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Callias-type operators associated to spectral triples
Hermann Schulz-Baldes and Tom Stoiber

Abstract. Callias-type (or Dirac—Schrodinger) operators associated to abstract semifinite spectral
triples are introduced and their indices are computed in terms of an associated index pairing derived
from the spectral triple. The result is then interpreted as an index theorem for a non-commutative
analogue of spectral flow. Both even and odd spectral triples are considered, and both commutative
and non-commutative examples are given.

1. Outline

The Callias index theorem [2, 6, 11,23] and its even dimensional analogue [10, 22, 25]
give formulas for the index of Dirac operators on non-compact manifolds which are per-
turbed by self-adjoint potentials that act on sections of a finite-dimensional vector bundle
and are invertible at infinity. There are many possible generalizations, for example, one
can allow infinite-dimensional vector bundles as in the Robbin—Salamon theorem [42] or
Hilbert-module bundles of finite type [9, 19]. This paper generalizes in a different direc-
tion, namely the underlying manifold is replaced by a semifinite spectral triple and the
perturbing potentials will be elements of a certain multiplier algebra. In this abstract set-
ting, one can still express the index of a Callias-type operator in terms of an index pairing
derived from the spectral triple. Concretely, if (N, D,.A) is a semifinite spectral triple with
trace 7 and a Callias potential H is a self-adjoint differentiable multiplier of A = C*(A)
which is invertible modulo + (in the sense of Definition 3 below), then the Callias-type
operator kD + 1 H is 7 -Fredholm for small enough « > 0 and

T-Ind(kD + 1H) = ([U];,[D]),

where U = exp(tr(G(H) + 1)) is a unitary defining a K-theory class in K (+4) for G a
suitable switch function, and 1 = ~/—1. The precise statement is given in Section 3, for
the case of unbounded H in Section 6. Furthermore, Section 5 states and proves an even
analogue for pairings of an even spectral triple with a potential H having a further sym-
metry. Section 6 then also covers the unbounded even case. Section 8 presents classical
and new examples.
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In the commutative setting one would take for A the algebra of smooth compactly sup-
ported fiberwise compact multiplication operators on sections J¢ of a vector bundle over a
complete Riemannian manifold X, for D a weakly elliptic first-order differential operator
and 7 = Trz2(x) ® Trg. Results comparable to our main result in that commutative set-
ting with infinite-dimensional vector bundles have been obtained by Kaad and Lesch [28]
and more recently also with less regularity assumptions by van den Dungen [46]. These
proofs rely on previous work on unbounded Kasparov products. In essence, the strategy
in [28,46] is to prove that a Callias-type operator is an unbounded representative of the
product of a K-homology class defined by a first-order differential operator and a class
in the K;-group over the continuous functions on the manifold defined by a self-adjoint
multiplication operator. As discussed in Section 7 this approach can also be made to work
in the present more general non-commutative setting with some technical limitations.
Instead, here we provide a new and rather elementary proof using semifinite spectral flow
and explicit operator homotopies. Even for the classical case (e.g., [23,25]), the argument
constitutes a considerable simplification of the proof.

In the special case where X is the real line the potential H represents a path of self-
adjoint Fredholm operators and the index coincides with the spectral flow of the family.
This analogy has been carried further by [28,46] who call the index pairing ([U];, [D]) a
spectral flow also in higher dimensions, motivated by notions from K K -theory. We follow
that interpretation and therefore consider the index pairing as a non-commutative analogy
of spectral flow.

2. Callias-type operators with bounded potentials

Let N be a von Neumann algebra with semifinite normal faithful trace 7 acting on a
Hilbert space # . For the convenience of the reader, several facts about the trace 77, the set
K of T -compact operators and the notion of Breuer—Fredholm or 7 -Fredholm operators
and their index 7 -Ind are recalled in Appendix A. An (odd) semifinite spectral triple
(N, D, A) [14,15] consists of an unbounded self-adjoint operator D affiliated with N
and a x-algebra A C N such that

(i) each A € A preserves the domain of D and the hence densely defined operator
[D, A] extends to a bounded element of N;

(ii) for each A € A the product A(1 + Dz)_% is 7 -compact.
Let A = C*(A) be the C*-algebra generated by A. By default a spectral triple pro-
duces an index pairing with the K-theory group K;(+) through [15]
([UL1,[P]) = T-Ind(PUP +1— P) e R, (1

where P = y(D > 0) and the T -index on the right-hand side is of a 7 -operator, for any
representative U € 1 4+ A defining a class in K;(+). The potentials for our Callias-type
operators will be recruited from a larger algebra:
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Definition 1. Let (N, D, A) be a semifinite spectral triple.

(i)  The multiplier algebra M (A, N) is the idealizer of 4 in N, i.e., the largest C*-
subalgebra of N such that M (A, N)A C A and AM (A, N) C A. Elements of
M (A, N) are also called #A-multipliers.

(i) An A-multiplier H € M (A, N) is differentiable with respect to D if H pre-
serves Dom(D) and [D, H] extends to a bounded operator.

(iii) For a self-adjoint differentiable +-multiplier H the associated Callias-type oper-
ator on the domain Dom(D) is defined by

D¢y =«D +1H, k> 0.

The parameter k can be interpreted as the scale of the non-commutative space quanta.
It plays a prominent role in the following. It will next be useful to pass to a self-adjoint
supersymmetric operator L, g which, due to the prior works [36, 37,43], will also be
referred to as the spectral localizer.

Proposition 2. For a self-adjoint A-multiplier H, the adjoint of the Callias-type operator
Dy .pis (D¢, g)* = kD —1H and the spectral localizer

0 Dx
L = (D K’H>
k,H 0

is self-adjoint on the domain Dom(D)*2. Moreover, Dy g and L, g are affiliated to N
and My (N) respectively.

L_K0D+O—1H
«H=%\D o H 0 )

The first summand is self-adjoint, and the second is a bounded self-adjoint perturbation

Proof. Note that

leaving the domain Dom(D)*? invariant. Hence the self-adjointness of L, g immediately
follows from the Kato—Rellich theorem and this also implies that (D, g)* = Dy —g. As
to the last claim, recall that an equivalent condition for the affiliation of an operator 7T is
that each unitary U € N’ preserves the domain of 7" and commutes UTU* = T (see,
e.g., [30]). [

The following often deals with operators in or affiliated to the matrix algebras M, (N)
and M5 (A). The former is supplied with the natural trace 7 o Tr, but for notational con-
venience we will denote it by the same letter and speak of 7 -compact and 7 -Fredholm
operators with no regard for the size of the matrices.
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The following provides a criterion for Callias-type operators to be 7 -Fredholm:

Definition 3. A self-adjoint A-multiplier H is called asymptotically invertible with re-
spect to o if there is a positive element V' € # such that H2 4+ V > 0 is invertible. An
asymptotically invertible and differentiable self-adjoint #-multiplier H is called a Callias
potential.

In the classical case of a Riemannian manifold X where 4 = Co(X, K (H)) and H
is given by an operator-valued bounded function x € X — H, € B(J), the asymptotic
invertibility is indeed equivalent to the uniform invertibility of H, outside a compact sub-
set K C X, namely there is a positive constant ¢ such that H2 > c1 for x € X \ K.
Proposition 5 shows that V' in Definition 3 can always be chosen as a spectral function
of H itself. This also implies that asymptotic invertibility of H is equivalent to the invert-
ibility of 7 (H) in the quotient algebra M (A, N)/A.

Proposition 4. If H is a Callias potential, then there exists a ko > 0 such that L, g and
therefore Dy H, D:’H are T -Fredholm for all k € (0, ko). Moreover, the T -index of the
Callias-type operator given by

T-Ind(Dy,5r) = T (Ker(Dy,m)) — T (Ker(Dyg g)) € R
is independent of k € (0, kg

One may also view 7 -Ind(D,, g ) as the supersymmetric index of L, g . The proof of
Proposition 4 will use smooth functional calculus of a self-adjoint operator via the well-
known Helffer—Sjostrand or Dynkin formula [20]. For later use in Section 6, let us recall
the details for a possibly unbounded self-adjoint operator H. For p € R, let $”(R) denote
the set of smooth functions f : R — R satisfying

10F F(o)| < Co(1 + 322", k eN.

Then there exists for any N > 0 an almost analytic representation f ~ of f supported in a
complex set G of the form G = {x + 1y : |y| < 2+/1 + x2} which coincides with f on
R and
; ~ NN N
10z /N (2)| < eNCN4+1 (1 +x7) 2 |Im(2)] (2)

for a universal constant ¢y and 6N+1 = ZIICV:II Ck, (see, e.g., [20, Lemma 2.2.1]).
Provided p < 0, the Helffer—Sjostrand representation

f(H) = /G(asz(Z))(H —z)'dz Adz 3)
is a norm-convergent integral for any N > 1 and || f(H)|| < cn|| f ||y where

N
_ A F PO 4 x2)'5
1£ 1l ;fR AP+ 22

For a complex-valued function f : R — C this can be done for real and imaginary part
separately.



Callias-type operators associated to spectral triples 531

Proof of Proposition 4. Let yx : [0, 00) — [0, 1] be a smooth function with y(0) = 1 and
vanishing outside [0, %2] We have to show that )((L,%, ) is T -compact for which for-
mula (3) is used with a quasianalytic extension s of y. To control the resolvent of L;‘:, o
let us note that

D2 + H? 0 (D, H] 0
Lz, =(" ’ .
oH ( 0 D2 + H2) T ( 0 —[D. H])

Now let V and g > 0 be such that H? + V > g21. Then with V=veV
Lig+V = (g —«l[D. H]|)L. o)

which shows that Li g+ V is invertible for k sufficiently small. Now replace the resol-
vent identity into the Helffer-Sjostrand formula

WL = /G O AN EN[(L2y + T =)
+LEZg+V -2 WLy —2) " dz Adz

The first summand is x (L7 5 + V) and thus vanishes if k <k where ko= 72 I[D, H]||7!.
For the remaining term, applying the resolvent identity again shows

V(L2 —2) ' =VK*D*®1,—2) ' [1+ (H*® 1, +1k[D, H®03) (L2 jy —2) ']

As V € My(A), the factor V (k2D? ® 1, — z)~! is T -compact due to the definition of
the spectral triple. As Kq is a norm closed ideal and the integral in the Helffer—Sjostrand
formula is norm convergent, this implies that X(L,%, g ) 18 T -compact.

The final claim follows from the fact that « — D, g is continuous in the gap topology
so that the 7 -index is constant along this path. ]

The next result is the last technical preparation.

Proposition 5. Let H be a self-adjoint A-multiplier satisfying H> +V > g21 for some
V =V*es. Then for every function f : R — C supported by [-%, 5] one has f(H) € A.

Proof. Let y : [0,00) — [0, 1] be a smooth function satisfying y(1) = 1 for A < gTZ and
x(A) = 0for A > g2. Then y(H? + V) = 0 by hypothesis so that the Helffer-Sjostrand
formula and the resolvent identity imply

1(H?) = / OzFnC)H?+V —2)"W(H? —z) Vdz A dz.
G
As V € s, this implies y(H?) € # because 4 is a norm-closed ideal in M (4, N). Now

by construction, f(H) = y(H?) f(H) and therefore invoking the ideal property once
again leads to f(H) € 4. |
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3. Main result for bounded Callias potentials

Proposition 6. Let H be a self-adjoint A-multiplier which is asymptotically invertible
with respect to A and satisfies H> + V > g21 for some g > 0 and self-adjoint V € .
Let G : R — R be a smooth non-decreasing odd function taking values —1 below —% and
1 above %. Then the unitary operator

U = eur(G(H)+1)

defines a class in K1(A) which does not depend on the function G. It represents the image
of the spectral projection [y(H + A < 0)]g € Ko(M (A, N)/A) under the exponential
map in K -theory dg : Ko(M(A, N)/A) — K1 (A) associated to the short exact sequence

0 — A — M(A,N) — M(A, N)/A — 0, )

namely
[Uli = do[x(H + A < 0)]o.

Proof. By construction, e!*(@@®+1 _ | js supported in [—%. %] and one therefore has
U — 1 € A by Proposition 5. Naturally it defines the class [U]; in K;(#4). The second
claim results from the fact that %(G(H ) + 1) is a lift of the projection 1 — y(H + A < 0)
into M (A, N). |

Clearly one can also replace M (A, N) by any smaller C *-algebra that contains H
and has # as an ideal, since by naturality all computations pull back to the connecting
map of 0 > A — C*(H, A) — C*(H, A)/A — 0 where C*(H, A) = C*(H) + .

