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Geometric similarity invariants
of Cowen-Douglas operators

Chunlan Jiang, Kui Ji, and Dinesh Kumar Keshari

Abstract. In 1978, M. J. Cowen and R. G. Douglas introduced a class of operators By (€2) (known
as Cowen—Douglas class of operators) and associated a Hermitian holomorphic vector bundle to
such an operator. They gave a complete set of unitary invariants in terms of the curvature and its
covariant derivatives. At the same time, they asked whether one can use geometric ideas to find a
complete set of similarity invariants of the Cowen—Douglas operators. We give a partial answer to
this question. In this paper, we show that the curvature and the second fundamental form completely
determine the similarity orbit of a norm dense class of the Cowen—Douglas operators. As an appli-
cation we show that uncountably many (non-similar) strongly irreducible operators in By (D) can
be constructed from a given operator in B (D). We also characterize a class of strongly irreducible
weakly homogeneous operators in By, (D).

1. Introduction

Let # and £(H) be a complex separable Hilbert space and the set of all bounded linear
operators on J, respectively. The Grassmannian Gr(n, ) is the set of all n-dimensional
subspaces of the Hilbert space #. For an open bounded connected subset 2 of the com-
plex plane C, and n € N, amap ¢ : Q — Gr(n, #) is said to be a holomorphic curve,
if there exist n (point-wise linearly independent) holomorphic functions y1, y2, ..., ¥n
on 2 taking values in J such that 1 (w) = \/{y1(w), ..., ya»(w)}, w € Q. Each holomor-
phic curve ¢ : Q — Gr(n, #) gives rise to a rank #n Hermitian holomorphic vector bundle
E, over Q, namely, E; = {(x,w) € # x Q| x € t(w)} and 7 : E;, — Q is given by
w(x,w) = w.

In a very influential paper [7], M. J. Cowen and R. G. Douglas initiated a systematic
study of a class of bounded linear operators involving the intrinsic complex geometry.
An operator T acting on J is said to be in the Cowen—Douglas class B, (£2) of rank #,
associated with an open bounded subset €2, if 7 — w is surjective, dimker(7T — w) = n
forallw € Q, and \/,, g ker(T — w) = H. M. J. Cowen and R. G. Douglas showed that
each such operator T gives rise to a rank # Hermitian holomorphic vector bundle Er
over , namely, E7 = {(x,w) € H x Q | x € ker(T —w)} and 7 : E7 — Q is given
by 7(x,w) = w.
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Two holomorphic curves ¢, T:Q— Gr(n, #) are said to be congruent if vector bun-
dles E; and Ej are locally equivalent as a Hermitian holomorphic vector bundle. Fur-
thermore, ¢ and T are said to be unitarily equivalent (denoted by t ~y T), if there exists
a unitary operator U(e B(H)) such that U(w)t(w) = T (w), where U(w) := Ulg,(w) is
the restriction of the unitary operator U to the fiber E;(w) = 7~ !(w). It is easy to see, by
using the Rigidity Theorem in [7], t and T are congruent if and only if # and T are unitarily
equivalent. The holomorphic curves ¢ and T are said to be similarity equivalent (denoted
byt ~g T') if there exists an invertible operator X € B(H) such that X (w)t(w) = T(w),
where X(w) := X|Eg, (w) is the restriction of X to the fiber £;(w). In this case, we say that
the vector bundles E; and E5 are similarity equivalent.

For an open bounded connected subset 2 of C, a Cowen—Douglas operator 7" with
index n induces a non-constant holomorphic curve ¢ : @ — Gr(n, #), namely, ¢t (w) =
ker(T — w), w € Q and hence a Hermitian holomorphic vector bundle E; (here, the vector
bundle E; is the same as E7). Unitary and similarity invariants for the operator 7' are
obtained from the vector bundle E7. To describe these invariants, we need the curvature of
the vector bundle E7 along with its covariant derivatives. We recall some of these notions
from [7]. The metric of bundle E7 with respect to a holomorphic frame y is given by
hy() = (s (). yi )] =y, w € Q. where y(w) = V{71 (w)..... ya(w)} w € L.
The connection compatible with the complex structure and the metric of the vector bundle
E7 is canonically determined and locally it is given by the formula h;l (%h,,) dw (see
[35, Theorem 2.1]). The curvature of the Hermitian holomorphic vector bundle E7 is the
(1, 1) form, namely,

3(h, " (w)oh, (w)) = 9 ( 1(w) — (w)) dw A dib.

Let X7 (w) denote the coefficient of this (1, 1) form, i.e.,

K () =~ () oy (1))

and we call it the curvature. The curvature K can be thought of as a bundle map, follow-
ing the definition of the covariant partial derivatives of bundle map, its covariant partial
derivatives K i 5,1, j € N U {0} are given by
il .
(1) Krwigitr = W(‘]{Tw'wf)
(2) JCT,wi‘Hu_)f = (KTw wl) + [hy 3whyv J{Tw wf]
The curvature and its covariant partial derivatives are complete unitary invariants of an

operator in the Cowen—Douglas class. M. J. Cowen and R. G. Douglas proved in [7] the
following theorem.

Theorem 1.1. Let T and T be two Cowen—Douglas operators with index n. Then T and

T are unitarily equivalent if and only if there exists an isometric holomorphic bundle map
V . Er — Ej§ such that

V(‘]CT,wiﬁj) = (‘KT’wiwj)V? 0 Sl = J = i +] <n, (191) 7& (09’1)7(”70)-
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In particular, if 7 and T are the Cowen-Douglas operators with index one, then
T ~, T if and only if X7 = K7.

Theorem 1.1 says that the local complex geometric invariants are of global nature from
the point of view of unitary equivalence. However, for similarity equivalence, the global
invariants are not easily detectable by the local invariants, such as the curvature and its
covariant derivatives. It is because the holomorphic bundle map determined by invertible
operators is not rigid. In other words, one does not know when a bundle map with local
isomorphism can be extended to an invertible operator in B(#). In the absence of char-
acterization of equivalent classes under an invertible linear transformation, M. J. Cowen
and R. G. Douglas proposed the following conjecture in [7].

Conjecture Let D denote the open unit disc. Let 7, Te B1(D) with the spectrums of T
and T are closure of D (denoted by D). Then T ~; T if and only if

m JCT(U)) =
w—iD Kz (w)

This conjecture turned out to be false (cf. [5,6]).

The class of Cowen—Douglas operators is very rich. In fact, the norm closure of the
Cowen-Douglas operators contains the collection of all quasi-triangular operators with
spectrum being connected. This follows from the famous similarity orbit theorem given
by C. Apostol, L. A. Fialkow, D. A. Herrero, and D. Voiculescu (cf. [2]). Subsequently,
the Cowen—Douglas operator has been one of the important ingredients in the research of
operator theory (cf. [1,3,4,6,11,12,15,18,21,22,27,29-32,34,36,37]).

To find similarity invariants for the Cowen—Douglas operators in terms of geometric
invariants, we need the following concepts and theorems.

Theorem 1.2 (Upper triangular representation theorem, [24]). Let T € £(JH) be a
Cowen—Douglas operator with index n, then there exists an orthogonal decomposition
H=H & Hy @ - ® Hy and operators Th1, T2, ..., Ty in B1(R) such that T
takes the following form

Ty Ty Tis T,
0 Top T3 ‘e Top

r=|: - - . (1.1)
0 0 Tn—l,n—l Tn—l,n

0 0 Ton
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Let {y1,¥2,.-.,¥Yn} be a holomorphic frame of E7 with

¥ =\/triw),weQ,1<i <n},

and ¢; : Q — Gr(1, #;) be a holomorphic frame of Er,;, 1 =i < n. Then we can find
certain relations between {y;}7_, and {z;}}_,, prescribed in the following equations:

v1 =11,
Y2 = ¢1,2(t2) + 12,
Y3 = ¢1,3(t3) + ¢2,3(13) + 13,

(1.2)
Vi =)+ 4 i) o 4 1,
Yn = ¢1,n([n) +e ¢i,n(tn) SRR o 17
where ¢; j, (i, j = 1,2, ..., n) are certain holomorphic bundle maps. We expect these

bundle maps to reflect geometric similarity invariants of the operator 7. However, it is
far from enough on the coarse relation of the above equations. In particular, to use geo-
metric terms such as curvature and second fundamental form for similarity invariants of
the operator in (1.1), we have to give them more internal structures. For example, we
may assume that 7;;4; are nonzero operators and intertwines 7;; and T;41,+1, i.e.,
T;iTii+1 = Tii+1Ti41,i+1, 1 <i <n —1(itis denoted by ¥ B, (2) (see [19])).

