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Ring-theoretic blowing down II: Birational
transformations

Daniel Rogalski, Susan J. Sierra, and J. Toby Stafford

Abstract. One of the major open problems in noncommutative algebraic geometry is the classific-
ation of noncommutative projective surfaces (or, slightly more generally, of noetherian connected
graded domains of Gelfand—Kirillov dimension 3). Earlier work of the authors classified the con-
nected graded noetherian subalgebras of Sklyanin algebras using a noncommutative analogue of
blowing up. In a companion paper the authors also described a noncommutative version of blow-
ing down and, for example, gave a noncommutative analogue of Castelnuovo’s classic theorem that
lines of self-intersection (—1) on a smooth surface can be contracted.

In this paper we will use these techniques to construct explicit birational transformations be-
tween various noncommutative surfaces containing an elliptic curve. Notably we show that Van den
Bergh’s quadrics can be obtained from the Sklyanin algebra by suitably blowing up and down, and
we also provide a noncommutative analogue of the classical Cremona transform.

1. Introduction

Throughout the paper, k will denote an algebraically closed field, which in the introduc-
tion has characteristic zero, and all rings will be k-algebras. A k-algebra R is connected
graded or cg if R = @, Ry is a finitely generated, N-graded algebra with Ry = k.
For such a ring R, the cazegory of graded noetherian right R-modules will be denoted
gr-R, with quotient category qgr- R obtained by quotienting out the Serre subcategory of
finite-dimensional modules. We define qgr- R to be smooth (which is synonymous with
nonsingular in our usage) if it has finite homological dimension. An effective intuition is
to regard qgr- R as the category of coherent sheaves on the (nonexistent) space Proj(R).
Thus, for example, we define qgr- R to be a noncommutative surface if R has Gelfand—
Kirillov dimension GKdim R = 3.

One of the main open problems in noncommutative algebraic geometry is the classi-
fication of noncommutative projective surfaces (or, slightly more generally, of noetherian
connected graded domains of Gelfand—Kirillov dimension 3). This has been solved in
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many particular cases and those solutions have led to some fundamental advances in the
subject; see, for example, [2,7,13,18,21,22] and the references therein. In [1], Artin con-
jectured that, birationally at least, there is a short list of such surfaces, with the generic
case being a Sklyanin algebra. Here, the graded quotient ring Q,(R) of R is obtained by
inverting the nonzero homogeneous elements and two such domains R, S are birational if
Qur(R)o = Qu(S)o; that is, if they have the same function skewfield (note that Qo (R)o is
a division ring). Although no solution of Artin’s conjecture is in sight, it does lead natur-
ally to the question of determining the surfaces within each birational class. We consider
this problem in this paper.

In classical (commutative) geometry, birational projective surfaces can be obtained
from each other by means of blowing up and down (monoidal transformations). The non-
commutative notion of blowing up points on a noncommutative surface has been described
in [21] with a rather more ring-theoretic approach given in [12] and [14]. Moreover, an
analogue of blowing down (contracting) (—1)-curves is defined and explored in the com-
panion paper to this one [15]. The latter paper proves, among other things, that there is
a noncommutative analogue of Castelnuovo’s classic theorem: curves of self-intersection
(—1) can indeed be contracted in a smooth noncommutative surface.

The next step in understanding noncommutative surfaces is then to determine when
two noncommutative surfaces are birational, and we take steps in this direction in the
present paper. In particular, there are two known classes of generic minimal noncommut-
ative surfaces: Sklyanin algebras themselves, which are thought of as coordinate rings of
noncommutative projective planes, and the noncommutative quadrics defined by Van den
Bergh [22]. (See [16] for discussion of the way in which these are noncommutative min-
imal models.) One of the main aims of this paper is to prove that, given that they have
the appropriate invariants, these algebras can indeed be transformed into each other by
means of blowing up and down; thereby giving a noncommutative version of the classical
birational transform

B, , P2 = B, (P! x P!)

(1.1)

In this paper, we apply the birational geometry of noncommutative projective sur-
faces as developed in [12, 15] to construct a noncommutative version of (1.1). Doing this
involves developing substantial new methods in noncommutative geometry; in particu-
lar, establishing a noncommutative version of the isomorphism in the top line of (1.1)
involves a recognition theorem for two-point blowups of a noncommutative P? which is
of independent interest.

In order to state these results formally we need some definitions. We first remark that
as this paper is a continuation of [15] we will keep the same notation as in that paper,
and will therefore refer the reader to that paper for more standard notation. In particular,
given an automorphism t of an elliptic curve E, we always assume that || = oo and, as
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in [15, Section 2], write B = B(E, M, t) for the twisted homogeneous coordinate ring or
TCR of E relative to a line bundle M. A domain R is called an elliptic algebra if itis a cg
domain, with a central element g € R; such that R/gR =~ B(E, M, t) for some choice of
{E, M, 1}. We say that E = E(R) and 7 = t(R) are respectively the elliptic curve and the
automorphism associated to R, and deg M is the degree of R. If we loosen our definition
to allow 7 to be the identity on E, then a commutative elliptic algebra is the same as the
anticanonical ring of a (possibly singular) del Pezzo surface, and the degree of the algebra
is the same as the commutative definition: the self-intersection of the canonical class.

Two examples of elliptic algebras are important to us. The first is the 3-Veronese ring
T = SO of the Sklyanin algebra S = S(FE, 0), as defined in [15, (4.2)]. This is called
a Sklyanin elliptic algebra, and the third Veronese is needed to ensure that g € T7. The
second, called a quadric elliptic algebra, is the Veronese ring Q® of a Van den Bergh
quadric Q = Qvas = Ovas(E. 0, Q) for a second parameter Q € P!. The latter is con-
structed in [22], and described in more detail in Example 7.1.

In this paper we only consider elliptic algebras R for which qgr-R is smooth. This
is not a restriction for the Sklyanin elliptic algebra S, and also holds for any blowup
or contraction that we construct. But, for each {E, ¢}, it does exclude a discrete fam-
ily of quadrics Qvgs(E, 0, 2). However, these can easily be dealt with separately; see
Remark 1.7 for the details.

The notions of blowing up an elliptic algebra R at a point p € E or blowing down a
line L of self-intersection (—1) can be found in [15]. In brief, if R is an elliptic algebra of
degree > 2, one can blow up any point p € E to obtain a subring Bl, (R). (For notational
reasons, in the body of the paper we will usually write R(p) in place of Bl,(R).) In
particular, Bl,(R)/(g) = B(E, M(—p), t), and so blowing up decreases the degree of
an elliptic algebra by one. This is also what happens in the commutative setting: given
a smooth surface X, the canonical divisor of Bl,(X) is 7, Kx + Lj, where L is the
exceptional divisor [6, Proposition V.3.3]. Thus the anticanonical ring of the blowup is
a subring of the anticanonical ring of X. In the noncommutative setting, it follows from
the construction that R and BlL,(R) are also birational; indeed we even have Qg (R) =
Qur(Bl, (R)).

There is a notion of the exceptional line module L, of the noncommutative blowup
Bl,(R). Here, a line module is a cyclic R-module with the Hilbert series (1 — )2
of k[x, y]. Moreover, as in the commutative setting, L, has self-intersection (—1), where
we are now using the noncommutative intersection notion of intersection theory due to
Mori and Smith [9] and defined by

(LewsL') = Z(_l)"+1 dimg Exty,, p (L, L").

n>0

In [15, Theorem 1.4], we gave a noncommutative version of Castelnuovo’s contraction
criterion: Suppose that R is an elliptic algebra with qgr- R smooth, such that R has a line
module L with (L ewsL) = —1. Then we can contract L in the sense that there exists a
second elliptic algebra R’, called the blowdown or contraction of R at L, such that qgr-R’
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is smooth, R = Bl (R’) is the blowup of R’ at some point ¢ € E, and L is the exceptional
line module of this blowup.

The main result of this paper is the following noncommutative analogue of the clas-
sical diagram (1.1).

Theorem 1.2 (See Theorem 7.3). Let Q = Qvas(E, a, 2) be a Van den Bergh quadric
such that qgr-Q is smooth and pick r € E. Then there exist o € Aut(E) with 0> = a? and
p.q € E so that the blowups Bl,(Q®) and Bl, 4(S(E, o)) are isomorphic.

Identify the rings Bl,(Q?®) and Bl, ,(S(E, 0)®) in Theorem 1.2. As blowups are
inclusions in our setting, the effect of that result is to show that there are inclusions

0@ S BI(Q®) = Blpy(5¥) c 5@,

for S = S(E, o). Since we have seen that R and Bl, (R) are always birational, we obtain
the following corollary.

Corollary 1.3. Any Van den Bergh quadric Q with qgr-Q smooth is birational to a
Sklyanin algebra. ]

We should emphasise that Theorem 1.2 is not the first proof of the birationality of
S® and Q@ . Indeed, this was announced by Van den Bergh in [19, Theorem 13.4.1]
with complete proofs given in [10]. The proof of Presotto and Van den Bergh is more
geometric than the algebraic one given here. Our argument has the advantage of providing
a more explicit identity, which should also be useful elsewhere.

In order to prove Theorem 1.2, we develop new techniques in noncommutative bi-
rational geometry which are of independent interest. Let O, r be as in the statement of
Theorem 1.2. The key problem in proving the theorem is to recognise Bl,(Q®) as the
two-point blowup of a Sklyanin algebra. We do this through noncommutative intersection
theory.

In the commutative setting, the surface Bl (P! x P!) contains three lines of self-
intersection (—1). These are the strict transforms L, L’ of the “horizontal” and “vertical”
lines through r on P! x P!, and the exceptional divisor L, of the birational morphism
7, from (1.1). Their intersection theory is summarised in Figure 1: L - L’ = 0 while
L,-L =L, L = 1.Torealise Bl,(P! x P!) as a two-point blowup of P2 as in (1.1),
one observes that ¢ o 7, is defined everywhere on Bl, (P! x P!) and contracts L and L’
to distinct points p, p’ € P2. Further, ¢ o 71, = mp, s realises L, as the strict transform of
the line through p and p’.

Figure 1. The intersection theory of Bl (P! x P1).
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Proving Theorem 1.2 requires different techniques, since in the noncommutative con-
text there is no good analogue of an “open set” on which there is a well-defined “morph-
ism”. One way to think about the problem is that we do not have an a priori inclusion of
S® and Q@ in the same graded quotient ring. Instead, we prove a recognition theorem
for two-point blowups of Sklyanin elliptic algebras, which roughly says that the corres-
ponding elliptic algebra is characterised by the intersection theory described by Figure 1.
More specifically, we prove the following.

Theorem 1.4 (Theorem 6.1). Let R be a degree 7 elliptic algebra such that qgr-R is
smooth and set E = E(R) and © = 1(R). Suppose that R has line modules with the
following properties.

(1) There are right line modules L, L' and L, satisfying the intersection theory,
(i) (LemsL) = (LyomsLy) = (L' eusL’) = —1;
(ii) (LemsL’) = O while (LysusL) = (L, emsL’) = 1.

(2) The points where E intersects L and L' are distinct.

Then R = Bl, 4(T), where p#q € E, and T = S® for a Sklyanin algebra S = S(E, o),

where 63 = 1.

To prove Theorem 1.4, we first show that we can iteratively blow down the two lines L
and L'. In order to show that this gives a noncommutative P2, we show how to construct
noncommutative analogues of the twisting sheaves @ (1) and @ (—1). These determine a
so-called principal Z-algebra, from which we can recover the Sklyanin algebra S(E, o).
Once we have proved Theorem 1.4, it is relatively straightforward to show that Bl,(Q?®))
has the necessary intersection theory and hence to prove Theorem 1.2.

A converse to Theorem 1.4 is provided by the following proposition.

Proposition 1.5 (Proposition 8.4). Let T be a Sklyanin elliptic algebra with associated
elliptic curve E, and let p # q € E. Then R = Bl, 4 T satisfies the hypotheses of The-
orem 1.4.

Theorem 1.4 is a useful new technique for understanding noncommutative surfaces.
To demonstrate its utility, we use it to construct a noncommutative version of the Cremona
transform
Cr: P2 --> P2, [x:y:z]lm [yz:xz:xy],

which factorises as

Bl, .., P?

N

P2 - - —— ——— - +P?

where {p,q,r} ={[1:0:0],[0:1:0],[0:0:1]}.
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We prove our version by showing that the blowup of 7 = S at three general points
P, q,r has a hexagon

of (—1) lines, just as happens for the 3-point blowup of P2 in classical geometry. Using
intersection theory and the noncommutative Castelnuovo criterion [15, Theorem 1.4] we
show that each of the (—1) lines L,/, L, and L, that are not exceptional for the original
blowup can be contracted to give a ring to which Theorem 1.4 applies. This leads to the
following theorem.

Theorem 1.6 (Theorem 9.1 and Remark 9.2). Let T = S be a Sklyanin elliptic algebra
with associated curve E. Pick distinct points p,q,r € E satisfying minor conditions and
let R = Bly 4, T be the corresponding blowup. Then qgr-R is smooth, and there is a
second elliptic algebra T’ = T obtained by blowing down the three lines that are not ex-
ceptional for the original blowup. Thus R =Bl 4, r, T’ for suitable points p1.q1,r1 € E.

Once again, the first noncommutative analogue of the Cremona transform was an-
nounced in [19] and proved in detail in [11].

Remark 1.7. We end the introduction by commenting on the smoothness hypothesis. As
noted in [18] there do exist quadrics O = Qvgp for which qgr-Q is not smooth. One can
presumably extend the results of this paper to cover these examples, although this will
require a more awkward notion of self-intersection, see [15, Section 6] and [15, Defin-
ition 6.11] in particular. However, for most questions, in particular for those concerned
with birationality, this is unnecessary. Indeed if Q is a quadrlc for which qgr—Q is not
smooth, then O has a Morita context to a second quadric Q such that qgr- Q is smooth.
More precisely, there exists a (Q?, Q(Z)) bimodule M, finitely generated and of Goldie
rank one on each side, such that 0® = End 5o (M) and 0@ = End ) (M). This is
proved by combmmg [16, Lemma 6.6 and Corollary 6.1] following results from [18,20].
Clearly Q and Q are birational and so one can use Q to test birationality questions for Q.
Thus, for example, Corollary 1.3 immediately extends to the non-smooth case.

Corollary 1.8. Any Van den Bergh quadric Q is birational to a Sklyanin algebra. ]

2. The noncommutative geometry of elliptic algebras

In this section, we consider properties of the category qgr-R, where R is an elliptic algebra.
We start however with some basic results and notation. As mentioned in the introduction,



Ring-theoretic blowing down II: Birational transformations 1051

this paper is a continuation of [15], and so we refer the reader to that paper for basic
notation. We fix an algebraically closed ground field k. All algebras and schemes will be
defined over k, and all maps will be k-linear unless otherwise specified. We begin with a
few comments about the elliptic algebras defined in the introduction. We emphasise that
throughout the paper we only consider elliptic algebras R for which qgr-R is smooth.

Notation 2.1. Let R = D, , R» be such an algebra, with central element 0 # g € R;
such that R/gR = B = B(E, M, 1) is a TCR over the elliptic curve E. Except when
stated to the contrary, we always assume that |t| = oo and that deg R > 3. If M is a
graded R-module, the g-forsion submodule of M consists of elements annihilated by
some power of g, and g-forsionfree has the obvious meaning. Finally, we note that, by
[14, Proposition 2.4], an elliptic algebra R is always Auslander—Gorenstein and Cohen—
Macaulay (CM) in the sense of [15, Definition 2.1].

Fix an elliptic algebra R as above. Since GKdim(R) = 3, recall that a graded mod-
ule M is Cohen—Macaulay (CM) if ExtiR (M, R) =0 foralli # 3 — GKdim(M), while
M is maximal Cohen—Macaulay (MCM) if in addition GKdim(M ) = 3.

For an elliptic algebra R, let Gr-R be the category of all graded right R-modules, with
quotient category Qgr- R obtained by quotienting out direct limits of finite-dimensional
modules. Let 7 : Gr-R — Qgr- R be the natural map, although we will typically abuse
notation and simply denote 7 M by M for any M € Gr-R. By the adjoint functor theorem,
7 has aright adjoint w : Qgr-R — Gr-R. A graded R-module M is called saturated if it is
in the image of the section functor w. By [4, (2.2.3)], this is equivalent to Ext}e (k,M)=0.
The subcategory of finitely generated (hence noetherian) modules in Gr-R is denoted gr-R;
similarly, qgr-R = m(gr-R) is the subcategory of noetherian objects in Qgr-R. Below we
will write

X = qgr-R.

Note that qgr-B ~ coh E by [3].
Certain standard localisations of R will be important. If M € gr-R, let

M° = (M ®r R[g"])o.

By [15, Lemma 6.8], the hypothesis that qgr-R is smooth holds if and only if R° has
finite global dimension. The image of an element or set under the canonical surjection
R — B is written x > X. Let R(g) be the Ore localisation RE™L where € is the set of
homogeneous elements of R ~ gR. Then R(4)/R(g)8 = Qg (B). Aright R-submodule M
of Rg) is g-divisible if M N gR) = M g, and hence M = M/Mg. This is equivalent to
R(g)/ M being g-torsionfree. If M, M’ C Ry are g-divisible, then so is Homg (M, M),
by [13, Lemma 2.12].

Let M = @, M, € Gr-R. We say M is left (right) bounded if M,, = 0 forn < 0
(respectively n > 0). If M € gr-R then M is left bounded. It is clear from calculating with
a resolution by finite rank graded free modules that Extﬂ,2 (M, N) is left bounded for all i
when M, N € gr-R. Given k € N, the shifted module M [k] is defined by M [k], = M, 4.
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Set Homy (M, N) = P, Homx (M, N[n]) and define E_Xt‘x(M, N) similarly. We let
H'(X, M) = Exty.(R, M) denote the i-th (sheaf) cohomology of M. By [14, The-
orem 5.3], R satisfies the Artin—Zhang y condition which, by [4, Corollary 4.6], implies
that Extgc (M, N) is finite-dimensional for all ;.