Definition 7. For an asymptotically invertible #A-multiplier H, the D-spectral flow is
defined as an index pairing in the sense of (1) by

Stp(H) = ([ @)D [D]) e R

for any admissible function G as specified in Proposition 6 above.

Let us briefly justify why this definition applied to a particular set-up indeed reduces
to the standard notion of semifinite spectral flow. Let (11, T) be a semifinite von Neumann
algebra and ng the traceclass elements. Then a differentiable path x € R — H, € n of
self-adjoint Fredholm operators with invertible limits can be paired with a winding number
1-cocycle to give the spectral flow in the formulation of Wahl [48], see Definition 41 in the
appendix where this is spelled out for a finite interval. This latter spectral flow coincides
with Definition 7 if one chooses

(A, N,T,D) = (Cc""(R,nT),L""(R,n),T - /dx ® 1,10, ® 1).

The classical case is obtained when n = B(J) and t = Tr. More generally, for differen-
tiable families x € RY — H, € n with odd d, the above definition reduces to a volume
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integral version of a generalized multiparameter spectral flow, see the discussion in Sec-
tion 8.1. Definition 7 further conceptualizes these special cases, and is in the spirit of
[28, Definition 8.9] and [46, Definition 2.18] where a K-theory valued spectral flow is
introduced. The following main result shows that the index of a Callias-type operator is
equal to the spectral flow in the sense of Definition 7:

Theorem 8. Let H be a Callias potential for the semifinite spectral triple (N, D, A). Set

2

_ 2 _ 2
= DAl g° =mino(H” + A). 6)

Ko
Then for all k € (0, k)
T-Ind(Dy,m) = Stp(H).

Let us comment that the equality of index and spectral flow in general does not hold
for large values of k. Indeed, a counterexample (with X = R and A = Co(X, K (J)) with
an infinite-dimensional fiber Hilbert space #) can be found in the work of Abbondandolo
and Majer [1, Section 7]. Theorem 8 only concerns the semiclassical regime of small «,
or otherwise stated the limiting index for small «. For unbounded H the situation may be
different. Indeed, the Robbin—Salamon theorem states that for one-dimensional potentials
growing at infinity, all values of « are allowed. This case is covered by Theorem 31 below.

4. Proof of the main result

The first step is to make the Dirac operator invertible which can be achieved by a standard
doubling trick. More precisely, set

~ (D pu ~ (H 0
NN

for some > 0 and also define

B g=ib+if. I 0 Dig
5 =K 1H, 5= ~ A

K, H k,H DK 7 0
Self-adjointness of I:K 7 follows again from the Kato—Rellich theorem, but the Fredholm
property can depend non-trivially on « and . In Lemma 11 below, we show that one may
choose i = (1) and then k < @(u). For u = 0 the additivity of the Fredholm index
gives

T-Ind(D,n) = T-Ind(D, 7) (8)

and then the index stays unchanged for non-vanishing p as long as the Fredholm-property
is not violated. It is sufficient to prove the index formula for some sufficiently small «
because it then immediately holds for all k as stated in Theorem 8. The next step is to
express the index pairing as a spectral flow and to separate D and H in the 2 x 2 matrix.
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Lemma 9. For any m > 0 and « sufficiently small, the T -index of D i can be computed
as spectral flow along a straight-line path

‘T—Ind(5 ) = —f ~KD H—im ’ ~KD H+z~m -
K H+mm —«xD H—1m —kD

Proof. By conjugation with the unitary matrix C = %( 1 1), one has
St Kﬁ ﬁ —1m Kﬁ I-I +1m
H+wm —«D J'\H—im —«D
—Sf —m Kﬁ—i—lﬁ m K5+lﬁ
o kD —1H m ‘\«D—1H —m

and so the claim follows from Proposition 44. ]

The next step will be to deform the off-diagonal entries (more precisely the path in
the lower left corner from H + 1m to H — tm) in the matrices on the right-hand side of
Lemma 9 into a unitary, without changing the spectral flow. This will be done by functional
calculus in H (so for every spectral value A € R) by homotopically deforming the function

t€0,1]+— froQ) =1 —-1)(A+1m) +t(A—1m) 9

into
€01l fit(A) =1 —1)e 29D 4 1(—1)e' 20D, (10)

The second path is constructed to contain a square root of the unitary U = ¢!*(G(H)+D
appearing in the image of the exponential map in Proposition 6. The main analytical diffi-
culty that has to be addressed next is that along such a deformation the Fredholm property

has to be maintained. For this purpose, let use the odd spectral localizer

o «b  fu)
Ly s = - L
: f(H) —«D
for an arbitrary differentiable function f/ : R — C. The Fredholm property of L¢ £ can
again be checked by formally squaring

Lo y2— (¥D2+1SEDP kD, f(H))
“f k[f(H),D]  «*D>+|f(H)]?)
with the modified commutator by the doubling given by

[f(H), D] p(f(@) — f(H)))
—p(f (D) = f(H)) 0 '

For the control of [ f(H ), D], let us recall:

L/(f). D) = (



Callias-type operators associated to spectral triples 535

Lemma 10. For every smooth function f, the commutator [D, f(H)] extends from
Dom(D) to a bounded operator with norm bound

I[D. fCHI < G5 H|(I[D. H]|

where C3 = C Z?:() | £ Do is a constant.

Proof. Using the Helffer—Sjostrand formula (3) for N = 2, one has the norm convergent
integral

D, f(H)] = - /G (0 f2(2))(H — 2" [D. H|(H — )" dz A d&.

and the claimed bound on the commutator follows immediately. An alternative proof can
also be given using ||[D, f(H)]|l < I(F f) L @)ll[D., H]|| where ¥ is the Fourier trans-
form [24, Lemma 10.15]. [

Using Lemma 10, one obtains
(LS p)* = 2p? + | f(H)* = «||[f(H). D]|
> k2 p? + | f(H)? = k(G5 H|D. Hll + pll f(H) — £D)]). (1)

From this, we will now need to derive a quantitative lower bound on the essential spec-
trum of (Lz,f)z, namely a lower bound on (Lz,f)2 + M, (K4q). For that purpose and the
remainder of the section let us now assume that |H| > 1 mod + which can be achieved
without loss of generality by rescaling H and all other parameters (k, i, m, etc.).

Lemma 11. Associated to a smooth function f € C(o(ﬁ), C), let C; be as in Lemma 10
and set

¢1 = min | f(A)], c2 = 2| f oo,
[Al>1
and k such that
3¢t + wi® — (G HI[D, H]|| + pe2) > 0, (12)

then (L}, f)2 is a self-adjoint T -Fredholm operator with spectrum mod M, (K¢ ) bounded
from below by 1c? + pu?k? —k(Ces || H||I[D, H]|| + pea).

Proof. Due to Lemma 10, there is a constant C > 0 such that
I[D. f(E)]Il < G H|||I[D. H]JI.

Moreover, | f(H)| > ¢; mod 4 holds by functional calculus due to the normalization
assumption o (H + #4) N (-1, 1) = @. Adding a spectral function V = j(H?) € + for
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2 2
a smooth positive function supported in the interval [0, ¢?) and equal to 671 in [0, %1] it
follows from (11)
(LS ) = ¢} — 3ef + i —«|[D. H]| — pxcer mod M (+A)
e} + p2x? — k(G| H|I[D. H]ll + pca) mod My (oA).

1
> 1
— 2

Since (Lg ,)? is a bounded perturbation of k2 D2 it follows that /4 is relatively 7 -compact

with respect to (L¢ f)z. Hence, arguing as in the proof of Proposition 4, the same lower
bound also holds modulo M (Kq). |

Lemma 12. Let G be any switch function as in Proposition 6 with g = 1, namely G’
supported in (—1, 1). The straight-line paths in (9) and (10) are homotopic via

s€[0,1] = frs(A) =1 =3)fro) +sfr.1 (L)

in such a way that (12) computed for fs; is uniformly bounded from below by a strictly
positive number for any small enough k > 0. Moreover, the functions s € [0, 1] — | fo.s|
and s € [0, 1] — | f1,5| are invertible.

Proof. By construction, the parameter ¢ merely flips the imaginary part

!
fos = Re(fos) + 5(1=203m( o).
We consider the homotopy for |A| > 1 where the functions simplify to
Jrs(A) = sgn(A)(1 + (1 = 9)[A]) + 1m(1 —5)(1 —21)

and hence ¢; > 1 and ¢; < 2(||H|| + m) uniformly in s,¢ € [0, 1]. For p and « small
enough, the quantity (12) is therefore obviously bounded from below. Checking pointwise
invertibility for # = 0 and # = 1 is also simple: the imaginary part never changes sign and
only ever vanishes when |A| > 1 where one always has a non-vanishing real part. ]

Let us now fix u, without restriction, to the value w = 1. Smallness of « is such
that (12) in Lemma 12 holds.

Corollary 13. Let us introduce the unitary W = —1e' 36D Then for k small enough

~ kD W kD W*
N_I D ~ = —_— f ~ ~ ~ ~ .
T-Ind(Dy ) S((W* —KD)’<W —KD))

Proof. Start out with Lemma 9 and note that this straight line path there is given in (9).
As the Fredholm property holds throughout the square (, s) € [0, 1]? by Lemma 11, the
homotopy invariance of the spectral flow as stated in Proposition 43 (ii) allows to deform
the path (9) into (10) by respecting the invertibility of the end points, see Lemma 12. =
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Proof of Theorem 8. As already stated above, it is sufficient to prove the equality for some
k > 0 because then the constancy of the 7 -index along paths of Fredholm operators allows
to conclude, due to the bound (4). Now let us start out with (8) and then invoke Corol-

lary 13,
kD W kD W*
T-Ind(De.r) = —SE[ [ N 1.
nd(De. 1) ((W* —KD)’<W —KD))

Set U = ¢!(GUD+D) — _p1nG(H) Thep by construction, U = W2 and therefore the
adjoint action of the unitary diag(1, W) transforms the spectral flow to

xD 1 kD U*
T-Ind(D, ) = — Sf ) s ).
nd(Dic.r) ((1 —KWDW*) (U W W))

The next aim is to replace W DW* by D by a homotopy
sef0,1]— (1 —s)WDW* +sD

leading to a homotopy of straight line paths. The difference W DW* — D = W[D, W*]
is a bounded operator by Lemma 10, and therefore, for k¥ small enough, the invertibility of
the end points remains valid along the homotopy as does the lower bound on the essential
spectrum so that the Fredholm property is conserved throughout. Therefore

kD 1 D U*
T-Ind(D. p) = — Sf - o -]
T-Ind(De.rr) (( 1 —KD)’<U —ICD))

Now we are in the situation to apply Proposition 47 which gives
T-Ind(Dy,r) = T-Ind(x(D > 0)U (D > 0) + 1 — (D > 0))

where we took into account that compared to the formulation of Proposition 47 the spectral
projection is flipped, which cancels the factor of —1. The last expression is the index
pairing between D and U which is equal to the pairing between the undoubled Dirac
operator D and Uol,see[l17].SincelU 61=U = exp(in(G(H) + 1)), the expression
is equal to the spectral flow Sfp (H). ]

S. Even version
A spectral triple is called even if there is a proper self-adjoint unitary y € N that anti-

commutes with D, but commutes with all elements of 4. As matrices with respect to the
projections w4+ = %(y =+ 1) induced by the grading y one then has the decompositions

(0 D (0 F* _(Ay 0
p=(o @) =z ) A= (V2
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for each A € 4 and a partial isometry F. In the following, we denote 7+ = w4 T4 for
any operator where such a decomposition makes sense, and also set & = sgn(D).

For even spectral triples the index pairing with any unitary vanishes, but instead there
is a pairing with Ko (+) given by the skew-corner index [17,29],

([Plo, [Do]) = T-Indp,.p_(P+F*P-) (13)

where P € A™ is a projection representing the class [Plo — [s(P)]o € Ko(s4) (and the
formulas adapt to matrices in the obvious manner).

Any Callias-type operator in the sense of Definition 1 has a vanishing index since one
has Dy g = —yD : g V- To obtain an even analogue for the index theorem, let us therefore
shift to non-self-adjoint potentials 7', which form the off-diagonal part of a doubled poten-
tial H € M(M,(A), M2 (N)), or, alternatively and more in the spirit of physical systems,
having an extra (so-called chiral) symmetry, the self-adjoint potential H is required to be
a2 x 2 matrix that is off-diagonal with respect to a natural extra grading by the third Pauli
matrix J = diag(1, —1).