For a 2 x 2 block ( ¢ Tiifil Lif T3 Ty i1 = T;i+1Ti+1,i+1, then the correspond-
ing second fundamental form 6; ; 1, which is obtained by R. G. Douglas and G. Misra
(see [10]), is

o () = T (13)
i,i+1Ui+1 (W
(e — K w)

Let T, T have upper-triangular representation as in (1.1) and assume that 7; ;, T; 11, +1
and T, ,,T,+1 i+1 have intertwinings T; ;41 and T, ,i+1, respectively. If JCT JC~”
then from (1.3) it is easy to see that

ITie1 G DI I i1 (T (w))|1?

eii T =9ii T - T
1 (DW) = b (M) & —p 0 s 1 Trea ()2

If the upper-triangular representation in (1.1) has such a good internal structure, then a
complete set of unitary (or similarity) invariants of 7" is obtained in terms of the curvature
and the second fundamental form.

In this paper, we introduce a subset of the Cowen—Douglas operators denoted by
CF B, () (Definition 2.7). We prove that €F B,,(2) is norm dense in B, (2) (Propo-
sition 2.16). Hence it is meaningful to discuss the geometric similarity invariants for
operators belonging to €% 8, (£2). We would like to point out that similarity results for
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quasi-homogeneous Cowen—Douglas operators have been discussed in [23]. However, the
class €©F 8B,(2) is quite different from the class of quasi-homogeneous Cowen—Douglas
operators. For example, if we take an operator 7 in €F 8, (£2) such that T; ; = T;41,i+1,
1 <i <n-—1,orT;; is not a homogeneous operator, then 7" is not a quasi-homogeneous
Cowen—-Douglas operator. Also, if we take a homogeneous Cowen—Douglas operator T
(which is quasi-homogeneous by definition) in B, (£2) for n > 3, then T does not belong
to CF B,(R2).

Roughly speaking, for operators 7 in €F B, (£2), the curvature and the second fun-
damental form give a complete set of similarity invariants. In a joint work with G. Misra
(see [20]), the authors gave a complete set of unitary invariants in terms of the curvature
and the second fundamental form for operators in ¥ B, (2). In the general case, the first
and the second authors obtained a complete set of similarity invariants by using ordered
Ky-group. However, an ordered Ky-group is an algebraic invariant. We expect these alge-
braic invariants to supply more insight in the search of geometric invariants. Recently,
R. G. Douglas, H. Kwon, S. Treil [9,28] and K. Ji [17] use the curvature to describe simi-
larity invariants for a subclass of the Cowen—Douglas operators. Here is one of the results
from [9, 17].

Theorem 1.3. Let T € B, (D) be an m-hypercontraction and S, is the multiplication on
the weighted Bergman space. Then T is similar to @}_, S if and only if there exists a
bounded subharmonic function ¥ defined on D such that

trace(Kr) — trace(Ksx) = A

An operator T is said to be homogeneous if ¢ (7') is unitarily equivalent to 7 for each
Mobius transformation ¢,. G. Misra proved the following theorem.

Theorem 1.4 ([26]). Let T1 and T, be two homogeneous Cowen—Douglas operators with
index one. Then Ty is similar to T if and only if Ty is unitarily equivalent to T3, i.e.,
Kr, = K.

The first and the second authors jointly with G. Misra extended the concepts of homo-
geneous operators to quasi-homogeneous operators as follows.

Definition 1.5 ([23]). Let T € ¥ 8,(R2) and T has an n X n upper-triangular matrix as
in (1.1). Then the operator T is called a quasi-homogeneous operator, i.e., T € Q@ 8B,(S2),
if each T;; is a homogeneous operator in B (£2) and

k .
Tijp) €\ k< j—i = 1.
For the quasi-homogeneous operators, the curvature and the second fundamental form
completely describe similarity invariants.

Theorem 1.6 ([23]). Let T, S € @B, (R2), then
{ J{T,-,,- = ’Kﬁi’

- =>T~sfifand0nlyifT=f.
Oii+1(T) = 0;,i+1(T)
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We point out that even if 7" is a Cowen—Douglas operator with index one, its spec-
tral picture (see [24, page 8]) is also very complicated. The following theorem, due to
D. A. Herrero, shows its complexity.

Theorem 1.7 ([16]). Let T € £(H) be a quasi-triangular operator with connected spec-
tral picture. If there exists a point w in the Fredholm domain of T such that ind(T —w) =1,
then for any ¢ > 0, there exists a compact operator K with | K|| < € such that T + K is
a Cowen—Douglas operator with index one.

It is due to the complexity of the structure of the Cowen—Douglas operators and the
fact that the invertible operator is not an isometric bundle map. Therefore, for any two
Cowen—-Douglas operators 7" and T with index one, to understand the similarity between
T and f, we have to explore further the relation between K7 and X 7

We now summarize the content of this paper. In Section 2, we introduce a subclass of
the Cowen—Douglas operators denoted by €F B, (2). We prove this class of operators
is norm dense in the set of all of the Cowen—Douglas operators. In Section 3, we study
an important property, named, Property (H). In Section 4, we show that the curvature
and the second fundamental form completely characterize the similarity invariants for all
the Cowen—Douglas operators in €F B8,(£2). In Section 5, we characterize a class of
weakly homogeneous operators in B, (D). We also construct uncountably many strongly
irreducible operators (non-similar) in B, (D) from a given operator in B (D).

2. The operator class €F 8, (S2)

In this section, we introduce a subclass of the class of the Cowen—Douglas operators which
is denoted as €F B, (2). We show that €F B, (2) is norm dense in B, (£2). We first
recall the definition of the subclass ¥ 8B, (£2) of B,(L2). This class has been studied in
detail in [20].

Definition 2.1. ¥ 8B, (2) is the set of all bounded linear operators 7" defined on some
complex separable Hilbert space H = Ho @ --- @ H,—1, which are of the form

Ty,y Tip o Tip
T - Thp

T = ) .
Tn n

5

where the operator T;; : #; — H;, defined on a complex separable Hilbert space J(;,
1 <i <n,isassumedtobein B;(2) and T; ;1 : H#;+1 — J;, is assumed to be a nonzero
intertwining bounded operator, namely, 7;,; T; ;+1 = T;,i+1Ti+1,i+1. 1 <i <n—1.

To define the class €F B, (2), we need following definitions.
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Definition 2.2. Let 77 and 75 be bounded linear operators on . The Rosenblum opera-
tors tr,,7, and 87, are maps from £(H#) to £(H) defined as follows:

‘ETI,TZ(X) = T1X — XT2

and
Sr,(X) = T\ X — XTi.

where X is a bounded linear operator on # .

Definition 2.3 (Property (H)). Let T; and 75 be bounded linear operators on . We say
that 7, T, satisfy the Property (H) if the following condition holds: if X is a bounded
linear operator defined on J such that 71 X = X7, and X = T1Z — Z T5, for some Z in
L(H), then X = 0.

Remark 2.4. Let T be an operator in B;(2). If we take Ty = T, = T, then from [20] it
follows that Ty, T satisfy the Property (H).

We recall that {7} denotes the commutant, i.e., {T'}’ is the set of all bounded linear
operators that commute with 7.

Definition 2.5. Let T be a bounded linear operator on #. We say that T is strongly
irreducible if there is no non-trivial idempotent in {T'}.

Lemma 2.6. Let Ty and T, be bounded linear operators on H. Suppose that S1 and S,
are similar to Ty and T, respectively. If Ty, T, satisfy the Property (H), then S1, S» also
satisfy the Property (H).

Proof. Since T; is similar to S;, there exists an invertible operator X; such that X;7; =
SiXi, 1 <i <2.LetY be a bounded linear operator such that S1Y = YS, and ¥ =
S1Z — Z§, for some Z in L(H). It is easy see that

TiX{'YXy = X[V X, T
and
XY Xy = X7' 1 X0 X7 ZXo — X7 ZXo X5 S0 X
=T X{'ZXy — X[ ' ZX,T>.

Since T7, T, satisfy the Property (H), Xl_lYXz = 0 and hence Y = 0. Thus Sy, S, also
satisfy the Property (H). This completes the proof. ]

Definition 2.7. A Cowen-Douglas operator 7 with index 7 is said to be in €F 8,(R)",
if T satisfies the following properties:

"Each operator T € €% B,(Q) possesses a flag structure and the entries of 7 satisfy the commuting
relations. Hence we use the symbol “€ F ” to specify the subclass €F B, (Q2).
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(1) T can be written as an n X n upper-triangular matrix form under a topological
direct decomposition of # and diag{T'} := Ty,1 + Tap + -+ + Ty.n € {T} . Fur-
thermore, each entry

Tij = ¢ijTiiv1Tit1,i+2---Tj-1,5,
where ¢; ; € {Ti;};
(2) T;,;, T;+1,i+1 satisty the Property (H), i.e., ker ULy Tigtier VTANTT, Topy iy =
{0},1<i<n-1.

Using the following concepts and lemmas, we prove that the class €% 8B, (2) is norm
dense in B, (R2).

Definition 2.8 (Similarity invariant set). Let ¥ = {Ay € L£(H),x € A}. Wesay ¥ isa
similarity invariant set, if for any invertible operator X,

XFX ' ={XA, X' :4,eF}=7F.

