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Anick type automorphisms and new irreducible
representations of Leavitt path algebras

Shigeru Kuroda and Tran Giang Nam

Abstract. In this article, we give a new class of automorphisms of Leavitt path algebras of arbitrary
graphs. Consequently, we obtain Anick type automorphisms of these Leavitt path algebras and new
irreducible representations of Leavitt algebras of type (1, n).

1. Introduction

Given a row-finite directed graph E and any field K, Abrams and Aranda Pino in [3] and
independently Ara, Moreno, and Pardo in [9] introduced the Leavitt path algebra Lk (E).
Abrams and Aranda Pino later extended the definition in [4] to all countable directed
graphs. Goodearl in [17] extended the notion of Leavitt path algebras L (E) to all (pos-
sibly uncountable) directed graphs E. Leavitt path algebras generalize the Leavitt algebras
Lk (1,n) of [20] and also contain many other interesting classes of algebras. In addition,
Leavitt path algebras are intimately related to graph C *-algebras (see [22]). During the
past fifteen years, Leavitt path algebras have become a topic of intense investigation by
mathematicians from across the mathematical spectrum. We refer the reader to [1,2] for a
detailed history and overview of Leavitt path algebras.

The study of the module theory over Leavitt path algebras was initiated in [8], in
connection with some questions in algebraic K-theory. As an important step in the study
of modules over a Leavitt path algebra Lx (E), the simple Lk (F£)-modules have been
investigated in numerous articles; see, e.g., [5,7, 10, 12,24].

Although, in general, classification of simple L g (E)-modules seems to be a quite dif-
ficult task, recently there have been obtained a number of interesting results describing
special classes of simple modules for Leavitt path algebras among which we mention, for
example, the following ones. Following the ideas of Smith [21], Chen [12] constructed
two types of simple modules Ny, and V], for the Leavitt path algebra L (E) of an arbi-
trary graph E by using various sinks w in E and the equivalence class [p] of infinite paths
tail-equivalent to a fixed infinite path p in E, respectively. Ara and Rangaswamy [10]
generalized Chen’s result and constructed additional classes of non-isomorphic simple
Lk (E)-modules NUB HO Nfl (v), and V[f ] which associated respectively to both infi-
nite emitters v and pairs (¢, f) consisting of exclusive cycles ¢ together with irreducible
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polynomials f € K[x]\ {1 — x}. They called all these simple modules over Lk (E) Chen
modules. Also, by using the structure of the primitive ideals over the Leavitt path algebra
of an arbitrary graph described in [23], they showed that every primitive ideal of the Leav-
itt path algebra of an arbitrary graph can be realized as the annihilator of a Chen module.
Rangaswamy [24] constructed an additional class of simple Lx (E)-modules, Nyoo, by
using infinite emitters v. By a different method from those presented in [10], Anh and
the second author [7] constructed simple L g (E)-modules Scf associated to pairs (¢, f)
consisting of simple closed paths ¢ together with irreducible polynomials f in K[x]. We
also should mention that Ara and Rangaswamy [10] showed that all simple modules over
the Leavitt path algebra of a finite graph in which every vertex is in at most one cycle are
exactly Ny, V]p) and V[{m] o~ Scf , which are cited above. Ko¢ and Ozaydln [19] have clas-
sified all finite-dimensional modules for the Leavitt path algebra Lg (E) of a row-finite
graph E via an explicit Morita equivalence given by an effective combinatorial (reduc-
tion) algorithm on the graph. These obtained results induce our investigation to the study
of simple modules for Leavitt path algebras of graphs having a vertex that is in at least
two cycles. The most important case of this class is the Leavitt path algebra of a rose with
n > 2 petals. It is exactly the Leavitt algebra L (1, n) (see, e.g., Proposition 2.6).

As of the writing of this article, there are two known classes of non-isomorphic simple
modules for Leavitt path algebras Lx (R,) of the rose R, with n > 2 petals:

* simple modules V], associated to infinite irrational paths p;

* simple modules Scf associated to pairs (¢, f) consisting of simple closed paths ¢
together with irreducible polynomials f in K[x].

The main goal of this article is to construct Anick type automorphisms of Leavitt
path algebras of graphs having finitely many vertices and construct new classes of simple
Lk (Ry)-modules by studying the twisted modules of the simple modules Scf under Anick
type automorphisms of Lg (R;).

We should recall some history about investigations of automorphisms of graph C*-
algebras and Leavitt path algebras. In his beautiful paper [16], Cuntz initiated systematic
investigations of the automorphism group of @, (n > 2). In particular, he showed that
there is a one-to-one correspondence between unitary elements of the Cuntz algebra @,
and endomorphisms of O, via u > A,,, where 1,,(S;) = uS;. The problem is that in gen-
eral there is no easy way of verifying which unitaries u give rise to automorphisms A,,.
In [15], Conti and Szymarski provided a remedy to this problem for a large class of
endomorphisms related to unitary matrices in M, (C) contained in the UHF-subalgebra.
In [14], motivated by Cuntz’s idea [16], Conti, Hong, and Szymanski initiated a system-
atic investigation of endomorphisms of graph C*-algebras C*(E) of finite graphs E.
They introduced a class of endomorphisms fixing all vertex projections A,, of C*(E) cor-
responding to unitaries ¥ in the multiplier algebra M (C*(E)) which commute with all
vertex projections. They studied localized endomorphisms of the graph algebra C*(E) of
a finite graph E without sinks, that is, endomorphisms A,, corresponding to unitaries u
from the algebraic part of the core AF-subalgebra which commute with the vertex pro-
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jections. Then, they obtained a criterion of invertibility of such localized endomorphisms,
and provided a criterion of invertibility of the restriction of a localized endomorphism
to the diagonal maximum abelian subalgebra (MASA), as well as gave combinatorial
criteria for localized endomorphisms corresponding to permutation unitaries to be auto-
morphisms. We should mention that all endomorphisms (hence also automorphisms) are
studied which only point-wise fix the vertex projections. They may well move the diago-
nal MASA. In [11], Avery, Johansen, and Szymanski studied permutative automorphisms
of graph C*-algebras C*(E) and Leavitt path algebras of finite graphs E without sinks
or sources where every cycle has an exit, by introducing a notion of a permutation graph
and use this concept to determine whether a given permutative endomorphism is an auto-
morphism. In [18], motivated by [15], Johansen, Sgrensen, and Szymanski investigated
polynomial endomorphisms of graph C *-algebras C*(E) and Leavitt path algebras of
finite graphs E without sinks or sources where every cycle has an exit, by introducing the
coding graph corresponding to each such an endomorphism, and used this concept to give
a criterion for the endomorphism to restrict to an automorphism of the diagonal MASA.
We should note that Szymarski et al. [11, 18] focused only on Leavitt path algebras over
integral domains of characteristic 0.

In this article, motivated by the above works, we give a new class of automorphisms of
Leavitt path algebras Lk (E) of arbitrary graphs E over an arbitrary field K, by using spe-
cial pairs (P, Q) consisting of matrices in M, (L (E)) which commutes with all vertices
in E, where n is an arbitrary positive integer. In particular, if £ is a graph having finitely
many vertices, then P is exactly an invertible matrix in M, (L (E)) which commute with
all vertices in E and Q is the inverse of P. These automorphisms fix all vertices, but do
not globally preserve the diagonal MASA in general. It is interesting to note that our auto-
morphisms include analogues of the Anick automorphism of the free associative algebra
K(x1, x2, x3) (cf. [13, p. 343]). The Anick automorphism is well known in the context
of the tame generators problem which asks if the automorphism group of the K-algebra
K(x1,...,x,) is generated by the so-called elementary automorphisms. It is notable that,
in 2007, Umirbaev [25] solved this problem in the negative when n = 3 and K is of char-
acteristic zero, by showing that the Anick automorphism cannot be obtained by composing
elementary automorphisms.