Definition 14. An A-multiplier 7 € M (A, V) is an even Callias potential if

"= (2 " ) € M(Ma(A). Ma(N)

is a Callias potential for the spectral triple (M2(N), D ® 15, A ® 1,). The associated
even Callias-type operator is
T+ kD}
e __ 0
Dier = (KDO —T_*)’

acting on the domain Dom(Dg) & Dom(Dy).

Let us note the differentiability of H with respect to D ® 1 is equivalent to the dif-
ferentiability of 7" with respect to D. The asymptotic invertibility of H (contained in the
notion of Callias potential) requires that there is a self-adjoint operator V' € M5 (+4) and a
g > O such that H 241V > g212. Moreover, the off-diagonal nature of J is equivalent to
the (chiral) symmetry

JHJ =—H, J = diag(1,—1).

Note thatalso J = J+ & J_andthen Jt HyJ+ = —H+.
Next let us show how D¢ - naturally arises from the Callias operator D, g as given
in Definition 1. In fact, one readily checks

0 T} kD O

lT+ 0 0 KD*
D = 0l =11
“H=1¢Dy 0 0 T*

0 ICD() 1T 0

0 —(D¢r)
’ Mz, (14)
(D,ﬁ,T 0 2

N‘L.\_': *
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where
1 0 0 O
0 0 0 e¥
My = 0 ¢ 0 0 (as)
O 0 1 0

Hence, D, g is block off-diagonal in an appropriate basis and one of the off-diagonal
entries is indeed D;”T, hence motivating Definition 14. The above identity also allows
to deduce several analytic properties of D,‘E,T from corresponding statements for the odd
case. Proposition 2 implies that (D,f’T)* = Dy 7+, while Proposition 4 shows that D r
is a 7 -Fredholm operator. The following K-theoretic result now corresponds to Proposi-
tion 6.

Proposition 15. Let T be an even Callias potential such that the associated H €
My(M(A, N)) satisfies H> + V > g21, for some g > 0 and self-adjoint V. € M, (A).
For an odd switch function G : R — R as in Proposition 6, define the following self-adjoint
unitary S € M, (A™) and projection P € M,(A™)

S = 13CGUH) Jr3GUH) - p = l(12 —9).
2

Then the index map 01 : K1 (M (A, N)/A) — Ko(A) associated to the exact sequence (5)
gives

[Plo — [diag(1,0)]o = do([T]1).
Proof. This is exactly the definition of the index map. ]
Note that JHJ = —H implies
S = Je!"GH) _ ,~inG(H) j

Definition 16. For an even Callias potential H = —JHJ with off-diagonal entry 7', the
D-spectral flow is defined as a skew-corner index pairing (13) by

Stp(T) = ([Plo. [Dol) € R,
where P is as in Proposition 15.

Now the main result of this section can be stated.

Theorem 17. Let H be an even Callias potential with off-diagonal entry T and let ko be
as in (6). Then for all k € (0, ko)

T-Ind(D¢ 1) = Sfp(T).

The left-hand side can also be understood as the supersymmetric index of the odd
self-adjoint operator (D ® 1,) + yH (in the sense of [10]), though one may prefer the
formulation in terms of 7' due to the homomorphism property:
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Corollary 18. If Ty, T, are even Callias potentials then T, T, is an even Callias potential
with
T-Ind(D,ﬁ’Tsz) = T—Ind(D,‘j,Tl) + T—Ind(Dﬁ’Tz)

for small enough « and therefore
Stp(T1T2) = Sfp(T1) + Stp(T2).

Proof. There is a standard homotopy between (T‘0T2 (1)) and (T‘ 0ﬁ> and it is not difficult

0 T»
to check that differentiability and asymptotic invertibility are satisfied along such a path.
(]

If the Dirac operator is not invertible, it is again necessary to regularize it by adding a
mass term . This can in principle be done by the usual doubling procedure (7), but it is
more convenient to work with a unitarily equivalent representation in which the regular-
ized Dirac operator is again off-diagonal, namely by setting

~ 0 D ~ uw —DF - T4 D 0
D=1 =~ 0 Dy = 0 =(""
(Do 0 ) ’ ’ (Do Iz ) 7 ( 0 —n-® 7T+) ’

and 5
~  (diag(T4,1) 0 ~ [0 T*
r= ( 0 diag(T_, 1)) B=\7 o]

It is then again possible to decompose HeM, (A7) as H= ﬁ+ ®H_ by applying 74+ =
7+ ® 15 to each matrix entry. As before, the index of the Callias operators does not depend
on u unless the mass term is too large and breaks the Fredholm property. In order to avoid
clumsy notations, let us from now on simply suppose without loss of generality that D is
invertible with a lower bound |D| > w. This also leads to some minor simplification in
Lemma 19 below compared to Lemma 11. From now on, we thus suppress all tildes on
D, H, etc. Moreover, we will assume that a scaling as in Section 4 has been carried out,
assuring that H > 1 mod 4.

The proof of Theorem 17 starts out again by applying Proposition 44 which allows to
compute the index of Dﬁ, 4 as a spectral flow

- e \_ -m (D¢ ) m (D¢ r)*
7 Ind(DK,T)_Sf((Ds,T w ) o, S ))

A permutation I defined via (15) mixing the spectral eigenspaces of y and J leads to

m TY «kDg 0

i 721 (Dg r)* M, = T, -m 0 KD?’Z
DK’T —m kD 0 -m =T*

0 kDo -T- m
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Using J+ = diag(1, —1) as a matrix also in the mixed eigenspaces, this can be written as

* m (DliT)* H+ +mJ+ KD3®12
11, e ’ Iy = )
DK,T —m kDo®1, —H_—mJ_

_(0 T
m= (2 )

Hence by the unitary invariance of the spectral flow

H+—mJ+ KD8<®12 H+ +mJ+ I(Dg@lz
KDO®12 —H_+mJ_) 7( KDO®12 —H_—mJ_))

(16)
This turns out to be a better starting point for the homotopy arguments. More precisely, the
operators H+ + Jim will be deformed within the set of operators of the form f(H4i) +
J+g(Hy) to the operator —Jre'2 9(H=) along a path that conserves the Fredholm prop-
erty, for details see Lemma 20 below. For that purpose, one needs a Fredholm criterion for
the homotopy of paths which is the next result, a modification of Lemma 11. For a smooth
odd function f : R — R and a smooth function g : R — C satisfying g(—1) = g(A),
both compactly supported, let us introduce the associated even spectral localizer

e (f(H+) + J+g(Hy) kD§ ® 1, ) _

fg = kDo ® 1, —f(H-) = J-g(H-)

T-Ind(D¢ ) = Sf((

Due to J1 Hy J+ = —H and the symmetry of g, one has (J1+g(H+))* = JLg(H4) and
therefore by the Kato—Rellich theorem also L, fg is a self-adjoint operator with domain
Dom(Dy)*? & Dom(Dg)*?.

Lemma 19. Let T be an even Callias potential such that H*> +V > 1 for some V =
V* € My(A). For f and g as above, associated constants

¢t = min (/I +1gD)P).

aswell as C3 = C3 f)+ Cs (g) in terms of the constants in Lemma 10, suppose that k is
such that
361 +12k* — kG| H|||[D. H]|| > 0. (17)

Then (L{ f g)2 is a self-adjoint T -Fredholm operator with spectrum mod K5 bounded
from below by 3¢} + p?k? —kCs | H|||I[D. H]|l.

Proof. One computes

(e )2:(If(H+)|2+Ig(H+)|2+K2D3‘Do «B* )
“re kB |f(HO)P + |g(HO)P + kDo g

with B = Do(f(Hy) + J+g(Hy)) — (f(H-) + J—g(H-))Dy. Noting that

(5 %)= rum+ oy
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one deduces
2 ~
(L ;)" = 2 +12u® — kG| H||([D. H]).

and can conclude the proof by the same arguments as in the proof of Lemma 11. |

Lemma 20. The straight-line path
tef0,1] = froQ) +JgroM) =0 -t)A—Jm) +t(A+ Jm)
is homotopic to the straight-line path
tef0.1] fr1Q) + Jga(W) = (1 —1)(—=)e 2P 4 17! 26D
via
€011 fos() + Jgrs() = (1 =) (fro) + Tgeo() +5(fe1 (D) + Tge1 (D)

in such a way that (17) computed for fs: and g, is uniformly bounded from below by
a strictly positive number for any small enough k > 0. Moreover, for t € {0, 1} the two
paths s € [0,1] = | fr.s(M)|? + |gr.s(A)|? are uniformly bounded away from 0.

Proof. In the statement, J is merely used as a symbol to join the two functions f;,
and gs ;. One expands

| fot WP + 125, P = (1 = 9)A)? + (1 = 20)(m(1 = 5) + s cos (2G(V))))*
+ (ssin (2G(V)),

which upon substituting the value of G for |A| > 1 reduces to

SR

min (| + 18 AF) = min (1= )4 + (1 =20m(1 =) +5%) =
The constant C is obviously bounded by compactness. It remains to show that the term
| f5.6(A)|? + |gs.(A)|? is invertible for ¢ € {0, 1} and all A. Invertibility can only fail at
A = 0 since that is the only point where the first and third summand of | f;,(A)|> +
|gs.:(A)|? have a common zero. But then

|/ Q)P + g0 O = (1 =20)*(m(1 = 5) +5)* = (m(1 —5) +5)> = min{m?, 1},

which by continuity shows the last claim. Let us stress that it is the required invertibility
that effectively fixes the signs of the coefficients of g; ;. ]

Corollary 21. Set Wy = '3 Then, for k small enough,

—J+W_: I(Dg ® 12) ( J+W+ KD(); ® 12))

rV_I De = Sf
T-Ind(Dy ) =S ((KDo®12 J_W* kDo ®1y —J-W-
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Proof. Start out with (16), which, with the notations of Lemma 20, can be written out
with diagonal entries fo,0(H+) + J+8o,0(H+) and fi0(H+) + J+g1,0(H+). Now, the
straight line path can be deformed due to Lemmata 19 and 20 combined with the homotopy
invariance of the spectral flow under homotopies with invertible end points. Therefore,
rJ"-Ind(Df,H) is equal to

Sf (fO,s(H+) + J1+go,s(Hy) kD§ ® 15 )
kDo @ 1, —fos(H-) — J-gos(H-))’
(fl,s(H+) + J1g1,s(Hy) kD§ ®1; )
kDo ® 1, —f1s(H-) —J_g1,s(H-)

for all s € [0, 1]. Use this for s = 1. As f;1(A) = 0 and g1 (A) = —(1 —1)e*20W 1
te' %G(A), replacing the definition of W4, shows the claim. [

Lemma 22. For k small enough,

0 kDY ® 1, JoW2  kDF®1,
T -Ind(Dg 5) = St 0 + 9 .
T-nd(Den) =S ((KD() ® 1, 0 ) ’ (KD() ®1, —J_W?

Proof. Let us introduce the unitary

x U 0 T
U = o 56 _ ( + ) Uy = o' 56H) .
0o U_)’

Then Uj’;JjE = J1 Uy again due to Jt HyJy = —Hy, and Ui = W4. Applying the
adjoint action of U to the formula in Corollary 21 leads to

T -Ind(Dy g)

_ Sf —J+ KD; ® 12 J+W_E IC(]_?i(DE;< ® 12)U_
- kDo ® 1, J_ "\kU*(Do ® 15)U+ —J_W? ’
Now,
0 UX(DE ® 15)U_
T30 =U*D®1 =D®I1 *ID®1 .
(Uj(D()@lz)U.’. 0 U ( ® 2)U ® 2+U [ ® 27U]

As [D ® 1,, U] is bounded and then multiplied by «, a homotopy as in the proof of
Theorem 8 allows to remove the commutator so that

—J+ KD*®12 J+W2 KD*®12
T e\ _ 0 + 0
T-Ind(De 1) Sf((KDO ®1l,  J_ ) ’ (KDO ®1, —-JWw2))

Finally, one can also homotopically remove the diagonal entries FJ+ of the left entry
since these entries are required for neither the invertibility nor the Fredholm property. In
fact, as J(—1 + e'"GUH)) ¢ M, (A) is relatively compact to D, the Fredholm property of
all involved operators can readily be checked. ]
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Let us now complete the proof under the additional assumption that the spectral triple
(N, D, A) is Lipschitz regular, which by definition means that (N, |D|, A) is also a spec-
tral triple. Likewise, a self-adjoint #A-multiplier is said to be Lipschitz-differentiable if it
is differentiable with respect to both D and | D|. Once the proof is achieved for Lipschitz
regular spectral triples, it will be shown in Lemma 25 below that any spectral triple can be
deformed into a Lipschitz regular one.