Definition 2.9 ([24]). If K (J) denotes the set of all compact operators acting on J¢
and 7 : £(H) — L(HK)/K () is the projection of L(H) onto the Calkin algebra,
then 0. (T), the essential spectrum of T, is the spectrum of 7 (7T') in £(H)/JK (H#) and
C\0oe(T) is called the Fredholm domain of T and is denoted by pr (7). Thus, 6.(T) =
01e(T) U 0. (T), where 01.(T) = o7((T)) (left essential spectrum of 7') and 0..(T) =
or(m(T)) (right essential spectrum of T').

On the other hand, the intersection oy (7T") := 01(T) N 0 (T) is called Wolf spectrum
and it includes the boundary do, (T") of g, (T'). Therefore, it is a non-empty compact subset
of C. Its complement C\o(7T) coincides with ps_p(T) :={w € C : T — w is semi-
Fredholm }. Further, ps_r (T) is the disjoint union of the (possibly empty) open sets
{pf_p(T) : —o0 <n < +oo}, where

pe_p(T) ={w € C : T —w is semi-Fredholm with ind(T — w) = n}.

The spectrum picture of 7', denoted by A(T), is defined as the compact set oy, (T),
plus the data corresponding to the indices of 7 — w for w in the bounded components

of ps—F (T)
Lemma 2.10 ([16]). Let T € B, (). Then 0,(T*) = &, and o (T) is connected, where
op(T*) denotes the point spectrum of T*.
Lemma 2.11 ([16]). Let T € £(H#), e > 0, and let T be a quasi-triangular operator such
that

(i) o(T) is connected;

i) ind(T —w) >0, w e pr(T),

(iii) there exist a positive integer n and wy € pr(T) such that ind(T — wy) = n,

then there exists a compact operator K with | K|| < € such that T + K € B,(2), where
wo € 2 C pr(T).
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Lemma 2.12 (Voiculescu Theorem, [33]). Let T € £(H) and p be a unital faithful *-
representation of a separable C*-subalgebra of the Calkin algebra containing the canon-
ical image 7w(T) and 7 (1) on a separable space K. Let A = p(7(T)) and k be a positive
integer. Given ¢, there exists K € J(HK), with | K| < &, such that

T—K~y T®A® ~, T @ AP,
where A®) denotes @le A, and A denotes @2, A.
Lemma 2.13 (Special case of the similarity orbit theorem, Apostle, Fialkow, Herrero, and
Voiculescu [2]). Let T and S be in B, (2) satisfy the following conditions:
(1) alre(T) = olre(S) and olre(T) is aperfect set;
i)  AT) = A(S),
where 01.(T) and A(T) denote the Wolf spectrum and spectral picture of T respectively

(see [24, page 8]). Then there exist two sequences of invertible operators {X,}5>, and
{Yu}o2, such that

lim X,TX, ' =S, lim Y, SY, ' =T

n—>oo n—>oo

Lemma 2.14. Let T € B,(R2), € > 0 and ® be an analytic Cauchy domain satisfying
o1e(T) C @ C [Olre(T)]e = {w € C : dist(w, 01(T)) < &},

then there exists T, € B, (21) such that

(1)  oue(Ty) = ® and Q1 is an open connected subset of 2;
(i) |T-T <e

Proof. Let § = dist(®, d[oe(T)]e). By Lemma 2.12, there exist an operator A and an

operator K with | K| < %, and a unitary operator U such that

UT+K)U*=A®T, where0(A) = ope(T).

By [24, Theorem 1.25] and [24, Proposition 1.22], there exists a compact operator K,
with || K> < % such that

N A1,2

T+ K K * =
UT + Ki1 + K»)U (0 Ao

)@T:B@T,

and 0, (B) = 0(B) = 0¢(T), 0ire(B) = 0ire(T'), 0 (Aoo) = 0e(Aoo) = 0¢(T'), where B =

1(\)1 il’z and N is a diagonal normal operator of uniform infinite multiplicity and o(N) =
Olre (T) .
Let L = (11(;1 ﬁl’j) @ T, where M is a diagonal normal operator of a uniform infinite

multiplication operator with (M) = 0.,(M) = ®. By direct calculation, we can see that

IL —U(T + K1 + K2)U*|| < &—36.
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Let T/ denote U*LU. By Lemma 2.10, we have that 0,(T*) = O, then it follows that
o (T}) is connected and 0,(7,*) = &. When ¢ is small enough, we can find w € Q and
81 > O such that Q; = O, 5,, the neighborhood of w such that 2 C Q.

Applying Lemma 2.11 to T/, there is a compact operator K3 with || K3|| < & such that
T, = T/ + K3 € B,(£21), then T, satisfies all the requirements of the lemma. [

Lemma 2.15 ([7]). Let T € B,(2) and 21 C Q2 be an open connected set. Then
Bn(Q) - Bn(Ql)

Proposition 2.16. €F B,,(S2) is norm dense in B,(2).
Proof. First, we shall prove that €F B,(2) is a similarity invariant set. For any T €
CF 8,(2), by Definition 2.7, there exist n idempotents { P;}_, such that

() Yio  Pi=1,PiP=0,i#j;

2) T = ((T;,j)nxn, Ti,; = PiTP; =0,if i > j;

3 1, T;; =TT, 1 <i,j <n.
Let X be an invertible operator, set Q; := XP; X ~1 1 <i < n.Wehave

Xn: 0i = X(Z P)XT =1,

i=1 i=1
0iQ; =X(PiP)X™' =0, i#]
QiXTX'Q; = XP, X 'XTX'XP; X' = XT;,; X' =0 fori > j,

and

QiXTX'Q:0;XTX™'0; = O;XTX ' 0; XTX'Q;
= XP, X 'XTX'XP; X 'XTX'XP; X!
= XP;TP;P;iTP;X ' = XT;;T; ; X!
= XT;;T;; X' = XP,TP; P;TP; X!
= 0iXTX™'Q;0;XTX"'Q;.

Thus, under the decomposition # = ran Q; + ran Q5 + --- 4 ran Q,, the operator T
admits the upper-triangular matrix representation, i.e.,

OQ1XTX 10, Q1XTX 10, 01XTX 103 0:1XTX 10,
0 02XTX7 105 0,XTX 103 02 XTX1Q,
XTX—] — . . . ) . ) .
0 0 Qn—lXTX_lQn—l Qn—lXTX_lgn
0 0 0, XTX10,

2.1)
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Note that

Q:XTX'Q; = xP, X 'XTXx'XxP; X!
= XP,TP; X!
=XT; ;X!
= X¢i ;Trit1Tit1,i42, > Tj—1,; X"
=X ;X ' XTi i1 X ' XTigri00X Y 0 X Ty X1
= X¢i X ' XP;TP; 1 X ' XPi 1\ TPiya X', ..., XP;_ TP; X!
= Xi j X' Qi XTX ' Qi1 Qi1 XTX ' Qiga,..., Qj 1 XTXT'Q;

and

X¢i , X 'O XTX7'Q; = X¢ j X ' XP X' XTX ' XP, X!
= QiXTX™'Qi X¢ ; X7

Finally, we will show that the Property (H) remains intact under the similarity transfor-
mation for operators in €. B, (). Since Q; XTX ' Q; = XP;TP; X ' for1 <i <n,by
Lemma 2.6, Q; XTX 1Q;, Qi1 XTX 1 Q; 4 satisfy the Property (H). Hence X TX !
also satisfies the Property (H). Thus X 7X ™! belongs to €% 8B, (). Hence €F 8, ()
is a similarity invariant set.

Now, by using the similarity orbit theorem, we prove that €% B, (2) is norm dense
in B, ().

By Lemma 2.14, we only need to prove that for any T € B, (Q) with 0y(T) = ®,
® is an analytic Cauchy domain, we can find T, € €% 8,(2) such that |7, — T| < &.

Since 01 (T') = @, ps—F (T') only has finite many components denoted by {2;,n;}7_,
where n; = dimker(7T — w;), forany w; € Q;,i = 1,2,...,n. By Lemma 2.15, without
loss of generality, we can assume that 2; = Q. Since @ is an analytic Cauchy domain,
2 is an analytic connected Cauchy domain. Let H, (€2;) be the multiplication operator
on #2%(Q;,du;) and

n
B=H,(Q)ePHM Q) e M,
i=2
where p; is a Lebesgue measure and M is a diagonal normal operator such that o (M) =

oe(M) = ®. Applying Lemma 2.11 to the operator B, there exists a compact operator K
with | K|| < e suchthat B + K € B;(2). Let

H; (1) 1 0 0 0
0 H; () [ 0 0
T, = : : : (2.2)
0 0 H;(Q1) 1 0
0 0 0 H; (1) 0

0 0 0 B+K
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The spectrum pictures of T, and 7" are the same. Thus, by Lemma 2.13, there exists invert-
ible operators {X,}52; such that lim, o, Xp T: X, ! = T.Since T, is in €F B,(Q) and
CF B,(RQ) is a similarity invariant set, X, Tan_l in €F B8,(2) for all n. This finishes
the proof of this theorem. |

Remark 2.17. Let T € €F 8,(2) and T = ((T,j))nxn be the n x n upper-triangular
matrix form under a topological direct decomposition of # = H#; + H, + --- + H,. Let
t, be a nonzero section of Er, . Sett; := T;;+1(ti+1), 1 <i <n — 1. Itis easy to see
that #; is a section of the vector bundle Et,;. We define 6; ;+1(T) = (LAESICER]

e and call
it generalized second fundamental form.