The article is organized as follows. In Section 2, we provide a method to construct
automorphisms of Leavitt path algebras of graphs (Theorem 2.2 and Corollary 2.3). Con-
sequently, we obtain Anick type automorphisms of these Leavitt path algebras (Corol-
laries 2.5 and 2.8). In Section 3, based on Corollary 2.8 and the simple modules Scf
mentioned above, we construct new classes of simple Lg (R,)-modules (Theorems 3.6
and 3.8).

2. Anick type automorphisms of Leavitt path algebras

The aim of this section is to describe automorphisms of Leavitt path algebras of arbitrary
graphs (Theorem 2.2). Consequently, we provide a method to construct automorphisms of
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unital Leavitt path algebras in terms of invertible matrices (Corollary 2.3) and Anick type
automorphisms of these Leavitt path algebras (Corollaries 2.5 and 2.8).

We begin this section by recalling some useful notions of graph theory. A (directed)
graph is a quadruplet E = (E°, E', s, r) consisting of two disjoint sets E® and E!, called
vertices and edges respectively, together with two maps s,7 : E! — E°. The vertices s(e)
and r(e) are referred to as the source and the range of the edge e, respectively. A vertex v
for which s~1(v) is empty is called a sink; a vertex v is regular if 0 < |s~1(v)| < o0; a
vertex v is an infinite emitter if |s~!(v)| = oo; and a vertex is singular if it is either a sink
or an infinite emitter.

A finite path of length n in a graph E is a sequence p = ey ---e, of edges ey, ..., e,
such that r(e;) = s(ej+1) fori = 1,...,n — 1. In this case, we say that the path p starts
at the vertex s(p) := s(e1) and ends at the vertex r(p) := r(e,), we write | p| = n for the
length of p. We consider the elements of E to be paths of length 0. We denote by E* the
set of all finite paths in E. An edge f is an exit forapath p =e;---e, if s(f) = s(e;) but
f #e; forsome 1 <i <n. A finite path p of positive length is called a closed path based
atvif v = s(p) = r(p). A cycle is a closed path p = e; - - - e, and for which the vertices
s(ey),s(ez2),...,s(e,) are distinct. A closed path c in E is called simple if ¢ # d™ for any
closed path d and integer n > 2. We denoted by SCP(E) the set of all simple closed paths
in E.

Definition 2.1. For an arbitrary graph £ = (E°, E',s,r) and any field K, the Leavitt
path algebra Lk (E) of the graph E with coefficients in K is the K-algebra generated by
the union of the set £° and two disjoint copies of E!, say E! and {e* | e € E'}, satisfying
the following relations for all v, w € E® and e, f € E':

) vw = Sv,wws

(2) s(e)e = e =er(e) and e*s(e) = e* = r(e)e*,

() e*f =8 sr(e),

(4) v =) cs-1(y) €™ for any regular vertex v,
where § is the Kronecker delta.

If E is finite, then Lg (E) is a unital ring having identity 1 = D ,ego U (see, e.g.,
[3, Lemma 1.6]). It is easy to see that the mapping, given by v + v for all v € E°, and
er>e* e*>eforalle € EL, produces an involution on the algebra Lk (E), and for any

path p = ejes---e,, the element e} - -- e e} of Lx(E) is denoted by p*. It can be shown
[3, Lemma 1.7] that Lg (E) is spanned as a K-vector space by

{ra™ | p.q € F(E), r(p) = r(q)}.

Indeed, Lx (E) is a Z-graded K-algebra: Lx(E) =D, cz Lk (E)n, where for eachn € Z,
the degree n component Lk (E), is the set

spang {pq* | p.q € E*, r(p) =r(q). |p|—lq| = n}.
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Also, Lk (E) has the following property: if #4 is a K-algebra generated by a family of
elements {a,, be,ce+ | v € E°, e € E'} satisfying the relations analogous to (1)—(4) in
Definition 2.1, then there always exists a K-algebra homomorphism ¢ : Lg(E) — A
given by ¢(v) = ay, ¢(e) = be, and @(e*) = cox. We will refer to this property as the
universal property of Lx(E).

In [16], Cuntz showed that there is a one-to-one correspondence between unitary ele-
ments of the Cuntz algebra 9, and endomorphisms of @, via u+>A,,, where A,,(S;) =uS;,
and provided criteria for these endomorphisms to be automorphisms. In [14], motivated
by Cuntz’s results, Conti, Hong, and Szymanski introduced a class of endomorphisms
fixing all vertex projections A, of C*(E) corresponding to unitaries in the multiplier
algebra M (C*(E)) which commute with all vertex projections. Then, they studied local-
ized endomorphisms of the graph algebra C*(E) of a finite graph without sinks, that
is, endomorphisms A,, corresponding to unitaries ¥ from the algebraic part of the core
AF-subalgebra which commute with the vertex projections, and obtained a criterion of
invertibility of such localized endomorphisms, as well as gave combinatorial criteria for
localized endomorphisms corresponding to permutation unitaries to be automorphisms.

Szymanski et al. [11, 18] studied permutative automorphisms and polynomial endo-
morphisms of graph C *-algebras C *(E) and Leavitt path algebras Lg (E), where E is a
finite graph without sinks or sources in which every cycle has an exit, and K is an integral
domain of characteristic 0.

The following theorem provides us with a method to construct automorphisms of
Leavitt path algebras of arbitrary graphs over an arbitrary field.

Theorem 2.2. Let K be a field, n a positive integer, E a graph, and v and w vertices in E
(they may be the same). Let e, ez, . . ., e, be distinct edges in E with s(e;) =v andr(e;) =
wforalll <i <n.Let P = (p;;)and Q = (qi ;) be elements of M, (Lg (E)) such that
wP = Pw, wQ = Qw, and wPQ = wQP = wl,. Then the following statements hold.

(i)  There exists a unigue homomorphism pp o : Lxk(E) — Lg(E) of K-algebras
satisfying
ppo) =u, o¢pole)=e, and ¢pg(e*)=e"
forallu € E®ande € E'\ {ey, ..., e}, and

n n
opo(e) = Y expri and ¢po(el) = qike;
k=1 k=1

foralll <i <n.
(i) Ifwep,o(pi,;) =wpi; foralll <i, j <n, or wep o(qi ;) = wq; ; for all
1 <i, j <n,then @p g is an isomorphism and <p;1Q = ¢g.pP.
Proof. We first note that wpy ; = px;w and wq; x = q; rw forall k,i (since wP = Pw

andwQ = Qw), and Yy, wpi kqk.; = 8i, ;W = Y p—; WqikPk,; foralli, j, where §
is the Kronecker delta.
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(i) We define the elements {Q,, | u € E®} and {T,, T,« | e € E'} of Lx(E) by setting
Ou=u,
T, — {ZZ:l expri ife=e;forsomel <i <n,
e otherwise,

and

*

T Y k=1 4dike; ife=e; forsomel <i <n,
e* = X
e otherwise.

We claim that {Q,,, T,, Tex |u € E°, e € E'} is a family in Lk (E) satisfying the relations
analogous to (1)—(4) in Definition 2.1. Indeed, we have Q,, O, = uu’ = 8y yu = 8y Ou
for all u, u’ € E°, showing relation (1).