For an even spectral triple with grading y consider 74 = %(y 4+ 1) and ¥ = sgn(D).
If the triple is Lipschitz regular, then one can consider the representation p : A — N
given by p(a) = nyany + n_XaXn_. Then (N, D, p(A)) is again an even spectral
triple because

[D,p(A)] = n+ X[|D|, Ay + 7-[| D], A]Zr—

is bounded if [| D|, A] is bounded. The following lemma repackages a similar spectral flow
argument from Section 6 of [43] that eventually connects to the index pairing:

Lemma 23. Let (N, D, A) be a Lipschitz regular even spectral triple with invertible
Dirac operator. Assume that S =1 —2P € N for a projection P = Py + A where A € A
with [D, A] and [| D], A] bounded and Py a projection with [D, Py] = 0 = [y, Py], i.e., Py
is the scalar part of P. Setting p(S) = 1 —2(Pg + p(A)), one then has

ST(Sy, p(S)y) = Sf(kD + Sy, kD)
for k small enough.

Proof. We use the family of approximate Dirac-operators (Dg)g>o of Lemma 48. For
arbitrary R > 0 we consider the norm-continuous two-parameter family

(s.0) € [0,1] x [0, 1] = Ts; = skDg + (1 —1)S + 1p(S))y.
Since (Sy)? =1 = (p(S))? and Dy also anti-commutes with y, one can write
T2, = K*|Dr|> + (1 = )k[DR, Sly + tk[Dr. p(S)] + 1+ 21(1 — 1){S. p(S) — S}.

With the constant ¢ from Lemma 48 a sufficient condition for the invertibility of the end-
points of the homotopy at ¢ € {0, 1} is therefore

L—kc([[D. S+ D, p(SH1ID) > 0

and that is clearly the case for small enough «. The differentiability of S implies [, S] €
Kg and thus S — p(S) = n_X[X, S]n_ is also a T -compact, such that then T, =
Ts,0 mod Ky is also Fredholm for all 5,7 € [0, 1].

In conclusion, we have shown

St(Sy, p(S)y) = St(kDr + Sy, kDg + p(S)y),
for arbitrary R > 0 and then, by concatenation,

Sf(kDR + Sy, kDR + p(S)y) = Sf(kDg + Sy, kDR) + Sf(kDg,kDg + p(S)y).
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Finally, define the unitary U = —7_¥m4 + w4 Xx_ for which one checks that UD gU* =
—Dpr and Up(S)yU* = —p(S)y and hence using invariance under unitary conjugation,

St(kDRr. kDR + p(S)y) = St(—kDr.—(kDg + p(S)y))
= —Sf(kDgr,kDgr + p(S)y) = 0.

Lemma 49 concludes the proof since D g converges to D in the gap metric.

Let us also note that formally the argument still makes sense if one directly substitutes
D for Dp, except that the homotopy above could then not be Riesz- or gap-continuous
in general, as that would imply that the family at s = 0 also has compact resolvents if D
has a compact resolvent (hence the approximation argument fixes a technical error in the
proof of [43, Lemma 16] where it was tacitly assumed that Riesz-continuity holds). ]

Proof of Theorem 17. Due to Lemma 25 below, one may assume without loss of general-
ity that T is a Lipschitz differentiable +-multiplier and the Dirac operator D is Lipschitz
regular. Then Lemma 23 can be applied to the expression in Lemma 22, by choosing
S = Je!mOH) = diag(J, W2, J-W?2) and Py = (4 3). Thus,

T-Ind(Dg 1) = Sf((K PR 12) : (K oony 12))
(0 5) (6 i)
0 —-S- 0 —FS4F*
= Sf(S_, FS+ F™)
where F is the phase of Dg. Recalling Proposition 15, Lemma 24 below now implies
T-Ind(Dg ) = T-Indp,.p_(P+F*P-),
which according to (13) and Definition 16 concludes the proof. ]
Lemma 24. The skew-corner index can also be computed as a spectral flow via
T-Indp,.p_ (P+F*P_) =Sf1—-2P_,F1—-2P1)F").
Proof. By definition (22) of the skew-corner index,
T-Indp,.p_ (P+F*P_) = T (Ker(P+ F*P_) N P_) — T (Ker(P_FPy) N P,),

while the spectral flow on the right-hand side can be computed from Definition 42 using
only the endpoints

Sf(1—2P_, F(1 —2P4)F*)
= T(P-N(F(1— P4)F*)) =T ((1— P_) N (FP4F*)),
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because P_ — FPLF* € Kq follows from [P, ¥] € K¢ which holds in any spectral
triple. Since F is unitary here, one can check that

Ker(P+F*P_)NP_ = (F1—PF* )N P_
and
Ker(P_FP )N Py = (F*1—-P_)F)N Py = F*((l —Po)N (FP+F*))F,
such that taking traces gives the desired equality. ]

To complete the proof of Theorem 17, it remains to show that the Lipschitz regu-
larity can be assumed without loss of generality. The gist of the argument, going back
to a trick by Kaad [26, Proposition 5.1], is that by replacing the Dirac operator D with
D(1 + Dz)_% for some 0 < r < 1, one obtains an equivalent spectral triple which is
Lipschitz regular. It needs to be verified that this construction is compatible with differen-
tiability to ensure that the Callias-type operators stay Fredholm even for the regularized
triple:

Lemma 25. If H is a bounded self-adjoint differentiable multiplier and f € SP(R) for
p <1, then H is differentiable with respect to f (D). Assuming also (1 + fz)*% e SBR)
for some B < 0, one has (f(D) + 1)~ A € K for each A € 4 and so (f(D), N, A) is

again a spectral triple.

Proof. For the differentiability of H it is enough to verify that there is a core & C
Dom( f(D)) for which HE C Dom( f(D)) and that [f(D), H] extends from & to a
bounded operator. One can use & = Dom(D) C Dom( f(D)) which is preserved by H
by assumption.

Next, let us choose a smooth switch function y equal to 1 on [—1, 1] and vanishing
outside (-2, 2) and regularize fr(1) = f(A)x(AR™'). There is for any k € N a constant
¢ such that [9% y(1)] < cx (1 + )&2)_% and then by scaling,

1
Rk—m

k
—k A~ —k
0% frl < D Cu(1 + %) 7 Chem < Ce(1+ 33T

m=0

with constants uniformly in R > 1. With an almost analytic continuation f RN and Yy €8,
one can then write

[fx(D). H]y = /G O fan )I(D — )L H]y dz A dZ

—— [ Gz fun @)D - 27D HID ~ 27z
G
and since fr(D) and H are bounded, the latter expression also holds for all ¢ € #. Since
|z fr.n (2)(D = 2)7 D H)(D — )|

~ p—1—-N _
<enCrye1(1+ X272 [Im(z)| 2| [D, H]|
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with C R,N+1 bounded uniformly in R, the integral is also bounded uniformly in R when
substituting N > 2 and hence supg1 [|[ fr(D), H]| < oc. For { € & one alsohas Hy € &
and the spectral representation shows

Hf(D)=H lim fr(D)y = lim Hfr(D)y

and
f(DYH = lim_fr(D)HY.

Hence [ (D), H|Y = limg_.oo[frR(D), H]y for all y € & which implies that the com-
mutator extends to a bounded operator. Finally, (f(D) +1)"'4 € Ky for H € # again
follows from the functional calculus since (f(D) + 1)~! can be expressed as a norm-
convergent integral of terms (D + z)™'4 € K. |

Assuming that the Dirac operator D is invertible and let 0 < p < 1, this lemma implies
that for D@ = D(1 + D2)—§ one has spectral triples (N, D®, A) and (N, |D®|, A)
(for the latter, note that A — |A|(1 + Az)_g may be replaced by a smooth function as
0 ¢ o(D)). Moreover, any bounded D-differentiable multiplier is D *)- and | D®|-differ-
entiable. Hence, one can replace the spectral triple with a Lipschitz regular one for which
H is Lipschitz differentiable.

Lemma 26. If T is a bounded Callias potential and (D(”))i r the even Callias-type oper-
ator obtained from pairing with the Dirac operator D®, then T-Ind((D("))i 1) does not
depend on p € [% 1] for small enough k.

Proof. Due to the inequality ||[D®, T]|| < | D~P|||[D, T]| one can choose  so small
that (D(”))i’T is 7 -Fredholm for all p € [%, 1] and then the result follows from homotopy
invariance since the path r € [%, 1] = D) is gap-continuous and 7' a bounded perturba-
tion. ]

6. Callias-type operators with unbounded potentials

This section introduces a class of unbounded Callias potentials for which it is possible to
reduce the computation of the index to the bounded case. This then allows to state and
prove unbounded versions of Theorems 8 and 17.

Definition 27. An unbounded +A-multiplier T is a closed operator affiliated to N in such
a way that the bounded transform

F(T)=T( +T*T)"2
is a multiplier in M (s, N) and (1 + T*T)_%A is a dense subset of .

If A and N act non-degenerately on J, then M (A, N) is the usual multiplier algebra
and T is affiliated to # in the C*-algebraic sense of Woronowicz [49], however, we do
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not ask for that since one may want to pass to proper non-dense subalgebras of # later.
Left multiplication by an unbounded multiplier A — T'A gives a closed operator from a
dense subset of 4 to +4. Since functional calculus factors through the bounded transform
each Cy-function of a self-adjoint multiplier lies in M (A, N).

Definition 28. A self-adjoint operator H affiliated to N is said to be D-differentiable
(with respect to the self-adjoint operator D) if there is a core & for D such that the fol-
lowing holds for each u € R \ {0}:

() (H—11)"'& c Dom(D) NDom(H) and D(H —114)"'& C Dom(H).
(ii) The operator [D, H](H —1u)~! extends from & to a bounded operator in V.

If the two conditions hold for some core &, then they also hold for & = Dom(D) [27,
Proposition 7.3]. The dense subspace Dy = (H + 1)~ 'Dom(D) is dense in Dom(D) N
Dom(H ) with respect to the graph norm ||/ ||p, a7 = |[¥| + || Dy || + |HY||. In partic-
ular, the commutator [D, H] is also densely defined and symmetric on Dg. A bounded
operator H is differentiable if and only if it preserves Dom(D) and [D, H] extends to a
bounded operator.

The above notion of differentiability is chosen precisely such that the self-adjointness
criteria from [27] imply well-definedness of the following:

Proposition 29. For a differentiable A-multiplier H introduce the Callias-type operators
Dy.w =«D +1H, D:,HZKD—ZH,

on the domain Dom(D) N Dom(H) as well as

0 D*
L — k,H ,
k,H (DK,H 0 )

on the domain (Dom(D) N Dom(H ))*2. Then Ly g is self-adjoint and therefore D g
and D:’ g are adjoints to each other.

Since D and H are affiliated to N one can check from the domains that the Callias-
type operators and L, g are affiliated to N and M,(N) respectively (again, a closed
operator T is affiliated if it commutes with each unitary U € N).

Definition 30. An unbounded self-adjoint A-multiplier H is asymptotically invertible if
there is a positive self-adjoint element V' € » such that H? + V has a bounded inverse
(which then lies in M (A, N)). A self-adjoint D-differentiable A-multiplier H that is
asymptotically invertible will be called an (unbounded) Callias potential.

The main result is that the index theorem as stated in Theorem 8§ extends to unboun-
ded Callias potentials. For the formulation, let us note that Proposition 6 remains valid if
[x(H + A <0)]p € Ko(M(A, N)/A)isreplaced by [y (F(H) + +4 < 0)]o. In particular,
the index pairing ([¢!"(C(HD+D]; [D]) € R is well defined.



Callias-type operators associated to spectral triples 549

Theorem 31. Let H be a (possibly unbounded) Callias potential for the semifinite spec-
tral triple (N, D, A). Then there is a ko > 0 such that for all k € (0, ko),

T-Ind(D, i) = ([¢"CUHEDTDY, D))

and G any switch function chosen as in Proposition 6. More precisely, if there exists some
g > 0 and positive self-adjoint V. € 4 such that H*> + V > g21, one can choose

g2

J1+ g2
Such a V exists for all g > 0 if and only if the resolvent of H is A-compact, i.e.,

(H + p1)~! € s, in which case all k € (0, 00) are allowed and the resolvent of L, is
T -compact.

ko = I[D, H](H + 1)~

Let us briefly discuss the last mentioned situation for the classical case of a Riemann-
ian manifold X. Then A = Cy(X, K (J)) and H is given by an operator-valued bounded
function x € X — H, € B(JH). If now x — H, grows at infinity, one can indeed choose g
arbitrarily large and still find V such that H? + V > g21. This is the situation considered
in the work of Robbin and Salamon [42].