Remark 2.18. For any topological direct decomposition of J,
H =+ Ho+ -+ Ha,

there exist n idempotents P;, P,, ..., P, such that Z?:l P,=1,P;P;=0,i# jand
ran P; = ;. Then we can find an invertible operator X such that {Q;}I_, ={XP; X~ '}"_,
is a set of orthogonal projections with Q; Q; = 0,i # j. Furthermore,

H=XH iDXH D - D XHp,

where X #; = ran Q;. Suppose T € €F B, (2) has the upper-triangular matrix repre-
sentation according to a topological direct decomposition of . By the proof of Proposi-
tion 2.16, we see that XTX ! € €F B,(R) according to an orthogonal direct decompo-
sition of # induced by X above.

From now on, we assume that the operators in €¥ B, (2) have an upper-triangular
matrix representation with respect to an orthogonal direct sum decomposition of J.

3. Sufficient conditions for the Property (H)

In this section, we study the “Property (H)”. This property plays a vital role in our study
on the similarity problem for the operators in the class €% B, (£2). We would like to know
under what conditions two bounded linear operators in B (£2) satisfy the Property (H).

Let 77, T> be bounded linear operators in B;(£2) and X be a bounded operator such
that 71X = XT, and X = T1Y — Y T, for some bounded linear operator Y. We would
like to find a sufficient condition, so that X becomes zero. It is well known that T; ~,
(M}, Hk,), 1 <i <2.

First, we discuss a condition that ensures the intertwining operator between 77 and
T> will be the zero operator. More precisely, if 71X = XT3, then X = 0. A sufficient

condition for this is
Ki(w,w)

w—0Q Kz(w,w) N G-
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Indeed, when 77X = X T, there exists a holomorphic function ¢ defined on €2 such
that X (K5 (-, w)) = ¢(w)K; (-, w)). By condition (3.1) and the maximum modulus prin-
ciple, it follows that ¢ = 0 and hence X = 0. For example, we consider S; and S5, the
adjoints of Hardy shift and Bergman shift, respectively. It is well known that there is no
nonzero bounded linear operator X such that S;X = XS} (since lim,,_,sp % =
limy,gp (1 — [w[*)™! = o).

However, it is not clear what would be a sufficient condition for the Property (H) in
terms of reproducing kernels as above. Now we will discuss some criteria to decide when
given operators 77, T, satisfy the Property (H).

Lemma 3.1 ([14]). Let X, T be bounded linear operators defined on H. If X € ker§7 N
randr, then o (X) = {0}.

Lemma 3.2 ([20]). Suppose Ty and T, are two Cowen—Douglas operators in B1(2), and
S is a bounded operator that intertwines Ty and T», i.e., T1S = ST5. Then S is nonzero
if and only if the range of S is dense.

Proposition 3.3. Let Ty, T» be bounded linear operators defined on ¥. If ker tr, 1, # {0}
and {T,} is semi-simple, then Ty, T, satisfy the Property (H).

Proof. We want to show that T, T satisfy the Property (H), i.e., ker 7, 7, Nrantr, 7, =0.
Suppose on contrary ker t7,, 7, Nrantr, 1, 7 0. Let X € ker t7,,7, Nrantr, 1, and X is
nonzero. There exists a bounded operator Z suchthat X =T1Z —ZT, and Th X = X T>.
Since ker tr,, 7, # {0}, there exists a nonzero bounded linear operator Y such that Y T =
T>Y . We have

YX=YT"Z-YZT, =ThYZ-YZT,
and

YXT, =YT1 X =TLYX.

Thus, YX € ker t7, Nrant7,. By Lemma 3.1, it follows that 0 (YX) = 0. Since X is
nonzero, by Lemma 3.2, the range of X is dense. Since {73}’ is semi-simple and X # 0,
we have Y = 0. This is a contradiction. This completes the proof. ]

Proposition 3.4. Lent T1 . T, be bounded linear operators on H and S, be the right inverse
of Tz. If limy, o 17E00S7 1 0, then the Property (H) holds.

n
Proof. Let X,Y be linear bounded operators on # suchthat 71 X = X7, and X =T1Y —
YT, Weclaimthat T{'Y — YT} = nTl”_lX for n € N. In fact, for n = 1, the conclusion
follows from the assumption. For n > 1, we have
'Y —YT) =T'Y —T" 'Y, + T YT, — T 2YTF + T 2Y TS — -
+ YTy YTy
=T (MY —YTo) + T 2T Y —YT) Ty + -
+ (Y —YTo)T3 !
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=TP X + TP 2XTy + -+ XT2!
=nT{ X (ornXTJ™1).

Thus we get

T'YSY —YT)Sy =nT] ' XS)
=nXTy'S?
= nXSz.

Since T3'SY = I, we have
Y =T'YS) —nXS,, neN.
Therefore, for n € N, we have

1Yl = lnXS> — T{'Y ST ||
> n| XS = IT7Y ST

TrYSY
= n(xsy) - LEEED), (32)
n
If X =0, we are done. Suppose X is nonzero. Since Y is a bounded linear operator,
from equation (3.2), it follows that ¥ = 0 and hence X = 0. This is a contraction. This

completes the proof. ]

Proposition 3.5. Let A, B € B1(D) be backward shift operators with weighted sequences

{ai}72, and {b;}32,, respectively. If limy oo nﬁ = 00, then the following state-
=1

ments hold:

(i)  If X intertwines A and B, i.e., AX = XB, then there exists an ONB {e; }{2, of
H such that the matrix form of X with respect to {e; 72| has the form

X1,1 X12  X1.3 X1,n
X22 X2.3 X2.n

Xn—1,n—1 Xn—1n |’

Xn,n

T2 b
where Xp p4; = —Si—L
NI Hi:] ag

(i) X ekerty p Nranty g ifandonlyif X = 0.

X4, j =012, n=12 ..

Furthermore, if we replace A and B by ¢ (A) and ¢ (B), respectively, where ¢ is a univa-
lent analytic function defined on D, then above conclusions continue to hold.
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Proof. Commuting relation AX = XB forces X to be in upper triangular form. We con-
sider the following equation

0 ag 0 - 0 X1,1 X1,2 X1,3 X1,n
0 a, - 0 X222 X2.3 X2,n
0 an—1 Xn—1,n—1 Xn—1,n
0 an Xnn

X1,1 X1,2 X1,3 X1,n 0 b 0 - 0

X272 X23 X2.n 0 by - 0

- Xn—1,n—1 Xn—1,n °°° 0 b1 |’
Xnn 0 by

by comparing the elements in (i, j) position and after a simple calculation, we will get
the statement (i), i.e.,

n—1
—1 bre+j ,

x,,,,,ﬂz%xl,w, j=0.1.2,....n=1.2,... 3.3)
k=1%%

Thus we only need to prove statement (ii). Notice that Ae; = Be; =0, Xe; = x1,1€1 and
AYey — YBe; = Xe; = x1,1€1.
Since AYe; = x1,1e1, there exist o, @3 € C such that Ye; = e + ajes. From
AYey; — YBey, = Xey = X101 + X2 062,

it follows that

AYey = bjaje; + biases + x1 201 + X222
1 1
= (hro; + x1,0)e1 + (biay + x22)€r.
Similarly, we can find &?, a3, a3 € C such that
Ye, = a%el + a%ez + a%eg.

Inductively we see that for any n > 0,

Ye, € \/{61,62,...,3;1.!,-1}.
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It follows that the matrix form of ¥ according to {e;}72, is as follows:

yi,1 Y12 Y13
2,1 V2,2 V2.3
Y32

Y33

Yn—1,n—2

Yin
Yo.n
Y3n
Yn—1,n—1 Yn—1.n
Yn,n—1 Yn,n

From the equation AY — YB = X, itis easy to see that

I'IZ=1 br
Ynp—1 =1 0 X1,1-
ap+1 Hk=1 dag
By the assumption of the lemma,
n
[T=1bx _

lim n
n—o00 H2=1 ag

588

So we have x;,; = 0 and y, ,—1 = 0. By equation (3.3), we getx, , =0,n =1,2,...

Now assume that x; » # 0, then it follows that

HZ:l bk+1

X1,2 +
n
apn+1 Hk:] dak

Ynn =n

n
ap+1 l_[k=1 473

n
—1 bk
Me=ibe

Since A, B € B;(D), there exist d, My € R* such that

min{la]. |bel} > d.

‘We have

busr [Tk=1brc _

max{a|. |be[} < Mo.

n HZ:l bk+1

n —_ n
an+1 l_[k=1ak an+1b1 Hk:lak

Notice that
?_ b
Hk=1 k
Ap+1 HZ:] 473

n
d nnk=1bk N

= Moby Tk ak

Y11

is bounded. If x; » # 0, then y, , — 0o as n — oco. Thus we have x; » = 0. Using equa-

tion (3.3) again, we get x, »4+1 = O forany n > 1.
We set Ey := diag{y1,1, 2,2 -
AEy = E¢B and hence

A(Y — Eg) — (Y — Eg)B = X.