Suppose that M € gr-R is g-torsionfree and N € gr-B. We often use the facts that

Extp(M,N) = Extg(M/Mg,N) and Exty(M,N) =Ext, z(M/Mg.N). 2.2)

See [15, Lemma 4.7].

With this background in hand, we now prove some needed preliminary results. First,
we show that maximal Cohen-Macaulay g-divisible submodules of R(g) have a nice char-
acterization.

Proposition 2.3. Let M C R(g) be a nonzero g-divisible finitely generated module over
an elliptic algebra R. Then M is MCM if and only if M is a saturated B-module.

Proof. We first claim that M is MCM over R if and only if M is MCM over B. Apply
Hompg(—, R) to the exact sequence 0 — R “%, R — B — 0 and consider the correspond-
ing long exact sequence

-+ = Extly (M, R)[—1] -5 Extio(M, R) — Extiy (M, B) — Extiy {(M, R)[-1] — ...
2.4)
where we have used (2.2). Note that GKdim(M) = 3 and GKdim(M) = 2. If M is
MCM over R then it follows from (2.4) that M is MCM over B. Conversely, if M
is MCM over B, then for all i > 1 multiplication by g gives a surjection of right R-
modules Exth, (M, R)[—1] — Exth (M, R). Since Extiy (M, R) is left bounded, this forces
Ext"R (M, R) =0.So M is MCM over R, and the claim is proved.
To finish the proof we show that for any finitely generated graded B-submodule
N C Qu(B), N is MCM over B if and only if N is saturated. By multiplying by a
homogeneous element of B to clear denominators we can assume that N € B. If N is
saturated, then B/N is pure of GK dimension 1. The critical B-modules of dimension 1
are the shifted point modules [14, Lemma 2.8] and so B/N has a finite filtration with
factors that are shifted point modules. Since a point module is CM by [15, Lemma 3.3],
B/N is CM of GK dimension 1. Now, Exty (N, B) = Ext;"'(B/N, B) = 0fori > 1, s0
N is MCM of GK dimension 2. Conversely, if N is not saturated, then there is a graded
module N" with N & N’ € B, where N'/N is finite-dimensional and N’ = wm(N) is
saturated. Since N’ is MCM by the argument above, Ext% (N’, B) =0 fori > 1. Hence
Ext} (N, B) = Ext3(N’/N, B). But using that B is AS Gorenstein of dimension 2, we
get Ext3(N'/N, B) # 0. Thus Extg (N, B) # 0 and N is not CM. |

Note that a MCM R-module M is automatically reflexive: that is,
Homg (Homg(M, R), R) = M.

This follows from the Gorenstein spectral sequence [8, Theorem 2.2].
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Next, we show that Ext groups in the categories gr-R and X = qgr-R are equal in
certain circumstances.

Proposition 2.5. Let M, N € gr-R.
(1) If N is saturated and has zero socle, then Homg (M, N) = Hom (M, N).
(2) If N C R(y) is g-divisible and MCM, then Ext}e (M,N) = M& (M,N).

Proof. (2) We claim that Ext%(k, N) = 0. Consider the exact sequence 0 — N [—1] N
N — N — 0 and the corresponding exact sequence

Exth(k, N) — Extk(k, N)[-1] — Ext%x(k, N). (2.6)

Suppose that Ext}e (k,N) # 0. Let N C P represent a nonzero class « in this extension
group, where P/N = k. Necessarily N is essential in P. If P is not a B-module, then
Pg # 0. Since Ng = 0, in this case Pg = k. By essentiality, Pg N N # 0. This con-
tradicts the fact that N C Q.r(B), so that N has no socle. Hence P € gr- B. This shows
that o € Ext}; (k, N) = 0, because N is saturated by Proposition 2.3. This contradiction
proves that Extk (k, N) = 0.

Now (2.6) implies that there is a graded injective vector space map Ext%e (k, N)[-1] —
Ext?2 (k, N). However, Ext%2 (k, N) is finite-dimensional by the y condition. This forces
Ext%(k, N) = 0 as claimed.

Next note that Ext}2 (k, N) = 0, since g-divisibility implies that N is a saturated
R-module. Thus ExtiR(M/Mzn, N) =0 for i = 1,2 and for all n € Z. Given that
Ext). (M, N) = limy_c Extk (M5, N), the result follows from the standard long exact
sequence.

(1) Again Extk(k, N) = 0 since N is saturated, and Homg(k, N) = 0 since N has
no socle. Now an argument analogous to the proof of part (2) gives the result. ]

Notation 2.7. Since line modules play a vital role in noncommutative monoidal trans-
formations, we recall some of their properties from [15, Section 5]. If L is a right (left)
line module, then LY = Ext}2 (L, R)[1] is a left (right) line module, referred to as the
dual line module. Moreover, L =~ LVY. There is a unique right (left) ideal J of R such
that L =~ R/J, and, since Ext}e(L, R)1 =k, a unique module M € Qg (R) such that
R € M with M/R =~ L[—1]. We refer to J as the line ideal of L and M as the line
extension of L. Note that line ideals and line extensions are MCM, and thus reflexive
by [15, Lemma 5.6 (2)]. Further, the line ideal of LV is the reflexive dual of the line
extension of L [15, Lemma 5.6 (3)].

For M, N € X, following Mori and Smith, one defines the intersection number

(M susN) = > (=1)"*! dimy Ext}, (M. N)

n>0

(see [9, Definition 8.4] or [15, Definition 6.1]). The following result follows easily from
this definition.
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Lemma 2.8. Let 0 > M’ — M — M" — 0 be a short exact sequence in X and let
N € X. Then
(M ousN) = (M eusN) + (M" usN)

and
(N swusM) = (N eusM") + (N susM"). [ ]

The intersections between lines are especially important. By [15, Lemma 6.8 and
Corollary 6.6] and the fact that X' = qgr-R is smooth, we get the following identities.
If L, L’ are R-line modules, then

(L ewsL’) = grk Exth(L, L") — grk Homg(L, L)
= grk Ext}. (L, L") — gtk Homy (L, L"), (2.9)

where grk V' denotes the torsionfree rank of V' as a k[g]-module.
Next, we give several versions of Serre duality for X . In the next two results, for a
vector space V, the notation V* means the usual vector space dual Homy (V, k).

Lemma 2.10. The space X has cohomological dimension cd X = 2 in the sense that
Extgc(R,_) = 0 for i > 3. Further, R[—1] is the dualizing sheaf for X in the sense of
[23, (4-4)]. Finally,

Exth.(__, R[-1]) = Ext} (R, _)*,  foralli. (2.11)

Proof. By [15, Proposition 4.3], R is AS Gorenstein, in the sense of [15, Definition 2.1].
Thus there exists e € Z so that Ext’k (k, R) = §; s3k[e] in gr-R. Then by [23, Corollary 4.3],
R[—e] is the dualizing sheaf for X, and Ext"x (__, R[—e]) = Ext%{i (R,_)*. Using (2.2)
we have a long exact sequence

++- = Bxty (R, R[~1]) —> Exty(R, R) — Extl, p(B.B) — --- .

Together with the fact that B is the dualizing sheaf for qgr- B, (equivalently, O is the
dualizing sheaf for coh E) this implies thate = 1. ]

For g-torsionfree modules we have the following stronger version of this result.

Proposition 2.12. Assume that N € gr R is g-torsionfree. Then Ext"x (N,_)=0fori=>3.
For0<i <2 Extix(N, _)*and Ext%c_i (__, N[—1]) are naturally isomorphic functors
from X — Mod-k.

Proof. We first show that if G € X is g-torsion, then Extiz(N, G) = 0. Since G is
noetherian there is some n such that Gg”" = 0 and, by induction, it suffices to prove that
Extiz(N, G) = 0 holds when Gg = 0. Leti > 2 and let B = R/Rg. By (2.2) we have
Extgc (N,G) = Extf]gr_B (N/Ng, G), which is zero since qgr-B >~ coh(E) for the elliptic
curve E.



Ring-theoretic blowing down II: Birational transformations 1055

Now let F € X be noetherian and g-torsionfree. Let i > 3. As in the proof of [15,
Lemma 6.8], Extgc (N, F) is g-torsionfree and hence by [15, Lemma 6.2] the natural map

Exty (N, F) — Extiy (N, F) ®xg) k[g, g7'] 2= Extie (N°, F°) @k k[g, g7']

is injective. As R° is CM, the proof of [15, Lemma 6.8] implies that R° has gldim R° < 2.
Thus Exty (N, F) = 0.

Let M € X be arbitrary; then there is an exact sequence 0 > G - M — F — 0
in X, where G is g-torsion and F is g-torsionfree. From the previous two paragraphs, we
see that Ext?c3 (N, M) =0.

By (2.11), we have Ext%C(N, R[—n — 1])* = Homy (R, N[n]). Thus, if N # 0 then
Ext%C(N, _)#0.Let C =P, Ext%C(N, R[—n])*, which is a right R-module. Using
(2.11), we compute that

C @Homx(R, N[n —1]) = onN[—1]50.

n>0

By Proposition 2.5, Hom,- (N, R) and @;C (N, R) are left bounded. Therefore, by [23,
Theorem 2.2],
Exty(__,C) = Exty(__, N[-1])

is naturally isomorphic to Ext} ' (N, _)*. n

We remark that, as X is smooth, it is surely the case that hd X’ = 2 and so Proposi-
tion 2.12 will hold for all modules in X; however, we have not been able to prove this.

Given a Z-graded vector space M = P, M, write M * for the graded dual M* =
P, Homy (M_,,, k). The previous result has the following immediate extension to graded
Ext groups.

Corollary 2.13. Let N € gr-R be g-torsionfree. For all M € gr-R and 0 <i <2,
Extly (N, M)* = Exty ' (M, N)[-1]
as graded vector spaces. ]

We also have the following corollary for intersection numbers of lines.

Corollary 2.14. If L, L’ are R-line modules, then

@))] (L 'MSL/[k]) = (L 'MSL/)fOI" allk € 7.

(2) Moreover, (L 'MSL/) — (L/ 'MSL) = (Lv 'MS(L/)V) = ((L/)v 'MSLV).
Proof. (1) This is [15, Proposition 6.4 (1)].

(2) The first and third equalities follow from Proposition 2.12, together with part (1).
The second equality follows from [15, Lemma 5.6 (4)] and (2.9). ]

Finally, we compute the cohomology of a line module.
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Lemma 2.15. Let L g be a line module. For alln € Z, we have
dim H°(X, L[n]) = max(n + 1,0), dim H'(X, L[n]) = max(—n — 1,0),

and
H?(X,L[n]) = 0.

Thus (RewsL[n]) = —n — 1 and (L[n]eusR) = —n.

Proof. First, Homy- (L, R) = Homg (L, R) = 0 by Proposition 2.5. As L is Goldie tor-
sion, H2(X, L[n]) = 0 follows from (2.11). Thus, by again using Proposition 2.5 and
[15, Lemma 5.6(1)],

dimy Exty(L[n], R) = dimg Ext}, g(L[n]. R) = dimg Extx(L, R)—,

_Jn n<o,
0 else.

By (2.11), we have dim Ext%c (L[n], R) = dimHomx (R, L[n — 1]). Note that a line mod-
ule L is saturated and g-torsionfree [15, Lemmata 5.2 and 5.6 (5)]. In particular, L has
zero socle. By Proposition 2.5,

n n>0

dimy Homy (R, L[n — 1]) = dimy Homg,. g(R, L[n — 1]) =
0 else.

Now using (2.11) and the definition of the intersection product, all of the claims follow. m

3. Twisting sheaves for elliptic algebras of degree nine

In this section and the next, we study elliptic algebras R of degree 9 and develop a the-
ory which will allow us to recognise when such an algebra is a Sklyanin elliptic algebra
T =50 for S = S(E,o0).

If T is such a Sklyanin elliptic algebra, then qgr-7" >~ qgr-S, and as qgr-S is a noncom-
mutative projective plane, it has objects {0 (k) | k € Z} which play the role of the Serre
twisting sheaves on P2 The objects O (k) correspond to the right 7-modules @, 7 S3n-+k;
in particular, we have the T-modules H = @, ; S3n—1 and M = P, 5 S3n+1. Ignoring
degree shifts, it is easy to check that Endy (H )_= Endr (M) =T, while H* = TSy, and
M* = TS,. Here, we have returned to the standard notation H* = Homz (7'S1, T), etc.
Similarly, Homy (H, M) = MH* = $1TS; = H and Homy (M, H) = M. Consider
H @& T & M as a column vector and End7r(H & T & M) as a subalgebra of M3x3(S).
Taking Hilbert series of the above, and with the correct degree shifts, it follows routinely

that
1+7s+s2 65+352 354652
(1—s)3 (1—s)3 (1—s)3
. 2 2
hilbEndr(H @ T & M) = gigg 1(+17j;;§ G(Sljg)g ) 3.1
6+3s 3+6s 1+7s+s>
(1-s)3 (1-9)3 (1-5)3
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The main result of this section, Proposition 3.3, gives sufficient conditions for a de-
gree 9 elliptic algebra T to have right modules H, M for which (3.1) holds, and hence
such that their images in qgr-7 play the role of @(—1) and O(1).

Before stating that result, we need a few observations from [3]. Given an elliptic
algebra T, set B = T/gT = B(E, N, 1); thus B = @@ By, where B, = HO(E, Ny)
and N, =N Q- ® N, under the notation 7 = t*F for a sheaf F € coh(E).
The isomorphism classes of B-point modules are in one-to-one correspondence with the
closed points of E; explicitly, if p € E has skyscraper sheaf O, = Og/I,,then p € E
corresponds to the point module M, = @,., H*(E, 9, ® N,) = B/, for the point
ideal I, = @, H*(E, I, ® Ny) C B. The images 7(M,,) of the point modules M,
are the simple ot;jects in Qgr-B. We will also frequently use the fact that M, [n]>, = M,
for any n (see, for example, [15, (3.1)]). Of course simple objects in B-Qgr are also para-
meterised by closed points of E, and we denote these left point modules by M, where
M} = @no HO(Op)™ @ Ny).

If M is a g-torsionfree right T-module such that w(M/Mg) has finite length with
composition factors w (M, ), ..., w(Mp,), we say that the divisor of M is DivM = p; +
-++ 4 py. In particular, if L is a line module then Div L is a single point. Finally, graded
vector spaces V, V' are called numerically equivalent, written V = V' if hilb V = hilb V".
We often write V' = hilb V.

Notation 3.2. Let 7' be an elliptic algebra of degree 9, with B = T/gT = B(E, N, 7).
We will be interested in the following three conditions on 7.

(1) T has a g-divisible right ideal H with

H= HE. No(—a—b—c))

n>0
for some points a, b, ¢ € E, such that hilb End7(H) = hilb T'.
(ii) T has a g-divisible right module M with T € M C T(,) such that

M= HE.No(d + e+ [))

n>0
where d, e, f € E, such that hilb End7 (M) = hilb T'.
(i1 T has a g-divisible left ideal HY with

HY =@ HE. Ny(~t"d =t "e — 7" f))

n>0

where d, e, f € E, and such that hilbEnd7(H") = hilb T'.
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Proposition 3.3. Let T be an elliptic algebra of degree 9, set B =T/gT = B(E, N, 1)
and consider the conditions (i), (ii) and (i)' of Notation 3.2.

(1) Assume that (1), (ii) hold and set NV = H, N® =T, N® = M. Then
Homr (N®, NW) = Homg(N®O , NWD)  foralli,j € {1,2,3}. (3.4
Moreover, (3.1) holds, that is,

1+7s+s> 654352 354652

(1-s)3 (1—s5)3 (1-s)3

. . . 2 2

hil (Homp(NU), N@)) = | 3te  Limbl &l | (35
6+3s 3+6s 1+7s+s2
(1-s)3 (1-s)3 (1-s)3

(2) Conditions (ii) and (i)' are equivalent. Indeed, M satisfies (ii) if and only if
HY = Homy (M, T) satisfies (i1)'. Similarly, HY satisfies (ii)’ if and only if M =
Homy (HY, T) satisfies (ii).

Proof. (1) The N ® are g-divisible by hypothesis, and@ce, by [13, Lemma 2.12], so is
each Homz (N ®, N (). By hypothesis, we may write N = @, HO(E, §; ® Ny)t"
where 9 =Og(—a—b—c¢), % =0, and§3=0Og(d +e + f).jl"hen [15, Lemma 2.3]
implies that

Homp(ND N®) = (D H(E.(97")7'6 ® N)t" Ck(E)t.17"1]  (3.6)
n>0
for all i, j. Further,_a straightforward calculation, using [15, Lemma 2.2], shows that
hilb(Hompg (N (), N®));; is equal to (1 —s) times the matrix on the right hand side
of (3.5). Since Homz (N), N®) is g-divisible, this shows that equality in the (i, j)-
entry of (3.5) is equivalent to having Homz (N (), N®) = Hompg (N (), N@). Thus we
just need to prove (3.4).
Using (2.2), there is an exact sequence

0 — Homz (N, NOY[=1] 2 Homp (N, N©)

— Homp (NG, N®) & Exth(NV, N@)[-1] (3.7)
and so for each 7, j it is sufficient to prove that ExtlT (N D N (i)) = 0. Now each N® is
g-divisible, and it is easy to see that N @) is saturated by hypotheses (i), (ii). So each N @
is MCM by Proposition 2.3. Therefore, by Proposition 2.5 and Corollary 2.13, we have
Bxty (N, NO) = Extic(NV), N ) = Extye (N, NO) 1] = Bxip (N, NO)*[1].
Thus for each (i, j) we have Extl.(N ), N®) = 0 if and only if Extl.(N®, N¢/)) = 0.