Checking the Fredholm property is more difficult in the unbounded case, since there
are domain issues and also the commutator [D, H] is not bounded, but only relatively
H -bounded:

Proposition 32. For a Callias potential H there exists some ko > 0 such that Dy g is
T -Fredholm for all 0 < k < kq. In particular, kg can be chosen as in Theorem 31.

Proof. As recalled above, Dy = (H + 1)"'Dom(D) is a core for both D, g and D; y
and contained in the domain of [D, H]. For ¥ € Dy let us consider the quadratic form

(kD +1H)Y, (kD +1H)Y) > (HY, HY) + «(y,1[H, D]y),
which is estimated as in the proof of [27, Lemma 7.5]
2b2
45

forany 0 < s < 1. Assume now that H2 + V > g21 for some positive self-adjoint V € s.
2
Fixing s = 5~8— and setting b = ||[D, H](H + 1)™!|| one checks that

(g ik [H, DIY) < (s + = )W y) + s(Hy, HY)

2(1+g2)
s K2
H +V > g'1> (1 —s T aa —s)b2)1
forall 0 <k <Ko= —£ ’ (which was obtained by maximizing the right-hand side

b 2
overall0 < s < 1). I*e

Substituting that particular choice of s, one has

(D ¥, D, V) + (L =)W, Vi) = (1 =) (HY, HY) + (. V) — g2 (¥, 9)) > 0,
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and hence the strict positivity of H2 4+ V — g1 implies that D yDen+(1=5)V®1,
is invertible. A similar argument also yields Dy, g D} 5 + (1 —s)V > 0.
Also V is T -compact relative to L, g and thus L% - since

Vilew +) ' =VD o +0) ' +V(D®or +1) " (H ® 01)(Liew +1)7 1,

where V(D ® 01 +1)7! € My(Kg) and (H ® 01)(Ly.ir + 1)~ since (L. zr + 1)~ is
bounded as an operator from K to Dom(H). Since Kq is an ideal, this completes the
proof. ]

The last statement in Theorem 31 follows immediately from the above, since one can
take for V a spectral function of H? as in Proposition 3, respectively for each function f €
C.(R) one can find g so large that the proof implies f(H) € +A and f(L,) € My (Kg).
Hence the same holds for all Cy-functions.

The dependence of Dy g on « is still gap-continuous and so the index again does
not depend on « as long as it is small enough. Let us now proceed to prove that the
bounded transform maps unbounded Callias potentials to bounded ones with the same
index. This fact immediately concludes the proof of Theorem 31 since one can obviously
write [e?7(GUED+D] ) — [t (GoF)HE)4D] | for another switch function G and then apply
Theorem 8. The technically most difficult part of the proof is to verify the differentiability
of F(H). For decaying functions the differentiability of spectral functions of H again
follows from the Helffer—Sjostrand calculus:

Lemma 33. If H is a self-adjoint differentiable multiplier and f € $P(R) for some p <0,
then f(H) preserves the domain of D and [D, f(H )] extends from Dom(D) to a bounded
operator.

Proof. Since H is D-differentiable one has (H — z)~!'y € Dom(D) for any ¥ € &. Let
us estimate

ID(H —2)"'yll < |(H —2)"' Dyl + |(H — 2)7'[H. D](H — 2)"'y||

< [Bmz[ DY+ 13m(2)| 7 (A + |t + 2|[3m(2)[7)
-ItA, DIH =)~ Ml |,

due to
[H,D)(H —z)' = [H,D|(H + )" +[H,D](H + 1) 't + 2)(H —2)"".

Using an extension f of f satisfying (2) with N > 2 and p < 0, the integral representa-
tion (3) therefore also converges in the graph norm of D and defines a bounded operator
f(H) : Dom(D) — Dom(D). Using

D, f(H)] = — fG (027 () (H — 2 [D. H)(H — )~ dz A dz,

the boundedness of the commutator follows similarly. ]
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The following result is morally similar to bounds obtained in [13], but the proof
presented here avoids the use of double operator integrals.

Lemma 34. If H is an unbounded D -differentiable A-multiplier, the bounded transform
F(H) is also D-differentiable with ||[D, F(H)]| < [P, H](H +1)71|.

Proof. One needs to check that F(H) maps a core of D into Dom(D) and extends from
there to a bounded operator. As recalled below Definition 28, H is also differentiable with
the core & = Dom(D) and Dy = (H + 1)~ 'Dom(D) is a core of D.

Applying Lemma 33 (with p = —1) to the smooth function F(H)(H + 1)~!, implies
F(H)Dy C Dom(D). It remains to show that the commutator [D, F (H )] extends from
Dy to a bounded operator. For the commutator one has from the integral representation
of fractional powers (compare [12, Proposition 2.10]) an integral formula

(D, F(H)y = %/Ooo %((1 FH2 )Y+ M)[D, H](1 + H? + 2)~!

—H(+ H?>+M)7[D,H|H( + H* + A)-l)w da.
It converges absolutely in the norm of K for each ¥ € Dom(D). For the bounded self-
adjoint operator T = 1(H —1)~'[D, H](H +1)~', one has
T? <|I[D,HI(H + )" |>(1 + H») 7!,

and hence )
T <|T|<|[D.HI(H + )7 "1+ H*)2

by operator monotonicity of the square root. Therefore
_ 1
(V.1[D, HIY) = ((H + )¢, T(H + 0)y) < |[[D, HI(H + )7 (¥, (1 + H?)2y)
holds for all ¢ € Dy . On the same domain, one then has

D, HI(H +0)7!|
b/

(.1[D. F(H)Y) < /0 (W f(H)p) dA

with the positive continuous function

1 2 -1 2,4 2 -1
= — )L A 2 A
f1(H) ﬁ((1+H + M)A+ M)A+ H)2(1+ H* + 1)
+HA+H>+ )"+ H>2H(+ H> + 1))
1+ H?

T VA H242)

Using the spectral measure jy with respect to H, the integral becomes

S ©  JiTw
A= —dA = =
[ wnemma= [ [Tt = x [ dus =

which shows that the commutator defines a bounded quadratic form and hence has a
bounded extension with ||[D, F(FD]|| < [P, H](H +1)7!|. [
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Proposition 35. If H is an unbounded Callias potential, then the bounded transform
F(H) is also a Callias potential. Furthermore, there exists a constant ko > 0 such that
forall0 < k < kg

T-Ind(DK’F(H)) = T-Ind(D,C’H).

Proof. By assumption there is some self-adjoint V' € # and g > 0 such that one has that
H? +V > g1 > 0 holds. Let y be a smooth non-increasing function which is equal
to 1 on [0, %) and vanishes outside [0, gZ). We note that the proof of Proposition 5
can be adapted for unbounded #-multipliers since the resolvents (H? + V — z)~! and
(H? — z)7! are readily checked to lie in the norm-closed algebra M (s, V). Hence one
concludes V = y(H?) lies in .

The spectral mapping property implies F(H)? + V> &2 for some positive constant
g > 0 and therefore F(H) is asymptotically invertible. Lemma 34 also shows that F(H)
is differentiable.

To show the equality of indices it is enough to prove that the joint potential given
by H & (—F(H)) has index 0, due to the additivity of the index. Consider the modified

potential
~ H mv
H, = ~ ,
" (mV —F(H))

which we check to be a differentiable self-adjoint multiplier with respect to D & 1,.
That statement is clear for m = 0 and that ﬁm is again a multiplier follows easily from
perturbation formulas for the bounded transform (such as [12, Lemma 2.7]). Let & =
Dom(D ® 1), then due to the domain of self-adjointness one has

(H, —1)"'€ C (Dom(D) N Dom(H)) & Dom(D) = Dom(D ® 1) N Dom(H,p),
and using the resolvent identity to compare with H,, one also has

D(ﬁm —in)7te

C D(Hy—1)"'6 + D(Hy — 1) <m017 mOV> (Hp—1p)'€ C €

since V preserves Dom(D) and (I-AIm — 1)~ ! preserves &. Finally, since [D, V] and
[D ® 15, ﬁo](ﬁo —110)~ ! extend to bounded operators, another application of the resol-
vent identity implies that [D ® 15, ﬁm](ﬁm —10)~! extends to a bounded operator as
well.

Since ﬁo is asymptotically invertible and ﬁm — ﬁo € M5 (), we have shown that
H,, is a Callias potential for any m > 0. From the above one also sees

max ||[D, Hu](Hpm + 1) < 00
me[0,1]

such that the proof of Proposition 32 implies that there is some ko such that D, A, is
T -Fredholm forall 0 < k <kgandall0 <m < 1.
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For any m > 0 one can check that H,, is invertible from the square

() = H2 +m?V2  m(H — F(H)V
" T \m(H - F(H)V F(H)*+m?V?

which can be diagonalized in the spectral representation. The off-diagonal part mV does
not affect the index since it is relatively 7 -compact with respect to D. Fixing any m > 0,
one has 7-Ind(D, A, ) =0 for small enough « since D ~ DK a, and similarly
D, HmD* . become invertible. More precisely, this follows from the proof of Propo-
sition 32, since H 2 > ¢21 allows one to choose V = 0 there. Since the index does not
depend on m and k,

0= T-Ind(DKJjIm) = T-Ind(D,C,H@(_F(H)) = T—Ind(DK,H) - T—Ind(DK,F(H)),
concluding the proof. ]

Finally, let us turn to the even unbounded case.

Definition 36. An unbounded A-multiplier T is an even Callias potential if H = (£ 7")

is an unbounded Callias potential for the spectral triple (M2(N), D ® 15, A ® 15). The
associated even Callias-type operator is defined as

T+ I(D>’=
De — 0
T (KDO —Tj)

on the domain (Dom(Dy) N Dom(74)) @ (Dom(Dg) N Dom(T*)).

The unitary equivalence (14) and the self-adjointness of L, g again implies that D .
is a closed affiliated operator on the stated domain and (D¢ ,)* = D¢ .. Now, the gen-
eralization of Theorem 17 to unbounded potentials reads as follows:

Theorem 37. Let T be an even Callias potential with H = (T o ) Then
T-Ind(D ) = ([5(1 = Je7CD), [Do]lo)
for each k and G as in Theorem 31.

The proof is immediate from the bounded version and the next result.

Proposition 38. If T is an unbounded even Callias potential, there exists ko such that
D¢ ris T-Fredholm for all 0 < k < ko and T -Ind(D¢ ;) does not depend on 0 < k < k.

Also, the bounded transform F(T) = T(1 + T*T)_% is a Callias-admissible potential
with the same index
T-Ind(Dg 7) = T-Ind(DE,F(T)),

for small enough k.
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Proof. Due to the block decomposition (14), D,‘j’T is 7 -Fredholm if L, g is 7 -Fredholm.
Hence the existence of ko follows from the odd case (Proposition 32).

That F(T) is again a Callias potential is also clear from considerations of the odd case
and the fact that we defined differentiability using a doubling construction. The doubled

Hamiltonian H,, from the proof of Proposition 35 is unitarily equivalent to an off-diagonal

matrix
*
Hpy ~ ’9 Tm ,
T, O

- T —my(T*T)
" (mX(TT*) F(T™) )

with the operator

which is therefore an even Callias potential and invertible for any m > 0. One argues as
in the odd case that

0=T-Ind(D; 7 ) = T-Ind(Dy rg_p(r+)) = T-Ind(D 1) + T-Ind(D¢ _p (7))

for small enough «.

Replacing a Callias potential 7 by AT with |A| = 1, again gives a Callias potential
and since S! is connected, T -Ind(Dy. 1) = T -Ind(Dy —r) by homotopy. Conjugating the
potential gives a factor of —1 and thus

T_Ind(DE’T) = (—I)T—Ind(De’_T*) == T_Ind(DE,F(T))’

concluding the proof. ]

7. Comparison with the unbounded Kasparov product

This section outlines how the Callias index arises as an unbounded representative of a
K K-group. For simplicity, it will be assumed that the Dirac operator of the semifinite
spectral triple (A, N, D) is invertible (see Section 4 on how to achieve this).

