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Nonnoetherian singularities and their
noncommutative blowups

Charlie Beil

Abstract. We establish a new fundamental class of varieties in nonnoetherian algebraic geometry
related to the central geometry of dimer algebras. Specifically, given an affine algebraic variety X
and a finite collection of non-intersecting positive dimensional algebraic sets ¥; C X, we construct
a nonnoetherian coordinate ring whose variety coincides with X except that each Y; is identified as
a distinct positive dimensional closed point. We then show that the noncommutative blowup of such
a singularity is a noncommutative desingularization, in a suitable geometric sense.

1. Introduction

The primary objectives of this article are (i) to extend the framework of depictions, intro-
duced in [6], to a much larger class of varieties with nonnoetherian coordinate rings;
(i1) to show that noncommutative blowups of these varieties are noncommutative desin-
gularizations, in a suitable sense. This framework was originally developed to provide
the geometric tools needed to understand the representation theory of a class of quiver
algebras called non-cancellative dimer algebras (e.g., [5, 7, 9]). Dimer algebras arose in
string theory [14, 15], and have found wide application to many areas of mathematics
(e.g., [3, 10, 13, 17-19, 22]). Depictions have enabled various notions in noncommuta-
tive algebraic geometry, such as noncommutative crepant resolutions [26], homological
homogeneity [12], and Azumaya loci, to be generalized to tiled matrix algebras that are
not finitely generated modules over their centers [5,7]; we will consider some of these gen-
eralizations here. The underlying ideas of nonnoetherian algebraic geometry also suggest
possible directions towards a new theory of quantum gravity [4, 8].

Throughout, let k be an algebraically closed field, and let R be a subalgebra of an
affine coordinate ring S over k. It is generally believed that nonnoetherian algebras do
not admit concrete geometric descriptions. For example, consider the subalgebras of the
polynomial rings S; = k[x, y] and S, = k[x, y, z],

Ry =k[x]+x(x —1)(x —2)Sy,
Ry = k[x? =y = 2] + (x* = y,z = 5)(x — 2,)S>.
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We may ask, informally, what their maximal spectra Max R “look like”, but such a ques-
tion initially appears hopeless, at least in terms of geometries we can visualize.
We could instead consider the simpler subalgebras

Ry =k + x(x —1)(x —2)Sy,
Ry =k+ (x> =y,z=5)(x —z,))S>.

Both are of the form R = k + I, where [ is an ideal of S. A geometric description of such
subalgebras was introduced in [6]: the maximal spectrum Max R of R coincides with the
algebraic variety Max S, except that the zero locus Z(/) C Max S is identified as a single
“smeared-out” point.

In particular, we may view the variety Max R as Ai, with the union of the three lines

Zx)={x=0}, Zx-1)={x=1}, Z(x-2)={x=2} @)

identified as a single 1-dimensional point. Similarly, we may view the variety Max R/, as
A3, with the union of the two curves

Z(x>—y,z—5) and Z(x—z,y) 2)

identified as a single 1-dimensional point.

These geometric pictures are made precise using depictions and geometric dimension.
A depiction of a nonnoetherian domain R is a finitely generated k-algebra S that is as
close to R as possible, in a suitable geometric sense (Definition 2.1). In particular, if R is
depicted by S, then R and S have equal Krull dimension, and their maximal spectra are
birationally equivalent [6, Theorem 2.5]. Furthermore, the locus where R and S locally
coincide,

Us/r := {n € Max S | Rung = Su},

is open dense in Max S [6, Proposition 2.4].

Algebras of the form R = k + I, with dim S/1 > 1, comprise an elementary class
of examples in nonnoetherian algebraic geometry. Two ideals I, I, C S are said to be
coprime if /; + I, = §; equivalently, their zero loci in Max S do not intersect,

Z(I1)NZ(I) = 9.
In this article, we consider the question: given a collection of pairwise coprime ideals
I,....I, CS,

is there a nonnoetherian ring R for which Max R coincides with Max S, except that each
Z(1;) is identified as a distinct closed point of Max R? We will show that this question
has a positive answer, with R given by the intersection

R =tk +1).

Our first main theorem is the following.
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Theorem A (Propositions 3.3, 3.4, and Theorem 3.14). Let X be an affine algebraic vari-
ety over k with coordinate ring S. Consider a collection of pairwise non-intersecting
algebraic sets Y1, ..., Y, of X, where each ideal 1(Y;) is proper, nonzero, and non-
maximal. Then the maximal spectrum of the ring

R:=((k+ 1Y) ©)
i
coincides with X except that each Y; is identified as a distinct closed point. In particular,
the locus Us g C X is given by the intersection of the complements Y,

Us/r =) Y.
i

Furthermore, we have the following:

(i) R is nonnoetherian if and only if there is some i for which dimY; > 1;

(i) R is depicted by S if and only if for each i, dimY; > 1.

Theorem A answers our initial question in a surprisingly simple way: observe that the
subalgebras R; and R, are of the form (3):

Ry =k[x]+x(x—-1)(x—-2)5
= (k + XSl) N (k + (X - I)Sl) N (k + ()C - 2)51)

and

Ry =k[x>—y =221+ (x* = y,z2 = 5)(x —2,7)S5;
=k+@*—y.z=58)N(k+ (x—z,)S>).

The variety Max R, therefore looks exactly like A2, except that each of the three lines
in (1) is identified as a distinct 1-dimensional point. Similarly, Max R, looks exactly like
Ai, except that each of the curves in (2) is identified as a distinct 1-dimensional point.

To note, it is peculiar that by adjoining to R/ the polynomial x? — y — z2,

Ry = Ry[x* —y —2%);

the single 1-dimensional point of Max R/, separates into two distinct 1-dimensional points,
while all other points of Max R}, are left unchanged.

Theorem A also implies the following generalization of the fact that, given any maxi-
mal ideal nt of S, S decomposes as the sum S = k + u.

Corollary B. Let I be a proper non-maximal nonzero radical ideal of S, and set R =
k + I. The following are equivalent:

i dimS/I >1;

(i1) R is nonnoetherian;

(iii) R is depicted by S.
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In particular, R = k + [ is noetherian if and only if dim S// = 0, that is,
I =unN---Nuny

for some maximal ideals 1y, ..., 1, € Max S. The implication (ii) = (i) was also shown
by Stafford in [25, Lemma 1.4] using different methods.

In Section 4, we define a sheaf of depictions on an affine scheme X to be a sheaf of
algebras that is a depiction on each principal open set of X . We show that the sheafification
of a depiction S of R is a sheaf of depictions on Spec R.

In Section 5, we consider nonnoetherian coordinate rings in the setting of noncommu-
tative algebraic geometry. Let S be a finite type normal integral domain, let Y7, ...,Y,
be positive dimensional proper subvarieties of Max S that intersect the smooth locus, and
denote by I; := I(Y;) their radical ideals in S. By Theorem A, R :=();(k + I;) is a
nonnoetherian coordinate ring with » positive dimensional closed points,

m; ;= I; N R € Spec R.
Following [20, Section R], we call the endomorphism ring

A :=Endg(zR & P m) €y

the “noncommutative blowup” of Max R at the points m, . . ., m,. We would like to know
whether A is a desingularization of its center R.

