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The structure of KMS weights on étale groupoid
C *-algebras

Johannes Christensen

Abstract. We generalise a number of classical results from the theory of KMS states to KMS
weights in the setting of C*-dynamical systems arising from a continuous groupoid homomorph-
ism ¢ : § — R on alocally compact second countable Hausdorff étale groupoid §. In particular, we
generalise Neshveyev’s Theorem to KMS weights.

1. Introduction

Over the past 50 years the theory of KMS weights and KMS states has come to play a
significant role in operator algebras. To name a few examples, it appears as a key ingredi-
ent in Tomita—Takesaki theory [18], quantum groups [11] and the modelling of quantum
statistical mechanical systems via C*-algebras [3]. Furthermore, ignited by the work of
Bost and Connes [ 1], it has become a trend in recent years to give concrete descriptions of
KMS states for different examples of C *-dynamical systems. All this activity has resulted
in a wealth of general results, in particular for KMS states on unital C *-algebras.

For a unital C *-algebra all KMS weights are of the form Aw with A > 0 and @ a KMS
state, so studying KMS states and KMS weights is essentially the same thing. However, for
non-unital C *-algebras the two notions do not coincide. A classical textbook analogy for
this, see, e.g., [7], is that considering weights instead of states corresponds to considering
regular Borel measures instead of Borel probability measures on a locally compact second
countable Hausdorff space. When the space is compact, corresponding to a unital C *-
algebra, the regular measures are just scalings of Borel probability measures, and hence
a description of the Borel probability measures gives a description of all regular Borel
measures. For non-compact spaces, corresponding to non-unital C *-algebras, it is not in
general true that all regular Borel measures are scalings of Borel probability measures,
and in this case it is worth investigating the infinite measures as well. In the same manner,
KMS weights are a much more appropriate invariant for non-unital C *-dynamical systems
than KMS states, see, e.g., [20] for an example of this.
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With this in mind, the purpose of this paper is to extend some important results from
KMS states to KMS weights in the setup outlined in the abstract. In particular, we are
going to
* embed the set of S-KMS weights into a locally convex topological vector space, and

prove that the set of 8-KMS weights has many of the same properties as the set of

B-KMS states, cf. [3, Theorem 5.3.30],

» generalise a highly important theorem by Neshveyev to KMS weights, and
» generalise a refinement of the theorem by Neshveyev presented in [4] to KMS weights.

The theorem by Neshveyev we are going to generalise is [12, Theorem 1.3], which we
henceforth will call Neshveyev’s Theorem.

There are two key technical results that allow us to accomplish the above mentioned
goals. The first technical result is Proposition 3.1 in Section 3, where we prove that all
KMS weights for a general C*-dynamical system are finite on a certain subset of the
Pedersen ideal. This result allows us to study the set of KMS weights in a very general
setup in Section 4. For C*-dynamical systems arising from an étale groupoid § and a
continuous groupoid homomorphism our Proposition 3.1 furthermore implies that any
KMS weight is finite on C.(¥), which we use to generalise Neshveyev’s Theorem to
weights in Section 6. It has previously been attempted to generalise Neshveyev’s Theorem
to weights [5,19], but without the information from Proposition 3.1 it has not been possible
to prove the theorem in full generality.

The second technical result is Theorem 5.5 in Section 5. In Section 5, we analyse
quasi-invariant regular Borel measures on étale groupoids, and in Theorem 5.5 we prove
that the extremal measures in the convex set of such quasi-invariant measures are exactly
the ergodic measures. This observation allows us to use ideas from ergodic theory to study
KMS weights, and we use it in Section 7 to extend the main theorem of [4] to KMS
weights.

2. Background

In the following, we will summarise our notation and some basic theory on C *-dynamical
systems, groupoid C *-algebras and KMS weights. For a more comprehensive treatment of
étale groupoid C *-algebras we refer to [15,17], for C *-dynamical systems we refer to [9]
and for KMS weights and their GNS representation we refer to the treatments in [8,10,11].

2.1. C*-dynamical systems

Assume that (4, ) is a C*-dynamical system over R, i.e., @ = {a;};eRr is a continuous
1-parameter group on the C *-algebra #, cf. [2, Definition 2.7.1]. To introduce the analytic
continuations of (4, o), we want to define a map o, for each z € C. To define its domain,
we let S(z) denote the set of complex numbers with imaginary part between 0 and Im(z),
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i.e., if Im(z) > 0 then
S(z) ={y € C :Im(y) € [0,Im(2)]}

and if Im(z) < 0 then S(z) is defined by requiring Im(y) € [Im(z), 0]. We let S(z)°
denote the interior of S(z). The domain of «,, denoted D(w;), consist of the elements
a € # such that there exists a continuous function f : S(z) — s that is analytic on S(z)°
and satisfies f(t) = a;(a) for all ¢t € R. For such a € D(«;) we define o, (a) = f(z).
We call an element a € 4 analytic for « if there exists an analytic function f : C — 4
with f(t) = a¢(a) for all t € R, and it then follows that a € D(«;) for each z € C. The
operator o, is multiplicative in the sense that when x, y € D(a;) then xy € D(a;) and
az(xy) = az(x)az(y).

Not all elements of +4 are analytic in general, so it is crucial that we can associate a lot
of analytic elements to each a € 4, namely for each n € N the element a(n) € 4 given
by

a(n) := %/Re_"ztzat(a) dr 2.1

is analytic, see [9] for this. These elements satisfies that ||a(n)| < ||«|| for all n € N and
that a(n) — a in norm for n — oo.

2.2. Groupoid C *-algebras

When § is a groupoid we define its range map r : § — § and its source map s : § — § by
r(g) =gg 'ands(g) = g~ g for g € §. The common image of r and s is the unit space,
which we denote €. For x € £© we set §, = s~'(x) and §* = r~(x), and denote
by §} :=§* N §, the isotropy group at x. We will throughout the paper consider locally
compact second countable Hausdorff groupoids § that are étale, meaning that r and s are
local homeomorphisms. To ease terminology we will simply call such groupoids étale,
so throughout this paper an étale groupoid is assumed to be locally compact, second
countable and Hausdorff. An open subset W of an étale groupoid ¥ will be called a
bisection if both 7 (W) and s(W) are open, and r|y : W — r(W) and s|w : W — s(W)
are homeomorphisms. Since we will work with infinite measures in this paper, it is not
necessarily true that a measure restricted to a bisection W, or restricted to r (W) or s(W),
is finite. Since this complicates some arguments, we will introduce the notion of a small
bisection, which will be an open bisection W C § with W compact such that there is
another bisection U C € with W € W C U. Since we will work with regular measures,
all our measures are finite on small bisections.

For an étale groupoid § we can define the product f; * f, of two functions fi, f> €
C.(9) via the formula

(fix L)@ = D, Al)f(h'g) 22)
hegr(®)

for any g € &, and we can define the involution of any f € C.(§) by f*(g) = f(g™1)
for g € §. With this product and involution C.(§) is a x-algebra. In this paper, we will
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consider the completion of C.(¥) with two different norms, the full norm |-|| and the
reduced norm |-||, which give rise to respectively the full groupoid C*-algebra C*(§)
and the reduced groupoid C *-algebra C*(§), see [15] for more details. The full norm on
C.(9) is given by the formula

I £ := sup{|lw(f)] : 7 is a *-representation of C.(§)}

for f € C.(%), and for the definition of the reduced norm ||-||, we refer to [17], and
here only remark that for f € C.(§) we have the inequalities || f|loo < || £l < I .f]l>
where ||-||oo denotes the sup-norm. When f € C.(§) is supported on a bisection these
inequalities become equalities, i.e., | || = || fllr = || f |loo. From this it follows that the
restriction map C.(§) — C.(¢?) extends to a conditional expectation P : C*(§) —
Co(§®). When # is an open sub-groupoid of an étale groupoid § it follows from the
definition of the full norm that the map ¢ : C.(#) — C.(¥§) that extends functions by 0 is
an injective x-homomorphism which extends to a x-homomorphism ¢ : C*(H) — C*(§).

When A is a locally compact abelian group we call a map ® : § — A a continu-
ous groupoid homomorphism when it is continuous and ®(gh) = ®(g)P(h) whenever
g.h € 9 can be composed'. If 4 is a locally compact abelian group with dual group A
then a continuous groupoid homomorphism ® : § — A gives rise to a C*-dynamical
system (C*(§), A, a) satisfying for & € A that

ag(f)(g) = §(®(g)) f(g) for feCc(§)andge ¥ (2.3)

see, e.g., [15, Proposition 1I.5.1]. When A = R we will denote a continuous groupoid
homomorphisms by ¢, and we call the continuous 1-parameter group it gives rise to diag-
onal, and denote it by «¢. The 1-parameter group a¢ = {of };cr then satisfies

af(f)(g) =@ f(g) for f € Co(§). g € andt € R,

and the same formula defines a continuous 1-parameter group on C(§).