For (2), we always have Q) Te = Te = T Ty (o) and Tex Q) = Tox = QO (e) Tex for
alle € E'\ {e;,...,e,}. Foreach 1 <i < n, since

* * *
vep = exw = e, Wwey =epv =e¢e;, Wpk,; = pr;Ww, and wq;r = q; W

for all k, we have

n n
QvQe =V expri =Y expki = Qe
k=1 k=1
n n n
Qe Qu =Y expriw= Y exwpki= Y expri = Qe;»
k=1 k=1 k=1
n n n
Quler =w Y _qike; = Y qixwes = Y qiker = Ter.
k=1 k=1 k=1

n n
Te;‘QU = ZQi,ke;v = ZQi,ke]t = Te;“'
k=1 k=1

For (3), we obtain that T Ty = e* f =6, sr(e) foralle, f € E1 \ {e1,...,ey}. For
each [ € E1 \{e1,...,ep}and 1 <i < n, we have

n n
Tel*Tf = Zqi’ke;:f =0 and Tf*Te = Z f*ekpk,i = 0’

k=1 k=1
since e/ f = f*ex =0.Fori,j €{l,...,n}, we have
n n n n
TorTe, =Y Y qikererpry = » Y qikSkawpr,j
k=11=1 k=11=1
n
= Z Wik Pk,j = i, jw = 8i,j Ouw,
k=1

since efe; = 8w and wpy ; = py,jw.
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For (4), let u be a regular vertex in E. If u # v, then
Z ToTox = Z ee* =u = Q,.
ees—1(u) e€s~1(u)

Consider the case when u = v, that is, v is a regular vertex. Write
-1
§ (U)={el,...,en,en+1,...,em}
for some distinct e,41, ...,y € E! withn < m < co. We note that

n n n n n n n
Y ToTer =33 expridgiae; = Y Zekw(ZPk,iqi,z)ez*

i=1 i=lk=1I=1 k=1I1=1 i=1

n n n
=Y Y eGrwlef = exef.
k=1

k=11=1
and so, we have

m m
Z TeTex = ZTeiTe;* = Zeie;k =v =0y,

ecs—1(v) i=1 i=1

thus showing the claim. Then, by the universal property of Lg(FE), there exists a K-
algebra homomorphism ¢p o : Lx(E) = Lg(E), which maps u — Q,, e — T¢, and
e* > T,=, as desired.

(ii) Let P’ and Q' be elements of M, (Lk(E)) obtained from P and Q by apply-
ing the homomorphism @p o, respectively. Assume that wep o(p;,j) = wp;,; for all
1 <i,j <n. Then, since pp o is a K-algebra homomorphism and wPQ = wl,, we
have wP’Q’ = wl, and wPQ’ = wl,. This implies that

wQ' =woPQ' = QwPQ’' = Qwl, = wQIl, = wQ,

that means, wq; ; = wep,o(q;,;) forall i, j. Similarly, we receive the fact that if wQ’ =
wQ, then wP’ = wP. Therefore, in any case, we have both wP’ = wP and wQ’' = wQ.
We claim that ¢p oo, p = idp,(E). Indeed, it suffices to check that

@p.opo.ple;) =e; and @pogg plef) =ef foralll <i <n.

For each 1 <i < n, by definition of 9o p, 9o.p(€i) = Y r—q €kqki = Y p—1 €k WGk.i
and pg,p(ef) = Y ko Pikef = Xj—1 PikWef = D j—1 WP; k€, SO

n n
pp.09o.p(ei) = ¢p,0 ( > ekWIk,i) =Y op.o(e)wer.o(qr.)
k=1 k=1

n n n n
=S appwa =Y e ( 3 wp,,qu,,-)
k=1

k=11=1 =1

n
= Zel&jiw =e;w = ¢;
=1
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and

n n
¢p,090.p(€]) = ¢r0 ( > wPi,ke;:) = > wero(pix)ero(er)
k=1 k=1

n n n n
=Y wpikqeief =) (Z wpi,ka,z)ef

k=11=1 I=1 k=1
n

= Z&Jwel* = we] =e¢],
I1=1

proving the claim. This implies that ¢p ¢ is surjective.

We next prove that ¢p ¢ is injective. To the contrary, suppose there exists a nonzero
element x € ker(pp,p). Then, by the reduction theorem (see, e.g., [2, Theorem 2.2.11]),
there exist a, b € L (E) such that either axb =u #0, for some u € E°, or axb = p(c) #0,
where c is a cycle in E without exits and p(x) is a nonzero polynomial in K [x, x!].

In the first case, since axb € ker(¢p,p), this would imply that u = ¢p o(u) = 0 in
Lk (E); but each vertex is well known to be a nonzero element inside the Leavitt path
algebra, which is a contradiction.

So we are in the second case: there exists a cycle ¢ in E without exits such that axb =
Y kict # 0, where k; € K, [, and m are nonnegative integers, and we interpret ¢’ as
(c*)~ for negative i and interpret c® as u := s(c). Write ¢ = g1¢» - - - g;, where g; € E!
and 7 is a positive integer. If g; € E' \ {e1,...,e,} forall 1 <i <t,then ¢p o (c) = c and
ppo(c*)=c*s00# Y7L kict =Y 7L kigpo(c') = ¢p,o(axb) =0in Lx(E),a
contradiction. Consider the case that there exists a 1 < k <t such that g = ¢; for some i.
Then, since ¢ is a cycle without exits, we must have n = 1 and k is a unique element such
that gx = e1. Let o := gx41---8:81 - gk—1€1. We have that « is a cycle in E without
exits and s(o) = w. Sincen =1, P = py,1, and Q = gy, are two elements of Lg (E) with
wp1,191,1 = W = Wq1,1P1,1, SO WPq,1 W is also a unit of wL g (E)w with (wpl,lw)_1 =
wq1,1w. Moreover, pp g (wp1,1w) = ¢p,g(W)ep,0(P1,1)¢p,0 (W) = wWep o(p11)W =
wpr,1w and pp g (wq1,1w) = @p,0 (W)¢p,0(q1,1)PpP,0 (W) = WP 0 (q1,1)W = WG1,1W.
By [2, Lemma 2.2.7], we have

h
wLg(E)w = {Zk,-a" |ki e K, 1 <h, hl¢e Z} ~ K[x,x 1]

i=l
via an isomorphism that sends v to 1, @ to x, and a™ to x~1; and so wpi,1w = aa® and
wqi w = a 'a™ forsomea € K \ {0} and s € Z.If s > 0, then
aa’ = wpy, 1w = ¢p g(wp1,1w) = ¢p,g(aa’) = app g (@)

= a(‘ﬂP,Q(gkﬂ © 8181 "'gk—lel))s = a(gr+1--- 8181 gk—1€1P1,1)°

=a(gry1 8181 "'gk—lelwpl,lw)s = a1 6T
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inwLg(E)w,sos =0, thatis, wp;,jw = aw and wq 1w = a~'w.If s < 0, then since
opr,0(wqgi,1w) = wqy,1w, and by repeating the argument described in the first case, we
obtain that s = 0, wp;,;w = aw, and wq, 1w = a~'w. This implies that

¢p,0(c) = op,o(g1 " gk—1€18k+1"" &) = (&1 &k—1)e1P1,1(&k+1"- &1)
= (g1 gk—1€)WP1,1W(gk+1-- &) = (&1 gk—1€1)aW(gk+1""* &) = ac

and

op.0(c™) = 0po(gf - gri1€18k—1-81) = (& - gry)q11e1(8f_1 -~ &1)
= (g} Grr)waaw(er gy - 87) = (& -8 y)a ‘wlefgi_; -+ &7)

SO (pp,Q(cl) =alc! forall | € Z. We then have

m m
0%# Y kia'c =Y kippo(c') = ¢polaxb) =0

i=—I i=—I

in Lg (E), which is a contradiction.
In any case, we arrive at a contradiction, and so we infer that gp ¢ is injective, thus
@p,@ is an isomorphism with <p1§1Q = @g,p, finishing the proof. ]

Consequently, we obtain a method to construct automorphisms of unital Leavitt path
algebras in terms of invertible matrices.