A resolution of a singularity X is a proper birational morphism of schemes ¥ — X
such that Y is smooth. If we omit the requirement of properness, then we may say that
Y — X is a desingularization of X. We note the following:

(a) birationality implies that X and ¥ have isomorphic function fields,
Frac k[X] =~ Frack[Y];

(b) let Spec S be an affine open subset of Y. Then Spec S is smooth over Spec k
at a closed point n € Spec S if and only if' the global dimension of Sy, the
projective dimension of the residue field Sy /n = k, and the Krull dimension of
Sy all coincide [1,2,24],

gldim Sy = pdg, (Sn/n) = dim Sy.

Following Brown and Hajarnavis’s notion of a homologically homogeneous ring [12],
and Van den Bergh’s notion of a noncommutative crepant resolution [26], we say that a
noncommutative algebra A, module-finite over its noetherian center R, is a noncommuta-
tive desingularization of R if the following two conditions hold:

(a’) Frac R and A ® g Frac R are Morita equivalent,

!Since we are assuming k algebraically closed, Spec S is smooth at 1t if and only if Sy is regular
[16, Example 111.10.0.3].
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(b’) for each closed point m € Spec R, the central localization Ay, := A QR Ry
satisfies
gldim Ay = pdy, (Am/m) = dim Ry,.

However, the singularities we are considering here are nonnoetherian, and their non-
commutative blowups are not module-finite over their centers (just as the case for non-
cancellative dimer algebras). Condition (b") must therefore be modified to allow for this
generality. Such a modification is possible for tiled matrix algebras using the notions of
“cycle algebra” and “cyclic localization”, introduced in [6, 7] (Definition 2.2). In cases
of interest, if the center R is noetherian, then the cycle algebra and center coincide, and
cyclic localization is the same as central localization [6, Theorem 4.1]. We thus replace
(b") with the following condition:

(b”) Let S be the cycle algebra of A. For each closed point m € Spec R and each
minimal prime q € Spec S over m, the cyclic localization A, satisfies
gldim Aq = pdy, (4q/q) = dim S;.
Our second main theorem is the following.
Theorem C (Theorem 5.17). Let A be the endomorphism ring in (4) and let S be its cycle

algebra. If each Y; is irreducible, or n = 1, then A is a noncommutative desingularation
of its center R:

* Frac R and A ® g Frac R are Morita equivalent, and

* foreachi € [1,n] and minimal prime g € Spec S over m;, we have
gldim Aq = pdy, (Ag/q) = dim S,.

Furthermore, the Azumaya locus of A and the noetherian locus Ug g of R coincide.

2. Preliminary definitions

Given an integral domain k-algebra S, denote by Max S, Spec S, Frac S, and dim S the
maximal spectrum (or variety), prime spectrum (or affine scheme), fraction field, and Krull
dimension of S, respectively. For a subset I C S, set Z(/) := {n € MaxS |n 2 [}.

Given a (not-necessarily-commutative) k-algebra A and an A-module V', denote by
gldim A and pd 4 (V') the left global dimension of A and projective dimension of V, respec-
tively. By module we mean left module, unless stated otherwise.

The following definitions have been instrumental in studying dimer algebras (e.g.,
[5,7,9D]).

Definition 2.1 ([6, Definition 3.1]). Let S be an integral domain and a finitely generated
k-algebra, and let R be a subalgebra of S.

*  Wesay S is a depiction of R if the morphism

ts/R : Spec S — Spec R, arqNR



C. Beil 474

is surjective and
Us/gr :={n € Max § | Runr = Su} = {n € Max § | Runr is noetherian} # 4.
* The geometric height of p € Spec R is the minimum
ght(p) := min { hts(q) | ¢ € (5/(p), S adepiction of R}.
The geometric dimension of p is’
gdim p := dim R — ght(p).

For brevity, we will often write ¢ for ts,z. To note, if R is depicted by S, then R is
noetherian if and only if R = S [6, Theorem 3.12].
Now let B be an integral domain and k-algebra, and let

A =[AY] c M,(B)

be a tiled matrix ring, that is, each diagonal A’ := A’ is a unital subalgebra of B. The
following definitions, with the exception of residue module, were introduced in [7]; the
notion of residue module we are considering here is new.

Definition 2.2 ([7, Definition 3.1]). Set
R:=k[()A"] and S:=k[[ 4]
i i

We call S the cycle algebra of A, and in cases of interest, R is the center of A [6, Theorem
4.1]. The cyclic localization of A at a prime g € Spec S is the algebra

A;ﬂAl A12 Aln
A21 A2 A2n
Aq = < ) anaz ) ) > C M, (Frac B).
Anl An2 AZOA"

The residue module Aq/q of A at q is the quotient of A4 by the ideal

gnA! 0 0
0 q N A2 0
Aqg . ) . Aq.
0 0 <o gn A"

Recall that if S is an integral domain and a finitely generated k-algebra, then for each g € Spec S, we
have dim S/q = dim S — ht(q).
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Remark 2.3. If R = S, that is, A" = A/ for each i, j, then cyclic localization coincides
with the usual notion of central localization:

Ag 2 A®rR; and Aq/q = A®r Rq/q.

Definition 2.4 ([7, Definition 3.2]). We say A is cycle regular at m € Max R if for each
minimal prime g € Spec S over m, we have’

gldim(Ag) = pdy, (4q/q) = dim Sq.

If, in addition, Frac R and A ® g Frac R are Morita equivalent, then we say A is a non-
commutative desingularization of R.

3. Nonnoetherian coordinate rings with multiple positive dimensional
points

Let S be an integral domain and a finitely generated k-algebra. Let /4, ..., I, be a col-
lection of proper non-maximal nonzero radical ideals of S such that, for each i # j,
Z(1;) N Z(1;) = 9; equivalently, /; and /; are coprime: /; + I; = S. Unless stated oth-
erwise, we denote by R the algebra

R := m(k + ).

Remark 3.1. If some /; were a maximal ideal of S, then k + /; = S, whence R =
ﬂi;é ;j(k + I;). The assumption that each /; is proper and nonzero implies that dim S > 1.

Lemma 3.2. Suppose n > 2. For each i € [1,n], there are elements a,b € R satisfying
ae,\(JL). be((\I)\1I
J#i J#i
and which sum to unity, a + b = 1.

Proof. Fix i € [1,n]. By assumption, we have
z() =0 = (zU)nzu) =z n (| zd)) =2+ (1)
J#i J#i J#i
Whence

leli+( 1.
J#i

31n [7], we defined A to be cycle regular at mt € Max R if, for each minimal prime g € Spec S over m
and each simple Aq-module V', we have gldim(A44) = pdy, (V) = dim Sg. In this article, we replace the
set of simple A4-modules V' with the residue module A4 /g, which, in our case, is a direct sum of all such
simples (see Propositions 5.14 and 5.15).
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Thus there is some a € I; and b € ﬂj# I; such that @ + b = 1. In particular,

a=1-belin(()k+1)) CR.
J#i

It also follows that for each j # i,
Cl=1—b€[,’\1j and b=1—a€1j\li. ]
Proposition 3.3. Each ideal I; N R is a distinct closed point of Spec R.