2.3. KMS weights

The theory of KMS weights on C *-algebras was introduced by Combes [6], but in this
paper we will follow the presentation in [8, 10, 11], which are a great place for the reader
to find a more rigorous treatment of the subject than the one presented here.

For a C*-algebra A we let A denote the convex cone of positive elements in .
A weight on A is a map ¥ : A4 — [0, 0o] such that ¥ (a + b) = ¥(a) + ¥ (b) and
Y(Aa) = Ap(a) foralla,b € Ay and A > 0. We call a weight

* densely defined if {a € Ay : ¥(a) < oo} is dense in A,
* lower semi-continuous if {a € A4 : ¥ (a) < A} is closed for all A > 0, and

* proper if it is densely defined and lower semi-continuous.

'These maps are also referred to as continuous 1-cocycles in the literature.
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For any proper weight y we define a left ideal Ny, := {a € A : ¥ (a*a) < oo} and we set
My = {a € A4 1 Y(a) < oo}. Setting

My :=span{a®b 1 a,b € Ny}

then My, = span M jp_ , and it is a dense x-subalgebra of 4. There is a unique linear exten-
sion My, — C of ¥ on My N A4 which we also denote by . In this paper, we will use
a definition of B-KMS weights inspired by [8, Definition 2.8]. For the relation between
this definition and the original one by Combes in [6] see [8, Theorem 6.36].

Definition 2.1. Let A be a C*-algebra, @ : R — Aut(A) a continuous 1-parameter group
and let B € R. We call a weight ¥ on 4 a S-KMS weight for « if it is a proper weight
satisfying

(1) yoa, =y forallt € R;

(2) forevery a € D(a—g;/2) we have

Y(a*a) = Y(a—pij2(@)a—gij2(a)*).
We call ¥ a B-KMS state for « if sup{/(a) : 0 <a <1} =1.

Notice that the weight ¥ = 0 is always a 8-KMS weight by Definition 2.1. This differs
from, e.g., [11, 19] where a proper weight is by definition non-zero. We define the weight
¥ = 0to be a B-KMS weight because we want to prove that the set of S-KMS weights
for diagonal actions on étale groupoid C *-algebras is closed cf. Section 4, which will not
be true if one removes the zero weight.

If one ignores the weight ¥ = 0, the KMS weights for « defined in [8, 11] are exactly
the —1-KMS weights for « in Definition 2.1. For § # 0 we can translate the results of
[8, 11] into our setting by noticing that in Definition 2.1 a weight is a B-KMS weight for
{as}ser if and only if it is a —1-KMS weight for {a_g; };er. For B = 0 we can translate
the results by using that a 0-KMS weight for « in Definition 2.1 is precisely a —1-KMS
weight for {o_g;};er = {Id4}ser invariant under o.

One can extend a KMS weight on a C *-algebra to a KMS weight on a von Neumann
algebra via the GNS construction.

Definition 2.2. Let  be a proper weight on a C *-algebra 4. A GNS construction for
is a triple (Hy, 7y, Ay ) where Hy is a Hilbert space, Ay : Ny — Hy is a linear map
with dense image such that

(Ay(a), Ay (b)) =y (b*a) foralla,b € Ny

and 7y, : A — B(Hy ) is a representation with 1y, (a) Ay (b) = Ay (ab) forall a € A and
be d\f]/,.

As for states, one can prove that there exists a GNS construction for a proper weight
and that it is unique up to a unitary transformation. If i is a B-KMS weight for the
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C*-dynamical system (-, o) with GNS triple (Hy,, wy, Ay ) it follows from, e.g., [8, Res-
ult 2.16] that there exists a strongly continuous unitary group representation R > ¢ — u;
on Hy such that Ay (o;(a)) = u;Ay(a) for all a € Ny. Combining [8, Result 2.3] and
[8, Lemma 4.1] we see that for any a € Ny, then a(n) € Ny, forall n € N and

Ay (a(n)) = %/Re_"ztzutm,,(a) dt > Ay(a) forn — oco. 2.4)

To extend a KMS weight to a von Neumann algebra, let us recall that a strongly continuous
1-parameter group o on a von Neumann algebra M is a 1-parameter group such that the
map R > ¢t — a;(a) is o-weakly continuous. We call a weight ¢ on a von Neumann
algebra M semi-finite when {a € M : ¢(a) < oo} is o-weak dense in M4 and we call ¢
normal when {a € M4 : ¢(a) < A} is o-weak closed for all A > 0.

Theorem 2.3. Let \ be a non-zero B-KMS weight for a continuous 1-parameter group o
on a C*-algebra A and let (Hy, wy, Ay ) be a GNS-construction for .
(1) There exists a normal faithful semi-finite weight 1; on 1wy (A)" such that =
Yo my.
(2) a; = Adu, defines a strongly continuous 1-parameter group on 1wy (A)” with
Ty ooy = O 0 7y forallt € R.

(3) {&_p¢}ier is the modular automorphism group with respect to 1]7

Proof of Theorem 2.3. When 8 = —1 these statements are the content of [ 10, Section 2.2],
and for general 8 # 0 the statements then follow by scaling the action. When 8 = 0 then
(1) and (3) follow since a 0-KMS weight is a —1-KMS weight for the trivial action, and
(2) follows from, e.g., [10, Corollary 2.20]. ]

3. KMS weights and the Pedersen ideal

In this section, we will prove that for a given one-parameter group « on a C *-algebra 4
there are certain positive elements in the Pedersen ideal on which any f-KMS weight for
o will take finite values.

Let us first recall the definition of the Pedersen ideal. Let throughout + be a C*-
algebra. Define the set

F(A) :={a € Ay :3b e Ay withab = a}

and let

n
Ped(A) 4 := {a € Ay :3day,as,...,a, € F(A) witha < Zai}.
i=1
The Pedersen ideal Ped(A) of A is then the set span{Ped(+)+}. We refer the reader to
[13, Section 5.6] for an introduction to the Pedersen ideal and its properties, and here we
only remark that Ped(+) is a dense ideal of +.
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Proposition 3.1. Let v be a §-KMS weight for a continuous 1-parameter group o on a
C*-algebra A. It follows that

F(A) N D(a—ig/2) S Ny

Proof. Let (Hy, 7wy, Ay) be a GNS triple corresponding to ¥. Set M = my (A)” and
let ¥ be the extension of ¥ to M, cf. Theorem 2.3. Fix a € F(#4) N D(c—ig/2) and
pick an element b € A4 with ab = a. We can, without loss of generality, assume that
la]l < 1. The sequence {my (a)'/™},en converges in the strong operator topology in M
to the range projection p € M of my(a). Since 7y (a) and mwy (D) commute the C*-
algebra C*(mry (a), my (b), 1) € M is commutative and the function representing 7y, (b)
equals 1 on the support of the function representing 7y (a). Since the support of my (a)
and 7y (a)'/™ agree for all n, we get that

pry(b) = p = 7y (b)p.
Since ¥ is densely defined there exists an element ¢ € A with ¥ (c) < oo and
lc? —b2| < 1/4.

For each n € N defining ¢(n) as in (2.1), c¢(n) is analytic for a with ¢(n) € A4+ and
c¢(n) — ¢ for n — oo, and hence we can assume by, e.g., [8, Lemma 2.12] that there
is an analytic element ¢ € 4 with ¥ (c) < oo and ||c? — b?|| < 1/2. This gives us the
following inequality:

Py () p = plaa,) = | POy () =24 0P| g,
< llmy(c?) = my b)) lBa,) < llc* = b < 1/2.

Spectral theory now implies that p < 2pmy, (c?)p. Since p is the range projection of
my (a) then pmy (a) = my(a), and hence

my(a®) = wy(a) pry(a) < 2y (a) prry (¢*) prry (a) = 2y (a) 7y (¢*)my (a).