Definition 39. Let 4 and B be separable C *-algebras. An unbounded Kasparov cycle
(A, E, D) is a tuple consisting of a countably generated +-8B-Hilbert-C*-module E
together with an odd regular self-adjoint unbounded operator D : Dom(D) C E — E
such that

(i) A C A is a dense *x-subalgebra such that each a € A preserves Dom(D) and the
graded commutator [D, a] extends to a bounded operator on E.

(ii) The products a(D —1)~! are B-compact for all a € .
The remainder of the section considers a semifinite spectral triple (A, N, D) with

separable C*-algebra #4 = A. Such a spectral triple naturally defines an unbounded or
bounded Kasparov cycle if and only if K¢ is o-unital. Since that condition does not
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generally hold in the semifinite setting one passes [15,29] to the norm-closed subalgebra
€ C Kq generated by all x-algebraic combinations of elements

A[F(D).B].  [F(D).B].  F(D)A[F(D).B].  ¢(D)A (18)

with A, B e A, F(D)=D(1 + Dz)_% and ¢ € Co(R). Then (4,€, F(D)) € KK(4,€)
defines a bounded ungraded Kasparov cycle and € is the smallest C *-algebra for which
this is the case. An important technical point is that the unbounded Kasparov cycle is con-
structed precisely from D and A since only then the Callias operators can be interpreted
as unbounded Kasparov products. In most cases, (A, €, F(D)) is already the bounded
transform of a well-defined Kasparov cycle:

Proposition 40. Sera;(A) = e'P'Ae P! and let Ay C N be the smallest a-invariant C*-
algebra containing A. If Ay acts non-degenerately on K, then (A ® C1,€ ® C,, Do)
is an unbounded Kasparov cycle.

Proof. The only non-trivial point in Definition 39 is the regular self-adjointness of D
on € or, equivalently, that D is affiliated to €. To prove the latter we derive a better
characterization of the algebra €.

The affiliation of D to N implies that o defines a weak-*-continuous action on V.
Since any A € A is differentiable, the identity a;(4) — A = fot tag([D, A]) ds (with con-
vergence in the weak-x-topology) implies that the orbit under « is norm-continuous, hence
Aq 18 still separable and o extends to a strongly continuous R-action on 4. Now define
€, to be the separable C*-subalgebra of K¢ spanned by the elements (18), but with 4
replaced by A,.

One can next form the crossed product algebra 4y Xy R for which we now recall
some universal properties [41]: There are embeddings 1.4, : Ay — M(Ay g R) and
IR : Cc(R) > M(Ay xg R) such that Ay xq R is generated by the linear span of
1A, (Aa)IR (Co(R)). Furthermore, given a non-degenerate covariant representation (i, U)
on a Hilbert space #, there is a non-degenerate representation (w X U) : Ay Xy R —
B(H) for which (r x U) o114, = 7w and ((r x U) oir)(¢) = ¢(D) for D the self-
adjoint generator of U. Also ir extends uniquely to Cp(R) with the same property.

The identical map 7 : A, — B(H) and U : R — exp(z D-) trivially form a covari-
ant representation (7, U). By definition one has (7w x U)(+Aq Xy R) C €4 since the latter
contains the generators 7 (a)@(D). Moreover, one has equality (7 x U)(Aq Xg R) = €,
since [ir (F), 14, (a)] € Ay Xg R holds for any smooth switch function like F (see,
e.g., [33]).

From the above one concludes that a dense subset of €, is given by all elements of the

form
N

N
D PPy (Ak) = 3 | pe(D)e' Pk Ape™ Ptk
k=1 k=1
with ¢1,...,¢on € C.(R) and Ay, ..., Ay € 4. Therefore D is densely defined on €,
and clearly (D +1)"1€, C €, is also a norm-dense subset. Hence, D is affiliated to €,
and regular self-adjoint in the Hilbert-module sense.
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To complete the proof let us show that €, = €, for which it is only necessary to verify
@(D)Ae™Pt ¢ € forall ¢ € C.(R),t € R, A € A. Choose approximate units (By,)neN
for A and (V) men for Co(R). Then

@(D)Ae P = lim @(D)AB,e™'P" = lim lim ¢(D)AB,e P!, (D),
n—o00 n—>00 m—>00
converges in norm, since the B, and W,, (D) are approximate units for (7 x U) (A4 Xg R)
as well. That shows that € is norm-dense in €. [ ]

Let us now compare our main result for unbounded Callias operators to approaches
using the unbounded Kasparov product (specifically [28, 46] which treat the classical
case). Semifinite spectral triples often arise in non-commutative geometry from an un-
bounded Kasparov cycle (4 ® C1, Eg ® C,, Dop) € KK~ (A, B) where B is a sep-
arable C*-algebra that carries a densely defined faithful lower semicontinuous trace 7,
E g a countably generated right 8-module and D a regular self-adjoint unbounded oper-
ator on Eg. Both A and B act naturally on the Hilbert space J¢ obtained by completing
the submodule of E g for which Tg((e, e) ;) < oo in the obvious norm. In that situation,
one obtains a semifinite spectral triple (N, D, A) with & = B” to which Tg extends
as a normal semifinite faithful trace 7. All examples described in Section 8 below can
be written in that form for some natural algebra B. If 4 acts non-degenerately, it is com-
pletely general since, as shown above, for any semifinite spectral triple the minimal choice
B = € = Eg is available.

If the potential H is a self-adjoint unbounded #A-multiplier with resolvent in 4, then it
defines an odd unbounded Kasparov cycle (C, 4 ® Cy, Ho,) € KK!(C, #). The Callias
operator Hoy + Do, on E g should then represent the product class

[Hoz] ®agc, [Do1] € KK(C, B) ~ Ko(B),

given some compatibility conditions between H and D which are similar to the differ-
entiability that we impose here (a possible set of conditions may be derived from, e.g.,
[35, Theorem 7.4]). Composing the product class with the homomorphism 75 : K¢(B) —
C computes the 7 -index, while applying 7 to the product of the bounded transforms
[F(Ho1)] ® aec, [F(Do2)] recovers the index pairing ([e'™F )], [D]) (see [15]). Since
the bounded and unbounded picture of K K-theory are isomorphic [26,47], one concludes
that Theorem 31 holds in that special case. For the case of a spectral triple over B(J), a
more detailed proof can also be found in [7], though compared to our notations the regu-
larity assumptions are formulated in terms of the Cayley transform of H, which is another
unitary representing the class [¢!™F ()], The even case can be handled similarly with the
product represented by the self-adjoint operator D + yH (see [10]).

The K K-theoretic approach has certain advantages, in particular, the class of the
Callias operator may carry finer topological invariants besides the numerical index and
also the associativity of the Kasparov product can then be further applied to prove more
specialized formulas for the index. A severe limitation is that apparently the potential H
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must always be unbounded with #-compact resolvent, i.e., (H +1)~! € 4 which is a
stronger condition than our asymptotic invertibility. That is necessary for the obvious
cycle to define a class KK !(C, 4) in unbounded K K -theory, though there might be more
complicated constructions to handle a bounded potential that is invertible up to +4. In the
classical commutative case of potentials on a manifold, one can already treat the larger
class of asymptotically invertible potentials with pointwise compact resolvents by ampli-
fying them with a growing function on the underlying manifold (as it is done in [28,46]).

8. Examples

8.1. The classical Callias index theorem

The first example, which was already discussed briefly above is the classical geometric
situation with Callias-type operators on a Riemannian manifold X. We will consider a
possibly infinite-dimensional vector bundle E over X with typical fiber isomorphic to
a Hilbert space #y. For D a weakly elliptic first-order differential operator we have a
spectral triple (B(L2(X, #o)), D, C2(X) ® K(Hp)). If H = (Hy)xex is a self-adjoint
fibered operator that is differentiable (with derivative (V Hy)xex bounded relative to H)
and invertible modulo Cy(X) ® K(H)p), then the technical conditions of our index the-
orem can all be verified and it reproduces the result of Kaad and Lesch [28] which used
the Kasparov product. If # is finite-dimensional and H invertible outside a compact
set K, there are other ways to compute the index, for example, the original index the-
orem by Callias [11] on R” expresses the index as an integral over the boundary of a
large enough sphere and more generally the index theorem by Anghel [2] gives a similar
generalization to manifolds with warped ends. In both of these situations, one only needs
to know the potential H on a lower-dimensional submanifold that envelops all singular
points of the potential. Explicitly, in the case X = R”, n odd, with D the Euclidean Dirac
operator one has

Ind(«kD +:1H) ~ /

Tr((Q d0) V) (19)
dBR(0)

for O = H|H|™" invertible outside Bg(0). In contrast, our index formula with standard
index computations would give a volume integral

Ind(kD +:1H) ~ / Tr((U* dU)M), (20)
R”

with U = "G+ or some other representative with sufficiently fast decaying deriv-
atives.

There is a simple K-theoretical relation between those formulations. Let us assume
that H is not only invertible up to #4 = Co(X), but already up to A’ = Co(K) for K C X
a compact set. Since #' is an ideal in #, one then also has H € M(A', &) and so the
exponential map in K-theory gives an element of K;(Cy(K)). One can do even better
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since there is a commutative diagram

0 —— Co(K) —— Cp(X) —1 Cp(X)/Co(K) —— 0

l P l’

0 — Co(K°) — C(K) —L— C(OK) ——— 0

where r is the restriction and p acts as the identity on Cy(K). Hence the naturality of the
exponential map implies

do[x(H + A < 0)]o = do[x(r (H) < 0)]o.

This shows that, as expected, the spectral flow Sfp(H) naturally depends only on the
class that r (H) = H |y defines in K¢(C(3dK)). For a more detailed examination of those
K-theoretical aspects of Callias-type operators we refer to the work of Bunke [10]. The
equality between the expressions (20) and (19) can be derived from the boundary maps of
K-homology [3], which are dual to the K-theoretic connecting maps, however, in a more
general setting constructing an explicit representative for the odd K-homology class on
C(0K) that computes the same pairing as the spectral flow can involve subtle geometric
and analytic issues.

In that sense, our main index theorem on Callias-type operators contains only part
of the information of the original theorem by Callias. It is an interesting problem to find
additional analytic and algebraic data from which one can canonically construct a spectral
triple for the boundary class also in the non-commutative case. Partial solutions may be
provided by the construction of relative spectral triples [21].

Another natural question is whether it is possible to reduce the index computation
to a compact hypersurface also in the case of an infinite-dimensional vector bundle. In
general, the answer is negative, though, since due to Kuipers’ theorem any potential H
that is invertible on dK may be homotopic to another potential H that has the same index
but is flat in the sense that H |px = 1 — 2Py with Py € B(H,) some fixed projection.
Hence the non-trivial index is invisible on 0K. One way to evade such counterexamples
is to consider a more restricted class of Callias-type operators, for example, those of the
form H = Hy + V with Hy a fixed self-adjoint operator with compact resolvent and
V : X — B(Ho) a norm-continuous family of self-adjoint operators. In that case, again
one can compute the index from a K;-class over C*(Hy) + Co(K) ® K obtained through
the exponential map from a Ky-class over C*(Hy)|sx + C(0K) ® K. It must therefore
be possible to compute the index using only the potential on the boundary, though we are
not aware of any known formulas.

Finally, let us note an interpretation as spectral flow under the additional assump-
tion H, is invertible for all but finitely many isolated points xg, ..., xy € X. In that
case, (19) decomposes into a sum of contributions of small spheres around each x;, each
of which is individually integer-valued. This is analogous to the way that usual spectral
flow counts the number of eigenvalue crossings. In physics, one uses such expressions to
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assign topological charges to stable band-touching points and the spectral flow is therefore
the total charge. A particular set-up of this type is considered in [32] where the poten-
tial H is a linear combination of Clifford algebra generators with essentially commuting
coefficients. If the critical points of H are not isolated or H is infinite-dimensional the
spectral flow is more difficult to interpret. For even dimensions our analogue of Section 5
can be used to define topological charges for potentials satisfying a chiral symmetry of the
type JHJ = —H.

8.2. The Boutet de Monvel index theorem

The framework of Section 8.1 can be transposed to an even 2n-dimensional complete
Riemannian manifold X. Let then E be a possibly infinite-dimensional vector bundle
over X with typical fiber Hilbert space #,. Furthermore, there is supposed to exist an
involution y = (yx)xex : E — E and a weakly elliptic first-order differential operator D
satisfying yDy = —D and which results in an even spectral triple

(B(L*(X, Ho)), D, CX(X) ® K(Ho)).