Proof. Fix i. For each a € R C (k + I;), there is some «; € k and b; € I; such that
a = «; + b;. In particular, there is an algebra epimorphism

R—k, am «,

with kernel 7; N R; whence an algebra isomorphism R/(/; N R) = k. Furthermore, there
exists some a € (1; N R) \ (U;; 1j), by Lemma 3.2. Thus, for each j # i,

I;,NR#ELNR.
Therefore each I; N R is a distinct maximal ideal of R. [
Proposition 3.4. The locus Us g := {n € Max § | Runr = Su} is given by

Us/r = (U Z(1))".

Proof. (i) We first claim that Us g € ((; Z(1;))¢. Indeed, let n € | J; Z(I;). Then n
contains some [;. By assumption, /; is a non-maximal radical ideal of S. Thus there is
another maximal ideal n’ # n of S which contains I;. Whence

LNRCnNR#AR and NRCu'NR#R.
But /; N R is a maximal ideal of R by Proposition 3.3. Therefore
nNR=LNR=nNR.

Now fix ¢ € n \ n’. Assume to the contrary that ¢ € Ryng. Then there is some a € R
andb € R\ (nN R) such that ¢ = 7. Whence

a=bcennR=1uNR.
In particular, bc € v’ with b, ¢ € S. Therefore

be, )
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since ¢ € v’ and 1’ is a prime ideal of S. But b € R and
bdnNR=nNR.

Whence b ¢ 1/, a contradiction to (5). Thus ¢ € Sy \ Ryng. Therefore n € U§/R.

(ii) We now claim that Ug, g 2 (; Z(I;))¢.* Letn € ({J; Z(1;))¢. Foreachi,n 2 I;.
In particular, for each i there is some ¢; € I; \ n. Furthermore, since n is prime, we have

c:=c1~--cn€(ﬂli)\n. (6)

i
Now let § € Sy, witha € S and b € S \ n. Then by (6),

ac € R and bc e R\ (nNR).

Thus
a ac
b= be € Runr-
Whence
Sn - RnﬁR - Sn'
Therefore Ruar = Su. [

Lemma 3.5. If J is a proper ideal of R and Z(J) N Us g = 9, then J is contained in
some I;.

Proof. Suppose the hypotheses hold, and let n € Z(J). Then n € US,,. Whence n €

U ; Z(1;) by Proposition 3.4. Thus n contains some /;. Consequently, S
LNRCuNR#R.
Whence I; N R = n N R since I; N R € Max R by Proposition 3.3. Therefore
J=JNRCuNR=LNRCI;. L]

Lemma 3.6. For each i,
Rpnr = (k + I;)y;. (7)

Proof. The lemma is trivial if n = 1, so suppose that n > 2. Fix i € [1,n]. By Lemma 3.2,
there is some
ce((L)NR\ L.
J#i
Let % € (k+ 1), withaek+1I,and b € (k+ ;)\ I;. Since c is in R, c is in
k + I;. Thus, since a is also in k + [;, the product ac is in k + [;. Furthermore, since ¢

“This claim was proven in the special case n = 1 in [6, Proposition 2.8].
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is in ﬂj# Ij,acisin ﬂj# I;. Whence, ac is in R. Similarly, bc is in R. But bc is not
in I; since I; is a maximal, hence prime, ideal of k + ;. Consequently,

a ac
5= be € Rpnr-
It follows that
(k + 1)1, € Rpnr-
Conversely,

Rinr = (ﬂ(k + 1)), g € ﬂ(k + I)nnek+1) € K+ IDnng+n) = (k+ 1),

J J
Therefore (7) holds. [ ]
For the following, note that if 1y, ..., ny are maximal ideals of S, then

I=mN---Nug= /-1y
is a radical ideal of S satisfying dim S/I = 0.

Lemma 3.7. Suppose that I is a radical ideal of S satisfying dim S /I = 0. Then the ring
R =k + I is noetherian.

Proof. Suppose that R is nonnoetherian. We claim that

. . W, e @
dim S/l = dimZ(/) =dimUg,p > 1.

Indeed, (1) holds since by Proposition 3.4,
Z(1) = U x. ®)

To show (1), recall [6, Theorem 3.13.2]: if R is a nonnoetherian subalgebra of a
finitely generated k-algebra S, and there is some m € L(Ug/R) satisfying v/mS = m,
then

dim Ug /R = 1.

In our case, R = k + I is nonnoetherian and ~/ IS = I. Moreover, [ is in L(U§/R): for
u € Z(1I), we have

12 anR =1 e2(1) 2 uUSp),

where (A) holds since / is maximal in R, and (B) holds by (8). Therefore (11) holds. [

3In the published version of [6, Theorem 3.13.2], S is assumed to be a depiction of R, but this is not
used in the proof of the theorem.
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Proposition 3.8. Suppose that each I; is a radical ideal of S.
(1) Ifdim S/I; = 0 for each i, then R is noetherian.
(2) Ifdim S/1; = 0, then the localization Ry,nR is noetherian.

Proof. (1) Suppose that dim S/I; = 0 for each i. Set

m
R™:= (\(k + I).
i=1
We proceed by induction on m.
By Lemma 3.7, R! is noetherian. So suppose that R™ is noetherian; we claim that
R™*+1 ig noetherian.
Indeed, recall that aring T is noetherian if there is a finite set of elements a;,...,a;, €
T such that (ay,...,am)T = T, and each localization T, := T[a;l] is noetherian (e.g.,
[16, Proposition II1.3.2]).
By Lemma 3.2, R™*! contains elements

m m

a€lni\(|J1) and be ([ 1)\ Ins ©)

i=1 i=1
satisfying a + b = 1. In particular,
(Cl b)Rm+l — Rm-i-l_
Furthermore, (9) implies that
R =RY and R = (k + Int+1)s. (10)

But R™ is noetherian by assumption, and (k + I,,+1) is noetherian by Lemma 3.7. Thus
the localizations (10) are noetherian. Therefore R™*! is noetherian, proving our claim.
(2) Now suppose that dim S/ I; = 0. Then the ring k + [; is noetherian by Lemma 3.7.
Thus the localization (k + I;)j, is noetherian. But R;,ng = (k + I;)7, by Lemma 3.6.
Therefore Rj,ng is noetherian. [

Proposition 3.9. Suppose that I is a nonzero radical ideal of S satisfying dim S/I > 1.
Then the ring R =k + I is nonnoetherian and I contains a strict infinite ascending chain
of ideals of R.°

Proof. Since dim S/1 > 1, I is a non-maximal ideal of S. Thus there is a maximal ideal
n of S for which n D 7. Since I is a maximal ideal of R and I C n, we have

nNR=1. (11)