This implies that

Y (a?) = ¥ (my(@?) < 29 (ry(@)my (D) my (a)) = 29 (ac?a)

and hence to prove the proposition it suffices to argue that ¥ (ac?a) < oco. Since V¥ is a
B-KMS weight and a, ¢ € D(a—;g/>), this fact however follows from the calculation

V(ac?a) = Y (a_ig/2(ca)a_ig 2(ca)*)
= Y(a—ip/2(c)a_ip/a(@)a_ig/2(a) a_ig/2(c)*)
< llo—ig/2(@) 1>V (e—ig2()a—ip/2(c)*) = lla—ig/2(a)|[*¥(c?) < occ.

In conclusion, ¥ (a?) < oo and we have proved the proposition. ]
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Corollary 3.2. Assume that A is a C*-algebra and o is a continuous one-parameter
group with F(A) € D(a—;g/»). It follows that Ped(A) € My for any B-KMS weight .

Proof. If ab = a fora, b € A then \/ab = \/a, and hence F(#A) C Mf; The statement
in the corollary now follows from the definition of My, and Ped(+A) . |

Remark that Corollary 3.2 implies the well-known result that proper tracial weights
are finite on the Pedersen ideal, because any proper tracial weight can be considered a
1-KMS weight for the trivial 1-parameter group.

4. The set of KMS weights

The set of KMS states for a C*-dynamical system has some remarkable properties when
considered as a convex subset of the dual of the C *-algebra, cf. [3, Theorem 5.3.30]. In
this section, we will use Proposition 3.1 to analyse the structure of the set of KMS weights
for a large class of C*-dynamical systems. The first hurdle we have to overcome before
we can analyse the set of KMS weights is to find a sufficiently nice vector space to embed
them into.

For a C*-dynamical system (+, @) we denote the fixed-point algebra of « by

AY = {x € A:a;(x) = x forallt € R}.

Lemma 4.1. Let (A, «) be a C*-dynamical system with A separable. The following are
equivalent:

(1) There exists an approximate identity { Ep}neN of A in A%, ie., E, € AY for all
n € N.

(2) A% contains a strictly positive element for A.

(3) There exists an approximate identity {Ep}neNn of A in A% with E,E, = E,
whenever m > n.

Proof. This follows by the proof of [13, Proposition 3.10.5]. ]

In this section, we will analyse the structure of the set of KMS weights for a C*-
dynamical system (+4, ) with 4 separable and { £, },eN an approximate identity satisfy-
ing (3) in Lemma 4.1, so let us start with two examples of such C *-dynamical systems.

Example 4.2. Let § be an étale groupoid and let ¢ be a diagonal action induced by a
continuous groupoid homomorphism ¢ : § — R as in (2.3). We can pick a sequence of
functions { f,}5>, € Ce(6©) with0 < f, < 1and f, fyr1 = f, foreach n € N such
that whenever K C €© is compact there exists an N € N with f,(x) = 1 forall x € K
and n > N. It follows from (2.2) that this is a countable approximate identity for both
CX (%) and C*(¥) which satisfies (3) in Lemma 4.1.
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Example 4.3. Let (A, o) be a C*-dynamical system with 4 a separable C *-algebra and
« a periodic 1-parameter group with period r > 0, i.e., ®;4, = o, for all t € R. Since A
is separable there exists a strictly positive element x € #4_. The element

y = /Ora,(x)dt

satisfies that y € A®. By definition any state w on 4 satisfies w(x) > 0. Since w o «; is
also a state for ¢ € R, this implies that any state w on +4 satisfies w(y) > 0, and hence y
is strictly positive. In conclusion, such a C *-dynamical system satisfies the conditions in
Lemma 4.1 as well.

To analyse the set of KMS weights, fix a C *-dynamical system (-4, o) with #4 separ-
able satisfying the equivalent conditions in Lemma 4.1, and fix throughout the rest of this
section an approximate identity { £, }7> ; asin (3) in Lemma 4.1. We define A, = E, AE,
for all n € N and denote by o the restriction of & to A, so (#4,,@™) is again a C*-
dynamical system. Since E,+1 E, = E, we obtain an inductive system of C *-algebras

A Ay D A D A S 4.1

where (,, : A, — A,41 is the inclusion map. Clearly, the direct limit l_ir_)nneN Ay, 18 180-
morphic to #, and ¢, o : A, — A is the inclusion map.

For each n € N we let 4 denote the dual of #, which is a locally convex topological
vector space in the weak*-topology. The inductive system in (4.1) gives rise to a projective
system of locally convex topological vector spaces

T b 9] 3
AT <— A3 «— A <— Ay

5 1s then a locally

where 7, () = ¢ o, for ¢ € 4, ;. The inverse limit hm N An

convex topological vector space For each B € R we let Wﬂ denote the bounded B-KMS
weights for (#4,,a™). Since ”Wn is a closed convex subset of A for each n € N we can
identify the inverse limit ll(__m N W of the projective system

wh Zowh 2wk Zowh
with a closed subset of the vector space limnGN Ay The following proposition will now
give us a natural embedding of the set of S-KMS weights in a vector space.

Proposition 4.4. Let § € R. Denote by W(B, ) the set of B-KMS weights for a on A,
and define "W,/,g as above. Then the map

W(B.0) 3 ¥ = (¥ 0 tnoo)yZ € lim W)
neN

is a bijection.
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Before proving Proposition 4.4 we need two auxiliary lemmas.

Lemma 4.5. [f w is a lower semi-continuous weight on A with w o a; = w forallt € R,
w(E2) < ooforalln € N and

o(x) = lim w(Ey,xE,) forallx € A4, 4.2)
n—oo
then w € W(B, ) if and only if
0(Ena™ EpaEn) = 0(Ema_ig/>(@)Efo_ig/2(a)* Em) 4.3)
foralla € D(a_;g/2) andn,m € N.

Proof. The “only if” part follows by observing that when a € D(c_;g/,) then Eya E, €
D(a_ig;2) witha_;g/2(EmaEy,) = Epa_ig/2(a)E,. For the other direction assume that
w(E?) < oo forall n € N, that @ is lower semi-continuous, a-invariant and satisfies (4.2)
and (4.3). Since w(E,xE,) < oo forall n € N and x € A4, we get that w is densely
defined. For any a € D(a_;g/2) and m € N we have by lower semi-continuity that

Jim O(Ema_igj2(a)Eqo_ip/2(a)* Em) = 0(Emo_ip/2(a)a—ip/2(a)* Em)
and hence by (4.2) and (4.3) we have
w(a*Eya) = o(Epa_igja(a)a_igj2(a)* En).

Using the same argument for m — oo we get that w(a*a) = w(a—;g/2(a)a—ig/2(a)*) and
hence w € W(B, a). |

Lemma 4.6. Assume 8 € R and assume {w, }32, is a sequence with wy, € Wf for each
n € N.

(1) If wnt1la, = op for each n € N and there exists a constant K,, > 0 for each
m € N with
wn(EZ) < Ky foralln >m (4.4)

then the formula
w(x) = lim w,(EyxE,) forx € Ay 4.5)
n—>oQ

defines an element w € W(B, o).

2) If opt1la, < wn foreachn € N then the formula
w(x):= lim lim w,(E,xE,) forx € A4+ 4.6)
n—>o00 m—>0o0

defines an element € W(B, o).
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Proof. Let us first observe that when w,, € 'Wf, and n < m then
Om(EpVE,) < wp(y) forall y € (Ay)+. 4.7
To see this take a y € #A,, analytic for «™. Then
Wm(Eny*yEn) = wm(aTiﬂ/z(y)Er%‘xr—niﬁ/z(y)*) < om(@Zg (Mg (1))
= om(y*y)

and we obtain the formula since w,, is continuous.
To prove (1), fix a sequence {w,}5~, satisfying the conditions in (1). We use (4.7)
withm = n 4 1 to get

on(EnxEp) < op+1(EnxEp) = 0p+1(EnEnt1XEn+1Ep) < Onr1(Eny1XEny1)

for all x € A4, and hence (4.5) defines a map w : A4+ — [0, oo]. It is straightforward to
verify that w is a lower semi-continuous weight with w o o; = w for all # € R, and (4.4)
implies that w(E2) < oo for all n € N. Using (4.7) for y = EpxEy, for some x € A4,
we get that wy, (E,XxE,) < opm(EnxEy,) forn < m, and hence w(E,xE,) < w(x) for all
x € A4. Foreachn € N we have

wn(EpxEy) < lim wp(EpxEy) = lim wp(EmEpxErEy) = o(ExxE,) < o(x),
m—00 m—00
and taking the limit n — oo, this inequality implies that
lim w(Ey,xE,) = w(x) forallx € A4.
n—>00
Foranyn,m € N and a € D(a_;g/2),
Wk (Ena*EpaEp) = op (Em_ip (@) Efa_iga(a)* Epm)
for all k > n 4+ m, which implies that
w(Ena*ELaEy) = o(Emo—igj2(a)Efo_ip/2(a)* Em),

and hence w € W(B, o) by Lemma 4.5.