By assumption, T = End7 (M) = Endr (H) and so (3.4) holds when i = j. Trivially,
Ext} (T, N@) = 0, and so Ext}-.(N®, T') = 0 also holds for all i. (This also follows from
the CM property of N @) As

Exth.(M,H) =0 <= ExtL(H,M) =0,

in order to prove part (1), it just remains to prove that ExtlT (M,H) =0.
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Since ExtlT (M, T) = 0, we have the exact sequence

0 - Homy (M, H) - Homy (M, T) i Homy (M, T/H) — ExtlT(M, H)— 0. (3.8)

We would like to understand the Hilbert series of Hom7 (M, T'/H ). For this, we consider
also the following exact sequence, where we are applying (2.2),

0 — Homr (M, T/H)[~1] - Homy (M, T/H) — Homg(M,T/H) — --- (3.9)

First we prove that Homg (M, T /H)o = 0. By (i), there is a surjection 8 : T/H —>
M,. But any nonzero, degree 0 map 6 : M — T /H is surjective, since T /H is cyclic.
Thus p = B o 6 gives a surjection p : M — M,,. Since M is saturated, it clearly follows
from the equivalence qgr-B =~ coh E that ker p = @@, H*(E, Nu(d + e + f —a)).
Therefore, by [15, Lemma 2.2], ker p is generated in aegree 0. On the other hand, by
construction, (ker p)g = (ker 8)¢ and so ker p = ker 6. This is impossible, so no such 6
can exist. Thus Homg (M, T /H)o = 0, as desired.

Now, (T /H)s; is filtered by the shifted point modules (M. ))[—1], (My)[—1],
and (Mq())[—1]. Since hilb Homp(M, M,) = 1/(1 —s) for any point p such that
Homp (M, M) # 0, it follows that hilb Homg(M, T/H) < (35s)/(1 — s). Using (3.9),
we then get hilb Homz (M, T/H) < (3s)/(1 — s)2.

Now, hilb Homg (M, H) = (3s + 652)/(1 — s5)2, by (3.6). So, considering (3.7) for
(j.i) = (3.1), gives the upper bound hilb Hom7 (M, H) < (3s + 6s2)/(1 — s)3. On the
other hand,

(35)/(1 = 5)* + (3s + 65%)/(1 — 5)* = (65 + 35%)/(1 — 5)> = hilbHomz (M, T),

where the last equality follows since we have already proven that the (3, 2) entry of
(3.5) is correct. By considering the first three terms of (3.8) and the upper bounds for
hilb Hom7 (M, T /H) and hilb Homy (M, H), this forces both bounds to be equalities. In
particular,

hilb Homy (M, H) = (3s 4 6s%)/(1 — 5)*> = hilb Hom(T') — hilb(M, T/H)

and so the first three terms of (3.8) form a short exact sequence. Thus Ext%- (M,H) =0,
and the proof of part (1) is complete.

(2) Suppose that hypothesis (ii) holds and define HY = M* = Hom7 (M, T). Since
M is MCM, it is reflexive, so M = Hom7 (H", T). It follows that

Endr (M) = {x € Qu(T) | xM S M} ={x | H'xM C T}

and, similarly, End7 (HY) ={y € Qu(T) | HYy C HY} ={y | HYyM C T}. Thus
Endr(M)=Endr(H"). Since End7 (M )=T by assumption, we also get Endr (H")=T.
Since T is g-divisible, the module P = M/ T is g-torsionfree. By hypothesis (ii),

P/Pg=M/B=Q2+s)/(1—-5)
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is filtered by the shifted right point modules My g)[—1] = (My3)>1, M., and My . There-
fore, [15, Lemma 5.4] applies to P. By that lemma, if N = ExtlT (P,T),then N/Ng is
filtered by the shifted left point modules M f_l oM f_ze[—l], and Mf_z f[—l]. Now con-
sider the exact sequence

0> H > TEH N S Exdh(M.T),

and note that ExtlT (M, T) = 0 was proved within the proof of part (1). Thus N =~ T/H",
and so N/Ng = B/HV, as HY is g-divisible. Since we know the point modules in a
filtration of N/Ng, this forces HY = @, H*(E, Ny(—=t™"d —t™"¢ — 7" f)). Thus
(ii) implies (ii)'. -

The converse (ii)’ = (ii) is proved similarly, using the left-sided versions of [15, Lem-
mata 4.5 and 5.4]. The relevant exact sequence is

0— T — Homp(H",T) — Ext:(T/HY,T) — 0,

where there is no extra Ext! term to worry about. We leave the details to the reader. ]

4. Recognition I: Recognising Sklyanin elliptic algebras

We continue to consider when an elliptic algebra 7' of degree 9 can be shown to be
the 3-Veronese of a Sklyanin algebra. Let 7' be such an elliptic algebra with T/gT =
B(E, N, 1), and recall that we are always assuming that qgr-7 is smooth. Suppose, fur-
ther, that 7" has right modules H and M satisfying the conditions from Notation 3.2.
The main result of this section is that, under an additional condition on Div 7/H and
Div M/T, T = S® is the 3-Veronese of a Sklyanin algebra S = S(E, o). Note that, as
discussed at the beginning of Section 3, this also implies that 7 =~ End7 (H) = Endr (M).
Neither of these conclusions is obvious a priori.

To explain the condition on the divisors of T/H and M/ T, suppose for the moment
that T is a Sklyanin elliptic algebra; that is, T = S®) where S is the Sklyanin algebra with
S/gS=B(E,£,0)and £3=LQ L’ ® £~ N.If0#x €S, = H°(E, L) vanishes
ata,b,c € E,then H := xS, T satisfies H = @n>1 HO(E, Ny(—a — b —¢)). Recall that
the isomorphism class of an invertible sheaf on E is determined by its degree and its image
under the natural map from Pic E — E [6, Example IV.1.3.7]. Thus £ =~ Og(a + b + ¢)
and so

N =0Op( la+b+c)®. 4.1

Further, if we set HY = T'S,x then HY = Bo HYE. N(—t7"d —17"e — 17" f)),
ford = oa,e = ob,and f = oc. Thus

Op(ta+b+c)=0Ogd+e+ f). 4.2)

The following theorem, which is the main result of this section, shows that the neces-
sary conditions (4.1), (4.2) for T to be a Sklyanin elliptic algebra are also sufficient.
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Theorem 4.3. Let T be an elliptic algebra of degree 9, such that qgr-T is smooth, and with
T/Tg = B(E, N,t). Suppose that T satisfies the conditions from Notation 3.2, where
the points a,b,c,d, e, f satisfy (4.1) and (4.2). Then T = S®, where S = S(E,0) is a
Sklyanin algebra with 03 = .

We prove this theorem by means of Z-algebras. Recall that a Z-algebra is a k-algebra
A of the form D ; jyezxz Ai,j suchthat A; ;jAx ¢ = 0if j # k,and A; ;A ¢ © A;¢. The
Z-algebra A is lower triangular if A;; = 0 foralli < j, and connected if A, , =k for
all n.

We say that a homomorphism ¢ : A — A of a Z-algebra A has degree d if ¢p(A; ;) <
Ajta,j+a foralli, j. The Z-algebra A is called d-periodic if it has an automorphism of
degree d. A 1-periodic Z-algebra A is also called principal. Given any Z-graded algebra
B = @, cz Bn, we can form a Z-algebra A = B by putting Ajj = B;_; forall i, j,
with the natural multiplication induced by the multiplication of B. Clearly Bis principal.
Conversely, if a Z-algebra A is principal then there exists a Z-graded algebra B such
that A >~ B , by [17, Proposition 3.1]; further, the multiplication on B is determined by
the given degree 1 automorphism of A. Given a Z-algebra A, m € Z and d > 2, the
corresponding d -th-Veronese of A is the Z-algebra A’ = A@) where A;.’j = Am+dim+dj>
with multiplication induced by the multiplication in A. Clearly A has d distinct d-th-
Veronese algebras, depending on the choice of m. We call the Z-algebra A a quasi-domain
ifforall0 # x € A;;,0# y € Ajx, wehave 0 # xy € A; . If B is a Z-graded domain,
the corresponding principal Z-algebra Bisa quasi-domain.

Consider the Sklyanin algebra S = S(E, o) with its factor TCR B = B(E, £,0) =
S/gS for an invertible sheaf &£ of degree 3 and the central element g € S5, as described
in [15, (4.2)]. Then S has a graded presentation S = k{x;, x», x3}/(r1, r2, r3), where
deg x; = 1 and degr; = 2 for each i, j. So B has a graded presentation B =
k{x1, x2, x3}/(r1, 12, 13, r4), where ryq corresponds to the central element g and hence
degrs = 3. We now give a Z-algebra version of this observation; more specifically, we
study Z-algebras satisfying the following properties.

Assumption 4.4. Let A be a connected lower triangular Z-algebra which is a quasi-
domain. Assume there is an ideal of I which is generated by elements {0 # g, € Ay13,n |
n € 7}, such that there is a degree 0 isomorphism p : A/ =~ E, where B = B(E,£,0)
for some elliptic curve E, invertible sheaf &£ of degree 3, and translation automorphism
0 € Aut(E). Let ¢ be the degree 1 automorphism of A/I corresponding under p to the
canonical degree 1 automorphism ofl?. Finally, we can identify (A/I)nn—1 = An,n—1 for
all n and we assume that gnx = ¢>(x)gn—1 for all x € Ay y—1 under this identification.

Proposition 4.5. Let A be a Z-algebra satisfying Assumption 4.4. Then there is a graded
ring S and a degree 0 isomorphism y : S — A, such that either
(i) S = S(E,0) is a Sklyanin algebra, or else

(ii) S = B|z], where z is a degree 3 indeterminate.
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Moreover, the principal automorphism ¢ of A/ 1 lifts to a principal automorphism 5 of A,
which corresponds under y to the canonical principal automorphism of S.

Remark 4.6. Although we have a blanket assumption that qgr-R is smooth for an elliptic
algebra R, we note for use elsewhere that Proposition 4.5 and its proof hold without any
smoothness assumptions. It is also worth noting that qgr- B[z] is not smooth (see the final
step in the proof of Theorem 4.3).

Proof. First, since hilb B = (1 + s + s2)(1 —5)72, we have dimyg (A/)y+m.n = 3m for
m > 1, while dimg (A/1),.» = 1. Because of the relations g,x = ¢>(x)gu—1, the ideal 1
is generated by the {g,} as a right ideal of A. Then, since A4 is a quasi-domain, we easily
get dimy Apimn = ("F7?) forall m > 0.

Let F = k(V') be the free algebra on a 3-dimensional k-space V', and fix surjections
F — S(E,0) = F/(r,r2,r3) > B=B(E,£,0) = F/(r1,r2,r3,74)

as above, where ry, r», r3 are quadratic relations and r4 is cubic. Then we get induced
surjective maps of Z-algebras ¥ : F — S(EA o) and 6 : S(EA o) —> B. Let A’ be the
sub-Z-algebra of A generated by {A,+1,, | n € Z},andlet u: A" — A/I be given by the
natural inclusion A’ — A followed by the natural surjection A — A/I. The isomorphism
p: A/l — B gives an isomorphism

’ p ~ ~
An+1,n = An+l,n = (A/I)nJrl,n - Bn+1,n = Ip+1,n

for each n. Then there is a clearly unique surjection of Z-algebras v : F — A’ with
puv = 0. ~

We claim that v factors through S(E, o). Since [ is generated in degrees (n + 3, n),
we have isomorphisms

p ~
A;H—Z,n = Aﬂ+2,n = (A/I)n+2,n - Bn+2,n

for each n. (The first equality follows since B is generated in degree 1, which forces
Apnton+1Ant+1,n = Ant2,n since A agrees with B in low degree.) Thus pu is an iso-
morphism in degree (n + 2, n). It follows that v must kill the same degree (n + 2, n)
relations that 0 does. This shows that there is amap y : S (E ,0) — A’ suchthatv = yy;
in other words, v factors as claimed. Now 8y = puv = puyy and since v is surjective,
0 = ppx.

To distinguish it from the elements g, € A, let h € S(E, 0)3 be the image of the
degree 3 relation r4 € F and let h,, = h € S(E, 0)p43.,- Since h is central in S(E, 0),
we have R R

S(E,0)ptan+3mn = hnt1S(E,0) 4105 foralln € Z. 4.7

Since the image of y(h,) in A/I is 0, we have yx(h,) € I. As I is generated by the
elements {gy, }, this forces y(h,) = A, g, for some scalars A, € k. Using that A is a quasi-
domain, applying y to (4.7) shows that A, = 0 <= 1,41 = 0. By induction, if some
A; = 0then A, = O for all n.
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Consider the case that A,, # 0 for all n € Z. In this case, we have g, € A’ for all n.
Since A/1 is generated by {(A/I)p+1,» | n € Z}, and [ is generated by the g,, clearly
A is generated as an algebra by {A, 41, | n € Z} and {g, | n € Z}. Thus A = A’ in this
case and y is a surjection S(E, o) —> A. As

m—+ 2

dimg Ayyman = ( 2

) = dimg S(E,U)m = dimg S(E’:v U)n+m,n

for all n > Z and m > 0, y is a degree 0 isomorphism from S(f 0) to A. So (i) holds
with y = y. There is a unique principal automorphlsm ¢> of A corresponding under y to
the canonical degree 1 automorphism of S (E 0). The identity 6 = puy implies that ¢
lifts the given automorphism ¢ of A/1.

Otherwise, A, = 0 for all n € Z. In this case, y(h,) = 0 for all n, and so y factors
through B to give amap ¥ : B — A’ such that 78 = y. Then 6 = puy = pu36 and since 0
is surjective, puy = 1. In particular, the surjection ¥ : B — A’ must be an isomorphism,
and then sois u : A" — A/I.

Let z be a central indeterminate of degree 3and letz, =z € B[z]n+3 n- We claim
that we can extend the isomorphism (o)~ :B—> Atwa homomorphlsm y:B [Z] — A
by deﬁnmg y(z,,) = gn For each n € Z, define a map V — Bn+1 » by the identifica-
tion V = F,,+1 n —> Bn+1 n- Write the image of v € V under this map as v,. To show
that y is well defined, we need to check that y(z,41v,) = gnt1(pp) ' (vys) is equal to
Y(Wni3zp) = (pit) " (Vp43)gn forall n € Z and v € V. But this follows from the equa-
tion g, 11X = ¢>3(x)gn, since p intertwines ¢ with the canonical principal automorphism
of B.

Similarly to the first case, A is generated by A’ and the g, so that y is surjective, and
comparing Hilbert series, we see that y is an isomorphism. Thus case (ii) holds. Again,
there is a unique principal automorphlsm ¢ of A corresponding under y to the canonical
degree 1 automorphism of B[Z] Ifrn: B[z] — B is the canonical surjection, by the defin-
ition of y we have m = puy. From this equation it follows similarly to the first case that
 lifts ¢. "

In order to apply the proposition above, we need to be able to recognise when a Z-
algebra is 1-periodic and isomorphic to B for a TCR B. The next lemma will help us to
do this. It is useful to consider Z-algebras of the following form.

Definition 4.8. Let K = k(E) for an elliptic curve, let 7 € Autk(K), and consider the
skew-Laurent ring Q = K[t,t7'; 7]. We call a Z-algebra A standard if
(i)  itis connected, lower triangular, and generated by {A, 41, | n € Z};

(i) each piece A;; has the form V;, jtdi’-i C @ for some finite-dimensional k-
subspace V; ; € K and d; ; € Z; and

(iii) foreachi > j > k the multiplication map A; ; ® A;x — A, x is given by the
multiplication in Q.
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It is easy to see that once the ring Q = K|[t,t~!; 7] is fixed, given arbitrary choices of
Vit with Vi € K and d,, € Z for each n € Z, there is a unique standard Z-algebra A
with A1, = Vet .

We show now that every standard Z-algebra is isomorphic to one where each graded
piece is contained in K and no automorphism is involved in the multiplication.

Lemma 4.9. Fix K and t as in Definition 4.8. Let A be a standard Z.-algebra associated
to this data. Then there is a standard algebra A with An+1,, € K for all n and a degree 0
isomorphism A = A.

Proof. Write Apyt10 = Vy 9 where V, € K. Let e = 0, for each n > 2 let e, =
Z:’ 11 d;i,and forn <0 let e, = Zl —n di. Let A be the unlque standard Z-algebra
with An+1n = t+1(V,) € K for each n. Write 4, ; = V,]t i.j and A,J = W, ; for
each i, j withi > j, for some V; ) W;,; € K. Wehave d;; = 0 because A4 i 1s connected.
We claim that the map ¢ : A — A, given on the graded piece A; ; = V; jt dij Al ji=
W;,; by the formula vt%.j > t¢ (v), is an isomorphism of Z-algebras. It is not obvious
that ¢ actually has image in A, but it is at least a function from A to the Z-algebra which
has every piece equal to K. Thus we first check ¢ is a homomorphism and then it will be
clear that it lands in A.
Givenu € V; j and v € Vjx, we have x = ut%J € A; j and y = vt%* € A; . Then
P (x)¢(y) = % w)7® (v) while

P (xy) = Ppur® (v)t4i k) = % (urdii (v)) = 4 ()T (v).

Thus to see that ¢ is a homomorphism, we need e; + d; ; = e; for all i > j. Note that
dnt1,n = dy by definition and that d; j = dj—y +--- + dj for all i > j since A;; =
Ajji—1--+ Aj41,;. By the definition of the e, we also have dj—; + -+ + d; = —e; +¢;.