This proposition is erroneously claimed as a corollary to [6, Theorem 3.13, published version]. [6,
Theorem 3.13] assumes that S is a depiction of R, but if R is noetherian, then S will not be a depiction
of R. Indeed, in this case the only depiction of R will be itself [6, Theorem 3.12], and R # S if / is a
non-maximal ideal of S.
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Furthermore, since [ is a radical of S, there are primes pi, ..., p, of S such that

I =p; N---N py, by the Lasker—Noether theorem. Fix & € u \ (py U --- U p,). Then for
f €S, we have

fhel = fel. (12)

Indeed, if fh € I, then fh € p; for each i. Whence f € p; for each i, and therefore

fel.
By assumption, / # 0. Fix g € I \ 0, and consider the chain of ideals of R,

0CgRC(g.ghRC (g.gh,gh> )RS ---C I

We claim that each inclusion is proper. Indeed, assume to the contrary that there is some
£>0andrg,...,r; € R such that

4
ghtt! = Z righ’.
j=0

Then since S is an integral domain,

/4
hi+l — Z r]hl
Jj=0

Whence
4

WY =N "rih/ =ro € R. (13)
j=1
But /i € u. Therefore ro € n N R = I by (11). Furthermore, since R = k + I, for each
j €10, €] there is some fB; € k and t; € I such that r; = f; + t;. Since ro and each ¢; 1/
are in I, (13) yields

£ y4
te=ht =SB =ro+ Y k) el Cn. (14)

J=1 J=1

The left-hand side implies that ¢ is a polynomial in k[h]. Therefore, since k is alge-
braically closed, ¢ splits

4
b=RTN= Y Bk = 0= an) e (b= ).

j=1

wherem > land a1, ...,00—,, € k\ 0. Set f :=(h—oay1)---(h—ay). By (14) we have
hf =t € I. Thus, by (12), f € I. Consequently, f € un. But this is not possible by
Hilbert’s Nullstellensatz, since «y, ..., oy, are nonzero scalars, & is in n, and n is a
maximal ideal of S. [
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Proposition 3.10. Suppose that dim S/1I; > 1 for some i. Then R = (); (k + I;) is non-
noetherian.

Proof. Suppose that dim S/I; > 1. By Proposition 3.9, I; contains a strict infinite ascend-
ing chain of ideals of k + I,

JicJ,CcJsC---C ;.

(i) We claim that each J; is an R-module. Let r € R. Then r € k + I;. Whence
Jer C Jy since Jy is an ideal of k + I;, proving our claim.

(ii) Now let a € ﬂj I;. Then each aJy is in ﬂj I; C R. Thus each aJ; is an ideal of
R by Claim ().

Consider the chain of ideals of R,

aJiCaJo, CTaJ; C---. (15)
Assume to the contrary that for some £,
aJy =aJyy.
Then for each b € Jy41 \ Jy, there is some ¢ € J; such that
ab = ac.
But S is an integral domain. Whence
b=celJy,

a contradiction to our choice of b. Thus the chain (15) is strict. Therefore R is nonnoethe-
rian. ]

We recall the following elementary facts.
Lemma 3.11. Let R be an integral domain, and let p, m € Spec R be ideals satisfying
p Cm. Then’

(1) PRw N R =1p,

(2) pRm € Spec Ry,.

7We prove Lemma 3.11 for completeness.
(1) It suffices to show that pRy; N R C p. Let % € PRy N R, witha € pand b € R\ m. Then

b-— =acep.

SR

Thus, since b, £ € R and p is prime in R, we have b € p or § € p. Butb ¢ p since b ¢ mt and p C m.
Therefore § € p.
(2) Let Z—:, ;—; € Ry, withay,as € R and by, by € R\ m. Suppose that
ay dajp

L2 e pRy.
b b, & PRm
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Againlet R = (;(k + I;).
Lemma 3.12. [fp € Spec R and p C [; for some i, then
pSNR=rp.

Proof. Suppose the hypotheses hold. Let ab € pS N R, witha € pand b € S. We claim
that ab € p. Indeed, by Lemma 3.2 there is some

ce(()Lj)NR\ L.
J#
Then ac € ﬂj Ij sincea € p C I;. Thus forany s € S,
acs € ﬂlj C R.
J

In particular,
ach® e R.

Thus, since a € p,
(ab)?-c =a- (ach?) € p.

But ¢ € R\ p and (ab)? € R. Thus (ab)? € p since p is prime in R. Therefore ab € p,
again since p is prime in R. ]

Proposition 3.13. The morphism
t:SpecS — SpecR, g+ aqNR,
is surjective.

Proof. Let p € Spec R. We claim that there is some g € Spec S such thatg N R = p.
(i) First suppose that Z(p) N Us;g = @. Then there is some i for which p C I;, by
Lemma 3.5. Set

t:=ptk + L), Nk + ;).
Recall that I; N R € Spec R by Proposition 3.3.

‘We claim that ‘g—: or Z—; is in p Ry, . Indeed, there is some ¢ € p and d € R \ m such that

ay djz Cc

by by d’
Whence
alazd = blhzc cp.

Now d ¢ p since d ¢ mt and p € mt. Thus aja, € p since p is prime in R. In particular, a; € p ora, € p;
say a; € p. Then Z—: € PRy, proving our claim.
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(i.a) We have p = t N R since

p(é)pRI,-mRﬂR(I——I)p(k—i—I,-)IiﬂRzp(k—i-Ii)I,-ﬂ(k-i‘li)ﬂR:tﬂR’

where (1) holds by Lemma 3.11 (1), and (1) holds by Lemma 3.6.
(i.b) We claim that
t € Spec(k + [;) and tC I;.

By Lemma 3.11 (2),
pRI,-ﬁR € Spec RI,ﬂR-

Thus by Lemma 3.6,
p(k + 1)1, € Spec(k + I;)y,.

Therefore t € Spec(k + I;), since the intersection of a prime ideal with a subalgebra is a
prime ideal of the subalgebra.
Furthermore,

t=pk+ L), N(k+1;) CLitk+ 1) N (k+ 1) 9.,

where (1) holds by Lemma 3.11 (1) since /; € Spec(k + I;).
(i.c) We claim that
p= VtS N R.
Indeed,
()]
p2tnRc YiSNRC YSNR
=¥Snk+HNRE VinRY #p=rp,

where (1) and (1V) hold by Claim (i.a); (I1) holds since if s” € ¢S and s € R, then s €
¥/tS N R; and (111) holds by Claim (i.b) together with Lemma 3.12 (with k 4 I; in place
of R).

(i.d) Since S is noetherian, the Lasker—Noether theorem implies that there are ideals
a1,---,Gm € Spec S, minimal over m, such that

vStS=q10-~-ﬂqm.
Thus
P2 VSNR=(@iNNam)NR=(NR)N--N@GmNR). (16)

where (1) holds by Claim (i.c). Furthermore, each q; N R is a prime ideal of R since
q;j € Spec S and R C § (e.g., [6, Lemma 2.1]).
Assume to the contrary that for each j € [1, m],

q; N R #p.
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Then for each j there is some
aj € (@ N R)\'p.
Whence

o
ay--am €)@ NR) =y,
J

where (1) holds by (16). But p is prime in R, a contradiction. Thus there is some j for
which
gj N R =p.
Our desired ideal is therefore q := q; € Spec S.
(ii) Now suppose that Z(p) N Us/g # @;say n € Z(p) N Ug/g. Set

g :=pSxNS.