Now fix a sequence {w,}5>, satisfying the condition in (2). Let us first argue that
(4.6) is well defined. For each x € A4, {wm(EnXEy)}m>n is a decreasing sequence of
non-negative numbers, so it converges to some number in [0, co[. For each n € N and
m > n, using (4.7) on y = E,411xE,+1 implies that w,, (E,xE,) < om(Ep41XEn+1),
SO

lim wn(ExxEy) < lim wm(Epp1xEnt1),
m—0o0 m—00

and it follows that the formula (4.6) defines a weight  : A4 — [0, co]. To see that @
is lower semi-continuous choose {xi }xeny C A4+ with xx — x and w(xg) < A for all k
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andal > 0. If w, (E,%) = 0 for arbitrarily big n, then @ = 0 and hence it is lower semi-
continuous, so we can assume that there exists an N € N with @, (E2) > 0 foralln > N.
For eachn > N and & > 0 we have for k € N sufficiently big that ||x — xx || <e-w, (E2)™!,
from which it follows that

e
<e¢

|wm (En(x — xg)Ep)| < a)m(Ey%)w (E2) =

for m > n, and hence lim,— 00 wm (EyxE,) < A + €. Since n and ¢ were arbitrary, this
proves lower semi-continuity. Since

w(ErxEr) = lim lim w,(E,ExxELE,) = lim w,(ExxEy) 4.8)
m-—00

n—00 m—0oQ

we get both, that a)(E,f) < oo for all k and that w(x) = limg w(ExxEy) forall x € A4 .
Fora € D(a_;g/,) we get by (4.8) that forall [,k € N

w(Exa*E}aEy) = lim wm(Ega*EfaEy)
= mlgnoo wm(Ejo_igj2(a)Ego_ipa(a)* Ep)
= w(Eja_ig/2(a)Efa_ig/2(a)* Ey).

Since it is straightforward to verify that w o oy = w, Lemma 4.5 implies that @ is a -KMS
weight for . ]

Proof of Proposition 4.4. Fory € W(B,a)andn € N, w(E,%Jrl) < 00 by Proposition 3.1,
so for y € (An)+,
V() = ¥ (Ent1YEnt1) < VIV (EZL )

which implies that the map is well defined. Assume for a contradiction that injectivity of
the map fails for ¥1, ¥, € W(B, «), and assume that x € Ny, with ¥ (x*x) # Y1 (x*x),
and fix a GNS representation (H;, 7r;, A;) for y; fori = 1,2. If ¥ (x*x) < oo we get by
Definition 2.2 and (2.4) that

Yi(x(m)*x(m)) = [[Ai(x(m)|I> = |A;(x)|* = yi(x*x) form — o0 (4.9)

for i = 1,2, and hence we can assume that there is an analytic x with ¥, (x*x) #
Y1 (x*x) < oo. If Yrp(x*x) = oo the calculation in (4.9) still holds for i = 1, while by
lower semi-continuity ¥, (x(m)*x(m)) is unbounded in m, implying that we also can
choose an analytic x with ¥, (x*x) # ¥ (x*x) < co. So in both cases we can fix an ana-
lytic x with ¥2(x*x) # ¥1 (x*x). By lower-semi continuity we have that lim,, v; (x* E2x)
= 1 (x*x) fori = 1,2. Hence there is an n € N with

Y1(X*Epx) # Y2 (x*E2x)

which is a contradiction since ¥; (Ep0t—ig /2 (X)at—ig/2(x)* En) = ¥i (x*E2x) fori = 1,2.
In conclusion, Ny, € Ny, and Y1 (x*x) = Yo (x*x) for x € Ny, . Interchanging v/, and
Y, in the above argument, we get that ¥} = ;.
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To show that the map is surjective, let (¥, )neN € l(iLnnEN 'Wf . Since Yut1la, = Vn
foralln e N, (1) in Lemma 4.6 implies that setting ¥ (x) := lim, o0 ¥ (Enx E,) for each
X € A defines a B-KMS weights. Since ¥ maps to (¥, )»eN, this proves surjectivity. m

From the proof of surjectivity in Proposition 4.4 we get the following corollary.
Corollary 4.7. If v € W(B, «) then w(x) = lim, w(E,xE,) forall x € A4.

In light of Proposition 4.4 we will from now on identify 'W(8, o) with

im .

neN
and interchangeably identify any S-KMS weight ¥ with its image in l(iLnnEN Wf , which
we will denote by (V)02 ;.

We can now prove that LiLnne "W,’? as a subset of the vector space limn N Ay satisfies
some of the same properties that the set of 8-KMS weights has on a unital C *-algebra,
cf. [3, Theorem 5.3.30]. For this, let us introduce the notion of an extremal KMS weight.
We say that a §-KMS weight ¢ in W(B, o) is extremal when any w, ¢ € W(B, o) with
¥ = w + ¢ must satisfy that ¢, w € {Ay : A > 0}. We will now describe the set 1(i1_nnEN W,’,S.

Theorem 4.8. Consider lim N ”Wf as a subset of the locally convex topological vector
space lim ___ AY. Then
<—neN

(1) lim 'W,f} is a closed convex cone in lim A
<—neN <«—neN

(2) for B # 0.an element ¥ in 1(i£1neN Wf is extremal if and only if the von Neumann
algebra 7wy (A)" is a factor;

3) l(lr_n N 'W,’,g is a lattice in l(lr_n N Ay under the order
n n

V<¢ < ¢—yelimW.
neN
Proof. (1) follows from the observation that Wf is a closed convex cone in A} for each
n € N.
To prove the first implication in (2) we follow the proof of [19, Lemma 4.9]. Assume
that v is extremal in l(iLnneN "Wf with GNS representation (Hy,, 7y, Ay ), and fix a non-

Zero projection
P € wy(A) Ny (A).

Let 1} denote the extension of ¥ to 7y (A)” and let & be the extension of o as in The-
orem 2.3. Since {&/_g}:<Rr is the modular automorphism group for ¥ and B # 0 we get
by, e.g., [14, Theorem 3.6] that &, (p) = p for all t € R. It is straightforward to check that

At 3a— P(pry(a) and Ay 3a— P((1 - p)ry(a))

define two B-KMS weights on 4 with sum . By assumption this implies that there
exists s > 0 with Y (pmy (-)) = sy (y (-)). Choosing a sequence {a,}nen in 4 with
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my(an) — p in the o-weak operator topology, we see that for any b € Ny,
U (pry (b) 1y (b)) = lim i (g (b) "1y (an) 1y (b)) = lim{Ay (anb). Ay (b))
= (pAy(b), Ay (D)),

and since Ay (Ny) is dense in Hy, this implies that s~! p = I. In conclusion, p € C[ and
7y (A)” is a factor.

For the other direction in (2), assume that ¥ is an element of 1(21 W'3 with GNS
representation (Hy,, 7wy, Ay ) and that 7y, (#4)” is a factor. Assume thatqb ne 11m LN 'Wﬂ
satisfy that ¢ + n = . Fix an n € N. Since #A, C Ny we can define a closed subspace
H, C Hv, by

H, = A!/f(fA’n),
which becomes invariant under 7y (#4,). Letting 7|, (a) be the restriction of my (a) to
H, forall a € A,, we get that (H,, 7|,, Ay|.4,) is a GNS triple for the proper bounded
weight ¥,,, which implies that ¥, extends to a normal bounded 8-KMS weight 1/~fn on
7|0 (An)”, cf. [3, Corollary 5.3.4]. By [2, Theorem 2.3.19] ¢, also extends to a normal
bounded B-KMS weight (}5,1 on 7|, (A,)” such that (5,1 < 1;,7. Since these weights are
bounded, the proof of (1) = (2) in [3, Proposition 5.3.29] implies that there exists a
unique positive operator T}, € 7|, (An)” N 7|, (An)’ of norm at most 1 such that ¢, (x) =
Un (T x) for all x € 7|, (A,)". This implies that we get a sequence of operators {7, 1o
with T}, an operator on H,,. For any A, C € 4, and B € A, we have that
7y (A) 1y (B)Ay (C) = Ay (ABC) € Hy,
80 Ty (A)T+1 Ay (C) € Hy It A € (Ay)4 this implies
Tu1Ay(A) = 1y (VAT 1Ay (VA) € Hy,

and hence T,+1 H, € H,. Let Q, € H, be the cyclic vector with ¥, = (my ()2, 25)
for each n € N and let { By} | C oAy satisfy that limg 7],41(Bg) = Tn+1, then for
any A € A, we have A*Br A € A,, S0