- Ynn,-- -}, by direct calculation, it is easy to see that
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So for the sake of simplicity, we continue to denote Y — Eq by Y. In this case, we also

have
"_.b
Hk:] k+1
n
an+1 [ [r=1 ak
By a similar argument as above, we have x1,3 = 0. We set

Hk 1 k+2x3+

Ynn+1 =1 1—[ 1, 1,2-
k=14

0 Vip 0 0
0 V2,3 - 0
E, = ’
! 0 Yn—1,n
0 Yn,n+1

Thus we have AE; = E1B and A(Y — E;) + (Y — E;)B = X. We again continue
to denote Y — E; by Y. By repeating the above process, we see that for any j, we have
Xnn+j = 0. Thus X = 0. This finishes the proof of statement (ii).

At last, we will show the conclusion above continues to hold for ¢(A) and ¢ (B).
Without of loss generality, we can also assume that ¢(z) = > - k,z". Suppose that
there exists a bounded operator X such that ¢(A4)X = X¢(B). By a similar argument, we

have 1
e
Xnpn = H kxl,l, n=12,...
[Ti= 1ak
Suppose that ¢ (A)Y — Y¢p(B) = X. By direct calculation, we see that
n
Yn+1,n = Hk xl, , n=12,...
l_[k 1ak

Thus we have x1,; = 0 and y, »,—1 = 0. By equation (3.3), wehave x,, , =0,n =1,2,...
We set Eg = diag{y1,1, ¥2,2,-+» Ynn, ...}, by direct calculation, we have AEy = E¢B
and hence ¢(A)Eo = Eo¢(B) and

P(A)(Y — Eo) — (Y — E9)¢p(B) = X

So for sake of simplicity, we still use Y to denote ¥ — Ey. Now, repeating the proof of
statement (ii), it can also be shown that X is equal to the zero operator. [

Corollary 3.6. Let M; ; be the multiplication operator on the reproducing kernel Hilbert
space Hg,, where K;(z,w) = zy,weD, 1 <i <2.IfAy — Ay <2, then MY,

and My , satisfy the Property (H ).

1—zw)hi’

Proof. Let a,(A;) denote the coefficient of w”z" in the power series expansion for
* (Ai) _ an(Ai) | —
Ki(z,w),i =1,2. Then M ~ 1s a backward weight shift with w, """ = —m,l 1,2.
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By Stirling’s formula (see [23, page 2879]), we have that

]—[w(“ Vaokd) ey o1,
\/an-i-l(ki)

Then we have that

l_[k oW (12) g 11
(M) ~(@m+1)
[Teow
n (A2)
If A, — A1 < 2, then hmn_mon% = 00. Thus, by Proposition 3.5, M , and Mz*,z
—_o W
satisfy the Property (H). k=0 W (]

4. Similarity of Operators in € ¥ 8,(12)

In this section, we give complete similarity invariants for operators in €% B, (2), which
involve the curvature and the second fundamental form. This is quite different from the
case of a quasi-homogeneous operator class (see Theorem 4.12). To prove the main theo-
rem of this section, we need the following concepts and lemmas.

An operator T in £(#) is said to be strongly irreducible if there is no non-trivial idem-
potent operator in {T'}’, where {T'}’ denotes the commutant of T', i.e., {T} = {BeL(¥):
TB = BT}.Itcan be proved that forany T € B1(2), T is strongly irreducible. We denote
the set of all the strongly irreducible operators by the symbol “(SI)”.

An operator T in £(J) is said to have finite strongly irreducible decomposition, if
there exist idempotents Py, P,, ..., P, in {T'}’ such that

0, i#j,

1. PiP; =§;; P; for 1<i, j<n < +o00, where §;; = { Lo 7 ]

, =75
2. Z?:l P; = 14, where I3 denotes the identity operator on #;
3. T'|p,z is strongly irreducible fori = 1,2,...,n

Every Cowen—Douglas operator can be written as the direct sum of finitely many strongly
irreducible Cowen—Douglas operators (see [24, Chapter 3]). We call P = (P, Pa,..., Py)
a unit finite strongly irreducible decomposition of 7. Let T have a finite (SI) decompo-
sition and P = {P;}!_, and Q = {Q;}/-, be two unit finite (SI) decompositions of 7.
We say that 7' has a unique, strongly irreducible decomposition up to similarity if the
following conditions are satisfied:

1. m =n;and
2. there exists an invertible operator X in {T'}’ and a permutation IT of the set
{1,2,...,n} such that XQp; X! = Pifor1 <i <n.

Lemma 4.1 ([25, Theorem 5.5.12]). Let T be a Cowen—Douglas operator in B, (2). The
operator T has a unique (S1) decomposition.
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Lemma 4.2 ([25, Theorem 5.5.13]). Let T = @F_, T™) and T = D T be two
Cowen—Douglas operators, where T;, T € (SI) for any i, j and T; s T,/, T 743 T/
Then T ~; T if and only if k = s and there exists a permutation T1 such that T; ~ TH(,)
andn; = mng), i =1,2,... k.

By Lemma 4.1 and Lemma 4.2, we only need to consider when two strongly irre-
ducible operators in €F B,(£2) are similar equivalent. The similarity classification for
the general case will follow by Lemma 4.2. Thus, in the following, we will assume
T € €F B, () is a strongly irreducible operator.

Lemmad4.3. Let T € €F 8,(2). Then T is strongly irreducible if and only if T; j 41 # 0
foranyi =1,2,...,n—1.

Proof. Let T be a strongly irreducible operator in € B, (€2). Suppose on contrary that
Tk—1x = 0 for some k. Fori, j withi +1 <k < j, we have

Ti; = ¢ijTiiv1Tivri+2 - Te—1 k- Tj—1,; = 0.

Thus T has the following matrix form:

Tvi Ty - Tig— 0 0 0
0 Top - Toge 0 0 0
r_| o 0 - Ticyg—t1 O 0 0 . @1
o - 0 0 Tk Tek+r o Tkn
0 0 0 Trk+rk+1 - Tkt
0 0o .. : :
0 0o ... 0 0 o Tun

So T is strongly reducible. This is a contradiction to the fact that T is strongly irreducible.
This finishes the proof of the necessary part.

For the sufficient part, suppose that each 7; ;4 is a nonzero operator. By Defini-
tion 2.7, T; ; and T; 41,41 satisfy the Property (H). Since T;;T;i+1 = Tii+1Ti+1,i+1,
it follows that 7; ;11 & ran tr;, iTiy144+1- By @ same proof of [20, Proposition 2.22], it is
easy to see that 7 is strongly irreducible. ]

Lemma4.4. Let T = ((T;,;))nxn, T = ((T,-,j)),,x,, be operators in € ¥ B,(Q). If T;; =
Ti; and T; ;41 = T i1, then there exists a bounded operator K such that X = I + K
is invertible and XT = T X.

Proof. To find K, we need to solve the equation

(I+KT=T(+K). (4.2)
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Weset X := I + K, where

0 Kip Kigs Kin
0 0 K>3 K>,
K = .
0 0 0 anl,n
0 0 0
From equation (4.2), we have
I Kip Kiz - Kin T T, Tijs Tin
O 1 K2,3 te K2,n O T2,2 T2,3 szn
0 0 1 Kn—1n 0 0 Tn—l,n—l Th—1n
0 0 1 0 0 Ty
Tl,l T172 T173 Tl’n I K1,2 K1,3 Kl,n
0 T2,2 T2,3 ce Tz’n 0 1 K2’3 .. K2,n
0 0 Tyina1 Tnan||O - 0 I Kn_in
0 0 Ty 0 .- ) I

4.3)
To find K; ;, we take the following steps.

Step 1: For 1 <i <n — 1, by equating the (i,i + 1)th entry of equation (4.3), we have
Tiivi+Kiiv1Tivriv1 =T Kijp1 + Thivsie, KijriTiv1,i41 = 15, Kij41. For
1 <i <n—2, by comparing the (i, + 2)th entry of equation (4.3), we have

Tiiv2 + Kii+1Tiv+1,i+2 + Kii+2Ti42,i42
=TiKiit2 + Tiiv1Kiv1,i+2 + Thivo. 4.4

IfT;;Kiit2 = Kiijt2Ti42,i+2, 1 <i <n —2, then from equation (4.4) we get
Tiiv2 + Kiis1Titride = Tiiv1 Kivrivo + Tt 4.5)

Choose K, —1,, such that K, 1 n Ty n = Tyn—1,n—1Kn—1,n. For 1 <i <n — 2, from equa-
tion (4.5), we get K; ;1 which satisfies K; ;11T +1,i+1 = 17, Ki i +1.

