix W € GL(n, Z) such that W!0W = 6. Assume that the order of W is N. We then
have C*(Z" x F,wp) = Ag xq F, F := (W).

For Ag x4 F, the regular representation W : Ay x, F < My (Ag) is given by the
following:

do ay aj anN-—1
N1 alan-1)  alae)  alar) a(an—2)
W(Zaiwi)= o’(an—2) o*(an-1) o«*(ap) - : SEERY
i=0 : - - - oN-2(a))
" Nar) eV Naz) - @M 1(CZN 1) OlN !(ao)

The canonical trace Tr on Ay is clearly F-invariant. Now, the canonical trace on Ag x F
is given by

N-1
F ( Z aiWi) := Tr(ayp).
i=0

If we identify Ag % F inside My (Ag) via the map W, the trace Tr? is the normalised trace
on My (Ag). This immediately gives

1
Trf (Ko(4p x F)) € ~ Tr (Ko(A4g))- (5.2)
So from equation (3.6) we have

TrF (Ko(4g % F)) C %(Z + Z pf(M;’)Z).

0<|I|<n
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Our main theorem (Theorem 4.2) gives sufficient conditions on W so that % pf(M 19 ) €
TrF (Ko (A x F)) as we have the following theorem.

Theorem 5.2. With all the notations introduced before, let W € GL(n, Z) be of finite
order such that W'OW = 0 and F := (W). Suppose that g1 x F(gr.x)"! C R inside
SO(n,n|Z). Then ﬁ pf(MIe) € Trf (Ko(Ag x F)), where N is the order of W.

Proof. If pf(M 19 ) #0, using Theorem 4.2, 819 becomes a projective Ag x F-module. Since
the trace of 819 is pf(MIG), use Lemma 5.1. If pf(MIe) = 0, the statement is obvious. =

We now discuss various examples. We observe that the trace of the projection pg :=
y L+ W+ W2 +... 4+ WN=T) € Ko(4g x F) is 3. Also for an even n withn = 2p,
and I := (1,2,...,2p), ¥ must be trivial. In this case, g7 xF(grx)~! C R, since
gr=p(W")(g1,2)™" = p(W™"). Hence

1 1
~ PIOM]) = < pf(9) € Te (Ko(Ag » F)),

for || = n = 2p. For an odd n, we of course have % pf() = 0 € Trf (Ko(dg x F)).

Example 5.3 (2-dimensional cases). Let 6 be a real number. For the 2-dimensional torus
Ag, we have actions of F':= (W), where W= Wy, W3), W), W) €SL(2,Z), on Ag asin
Section 4. From the above observations, we have 3 and 4 pf ((_% 9)) € Tr¥ (Ko (A9 F)),
where N = 2,3,4,6for W = Wz), W3), W), W(s). respectively. But pf (( % §)) = 6.
Hence | |

TrF (Ko(Ag x F)) = N(Z +607) = NTr(KO(Ag)). (5.3)

In these 2-dimensional cases, the above ranges Tr (Ko (A4g x F)) have already been com-
puted in [9].

Example 5.4 (diagonal actions on 4-dimensional tori). First take 0; € 7, (R) and 6, €
T, (R). Let Wy, W, be 0;-symplectic and 6,-symplectic matrices of order Ny and N,
respectively. Then clearly W := (/! W, ) isa 6 = (%1 902 )-symplectic matrix of order
N :=lecm(Ny, N3). Hence F := (W) acts on Ag. Clearly, pf(0), pf(6;), pf(6,) belong to
Tr(Ko(Ag)). Now, assume that these three terms are non-zero. So n; and n, must be even.
Then %9) is in Trf (Ko (Ag x F)), from the previous observation. For I = (1,2, .. ., 11)
and I = (ny + 1,n1 + 1,....n1 + n2), one can choose R¥ = idy, 4, and ( ldgl ),

idn,
respectively. Then one easily checks that in both cases, g7,z F(gr,5)~! C R. Hence pfgvﬁ,

% are in Trf (Ko (A4g % F)).
Let us specialise this example to n; = n, = 2. The 4 x 4 matrix 6 is then given by

0 6 O 0
0 0 0

0 0 0 934
0 —934 0
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In this case,

Tr(Ko(de)) =Z+ Y pf(M])Z
0<|I|<4
=7 + pf(M{| 5))Z + pf(M 4)Z + pf(M{} , 3 4))Z
=7+ 0127 + 0347 + 012034 7.