(Tnt17y (A)Qp, wy (A)Q2p) = lilgn Yn(A*BrA) = li]?1 Yn+1(A* B A)
= (Tr170y (A)Q2nt1, 7y (A)Ln41)
= Pnr1(A"A) = $n(4*A4)
= Ty (A)Qp, w1y (A)Q).
and hence T,,+1|g, = T, for all n € N. By Corollary 4.7 we get for a € Ny, that
(Ay (@), Ay(EnaEy)) = Y(Ema® EnaEp) — Y(a*a) = |Ay(a)]

for n,m — oo, and hence Uf,o=1 H, is dense in Hy, and the sequence {7} },en defines a
bounded operator 7" on Hy,. For A € my (4,) and h € H, we have that TAh = T, Ah =
ATh, so we get that TA = AT, and hence T € my, (A)’. Since

Al/f(fA’n) = NW(CA’n)Alﬁ(En+l)s
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H,, is separable, so we can choose a sequence {£, 5%, with {€,}_, € Hy forall N € N
such that {£,}9° | is dense in Hy,. For each N € N we can use that Ty € 7|y (sAy)" to
choose Ay € Ay with ||[Ax|| <2 and

(T — 0y (AN))en. n)] < % foralln < N.

It follows that 7wy (Ax) — T, and hence T’ € 7y (4)”. By assumption this implies that
T = Al with A € C, and hence ¢, = Ay, for all n, proving that ¥ is extremal.
To prove (3) first notice that for ¢ = (¢n)021, ¥ = (Yn)ie; € l(i_r_nneN W,’,S we have
that
Y <¢ < Y, <¢, inWPforeachn e N. (4.10)

Now fix two elements ¢ = (¢,)5>, and ¥ = (Y¥,)52, in 1<i£1nEN "W,’? . Since 'Wf is a lattice
in 4 there exists a greatest lower bound w, € 'W,’? and a least upper bound 7, € 'W,’? of
the pair ¢, and v, for each n € N. Since wp 414, is a lower bound of ¢, and ¥, we
have w, 1|4, < wu, and likewise 1y41|.4, = Nn. Using that 0, |4, < (¥ + ¢)|4, forall
m > n it follows from Lemma 4.6 that the formulas

o(x):= nlLrI;o Mm(ExxE,) forx e Ay

and
7(x) := lim lim w,(E,xE,) forx € A4
n—>o00 m—>0o0

define two B-KMS weights. We claim that ¢ is a least upper bound of i and ¢, and 7 is a
greatest lower bound of i and ¢.

To prove that 7 is a greatest lower bound notice that 7 o (; oo = liMym—00 Wm |, SO
since W,'? is closed we get that 7 o i,  is a lower bound of v, and ¢, forall n € N.

If 7’ is another lower bound of ¥ and ¢, then 7/ 0 1, o < Wy, for all m, so since

o ln,oco = (T/ o Lm,oo)LA,, = a)mlAn

for all m > n, we see that t/ < 7, proving the t is the greatest lower bound. A similar
argument proves that o is a least upper bound. This proves (3). ]

5. Quasi-invariant measures

For an étale groupoid &, a real number 8 € R, and a continuous groupoid homomorphism
¢ : & — R the quasi-invariant measures on € () with Radon—Nikodym cocycle e ~#¢ play
a crucial role in the description of 8-KMS states. This was first observed by Renault in his
pioneering thesis, cf. [15, Proposition 11.5.4], and later generalised in [12, Theorem 1.3].
The aim of this section is therefore to analyse these measures, but since all results are
valid for general quasi-invariant measures we will state and prove them in this generality.
Most of the results in this section are known to experts when the measure is a probability
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measure, but since we are dealing with general regular measures, we will include proofs.
The main result of the section, Theorem 5.5, is new even for probability measures. We
leave the verification of the following observation to the reader.

Lemma 5.1. When § is an étale groupoid there exists a countable basis for the topology
on'§ consisting of small bisections, and r and s map Borel sets to Borel sets.

Let € be an étale groupoid, and let i be a regular Borel measure on €@ . Using the
Riesz representation theorem we obtain two unique regular Borel measures p, and jug
on § such that

[ron=[ ¥ r@ww. [ ron-=[ PIFEIEIES

gegx
forall f € C.(9).

Definition 5.2. Let § be an étale groupoid and let  be a regular Borel measure on §(©).
We call u quasi-invariant with Radon—Nikodym cocycle « if i and us are equivalent and
du,/dus = k for a Borel function k : § — R.

If pu, and pg are equivalent and die, /dps = k we can and will assume that k is positive

everywhere, and it then follows that dus /dp, = k1.

Proposition 5.3. Let § be an étale groupoid and let ju be a regular Borel measure on §©.
The following are equivalent:

(1) w is quasi-invariant with Radon—Nikodym cocycle k.

(2) For all small bisections W C '§ we have

u(s(W)) = / O ) ) (5.2)

r(w

where rv}l is the inverse of ry - W — r(W).
(3) Equation (5.2) is true for all bisections W C §.
(4) Whenever B C W is Borel for some small bisection W,

H(s(B)) = / ) dnco)

r(

Proof. Let W be a small bisection and let /2 be a regular Borel measure on §©). For
h e C.(W), (5.1) implies that

[haw = [ hogtenauco and [ rdno= [ byt o) duco.
g r(W) g s(W)
This guarantees that

Us(B) = u(s(B)) and wur(B) = u(r(B)) forall Borel B C W. (5.3)
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To see that (1) implies (2) assume that p is quasi-invariant with Radon—-Nikodym
cocycle k and let W C ¢ be a small bisection. Since duy/du, = k! we get

R0 = ) = [ i = | oy EOT D )

by using (5.3). The equivalence of (2) and (3) follows by writing any bisection W as the
union of an increasing sequence of small bisections. For (2) implies (4) let W be a small
bisection and let B (W) denote the Borel subsets of W, and fix B’ € B8(W). The two finite
Borel measures on W given by

BOV)3 B = u(s(B). B> 5~ [ o EO D )

agree on open sets by assumption, so by regularity they agree on B’, which proves (2)
implies (4). To see that (4) implies (1), notice that we can write any Borel B C § as a
countable disjoint union |_|i B; with each B; Borel and contained in a small bisection. Fix
i and suppose B; C W for a small bisection W, then

peB) = (5B = [l 007 o) = [ el dnte)

r(B;) B;

by (5.3). This proves that (4) implies (1). ]
Lemma 5.4. Let § be an étale groupoid. For N € §© then
srTHN)) = r(sTHN))

and this set is Borel if N € §© is Borel. If i is quasi-invariant with Radon—Nikodym
cocycle k and n(N) = 0 for a Borel set N, then ju(s(r='(N))) = 0.

Proof. The first statement follows by using that r(g) = s(g~!) for g € , and the second
follows since s is continuous and r maps Borel sets to Borel sets by Lemma 5.1. If W is
a small bisection and @ (N) = 0, then Proposition 5.3 implies

(s (N 0 r(W))) = /

Nnr(W

K(rﬁ,1 (x))"tdu(x) = 0.
)

Since we have a countable basis of small bisections this proves u(s(r~1(N))) = 0. |

For an étale groupoid ¥ and a positive Borel map « : § — R we let A(x) denote
the set of regular Borel measures on (® that are quasi-invariant with Radon—Nikodym
cocycle k. We say i € A(k) is extremal when any (i, ity € A(k) with = 1 + o satisfy
p1, a2 € {Ap: A > 0}. Following [15] we call aset B € ¢ invariant if B = r(s~(B)).
A Borel measure 1 on §©@ is then called ergodic if for all invariant Borel sets B we
either have j(B) = 0 or u(B€) = 0. The following result is in spirit closely related to the
classical observation in ergodic theory, that the extremal invariant probability measures for
a homeomorphism on a compact metric space are exactly the ergodic invariant probability
measures.
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Theorem 5.5. Let § be an étale groupoid and x :'§ — R a positive Borel map. A measure
in A(k) is extremal if and only if it is ergodic.