We claim that
gNR=p and g € SpecS.

First observe that

(1)

pngnmRﬂR=DSnﬂR=PSnmSHR=qﬂR’

where (1) holds by Lemma 3.11 (1), and (1) holds since n € Ug,g. Furthermore, since
p € Spec R, we have pRyng € Spec(Ryunr) by Lemma 3.11 (2). Whence pSy € Spec Sy
since n € Ug/r. Therefore ¢ = pSy N S € Spec S. ]

Theorem 3.14. Let I1,..., I, be a set of proper non-maximal nonzero radical ideals of
S which are pairwise coprime, and set R := (\;(k + I;). Then

(1) R is nonnoetherian if and only if there is some i for whichdim S/1I; > 1,

(2) R is depicted by S if and only if for each i, dim S/I; > 1.

Proof. (1) The implications = and < are respectively Propositions 3.8 (1) and 3.10.

(2) The morphism ¢ : Spec S — Spec R is surjective by Proposition 3.13. Further-
more, Ug,g is nonempty since Us/gr = (|J; Z(1;))€ is an open dense subset of Max S,
by Proposition 3.4. It thus suffices to show that

U§/R = U Z(I;) € {n € Max S | Ruynr is nonnoetherian}, a7
i

where the inclusion holds if and only if dim S//; > 1 for each i.
Suppose that n € |J; Z(/;). Then n contains some /;. Whence n N R = I; N R by
Proposition 3.3. Thus by Lemma 3.6,

Runr = Rpynr = (k + 1))y,

o First suppose that dim S/I; = 0. Then Rynr = lem R is noetherian by Proposi-
tion 3.8 (2). Therefore the inclusion in (17) does not hold.
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e Now suppose that dim S//; > 1. Then /; contains a strict infinite ascending chain
of ideals of k + I;, by Proposition 3.9. Therefore the localization Rynr = (k + ;) I;
is nonnoetherian. In particular, if dim S//; > 1 for each i, then the inclusion in (17)
holds. [

Corollary 3.15. If dim S/1I; > 1 for each i, then each of the closed points I; N R of
Spec R has positive geometric dimension.

Proof. By Theorem 3.14, S is a depiction of R. Therefore for each i,

gdim(/; N R) >dimS/I; > 1. |

4. Sheaves of depictions

Let (X, O) be an affine scheme, and set R := @ (X). We introduce the following definition.

Definition 4.1. A sheaf of depictions S on (X, O) is a sheaf of algebras such that on each
principal open set D(a) C X, a € R, the algebra S(D(a)) is a depiction of O (D(a)).

A sheaf M on X is said to be a sheaf of modules if, on each open set U C X, M(U)
is an @ (U)-module, and for each inclusion of open sets U C V, the restriction M (V) —
M(U) is an @ (V')-module homomorphism. The sheafification of an R-module M is the
sheaf of modules M defined on each principal open set D(a) by

M(D(a)) := M ®acx) O(D(a)) = M ®g Rla™"],
and on a general open set U by the inverse limit

MU):= lim M(D(a)).
D(:;CU

In this section, we show that the sheafification of a depiction is a sheaf of depictions.

Let S be an integral domain and k-algebra. For an element @ € S and ideal I C S, set
Sq:=S[a']and I, :== IS[a"'].
Lemma 4.2. Fixa € S.

(1) If g € Spec S and a € g, then g, € Spec S,.

(2) Ifn e Max S and a & u, then n, € Max S,.

Proof. (1) Suppose that g € Spec S and a ¢ g. Since S, is a flat S-module, the short exact
sequence 0 - ¢ — S — §/aq — 0 induces the short exact sequence

0>qQRsS; > S®sSqg =S, —> S/a®s S; — 0.

Whence
S/a ®s Sa = Sa/aa. (18)
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But S/q is an integral domain since g is prime. Furthermore, S/gq ® S, is not the zero
ring since a” ¢ g for all » > 0. Thus S/q ® S, is also an integral domain. Therefore g,
is a prime of S, by (18).

(2) Suppose n € Max S and @ ¢ n. By Claim (1), we have

S/n®s Sq = Sa/nq # 0.

Furthermore, S/n ® S, is a field since n is a maximal ideal of S. Consequently, 1, is a
maximal ideal of S,. ]

Let R be a subalgebra of S.

Lemma 4.3. Fixa € R. If
ts/R - Spec S — Spec R

is surjective, then so is
LS,/R, - Spec S, — Spec R,.

Proof. Suppose that (g, is surjective. Let p € Spec R,, and set p := p N R. Then p isin
Spec R. Thus there is a prime g € Spec S such that ¢ N R = p, by the surjectivity of 15/ .
Furthermore, the ideal g is in Spec S,, by Lemma 4.2 (1).

We want to show that ¢, N R, = P, from which the lemma follows.

(i) We first claim that a, N R, 2 p.

Let g € p. Then for £ > 0 sufficiently large, a‘g is in R. Whence a‘g € p N R = p.
Thus alg € q. Therefore g = atalg € qq.

(ii) We now claim that ¢, N R, C p.

Let g € g N R,. Then again for £ > 0 sufficiently large, a‘g is in ¢ and R. Thus,

aﬁgeqﬂRzpzfoﬂR.
Consequently, g = atalg e P. ]
Proposition 4.4. Fixa € R. If S is a depiction of R, then S, is a depiction of R,.

Proof. Suppose that S is a depiction of R.
(i) The morphism tg,/g, : Spec Sq — Spec R, is surjective by Lemma 4.3.
(ii) Let n € Max S,, and suppose that (R;)nnR, is noetherian. We claim that

(Ra)nﬂRa = (Sa)n~
Since n is a proper ideal of S;, we have n # a. Therefore

® () (1)
(Ra)nﬂRa é RnﬂR é SnﬂS 2 (Sa)n,

where (1) and (111) hold since @ € R \ n; and (I1) holds since Rynr = (Rz)nnRr, is noether-
ian and S is a depiction of R.



Nonnoetherian singularities and their noncommutative blowups 487

(iii) Finally, we claim that the locus Ug, /g, is nonempty.
Let Dg(a) := {u € Max S | n # a} denote the complement of the vanishing locus of
a in Max S. Then

Us,/r, = Us/r N Ds(a) # @

since Ug,r and Dg(a) are open dense sets of Max S |

Corollary 4.5. Suppose that S is a depiction of R. Then the sheafification S of the R-
module S on Spec R is a sheaf of depictions on Spec R.

5. Noncommutative blowups of nonnoetherian singularities

Let S be a normal integral domain and a finitely generated k-algebra. Let Y7, ...,Y, be
positive dimensional proper subvarieties of Max S that intersect the smooth locus. For
each i € [1,n], denote by I; := I(Y;) the corresponding radical ideal of S. Consider the
nonnoetherian coordinate ring R := ("); (k + I;) and its set of positive dimensional closed
points (Proposition 3.3),

m; ;= I; N R € Spec R.