Step 2: We compare the (i,i + 3)th entry of equation (4.3), we get

Tii+3+ Kiit1Ti+1,i+3 + KiivoTit2,i+3 + Kiiv3Tiv3i+3
=TiiKiit3 + Tiit1Kiv1,i+3 + Tiiv2Kivo,i+3 + Tiit3. (4.6)
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IfT;;Kii+3 = Kii+3Ti43,i+3, 1 <i < n — 3, then from equation (4.6) we have

Tiivs + Kii+1Tiv1,i43 + Kijit2Ti42,i+3
=Tiir1Kit1,i+3 + TiivoKitaivs + ﬁ,i+3- 4.7
Choose K,,—» » suchthat Ky,_5 4y Ty n = Th—2,n—2Kn—2,. For 1 <i <n — 3, from equa-
tion (4.7), we get K; ;> which satisfies 7; ; K; j 12 = K; i+2Ti+2,i+2-
Step 3: By following the previous steps, suppose we have solved K; ; ; for1 <i <n—1,
I1<l<j-2.
By comparing the (i,i + j)th entry of equation (4.3), we have
Tii+j + Kii+1Tiv1,i+j + Kiiv2Tit2,i+j + -+ KiivjTitji+j
=TpiKiivj + Tiiv1Kiyriv + TiivaKigaits + -+
+ T i1 Kitjmvits + Tiisj- (4.8)

UTiiv;jKiivji =KiivjTitjivj,1 <i <n— j,then from equation (4.8) we get

Tiivj + Kiiv1Tivvi+j + Kiiv2Tivz,ij +- -+ Kijivj—1Tivj—1,i+j
=Tiiv1Kivritj + TiivoKivoivj + -+ Tiivj—1Kivj—ri+j + Tiitj-
4.9

Choose K, j11nsuchthat Ky i1 0T n =Th—jr1n—j+1Kn—jrin. Forl <i <n-—j,
from equation (4.9), we get K; ;1 ;1 which satisfies
TiiKiivj—1 = Kiivj—1Tivj—1,i+j-1- L]

We recall a result from [20], which describes an invertible operator intertwining any
two operators in ¥ 8, (<2).

Proposition 4.5. [If X is an invertible operator intertwining two operators T and T from
F Bn(Q), then X and X~ are upper triangular.

Lemma 4.6. Let T and T be operators in €F B,(2). Let X be a bounded linear opera-
tor of the form

X1 X122 Xi3 Xin
0 Xono X3 Xoon
X = : .. - :
0 0 Xn—l,n—l Xn—l,n

0 0 Xun



C. Jiang, K. Ji, and D. K. Keshari 594

If X T =TX and X is invertible, then

Xip 0 0 0 Twi Twa O 0
0 Xop O " 0 0 Thy Ths - 0
0 0 Xn—l,n—l 0 0 0 Tn—l,n—l Tn—l,n
0 0 Xn,n 0 0 Tn,n
Ty Tia O 0 Xii 0 0 0

0 -+ 0 Tpotn1 Tntin 0 - 0 Xp1n1 O
0 e .- 0 Ty 0 e .. 0 X0

Proof. By equating the entries of X T =TX,we get
XiiTii =TiiXii, 1<i<n.

WesetY (=X diag{Xl_i,Xz_é, el Xn_}l} and it is easy to see that

I X12X57% X13X55 ~ XiaXgh

0 1 X23X33 - XonXih
Y=1": . . . .

[ 0 I Xp1 X}

0 0 I

From 7 = XT X!, we get TY =Y diag{X 1 --- Xp.n}7T diag{X; 1 --- Xp,n)}~" which
is equivalent to

Tia T2 Tz - T1n I X12X55 X13X35 = Xia X
0 Tz T3 T2n 0 I X2,3X3’!§ v Xon Xk
o o0 Ty e J o e 0 XX
e 0 - 0 I

I X12X5) X13X5) ~  XiaX;) = =

0 1’21 22 X1’3X3—’:: Xl,an:? T, X1,1T12X5) “ XiaTin Xy}
_ ‘ ' 2,'3 3.3 . z,n. n.n 0 Trp X2,2T2,3X3_,§ v Xo2Ton X, )

-1 : : : : :
0 0 I Xp—10X,, 0 0 0 Ton
0 - w0 I
(4.10)

For 1 <i <n — 1, from equation (4.10), we get

(Ti,i Tii+1 )(1 Xi,i+1Xi_+11,i+1)
0 Titri+1/)\O I

2(1 Xi,i+1X,-_+11,,~+1) T;, Xi,iﬁ,i+1Xi__:1,i+1
0 I 0 Tit1,i+1 '
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which is equivalent to
& —1 -1 -1
Tiitv1—XiiTiiv1 X101 = X X im Ditnivr — T Xiiv1 X4 4
Consider
= —1 = 7 —1
Tii(Tii+1 — Xii Tiin Xiyi41) = T Tigrivr — Xii Tii T X i
= & —1
=Tii+1Ti+1,i+1 — XiiTiiv1 Tivri+1 X411
= ~1
=Tii+1Ti+1,i+1 — XiiTiiv1 X i Tivri+n
= —1
= (Tii+1 — XiiTii1 Xify i D Ti41i41
In other words, (T;,i+1 — Xi,i Tii+1X73Y ;4,) belongs to
ker(TTi,i,TiH,iﬂ) n ran(ITi,igTi+1,i+1)‘
Since T satisfies the Property (H), we have

~ 1 .
Ti,i+1 :Xi,iTi,i+1Xi+1,i+1a 1<i<n-1

Hence

X1 0 0 0 TiaTin 0 0

0 X35 0 0 0 Trp T3 0

0 = 0 Xp—1p1 O 0 0 Ty—1p-1 O

0 - - 0 Xun 0 0 Fun
Tin Tz O 0 X1 0 0 0
0 Tz’z T2’3 0 0 X2’2 0 0

= T - : e e T : m

0 = 0 Ty_1n—1 O 0 = 0 Xp—1n—1 O
[ R 0 T 0 e 0 Xnn

Corollary 4.7. Let T = ((T;,;))nxn, T= ((T",-,j))an be any two operators in € ¥ B, (2).
Suppose that Ti j = Tyiv1Tiqriv2- - Tj—1,j and Ty j = Ti i1 Tigrita - Tj—1,j for
1<i<j=nTissimilartoT ifandonlyif X;;T;; =T, ; X;; and X; ; T; j = T; j X ;,
where X; ; € L(H;, H;) is an invertible linear operator for 1 <i < n.

Proof. Proof of the sufficient part follows easily. We will sketch here the proof of the
necessary part. By Lemma 4.6, there exist invertible operators X1, X2 2, ..., Xj » such
that

XiiTii=TiiXii, 1<i<n

and
XiiTijiv1 =Tiiv1Xiv1,i+1, 1<i<n-—-1

For 1 <i < j <n,itis easy to see that

XiiTi; = Ti,j Xj- m
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We state and prove a result that shows the problem of finding invertible intertwining
and U + K intertwining between any two operators in B;(£2) is the same as finding a
bounded linear operator with a relation in terms of the curvature of the given operators.
Letw: E — Qand 7 : £ — Q be vector bundles. We set K := span{n ' (w) : w € Q}
and J := span{7!(w) : w € Q}. We say that a bundle map ® : E — E is a bounded
bundle map if ® induces a bounded linear map from # to H , where J and J are Hilbert
spaces.

Proposition 4.8. Let T, Te B1(R2). Let A(H) = L(IH)/ K (H) denote the Calkin alge-
bra, 7t : £(H) — A(H). Suppose that K1 (w) — Kz (w) = % In¥(w), w € Q. Then
we have the following statements:
(1) T is unitarily equivalent to T if and only if ¥(w) = |p(w)|?, for some holomor-
phic function ¢ on Q2.

(2) T is similar to T if and only if

w2
i T E

where E is a Hermitian holomorphic line bundle, ® : ET — E is a bounded bun-
dle map and t is a nonzero section of the bundle ET.

+1»

3) T ~u+k T if and only if there exists a bounded linear operator X such that
7(X)=«a[l], 1 >a > 0and

Xy ,
Pw) = 1“( e T4 ))’

where t is a nonzero section of E.

Proof. First, the statement (1) is well known ([8, page 326]). Then we only need to prove
statement (2) and (3). For statement (2), assume that 7 is similar to T, i.e., there exists
a bounded invertible operator ¥ such that 7Y = Y T. Without loss of generality, we can
assume that Y*Y — I > 0. Otherwise, we can choose some kY instead of Y for some
k > 0. Thus there exists a bounded linear operator X such that Y*Y = I + X*X. Since
TY = YT and Y is invertible, ¥ (¢(-)) is a nonzero section of E#. For w in 2, we have

82
K (w) =~ In(| Yt (w)]*)
32
= —Wln(ll)((t(w))ll2 + e ()[?).
wow

Thus we have

HKr(w) — Kz (w) = o=

2 (w)|1?

Let ® : E — E be the bounded bundle map which induces a bounded operator X, then
this finishes the proof of necessary part.

02 ]n(uxa(w))nz . 1).