Thus ¢ is a homomorphism, so ¢(An+1 n) = A,,_H » by definition. Since A is generated
as an algebra by the {An+1 n} and A is generated by the A,,+1 n» the homomorphism ¢
does have image in A and is even surjective. Then, ¢ is an isomorphism since it is injective
on each graded piece by definition. ]

We are now ready for the proof of Theorem 4.3, for which we need the following
notation.

Notation 4.10. Let T be an elliptic algebra of degree 9 with T/Tg =~ B(E, N, t) that
satisfies conditions (i) and (ii) of Notation 3.2. Thus, we have right T-modules N m =
HCN®=TcN® =M. Set

E =Endr(NV @ N® @ N®) = (Homr (N, ND)),..

Define a Z-algebra S by Szn4i 35+ = (E; j)m—n,forallm,n € Z andi, j €{1,2,3},
where the multiplication is induced from that in E. Let ¢ : S — S be the degree 3 auto-
morphism given by the identifications S3m+i,3n+j = (Ei,j)m—n = S3m+3+i,3n+3+j-
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Proof of Theorem 4.3. We assume Notation 4.10. Assume in addition that the points a, b,
¢, d, e, f in Notation 3.2 (i), (ii) satisfy (4.1) and (4.2).

The main step is to show that S satisfies the hypotheses of Proposition 4.5. For any
n € Z we have S;, 43, = Endr (N(i), N(i))l (for some 7), which contains the element g.
Thus we set g, = g € S, 43, for each n. Note that the multiplication in S is induced by the
multiplication in Tg); in particular, S is a quasi-domain. Let I be the ideal of S generated
by {gn | n € Z}. Since all of the N are g-divisible, so is each Homg (N ), N@) by
[15, Lemma 4.4]. Thus given i, j € {1,2,3} and m,n € Z with m —n > 3 we have

Dm+tisn+j 2 Samti 31+ €3n+j = Homz (N N, ¢
= Homp (N, ND),,_, N gTey.

Conversely, since each g, is a copy of g and the multiplication of S is induced by multi-
plication in T g, clearly I3+ 3n+; € gT(g). Thus

Iaptiant) = Homr (NY, N®), ., n gT)-

We see that S := S/ is the Z-algebra with §3m+,~,3n+_,- = (Ei,j)m-n fori, j € {1,2,3}
where, by Proposition 3.3,

Ei,; = Homp (N, N®) = Homg(N ), N®).

Clearly the multiplication in S is induced by the multiplication in k(E)[t, 1™ '; 7] =

Tie)/8T(g)-
As in the proof of Proposition 3.3, for each i we can write

N® =P HOE. G ® Ny)i".

n>0

where 91 = Og(—a—b —c¢), 9 = Op,and §3 = Op(d + e + f), and then

Homp(ND.N®) = (B HO(E. (7)1 6 ® Ma)t" S k(E)[r.17"i1]

n>0

foralli, j € {1,2,3}. In particular,

HYE,N(—t'd)—tYWe)—t7 Y (f)—a—b—c)t, i=1,
Santisnti-1 = « H(E,Op(a + b + ¢)), i =2,

It is now easy to see that S is generated as an algebra by {S,11, | n € Z}, using [15,
Lemma 2.2]. We have now checked that S is a standard algebra in the sense of Defini-
tion 4.8.

We would like to show now that S is isomorphic to C where C = B(E, £,0),
with & some sheaf of degree 3 and o € Aut(E) such that 63 = 7. Let £ be any sheaf
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of degree 3 and o any automorphism for the moment, and write C = B(E, £,0) =
D,-0 HY(E, £1)u" € k(E)[u,u™1;0]. We use Lemma 4.9 to change S and C to iso-
morphic standard algebras involving only multiplication in k(E). Writing §n+1,n =V, 1%
with V,, € k(E), we have d, = 1 when n is a multiple of 3, d, = 0 otherwise. Thus by
the proof of Lemma 4.9 there is a degree 0 isomorphism S = D, where D is the standard
algebra with Dy, 41, = t~ /3 (V) = HY(E, D,) where the sheaf D, is given by

Dp =[Nt ' @)=t )=t W (f)—a—b-0] """ =0 mod3,
Dp = [Op(@+b+e) """ n=1 mod 3,
Dy =[0g(d +e+ f)]r_(n_z)/3 n=2 mod 3.

Similarly, writing 6,,4_1,,, = W,u, where W, = H°(E, &) for all n, we get a degree 0
isomorphism C — F for the standard algebra F with F,, 41, = 0" (W,) = H%(E, %),
where %, = £° .

Now it is easy to see that if for all n € Z there is an isomorphism of sheaves ¥, = D,

then there will be a degree O isomorphism F' = D. Let
L=Dy=N—t1d)—t )=t (f)—a—-b—c).

We now show that we can choose o so that ¥, = £° " =~ D, foralln € Z.

To have ¥, =~ D, for n = 1,2, we need that o~ Dy =0g(a+b+c), and
L7 =D, = Op (d + e + f). Fix a group operation @ on E and let ¢ € E be such that
7 : E — E is given by x > x @ t. (Such ¢ exists because t is infinite order.) Let Y _ :
Pic E — F be the natural map, so > Og(a; +---+ay) = a; & --- ® a,. Two invertible
sheaves M, M’ on E are isomorphic if and only if deg M = deg M’ and >~ M =Y M.

Equations (4.1) and (4.2) are equivalent to

ZN@3t=3a€B3b®3c 4.11)

and
AaPbBcHt=d®ed f (4.12)

Since the group structure on an elliptic curve is divisible, we can choose s € E such that
3s = t; then the translation automorphism o (x) = x @ s satisfies 6> = 7. From (4.12)
and (4.11) we obtain

a®b®cot=) Nodoeo feaobocddt=) £
and thus £° ' =~ O(a + b + ¢) = D;. Then by (4.12),
£ 207 ~Op(ca+ob+oc)=0p(d+e+ f) =D,

as needed.

Fix these choices of o and &£ and the isomorphisms D, =~ ¥, for r = 0, 1,2 given
above. Then for each n € Z, writing n = 3q + r with r € {0, 1,2} we get an induced
isomorphism D, = DF * = £ = F,. We conclude that for the choice of ¢ and &£
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as above, there are degree 0 isomorphisms of Z-algebras S/I =S = D =~ F =~ C. Let
¢ be the degree 1 automorphism of S that corresponds under this chain of isomorphisms
to the canonical principal automorphism of C.

In order to apply Proposition 4.5, the last hypothesis that remains to be checked is that
identifying Sn+1 n = Sp+1,n, We have g,11X = ¢ (x)gn for all x € Sy41,,. Since by
construction S, +1,, and S, 44,,43 are naturally identified, and g, is equal to the copy of
the central element g in S, 43, for each n, the needed equation amounts to showing that
¢3 2 Sn41,n = Snt4,n+3 is simply the natural identification for each 7; in other words,
showing that ¢3 = ¢ on degree (n + 1, 1) elements. In other words, we must show for all
n that the diagram

Sn+l,n E— Sn+1,n — Cn-‘rl,n

Snt+an+1 — Sntan+1 — Cotant1

commutes, where the horizontal arrows are the maps constructed above.

Letn = 3q +r,where 0 <r <2. Letay : Dyt1,n = Fn+1,n be such that the map

Snt1n — Cn+1 » 18 given by the composition

§n+1,n = andn r_q) Dn+1,n ﬁ) Fn+l,n U—n> €n+1,n~
Now, by construction, «, is induced by pullback from our choice of ¢, : in other words,
oy = 90,77, Thus the composition Sn+1 n— Cn+1 n is 0", and depends only on the
residue of n mod 3, as we need.

We may now apply Proposition 4.5 to S. We get immediately from that proposition
that there is a degree 0 isomorphism y : S — S, where S is either the Sklyanin algebra
S(E, o) or else B|z]. In addition, the canonical principal automorphism of S corresponds
under this isomorphism to a degree 1 automorphism 5 of S, which lifts the automorphism
¢ of S/I. Since ¢p> = ¢ on elements in S,+1.,, we see that ((}5)3 = ¢ as automorphisms
of S.

By construction there is a 3-Veronese S©, where

S,(,?)n = Sam+2.3n42 = Hom7 (T, T)m—n = Tn—n.

By the definition of the multiplication in S we have an identification of Z-algebras
S® = T. Moreover, the degree 3 automorphism ¢ of S induces a principal automorphism
¢ of S® which is just the canonical principal automorphism of T under this identification.
It follows from [17, Proposition 3.1] that there is an isomorphism of Z-graded algebras
S® =71

To conclude the proof we just need to rule out the case S = B][z]. In this case T =
B®|[z], where z now has degree 1. By the smoothness assumption, 7°° has finite global
dimension. On the other hand, 7° = T[Z_l]() ~ B(E, N, t), which has infinite global
dimension (use the proof of [12, Theorem 5.4]). Thus this case does not occur. [
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Remark 4.13. We remark that we do not know of a degree 9 elliptic algebra 7' (with
qgr-T smooth) which is not isomorphic to an algebra S as in Theorem 4.3. However, we
do not see how to prove that (4.1) and (4.2) always hold.

5. Iterating blowing down

Our ultimate goal is to give a recognition theorem for 2-point blowups of a noncommutat-
ive P2. In order to do this, we need to study the process of iterating blowing down, and we
do that in this section. Throughout the section, we continue to have a standing assumption
that qgr- R is smooth for any elliptic algebra R.

Our first result is more general: we study how to “blow down” a reflexive right ideal of
an elliptic algebra. For motivation, suppose that 7 = S is the 3-Veronese of a Sklyanin
algebra S = S(E,0). Let p # ¢q € E, and consider how we would construct the right
T-module H in Proposition 3.3 from the blowup R = T'(p + ¢). Besides the line mod-
ules that come from blowing up p and g, there is a third R-line module constructed as
follows. Let x € S} be the line that vanishes at p, g. Then xS, € R; and one may com-
pute that R /xS, R is a line module. If we let / = xS, R, then J; T = H. The next lemma
generalises this process.

Lemma 5.1. Let R be an elliptic algebra with R/gR = B = B(E, M, 1), and fix a line
module L = R/ J satisfying (L ewsL) = —1. Let K C R be a g-divisible MCM right ideal,
generated in degree 1 as an R-module, with dimg K > 2.

Let R be the blowdown of R at L, as constructed by [15, Theorem 1.4]. As in [15,
8.1)], let

K =) {Na|K S Ny C Qu(R) with Ny/K == L[~ig] for some iy € Z}.
o

Then:
(1) We have hilbExt (L, K) = s' /(1 — ), fori € {0, 1,2}; thus hilb K =hib K +
st /(1 —s)3. Also, i = 0ifand only if K = J. In any case, K = Homg(J, K)R.
2 Kisa g-divisible MCM right R-module.
(3) Ifi =1ori =2 then E~is also §enerated in degj:ee l~as a right R-module. In
particular, ifi = 2then K = K1 R. Ifi = 0then K = R.

Proof. We first note that since K is MCM it is reflexive, and so K = Hom r(J, K)R holds
by [15, Lemma 8.2]. Also, by Proposition 2.3 K is a saturated B-module.
(1) As vector spaces, Ext}e (L, K) =~ Homg(J, K)/K. Note that

J = H(E, M (—p)),
n>0

for p = Div L. Similarly, since K is saturated, K = @nzo HO(E, M,,(—D)) for some
effective divisor D. If D = 0, then K # 0, a contradiction. The g-divisible proper right
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ideal K cannot contain g, and so the hypothesis dimy K; > 2 implies that dimy Ki>2
as well. In conclusion, we have 0 < deg D < deg M — 2.
Now [15, Lemma 2.3] gives

Homp (7, K) = @ HO(E, Mn(=D + 7" (p))).

n>0

Thus hilbHomp (J, K)/K = s/ /(1 —5), where either j = 0if D = p or j = 1 otherwise.
By [15, Lemma 4.4 (1)], Homg(J, K) is g-divisible since J and K are, and so

hilb[Homg(J, K)/K]/(1 — 5) = hilbHomg(J, K)/K = hilb Extk (L, K).

We have K C Hompg (J,K) € Homp (7, F). Since J is a line ideal, it is g-divisible
and reflexive by [15, Lemma 5.6 (2)]. Thus [15, Lemma 4.8] applies and shows that
Homg(J, K) is equal in large degree to Homp(J, K). Since hilb Endg(J) = hilb R by
[15, Theorem 7.1],

Endg(J) = Endg(J) = B(E, M(=p + " '(p)), )

is a full TCR, and Homg (J, K) is a right module over this ring. Using deg D < deg M —2
as mentioned above, M(—D + 71(p)) has degree at least 3. By [15, Lemma 2.3], for any
i > 1 we have Homp (J, K); Endp(J) = Homp(J, K)>;. This equation also clearly holds
fori = 0incase D = p and J = K. Now if for some i > Jj we have Homg(J, K); =
Homg (J, K);, then we will have Homg(J, K )>; = Homp (J, K)>; by multiplying on
the right by Endg(J). We conclude that the actual value of hilb Homg(J, K)/K must be
s'/(1 — s) for some i > j. This implies that Homg(J, K) = K + Homg(J, K)>;. By
g-divisibility we have hilb Homg(J, K)/K = hilb Extk (L, K) = 5" /(1 — 5)%.

Now the case i = 0 can occur only if j = 0, in which case D = p and J = K,
and also Homg(J, K)o # 0. But Homg(J, K) € Homg(J, R), and we know by [15,
Lemma 5.6 (3)] that Homg(J, R)o = k. If kJ C K then J C K. Since J and K are
g-divisible and J = K this forces J = K.

Assume now that J # K and soi > 1. Now Kisa right R-module by [15, Corol-
lary 8.5], so K must be a right module over R = B(E, M(t7Y(p)), 7). If i > 2, then

K1Ry = HY(E. My(=D))H*(E, M¥(t2(p)))
= H(E, Ma(~D + v 2(p))) & H(E. Ma(~D)) = K, = Ko,

a contradiction. Thus i = 1 ori = 2. Clearly the case i = 1 occurs if Homg(J, K); 2 K,
while i = 2 occurs if Homg(J, K); = K.

The Hilbert series of K follows directly from hilb Ext}Q (L,K)=s"/(1—15)? and
[15, Lemma 8.2]. .

(2) As noted above, Kisa right R-module. Write R = B’ = B(E,N,t),where N =
M (p)).
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Ifi =0, then K = J and so K = Hom(J, J)R = R, which is certainly g-divisible
and MCM. Ifi > 1, then

K =K +Homg(7,K)s; R = K + Homp (7, K); Endg (7)R
— K + Homgz (7, K)i R.
Iti = 1 then Ki = H(E, M(=D + t='(p))) = H(E, N (=D)), while if i = 2,

then we have K; = H(E, Ma(—D + t72(p))) = H(E, Na(—D — t71(p))). Using
[15, Lemma 2.3], in either case we get

K=K+ H EMu(=D + 17 (p) + -+ 17" (p))). (5.2)
n>i
It follows from (5.2) that hilb K = hilb K + s /(1 — s)2. On the other hand, we showed
hilb K = hilb K + s /(1 — s)3 in part (1). This forces hilb K = hilb(K)/(1 — s) and thus
K is g-divisible.

Further, considering the formula for K ;_from above (5.2), either i = 1 and K =
Brso H(E, Nu(—=D)), orelse i =2 and K = @, H*(E. Ny(—D — t71(p))). In
either case, K is saturated as a . B’-module. Thus K is MCM by Proposition 2.3.

(3) Wheni =1 or 2, then K is generated in degree 1 as a right ﬁ—module, by the cal-
culations in part (2) and [15, Lemma 2.3]. Since K is g-divisible, K is therefore generated
in degree 1 as a R-module by the graded Nakayama lemma. When i = 2, K, =K, by
construction and so K = K 1 R. [

By combining Lemma 5.1 with results from [15], we get the following useful charac-
terizations of the intersection numbers of two distinct lines.

Lemma 5.3. Let R be an elliptic algebra with deg R > 3. Let L % L' be line modules,
with line ideals J and J’, respectively. Assume that (L ewsL) = —1. Then

(LewsL') =1 <= dimHomg(J,J); = dim R, —2 <= Homg(J,J'), = J..
while
(LewsL') =0 <= dimHomg(J,J); =dimR; —1 <= Homg(J,J'); # J;.

Proof. By [15, Lemma 5.6], line ideals are g-divisible, MCM, and generated in degree 1,
and so we can apply Lemma 5.1 with K = J'. Since L % L', we have J' # J and
80, in the notation of Lemma 5.1, i = 1 or i = 2. Examining the proof of that lemma,
hilb Homg(J, J')/J’ = s /(1 — s). Thus if i = 1 we have

hilb Homg (J, J') = hilb R — 1/(1 — s),
and so dimHomg(J, J'); = dim Ry — 1 # dim J{. If i = 2 then

hilb Homg (J, J') = hilb R — (1 + 5)/(1 — 5).



Ring-theoretic blowing down II: Birational transformations 1071

Thus dim Homg(J, J'); = dim R; — 2 = dim(J’); and so Homg(J, J'); = (J');. This
gives the second equivalence on each line.

Since qgr-R is smooth, J° and (J’)° are projective by [15, Remark 7.2]. Thus by
[15, Theorem 7.6], we have (L emsL’) = 1 if and only if hilb R — hilo Homg(J, J') =
(14 s5)/(1 —s). Since (L ewsL’) € {0, 1} in any case by [15, Lemma 7.4], this gives the
first equivalence on each line. |

The following technical lemma will also help us in our analysis of intersection num-
bers of lines.

Lemma 5.4. Let R be an elliptic algebra with line modules L = R/J, L' = R/J’,
with L % L'. Let K be a reflexive graded right R-submodule of Q4 (R). Suppose that
Hompg(J, K); € Homg(J', K)1. Then Homg(J, K); = K.