Following [20, Section R], we call the endomorphism ring

A :=Endgr(rR & @)
14
the “noncommutative blowup” of Max R at the points my, ..., m,. These points are pre-
cisely the nonnoetherian points of R (that is, the points m € Max R for which Ry, is
nonnoetherian), by Theorem 3.14 and Proposition 3.4. Our main theorem in this section
is that if either (i) each Y; is irreducible, or (ii) # = 1, then A is a noncommutative desin-
gularization of its center R. Furthermore, S is the cycle algebra of A4, and thus A provides
a means to retrieve S from the knowledge of R alone. In particular, R is depicted by the
cycle algebra of A.
In the following lemma, we do not assume S is normal.

Lemma 5.1. Let I be a nonzero ideal of a noetherian integral domain S, and suppose
that 1 is also an ideal of an overring T C Frac S of S. Then T is contained in the integral
closure S of S.

Proof. Lets € I \ {0} and ¢ € T. By assumption, t‘s € I for each £ > 0. Consider the
ascending chain of ideals of S

$S C (5,15)S C (s,15,t%5)S C (s, ts5,t%5,135) C --- .

Since S is noetherian, there is some m > 1 and oy, ..., 0,,—1 € S such that

m—1
t"s = E ojt’s.
j=0



C. Beil 488

Thus, since S is an integral domain and s # 0, we have

m—1
"= " o;t! =0.
j=0

Consequently, 7 is in the integral closure S of S. ]

Again let S be a normal finitely generated domain. For brevity, set

R =50 ([ k+1)).
J#i

We include S in the intersection for the case n = 1.

Lemma 5.2. Foreachi € [1,n], we have
Hompg (m;, m;) = Hompg(m;, R) = R

Proof. (i) We first claim that Homg (11;, R) C S.
Indeed, Homg(1;, I;) is the largest overring of S for which I; is an ideal. Thus, since
S is normal, Lemma 5.1 implies that

Homg(/;,1;) € S. (19)

Let x € Homg(m;, R) and w € I1I,---I,. Then xtw is in Homg (/;, I;) for each
twisin S by (19). But since S is a normal noetherian
domain, the same argument given in the proof of Lemma 5.1, with x and w in place of ¢
and s, shows that x itselfisin S.

(ii) We now claim that Homg (m;, R) € R.

Consider x € Homg(m1;, R) and y € m;. Then for each j € [1,n], xy isin k + ;.
Furthermore, since y isin R, thereisac e kandz € [; suchthaty =c+z ek + I;.
In particular, xz is in /;, since x is in S by Claim (i). Thus x itself is in k 4 [;, since
¢x +xz = xyisink + I;. But j was arbitrary, and therefore x is in R.

(iii) Finally, we claim that R¥ € Hompg (m;, m;).

Since m; C R C k + I; for each j, and R’ C S, we have R'm; C R. Furthermore,
R C S implies that R'm; C I;. Therefore R'm; € I; N R = m;.

(iv) We have

£ > 1, since wl; € m;. Whence x

() (11) .
R' € Hompg(m;, m;) € Homg(m;, R) € R C R',
where (1) holds by Claim (iii), and (1T) holds by Claim (ii). [

Lemma 5.3. Let p, g € Spec R be coprime ideals. Then

Hompg(p, q) = q.
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Proof. Since p, q are ideals of R, Homg(p, ¢) is isomorphic as an R-module to the
maximum R-module C C Frac R satisfying Cp C q. In particular, C D q.

To show the reverse inclusion, let ¢ € C. Since p, g are coprime, there is an a € p and
b € g such thata + b = 1. Whence

c(l1—=b)=caeCplaq.
But g is prime and 1 — b ¢ g. Thus ¢ € g. Therefore C = q. L]

Proposition 5.4. There is an algebra isomorphism

R m; my -+ my,
R' R' my, -+ my
A:EndR(RRGB@mi)g R* wm; R? - my, . (20)
; . . . . .
R* m; m, --- R"

Proof. Each wm; is a prime ideal of R, by Proposition 3.3. Furthermore, for each i # j,
there is some
aceliNR=m; and bel;NR=my

such that @ + b = 1, by Lemma 3.2. Thus the set of ideals iy, ..., 1, are pairwise
coprime. The isomorphism (20) therefore holds by Lemmas 5.2 and 5.3. ]

Remark 5.5. The endomorphism ring of the right R-module R & €P; m; is the transpose
of the matrix ring given in (20), and it is not known whether it is cycle regular. (As a right
(resp. left) R-module, R & €, m; may be viewed as an n 4 1 column (resp. row) vector.)

Remark 5.6. In the case n = 1, we have u = I (omitting the subscript i ), and the tiled
matrix ring (20) simplifies to

R I
AZEHdR(RRGB])%[S Si|.

Proposition 5.7. The cycle algebra of A is S.

Proof. By Proposition 5.4, the cycle algebra of 4 is § := k[R + R! + --- + R"]. By
Remark 5.6, it suffices to suppose that n > 2.

We first claim that for any subset K C {1,...,n} with |K| > 2, we have
Z ﬂ I; =S. (21)
i€eK jeK\{i}

We proceed by induction on |K|. Let K 2 1, 2.
First suppose | K| = 2. Then (21) reduces to I; + I = S, and this holds since /; and
I, are coprime ideals of S.
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Now suppose that (21) holds for |[K| < N, and let |K| = N + 1. Set K; := K \ {1}
and K, := K \ {2}. Then

SO+ L=1,nNS+5LNS

Cnn(Y N u)+eo(X N L)

i€Ky jeK\{i} i€K; jeKr\{i}
> N nes
ieK jeK\{i}

where (1) holds since /; and I, are coprime, and (1I) holds by induction. This proves our
claim.
Thus,

S:iﬂl,-gzn:R"g’gs.

i=1j#i i=1
Therefore S = S. u

Fix 1 <i <n,andlet g € Spec S be a minimal prime over m;. Since m; is a maximal
ideal of R, we have
m; =L NR=qgNR. (22)

Lemma 5.8. Suppose that ¢ € Spec S is a minimal prime over w;. Then I; € q. Conse-
quently, if I; is prime in S, then I; = q.

Proof. We first claim that /; € g. Leta € S \ g; we want to show thata & I;.

Assume to the contrary that a € I;. By Lemma 3.2, there is some b € R that is in
(Vi 1; \ Ii- Whence, ab € (); I; C R. Furthermore, since b € R\ [;, we have b ¢ ¢ N R
by (22). In particular, b ¢ g. Since a and b are not in g and q is prime, their product ab is
not in g. Thus

a' = b(ab)™' € Rong L (k + 1)1,
where (1) holds by Lemma 3.6. Whence a™! € (k + I;)5,. But a € I;, and thus a is not
invertible in (k + I;),, a contradiction. Therefore /; C qg. [

Lemma 5.9. For each minimal prime g € Spec S over mi; and j # i, the following hold:

Rinr =R ij(k+li)1i z(k+li)l,- and ijQZSq.