Let us also take Wy, W, € SL(2, Z) of finite order (say Ny and N,, respectively) as in the

previous example. Then F := (W) acts on Ag, where W := (Vgl sz ) Using the above,

T (Ko(4o  F) = 1 Tr (Ko(49))

for N := lem(Ny, N;). One may look at [12] for more examples of a similar kind, where
one can compute the ranges of the traces explicitly just like the above.

Example 5.5 (flip actions on n-dimensional noncommutative tori). Let us consider the
flip action (W = —id,,) of Z, on an n-dimensional noncommutative torus Ag. In this case,
gr.sp(Wh(grs)"! = p(W"). Hence g7 x F(gr.x)~! C R trivially, for every / and X.
Hence

Tr% (Ko(Ag % Z,)) = %(Z + ) pf(M,‘))Z) - %Tr(KO(Ag)). (5.4)

o<|I|<n

Note that Examples 5.3 and 5.5 also satisfy the conditions of Corollary 4.4.

5.3. Morita equivalence of noncommutative tori and orbifolds

To obtain results about classification, we will restrict ourselves to simple C *-algebras. We
start with the following definition.

Definition 5.6. A skew symmetric real nx n matrix 6 is called non-degenerate if, whenever
x € 7" satisfies e({x,0y)) = 1 forall y € Z", x = 0.

Let us denote the canonical trace of Ag by Trg. We want to prove the following the-
orem.

Theorem 5.7. Let 6y and 6, be non-degenerate inside T,,. Let W € GL(n, Z) be of finite
order such that WO, W = 0, and W', W = 0,. Also assume that the action of F := (W)
on Z" is free outside the origin 0 € Z". Then Ag, x F is strongly Morita equivalent to
Ap, x F if and only if there exists a A > 0 such that Trg1 and A Trg2 have the same range.

It is clear that the actions in Example 5.3, Example 5.5, and the 4-dimensional example
in Example 5.4 are free outside the origin 0 € Z". Also in [12, 14], various examples of
W are constructed which have the same property.

The proof of Theorem 5.7 needs some preparation. Let us first recall the following
proposition.
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Proposition 5.8 ([18, Proposition 3.7]). Let A be a simple infinite dimensional separable
unital nuclear C*-algebra with tracial rank zero and which satisfies the universal coef-
ficient theorem. Then A is a simple AH algebra with real rank zero and no dimension
growth. If Ky (A) is torsion free, A is an AT algebra. If, in addition, K1 (A) = 0, then A is
an AF algebra.

Let 6 € 7, be non-degenerate. Then the following are known.

* Ay is a simple C *-algebra (even the converse is true: simplicity of Ag implies that 6
must be non-degenerate) with a unique tracial state [18, Theorem 1.9].

e Ay has tracial rank zero [18, Theorem 3.6].

e If B is an action of a finite group on Ay which has the tracial Rokhlin property (see [9,
Section 5]), Ag xg F is a simple C *-algebra with tracial rank zero [19, Corollary 1.6,
Theorem 2.6]. Also, Ag g F has a unique tracial state [9, Proposition 5.7].

e Let W € GL(n, Z) be of finite order such that W!W = 0. Then the action a of
F := (W) on Ay has the tracial Rokhlin property [9, Lemma 5.10 and Theorem 5.5].

» For the action o, Ag %, F satisfies the universal coefficient theorem [14, Proposi-
tion 3.1].

o Ki(Ag xg F) = Ku(C*(Z" x F,wp)) = Ki(C*(Z" x F)) [9, Theorem 0.3].
For the K-groups of C*(Z" x F), the following result is known.

Theorem 5.9 ([15, Theorem 0.1]). Let n,m € N. Consider the extension of groups
172" 72" %2y — Ly — 1
such that the action of Z, on Z" is free outside the origin O € Z". Then
Ko (C*(Z" X Zm)) ~ 7%
for some sg € Z and Ky (C*(Z" X L)) = Z°" for sy € Z. If m is even, s; = 0.
We are now ready to prove Theorem 5.7.
Proof of Theorem 5.7. The freeness condition and the fact that
Ki(Ag x F) = K, (C*(Z" % F))

show that the K-groups are torsion free, using Theorem 5.9. Then the above list of results
along with Proposition 5.8 shows that Ag, x F and Ag, % F are AT algebras.