Proof. If B is invariant then B€ is invariant, so to prove that extremal measures are
ergodic it suffices to prove that if B € €@ is Borel and invariant and i € A(k) then
uwp(-) = w(B N-)e A(k). Let W be a small bisection in &, then

s(W)N B = s(riy* (r(W) N B)).

Using Proposition 5.3, we get that

s (s(W)) = / it () du(r) = / it () dpus ()
r(W)NB r(W)

and hence up € A(k).

Assume now that p is ergodic, and that @1, o € A(k) \ {0} satisfy that u = 1 + wo.
Since €© is o-compact the Radon-Nikodym theorem implies that there exists non-
negative Borel functions f; : § © _ [0, oo for i = 1,2 such that

i (B) = fB £ (0 dpa(x)

for all Borel sets B € §©. Since u = ju; + p» we have that fi(x) + fo(x) = 1 for
p-a.e. x. If f1 is constant p-a.e. it follows that p; and p, are scalings of w, completing
the proof, so assume for a contradiction this is not the case. It follows that we can find a
¢ €10, 1 such that u(f71([0,2[)) > 0 and w(f;7* (1, 1])) > 0.

Lemma 5.4 implies that B := s(r~'(f;71([0,¢[))) is Borel and invariant, and since
w(B) > pn(f71([0,¢[)) > 0 we must have that w(BE€) = 0 by ergodicity of . Since
w(f71(Je,1])) > 0and f1(x) + f2(x) = 1 for p-a.e. x we have that

n(f5 ([0, 1=1[)) >0,
so setting C := s(r~1(f;71([0,1 —£]))) we likewise get w(CC) =o.

Claim: p({x e B: fi(x) >t}) =0and u({x € C : fr(x) >1—1}) =0.

If this claim is true, we reach the contradiction as follows: By construction we have
that (B¢ U C€) = 0, and hence for p1-a.e. x we have f1(x) <t and f(x) <1—1¢ by
the claim. Since fi(x) + f2(x) = 1 for p-a.e. x this implies that f;(x) = ¢ for u-a.e. x,
contradicting that f; was not constant. In conclusion, 1, ta € R4 p, proving that p is
extremal.

To prove the claim, assume for a contradiction that

uw({x € B: fi(x) >1t}) > 0.

Let {W; }}?‘;1 be a countable basis of small bisections, then

o0

B = s (71 (10.00)) = | st (1[04 n r(W)).

J=1
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Since the W;’s are small bisections, there exists a j such that 0 < pu(H) < oo where

H 1= {x € sl LT 0.0D N r WD) : /i) > 1.

By definition of f; we get that
i) = [ A > ()

but on the other hand, since r(s;V]l, (H)) C f71([0,1]), we get

() = s () = [ oy OO 00

r(sg,j

o[ ) d) = (o (H)) = (D),
r(syh (H))

a contradiction. It follows that u({x € B : fi(x) > t}) = 0. We leave it to the reader to
check that the proof that u({x € C : f>(x) > 1 —t}) = 0 follows in exactly the same way.
In conclusion the claim is true, which proves that ergodic measures are extremal. ]

Remark 5.6. One of the key ideas in this paper is to apply Theorem 5.5 to use ideas from
ergodic theory to analyse KMS weights; when u € A(k) is ergodic and X is a second
countable metric space, then any Borel function f : €0 — X that is constant on the sets
s(r~'({x})) for p-a.e. x € © is constant p-a.e.

6. Neshveyev’s Theorem

In this section, we will generalise Neshveyev’s Theorem [12] from KMS states to KMS
weights, and we will use it to answer some open questions in the literature. To extend
Neshveyev’s Theorem to weights, let us recall the definition of a w-measurable field of
states from [12].

Definition 6.1. Let € be an étale groupoid, and let . be a regular Borel measure on € (.
For each x € §© we let u ¢» & € &5 denote the canonical unitary generators of C* (7).
We call a collection {¢x},cg© a p-measurable field of states if each ¢y is a state on
C*(§;) and the function

05 x = 3" f(@)px(ug) (6.1)

ges;

is -measurable for each f € C.(9).
We identify two p-measurable fields {¢x},cg© and {¢)} cg© when ¢, = ¢, for
u-ae. x € 80,



J. Christensen 682

Theorem 6.2 (Neshveyev’s Theorem for weights). Let § be an étale groupoid, let c :
S — R be a continuous groupoid homomorphism and let B € R.

There is a bijective correspondence between the B-KMS weights for o on C*(§) and
the pairs (1, {@x } yeg© ), Where  is a regular Borel measure on §© and {¢x},.cgw is a
n-measurable field of states ¢ on C* (&) such that

(1) w is quasi-invariant with Radon—Nikodym cocycle e™P¢;
(2) @x(ug) = @rn)(Upgp-1) for p-a.e. x € 6O andall g € g and h € §y;
(3) ¢x(ug) = 0for p-ae x € §© andall g € §F \ c71(0).

The B-KMS weight 3 corresponding to the pair (|, {@x},cg) has the property that
C.(9) € My and it is the unique B-KMS weight satisfying

Y(f) = /g Y @l ) 62)
gegy

forall f e C.(8).

Proof. We will follow the proof of [5, Theorem 3.2], where Neshveyev’s Theorem is
proved for weights when €(® is totally disconnected. Fix a sequence {V; 152, of open sets
in €© with compact closure 71 C V;41 for each i such that

(e e)
50— .
i=1
and choose {E}, }nen C C. () such that ly, < E, < 1y,,, foreachn € N.

Let ¥ be a B-KMS weight for «. By Proposition 5.3 and Example 4.2, C.(§) C My;.
It follows that  is given by integration with a regular measure p on §©@. Now define
§" = G|y, and consider the state a — (V)" '¥(a) on C*(G,) for each n € N. We
leave it to the reader to verify, that one now can associate a pair (U, {@x},ecg©) to ¥
similarly to the first part of the proof of [5, Theorem 3.2].

Assume now that we are given a pair (i, {¢x},cg) that satisfies (1)—(3). We can
define a weight v as in the second half of the proof of [5, Theorem 3.2], which is a proper
a-invariant weight with C.(§) € My, limy oo Y (EpaEp) = Y(a) foralla € C*(§) 4,
and which satisfies

V()= ‘/f(“iiﬁ/z(f)“iiﬁ/z(f)*) forall /' € Cc(9).

To prove that it is a B-KMS weight we need to prove this equality for all a € D(a¢,; 8 /2).
By (2.3) it follows that C. (&) consists of analytic elements for «°. Since af (C.(§)) C
C.(9) for each t € R, [9, Corollary 1.22] implies that C.(¥) is a core for aiiﬂ/z. Hence
foraa € D(aiiﬁ/z) we can find a sequence { f; }men € C.(¥) such that f,,, — a and
aiiﬁ/z(fm) — aiiﬂ/z(a) in norm. For our approximate identity {E, },eN,

V(EL fn Ep fmED) = Y ((En fn ENY* (En f E1))
= I,lf(Enclii/g/z(fm)Elz()liiﬁ/z(fm)*En)
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forall /,n € N. Letting m — oo we get
Y(E1a*EjaEr) = Y(Enal 5,,(@) Efal 5,5(a)* En),

so Lemma 4.5 implies that v is a B-KMS weight for «€.

We have now proved that the map which sends a pair (i, {@x}cg@) to a B-KMS
weight ¥ is well defined and surjective. Injectivity of the map follows exactly as in the
last paragraph of the proof of [5, Theorem 3.2]. Hence the last thing we need to check is
that formula (6.2) defines a unique 8-KMS weight. Since this formula uniquely defines
a B-KMS weight on E,C*(9)E, for all n € N, this however follows from injectivity of
the map in Proposition 4.4. ]

Remark 6.3. The bijection in Theorem 6.2 restricts to a bijection between KMS states
and the pairs (i, {¢x )} eg®) Where p is a probability measure, which makes the analogy
in the introduction strikingly accurate in our setting.

Remark 6.4. As observed in [12], condition (3) in Theorem 6.2 is automatically satisfied
when B # 0, because a quasi-invariant measure p with Radon—Nikodym cocycle e ~A¢
will automatically be concentrated on the x € §© with gF C ¢1(0). To see this, set
M ={ge¥:c(g)>0andr(g) = s(g)} and notice that

s(M) ={x €99 :8* ¢ c71(0)}

is Borel, and that for all small bisections W

w(s(M N W)) = [ P D 4y (),
r(MnNwW)

Since r(M N W) = s(M N W), then u(s(M N W)) = 0 when B # 0, proving that
p(s(M)) = 0.