Corollary 2.3. Let K be afield, n a positive integer, E a graph with finitely many vertices,
and v and w vertices in E (they may be the same). Let ey, e, . . ., e, be distinct edges in E
with s(e;j) = vandr(e;) = w forall 1 <i <n.Let P = (p; ;) be a unit of M,(Lg(E))
withwP = Pw and P~ = (gi,;)- Then the following statements hold.
(1)  There exists a unique homomorphism ¢p : Lx(E) — Lg(E) of K-algebras
satisfying
op(u) =u, ¢ple)=e, and ¢p(e*)=c"

forallu € E® ande € E'\ {ey,...,e,}, and

n n
op(e) =Y expri and ¢p(ef) =) qikes
k=1 k=1

foralll <i <n.
(i) Ifep(pi,j) = pi,j forall1 <i, j < n, then @p is an isomorphism and (p;l =

Qp-1.

Proof. Since wP = Pw,wehave P"'wPP~ ! =P 1PwP~ !, sowP~! = P~ 'w. Since
PP~' =1, = PP, itis obvious that wPP~! = wl, = wP ™! P. Therefore, the pair
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of the matrices P and P! satisfies the conditions analogous to the one of the matrices
P and Q in Theorem 2.2. Then, by Theorem 2.2, we immediately obtain the statements,
thus finishing the proof. ]

For clarification, we illustrate Theorem 2.2 and Corollary 2.3 by presenting the fol-
lowing example.

Examples 2.4. Let K be a field and R; the following graph:

e

]

R1= oV .

Then Lx(R;) = K[x,x™!] via an isomorphism that sends v to 1, e to x, and e* to x~!.
Let P = e*. We have that P is a unit of Lx (R;) with P~! = e. Then, by Corollary 2.3, we
obtain the endomorphism ¢p defined by v > v, e > eP = ee* = v, and e* > P le* =
ee* = v. We have that ¢p is not isomorphic and ¢p(P) = pp(e*) = v # e* = P in
Lg(R1). This implies that the hypothesis “¢pp (p;,;) = p;,j forall 1 <i, j <n” in part
(ii) of Corollary 2.3 cannot be removed.

In light of the well-known Anick automorphism (see [13, p. 343]) of the free asso-
ciative algebra K(x, y, z), we construct Anick type automorphisms of unital Leavitt path
algebras.

Corollary 2.5 (Anick type automorphism). Let K be a field, E a graph with finitely many
vertices, and v and w vertices in E (they may be the same). Let e and e, be two distinct
edges in E with s(ej) = v and r(e;) = w foralli. Let Ag (e, e3) be the K-subalgebra
of Lx(E) generated by the sets E°, E' \ {e,} and {e* | e € E' \ {e1}}. Then, for any
p € Ag(e1, e2) with wp = pw, there exists a unique automorphism o, of the K -algebra
Lk (E) satisfying

oplea) = ex+e1p,  ople]) = ef — pes,

0, (e2) =ex—e1p. 0, (e}) =ef + pe;
and 0p(q) = q forall g € Ag(e1, e2).

Proof. Let P = (%) € My(Lk(E)). We then have that P is a unit of M>(Lg(E))
with P~! = (j 7). Itis clear that 0, = @p, which is described in Corollary 2.3 (i), and
op(q) = q forall g € Ag(eq,ez). Then, using Corollary 2.3, we immediately receive the

corollary, thus finishing the proof. ]

Let K be a field and n > 2 any integer. Then the Leavitt K-algebra of type (1;n),
denoted by Lk (1,n), is the K-algebra

n
K(xl,...,xn,yl,...,yn)/<2xiyi—1,yix,- -8 ;1 |1<i,j §n>.

i=1
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Notationally, it is often more convenient to view Lk (1,n) as the free associative K-
algebra on the 2n variables x1, ..., X,, y1,..., Yn subject to the relations Z?:l xiyi =1
and y;x; =6;;1 (1 <i, j < n);see [20] for more details.

For any integer n > 2, we let R,, denote the rose with n petals graph having one vertex
and n loops:

Then Lk (Ry) is defined to be the K-algebra generated by v, ey,....,en, e}, ..., €,
satisfying the relations

n
vi=v, vej=¢ =ev, vel =ef =efv, efe; =8 ;v, and E ejef =v
i=1

forall 1 <i,;j <n.Inparticular, v = 17, (r,)-

Proposition 2.6 ([2, Proposition 1.3.2]). Let n > 2 be any positive integer, K a field, and
R, the rose with petals. Then Lx(1,n) = Lx(Ry) as K-algebras.

Proof. We can show that the map ¢ : Lg(1,n) — Lg(R,), given by the extension of
(1) = v, o(x;) = e;, and p(y;) = e, is a K-algebra isomorphism. |

With Proposition 2.6 in mind, for the remainder of this article we investigate the
structure of the Leavitt algebra Lk (1, n) by equivalently investigating the structure of
the Leavitt path algebra Lx (Rj).

Notation 2.7. For any integer n > 2 and any field K, we denote by Ag, (e1, e2) the K-
subalgebra of Lx(R,) generated by

*

£
v,e1,e3,....6y,65,...,€,.

We should mention that by [6, Theorem 1], the following elements form a basis of
the K-algebra Ag, (e1,€2): () v, 2) p = ek, ---ek,,, where k; € {1,3,...,n},3)¢* =
e;"l ---e;*h, where t; € {2,3,...,n}, (4) pq*, where p and ¢* are defined as in items (2)
and (3), respectively.

The following result provides us with Anick type automorphisms of Leavitt algebras
of type (1, n).

Corollary 2.8. Let n > 2 be a positive integer, K a field, and R, the rose with n petals.
Then, for any p € AR,(e1, ez), there exists a unique automorphism o, of the K-algebra
Lk (Ry) satisfying op(e2) = ez + e1p, 0p(ef) = e — pe3, 0, ' (e2) = e —e1p, 0, (ef)
= e + pes, and o,(q) = q forall q € AR, (e1, €2).

Proof. Since vp = p = pv, the corollary immediately follows from Corollary 2.5. ]
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3. New irreducible representations of Lk (R,)

In this section, we study the twisted modules of the simple L g (R,)-modules Scf men-
tioned in Section 1 under Anick type automorphisms of Lg(R,) introduced in Corol-
lary 2.8. In particular, we obtain new classes of simple L g (R,)-modules (Theorems 3.6
and 3.8).

Let E be an arbitrary graph. An infinite path p := ey ---e,--+ in a graph E is a

sequence of edges eq, ..., ey, ... such that r(e;) = s(e;+1) for all i. We denote by E*°
the set of all infinite paths in E. For p :=e;---e,--- € E° and n > 1, Chen [12]
defines 7>,(p) = ept1€n42 -+, and 1<, (p) = ejez - -- e,. Two infinite paths p, g are

said to be rail-equivalent (written p ~ q) if there exist positive integers m, n such that
Ton(p) = t>m(q). Clearly ~ is an equivalence relation on £°°, and we let [p] denote the
~ equivalence class of the infinite path p.