Proof. Since L 2 L', we have J # J'. Given x € Homg(J, K)1, then x(J + J') € K.
Let / := J + J'. Since R/J is a line module, it is 2-critical and so J # J’ forces
GKdim R/I < 1. Then xI € K implies that GKdim(xR + K)/K < 1, but since K
is reflexive, this forces x € K by [15, Lemma 4.5]. Consequently, we conclude that
Hompg(J, K); € K;. The reverse inclusion is immediate. n

We now study the process of blowing down two lines in succession. Recall that U = V'
if U, V are graded vector spaces with hilb U = hilb V. Similarly, U = hilb U.

Lemma 5.5. Fix an elliptic algebra R with R/gR = B(E, M, t). Let L, = R/J, and
L, =R/ J4 be line modules for R with (L, swsLp)=(Lq *musLg)=—1, where DivL,=p
and Div L, = q. Suppose further that (Lp ewsLg) = 0.

(1) Let R be the blowdown of R along the line L. Let .7(1 be the blowdown to E of
the right ideal J,. Then Lq = R/Jq is a line module over R with Div L
Moreover, (L -Mqu) —1; in particular, we can blow down Lq starting from R
to obtain a ring T

(2) We have (Lg *msLp) = 0 and so part (1) also applies with the roles of p and q
reversed, leading to a ring T'. Then T' = T, thus the order in which one blows
down the two lines is irrelevant.

Proof. (1) Note that the conditions on the intersection numbers force L, % L,; thus
Jp # Jg. Applying Lemma 5.1 with J = J, and K = J,, as in the proof of Lemma 5.3,
the condition (L, *wsL4) = 0 means we are in the case i = 1. Then Lemma 5.1 shows
that

hilb J, = hilb J, 4+ s/(1 —s)*> = hilb R —1/(1 —5)> + 5/(1 — 5)°
=hilbR—1/(1 —s5)2.

Thus Zq =R / jq is a line module for R as claimed.
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Note that J, =@, H°(E, My(—q)). Thus J, =@,-o H*(E, Ny(—q)), where R =
B'=B(E,N,1) with N =M (71 (p)), as it was calculated in the proof of Lemma 5.1 (2).
This shows that Div Zq =gq.

By [15, Corollary 9.2], Ris again an elliptic algebra for which qgr-ﬁ is smooth. Next
we want to show that (Zq ’MSZq) = —1 which, by [15, Remark 7.2 and Theorem 7.1], is
equivalent to End ﬁ(‘}:l) = R.

By [15, Lemma 2.3], we have

Endz(Jy) € Endp/(Jy. Jy) = B(E.N (¢ + 77 (¢)). 7).

Since .7:1 is g-divisible by Lemma 5.1, Endﬁ(j;) is also g-divisible, and it suffices to
prove that the inclusion above is an equality. Since the TCR B(E, N (—g + t7'(¢)), 7) is
generated in degree 1, it is enough to show that

dimy End(J;)1 = dimy Ry = dimy Ry + 1 = dimg Endg(Jg)1 + 1.

Now we claim that Endg(J,) € Endié(fq). Recalling that .7:] = Hompg(Jp, Jg)R, if
xJg € Jg,thenxHompg(Jp, Jg) SHompg(Jp, Jg) since x Homg(Jp, Jg)Jp € xJy C Jy.
Therefore, x Homg (Jp, J4) R € Homg(Jp, J4) R as well, proving the claim. Thus it suf-
fices to show that Endg(J4)1 # Endﬁ(fq)l.

Suppose, instead, that Endg(J4)1 = End ﬁ(fq)l. Since .7q C End I;(fq), certainly

(J)1 = Homg(J,. J)1 € Endg(J,)1 = Homg(J,. Jo)1.

Since we know that J, # J;, Lemma 5.4 gives Homg(J,, J4)1 = (J4)1. But then the
hypothesis (L, smsL4) = 0 contradicts Lemma 5.3.

(2) We have (Lp smsLg) = (Lg4 *msLp) by Corollary 2.14, so we can indeed apply part
(1) with the roles of p and g reversed to produce a ring 7’. We know that 7 and T’ are
elliptic of degree at least 3 and so generated as algebras in degree 1, so it suffices to prove
that T; = 7. The argument of part (1) showed that Homg (J,,, J4)1 € Endg(J,):. Since
we saw that dim Endks(fq)l = dimEndg(J4)1 + 1, this implies that

Endz(J,)1 = Endg(Jy)1 + Homg(J,, Jg)1 = Endr(Jy)1 + (Jo)1.

Now, by [15, Theorem 8.3], since T is the blowdown of R along the line Zq = E/j;p
we have T' = End(Jy;, J4) R, so in particular 71 = Endz(J;)1 + R;p. Similarly, Ry =
Endg(Jp)1 + Rj. Thus

Ty = Ry + Endz(Jg)1 = Ri + (Jg)1 + Endr(Jo)1 = Ry + Endr(Jy)1
= R1 +EI1dR(Jp)1 +EndR(Jq)1.

A symmetric argument shows that 77 is equal to the same vector space. ]

We next ask when we can begin with a line ideal of an elliptic algebra R and blow
down twice to obtain a right ideal with the properties of the right ideal H = xS,7T in a
Sklyanin elliptic algebra. Note that we do not assume that deg R = 7.
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Lemma 5.6. Let R be an elliptic algebra with three line modules L, = R/Jp, Ly =
R/J4, Ly = R/J;, where DivL, = p, DivLg4 = q, Div L, = r with p # q. Assume that

(@ (LzemsLz)=—1forallz €e{p,q,r};

(b) (LpemsLy) =0; and

() (LpemsLy) = (LgewsLy) = 1.

As in Lemma 5.5, blow down R along L, to obtain a ring R, and then blow down R
along Lq to obtam aring T. Let K = (J;)1T. Then K is a g-divisible MCM right ideal
of T with hilb K = hilb T — (1 +25)/(1 —s)2, DivT/K =r + t Y (p) + 17 (q), and
Endr(K)=T

Proof. We first show that K = (J;)1T is precisely the right ideal obtained by blowing
down the right ideal J, to the ring R and then blowing down the resulting right ideal
to 7. This will produce the desired Hilbert series for K automatically, and the value of
Div(T/K) will also follow immediately.

By [15, Remark 7.2 and Theorem 7.6], hypothesis (c) is equivalent to

hilb Homg (Jp., J;) = hilbHomg(J4, Jr) = hilb R — (1 +5)/(1 — ).

We have Extg(Lp, J,) = Homg(Jp, J»)/Jr so hilb Exty(Lp. Jr) = s%/(1 —5)2. In this
case, J, satisfies the hypotheses of Lemma 5.1 with i = 2. Thus if R is the blowdown of
R along L,, then we may apply Lemma 5.1 to obtain a right ideal J, of R, which satisfies
hilb J, = hilb R — (1+5)/(1 —s)? and J, = = (J, )1R Moreover, Lemma 5.1 shows that
J, is again g-divisible, MCM, and generated in degree 1 as an R-module. Write Lq =
R / Jq If we now blow down R along Lq using Lemma 5.5, obtaining the ring T, then
Lemma 5.1 agam apphes to blow down the right ideal Jrtoa right ideal K of 7. We have
hilb ExtL (Lq, J) =s'/(1=s)2 fori € {0,1,2}, or equivalently hilb Homz(Jg, Jr) =
hilb R —|— (s —s —1)/(1 —s)%. Now if i = 0 then Jq = J,, which is not true since J, is
not a line ideal; so i € {1, 2}.

We claim that i = 2. Suppose that x € Homﬁ(fq, .7,)1. Since (fq)l = Hompg (Jp, Jgh
by Lemma 5.1 (i), x Homg(J,, Jg)1 € (Jy)2 = [Homg(Jp, Jr)R]>. The assumption on
the Hilbert series of Homg (J,, J;) implies that Hompg (Jp, Jr)1 = (J;)1. Thus

[HomR(Jp, Jr)R]z = HomR(Jp, I )2+ ()i Ry = HOIIIR(JP, Jr)2.

Hence x Homg (J,, Jg)1Jp € Jr. Let I = Hompg(Jp, J4)1Jp, aright R-module contained
in J,. Looking at the images in R, since Homg(J,, J;)1 = H°(E, M(—q + 7' (p)))
and J_p =@, H°(E, My(—p)), one sees that Iy = (J_q)zz. Since J,; is g-divisible
and J_q and I agree in large degree, this implies that GKdim Jq/1 < 1. But now since
J; is reflexive, by [15, Lemma 4.5] it follows that x/ C J, implies that xJ; C J,. Thus
x € Hompg(Jy, Jr)1. This proves that Homﬁ(fq, fr)l = Homg(J4, J;)1 and so the proof
of Lemma 5.1 implies that i = 2 as claimed.
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Thus by Lemma 5.1, again, K = (J,);T = (J,)1RT = (J,);T, and hilb K =
hilb 7 — (1 + 25)/(1 — 5)2. Now T/gT = B(E, N, 1) for N = M(z"1(p) + t7(q)),
and

K=(UnT =HE.Nr—1t"(p)—t" (@) P H(E.N,;)

n>0
=@ H(E. Nu(—r =" (p) — 7' (9))).
n>1
Thus DivT/K =r + t='(p) + t7!(g). The right ideal K is also g-divisible and MCM

by Lemma 5.1.
It remains to prove that Endr (K) = T. Since K = (J;)1 T, clearly Hom7 (K, K) =
Hompg(J;, K). Consider the exact sequence

0 — Endg(J,) — Homg(J;, K) — Homg(J,, K/J,) — Extp(Jr, Jy) — +-- .

Since (L, wsL,) = —1, it follows that Ext}e(Jr, Jr) = 0 Dby [15, Theorem 7.1]. We have
calculated K above, and it easily follows from [15, Lemma 2.3] that hilb Endf(f) =
hilb 7. Since K is g-divisible, End7(K) is g-divisible; thus it suffices to prove that
Endz (K) = End#(K). Since End7(K) is a TCR generated in degree 1, it will suffice to
show that dimy End7(K); > dimk Endg(J;); + 2. Thus from the exact sequence above,
we need to prove that dimg Homg(J,, K/J;)1 > 2.

Now K/J, contains the R-submodule J,/J,, where hilb J./J, = s2/(1 —s)3 by
Lemma 5.1. Then by [15, Lemma 8.2], J,/J, = ®D;-, Lp[—i] as right R-modules. In
particular, K/J, contains a submodule isomorphic to L p[—2]. Now we could have done
all of part (1) by blowing down in the other order, as we saw in Lemma 5.5. In partic-
ular, if R’ is the blowdown of R along Ly, then (J;)1 R is the blowdown of the right
ideal J, to the ring R’. Since T contains R’ we see that K/ J, also contains [(J;); R']/ J;
which is isomorphic to @, ., Lq[—i]. Thus K/J, also contains a submodule isomorphic
to Ly[-2). -

By hypothesis (c) and [15, Theorem 7.6],

Homg(Jy, Lp[—2])1 # 0 # Homg(Jr, Lg[-2D1-

Note that 0 # 6 € Hompg(J,, L,[—2]); provides a surjection J,[—1] — L,[—2], since
both modules are generated in degree 2; following 6 by the embedding of L,[—2] in
K/J, gives a nonzero element 6, € Homg(J,, K/J;);. Similarly, we get 0 # 0, €
Hompg(J;, K/J;)1 from Ly[—2] < K/J,. Now the image of 8, is isomorphic to L,[—2]
and the image of 6 is isomorphic to L,[—2], while L, % L, by hypothesis (b). Thus 6,
and 6, are linearly independent. Thus dimx Homg (J,, K/J;)1 > 2 as required. |

6. Recognition II: Two-point blowups of Sklyanin elliptic algebras

The goal of this section is to prove Theorem 1.4 from the introduction, which we state
here in full detail.
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Theorem 6.1. Let R be a degree 7 elliptic algebra with R/gR =~ B(E, M, t) and such
that qgr- R is smooth. Suppose that R satisfies the following:

(1) there are right line modules L, = R/Jp, Ly = R/J4 and L, = R/ J, satisfying:
(@) (LxewsLy) =—1forx e{p,q,r};
(b) (LpewsLy) = 0;
© (LrewsLy) =1forye{p.q};
(2) p=DivL, # Divg = L,.
Then R = T(t™ ' p + t71q), where T is the 3-Veronese of the Sklyanin algebra S(E, o)
for some o € Aut E with o3 = 1.

We begin, however, with a weaker recognition theorem for 2-point blowups which
follows quickly from the results of the previous section and from Theorem 4.3.

Proposition 6.2. Let R be an elliptic algebra that satisfies the hypotheses and notation of
Theorem 6.1, with Div L, = r, and in addition assume that

Me p+17l9) =0 p+ 1 g+ 7 1r)®3. (6.3)

Then R = T(t7'p + t71q), where T is the 3-Veronese of the Sklyanin algebra S(E, o)
for some o € Aut E with o3 = 1.

Proof. All the hypotheses of Lemma 5.5 hold, and we can apply [15, Theorem 1.4] to
successively blow down L, and L, to obtain an elliptic algebra T'. By [15, Theorems 7.1
and 8.3], R = T(t"!p + t71q) is the iterated blowup of 7 at ™! p and v~ !g; thus
T/gT =~ B(E, N,7) for N = M(z"'p + t71¢). We will show that T is a Sklyanin
elliptic algebra.

Lemma 5.6 shows that if H = (J,); T, then H is a g-divisible MCM right ideal of
T with H = @,.0 H*(E, Ny(—a —b —c¢)), wherea = r, b = t"'p and ¢ = t7!q.
Moreover, Endr (I_J ) = T. Thus condition (i) of Notation 3.2 is satisfied.

By Corollary 2.14, the left line modules L, L;’, L satisfy the same intersection the-
oryas L,, Ly, L,; thatis, they satisfy the hypotheses from Theorem 6.1 (i) (a)—(c). We can
therefore use the left hand analogue of the first paragraph of this proof to blow down the
left line modules L; and L;’. By [15, Theorem 8.3], this gives the same ring 7. Further,
HY = TJ) is aleftideal of T with HY = @, H'(E, Ny(—t7"d —t"e — 77" f))
for some d, e, f,and Endr (HY) = T. Thus we also have condition (i1)" of Notation 3.2.
By Proposition 3.3 (2), M = Homy (H ", T) satisfies condition (ii).

To compute d, e, f, note that by [15, Lemma 5.4],

Y = HYE, M(—=t2r) = HYE, N(—t*r—t"1p—171y)).

1

Sowecantaked =t~ 'r,e = p,and f = g. Thus

Or(ta+b+c)=0g@ar+t ' p+17'9) =20 ' r+p+q)=0gd +e+ f)
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and (4.2) is satisfied. Note that (4.1) follows directly from (6.3). Finally, by [15, The-
orem 9.1], T is an elliptic algebra with qgr-7" smooth. Thus all hypotheses of Theorem 4.3
are satisfied. By that theorem we have T 2 S where S = S(E,0) is a Sklyanin algebra
for some o with 03 = 7. |

We will now use the intersection theory developed in Section 2 to prove Theorem 6.1;
in other words, we will show that the final condition (6.3) of Proposition 6.2 is superfluous.
For the rest of the section assume that R is a degree 7 elliptic algebra satisfying the
hypotheses of Theorem 6.1. In addition, set X = qgr-R, let B = R/Rg = B(E, M, 1)
andlet L = L, and J = J,. Let r = Div L. Fix a group law & on E and let t be given
by translating by ¢t € E. We will show under these hypotheses that (6.3) is automatic, or,
equivalently, that
Y M=2p@29®3reoTL (6.4)

We will prove this by constructing two different R-submodules of Q4 (R), which we will
show are isomorphic. Factoring out g will give us (6.4).

To understand our strategy, consider for a moment the projective surface X which is
the blowup of P2 at the points p # g. We use ~ to denote linear equivalence of divisors
on X . The exceptional lines L, and L, together with the pullback H of a line in P2, form
a basis for the divisor group Div(X). The third (—1) line on X is the strict transform L
of the line through p and ¢, and we have L ~ H — L, — L. Further, the canonical class
K = Kx satisfies K ~ -3H + L, + Ly ~—-3L —2L, —2L,. Thus

OxQL + Ly + Ly) = Ox(—L — L, — L, — K). (6.5)

We want to show that R = T'(t7! p + t7'¢), so R deforms the anticanonical coordinate
ring of X. The sheaves in (6.5) should therefore deform to give graded R-modules. We
will construct in Lemma 6.7 an R-module Z that corresponds to Ox (2L + L, + L),
and in Lemma 6.9 a module Y corresponding to Ox(—L — L, — L), and then show that
Z ~Y[1].

We note the following easy result.

Lemma 6.6. Let M C R, be reflexive, and let L be a shifted line module. If 0 — M —
o

N — L — 0 is a nonsplit extension in Gr-R, then N is Goldie torsionfree and may be

regarded as a submodule of R g).

Proof. This is similar to the proof of [15, Lemma 8.2 (1)]. Let Z be the Goldie torsion
submodule of N. Since M is Goldie torsionfree, Z N M = 0 and so « gives an injection
Z — L. By definition, N/Z is Goldie torsionfree and there is an exact sequence 0 —
M — N/Z — L/a(Z) — 0, which is necessarily nonsplit. If Z = «(Z) is nonzero, then
as L is 2-critical, GKdim L /a(Z) < 1. But by [15, Lemma 4.5], Qg (R)/M is 2-pure, a
contradiction. Thus Z = 0.