J
aNRJ
Furthermore, if either I; is prime in S or n = 1, then

Ri

anri =S¢ and ;S = qSq.

Proof. (i) By Lemma 3.6, we have Ryng = (k+1;) ;. and for j #1i, Réij =(k+1))r..
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(ii) Let j # i. We claim that wmi; (k + I;);, = (k + I;),. Fix b € m; \ I;. Then b €
k + I; since b € R. Whence, b~! € (k + I;)1,. Therefore

1=bb"" ek + I)y,.
(iii) Let j # i. We claim that m; S; = S,. By Lemma 3.2, there is some
be([;NR)\I; =wm; \ m,.
Whence b ¢ g by (22). Therefore
1=bble m;Sq.
(iv) Suppose that /; is prime in S. We claim that R;mRi = S,. Clearly, Rme,- C S,.
To show the reverse inclusion, suppose that 7 € Sq witha € S and b € S\ g. By

Lemma 3.2, there is some ¢ € (1) 4; 1;) \ 1;. Thus, ac and be are in ();,; I; C R'. Fur-
thermore, ¢ € q since @ = I;, by Lemma 5.8. Whence bc¢ ¢ g since q is prime. Therefore

a ac

“ i

b~ be & Manre
proving our claim.
(v) Again suppose that /; is prime in S. We claim that m; Sq = q.S4. Clearly, m; Sq €
4S.-
To show the reverse inclusion, leta € g = ;. Fixb € (;; 1; \ I;. Then
abe()1; CR.
J

Whence, ab € I; N R = m;. Furthermore, b € S \ q since g = I;. Therefore
a=abb™" € m;S,.

(vi) Finally, suppose that n = 1, in which case mt = I (we omit the subscript i). We
claim that 1S3 = qS4. The inclusion IS, € q.S, follows from Lemma 5.8.
To show the reverse inclusion, let a € g. Consider the set of minimal primes over 7,

d1:=¢,42,...,qm € Spec S.

In particular, I =) ;G since [ is radical.
Foreach2 < j <m,fixb; € q; \ q. Then b, ---b,, € S \ g since q is prime. Therefore

a=(aby-by)(ba---bm) "' € (()aj)Sa = IS, .
J
Set

R:=(k + I, + aS,.

If 1; is prime in S, then by Lemma 5.8 this reduces to

R=(k+a)q +qS,.
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Lemma 5.10. R isa subalgebra of Sg.

Proof. Since k + I; C S, it suffices to show that if a is invertible in (k + /;)y,, then a is
also invertible in Sg. So suppose that a € (k + I;) \ I;. Then a = ¢ + «, where ¢ € k>

ando € [;. But /; € g by Lemma 5.8. Whencea € S \ g. ]
Index the rows and columns of Aq by 0,1, ...,n. Denote by ¢;; € M, (FracS) the
matrix with a 1 in the ij -th slot and zeros elsewhere, and set e; := e;;.

Proposition 5.11. Suppose that each I; C S is prime, orn = 1. Fix p € Spec R, and let
q € Spec S be a minimal prime over p.

(1) If Ry is noetherian, then the cyclic localization A4 at g is the full matrix ring
Aq = Mn+1(Rp) ~ AQRr Rp.

(2) If Ry is nonnoetherian, then p = m; for some i, and

TR ... R ¢S4 R -« R
R o R oS¢ R - R
Ag = | Sq Se  Sq¢  Sq Sq | € My41(FracS),
R o R ass R - R
R -~ R ¢S, R R |
where the ith row and column are, respectively,
eidg =[Sq - Sa]zsfnﬂ»
t
Aqei:[qsq o aSqg Sg aSq qu]’

and all other entries are R.

Proof. (1) Suppose that Ry, is noetherian. Then R, = S since S is a depiction of R.

(1.i) We first claim that the diagonal entries of A4 are all S,. Fix i € [1, n]. We have

) (11) i (111)
Sq = RqﬂR - anRi - Scp

where (1) holds since S is a depiction of R; (I1) holds since R C R*; and (111) holds since
R' C S. Therefore R} p. = Ss.

(1.ii) We now claim that the off-diagonal entries of A, are also all Sj.

Fix i € [1, n], and assume to the contrary that m;; C g. Then

m;=m; NRCgNR=rp.

Whence m; = p, since mt; is maximal. But Ry; is nonnoetherian by Theorem 3.14 and
Proposition 3.4, contrary to our choice of p. Thus m; Z g. Hence, there is some a € m; \ g.
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Consequently, 1 = aa™! € m; S,. Therefore m; Sq = S,. Together with (1.i), this implies
that the off-diagonal entries of A4 in columns 1,...,n are Sg.

Finally, the off-diagonal entries in column 0 are also S, : since 1 € Riand R' C S, we
have R'Sq = S,.

(2) Follows from Lemmas 5.9 and 5.10. [

Fix i € [1,n] and a minimal prime g € Spec S over ;.
Lemma 5.12. Let j € [0,n], let P be a projective Aq-module, and let
§:Agej > P
be an Aq-module homomorphism. Suppose that e;; € Aq. If §(e;j) = 0, then § = 0.

Proof. Set A := Aq, and suppose that §(e;;) = 0. Let £ > 1 be minimal such that P is a
direct summand of A®¢, Let ai,...,ay € A be such that

8(e;) = (ay.....ap) € A®
Each aj is in ej A since
2 ¢
(ar,...,a¢) = 3(ej) = 8(e;) = ejé(e;) € e; A%
Furthermore, each product e;;ay is zero since
(eijal, ey e,-jag) = e,-j(al, . ,ae) = e,-,-S(ej) = S(Eij) =0.
But e;;a # 0 for all nonzero « in e; A. Therefore each ay is zero. |

Proposition 5.13. The left global dimension of Aq is bounded above by the Krull dimen-
sion of Sg,
gldim A4 < dim S;.

Proof. Set A := Ag and d := dim S5 — 1. Let VV be a A-module. We claim that
pdp (V) <d + 1. (23)

It suffices to show that there is a projective resolution P, of V,

é § 8
i > Py Pl Py >V — 0,

for which the (d + 1)th syzygy ker 8,4 is a projective A-module [23, Proposition 8.6.iv].
Since {ey, ..., e,} is a complete set of orthogonal idempotents of A, we may assume
that for each £ > 0 and j € [0, n], there is some my; > 0 such that

Pp= P nep)®i= P P Ace

Jimgi>1 Jimygi>1 te[l,my;]

where ¢; &, generates the 7-th Ae; summand of (Ae;)®™4 over A.
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Now ¢; A is a left Sq-module since e; Ae; = e; Sq. Furthermore, e; A is a projective,

hence flat, right A-module. Thus, setting ® := ®4, the sequence of S;-modules

8 8 S
i G A ® Py 2 0 A @ P 22 A ® Py —2% e A @V — 0

is exact. Moreover, each term e; A ® Py is a free Sgq-module since

eiAN® Py = @ (eiA ® Aej)GBmej >~ @(Gi/\ej)@mej = @(e,-qu)@m‘f/.
J

Jimy;>1 J

(24)

It follows that e; A ® P, is a free resolution of the Sg-module e; A ® V = ¢; V. Thus, since
S, is aregular local ring of dimension d + 1, the (d + 1)th syzygy ker(1 ® §47) of e, A ®

P, is a free S3-module. Therefore, since ker(1 ® 64) is a submodule of &P  €ij SéB mdj , for

each j € [0, n] there is some r; € [0, mg4;] such that

ker(1 ® 64) = @ (eij Sq)®"7.