Let ¢ be a closed path in E. Then the path ccc --- is an infinite path in E, which we
denote by ¢*°. Note that if ¢ and d are closed paths in £ such that ¢ = d”, then ¢® = d*°
as elements of £°°. The infinite path p is called rational in case p ~ ¢* for some closed
path c. If p € E* is not rational, we say p is irrational. We denote by EZ° and E° the
sets of rational and irrational paths in E, respectively.

Given a field K and an infinite path p, Chen [12] defines V],] to be the K-vector space
having {g € E®° | g € [p]} as a basis, that is, having basis consisting of distinct elements
of E°° which are tail-equivalent to p. V[, is made a left L ¢ (£)-module by defining, for
allg € [p]andallv € E® e € E!,

v-gq = q or 0 according as v = s(gq) or not;
e-q = eq or 0 according as r(e) = s(g) or not;

e*-q = 11(q) or 0 according as ¢ = et1(q) or not.
In [12, Theorem 3.2], Chen showed the following result.

Theorem 3.1 ([12, Theorem 3.2]). Let K be a field, E an arbitrary graph, and p,q € E*.
Then the following holds:

(1) WVip) is a simple left Lk (E)-module;
(2) Endg (V{p)) = K;
(3) Vip) = Viq) if and only if p ~ g, which happens precisely when Vi, = Viq.

Theorem 3.1 provides us with the following two classes of simple modules for the
Leavitt path algebra Lk (E) of an arbitrary graph E:
0.
irr °

*  Vip), where 8 € EZ?

rat *

We note that for any B € EZ°, Vig] = V|cec] for some ¢ € SCP(E). By [5, Theorem 2.8],

rat °
we have Vig) = Vjco) = Lg (E)v/Lg (E)(c —v) as left L g (E)-modules; i.e., it is finitely
presented; while Vi) (o € E{7) is, in general, not finitely presented by [7, Corollary 3.5].

ur

* Vo, wherea € E
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In [7], Anh and the second author constructed simple L x (E)-modules Scf associated to
pairs ( f, ¢) consisting of simple closed paths ¢ together with irreducible polynomials f in
K[x]. We will represent again this result in Theorem 3.2 below. To do so, we need some
notions.

Let K be a field, E a graph, and ¢ a closed path in E based at v. Let f(x) = ag +
aix + -+ + a,x" be a polynomial in K[x]. We denote by f(c) the element

f(c) :=aopv +ajc+ -+ ayc” € Lg(E).

We denote by K|c] the subalgebra of Lx(E) generated by v and c. By the Z-grading
on Lg(FE), K][c] is isomorphic to the polynomial algebra K[x] by the map: v > 1 and
¢ — x. We denote by Irr(K[x]) the set of all irreducible polynomials in K[x] written in
the form 1 —ayx —--- —a,x".

Theorem 3.2 (cf. [7, Theorems 4.3 and 4.7]). Let K be a field, E an arbitrary graph, ¢
a simple closed path in E based at v, and f(x) =1 —ajx —--- — ayx™ an irreducible
polynomial in K|[x]. Then the following holds:

(1) the cyclic left Lg(E)-module Scf generated by z subject to z = (a;c + -+ +
anc™)z is simple, and its endomorphism ring is isomorphic to K[x]/K[x] f(x).
Moreover,

S{ = Lx(E)o/Lk(E)f(c),
as left Lx (E)modules, via the map z +— v + Lx(E) f(c);

(2) forany g € Irr(K[x]) and any simple closed path d in E, s ~ Sf,' asleft Lx(E)-

modules if and only if f = g and ¢ ~ d*°.

Proof. (1) We note that vz = z and z = ¢” f1(c)"z for all n > 1, where f1(c) = ajv +
asc + -+ + apc"'. By the Z-grading on Lg(E), Lx(E)v/Lk(E)f(c) # 0. Since
f)w+ Lg(E)f(c))= f(c)+ Lx(E)f(c)=0in Lx(E)v/Lg(FE) f(c), there exists
a surjective Lg (E)-homomorphism 6 : Scf — Lg(E)v/Lg(E)f(c) such that 8(z) =
v+ Lg(FE)f(c), and so Scf # 0.

We claim that Scf is a simple left Lx (E)-module. Indeed, let y be a nonzero ele-
ment in Scf. Since Scf = Lk (E)z, y may be written in the form y = rz and 0 # r =
i kipivF € Lg(E), where m is minimal such that k; € K \ {0} and ;. v; € E* with
r(u;) = r(v;) for all 1 <i < m. Let n be a positive integer such that |v; < n|c| for all
1 <i < m. We then have

y= (Lot )z = (L koo )en ez = (ke e )=
i=1 i=1 i=1

By the minimality of m, vl.*c" # 0 forall 1 <i < m. Then, for each i, there exists §; € E*
such that ¢” = v;§; and r(8;) = v := r(c) = s(c). This implies that

v = (L ier )z = (ks e )z = Y- ki ez

i=1 i=1 i=1
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where o; = u;6; (i =1,...,m). We note that o;;c* = o;¢™ in E* if and only if
a; = ajc™ for some n; € 7%, or aj = o;c™ for some nj € Z%, and f(c)z =0 in
Scf . Consequently, y may be written in the form y = ZLI Bipi(c)z, where p;(c)’s are
nonzero elements in K[c]/K[c] f(c) and B;’s are paths in E* such that B;c®’s are dis-
tinct infinite paths in £°°, and so there exists a positive integer ¢ such that t<;(8;¢*)’s
are distinct paths in E*. This implies that t<,4 ; (8;c°)’s are distinct paths in E* for all
j = 0. Therefore, without loss of generality, we may assume that <, (81¢*°) = B¢’ for
some [ > 1. We then have

15,(,31c°°)*y

d
ey (3 fum )2

i=1

d
rea(re)* (im0 A0’z
i=1

= Pl(C)fl(C)lZ-
Since pi(c) fi(c)! is a nonzero element in K[c]/K[c] f(c) and

Klc]/K[c] f(c) = K[x]/K[x] f(x)
is a field, there exist ¢ and /& € K|[c] such that gp;(c) fi(c)! = v + hf(c), and so

qr<t(B1c®)*y = qp1(c) fi(c)'z = vz + hf(c)z = z.

This implies that z € Lg (E)y, and hence Scf = Lg(E)z = Lg(E)y. Consequently, Scf
is a simple left L g (E)-module, showing the claim. This implies that 6 is an isomorphism.

Let ¢ : Scf — Scf be a nonzero Lk (E)-homomorphism. By the same approach as
above, ¢(z) may be written in the form 0 # ¢(z) = Y /-, Bi pi(c)z, where m > 1, p; (c)’s
are nonzero elements in K[c]/K][c] f(c), and B;’s are paths in E* such that §;¢®’s are
distinct infinite paths in E%. If ¢*° # ;¢® in E* for all 1 <i < m, then there exists
a positive integer d such that 7.z (c®°) and 14 (8;c®)’s are distinct paths in £*, and so
(c*)¢Bic? = 0 forall i. This implies that

o((c)72) = (o) = (c*)d(Zﬂip,- (c)z)

i=1

=@ (et mefiz) =0

i=1

On the other hand, we have that ¢ is an automorphism (since ¢ is nonzero and Scf is
simple) and (c*)%z = fi(c)%z # 0, and so ¢((c*)?z) # 0, a contradiction. This implies
that there exists an i such that §;¢> = ¢ in E*°. Without loss of generality, we may
assume that $1¢%° = ¢*. We then have that 1 = ¢’ for some ¢ > 0, and 7<4(c*®) =
T<q(B1¢c®) and 14 (Bic™) (i = 2,...,m) are distinct paths in E*, s0 1<44/(c™®) =
T<g+1(B1¢%) and 1<44;(Bic™) (i = 2,...,m) are distinct paths in E* for all / > 0.
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Therefore, without loss of generality, we may assume that 77 (c®) = 7<4(B1¢*°) = c!
for some [ > t, and so

e((c*)'2) = (o) = () (" pr(c)z + Y Bipi(c)2)

i=2
= (' pr) file) 2+ ) Bic pile) file)'2)
i=2
= p1(©) /1) 2+ Y (M) Bic! pi(e) fi(e)' 2 = pi(e) file) 'z

i=2

This implies that
¢0(2) = ¢(c'(c)'2) = (M) 2) = ! pr(e) file) 'z,
s0 ¢(z) can be written in the form ¢(z) = p(c)z, where

p(c) € K[c]/Klc] f(c) = K[x]/K[x] f(x).
Conversely, let p(c) be a nonzero element in K[c]/K][c]f(c). We then have p(c)z #
0 in Scf (since vz = z # 0 and p(c) is a unit in K[c]/K[c] f(c)) and f(c)(p(c)z) =