Assume that there is a A > 0 such that Trg'ﬁ1 and A Trgﬂ2 have the same range. Now, it is
enough to find an isomorphism

g : Ko(Ag, X F) — Ko(Ag, X F)

such that A Trg2 og = Trg1 . Indeed, g is then an order isomorphism by [2, Proposition 3.7],
and g([1]) € Ko(Ag, x F)*. So there is a g € N and a projection p € My (Ag, x F) such
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that [p] = g([1]). Since Ag, x F is simple, p is full. Then Ag, x F and pMg,(Ag, % F)p
have isomorphic Elliott invariants of AT algebras, so Ag, x F = pM,(Ag, x F)p by
classification ([11], [17, Theorem 5.2]). Clearly, the right-hand side algebra is Morita
equivalent to Ag, x F.

Let us now see the existence of the isomorphism g. Denote the ranges of Trg1 and
Trg; by R; and R, respectively. Since Ry and R, are finitely generated subgroups of R,
they are free. Also R; = AR, implies that they have the same rank. Now, we have the
following exact sequences:

TcF
0— ker(TrF) — Ko(4g, ¥ F) N Ry — 0,

0 —>ker(Tr9 ) > Ko(4p, X F) —> R, — 0.
1}92

Note that the above sequences split since the K-groups are torsion free. Now, ker(Tr(I;1 )
and ker(Trg2 ) are finitely generated abelian groups of the same rank. So there exists an
isomorphism ¥ between them. Now, g is defined as ¥ @ ¢, where ¢ is the map between
R; and R, given by multiplication with % Clearly, A Trg2 og = Trg1 , since the following
diagram commutes:

Tkg
Bio(/491 X 17) — Ry

Js [+
](0(/492 X ]7) -————? }?2
92
For the only if part, assume that /4 := Ag, % F is strongly Morita equivalent to B :=
Ap, » F.Let X be an A — B-imprimitivity bimodule. Define a positive tracial functional
x on B by
w((x.y)8) :==Trf (a{y.x)). x.yeX.

By [20, Corollary 2.6], Trg1 and ty have the same range. Since 8 has a unique trace Trév2 ,
Tx must be a scalar multiple of that trace. ]

Now, if Trg and Trg, have the same range up to a factor TF F‘, and if the same holds
for Tra and Trg,, we have that Tre and A Tre have the same range if and only if Trg,
and A Trg, have the same range, for some A > 0. But the last condition holds if and only
if Ag, is strongly Morita equivalent to Ag,, using Theorem 5.7. This observation gives us
the following corollaries.

Corollary 5.10. Let 6, and 0, be irrational numbers and W one of the matrices W(y),
W), Wiy, W) as in Section 4 (see also Example 5.3). If F := (W), then Ag, X F is
strongly Morita equivalent to Ag, x F if and only if Ay, is strongly Morita equivalent
to /192.

Proof. Since the action of F on 7.2 is free outside the origin 0 € 7.2, the result follows
from the tracial range computation in Example 5.3 and Theorem 5.7. ]
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The above corollary is not new; see [2, Theorem 5.3].

Corollary 5.11. Let 61,60, € T, be non-degenerate. Let Z, act on Ag, and Ag, by the flip
actions. Then Ag, x Z, is strongly Morita equivalent to Ag, x Z if and only if Ag, is
strongly Morita equivalent to Ag,.

Proof. Tt follows similarly as in Corollary 5.10 from the tracial range computation in
Example 5.5, noting that the action of Z, is free outside the origin 0 € Z". ]

One can definitely build more examples for which similar results can be stated. For
example, a similar result is true for the 4-dimensional example in Example 5.4.

From Theorem 3.1, Ag and Ag¢ are Morita equivalent if g6 := gzig is well defined
for g € SO(n,n|Z). Note that if 6 is non-degenerate, then Ag is simple, and hence A,
has to be simple so that g6 is non-degenerate. In the case of 2-dimensional tori, we have
even a stronger result due to Marc Rieffel. Rieffel (in [20]) showed that Ay and Ay are
Morita equivalent if and only if # and 6’ are in the same GL(2, Z) orbit; that is, 6’ = %
for some matrix (‘C‘ 3 ) in GL(2, Z).

It is also known that for a non-degenerate 6, the fixed point algebra Ag is Morita
equivalent to the crossed product algebra Ag x F (see [23, Proposition]). Hence as a
consequence of Corollary 5.11, we have the following.

Corollary 5.12. Let 0y, 05, and Z be as in Corollary 5.11. Then Ay L3 i strongly Morita
equivalent to Ay L2 if and only if Ag, is strongly Morita equivalent to Agz

A similar statement is true for the 2-dimensional cases (Example 5.3), which follows
from Corollary 5.10.
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