Theorem 6.2 provides answers to some open questions in the literature, which we will
answer below in Corollary 6.6 and Theorem 6.7, but first we will spell out a technical
remark in Corollary 6.5. For every x € §© we let Tr, denote the canonical trace on
C*(§7) with Try(ug) = 0 for g # x.

Corollary 6.5. Let G be an étale groupoid, let ¢ : & — R be a continuous groupoid homo-
morphism and let B € R. If Y is a B-KMS weight on C*(§) for o given by (1, {¢x}rcg©)
then = o P ifand only if ¢ = Try, for p-a.e. x € §©.

Proof. Theorem 6.2 implies that if two S-KMS weights agree on C.(¥) then they are
equal, but if y o P = 3 then y agrees with the B-KMS weight given by (i, {Trx} cg©)
on C.(§), proving one direction. Assume now that ¥ is given by (i, {Trx},cg) and
consider a € C*(§). Clearly ¥ (f) = y(P(f)) for all f € Cc(¥). Let {En}oe_, €
C.(6©®), be an approximate identity as in the proof of Theorem 6.2, and assume that
{hatne, € Cc(9) is a sequence with i, — a in norm. Then

V(Ena*aEy) = hén 1)”(Emh;:hnEm) = lirgn I//(EmP(h;‘;hn)Em) =Y (EnP(a*a)Ey)
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for each m € N. By definition of ¥
Y(a*a) = imy (Epa*aEy) = limy(E,P(a*a)Ey) = v (P(a*a)),
m m
proving the corollary. u

Combining Corollary 6.5, Remark 6.4 and Theorem 6.2 we get the following corollary,
which gives an affirmative answer to the question raised after [19, Corollary 2.3].

Corollary 6.6. Let § be an étale groupoid, let ¢ : § — R be a continuous groupoid
homomorphism with Ker(c) N §F = {x} for all x € §©, and let B # 0.
The following three sets are in a bijective correspondence:

(1) the quasi-invariant measures on §© with Radon-Nikodym cocycle e =P,
(2) the B-KMS weights for a¢ on C*(§), and
(3) the B-KMS weights for a on C} ().

Proof. The bijection between (1) and (2) is a consequence of Remark 6.4 and Theorem 6.2.
If 7 : C*(§) — C}(§) denotes the canonical surjective *-homomorphism, then the map
Y — ¥ o & is injective from the set (3) to (2). Since any S-KMS weight ¢ on C*(§)
is given by ¥ (a) = fg«)) P(a)du fora € C*(9)+ for a quasi-invariant measure p with
Radon—Nikodym cocycle e~#¢ by Corollary 6.5, surjectivity of the map follows from
[19, Proposition 2.1]. u

In [5], Neshveyev’s Theorem was proved for étale groupoids € with §©) totally dis-
connected as part of the proof of [5, Theorem 2.1]. The assumption that €(© is totally
disconnected in [5, Theorem 2.1] was mainly needed to ensure that Neshveyev’s Theorem
could be used, and hence using Theorem 6.2 it follows that [5, Theorem 2.1] with con-
dition 4) removed is valid also for groupoids where §® is not totally disconnected. In
conclusion, we get Theorem 6.7 below by combining the results of [5] with Theorem 6.2.
For the statement of this theorem, notice that a diagonal KMS weight ¥ is a KMS weight
satisfying ¥ = ¢ o P.

Theorem 6.7 ([5, Theorem 2.1]). Let § be an étale groupoid such that for at least one
element x € 9 the isotropy group G istrivial, i.e., §F = {x}, and that § is minimal in
the sense that s(r~'({y})) is dense in €© forall y € §©.

Let o = {0 }1er be a continuous 1-parameter group of automorphisms on C(§)
and assume for some By # O there is a non-zero Bo-KMS weight for a. The following are
equivalent:

(1) Thereis a By # 0 and a non-zero diagonal B1-KMS weight for .

(2) Whenever B # 0 and there is a non-zero B-KMS weight for «, there is also a
non-zero diagonal B-KMS weight for a.

(3) a:(f) = f forallt e Randall f € Co(§).
(4) o is diagonal.
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6.1. The set of KMS weights on étale groupoid C *-algebras

Using Theorem 6.2 we can elaborate the analysis in Section 4 in the case where the
C *-dynamical system is of the form (C*(§), a¢). We will bring together the ideas from
Section 4 and Section 5 and investigate the structure of the set of quasi-invariant measures.

Fix a sequence {E,}52, € C. (@), as in the beginning of Section 4, and keep
the notatlon from Section 4, i.e., A, := E,C*(§)E, and we identify W(f, «¢) with
hm W . The set A(e~#¢) of quasi-invariant regular measures with Radon—Nikodym
cocycle e8¢ can naturally be embedded into 'W(B, «¢) by mapping a measure j onto the
weight

n@= [ P@d fraccr@)..
g0
see, e.g., Corollary 6.5. We then get the following:

Lemma 6.8. Let § be an étale groupoid, let ¢ ' § — R be a continuous groupoid homo-
morphism and let B € R. Then A(e™P¢) is a closed convex cone in hm N 'W,f and
A(e=P¢) is a lattice in its natural order.

Proof. Since P(E, xE n) = E,P(x)E, foralln € N and x € C*(§),then P : A, — A,,
and if ¥ ehm eN"W we getthat =Y o Pifandonlyif y oty 00 P = 01,00
foralln € N as in Corollary 6.5. Since the P-invariant elements of 'W,’? are closed, this
proves that A(e ) is closed. Since A(e™#¢) is clearly a convex cone this proves the
first assertion. Assume now that ¥, ¢ € A(e™#) and let w be their least upper bound in
W(B, «¢). There exists a p € W(B, a€) such that ¢ + p = w, and hence by Theorem 6.2
po Pand wo P are also B-KMS weights. For any n € N and x € +4,, then

P(x) + po P(x) = (¢ + p)(P(x)) = wo P(x),
S0 ¢ < w o P by the observation in (4.10), and likewise < w o P. Since w is the least
upper bound this implies that w < w o P, butw o P(E,) — w(E,) = 0 for all n, implying
that w o P = w. Hence w € A(e#¢). A similar argument gives that the greatest lower
bound lies in A(e™#¢), proving the lemma. |

The set of KMS states on a unital C *-algebra is a simplex, and the fact that this allows
for unique maximal barycentric decompositions is often an essential tool when working
with KMS states. As a last remark, we will therefore combine our results so far to obtain a
similar description of KMS weights for a large class of groupoids containing in particular
the minimal étale groupoids.

Proposition 6.9. Let § be an étale groupoid, let ¢ : § — R be a continuous groupoid
homomorphism and let B € R.If f € C.(§©) . satisfies

T L D)) = 89
then ¥ (f) €10, 00[ for each v € W(B, «¢) \ {0} and the set
Wr(B.af) :={y € W(B.a°) -y (f) =1}

is a simplex in l(ﬂl N "Wf.
n
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Proof. Let ¥ € W(B.,a). If Y(f) =0 and ¥ on §© is given by the measure u €
A(e¢) then u(f~1(]1, 00[)) = 0, and hence 1 (@) = 0 by Lemma 5.4. Hence any
¥ e W(B,a) \ {0} can be written = Ay’ for a unique A > 0 and ' € Wr (B, a¢). It
follows from this that Wy (B, «€) is a simplex if it is a compact subset of LiLnneN W, , cf.
[2, page 334]. Since Wr (B, «®) is clearly closed in LiLnneN "W,’? , it suffices to prove that it
is a subset of a compact set.

For fixed n € N there exist small bisections Wy, ..., Wy in § with supp(E,) C
Ule s(Wy) and r(W;) € f~1(]1,00[) forall /. Let yy € Wy (B,a) and let u € A(e o)
be the measure associated to it by Theorem 6.2, then

-1
n(s(Wp) = / PN 4y < sup B (W),
r(W) gew;

Since ¥ (f) =1 and r(W;) € f~1(]1,00[), u(r(W)) < 1. It follows that for any
Y€ Wr(B,af)

k
Y(ED) <Y sup oF®,
I=18<W

and hence Wr (B, «°) is contained in a compact set by Tychonoff’s Theorem. |

7. A refinement of Neshveyev’s Theorem

The p-measurable fields of states occurring in Neshveyev’s Theorem are in general diffi-
cult to describe, but in [4, Theorem 5.2] we gave a description of these jt-measurable fields
of states for a large class of groupoids. This description essentially boils the analysis of
the KMS states down to the analysis of the quasi-invariant measures. The purpose of this
section is to do the same for KMS weights, cf. Corollary 7.5 and Theorem 7.6 below.