(f(e)p(c))z = (p(c) f(c))z = p(c)(f(c)z) = 0, and so there exists a nonzero Lg (E)-
homomorphism 7 : Scf — Scf such that 7 (z) = p(c)z. Therefore, we have

Endy £y (S{) = Klel/K[c] f(¢) = K[x]/K[x] f(x).

2)Write g(x) =1 —b1x —-+- —byyx™ € K[x] and ¢ = e; - - - ¢;. Assume that Sf; is
the left Lx (E)-module generated by z’ subject to

z'=(byd + -+ bpd™)z = dg,(d)z.

(=) Assume that ¢ : Scf —S 5 is an L g (E)-isomorphism. Then, by the same approach
as above, ¢(z) = Y ;_, a;a;z’, where a;’s are nonzero elements in K[d]/K[d]g(d) and
a;’s are paths in E* such that o; d °°’s are distinct infinite paths in E%. If ¢* # «;d*° in
E> forall 1 <i <s, then there exist a positive integer ¢ such that (c*)?a;d’ = 0 for all
1 <i <s. Then, since z/ = dg(d)z’, so

) s N
p(z) = Z%‘aﬂ/ = Z“iaidtgl(d)t = Zaidtaigl(d)tz/

i=1 i=1 i=1
and S
o((c)'z) = () o) = Y ("' wd'aigi(d)'z' =0.
i=1

On the other hand, we note that (¢*)'z = fi(c)’z # 0 in S7, so p((c*)'z) # 0, since
¢ is an Lk (F)-isomorphism, a contradiction. This implies that ¢* = o;d*° for some
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1 <i<s,80c® ~d>®. Since ¢ and d are simple closed paths in E, we must have
d=cj:=e;---eey---ej_forsomel < j <t.

Letz":=ey---ej_1z'if j #landz” :=z"if j = 1. Since z’ = (ey---¢j—1)*z" #0,
2" #0in S% = Sfj.We then have ej ---e;8(c)z” = ¢jg(cj)z’ =dg(d)z’ =0in Sg, and
sog(c)z" = (ej---er)*ej---e;8(c)z” =0in Sf;. By item (1), S;’ can be also generated
by z” subject to g(c)z” = 0.

By repeating approach described in the proof of item (1), we obtain that ¢(z) =
p(c)z”, where p(c) is a nonzero element of K[c]/K[c]g(c). We then have

0=¢(0) = ¢(f(0)z) = fe)e(z) = f()(p(c)z") = (p(c) f(c))2",

andso p(c) f(c)=0in K][c]/K]c]g(c), by item (1). Since p(c)is aunitin K[c]/K][c]g(c),
f(c) € K[c]g(c). Then, since f is an irreducible polynomial in K[x], we must have
/=g

(&) Assume that f = g and ¢* ~ d. Since ¢ and d are simple closed paths,
d =cj:=ej---eey---ej_1 forsome 1 < j <t. Then, by repeating method described
as in the direction (=), we obtain that S, / ~ S a{ , thus finishing the proof. [

We should mention the following useful remark.

Remark 3.3. Let K be a field, E a graph, and ¢ = e; --- e; a simple closed path in E
based at v. Let f(x) € Irr(K[x]).
(1) We denote by I, the set of all the following closed paths

c1 . =2¢, Cp = €p+++€4€1,...,Cp .= €p€1°"Cp_1.

By Theorem 3.2, all modules S, c{ are isomorphic to each other, and for a simple closed path
d,S ; =~ Scf if and only if d € I1.. Consequently, if one can represent their isomorphism
class by a simple module SIZI: isomorphic to some Sc]; , then Sﬁ: is well defined and
depends only on the (f, I1.).

) If f(x) =1—x € K]x], then by Theorem 3.2 (1) and [5, Theorem 2.8], we have
Scf =~ Lx(E)v/Lg(E)(c —v) = V| as left Lg (E)-modules.

(3) It was shown in the proof of Theorem 3.2 that every element y of Scf may be
written in the form y = Y 7_, a; pi(c)z, where o;’s are paths in E such that a;¢>’s are
distinct infinite paths in £° and p; (¢)’s are nonzero elements of K[c]/K[c] f(c).

We next construct new classes of simple modules for the Leavitt path algebra Lk (R;,)
by using Theorem 3.2, Corollary 2.8, and special closed paths in R,,.

Notation 3.4. For any integer n > 2, we denote by C;(R;,) the set of simple closed paths

of the form ¢ = ey, ex, - ex,,, where k; € {1,3,...,n}foralll <i <m —1landk,, =2,
in R,.
Letc = ek, ek, ek, € Cs(Ry), p € Ar,(e1,€2),and f =1—ajx; —---—ax" =

1 — xf1(x) € Irr(K[x]). We have a left L g (R,)-module Scf’p , which is the twisted module
(Scf )°?, where 0, is the automorphism of Lk (R,) defined in Corollary 2.8. Denoting by
* the module operation in Scf’p , we have the following useful fact.
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Lemma 3.5. Let K be a field, n > 2 a positive integer, and R, the rose with n petals.
Let p € AR, (e1.,e2) be an arbitrary element, ¢ € Cs(Ry), and f € Irce(K[x]). Then the
following statements hold:

(1) cxy =cy+ex ek, erpyforally € S

2) ()™ xz = (c*)"z for all m > 1, where z is a generator of the left Lg(E)-

module Scf which is described in Theorem 3.2.
Proof. (1) By Corollary 2.8, we have 0,(c) = ¢ + ek, -+ -ek,,_,e1p,s0Cc ¥y = 0,(c)y =
cy +eg, ek, e1py foraly € 577, as desired.

Q) If ey, #egforall 1 <i <m —1, then 0,(c*) = c*, and so ¢* * z = ¢*z, as
desired. Consider the case that ex, = e; for some 1 <i < m — 1. Let £ be the number
of all elements 1 <i < m — 1 such that e, = e;. We use induction on £ to establish the
claim that 0, (c*)c = 1 in Lg(R,). If £ = 1, there is a unique element 1 <i <m — 1
such that ex; = e;. We then have

op(c®) =e¢f ---ezm(ei" —pey)eg, ey, =ct—ep ---e;iﬂpe;e}:i_l eers

and so

op(c®)e = (c* —¢; ---eZHlpe;e;:H ceep)e =1,
since esex, = e5e; = 0, as desired. Now we proceed inductively. For £ > 1, let j :=
min{i | 1 <i <m —1ande, =e;}. We have

op(c*) = Up(e;:m ---e,’;jﬂ)(ef — pe;)e,’:j_l ---e,’;.