Now we obtain that M — N is an essential extension in Gr-R; else there is a nonzero
submodule P of N such that P N M = 0, so that P is isomorphic to a submodule of
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N/M = L and so is Goldie torsion, a contradiction. Thus we may regard N as a sub-
module of the graded quotient ring Qo (R) of R. Since Qg (R)/R(4) is g-torsion, we get
N C R(g). [ ]

Lemma 6.7. Let M be the line extension of L. There are right R-modules M C N C
Z C Rgy sothat N is MCM, N/M = L, ® Ly, and Z/N = L.

Proof. We first construct N. By definition of the line extension, we have an exact sequence
of graded modules 0 - R —- M — L[—1] — 0. Let y € {p,¢q}. By Lemma 2.15,
(LyewsR) = 0. Thus by assumption, Lemma 2.8, and Corollary 2.14, (Ly susM) =
(Ly *msR) + (L, *musL) = 1. By definition,

(LyewsM) = —dimHomy (Ly, M) + dimExt).(L,, M) — dim Ext3.(L,, M)

and so Ext;C (Ly, M) # 0.By [15, Lemma 5.6 (3)], M is g-divisible and MCM. By Pro-
position 2.5, Ext;r_ r(Ly, M) # 0. Thus there is a nonsplit extension

0O—-M-—-N,—-L,—0

of graded R-modules, and by Lemma 6.6 we have N, C Rg).
By construction, Ny, = Drso HO(E, My(z7'r + y)). Thus

hilb Ny /(1 =) = 2+ 55)/(1=5)° = (1 + 55 +5%)/(1 = 5)* + (1 +5)/(1 = 5)?
= hilb N,,
and so N, is g-divisible.

Certainly, M C N, N N,; we claim that N, N Ny, = M. We prove this by induction on
degree: to start we have (N, N Ny)—; = M_; = 0. So suppose that My = (N, N Ny)g. As
Np and N, are g-divisible, sois N, N Ng: thus (Np N Nyg)ik4+1 N gR(g) = 8(Np N Nyg)i =
gMj.. Now,

(Np N N1 € Np N NQke+1
= H(E, Mg11(t7'r + p)) N HO(E, Mi1 (7'r + )
= H°(E, M1 (z7'1)).

where the last equality is because p # g. Thus (N, N Ng),,q S M4, and as
(Np N Ngdie+1 N gR(g) = &(Np N Ny = My = M1 N gR(g)

we have (N, N Ng)k4+1 S Mg 4. This proves that N, N N, = M.
Now let N = N, + N,;. We have

hilo N/M = hilb N, + hilb Ny, — 2hilb M = hilb L, & L.



D. Rogalski, S. J. Sierra, and J. T. Stafford 1078

There is a surjection N,/ M & Ny/M = L, & L, — N/M . Comparing Hilbert series,
we get L, ® L, =~ N/M. Note that

N=@HE My "r + p+q)). (6.8)

n>0

From (6.8) it is easy to see that hilb N = hilb N /(1 — ¢), so that N is g-divisible. It is also
clear from (6.8) that N is saturated, so N is MCM by Proposition 2.3.
As before, we have

(LemsN) = (LemsR) 4+ (L emsL) + (L ’MSLP) + (L 'Mqu) =1

and so Ext& (L,N) = Ext;r_ r(L,N) # 0, using Proposition 2.5. Thus, as before, there is
anonsplit extension 0 - N — Z — L — 0, and by Lemma 6.6, Z C Ry). [

Lemma 6.9. Let J be the line ideal of L. There is a MCM graded right ideal Y of R such
thatY € J with J/Y = L,[—1] ® Lg4[-1].

Proof. As we noticed in the proof of Proposition 6.2, the left line modules L, L, LY
have the same intersection theory as the line modules L, L,, L,. We may therefore prove
a left handed version of Lemma 6.7, to obtain MCM left modules MY and NV with
MY/R=LY[-1]and NY/MY = L, & LJ;infact, MY = J* = Homg(J, R). Applying
Hompg(—, R) to the exact sequence 0 - MY — NV — L; &) L;/ — 0 gives an exact
sequence

0—>(NY)" > (MY)" - (L, ® Ly[-1] -0,

where we have used that Extp(NY, R) =0 as NV is MCM, and that (LY)Y = L, by
[15, Lemma 5.6].
Finally, noting that (M Y)* = J** = J, the lemma holds for Y = (NY)*. [

Proposition 6.10. Let Z,Y be as constructed in Propositions 6.7 and 6.9. Then Z = Y [1]
as right R-modules.

Proof. Since hilb R = (1 4+ 55 4+ s2)/(1 — )3, we first note that
hilb Z = hilb R + (3 + 5)/(1 —5)%> = (4 + 35)/(1 — 5)°,

and
hilb Y = hilb R — (1 4 25)/(1 —5)% = (4s + 35%)/(1 — s).
Thus hilb Z = hilb Y[1].
Now using the construction of Z and ¥ and Lemma 2.8, we compute:
(Z ewsY[1]) = (RewsR[1]) + (L[-1] ® L & L, & Lg) *nsR[1])
— (Rews(L[1] ® Lp & Lyg))
—(LOLBL,®Lyms(LDL,®Ly)).

Note that we have used Corollary 2.14 (1) to remove the shifts in the final term.
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We next want to compute (R «wsR[1]). By Proposition 2.5, Hom- (R, R) = R for
X = qgr-R and E_xt;C(R R) = 0. Thus, (2.11) gives

dim Ext5 (R, R[1]) = dim Homx (R[1], R[-1]) =0
and hence
(R ewsR[1]) = —dim Homx (R, R[1]) — dim Ext}; (R, R[1]) = —dim R; = -8,
as desired. By Lemma 2.15,
(L[-1]® LD L, ® Ly)ewsR[1]) =5 and (Rews(L[1]® L, ® Ly)) = —4.
Finally, our intersection theory assumptions give
(LOLDL,®Ly)ows(LBL,®Ly)) =2,

s0 (ZewsY[1]) = =8 + 5+ 4 —2 = —1. Thus Homx (Z, Y [1]) & Ext3.(Z, Y [1]) # 0.

By Proposition 2.12 we have dim Ext%C(Z, Y[1]) = dim Homy (Y [1], Z[—1]). The
module Z is certainly saturated (for example, since N and Z/N = L are) and so
Homy (Y [1], Z[-1]) = dim Homg(Y[1], Z[—1]) by Proposition 2.5 (1). Note that for
all n > 0 we have dim Z,_; < dim Z,; this can be seen either by directly computing
the formula for dim Z,, or by noting that the analogous property holds both for hilb R
and hilb Z/R. Thus dim Y[1], = dim Z,, > dim Z,_; = dim Z[—1], for all n > 0 and
there are no degree 0 injective maps from Y [1] — Z[—1]. Since Y and Z are both Goldie
rank 1 and torsionfree, all nonzero maps must be injective, so Ext%c (Z,Y[1]) = 0. Thus
Homy (Z, Y[1]) = Homg(Z, Y [1]) # 0, where we have used Proposition 2.5 and that Y
is saturated again.

As above, all nonzero elements of Homg(Z, Y[1]) are injective, but as hilb Z =
hilb Y [1], any injective map must be an isomorphism. Thus Z =~ Y[1] in gr-R. (]

Proof of Theorem 6.1. We must show that given the hypotheses of Theorem 6.1, condition
(6.4) follows. Let Z, Y be the modules constructed above. By construction,

Z/Zg =@ HE Mu(x™'r + 7+ p+9q))

n>0

and X
Y[1/Y[1g = @ HO(E. Mugr(—r = ' p—7'g)" ).

n>0

By Proposition 6.10, M(—r — 7 p — t71g)" ' = O(t"'r 4+ r + p + q); equivalently,
Y Moeropoqaebt=2r®&pdqol,

establishing (6.4). Thus by Proposition 6.2, we obtain the result. ]
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7. Transforming a noncommutative quadric surface to a
noncommutative P2

Here we will prove Theorem 1.2 from the introduction: if one blows up a point on a
smooth noncommutative quadric and then blows down two lines of self-intersection (—1),
one obtains a noncommutative P2. As was discussed in the introduction, this is a non-
commutative version of the standard commutative result (1.1). In this section, we will
also assume that chark = 0. This is simply because [20] and [18, Section 10] make that
assumption; we conjecture that our results hold in arbitrary characteristic.

For the reader’s convenience we recall the definition of the Van den Bergh quadrics.

Example 7.1. Let A denote a 4-dimensional Sklyanin algebra; thus A is the k-algebra
with 4 generators Xy, ..., x3 and 6 relations

XoX; — XjXo = Qi (Xj+1Xi42 + Xit2Xit1), XoXi + XiXo = Xip1Xit2 — Xi+2Xi+1,

where i € {1, 2,3} mod 3 and the «; satisfy ajoo03 + o1 + o2 + @3 = 0 and {o; } N
{0, £1} = @. The ring A has a two-dimensional space of central homogeneous elements
V C Aj,. The factor A / AV =~ B(E, 4, ), where E is an elliptic curve, with a line
bundle 4 of degree 4, and « is an automorphism. We always assume that |o| = oo. Fix
an arbitrary group law @ on E. The automorphism « is then translation by a point in F,
which will be denoted by a.

Given 0 # Q € V, the Van den Bergh quadric is Qveg = Qvas(2) = A / A Q. Then
qer-Qvqs (£2) is smooth for generic €2, with a precise description of the smooth cases given
by [18, Theorem 10.2]. We always assume below that 2 is chosen so that qgr-Qvqg (£2) is
smooth. As was discussed in Remark 1.7 and is stated explicitly in Corollary 7.4 below,
this implies the birationality result for arbitrary quadrics.

Let A = A / A Q as above. Fix a basis element g € A, for the image of Z(A), in 4,.
As usual, we write X for the image of x € A under the map A +— A/gA = B(E, A, ®).
Note that 7’ := A® is an elliptic algebra, called a quadric elliptic surface. Moreover,
qgr-T’ ~ qgr-A is again smooth and T’ /g T’ =~ B(E, A,a)® = B(E, P, 1), where =
A ® A% and T = o?.

Basic Facts 7.2. We recall some facts about A = Qvqg, mostly drawn from [18]. Identify
A=A, = H°(E, A). Given an effective divisor D on E, set V(D) = H°(E, A(—D)) C
A1 = Aq. Forany point p € E, A/ V(p)A is a point module for A. These are usually the
only point modules for A, although for a discrete family of €2 there will exist one extra
point module. These extra modules are described, for example, in [16, Lemma 6.6] and
will play no further réle in the present discussion. An analogous result holds on the left,
and V(p)A; = {x € Ay | x € HO(E, Ay(—p))} = A1 V(ap) (use [15, Remark 3.2]).
Similarly, let L be a line module over A. Then there are points p,¢ on E so that
L =A/V(p+t)A;and any two points p,t € E give a line module (see [18, (10.3)]).
There are two points z,z’ € Esothat p &t € {z,z'} & Q € V(p + t) A (this is proved
for left line modules in [18, (10.3)], but by [15, Remark 3.2], again, the same result holds
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for right line modules). Thus for fixed €2, ¢, there are two points p,q € E so that y €
{p.q} <= QeV(y+1t)A. By[l8 Theorem 10.2], p # q < z # 7z < qgr-4
has finite homological dimension; thus this will always be the case under our assumption
on QI QeV(y+t)Athen A/V(y +1t)A = A/V(y +1t)A is also a line module
over A. In particular,

if y €{p,q}, then A/ V(y + t)A is a line module,

and we write /, = V(y + t) A for the corresponding line ideal of A. Using [18, (10.3)] and
[15, Remark 3.2], one can even describe ¢ in terms of p, which we leave to the interested
reader.

The rest of this section is devoted to the proof of the following theorem.

Theorem 7.3. Assume that chark = 0 and let T’ = Q@ for a Van den Bergh quadric Q
such that qgr- Q is smooth. Keep the notation, and in particular the point t € E (which
determines {p,q} C E) from Basic Facts 7.2.

Then there exists 0 € Auty (E) witho3 =t sothat T'(t) = T(t"'p + t7q), where
T =~ SO is the 3-Veronese of the Sklyanin algebra S = S(E, o).

As was noted in Corollary 1.8, this theorem can also be applied to quadrics Q for
which qgr-Q is not smooth. More precisely, combining the theorem with the discussion
from Remark 1.7 gives the following corollary.

Corollary 7.4. Any Van den Bergh quadric Q defined over a field of characteristic zero
is birational to a Sklyanin algebra. ]

We will prove Theorem 7.3 by appealing to Theorem 6.1, so the proof will be through
a series of lemmata to show that R = T’(¢) satisfies the hypotheses of that result. We note
that Ry = V(t) Ay, since point ideals of A are generated in degree 1. To match the notation
of Theorem 6.1, let M = P (—t), so R= B(E, M, 7).

We first construct the three lines on R. Two of the lines are induced from the two
rulings on A. For y € {p,q},let K, = (I)® =V(y + AT

Lemma7.5. Lety € {p.q} and let J, := (Ky)1R, for R = T'(t). Then Jy is a line ideal
of R.

Proof. The proof is similar to the proof of [12, Theorem 5.2]. We consider J, =
V(y +1)A;T'(t) as a subspace of A®) which depends on ¢, and still write R = T"(¢).
(Note that since we always have y & t € {z, z'}, therefore y also varies with ¢.) By [12,
Lemma 3.1],

Ty =V + AR =D H(E. Ma(-y) (7.6)

n>0

is a point ideal of R, and so
hilb Jy > hilb R — 1/(1 —s)* = hilb T’ —s/(1 —5)> — 1/(1 — 5)?,

with equality if and only if J, is g-divisible.
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Suppose now that y # t /¢ for any j > 0, that is, 2t & {t/z, t/z' | j € Z}. Let
K = Ky andlet J = J, = K; R. We claim for all n > O that, first, K, N R, = J,, and,
second, this has codimension n + 1 in R,,. Both are trivial for n = 0, 1. So assume it is
true for n. Note that K is g-divisible (since T’/ K is g-torsionfree), as is R. By induction,
then, we have K N R,+1 N gT’' = gK N gR, = gJ,. By induction, this is codimension
n+ 1in gR,.

Working modulo g, we have

H°(E, My11(=y)) = Knt1 N Rys1 2 Kne1 N Rug1 2 Jus1 = HY(E, Myy1(=Y)).

Thus all are equal, and this vector space clearly has codimension 1 in R, ;. Since J C
K N R, the claim is proved.

Thus for fixed n > 1, we have dim(Jy,), = dim 7, — (”;Ll) — (n + 1) for a dense set
of 1 € E. By lower semi-continuity, hilb J, < hilb T’ —s/(1 —s)* —1/(1 — 5)? for all
t € E. Combined with the first paragraph, this proves the lemma. ]

We thus obtain two line modules L, := R/J, for y € {p, q} for R coming from
the two rulings on A4. Since (7.6), respectively Basic Facts 7.2, implies that Div L, =y,
respectively z # z', hypothesis (2) of Theorem 6.1 holds.

Let r = t(¢). The third line module comes from the blowup R = T'(¢) C T’. By con-
struction this produces an exceptional line module L = L, such that (R + 7{R)/R =
L[—1] and (R + RT])/R = L[—-1], where the divisor of L, is r, as the notation sug-
gests. See [15, Theorems 8.3 and 8.6] for the details. Write L, = R/J,. Then J, =
(R + RT{)* := Homg(R + RT/, R) by [15, Lemma 5.6]. For future reference we note
that [15, Lemma 5.6] also implies that J* = R + RT]. The line ideal J, also has the
following explicit description.

Lemma 7.7. The equation J, = V(r)V(a~'r)R holds.

Proof. Certainly,

T/V(r)V(e 'r)R = A, A, V() V(e 'r) = Ve ?r) A, V(e ?r) A1 R
= V()4 V(t)AR C R.

Thus V(r)V(e~'r)R < J,. On the other hand,

V(V(e r)R = @ H(E, My (—a>(r))),

n>1

which has Hilbert series hilb R —1/(1 —¢). Thus hilb V() V(a~'r)R > hilb—1/(1 —¢)2.
Since J; is a line ideal, we conclude that J, = V(r)V (o~ 'r)R as claimed. |

Lemma 7.8. The category qgr-R is smooth and (L, ewsL,) = —1.
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Proof. Set J = J,;thus J* = R + RT| from the discussion above. Hence
JJ* 2 J1T1/ = V(F)AIV(V)AI = T/(r)z.

Recall that N° = N[g!]p for an R-module N. Thus J°(J*)° = T’(r)°. Thus J° is
projective by the Dual Basis Lemma. By [15, Theorem 8.6], Endg(J) = T'(r) and so
(Ly »usL;) = —1 follows from [15, Theorem 7.1]. By our choice of 2, qgr-A ~ qgr-T’
has finite homological dimension. As pdim L7 = 1, it follows that qgr-R is smooth by
[15, Theorem 9.1]. [

The next result verifies hypothesis (1) (c) of Theorem 6.1.

Lemma 7.9. Let y € {p,q}. Then (L, wsLy) = 1 and Homg(J,, Jy) = hilb R — 1££.

Proof. First, note that (Jy)1T’ = K, is g-divisible, while (J,)1T' 2 (/1 T{T' =
T'(r)2T' 2 g*T’ (as calculated in Lemma 7.8) and so (J;)17” is not. Thus J, # Jy
and so L, % Ly. By Lemma 5.1, Extk(L,, J,) = st/(1 —s)? for i € {0, 1,2}, where
i # 0since J, # J,.

Let fy be the right ideal of T’ given by applying Lemma 5.1 to blow down J, at L,..
By that lemma,

J, = Homg(J,, J,)R € Homg(J,, R)R = T'.

(For the final equality, see [15, Lemma 8.2].) If i = 1, then from Lemma 5.1, T’/ fy =
1/(1 —s5)?> = R/J,. As T’ has no left line modules by [16, Lemma 6.14], this is impos-
sible. Soi = 2.