In this section, we will generalise [4, Theorem 5.2] to KMS weights. The proof of
[4, Theorem 5.2] is quite technical and long, so instead of trying to adapt it to the setting
of KMS weights, we present a new proof which is much simpler and which also works
elegantly for KMS weights. The main idea in our new proof is to use ideas from ergodic
theory to control the behaviour of the p-measurable fields of states.

We will throughout this section restrict attention to the following groupoids.

Definition 7.1. Let A be a discrete countable abelian group and let § be an étale groupoid.
We say that § is injectively graded by A if there is a continuous groupoid homomorphism
® : § — A satisfying

Ker(®) N ¥ = {x} forallx € §©. (7.1)

Remark 7.2. The criterion in (7.1) is equivalent with ® being injective on all isotropy
groups. There are several important classes of C*-algebras that can be realized as group-
oid C*-algebras for groupoids satisfying Definition 7.1. As an example, the groupoids
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arising from compactly aligned topological k-graphs as described in [21] satisfy Defini-
tion 7.1, see, e.g., [4, Example 2.3] for an explanation of this. This implies in particular
that the groupoids that give rise to directed graph C*-algebras, higher rank graph C*-
algebras, and crossed products by Z¥ satisfy Definition 7.1, see [21, Example 7.1] for the
details.

In [4, Definition 2.1], the groupoids in Definition 7.1 with compact unit space were
introduced under a different name, but in the meantime the author has become acquainted
with the better suited notion of graded groupoids.

Theorem 7.3. Let § be an étale groupoid injectively graded by a discrete countable
abelian group A via amap ® : § — A, let ¢ : ' § — R be a continuous groupoid homo-
morphism, and let B € R. If u € A(e™B¢) \ {0} is ergodic then:

(1) The subset
X(C):={x e : 08 =C)
is Borel and invariant for each subgroup C C A.
(2) There exists a unique subgroup B of A with (X(B)€) = 0.
(3) For x € X(B) let @, : C*(§}) — C*(B) be the isomorphism induced by the
restriction of ®. If {¢x } cg is a p-measurable field of states with

0x(ug) = @rny(Upgn-1) for p-a.e. x € €9 and all gegandhe by, (12)

then there exists a state ¢ on C*(B) such that ¢ o © = @y for -a.e. x € X(B).

Proof. The proof of (1) and (2) follows as in the proof of [4, Theorem 5.2, 1)] and we
therefore leave the verification to the reader. To prove (3) notice that since we can realise
the Borel function 1g-1((4y) as the point wise limit of functions in C.(¥) we can use
Lemma 5.4 to find an invariant Borel p-null set N C €O guch that

FONN 3 x> Y lo1¢ap(@)px(ug)

gegy

is Borel for each a € A and such that ¢x(ug) = @rn)(Upgp-1) for all x € O\ N and
all g € §F and h € §x. Set ¢}, = ¢y for x ¢ N and ¢, = Tr, for x € N, where Tr, denotes
the canonical trace on C*(§;). The map

OV 5x > > lo-1ay ()¢ (ug) (7.3)

geby

is Borel for each a € A and the equality in (7.2) is true for {¢.},cg@ forall x € (@, Let
E denote the weak™ compact set of states on C*(B), and notice that the sets

{p € E :|o(up) —w(up)| <e} forwe E,e>0andb € B
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are a subbasis for the weak™ topology on E. For each b € B then

X(B)3x = > lo-1py(8)¢k (ug) = ¢ (P (up)).

gegy

and hence it follows from (7.3) and the definition of our subbasis that the map X(B) >
x — ¢l o ®;! € E is Borel. Since B is abelian the equality ¢/, (ug) = @;(h)(uhgh—l) for
g €9 and h € §, implies that the map is constant on s(r~! ({x})) for each x € X(B), and
hence it is constant p-a.e. by Remark 5.6. This implies that there is a state ¢ on C*(B)
with ¢ o @, = ¢/ for almost all x, and hence the same is true for {¢x} g - (]

With Theorem 7.3 we can describe the KMS weights on the groupoid C *-algebra
C*(9) of a groupoid ¢ injectively graded by a discrete countable abelian group.

Theorem 7.4. Let § be an étale groupoid injectively graded by a discrete countable
abelian group A via amap ® 1§ — A. Let B € R\ {0}, let ¢ : § — R be a continu-
ous groupoid homomorphism and let i € A(e™P¢) \ {0} be ergodic. Denote by B the
subgroup of A associated to |1 given by (2) in Theorem 7.3. There exists an affine bijec-
tion from the state-space on C*(B) to the B-KMS weights on C*(§) that restricts to |4
on C.(6©®). A state ¢ maps to the B-KMS weight wy given by

we(f) = /X(B) Y f(@9ua)du(x) forall f € Cc(9). (7.4)

=74

Proof. If ¢ is a state on C*(B) we define a field of states by

_Joodyx forx e X(B),
x = Try for x ¢ X(B).

Since any f € C.(§) is a sum of functions supported on sets ®~!({a}) with a € 4 it is
straightforward to check that this is a i-measurable field of states satisfying the conditions
in Theorem 6.2. This way we get a map that is surjective by (3) in Theorem 7.3. For
injectivity notice that if w, = wy, for some states ¢,y on C*(B) then ¢ o &, = 1 o O for
p-almost all x € X(B), so since @, is an isomorphism this implies that ¢ = 1. Combining
(7.4) and the uniqueness statement in Theorem 6.2 we see that

Oro+(1-1)p = L0y + (1 —t)wy,
and hence the map is affine. ]

When B is a subgroup of a discrete abelian group A as in Theorem 7.4 then C*(B) =~
C (E ), so the state-space of C*(B) is homeomorphic to the space of regular Borel prob-
ability measures on the Pontryagin dual B of B. Notice that Theorem 7.4 also gives a
description of the proper tracial weights on C*(§) by taking the groupoid homomor-
phism ¢ to be the zero function and 8 # 0. Using the above two theorems we can now
give a very elegant description of the extremal KMS weights.
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Corollary 7.5. In the setting of Theorem 7.4 there is a bijection between non-zero ex-
tremal B-KMS weights for a¢ and palrs (i, &) consisting of an ergodic measure | €
A(eBe)\ {0} and a character & € B where B C A is the subgroup corresponding to [
via Theorem 7.3.

Proof. A B-KMS weight ¥ with associated measure i € A(e™#¢) is extremal if and only
if 41 is extremal in A(e™#¢) and ¥ is extremal in the convex set of B-KMS weights that
restrict to i on C(§(?). The corollary therefore follows from Theorem 5.5. |

7.1. The GNS representations of extremal KMS weights

It follows from Corollary 7.5 that to describe the extremal KMS weights for diagonal
actions on étale groupoid C *-algebras arising from groupoids injectively graded by abel-
ian groups, it suffices to describe the quasi-invariant measures and their support. It turns
out, that in this setting, the factor type of the extremal KMS weights only depends on the
quasi-invariant measure associated to the KMS weight.

Theorem 7.6. Let § be an étale groupoid injectively graded by a discrete countable
abelian group A via amap ® 1§ — A. Let B € R\ {0}, let ¢ : § — R be a continu-
ous groupoid homomorphism, and let i € A(e™P) \ {0} be ergodic.

The von Neumann algebras generated by the GNS representations of the extremal KMS
weights that restricts to i on C,(§©) are all isomorphic.

Proof. 1t follows from Corollary 7.5 that when B C A is the abelian group associated
to the ergodic measure € A(e#¢) \ {0} then all extremal S-KMS weights for ¢ that
restricts to 11 on C,(€©) are given as pairs (i, §) with £ € B. Let £1,6 ¢ B and denote
by 1 and ¥, the B-KMS weights corresponding to respectively (i, £1) and (u, &). By
possibly extending the character, cf. [16, Theorem 2.1.4], we can assume that ;&5 e A
Letting y denote the action defined via ® in (2.3), for any f € C.(§) we have

Va(ve, e () = / Y EEDN@@) f(@)E(P(2)) du(x) = yu(f).

gegx

Since y and o commute, it is straightforward to check that ¥, o yg, £ is a B-KMS
weight for «¢, and hence 1, o Vegst = Y1 by the uniqueness statement in Theorem 6.2.
If (H, , A) denotes the GNS-triple for v, this implies that (H, 7 o Veggts Ao yglsgl) is
a GNS triple for y;, proving the theorem. ]
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