It is clear that e, ,, -~ ek, € Cs(Rp). Then, by the induction hypothesis, we obtain that
opley, -~-e,’c‘.]_+l)ekj+1 ---ek,, = 1. This implies that

op(c)e = opleg, ---ex,, )ef — per)e;,  ---ep.c

= o'p(e;:m "'e;jﬂ)ek,fﬂ ek, =1,

since e5ex; = e;e; = 0, thus showing the claim. By induction we get that o, ((¢*)™)c™ =
op(c*)™c™ = 1in Lx(R,) forallm > 1.

By Theorem 3.2, z = cfi1(c)z, so z = ¢™ f1(c)™z and (c¢*)™z = f1(c)™z for all
m > 1. We then have

()" *z = 0p((c*)™")z = 0p((c*)™) (™ f1(c)"z)
= (Up((c*)’")cm)fl ©)"z= filc)"z = (c*)"z
for all m > 1, thus finishing the proof. [
We are now in position to provide the first main result of this section.

Theorem 3.6. Let K be a field, n > 2 a positive integer, and R,, the rose with n petals.
Let p and q € AR, (e1, e2) be two arbitrary elements, let ¢, d € Cs(Ry), and let f, g €
Irr(K [x]). Then the following holds:
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(1) Scf’p is a simple left Lx (Ry)-module;

2) Scf”J ~ Sj’q as left Lx (Ry)-modules ifand only if f = g, ¢ =d,and p—q =
rf(c) for somer € Lg(Ry,);

(3) for any simple closed path o in R,, Scf’p ~ Séa as left Lx(Ry)-modules if and
onlyifa € T, and p = rf(c) for somer € Lg(R,);

(4) Endpg(r,)(S7) = K[x]/K[x] £ (x);

(5) SI? = Lx(Rn)/Lk(Rn) f(0;, " (c)).

Proof. (1) It follows from the fact that Scf is a simple left Lg (R, )-module (by Theorem
3.2) and o, is an automorphism of Lg (R,) (by Corollary 2.8).
(2) Assume that ¢ : S7°? — S%4 is an Lk (Ry)-isomorphism. Let z and z’ be gen-

erators of the left Lx (E)-modules Scf’p and S 5 *? which are described in Theorem 3.2,
respectively. We then have 0 # ¢(z) = Z;zl a;a;z’ in S 5 1 where o;’s are nonzero
elements of K[d]/K[d]g(d) and «;’s are paths in (R,)* such that o;d°°’s are distinct
infinite paths in (R,)®. By Theorem 3.2 and Lemma 3.5, we note that z = ¢¥ fi(c)*z and
(c*)* %z =(c*)¥zin Scf’p forallk > 1,and z’ = d’g1(d)'z' and (d*)! % z' = (d*)'z' in
Sj’q for all / > 1. Therefore, by repeating approach described in the proof of the direction
(=) of Theorem 3.2 (2), we obtain that ¢® ~ d* and ¢((c*)*z) = az’ for some k > 1
and a nonzero element a € K[d]/K[d]g(d). Then, since ¢*° ~ d*°, we have d € I1., and
soc =d,since ¢ and d € Cs(R,). We also note that ¢((¢*)* 1 % 2) = p(c* = ((c*)¥z2)) =
c* % o((c*)*z) = ¢* * (az’) = ¢*(az’) = agi(c)z’. By induction, we may prove that

(€ xz) = p((c*Vz) = agi ()2’
forall i > 0, where gl(c)0 = 11 (R

In Scf’p we have z = ¢ f1(c)™z and (c*)™ = fi(c)™z forallm > 1,and ¢ x z =

cz+ ek, e, ,e1pz =cz+ p'z,where p’ :== ey, ---eg, ,e1p € Ar,(e1,e2), s0
C * ((c*)k+12) =% (fl(c)k+12) — c(fl(c)k+lz) + p’(fl(C)k'HZ)
= fi©)Fz + p'(fi(©)z) = )z + p/((€*)Fz)
— (c*)kz + p/ % ((c*)k+lz),
since 0, (p’) = p’ (by Corollary 2.8). This implies that
(p(c * ((c*)k+lz)) = (p((c*)kz) + (p(p/ * ((c*)k+lz)) =az' + plag(c)z’
=az' + ek, ek, ,e1pagi(c)z’.
On the other hand,
ol * ((cH*2)) = e x p((c*)FTz) = ¢ % (agi(c)?)
=cagi(c)z' + ek, -+ ek, ,e1qagi(c)z’

=az’' + ey, ek, e19agi(c)z’,
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since cagy(c)z’ = acgi(c)z’ and z’ = cgy(c)z’. From these observations, we have
ek, ** ek, e1pag1(c)z’ = ey, ey, _e1qagi(c)z’
in S¢, showing that e, --- ek, ,e1(p —q)agi(c)z’ = 0in S&, and hence
(P —q)agi1(c)z’ = (ex, -+ ek,,_,e1) ek, -+~ ek, e1(p — q)agi(c)z’ =0
in S§. By Theorem 3.2 (1), we have
S& = Lx(Rn)/Lk(Rn)g(c),

as left L g (R,)-modules, via the map: z + 1 + Lg (R,)g(c). Therefore, (p —q)agi(c) =
bg(c) forsome b € Lg(R;). Since agi(c) is aunit of K[c]/K[c]g(c), there exist elements
o, B € K]c] such that (agy(c))a = 1 + Bg(c), and so

bg(c)a = (p—qlagi(c)a = (p—q)(1 + Bg(c)) = p—q + (p —q)Bg(c).

This implies that
p—q = (ba+qB— pp)g(c) =rg(c).
where r := ba + gf8 — pB € Lx(Ry).

Write f(x) =1—a;x —---—agx’. We then have (1 —aj;c —--- —asc’)z = 0 and
(S(?;)k-i-sd_ al(c*)k+s—l L as(c*)k)z — (C*)k-i-S(l —ric—--—age’)z =0 in
&Y, and so
ag1(c)’ )z = ag1(c)’*(01 —ajc—---—agc®)z’
=agi(c)’z' —aragi(c)’ ' — - —ayZ’
— ¢(((C*)k+s _al(c*)k-i-s—l . —as(c*)k)z) — (p(()) =0

in S¢. By repeating the same argument described above, we obtain that f(c) = rg(c) for
some y € Lx(Ry). Write y = Z?:l kio; BF, where k; € K \ {0} and o;, B; are paths in
Ry,. Let m = max{|«;|, |Bi| | 1 <i < d}. We then have

d
(€*)"ye™ =Y ki(c*)"ai ™ € K|c]
i=1

and
fle) = ()" fe) = ()™ fe)e™

d d
= (c*)m(zkiaiﬁ?)g@)cm = (Zki(C*)maiﬁ?Cm)g(C)
i=1

i=1

in K[c], and so f = g, since f, g € Irr(K[x]).
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Conversely, assume that f = g, ¢ = d, and p — g = rf(c) for some r € Lx(R,).