Jjiri=1

Again since e; A is a flat right A-module, the sequence

1®6,
0—>e;AQ@kerdy — e, A® Py BN eiN® Py

is exact. Whence
e;iA @kerdy; = ker(1 ® §4).
But (25) and (26) together imply that
e keréy = @ (eij Sq)®rf =¢; @(Aej)erf =¢; @ @ Aejey.
jiri=1 j Jirj=1 tell,r)]
In particular, for each ¢ € [1, r;] we have 6, (e;je;) = 0. Thus by Lemma 5.12,

8a(Aejes) = 0.

Therefore

kerdy 2 @ @ Aeje;.

Jirj=1 te[l,r]

(25)

(26)

27)

(28)

To show the reverse inclusion, fix j € [0, n] satisfying mq4; > 1, and let ¢ € [1,mg;].

Suppose that ey e; € kerdy. Then, since 1 € A* foreach k € [0, n], we have
8qleijer) = 8q(eikexjer) = eixbalerjer) = 0.

Whence ¢;;¢; € e; kerd,. Thus ¢ € [1, r;], by (27). Therefore

kerd; C @ @ Aeje;.

Jjirj>1 tE[l,rj]

(28) and (29) together imply that ker §; = €(Ae;)®"7. Consequently, (23) holds.

(29)
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Proposition 5.14. The cyclic localization Aq has precisely two simple modules up to

isomorphism:
V= Aqei/Aq(1 —e;)Age; = Sq/qa,
W .= Aqeo/AqeiAqeo = @kéjo = (E/q)GBn (30)
J#L

Their projective dimensions are, respectively,
pdy, (V) =dimS; and pdy (W)= 1.

Proof. Set A := A,.
(i) We claim that the simple A-modules are precisely the modules V' and W in (30).
For each j € [0,n] \ {i}, there is a (left) A-module isomorphism

€0
Aeg — Ae;j.

Furthermore, W is simple since for each j, k € [0,n] \ {i}, the matrix entry 47 contains
1 € R; whence
ejkero = ejo and egjejo = exp.

(ii) We claim that pd , (V') = dim S,. Indeed, we have

. 0 (1) (m)
dim S = pdg, (Sg/q) = pdp(V) < dim Sg,

where (T) holds since Sg is a regular local ring, and (111) holds by Proposition 5.13. (I1)
holds since if P, is a projective resolution of V' over A, then e; A ® o P. is a free resolution
of V = Sq/q over e; Ae; = Sg, as shown in (24).

(iii) We claim that pd, (W) = 1. Consider the complex

0= Ae; 2% Aeg — W — 0. 31)

The module homomorphism Ae; SilN Aey maps onto the kernel of Aeg — W, namely
AejAeg, since AVl = S = A0, Thus the complex (31) is exact. [ ]

Proposition 5.15. The residue module at ¢ decomposes as
Ag/a =V @ Wen (32)
and has projective dimension

pdy, (Ag/q) = dim S5.

Proof. Set A := A,.
The direct sum decomposition (32) follows from Proposition 5.14, where we view V
and W as columns of the (n + 1) x (n + 1) tiled matrix ring A/(q N A).



C. Beil 496

The projective dimension of A/(q N A) equals the Krull dimension of S since

. 0) (11) . (m)
dim Sq = pd, (V) < pdp (A/(@ NA)) < gldimA < dim S;.

Indeed, (1) holds by Proposition 5.14; (11) holds by (32), since the projective dimension of
a module M is greater than or equal to the projective dimension of any direct summand
of M ; and (111) holds by Proposition 5.13. ]

Let A be a k-algebra with prime center Z, and let mt € Max Z. Then Ayy = A @z Z
is said to be Azumaya over its center Zy, if Ay, is a free Zy-module of finite rank, and
the algebra homomorphism

Aw ®2,, A% — Endz,, (Am)

a®b > (x +— axb)

is an isomorphism [21, Section 13.7.6], [11, Definition III.1.3]. The Azumaya locus of A
is the set of points m € Max Z for which Ay, is an Azumaya algebra.

Remark 5.16. It is well known that if Ay, is free of finite rank over Z,,, then Ay is
Azumaya if and only if Ay, /mAy, is a central simple algebra over k, if and only if
Am/MAm = M, (k) for some n > 1 (assuming k is algebraically closed).

Theorem 5.17. Let S be a finite type normal integral domain. Let 11, ..., I, be a set of
proper non-maximal nonzero radical ideals of S such that either n = 1, or the closed sets
Z(I;) C Max S are irreducible and pairwise non-intersecting.

Set R := (i, (k + I;) and consider its nonnoetherian points m; := I; N R € Max R.
Then

(1) S can be retrieved from R as the cycle algebra of the endomorphism ring
A=Endg(R®m; ®--- ®my).

Furthermore, the center of A is R.
(2) The Azumaya locus of A and the noetherian locus Ug,g of R coincide.

(3) If each Z(I;) intersects the smooth locus of Max S, then A is a noncommutative
desingularization of its center R:

(a) Frac R and A @ gr Frac R are Morita equivalent, and

(b) foreachi € [1,n] and minimal prime g € Spec S over m;, we have
gldim Ag = pdy, (4q/q) = dim S;.

Proof. (1) The algebra A has center R by Proposition 5.4, and cycle algebra S by Propo-
sition 5.7.

(2) The noetherian locus Ug, g of R is contained in the Azumaya locus of A by Propo-
sition 5.11 (1) and Remark 5.16. Conversely, if n € Max S \ Us/r, then A ® g Rung is not
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a free Ryngr-module by Proposition 5.4. Whence n N R € Max R is not in the Azumaya
locus of A.

(3.a) We claim that Frac R and A ® g Frac R are Morita equivalent. By Theorem 3.14,
S is a depiction of R; in particular, Ug,g # @. Thus Frac R = Frac S. Therefore

A ®gFrac R = A @ Frac S o M, 41 (Frac ) = My, (Frac R),

where (I) holds by Proposition 5.4. The claim follows.
(3.b) We have gldim A4 < dim Sy by Proposition 5.13, and gldim A4 > dim S, by
Proposition 5.14. Furthermore, pdy_ (Aq /a) = dim S, by Proposition 5.15. |

Remark 5.18. The advantage of the noncommutative blowup A over the depiction S is
given by Theorem 5.17 (2): the noetherian locus Ug,r of R is intrinsic to A since it is
encoded in the representation theory of A. However, in the absence of R, the noetherian
locus is invisible to S. Furthermore, A “sees” both R and S: they appear as the center and
cycle algebra of A, respectively.
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