Now as we saw in the proof of Lemma 5.1, i = 2 implies that

s2/(1 —$)* = Extg(L,, J,) = hilbHom(J,, J,)/J,
= hilbHom(J,, J,) — (hilb R — 1/(1 — 5)%)

since Jy is a line ideal in R. Thus hilb Hom(J,, J,) = hilb R — (1 4+ s5)/(1 —s). Since
qgr-R is smooth and (L, susL,) = —1 by Lemma 7.8, it therefore follows from [15,
Remark 7.2 and Theorem 7.6] that (L, emsLy) = 1. L]

Corollary 7.10. Let y € {p,q}. Then Homg(J,, L,) = s~ /(1 — )2

Proof. By Corollary 2.14 and Lemma 7.9, (L, ewsL,) = 1. Now use Lemma 7.8 combined
with [15, Remark 7.2 and Theorem 7.6]. [

Together with Lemma 7.8, the next result verifies hypothesis (1) (a) of Theorem 6.1.

Lemma 7.11. Let y € {p,q}. Then (Ly susLy) = —1.
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Proof. By [15, Theorem 7.1] and Lemma 7.8, it suffices to show that hilb Endg(Jy) =
hilb R. We saw in the proof of Lemma 7.9 that Extk (L., J,) = s?/(1 — 5)?. Recall that
K, = (Iy)(z), so that K, is generated in degree 1 as a right ideal of 7. By Lemma 7.5,
(Jy)1 = (Ky)1 and Jy, = (Jy)1 R. Then applying Lemma 5.1 to blow down J,, along L,
we obtain j; = (JynT' = K,, since i = 2. By [15, Lemma 8.2 (2) 4], K, /J, =
®;-, L-[—i] and Extk(L,, K;) = 0.

As K, /Jy is Goldie torsion we have the exact sequence

0 — Endg(K,) — Homg(Jy. Ky) — @D Exth(L,[—i]. Ky). (7.12)

i>2

and the final term in (7.12) is zero by the above paragraph. Thus Homg(J,, Ky) =
Endr(Ky,) = Endr/ (K, ). This is the 2-Veronese of Endg4(/y), and it follows from [20]
(see [16, Lemma 5.7] for the explicit statement) that End7/(K) is the TCR of a degree 8
line bundle on E and that End7/(K,) = T'. In particular, dimy Endr/(K,)1 = 9.

We also have the exact sequence

0 — Endg(Jy) - Homg(J,, Ky) — @HomR(Jy, L.[—i]). (7.13)
i>2
By Corollary 7.10, hilb P; ., Homg(Jy, L[—i]) = s/(1 — 5)3, and so (7.13) induces an
exact sequence
0 — Endg(Jy)1 — Endgr(K,); — k.

Consequently, dimy Endg(Jy)1 is 8 or 9. On the other hand, by (7.6), Endp (J_y) =
B(E, M(—y + t='(y)), 1), and so

dimg Endg(Jy); < 1 + dimg Endg(Jy); = 8.

Thus dimg Endg(J,); = 8 and so (Endgr(Jy)); = Endg(Jy,);. Since Endg(J,) is
a TCR, it follows that Endz(Jy) = Endp (J_y). Finally, as Endg(Jy) is g-divisible and
hilb Endg(Jy) = hilb R, it follows that hilb Endg(J,) = hilb R, as required. "

The next result proves hypothesis (1) (b) of Theorem 6.1.
Lemma 7.14. Let y # x € {p.q}. Then (L, wsLy) = 0.

Proof. By [15, Lemma 7.4], (L, ewsLy) € {0, 1}. By [15, Theorem 7.7], (L, msLyx) =0
<= hilbHomg(Jy,Jx) =hr — llTS Similarly, as Ly % L, [15, Theorem 7.6] implies
that (Ly swsLy) =1 <= hilbHomg(Jy, Jx) = hg — % Thus it suffices to prove that
dimg Homg(Jy, Jx)1 > dimR; —1 = 7. But

V(x + )V (@ ') (KDo()1 S V(X +9)V(e ')T] = V(x + )41 V() A1 = (Jx)a,

and so Homg(Jy, Jx)1 2 V(x +5) V(oz_ls)(K;)o. By the discussion after [16, (6.13)],
dim(K})o = 2. Since V(x + s) V(a—ls)(K;‘)O is a product of spaces of global sections,
it is therefore easy to compute that its dimension is 2 4+ 3 4+ 2 = 7. The result follows. =
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Proof of Theorem 7.3. We have proved that R satisfies all of the hypotheses of Theo-
rem 6.1, from which Theorem 7.3 follows. [

8. A converse result

In this short section, we prove Proposition 1.5 from the introduction, thereby giving the
converse to Theorem 1.4.

We will need some preliminary results. The following result gives a method for prov-
ing that a right ideal is a line ideal, without explicitly calculating its Hilbert series.

Lemma 8.1. Let R be an elliptic algebra. Suppose that I C R is a right ideal and that
T is a point ideal in B = R/gR. If I* # R, then I is a line ideal. In particular, I is
g-divisible.

Proof. We first show that / is g-divisible. So, let J =1 ={x € R | xg" € I for some n > 1}
be the g-divisible hull of / and suppose that / & J. We first claim that J 2 1. Indeed, pick
a homogeneous element a € J ~ I of minimal degree. If J = I, thena = b + gc, where
b € I withdegb <dega. Since gc € J and J is g-divisible, ¢ € J. The minimality of dega
implies that ¢ € I and hence a € I, giving the required contradiction. Hence J 2 T.AsT
is a point ideal, R/T is 1-critical and so R/J is finite-dimensional. As gR N J = gJ, it
follows that GKdim R/J < 1. Since R is CM (see Notation 2.1), this implies that J* = R.

As I'* # R, we may pick a homogeneous element x € Q4 (R) ~ R such that x/ C R.
As J is finitely generated, g J C I and hence xg™J C R for some m > 1. Since J* = R,
we conclude that xg™ € R. Thus x = yg~" for some y € R and r > 1, where we may also
assume that y ¢ gR. However, this implies that y/ = g"xI C g"R C gR. Since y & gR
and gR is a completely prime ideal, it follows that / € gR, contradicting the fact that
1 # 0. This proves that 7 is indeed g-divisible.

Finally, as g/ = gR N I and hilb R/T = (1 — s)~! it follows that hilb R/I =
(1 —5)72, as required. L]

Let S = S(FE, o) be a Sklyanin algebra, where |o| = 0o, and write

S/(g)=B(E,£,0)=:B

for some degree 3 invertible sheaf &£ on E.
Definition 8.2. Let X C §,, be a subspace. We say that X is defined by vanishing con-
ditions on E if X = HO(E, Em(=p1 —---— pp)) for some py,...,p, € E,and X D
gSm—3. Note that if X is defined by vanishing conditions on E, where n < deg &£,,, then

dimg X is immediately determined to be dimg S,, —n = (m;' 2) —n.
Fora,b,,...,b, € E write

W(a) = H*(E, £(—a)) C S;

and
V(bi + -+ +bu) = H*(E, £2(=by — -+ — by)) C Sa.
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Recall from [12, Lemma 4.1] that S; W(a) = W(cfla)S 1, a fact that will be used without
further comment. Similarly, we will use [12, Lemma 3.1] to compute products in B
without comment.

We next investigate products of the spaces above and when they are defined by van-
ishing conditions. We say a, b, ¢ € E are collinear if there is an x € S; that vanishes at
a, b, c; equivalently, if £ ~ Og(a + b + ¢).

Lemma 8.3. Leta,b,c € E.

(1) If ¢ # 072b, then W(b)W(c) and W(b)W(c)S: are defined by vanishing con-
ditions on E; in particular, W(b)W(c) = V(b + o~ '¢), dim W(b)W(c) = 4,
and dim W(b)W(c)S1 = 8. On the other hand, dim W(b)W(c~2b) = 3 and
dim W(b)W(c72b)S, = 7.

2) V(b +c)S; = S1V(ob + oc), and this space is defined by vanishing conditions
on E. Moreover, V(a + b + ¢)S1 is defined by vanishing conditions on E if and
only if a, b, ¢ are not collinear, while S1V(a + b + ¢) is defined by vanishing
conditions on E if and only if ca, ob, oc are not collinear.

(3) W(a)V(b + c) is defined by vanishing conditions on E if and only if 0 %a ¢
{b, c}; otherwise dim W(a)V (b + c¢) = 6. Similarly V(a + b)W(c) is defined by
vanishing conditions on E if and only if ¢ & {a, b}, else dim V(a + b)W(c) = 6.

Proof. (1) The dimensions of these spaces are given in [12, Lemmata 4.1 and 4.6] while,
from the proof of [12, Lemma 4.1], W(b)W(c) is defined by vanishing conditions. The
other claims follow easily.

(2) The first sentence follows from (1) once one notes that at least one of V(b + ¢) =
W(b)W(oc) or V(b + ¢) = W(c)W(ob) must hold.

For the second sentence, we prove the first claim, as the other follows symmetrically.
If a, b, ¢ are collinear then V(a + b + ¢) = xS for some x € S1. Thus V(a + b 4+ ¢)S; =
xSy and dim V(a + b + ¢)S1 = 6; in particular, this space is not equal to {x € S3 | X €
HY(E, £3(—a — b — ¢))} which has dimension 7.

It therefore suffices to prove that dim V(a + b + ¢)S; = 7 if a, b, ¢ are not collinear.
Indeed, since dim V(a + b + ¢)S; = 6, it is enough to show that g € V(a + b + ¢)S;.

Let V=V@+b+c)andletd € E~ {0 'a,07'b,67'c}. We claim that g €
VW(d). To see this, write W(d) = kx + ky where wy + xz = 0 and {w, x} is a basis
of W(o2d). Then Vy N Vz = Ywy where

Y ={resS | rW(e3d)c V).

Since od ¢ {a,b,c},clearly Y = W(a) N W(b) N W(c) = 0, since a, b, ¢ are not collin-
ear. Thus dim VW(d) = 6. As VW(d) = H°(E, £3(—a — b — ¢ — 672d)), which has
dimension 5, we have g € VIW(d) C VS, as required.

(3) By symmetry it suffices to determine dim W(a)V (b + c¢), for which we follow
the proof of [12, Lemma 4.6]. Let {w, x} be a basis of W(a) and let {y, z} be a basis of
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W(o~2a) so that wy 4+ xz = 0. Then wS N xS = wyS = xzS and so
wV(b +c)NxV(b+c) =wyY forY ={r eS| W 2a)r CV(b+c)).
If 072a € {b, ¢} then without loss of generality » = 0 2a and Y = W(oc). In this case
dim W(a)V(b +¢) =2dim V(b +¢) —dimY = 6.
Otherwise, dimY = 1 and dim W(a)V(b +¢) = 7. L]

We can now prove the converse to Theorem 1.4.

Proposition 8.4. Let T be a Sklyanin elliptic algebra with associated elliptic curve E,
andlet p # q € E. Then R := T (p + q) satisfies the hypotheses of Theorem 1.4.

Proof. Certainly, R is a degree 7 elliptic algebra. We now change our earlier notation and
write L, for the exceptional line module obtained from writing R as the blowup at p
of T(g), with line ideal J,. This differs from the notation in the earlier sections since now,
by [12, Lemma 9.1], Div L, = t(p).

Define L, = R/J, analogously. Write 7 = S ®) where S is a Sklyanin algebra with
S/(g) = B(E,&%,0). Let 63 = t and write T/(g) = B(E, M, ). By our standing con-
ventions on elliptic algebras, t and hence also ¢ have infinite order.

Let x € S; generate HO(E, £(—p —q)) and let I, = xS, R C R. Itis easy to calculate
that 7, is a point ideal in B, associated to the third point of E where x vanishes. We claim
that 7 is a line ideal in R. To see this, define U = V(p + q)V(o~'p + 07 1q) € S4 and
note that

US;=V(p+@V(e 'p+a7'9)S2 =V(p+q)S1V(p +¢q)S1 = Ro,

by Lemma 8.3 (2). Then (Ux~1)(Ix); = Ux"'xS, = US, C R. Moreover, if Ux~! C R,
were to hold, then U € R;x, which is not true by looking at the images in S/(g). Thus
we can choose y € Ux~! < R such that yI, € R. By Lemma 8.1, I, is a line ideal, as
claimed. Write I, = J,, with L, = R/ J, for the corresponding line module L,, where
r =Div(L,) € E.

By [5, Proposition 4.5.3], gldim R° < oo and so by [15, Lemma 6.8], qgr-R is smooth.
We have (J,)1 ={z € R1 | T(g)1z € R} since T(q)1R/R = L,[—1] by [15, The-
orem 8.3]. Since

W(g)S2W(zp)Viop + 0q) = W(@W(ap)S1V(p + ¢)S1 S Ra,
we have W(tp)V(op + oq) € (Jp)1. However, from Lemma 8.3 (3) we see
dim W(zp)V(op + oq) = dim(Jp)1,

o)
Jp = W(tp)V(op + oq)R. (8.5)
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From this and Lemma 8.3 (2) we get
(Iph Ty = W(p)V(op +oq)Ty = W(zp)S2V(tp + 7q)S1 3 g°.

It follows that GKdimr 7/J,T = 1, and so the T-module double dual (J,T)** = T, by
the CM condition on T (see Notation 2.1). On the other hand, (J, T)** = (xS, T)** =
xS, T. Therefore

Homg(Jp. Jr) € Homr (J,T, J, T)
C Homz ((J,T)**, (J;T)**) = Homp (T, xS>T) = xS, T.

Consequently, Homg(J,, J;)1 = xS2 = (J;)1 and by Lemma 5.3 and Corollary 2.14,
(LremsLp) = 1. Likewise, (L, smsLg) = 1.
Let X = W(tq)W(0oq)S;. Then

W(p)S2X = W(p)W(oq)S1W(q)S2 € RiW(q)S>.

From the discussion before Lemma 7.7, J; = RT(¢q)1 + R and J; = RT(p)1 + R.
Therefore, X C HomR(J;, J3)1 = Homg(Jp, Jg)1. Asdim X = 7 by Lemma 8.3 (1), it
follows from Lemma 5.3 that (L, susLg4) = 0.

Since qgr- R is smooth, [15, Proposition 1.3 (2)] implies that

(LpewsLp) = (LgemsLy) = —1.

Itis easy to calculate that Endg (J,) = xT(6 72 p + 0 ~2¢)x "', which has the same Hilbert
series as R, and so (L, ewsL,;) = —1, by [15, Theorem 7.1]. [

9. The noncommutative Cremona transform

In this section, we use Theorem 1.4 to give a noncommutative version of the classical
Cremona transform. Recall that if X is the blowup of P2 at three non-collinear points
a,b, c, then X contains a hexagon of (—1) lines, given by the three exceptional lines and
the strict transforms of the lines through two of a, b, c; further, blowing down the strict
transforms of the lines gives a birational map from P2 --» P2, The next theorem is our
version of this construction.

Theorem 9.1. Let T = S be a Sklyanin elliptic algebra with associated elliptic curve
E = E(T). Let p,q,r € E be distinct points such that op, oq, or are not collinear
inP(SY). Set R = T(p + q + r). Then qgr-R is smooth, and there is a subring T' = T
of T(g) such that R = T'(p1,qi1.r1) for points pi,q1.r1 € E.

Assume that ox, oy, 0z are not collinear in P (S7), forany x,y,z € {p,q,r}, includ-
ing possible repetitions. Then the 6 points {p,q,r, p1,q1, 1} are pairwise distinct.
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Figure 2. The lines on qgr-R.

Remark 9.2. As will be apparent from the proof, R contains a hexagon of lines of self-
intersection (—1), as described in Figure 2. Then T” is obtained by blowing down the three
lines in R that are not exceptional for the first blowup.

The proof of this theorem will be through a series of subsidiary results that will take the
whole section. The strategy is to first show that R has six line modules of self-intersection
(—1), each of which can be contracted. After constructing these line modules over R
and computing their intersection theory (see Figure 2), we then contract one of these
lines to give an overring R of R. We then compute the intersection theory of R (see
Proposition 9.10) and show that R satisfies the hypotheses of Theorem 1.4. Thus, by that
result, we can then contract two further line modules to give a ring isomorphic to 7.

As usual, write S/(g) = B(E, £,0),and T/(g) = B(E, M, 1) where M = £3 :=
£ ®0*f ®o0** £ and v = o3, Fix a group law @ on E so that three collinear points sum
to zero and define p' :== 6 ¢ 6 r,q := S pSr,andr’ := & p © q. We continue to use
the notations W(a) and V(a + b) from Definition 8.2.

We first construct the six lines on R. Let L, be the exceptional line module obtained
by writing R as the blowup of T(g + r) at p, with line ideal J,. Likewise, construct
Ly,=R/J;and L, = R/ J,.

Lemma 9.3. Let x € Sy define the line through q, r and define J,» = xW(op)S1R. Then
Ly := R/Jy is a line module with divisor p’ = Div L.

Proof. 1t is easy to check by using [12, Lemma 3.1] that J_p/ is a point ideal in R. Let
U=V(p+qg+rVieqg+olr)CS,.
Then using Lemma 8.3 (2) we have

Ux ' ()1 =V(p+q+r)V(o'qg+07r)W(op)S:
=V(p+q+rS1V(g+rW(o?p) S Ry.
If Ux~! C R, then U C Rx, which is not true by considering the images in S. Thus

J* 2 R and so J, is aline ideal by Lemma 8.1. Since p’ @ g @ r = 0, clearly x vanishes
at these three points and so p’ = Div L, as J + is the point ideal of p’. ]
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Likewise, we construct Ly, with divisor q’, and L,s, with divisor ’. We caution the
reader that, by [12, Lemma 9.1], Div L, = 7(p) and similarly for L, and L. On the other
hand, Div L,y = p’ and similarly for L, and L,.