We use induction to claim that o, (cr;l (¢c™))z = c¢™z forallm > 1. For m = 1, by Corol-

lary 2.8, 0,1 (c) = ek, -+~ ex,,_, €2 — ek, -+~ €k,,_, e1p, and 50

—1
Oq (Up (C)) = Gq(ek1 tte ekm—lez) - Oq(ekl o '€km_1€1p)
=c+ €y Chkpy_1€19 — €y €k, _€1D
=c+er ek, e1(g—p)

=c—eg ek, eirf(c).
Then, since f(c)z = 0, we have o, (Up_l (¢))z = cz.Form > 1, we have
0q(0, 1 (c™)z = 04(0, " (c)a, ' (™) z = 04(0, " (¢)) g (0, (¢™))z
=04(0, ()™ z = (c —ex, -+~ ek, e1rf(©)) (<" 2)

"tz — ey, e, e1rf(c)e™z
m+1 +1

="z —ep, -reg, e1re™ f(c)z ="z,

as desired. This shows that o, (ap_l (f(e))z = f(c)z.

st st

We note that since is a simple left L g (R,)-module, every element of may
be written in the form o0, (s)z, where s € Lx(Ry). Define ¢ : Scf’p — Scf’q as follows:
0p(8)z = 04(s)z. We claim that ¢ is well defined. Indeed, let s and ¢ be two elements
in Lx(Ry) such that 0,(s)z = 0,(¢)z in Scf. By Theorem 3.2 (1), 0,(s — t) = 0,(s) —
op(t) =bf(c) forsome b € Lx(R,),s0s —t = op_l(bf(c)) = O'p_l(b)O'p_l(f(C)). This
implies that

(04(5) — 04(1))z = 04(s — 1)z = 04(0, ' (b)) g (0, ' (f(©)))z
=0y (ap_l(b)) (fe)z) =0

in Scf , thus proving the claim.

It is obvious that ¢ is a nonzero L g (R,)-homomorphism (since ¢(z) = z), so ¢ is an
isomorphism.

(3) (=) Assume that Scf’p ~ Séa. We then have Scf’p ~ So{. By repeating the same
method described in the proof of the direction (=) of Theorem 3.2 (2), we obtain that
o € .. This implies that Scf’p ~ Scf = Scf’o, and so p = rf(c) for some r € Lg(R,),
by item (2).

(<) It immediately follows from item (2).

4)Letg: Scf’p — Scf’p be a nonzero Lk (R,)-homomorphism. Since Scf’p is a simple
left Lg (R,)-module, ¢ is an isomorphism. Similar to item (2), we have ¢((c*)¥z) = az
for some nonzero element a € K|[c]/K][c]f(c) and some positive integer k. Therefore,
@(r * ((c*)¥2)) = r * (az) forall r € Lx (R,). Conversely, let a be a nonzero element of
Klc]/K[c] f(c). Since S&*7 is a simple left Lx (R,)-module, S7*7 = L (R,) * ((¢*)*2).
We claim that the map w : SJ*7 — S7, defined by u(r * ((c*)*z)) = r * (az), is a
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nonzero Lk (R,)-homomorphism. Indeed, assume that 7 * (c*)*z = s * (c*)*z, where
r,s € Lx(Ry). We then have o, (r) f1 (c)fz = op(s) f1 (c)*z in Scf. By Theorem 3.2 (1),
we obtain that (0, (r) — 0,(5)) fi (c)¥ = bf(c) for some b € Lx(R,), and so r  (az) —
s * (az) = op(r)az — op(s)az = (0p(r) — op(s))az = (op(r) — op(s))ackfl (o)fz =
(0p(r) — op(s) f1 ()fackz = bf(c)ackz = back f(c)z = 0 (since f(c)z = 0), that
means, u(r * ((¢*)¥2)) = u(s * ((¢*)*z)). This implies that y is well defined. It is not
hard to check that p is an Lg(R,)-homomorphism. From these observations, we have
Endy g (&,)(SZ7) = Kc]/K[c] f(c) = K[x]/K[x] f(x).

(5) We first note that S7*? = L (R,) * z; i.e., every element of SZ*7 is of the form
r x z = 0p(r)z, where r € Lg(R,). We next compute annz . (g,)(z). Indeed, let r €
anng , (g,)(z). We then have 0,(r)z =r *z = 0 in Scf. By Theorem 3.2 (1), 0,(r) =
bf(c) for some b € Lg(Ry), and so r = o;l(b)oljl(f(c)) = o;l(b)f(ogl(c)), since

o ! is an endomorphism of the K-algebra L (R,). This implies that

P
anng (g, (z) LK(Rn)f(Up_l(C))‘

Conversely, assume that r € LK(R,,)f(op_l(c)); ie, r = ,Bf(crp_l(c)), where § €
Lg(R,). We then have r * z = 0,(r)z = 0,(B) f(c)z = 0 (since f(c)z =0),andsor €
anng . (r,)(z), showing that LK(R,,)f(op_l(c)) C anny, . (r,)(z). Hence anny . (r,)(z) =
LK(R,,)f(Gp_l(c)). This implies that

SIP = Lx(Ry)/Lg(Rn) f (0, (c)).
thus finishing the proof. ]

For clarification, we illustrate Theorem 3.6 by presenting the following example.

Examples 3.7. Let K be a field and R, the rose with 2 petals. We then have Cs(R;) =
{ea, ef'ex | m € Z, m > 1}, and AR, (e, e2) is the K-subalgebra of Lk (R>) generated
by v, eq, e5, which means that

n
AR, (e1,e2) = {Zkieini(e;)li |n>1,kieK, mjl; > 0},

i=1

where e = v = (e5) and K[e1] C AR, (e1, e2). Let f(x) = 1 —x € Irr(K [x]). By the
grading on Lg(R;), we always have p # r(1 —¢) forall c € C4(R3), p € K[e1] \ {0},
and r € Lg(R3), and so the set

{7 ¢ € Co(Ra). p € Kleal)

consists of pairwise non-isomorphic simple left L g (R;)-modules, by Theorem 3.6.
Let p =ejandg = eje] € Ag,(e1, e2). We then have

* *
q—p=-ere; —er =ere,(l —e),

50 857 = SJ4 as left Lg (R,)-modules, by Theorem 3.6,
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Using Theorems 3.1, 3.2, and 3.6, we obtain a list of pairwise non-isomorphic sim-
ple modules for the Leavitt path algebra Lk (R,). Before doing so, we need some use-
ful notions. For each pair (f, ¢) € Irr(K[x]) x Cs(Ry), we define a relation =¢,. on
AR, (e1,e,) as follows. Forall p,q € Ag,(e1.es), p =5c qifandonlyif p —q =rf(c)
for some r € Lg(R,). Itis obvious that =, is an equivalence on Ag, (1, e,). We denote
by [p] the =, equivalent class of p.

Theorem 3.8. Let K be a field, n > 2 a positive integer, and R,, the rose with n petals.
Then, the set

(Vi | @ € (Ra)ZYU{SH | ¢ € SCP(Ry). f € lir (K[x])}
u {S({;p | d € Cs(Rn)7 f € Irr (K[x])a [0] 7é [p] € ARn(elvez)/ Ef,d }
consists of pairwise non-isomorphic simple left L (Ry,)-modules.

Proof. All Vg (@ € (Ry)jY) are pairwise non-isomorphic by Theorem 3.1. All Séc (c €
SCP(Ry), f € Irr(K[x])) are pairwise non-isomorphic by Theorem 3.2. All S ‘{’p d e
Cs(Rp), f € Ir(K[x]), [0] # [p] € Ar,(e1.e2)/ =fq) are pairwise non-isomorphic by
Theorem 3.6.

By Theorem 3.1 and 3.6, respectively, Séc (c € SCP(Ry), f € Irr(K[x])) and Sa{’p
(d € Cs(Rp), f € Ir(K[x]), [0] # p € AR, (e1, €2)) are finitely presented. While by
[7, Corollary 3.5], V]q] is not finitely presented for all @ € (R,);°. Therefore, each V}qj is
neither isomorphic to any S éc nor any S j’p .

By Theorem 3.6 (3), each S(J;’p (deCy(Ry), felr(K[x]), [0]#[pl€Ar,(e1,e2)/=Fa)

is not isomorphic to any Séc (c € SCP(Ry), f € Irr(K[x])), thus finishing the proof. m
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