The even Callias potential is then given by a self-adjoint multiplication operator H =
(Hx)xex on E @ E satisfying yYHy = H and JHJ = —H with J = diag(1lg, —1¢)
and being invertible modulo Cy(X) ® K(H)p). In the grading of y one then has H =
H, @ H_ and both H are off-diagonal in the grading of J with lower left entry 74..

The set-up of the index theorem of Boutet de Monvel [8, 25] assumes that X is a
strongly pseudoconvex domain in C” equipped with the Bergmann metric, E is finite-
dimensional and given by the differential forms on X of type (n, p) graded by the parity
of p and then D is the Dolbeaut operator. Furthermore, Hy = H_ is supposed to extend
smoothly to the boundary dX . A related setting is obtained by simply choosing X = R?”"
with the Euclidean metric and D the associated Dirac operator on E = R?” ® C" where
C! is the representation space of the Clifford algebra with N generators. Then the index
theorem states [8, 10,25]

T-Ind(Dg 1) ~ /3 THU(Q Q) ),

where again Q = H|H|™! and in the case X = R?" one replaces X by 0Bg(0) with
R sufficiently large. The right-hand side is an odd Chern number in the representation
given, e.g., [18]. Theorems 17 and 37 connect T -Ind(Dy, 1) to an integral over X rather
than its boundary, and hence do not directly provide the right side. However, in the case of
finite-dimensional fibers one can again argue as in Section 8.1. To determine conditions
under which such a formula holds also with infinite-dimensional fibers remains an open
problem.

8.3. A generalized Robbin—Salamon theorem

As a first non-commutative example we consider a generalized Robbin—Salamon theorem.
Let € be a separable C*-algebra with a densely defined faithful lower semicontinu-
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ous trace T and a strongly continuous automorphic R-action « that leaves t invariant
(everything below directly transposes to R”-actions). Then the crossed product algebra
#A = € Xy R has an induced dual trace 7 and a dual R-action &. Let further M be the von
Neumann algebra generated by € in the semicyclic GNS representation for 7 and # the
corresponding representation space. The regular representation 7 of +4 acts on the Hilbert
space L2(R, #) such that « is generated by right translation, i.e., 7 o &, = Ad(U;) o
with U; = e’ 9 Then T extends to a semifinite normal faithful trace on the von Neumann
algebra N' = 7(+4A)”. Let A be the dense *-subalgebra of elements A € 4 that can be
written in the form 7 (A4) = fR 7 (f(t))U; dt with a function f : R — Dom(t) C # that
is smooth and rapidly decaying in the norm ||A|| 4+ t(]A|) and D = —i0 then (N, D, A)
is a semifinite spectral triple (compare, e.g., [15]). If H is a differentiable self-adjoint
multiplier invertible modulo +, then the index theorem implies that

T-Ind(kD + H) = Sfp(H),

and by choosing a representative U € 1 + A of the class [¢!7(@H)+D]; one can compute
the spectral flow [38]

Stp(H) = ([U]1.[D]) = T (A = U)[9,U. (21)

The right-hand side is the non-commutative winding number as is expected for an analytic
formula for spectral flow. The appropriate setting for the theorem in [42] is a trivial action
« in which case A = Co (R, €) consists of paths in the von Neumann algebra M = 7 (€)".
Since t-traceclass elements are dense in € one has € C K, and hence invertibility of
H € M(A) C Cp(R, M) modulo A means that H is a continuous path of t-Fredholm
operators. In that case, the right-hand side of (21) computes the usual semifinite spectral
flow, in fact, it is almost exactly the definition of spectral flow for gap-continuous paths
(see Appendix B, note, however, that for an unbounded H to be a multiplier here, it must
describe a Riesz-continuous path).

8.4. Index theorems for topological insulators

Let us now discuss a more complicated non-commutative example coming from the the-
ory of topological insulators [40]. To keep the discussion simple we consider a two-
dimensional example with magnetic field, but no disordered potential. Thus, the observ-
able algebra is the two-dimensional non-commutative torus ag with twisting angle 6
generated by two unitaries with the commutation relation v,v, = e*®v,v;. Let c+(Z) be
the algebra of sequences which admit limits for 00 and c¢(Z) the subalgebra for which
those limits vanish. Let then 4 be the C *-algebra generated by c«(Z) and the unitaries
v1,V2 with the additional commutation relations fvy = (f o T1)vy and fv, = v, f with
Ty : cx(Z) — c«(Z) left translation. Each element a € A has a representation as a formal
suma =)\ ez fry vYv; . Consider the ideal A C A of those elements for which the
coefficient functions are in co(Z). Then one has an exact sequence

0—>,A>—>£—>a969a9—>0
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obtained by evaluation at 00. On ag one can introduce a finite trace t and on + a densely
defined lower semicontinuous trace T such that

r(vag) = 8x,00y,0, %(fv’fv%’) = 8x,00y,0 Z f(k),
keZ

holds forall x,y € Z and f € £'(Z). Let A be the subalgebraof all 3~ |7 fr,yvivs € A
for which | fx (k)| decays faster than any inverse polynomial in x, y, k. One can repres-
ent + on the Hilbert space £2(Z?) in such a way that c.(Z) acts by multiplication and
V1,V as magnetic shifts. Furthermore, there are the two position operators X;,X» act-
ing on the standard basis of £2(Z?) by X;ex = x;ex. The commutators [X;, -] produce
densely defined derivations on 4 and ag. As the Dirac operator, let us use D = X, which
results in a spectral triple (B(£2(Z, C?)), D, .A). One can therefore consider Callias-type
operator with potentials H in the multiplier algebra M (+4). Any such multiplier has a
representation H =3, .., h x,yV} V3 with coefficient functions /iy, € £>°(Z). Assume
that ||hx,y ||c decays faster than any inverse polynomial in x, y from which one can check
that an H is bounded and differentiable in our sense. If H is invertible modulo «+, then by
Theorem 8 its index is given by

Ind(kD +1H) = Sfp(H) = ([U]1, [X2]),

with U = "™ (GUH)+D) ¢ 1 4+ A Infact, one has U € 1 + A and this index can be computed
explicitly [39]
(UL, [X2]) = 2(A = UM[X2, U)).

In physics, the algebra ag describes an observable algebra for two-dimensional tight-
binding models which are invariant under magnetic translations, while M (+) more gen-
erally allows modulations with respect to the x;-direction. In particular, a self-adjoint
multiplier H € ACM (+A) represents the Hamiltonian for a system with an interface at
the line x; = O between two asymptotic “bulk” Hamiltonians H4 € ag which describe
the local Hamiltonian far away from the interface for x; — £oo. The number Sfp (H)
again makes sense as a non-commutative spectral flow: if the flow along the “path” H
connecting the invertible Hamiltonians H4, H_ is non-trivial, then H itself cannot be
invertible (“the spectral gap closes”) and this fact only depends on H up to homotopy.
The known results on the bulk-boundary correspondence of such operators form a
close analogue of the Callias index formula. Indeed, for H € A the class [U]1 € K1(A)
of the spectral flow is the image under the exponential map of the class in [P+ @ P_] €
Ko(ag @ ag) of the Fermi projections P+ = y(H4+ < 0). Itis then known (e.g., [31]) that

(00[Plo, [X2]) = ([Plo, [X1 ® 01 + X2 ® 02])
= 1T(P4[[X1. P4][X2, P4]]) — 1t (P-[[X1, P-][X, P-]])

which shows that the index can be computed from the boundaries at +00. Compared to
the Callias index formula the situation seems inverted since the boundary now actually
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represents a higher-dimensional space. This is not too unusual since cyclic cohomology is
2-periodic and so dualities can affect the apparent dimensions of cocycles and algebras.

This example can be generalized in different ways. The non-commutative torus does
not really play a role in the arguments. One can construct analogous spectral triples and
bulk-boundary sequences for any twisted crossed product € x R or € x Z¢ where
the base algebra € admits a densely defined faithful lower semicontinuous trace. When
one generalizes, this naturally leads to semifinite spectral triples, e.g., if one chooses
€ = C(K) for some compact metric space K with measure p, the spectral triple will be
based on the type-I-von Neumann algebra L™ (K, i) ® B(£?(Z?)) with trace fK du® 7.
For higher dimension d > 2 one can also construct spectral triples with Dirac operators
that involve less than d — 1 spatial directions, so that the spectral triple is then naturally
based on a type-Ilo.-von Neumann algebra. Examples for multipliers H with non-trivial
indices can then be given in terms of Hamiltonians of so-called weak topological insulat-
ors, see [43].

A. Semifinite index

Let N be a semifinite von Neumann algebra with a normal semifinite faithful trace 7.
This appendix briefly reviews the theory of semifinite index and its continuity properties
[4,34,45]. The domain of T is by definition given by N = {A € N : T(|A]) < co}. It
is a x-algebra and an ideal in V. It becomes a Banach-x*-algebra when supplied with the
submultiplicative norm ||A]l¢ = ||A]| + T (JA|) and its C*-completion K¢ C N is the
algebra of 7 -compact operators. The quotient N / K¢ is called the Calkin algebra and the
quotient map will be denoted by 7. The T -essential spectrum of A € N is then defined
by 0eis(A) = 0((4)) = 0 (4 + K7).

A possibly unbounded operator T affiliated to N is called T -Fredholm if there is
a continuous function y : [0, c0) — [0, 1] with y(0) = 1 such that y(T*T) € K¢ and
x(T'T*) € K. This is equivalent to the existence of a pair of operators K, K’ € K¢
such that T*T + K and TT* + K’ are invertible. The set of 7-Fredholm operators will
be denoted by F (N') and the intersection with the self-adjoint operators by Fg,(N).

If T € F(N), then also T* € F(N) and furthermore the kernel projection Ker(7")
lies in JK 4. It is important to note that any 7 -compact projection is automatically 7 -finite
and therefore one has a well-defined index

T-Ind(T) = 7 (Ker(T)) — T (Ker(T*)) € R.

The index is invariant under addition of K¢ perturbations and constant on norm-connect-
ed components of ¥ (N) N N.

An element T € PN Q for two projections P, Q € N is called P - Q-Fredholm if
T*T and TT* are T-Fredholm in the corner algebras QN Q and PN P respectively.
One then defines more generally the skew-corner index [16] by

T-Indp.o(T) = T (Ker(T) N Q) — T (Ker(T*) N P). (22)
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For the study of the spectral flow of unbounded Fredholm operators in Appendix B,
one needs to introduce topologies on Fg,(N), of which there are several distinct ones
[34,48]. The most important ones are the Riesz topology and the gap topology, induced
respectively by the metrics

dR @ Faa X Fea = Ry, dr(Th, T2) = | F(T1) — F(T2)|,
where F is the bounded transform, and

dg : Fa X Fa = Ry, dg(T1,T2) = |€(T1) — €(TL)||
=T +0) ' = (T +0)7',

with €(T) = (T —1)(T + 1)~ ! the Cayley transform. A sequence of self-adjoint operators
converges in the gap topology if and only if it converges in the norm-resolvent sense.
Hence, if (T;)e[0,1] is a path in Fg,(N) that is gap-continuous, then (f(7}))sefo,1] 1S
therefore a norm-continuous path in N for any f € Co(R). The gap topology is weaker
than the Riesz topology since it does not imply continuity under the bounded transform.

By the theorem of Cordes—Labrousse, all those topologies are equivalent to the norm-
topology when restricting to bounded self-adjoint operators. The gap topology can be
extended to non-self-adjoint Fredholm operators by setting

~ 0o Tr 0o TrF
DG(Tl,T2)=dG((T1 (;)’(Tz 5))

and the 7 -index of unbounded 7 -Fredholm operators stays constant under gap-continu-
ous homotopies [48, Proposition 5.2].