Lemma 9.4. The six lines Ly, Ly, Ly, Ly, Ly, Ly all have self-intersection (—1).

Proof. For Ly, Ly, and L, this follows from [15, Theorem 1.4]. We give the proof for L.
By [15, Theorem 7.1], it is enough to show that hilb Endg(J,/) = hilb R, and for this it
suffices to prove that dim Endg (J,/)1 > dim R;.
Using Lemma 8.3 and the fact that dim T'(op + 0~2¢ 4+ 0~2r); = 7, we calculate
(xT(op+02q+02r)x ") - (xW(op)S1)

=xT(op+02q+02r) 1 W(op)S

=xW(op)V(e g+ o7 r)W(op)S, CxW(op)T(c ' p+o g +071r) S

=xW(op)$iT(p+q+r)1 = (xW(op)S)R;.
Thus xT(op + 072g + 0 2r)1x~! € Endgr(J,)1 and dim Endg(Jy)1 > dim T (op +

072g + 07 %r); = dim Ry, as required. n

Since by hypothesis op, 0q, or are not collinear, it follows from Lemma 8.3 (2) that
V(op + oq + or)S; is defined by vanishing conditions on E, in the sense of Defini-
tion 8.2. We now give explicit generators of J,, J4, and J. It suffices to do this for J,.

Lemma 9.5. We have the identities

(Jp)1 = W(zp)V(op +0g + o) and Jp = W(tp)V(op +0q +or)R.
Proof. Let C = W(tp)V(op + 0q + or) C R;. By the discussion before Lemma 7.7,
Homg(J,, R) =: J; = RV(q + r)S1 + R. Note that R; C V(g + r)S; and so (J;)l =
V(g 4+ r)S1. Thus

(IynC =V(g+ PYW(c?p)S1V(ep + oq + or).

As R, is defined by vanishing conditions on E, both V(g + r)W(c?p) and S;V(op +
0q + or) are contained in R, and so (J;)IC C Ry and C C (Jp);. Since dim C >
dimC =5 = dim(Jp)1, we see that C = (J,,);. The fact that J, = (J,)1 R follows from
[15, Lemma 5.6 (2)]. ]
Lemma 9.6. The category qgr-R is smooth.

Proof. Using the fact that op, oq, or are not collinear, we compute

(JpJy)2 2 W(zp)V(op +0q +or)V(g +r1)S (by Lemma 9.5)
= W(p)V(ep +o0q +or)S1V(og +or) (by Lemma 8.3 (2))
D W(tp)gV(og +or) (by Lemma 8.3 (2))
>g? (by Lemma 8.3 (3),

using that p & {q,r}).
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Therefore, by the Dual Basis Lemma, J; is projective. Since g # r, qgr-T(q + r) is
smooth by [5, Proposition 4.5.3] and so by [15, Theorem 9.1] qgr-R is smooth as well. =
Lemma 9.7. We have the identities

(1) (LpemsLg) = (LpewsLy) = (LgemsLy) = 0.

(2) Homg(Jp, Jg)1 = W(rq)V(og + or).
Proof. (1) We compute (L, susL4). By Lemma 8.3 (3), dim W(rq)V(og + or) =6 =

dim R; — 1, therefore, by Lemma 5.3, it suffices to prove that W(zq)V(ocg + or) C
Hompg(Jp. J4)1. We compute

W(zq)V(eq +or)(Jph

= W(tq)V(ocg +or)W(zp)V(op +0q + or) (by Lemma 9.5)
S W(q)V(ep +0q+or)Si1V(op +oq +or)
C (U1 R1 = (Jy)2 (by Lemma 9.5).
(2) This follows from the proof of part (1), combined with Lemma 5.3. ]

Lemma 9.8. We have

(1) (LpemsLp) = (LgemsLg’) = (Ly*msLy) = 0.

(2) Moreover, Homg(Jp, Jpr)1 = x55.

(3) Similarly, (Lp ewsLg’) = (LprsmsLy) = (Lgr emsL;7) = 0.
Proof. (1), (2) We compute (Lp, sus L,). Recall that x € Sy defines the line through ¢, 7, p’
and that J,» = xW(op)S; R. Since (Jp*)l C T, the calculation in the proof of Lemma 9.6

shows that g2 €JpTi. Thus GKdim7/J,T <1 and so, by [15, Lemma 4.5 (1)1, (J,T)* :=
Hom7(J,T,T) = T. Hence

Homg (Jp, J') € Homy (J, T, JpyT) € Homy ((J,T)*™, (Jpy T)*™)
C Homp (T, xS,T) = xS, T.

Since R; is defined by vanishing conditions on E, Lemmata 9.3 and 8.3 (2) imply that

x82(Jp)1 = xS W(zp)V(op +0g +or) = (xW(op)S1)(S1V(op +0g +or))
C (Jp)i1Ry.

Thus xS> € Homg(Jp, Jp7)1 and hence Homg(J,, Jp7)1 = xS5. By Lemma 5.3, it fol-
lows that (L, susLp) = 0.

(3) We show that (Lpr emsLy) = 0. As in part (1), J,r = xW(op)S1R while J, =
yW(oq)S1 R, where y defines the line through p, ¢’, r. By Lemmata 5.3 and 8.3 (3) it is
enough to show that

yW(eq)V(e'q+ 0o~ "'r)x" € Homg(Jp. Jg)1.
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This follows from a familiar computation,

(yWeq)V(e g + o 'r)x~")(xW(op)S1)
= yW(oq)S1(V(g + r)W(o*p)) € yW(oq)S1R1 = (Jg)2.

as required. ]

The final piece of intersection theory needed is to determine the lines that intersect
with multiplicity 1.

Lemma 9.9. Ifa # b € {p,q,r}, then (Ly *usLp) = 1.

Proof. Without loss of generality, we compute (L, smsL,). Write R = T(q + r), which
is the blowdown of R at L,. By Lemmata 9.7 and 9.8 (1), (Lp smsLg) = 0 = (Lp msLp).
Thus by Lemma 5.5 (1), we may blow down the line ideals J, and J,' at Ly, to obtain
line ideals J, and J, in R such that the line modules L, = R/J, and L, = R/J, again
have self-intersection (—1).

By Lemmata 5.1 (3) and 9.7 (2), J, = Homg(J,, J,)1 R = W(zq)V(oq + or)R.
Note that by (8.5), Zq is the exceptional line module that comes from writing R as the
blowup of T'(r) at g. Likewise, by Lemmata 5.1 (2) and 9.8 (2), ];), =Homg (Jp, Jp')1 R=
xS>R. Thus L p 1s the line module denoted by L, in the proof of Proposition 8.4.

Finally, Proposition 8.4 shows that (Zp/ 'Mqu) = 1and so (Lp *msLy) = 1 by Pro-
position 9.10 below. ]

We can now almost complete the proof of Theorem 9.1, modulo proving one final
result.

Proof of Theorem 9.1. Lemmata 9.7, 9.8, 9.4, and 9.9 together establish that R has a
hexagon of (—1) lines with the intersection theory indicated in Figure 2. We will use
these computations without further comment.

Since (Lp emsL,) = —1 we may, by [15, Theorem 8.3], blow down L, to obtain an
overring R of R so that R = ﬁ(r‘l(p’)). By that result, Risa degree 7 elliptic algebra
while, by [15, Theorem 9.1], qgr—ﬁ is smooth.

Now (LpremsLy’) = (LpremsLp) = (Lpr swsLy) = 0 while Ly, Ly, L, have self-
intersection (—1). So, by Lemma 5.5 there are induced R-line modules iq/, Zp, and i,/,
each of which has self-intersection (—1). Moreover, Div iq/ = ¢’ and Div L, = r’ while,
by construction, ¢’ = © p ©r # r' = © p © ¢. Thus, by Proposition 9.10 below,
(L/:]/ 'MSZr/) B (Lq/ °Mer/) = 0 and (ip -Mqu,) — (ip 'Mszr/) =1

Therefore, after appropriately renaming the line modules, R satisfies the hypotheses
of Theorem 1.4 and thus there is an overring T’ of R such that 7/ = T and R =
T'(t7'q¢’ + t='r'). In other words, R = T'(p1,q1.r1), for py = t=1(p'), g1 = 7 1(q")
and r; = t1(r).

It remains to check that the 6 points {p, g, r, p1,q1, r1} are distinct, under the addi-
tional assumption that ox, 0y, oz are not collinear for any x, y, z € {p, g, r} chosen with
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possible repetition. This is a routine computation, combining the definition of p’, ¢’, r’
with the hypotheses of the theorem and the fact that points x, y, z € E are collinear if and
only if x @ y & z = 0. We leave details to the reader. ]

In order to complete the proof of Theorem 9.1, it remains to prove the following result,
which generalises Lemma 5.5 (1). The point of the result is that contracting a line L does
not affect the interaction of other lines which are disjoint from L, as one would hope.

Proposition 9.10. Let R be an elliptic algebra such that qgr-R is smooth and let L, Ly, L,
be line modules with line ideals J, Jp,, J4 respectively, with Div L, = p and Div L, = q.
(We allow L, = Lg here.) Assume that

(1) (LewsL) = —1;

(2) forx € {p.q}, (LxowsLy) = —1;

3) forx € {p,q}, (LewsLy) = 0.
Let R be the blowdovzn of R along thiline L; Af in Lemma 5.5 (1), for x € {p, q} let Jx
be the blowdown to R of Jy, and let Ly = R/Jx, which by Lemma 5.5 is a line module

over R. Then
(Lp ’MSLq) = (Lp ‘MSLq)v

where the intersection product on the left hand side is in qgr—ﬁ, and on the right hand side
is in qgr-R.

Remark 9.11. We note that the proposition still holds without hypothesis (2), although
the proof is more complicated and is omitted.

Proof of Proposition 9.10. Write r = Div L, and let R/gR = B(E, M, t). Throughout
the proof a statement involving x is being asserted to hold for both x = p and x = q.

First, if L, 2 L, then obviously L, = L,. In this case, since (L, susL,) = —1, we
have (Zp oMs Zq) = (Zp Ms Zp) = —1 by Lemma 5.5, as required. So from now on we can
and will assume that L, % L, and hence J, # J,;. Note that L % L and hence J # Jx
by comparing hypotheses (1) and (3).

Case I. Assume that r # t/(¢) for j > 0.
The point of this assumption is that it allows us to prove the following.

Sublemma 9.12. Keep the hypotheses of the proposition and assume that r # t/(q) for
J>0.Then J;,N R = J,.

Proof. Since J # J,;, we have i > 1 in Lemma 5.1. Hence J~q #* R by part (3) of that
lemma. Write X := fq NRCNC fq, where N/X is some finitely generated graded
R-submodule of .ZI/X with GKdim(N/X) < 1. Then GKdim(N + R)/R = 1 and so, as
R is reflexive, [15, Lemma 4.5] implies that N € R and hence N = X. Therefore, J~q /X
is 2-pure as an R-module.
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By [15, Lemma 8.2], Z := -Z]/Jq = D,y L[—ai], where a; > Oforalli. LetY :=
X/J,, which embeds in Z. Now apply [15, Proposition 8.1]: since Z/Y = .ZI/X is 2-
pure, there is an internal direct sum Z = Y @ (P, L[—a;]) for some subset J of I,
and thus ¥ = @,y y Ll—ai]. NowY = X/J; € R/J4 = L, is a submodule of a line
module and is also isomorphic to a direct sum of shifts of line modules. Comparing Hilbert
series, there must be only one line module in the sum, so Y =~ L[—c] for some ¢ > 0.

Finally, L[—c] = Y embeds in the line module R/J; = L,, and by [15, Lemma 5.5]
this forces r = 7/ (¢) for some j > 0. Necessarily, j > 0 since otherwise L = L,, which
we have excluded. So r = t/(g) for some j > 0, contradicting the hypothesis of the
sublemma. ]

We now return to the proof of the proposmon Suppose first that Lp ~ L Then
Jp = Jq and hence, by the sublemma, J, C Jp NR= Jq N R = J,. Since hilb R/Jp =
1/(1 — s)? = hilb R/ J, this forces J, = J,; a contradiction. We conclude that L % L .
Since (LpemsLp) = —1, we also have (LP -Mst) = —1 by Lemma 5.5. In particular,
Lemma 5.3 implies that (L, swsL,) € {0, 1} and (L, swsL,) € {0, 1}.

By Lemma 5.1 (1),

Homg(J,. J,)(J,) = Homg(J,, J,)(Homg(J, J,)R) € Homg(J, J,)R = J,.

Thus Homg (Jp, J4) € Homﬁ(j;,, -711)-

Suppose next that (L, swsLg) = 0 but (L, swsLy) = 1. First, recall that dim R; =
dim Ry + 1 by [15, Theorem 8.3]. By Lemma 5.3, twice, (J4)1 & Homg(Jp, J4)1 with
dim Homg(Jp, J4)1 = dim Ry — 1 while Homz(Jp, J4)1 = (J4)1 with

dim Homz(J,, Jg)1 = dim Ry —2 = dim Ry — 1.
It therefore follows from the last paragraph that
Homg(Jp, Jg)1 = Homgz(Jp, o)1 = (Jg)1 = Homg(J, Jo)1.

Now since J # Jp,, Lemma 5.4 implies that Homg (J,, J4)1 = (J4)1. By Lemma 5.3 this
contradicts (Lp smsLg4) = 0.
Finally, assume that (L, eusL4) = 1 but (L, wsL4) = 0. By Sublemma 9.12, J;, N R
= J, and so
Homg(Jp, J;) N R € Homg(J, N R, J; N R)
C Homg(J,, J; N R) = Homg(J,, J,).
In particular, using Lemma 5.3,

(Homg(J, J) N R)1 € Homg(Jp, o)1 = (Jo)1.

Further, the same lemma shows that dlm(Hom 7 (J s J, ))1 = dim R; — 1. Since diim R, =
dim R, — 1, we get dlm(HomR(Jp, Jq) NR); > dim R, — 2, while dim(J4) =dimR; —
2 =dim R1 — 3. This is a contradiction.

Therefore, the only possibility is that (L, susLg) = (L, *wsL4) and Case T is complete.
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Case II. Assume that r = 7/ (q) for some j > 0.

This part of the proof will actually work whenever r # t/(g) for j < 0. This case will
parallel that of Case I, except that we will pass from right to left modules.

Write L, = L and let y € {r, p,q} and x € {p, q}. By [15, Lemma 5.6], L;’ =
Ext}e (Ly, R)[1] is a left line module, and we write N, = L} = R/K, for the left line
ideal K. The relationship between the left line ideal K, and right line ideal Jy, is most
easily expressed in terms of the R-linear duals.

Sublemma 9.13. Let J be a right line ideal and K a left line ideal in R. Then R/K =
(R/J)Y if and only if Homg(J, R); = Homg(K, R);.

Proof. By [15,Lemma 5.6 (3)], R € M = Homg(J, R) is the unique extension of R up to
isomorphism such that M/R == (R/J)"[1]. In particular, if (R/J)Y =~ R/K then M} K C
R and so Homg(J, R); € Homg(K, R)1; the other inclusion follows analogously. The
converse is similar. ]

By Corollary 2.14, the LV satisfy the same intersection theory as the L. Similarly,
since Ly = Ly by [15, Lemma 5.4], we also have LY 2 LY. The left hand analogue of
[15, Lemma 8. 2] defines left modules K by attaching all possible copies of L) on top
of K. Crumally, by [15, Theorem 8.3], blowing down R on the left along L)’ leads to the
same overring R as blowing down R along L. In partlcular K, is a left line ideal of R
and, by the left-right analogue of Lemma 5.5, Ny =R / K, is a line module for R.

The analogue of Sublemma 9.12 is the following.

Sublemma 9.14. Assume that r # t7(q) for j < 0. Then K, N R = K,

Proof. By [15, Lemma 5.4], Div LY = t72(r) and Div LY = t72(x). Using [15, Re-
mark 3.2], the left hand analogue of [15, Lemma 5.5] asserts that, if L;/ [—a] embeds into
L, forsome a > 1, then t72(r) = DivLY = v~/ (Div L)) = 17/72(q) for some j > 0.
Therefore, the proof of Sublemma 9.12 will also work here, provided that this observation
is used in place of the final paragraph of that proof. ]

We claim that ]\7x = ié/ K x = (Zx)v, where the dual is taken with respect to the
ring R. By Sublemma 9.13, since R/ K, == (R/Jx)V, we have X := Homg(Jy, R); =
Hompg(Ky, R);, where dim X = dim R; + 1. If X C R, then Hompg(Jy, R); C R, =
Hompg(J, R);. Since J # J,, Lemma 5.4 gives X = Homg(Jx, R); = Ry, which is
a contradiction. Now choose z € X such that X = kz + R;. Then X :=kz+ ﬁl has
dim X = dim R + 1, because z g R. By a similar argument to the one used earlier in Case I,
we have HomR(.lx, R) C HomR(Jx, R) and HomR(Kx, R) C HomR(Kx, R) Thus X C
HomR(Jx, R) and since Jy is a right line ideal in R, dim HomR(Jx, R)1 = dim R1 + 1,
so X = Hom3 7 (Jx, R)1 An analogous argument on the left gives X = Homj 7 (Kx, R)1
By Sublemma 9.13, R/K, =~ (R/J,)¥ = (Lx)", as claimed.
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Now follow the proof of Case I on the left to prove that (N, susNy) = (N, us N,).
Since Ny = (L)V, it therefore follows from Corollary 2.14, twice, that

(LpwwsLyg) = (Lp)Y ows(Lg)Y) = (N swsNg) = (Np omsNg)
= (L) swsL}) = (LpwsLq).

and the proof is complete. ]
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