Geometric similarity invariants of Cowen—Douglas operators 597

From the given condition, there exists a bounded operator X such that
2
Jwow
82
= —>——In((({ + X" X)(1(w)), 1(w)))
Jwow

2
-7 : —In(||(/ + X*X)'2(t(w))]?).
wow

K(w) =~ In(|| X (¢ () 1> + [l (w)]1*)

We set YV := (I + X*X )1/ 2. Clearly, Y is an invertible operator and K7(w) =
Kyry-1(w), w € Q. Thus, T is unitarily equivalent to ¥ 7Y ! and hence T is simi-
larto T.

Now we give the proof of statement (3). Suppose that ¥ = U + K is an invertible
operator and YT = TY, where U is a unitary operator and K is a compact operator.
We set K := U*K, it is easy to see that Y*Y =1 + K+ K*+ K*K. We set G :=
K + K* + K*K. Since G is a self-adjoint compact operator, there exists {Ax jz—, such
that

G=xlpn ®A00, B DAy, &,
where dim(ker(G — Ax)) =ng > 0 and limg_, o A = 0. Since I + G is a positive operator
and limg o0 A = 0, there exists 1 > o > 0 such that o/ + G is positive operator. Now,
set

pay 1 1
=P (@207 —a?)I,.
k=1
Then K is a compact operator. By direct calculation, we have that
(@21 + Ki)" (a2 1 + K1) =l +G.
Weset X :=az] + K, then we have that 7(X) = a%[l] and
X*X +(1—a) =+ K)*( + K).

It follows that

o X (w))[I?
Kr(w) — Kz(w) = Y00 ln( TeIE +(1 —a)).

This finishes the proof of the necessary part. The sufficient part will follows from the same
argument as above. |

Remark 4.9. R. G. Douglas, H. Kwon and S. Treil proved that for any n-hypercontraction
T € B1(D), Tis similar to S} if and only 1f there exists a bounded subharmonic function ¥
defined on D such that K7 — Kgr = aw a* W. In Proposition 4.8, we gave a concrete
description of such function W. In the following, we point out that W is also a bounded
subharmonic function.
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Since @ is bounded, it is easy to see that ¥(w) = ln(% + 1) is a bounded
function. When T is an n-hypercontraction, by the operator model theorem, there exists a

holomorphic bundle & such that
Er = Es» ®6E,

where & (w) = \/{Dr(t(w)}, D1 := Y4 _o(—D*(})T*¥T*, and 1 is a nonzero section
of E7. Thus, we have that

2
In(|| D7 (2 (w))[|?).

0
HKr (W) = Ksz(w) = Ke(w) = -

Notice that (D(T')(t(z)), D(T)(t(w))) is a positive semidefinite reproducing kernel (see
[10]), so we have that

2
T (D)) <O
then it follows that
2 e | ) _ _ @ )
i (LT + 1) = K w) = Kr(w) = 2ol Dre(w) ) > 0.

Corollary 4.10. Let T and T be operators in B1(Q). Suppose that {T} = H>®(Q). If
there exists ¢; € H°(RQ), i = 1,2 such that

2

Kr(w) — Kz(w) = In(|gp1 (W) + |p2(w)[?), w e Q,

Jwdw
then T is similar to T .

Remark 4.11. It is challenging to decide when an intertwining operator (or a holomor-
phic bundle map) between two Cowen—Douglas operators is invertible. Thus, it is natural
to find the bounded bundle map first before getting such an invertible bundle map. Thus,
Proposition 4.8 gives a way to describe the similarity of two operators in B;(£2) by search-
ing for the bounded bundle map to match with the difference of curvatures. For the U + K
similarity case, by using Proposition 4.8, we see that the bounded operator appear in the
difference of curvature can also be in the form of a unitary operator plus a compact oper-
ator but may not be invertible.

Now we state and prove one of the main theorems of the paper.
Theorem 4.12. Let T and T be operators in €F B, (). T is similar to T if and only if
the following statements hold:

2 .

(1) K, — Kz, = gugg (i), 1 <i <n;

2) 20117 = O (), 1 <i <n—1,
where ¢; = % + 1, ®; : E1,; — E; is a bounded bundle map, t; is a nonzero section
of bundle ETt,;, E; is a Hermitian holomorphic line bundle for 1 <i < n.
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Proof. Suppose conditions (1) and (2) are satisfied. By Proposition 4.8, there exist invert-
ible operators X1, X», ..., X, such that

Ti=XT, X", i=12...n—1.

Let T denote the following operator:

Tl,l X, Ti,zxz_l X, Tl,an_l
0 15, X2l 3X5! XoTon X1
T=|: . - . :
0 0 Tn—l,n—l Xn—szt’—l,an_1
0 0 0 Tan
By the definition of T, it follows that 7T is similar to T'.
We set
Tii XiTioXx;! 0 0
0 Tr X2T2,3X3_1 0 0
A= . . . . .
0 0 Tn—l,n—l Xn—lTﬁ—l,nX;l
0 0 e 0 Tan
and _
Ty T, O 0
0 Ty Trs 0 0
B = )
0 0 fn—l,n—l f'l_l n
0 0 0 Ty

It is easy to see that
0ii+1(T) = Oiv1(A),  0ii41(T) = 0i41(B), 1<i<n—1.

We claim that A is unitarily equivalent to B. In fact, by [20, Theorem 3.6], we only
need to prove the second fundamental form of A and B are same. Clearly, X; (¢ +1(-))
is a nonzero section of Ex

Tivriv1’
X;T;; X_—l X: t w 2
6;i+1(A)(w) = 1XiTii+1 X5, l+1(z+;( DI
| X1 (i1 (w))|
idii+1i+1(W
_ T (i )2
1 Xie1(tip1(w))|?
and ) 2
T;iv1Xi t:
Oii+1(B)(w) = (75,41 Xi+1(ti41(w))||

[ Xi1(tiv1(w))?
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oinee X, 25 ()P
i (i (w .
¢i(w)=W, 1<i<n,
we have
0:,i+1(B) = 0 ;41(T)
_ $iw)
= gty i ()
_ 1X: (Tiip1 Gt DIZ i1 )? (1 Th i1 (G (w))]1?

1Tii+1(tie 1 )IZ X1 1 (w)) |2 i1 (w)]I?
_ 1 X; T i1 (i1 () ||
1 X1 (i1 (w)))1?

0i,i+1(A).

Thus, there

V*BV = A. We set X := diag{Xy, X5, ..., X}, consider

VXTX'Vv*=VvTV*
T Tip iXaTip X5V iXiTia X'V}
0 T2,2 T2,3 V2X2T2!4X4V4*
0 0 T33 T34
0 0 Tn—Z,n—2
0 0 0 Tnfl,nfl
0 0 0 0

exists a diagonal unitary operator V = diag{Vy, V>, ..

., Vu} such that

V]X]Tl,"X,Tan*
V2X2T2Yan_1Vn*
V3X3T3,nX;1Vn*

7jn—Z,n—l Vn—ZXn—aTn—Z,n Xn_l Vn*

Tnfl,n
Tn,n

By Lemma 4.4, there exist a bounded operator K such that I + K is invertible and

(I +KVXTX VI +K)'=T.

Thus T is similar to 7.

On the other hand, suppose that 7" is similar to f, i.e., there is an invertible linear oper-
ator X such that TX = XT. By Proposition 4.5, X is upper triangular. By Lemma 4.6,

we have
X1,1 0 0 0 T1,1 T1,2 0 0
0 Xz’z 0 0 0 T2,2 T2’3 0
0 0 Xn—l,n—l 0 0 0 Tn—l,n—l 0
0 e e 0 Xnn 0 . 0 Ton
T1,1 ?:1,2 0 0 X1 0 0 0
0 Tzp To3 0 0 X252 0 0
0 « 0 Ty_1n1 O 0 0 Xp—1n-1 O
0 e 0 T’n,n o - - 0 Xnn
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It follows that
XiiTii = TiiXii, XiiThivr = Tiis1 Xivrit1.
e X o)) 2
¢i(w) = Hlli(lTHz’ 1<i<n

By following the same argument as in the sufficient part and from Proposition 4.8, we can
conclude that

32
Ky = K, = 5 5= 1n(di)
and
) X:T:inq (£ 2 T Xoo 1 (t; 2 ~
o 9i,i+1(T) _ ” i 1,z+1(1+1)2|| — ” i,i+1 1+1(t+12)|| _ 9i,i+1(T)-
Pi+1 [ X1zt || [ X1zl
This finishes the proof of the necessary part. ]

5. Applications

In this section, we construct uncountably many (non-similar) strongly irreducible opera-
tors in B, (D), where D (:= {z € C : |z| < 1}) is the unit disc. We also characterize a
class of strongly irreducible weakly homogeneous operators in B, (D). Let M; , be the
multiplication operator on a reproducing kernel Hilbert space #g, of holomorphic func-
tions defined on D, 1 <i < n. Suppose {M, .} = H*>° (D) and Mi*:z e Bi(D),1<i <n.
We set

My, M} M} e M

91,2 91,3 P1,n
* * *
M2,Z M¢2,3 e P2.n
T := : . ,
M:—l,z M‘;n—l,n
My,
Mr M2 * ... M*
1,z 1,2 1,3 1.0
Mk MZ* M=
_ 2,z 2.3 2.
T := : :
M:_l z Mgn—l,n
M*
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and
My, Mg, 0 0
* *
M2,z M¢2,3 0 0
= CoMe,. Mr o |
n—2,z Pn—2,n—1
M:_laz Mf;;nfl,n
My,
M* * . .
1.z 91,2 0 0
* *
Mz,z F 0 0
= M, . M* 0
n—2,z ‘;n—Z,n—l
M:_I’Z gnfln
My,

Assume that ¢; ; 11, $i,,~+1, 1 <i <n — 1, are all nonzero bounded holomorphic func-
tions. Then by Lemma 4.3, it follows that 7, T, 71 and 7} are all strongly irreducible
operators.