B. Semifinite spectral flow

This appendix recalls the definition and properties of the spectral flow in a semifinite von
Neumann algebra. For paths of bounded self-adjoint operators this is reviewed in [4]. For
paths of unbounded self-adjoint operators, depending on the notion of continuity, there
are different possible ways to define spectral flow which we now describe in some detail
since it is relevant for the main part of this article. Spectral flow for gap-continuous paths
using the notion of a non-commutative winding number has been introduced in the Hilbert
space setting by [5] and extended to the semifinite setting by [48].
Consider the Banach x-algebra of differentiable paths C ([0, 1], N7) with norm

Ifllc = sup [ fOllr + 1Ol

t€l0,1]

which is dense in the C *-algebra Cy ([0, 1], K5 ) with spectrally invariant inclusion (the
latter follows from the inequality || fgllc < | fllllgllc + I fllcllg]l via a standard argu-
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ment using geometric series, see also [44]). The non-commutative winding number de-
fined by

1

windg : Cg ([0, 1], N3) x C4 ([0, 1], N3) — C, wind(fl,f2)=l/0 T (i) f,(0)),

is a cyclic 1-cocycle and therefore pairs with odd K-theory groups. Due to spectral invari-
ance, one has K;(C{ ([0, 1], N7))) =~ K1(Co([0, 1], K7)) and more strongly any class
[f]1 € K1(Cy([0, 1], K5)) defined by a unitary path f € 1+ Cy([0, 1], K) can be rep-
resented by a unitary path f € 1+ C; ([0, 1], N7) such that the real-valued pairing

(Lf]1, windy) = windg (f* =1, f —1)
is well defined and does not depend on the choice of representative.

Definition 41 ([48]). Let¢ € [0, 1] — T; be a gap-continuous path in Fg,(N) with invert-
ible endpoints. One can always choose a so-called switch function G : R — R for the path,
which is a smooth function with supp(G’) C (—=1,1), G(£1) = £1and 1 — G(T;)? € K7
for all ¢. Then the norm-continuous unitary path 7 € [0, 1] > e!7(@TD+D Jiesin 1 + K
and the spectral flow

St({T Y erony) = ([ CDV] wind7)

is well defined and does not depend on the choice of G.

The important technical point here is that ¢*"% — 1 is a continuous compactly suppor-

ted Co(R)-function which vanishes on the 7 -essential spectrum. Therefore gap-continuity
is sufficient, but in exchange the endpoints have to be invertible.

For Riesz-continuous paths the spectral flow can also be defined more directly as the
flow of spectrum from the negative to the positive:

Definition 42 ([4]). For projections P, Q € N with |7 (P — Q)| < 1 define the essential
codimension

ec(P,Q) =T ((1-P)NQ)—T((1-Q)N P).

For a Riesz-continuous path ¢ € [0, 1] + T} in F5,(N) one can always choose a partition
0=ty <t <---<tg+41 = 1such that

1
lr(x(Ts 2 0) = ) (T 20Dl = 7. Vs.1 € [t tiea],

holds for all k = 0, ..., K. In that case, the spectral flow is given by

K
St({T:}reo,1]) = ZGC(X(Tzk >0), x(Tty, = 0)).
k=0
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If the endpoints of the Riesz-continuous path are invertible, both notions coincide.
Therefore, the spectral flow for gap-continuous paths is well defined by choosing for each
endpoint a 7 -compact perturbation Qg, Q1 such that 7; + Q; is invertible, and then set-
ting

St({Ti}iepon)) = SE({Tr + (1 = 1) Qo + 1Q1}sefo.11) + SF({To + 1Q0}sef0.1])
+SE({T1 + (1 =) Q1}reqo,n):

where the second two terms use the definition for Riesz-continuous paths and only the
former the one for gap-continuous ones. One has the following properties:

Proposition 43. Let t € [0,1] — T; and t € [0, 1] — T/ be gap-continuous paths in
Fsa(N).
(i)  (Triviality) If Ty has a bounded inverse for each t €[0, 1] then St({T; }+¢[0,1]) =0.

(i) (Homotopy invariance) If the two paths are connected by a gap-continuous
(respectively Riesz-continuous) homotopy (t,s) € [0, 1] x [0, 1] — Ty ; within
Fa(N) with To; = Ty, T, = T/ and such that the endpoints Ty, and Ty, are
invertible for each s € [0, 1], then

St({T+}rero,11) = STEAT, }ef0,17)-
(iii) (Concatenation) If T\ = Ty, then
St({Ti}rero,17 * {T }reqo,11) = ST({ Tt }reqo,11) + SFAT, Y tefo,11)

with * denoting concatenation of paths.

(iv) (Homomorphism)
St{T: @ T} tefo,11) = ST Tt }eefo,1]) + STET, }re0,17)-
For straight-line paths the spectral flow will be abbreviated by
St(To, T1) = ST{(1 = 1)To + tT1 }1ef0,1])-

Let us now recall some relations between spectral flow and the 7 -Fredholm index:

Proposition 44 ([48, Proposition 5.1]). For T a possibly unbounded T -Fredholm oper-
ator and any m > 0,

-~ _ -m T* m T*
rwan=si((7 7). (2 7))

Then there are more specific spectral flow formulas for unitary conjugates [14, The-
orem 4.2].
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Theorem 45. Let D be a self-adjoint invertible T -Fredholm operator affiliated to N. If
U € N is a unitary that preserves Dom(D), [D, U] extends to a bounded operator in N
and such that (D +1)"Y(U — 1) € X and (D +1)"'[D,U] € K, then

T-Ind(PUP +1— P) =Sf(U*DU, D)
where P = y(D > 0).

The bounded version of this formula is [4, Section 5].

Proposition 46. If T is a self-adjoint involution and U € N a unitary with [T, U] € K,
then
T-Ind(PUP +1— P) =S{(T,U*TU)
where P = x(T < 0).
Theorem 45 requires that [ D, U] must be relatively D-compact for the path to be Fred-
holm. While such a condition often is satisfied in applications, it is sometimes inconveni-

ent, e.g., in the setting of spectral triples without smoothness assumptions. We therefore
provide an alternative:

Proposition 47. Let D be a self-adjoint invertible T -Fredholm operator affiliated to N
and U € N a unitary that preserves Dom(D), [ D, U] extends to a bounded operator in N
and (U =1)(D +1)7L, (U* =1)(D +1)"! € Xq. Set P = (D < 0), then

— kD 1 kD U*
rmror1-p=s(( _1)(2 )

holds for all k > 0 so small that k ||[D, U]|| < 1.
The proof starts out with a technical lemma:

Lemma 48. Let D be an unbounded self-adjoint invertible operator and H a bounded
self-adjoint operator which preserves Dom(D) and for which [D, H] extends to a bounded
operator. Choose an even smooth function g : R — [0, 1] supported in [-2, 2] and equal
to 1 on[—1,1]. Set yr = g(R™'D) and define a net (DR)g>o of bounded self-adjoint
operators by
DR = Dyr + R(1 — xr)sgn(D).

Then DR converges to D with respect to the gap metric for R — oo and there exists a
universal constant ¢ > 0 such that

I[Dr. H]|| < c|[[D, H]|l (23)
independent of D, R and H .

Proof. The convergence is readily seen in the spectral representation. For (23) let us first
recall the bound [24, Lemma 10.15]

1L/ (D). H]| < <2n)—1( [ |r|f<r>dt)||[D, Hll = @) 17 L 1D ]|
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applicable to smooth functions f € C>°(R) where f denotes the Fourier transform. By
multiplying with a smooth approximate unit of the Fourier algebra # ~! L!(R) the bound
generalizes to functions f* without compact support, but for which ' € C2°(R). Since
one can write Dg = f(R™! D) for such a function f € C*(R) a scaling argument there-
fore shows that (23) holds with ¢ = (27) ™| /|| L1 (®)- n

Proof (of Proposition 47). 1t is sufficient to prove the result for some « > 0 that is as
small as necessary, since one can then increase k up to the stated value using homotopy
invariance.

By a standard argument [P, U] € K¢ [24] and thus Proposition 46 and additivity
imply

T-Ind(PUP +1— P)

_ g (<A -2P) 0 kU*(1—-2P)U 0
B (( 0 —x(l—zP))’( 0 —x(l—zP)))'

The endpoints of the path are invertible and introducing an off-diagonal constant term
only increases the spectral gap, thus

T-Ind(PUP +1— P)

_gef (<1-2P) 1 kU*(1—2P)U U*
=si((“77 alon) (Y Ldon)

To check the Fredholm property along that straight-line homotopy one notes

(K(l —2P) —«tU[P,U*] s(t+(1—1)U¥)

2
2 2 2
st + (1= 1)U) —k(1—2P) ) Z 4571 =207 mod K.

The right endpoint at (s,#) = (1, 1) has a spectral gap in the interval [—1, 1] and assuming
K < %, the gap is not closed if one replaces U*(1 —2P)U = (1 —2P) —2U*[P, U] by
1 — 2 P using an additive perturbation with norm ||[ P, U]|| < 2. That compact perturbation
also does not affect the Fredholm properties, therefore

7-Ind(PUP +1— P)

_f (<A -2P) 1 k(1—2P) U*
=si((77 Lalan) (10 Salan)

For arbitrary R > 0 we use the approximation D g of Lemma 48 and consider the norm-
continuous homotopy

)/—l _ *
(y,1) € [0,1] X [0, 1] > Ty, = (KDR|DR| 1+ (1-0U )

t1+(1-0nU —KDR|DR|V_1

We must show that all T}, are Fredholm with invertible endpoints at ¢ € {0, 1} for
some small enough k. At the left endpoint

kDR|Dg|"! 1
Tro = (

2
1 —KDR|DR|y_1) = @IDe7 + D81
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and at the right
T2 _ KDR|DR|V_1 U* 2
I U —KDR|DR|V71
= (®|DRI?" + 1 —«c| D7D, Ul

with the constant ¢ from (23) and where we used a known estimate for the commutator
with fractional powers [24, (10.58)],

I[PrIDR”U]| < [IDRIP| (DR UI| < cl DM I[D, U]l

Hence invertibility holds if we assume that « is small enough. The relative compactness
further implies

[f(D). Ul = f(D)U -1) —(U -1 f(D) € Ky
for any function f € C.(R) and since also [P, U] € K7 one concludes [Dg|Dg|" !, U] €

XKq forall y € [0, 1]. Computing T

J.¢» ONE therefore finds

kDRIDRI”™" 11+ (1 —0)U*\’
l1+(1—t)U —ICDR|DR|V_1
= (K*|Dr|? +1+t(1—1)(U +U* —2))1, mod K7
> k2 min(||D7Y7%”, R?)1, mod Kg

where we used ||t(1 —¢)(U + U* —2)|| < 1. Thus T, is Fredholm for all y,¢ € [0, 1]
and homotopy invariance implies

—~ _ KDR 1 KDR U>'<
raarorvi-p (DL ).(Pe U )

for all R > 0 and some fixed k¥ > 0. The proof is then completed by taking the limit
R — oo as the following Lemma shows. ]

Lemmad49. (i) Let (Ty)nen be asequence of gap-continuous paths T, = (T 1) ref0,1]
in Fsa(N) converging uniformly in the gap metric to some path T, i.e.,

lim sup dg(Ty:, Tr) = 0. 24)

=0 te(0,1]

If the endpoints of T,, T are invertible and |T, | > g1 mod Kq holds for all
t €10, 1], n € N with some fixed constant g > 0 then the spectral flow is continuous

St({T }repo,1) = Jim St Tt }refo,1])-

(ii) The convergence condition (24) holds in particular for paths of the form T, ; =
Dy + H; with (Dy)neN the sequence of self-adjoint operators affiliated to N that
converges to D with respect to the gap metric and H a norm-continuous path
in Ng.
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Proof. For (ii) we note the resolvent identity

(D+Hi+1)"' —(Dp+ Hi +1)7!
=(1-D+H+)""H) D+ —(Dn+1)7")
(1= H/(Dyp + H +1)7")

which implies dg (T, T) < (1 + ||H)?*dg (Dy, D). Similarly, one estimates

2
T+ 27 =+ a7 = (14 52 ) dors)
|Sm(2)]
for all z € C \ R and hence the Helffer-Sjostrand calculus may be used to show that the
map T € Fu(N) — f(T) € N is uniformly continuous for each fixed f € C°(R) in
the sense that
IA(T) = fS)Il = Crdg(T.S). (25)

By assumption on 7}, there is a gap in the 7 -essential spectrum which is independent
of n and . We may therefore also choose the normalizing function G in Definition 41 to
be independent of those parameters. Combining (24) and (25) shows

lim  sup ”em(G(T,,,tHl) _ el”(G(Tt)"‘l)” =0,

=00 t¢l0,1]

i.e., the unitary path determining the spectral flow is norm-convergent. Consequently,

[¢r7(@(T)+D], is eventually constant with limit [¢*7(C(T)+D], "which implies

SE{T: Y reqo.1) = ([ C D] windg) = lim ([¢*CTIHD], windg)
n—o0
= nlggo Sf({Tn,t}te[O,l]),

so that the proof is concluded. ]
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