Proposition 5.1. Let T and T be elements of €F B,(D). Then T is similar to T if and
only if the zeros, along with its multiplicity, of ¢; ;+1 and ¢; ;11 are the same, and both

Gii+1 bii+1

= and

Gii+1 Gii+1
are elements of H*(D), 1 <i <n—1.

Proof. By Lemma 4.4 and Lemma 4.6, T is similar to T if and only if 77 is similar
to T;. First, assume that the given conditions are satisfied. We need to show that 7] is
o T e it ; _ e AL * A%
similar to T7. We set ¥; ;41 := T 1<i<n-1, X; = Mwl’2 V2s M%_l’n,
X, = M?* * -~M$n71_’n, e Xpo1 = MIZ” Xy, = I.1tis easy to see that

V23" W34 -1’
X1 0 0 0
0 X, O 0
0 0 Xn—1 0
0 0 0 Xn

is invertible and Ty X = X T}.

Conversely, suppose that T is similar to 7. So, by Lemma 4.6, there exist invertible
operators X1, X2, ..., X, such that X; M; ;* = M; ;" X;, 1 <i <n, and X,-M(;;‘i’i+1 =
MgiiHX,-H, 1 <i <n—1. From the commuting relation X; M;,* = M; ;*X; and
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{M; .} = H*®(D) , there exists a ¥; in H°°(]D) such that X; = Mj for 1 <i <n.
Since X; is invertible, y; is nonzero, and ]/, is a bounded holomorphlc function. From

X; M;HH = M . X,+1, we get ¥ (2)¢piiv1(z) = ¢, i+1(2)¥it1(2) for all z in D.
Thus it follows that the zeros, along with its multiplicity, of the functions ¢;,; +1 and qb, i1

h 2t angd ¢’ 2L+l are bounded holomorphic functions on ID. n
l i+1

are the same and bot

Corollary 5.2. Let M; ; be the multiplication operator on the reproducing kernel Hilbert

space Hx;, where K;(z, w) = m, z,weD, 1 <i <n. Suppose that 1 < A; <

Aig1 <Aj +2for1 <i <n-—1. Weset

T(al,az,...,anfl,ml,mz,m,mnq)

* * * * *

MlyZ ‘]‘/I(Z—al)”’1 M¢1 3 o M¢1,n—1 M¢1,n

* * * *
M2,Z M(Z —az)™2 M¢2 4 o M¢2,n
- * *
Mn—2,z M(z —ay—p)"n—2 bn—2.n
* *

Mn 1,z M(z—an_l)mnfl

M,

and

Tb1,b,eesbnr 1l seeesln1)

My, MF Mz .- X X
Lz (z—bh é1,3 O1,n—1 [

M M* MZ* oy
2,z (z=b2)2 P24 2.n

- * * *. ’
Mn 2,z M(Z_bn72)ln_2 $n72n
* *
Mi-rz My,
My,
where a;,b; € D andm;,l; e N for1 <i <n—1and
bi,j
(z —a)™i(z = aip1)™+ ... (2 —aj_)™"
bij

(Z — bi)li (Z — bi+])li+1 e (Z — bj_l)l/'*1
are bounded holomorphic functions on D, with 2 <i < j <n, j —i > 2. Therefore
T(ay,az,.san—1,m1 3 eccsmny) B8 SIMIlAr 10 Tp, b, ... by 1y s, l—y) U and only if a; = b;
andm; =l for1 <i <n-—1.
Let Mob denote the Mobius group of all biholomorphic automorphisms of the unit
disc D.
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Definition 5.3. A bounded linear operator 7', defined on a Hilbert space #, is said to be
weakly homogeneous if 6(7) € ID and ¢(T) is similar to T for all ¢ in MGb.

Now we state and prove a result which characterizes a class of weakly homogeneous
operators in By (ID). This generalizes [13, Theorem 3.6].

Proposition 5.4. Let M; , be the multiplication operator on the reproducing kernel

Hilbert space Hk;, where K;(z, w) = m z,weD, 1<i <n.Suppose that 1 <
Ai <Aip1 <Ai+2forl1 <i <n—1. Weset

MI*,Z M'/tl,z M$1,3 o Mgl,n—l Mgl,n
MZ*,Z Mlltzg M$2,4 o Mdtz,n
T := - : )
M:—Z,Z Ml;;nfz,nfl Mt;;n—z,n
M:—LZ IZn—l,n
M:,Z

where ;41 € C(D)NHol(D), 1 <i <n— 1, is nonzero and ¢i,; € H®(D) for 1 <
i <j<nandj—i=>?2. The operator T is weakly homogeneous if and only if each
Vii+1, 1 <i <n—1, is non-vanishing.

Proof. We set

Ml*,z MJI’Z 0 0
Mz*,z M;jz’3 0 0
Ty := . B :
1 M M7 0
n72’Z V’nfz,nfl
M;_I:Z M"Zn—l,n
M,

By Corollary 3.6, Lemma 4.4 and Lemma 4.6, it follows that 7" is weakly homogeneous
if and only if 77 is weakly homogeneous. First, we show the necessary part, i.e., if the
given conditions are satisfied, then T} is weakly homogeneous. It suffices to show that T,
is weakly homogeneous. To show this, we consider

X1 =My, 061 1ep) M gy 30610 109) =" M g,y os=Hs=1yop) Cop1,
11/1,2 WZ,S Yn—1,n

X, = M(m,gofl)((qr‘)'oqs) "‘Mw,,f],,,oqr‘)(w‘)'oqs) Cdrh
1//2,3 Iﬁnfl,n

Xn—1 = M(w,,fl,noqs*l)((d)*l)’ow Cdrl ’
anl,n

Xy = Cyp-1,
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where Cy-1(f) := f o ¢!, f e Hol(D), ¢ € Mob. As each X;, 1 <i < n, is invertible,
)

X1 0 O 0
0 X, O 0
Xe=|: 0 o
0 o -+ X,—1 O
0 o .- 0 Xn

is invertible and note that ¢ (77") Xy = X T}

Conversely, assume that 77 is weakly homogeneous. So, by Lemma 4.6, there exist
invertible operators X1, Xz, ..., X, such that X-M* =¢M;)X;, 1 <i <n, and
XM;; +1—¢’( * M ,+1,1<z<n—1Wesett,(w) —K,w()andtl¢ =
ti o ¢~ !, where K,,w (Z) K (z, w) for z, w € D. Since X; M, = ¢(M},)X;, there
is a ¢; in H*°(D) such that X; (#; (w)) = v (w)t; ¢ (w) for all w in D, 1 5 i <n. For
1 <i <mn, X; is invertible, so ¥; (w) # 0 for all w in D, and % is a bounded holomorphic

function. From X; M; oy = = ¢’ (M* )MW +1X,-+1, 1 <i<n-—1,weget

Vi (W) Vi1 () = Vip1 (Wi 410~ (W) (¢~ (w)), w eD. 5.

We claim that ¥; ;4+1, | <i <n — 1, is non-vanishing. Suppose on contrary there exists
a point wo € D such that v; ;41 (we) = 0. Since Mob acts transitively on D, by equation
(5.1), it follows that ¥; ; +1(w) = O for all w € D and hence ¥; ; +1(w) = 0 for all w in D.
This contradicts that v¥; ; 4 is a nonzero function. Thus ¥; ;1 (w) # 0 for all w € D.

Now we show that v; ;41,1 <i <n —1,isnon-vanishingon T ={z € C: |z] =1}.
Replacing ¢ by a biholomorphic map z > e’ 97 in equation (5.1), we obtain

Vi (WY1, (@) = Y1 (WYii1(e?W), weD,feR. (5.2)

Suppose there exists a point ¢ such that Viit1 (e'%) = 0. Choose a sequence {w, } in D
such that w, — e~1% agn — oo. From equation (5.2), we get

Vi (W) Vi1 (@n) = € Wi (Wa) Vi i41(e70 Tn). (5.3)
Since ¥ ;41 € C (D) and ¥;, ¥iy; are bounded above and below on D, from equa-
tion (5.3), as n — oo, we get wi,i+1(ei(9+9°)) =0 for all § € R. Thus ¥, ;4 is zero

on at every point of T, and hence y; ; ;-1 vanishes identically on D. This again contradicts
the hypothesis that v; ; 4 is a nonzero function. This completes the proof. |
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