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Deformation of algebras associated with group cocycles

Makoto Yamashita

Abstract. We study deformation of algebras with coaction symmetry of reduced algebras of dis-
crete groups, where the deformation parameter is given by a continuous family of group 2-cocycles.
When the group satisfies the Baum–Connes conjecture with coefficients, we obtain an isomor-
phism of K-groups of the deformed algebras. This extends both the � -deformation of Rieffel on
Tn-actions, and a recent result of Echterhoff, Lück, Phillips, and Walters on the K-groups on the
twisted group algebras.

1. Introduction

Deformation of algebras has been an important technique to produce interesting examples
in the study of operator algebras and noncommutative geometry. One of the most famous
examples is the noncommutative torus algebra C.T2

�
/, which is universally generated by

two unitaries u and v satisfying uv D ei�vu for a given real parameter � . Since the case
of � 2 2�Z gives the algebra of the algebra of continuous functions on the usual 2-torus,
one may think of C.T2

�
/ as an algebra representing a deformed object of the 2-torus. This

example inspired many interesting ideas in the early development of noncommutative
geometry by Connes [6] and others.

Inspired by the theory of deformation quantization, Rieffel defined the notion of � -
deformation as a generalization of the noncommutative torus [27]. It takes a C�-algebra
with an action of Rn as the input, and the deformation parameter is given by a skewsym-
metric form on Rn. He showed that the � -deformations have the same K-groups as the
original algebras [28], extending the case of the noncommutative torus by Pimsner and
Voiculescu [25].

From another point of view, the noncommutative torus can also be considered as a
twisted group algebra of the discrete group Z2. In general, given any discrete group � and
a U.1/-valued 2-cocycle ! on � , one may consider the projective unitary representations
of � with respect to !, which leads to the notion of the (maximal) twisted group alge-
bra C �! .�/. Similarly, the regular !-representation of � generates the C�-algebra C �r;!.�/
which generalizes the usual reduced group algebra C �r .�/. The C�-algebraic properties of
such algebras were extensively studied by Packer and Raeburn in the early 90s [23, 24].
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Echterhoff, Lück, Phillips, and Walters recently proved a K-theory isomorphism result
for the reduced twisted group algebras when the group satisfies the Baum–Connes con-
jecture with the coefficients [8]. We note that Mathai [16] also proved the K-theory invari-
ance under twisting by such cocycles for a slightly different class of groups, building on
Lafforgue’s Banach algebraic approach [14] to the Baum–Connes conjecture.

The motivation of this paper is to unify the two above-mentioned K-theory isomor-
phism results. We thus consider C�-algebras admitting coactions of the compact quantum
group C �r .�/, and deform them by the U.1/-valued 2-cocycles on � . This notion is equiv-
alent to that of cross-sectional algebras of Fell bundles [11], but the viewpoint from
compact quantum group theory is also important for conceptual understanding. The defor-
mation of function algebras of compact groups was utilized by Wassermann in his study
of ergodic actions of compact groups [31]. In the more general context of compact quan-
tum group coactions on arbitrary operator algebras, such construction was considered by
De Rijdt and Vander Vennet [7]. The benefit of concentrating on the quantum groupC �r .�/
is that any continuous family of U.1/-valued cocycles can be captured by R-valued 2-
cocycles, as seen by a standard long exact sequence argument for the coefficients Z, R,
and U.1/.

Our main result (Theorem 1) states that, when � satisfies the Baum–Connes conjecture
with coefficients and the cocycle comes from an R-valued 2-cocycle, the K-groups of
the deformed algebra are isomorphic to those of the original algebra. We also obtain an
isospectral deformation of spectral triples when the ‘Dirac operator’ is equivariant with
respect to the coaction of C �.�/, and the character of the deformed spectral triple can be
identified (Theorem 3) with the original one modulo the above natural isomorphism of the
K-theory.

Finally, we remark that there are several similar schemes of deformation of operator
algebras which do not fall into our approach. The deformation of Fell bundles due to
Abadie–Exel [1] seems to be closest to ours. The q-deformation compact quantum groups
are also analogues of 2-cocycle deformation. There is a similar K-theoretic invariance
result by Neshveyev and Tuset [20] for such quantum groups and their homogeneous
spaces.

2. Preliminaries

When A and B are C�-algebras, A˝ B denotes their minimal tensor product unless oth-
erwise stated. Likewise, when H and K are Hilbert spaces, H ˝ K denotes their tensor
product as a Hilbert space. When X is a right Hilbert C�-module over a C�-algebra A, we
let L.X/ denote the algebra of adjointable endomorphisms of X . When H is a Hilbert
space, we let H ˝X denote the tensor product Hilbert C�-module over A.

When A is a C�-algebra, we let M.A/ denote its multiplier algebra (which can be
defined as L.AA/).
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The crossed products with respect to (co)actions of locally compact quantum groups
on C�-algebras are understood to be the reduced ones unless otherwise specified. Our
convention is that, when ˛ is an action of a discrete group � on a C�-algebra A � B.H/,
the reduced crossed product A Ì � is the C�-algebra on `2.�/ ˝ H generated by the
operators �g ˝ IdH for g 2 � and the copy of A represented as the operators

z̨.a/W ıg ˝ � 7! ıg ˝ ˛g.a/� .g 2 �; � 2 H; a 2 A/:

2.1. Group cocycles

Let � be a discrete group. When .G;C/ is a commutative group, a G-valued 2-cocycle !
on � is a map !W� � � ! G satisfying the cocycle identity

!.g0; g1/C !.g0g1; g2/ D !.g1; g2/C !.g0; g1g2/: (1)

A 2-cocycle ! is said to be normalized when it satisfies

!.g; e/ D !.e; g/ D 1; !.g; g�1/ D 1 (2)

for any g 2 � . Two cocycles ! and !0 are said to be cohomologous when there exists a
map  W� ! U.1/ satisfying

 .g/ .h/!.g; h/ .gh/ D !0.g; h/: (3)

Any 2-cocycle satisfying (1) is cohomologous to a normalized one.
In this paper, we only consider the cases G D R and G D U.1/ as the target group of

cocycles. Note that when ! is an R-valued 2-cocycle, we obtain a U.1/-valued cocycle
ei! by putting ei!.g; h/ D ei!.g;h/.

Let ! be a U.1/-valued 2-cocycle on � . Then the twisted reduced group C�-algebra
C �r;!.�/ is the C�-algebraic span of the operators �.!/g 2 B.`2�/ for g 2 � defined by

�.!/g ıh D !.g; h/ıgh:

Given � and ! as above, we can consider the fundamental unitary W D
P
g ıg ˝ �g

and another unitary operator
P
g;h !.g; h/ıg ˝ ıh representing !, both represented on

`2.�/˝2. Then the unitary operator

W .!/
D W!W ıh ˝ ık 7! ˇ.h; k/ıh ˝ ıhk (4)

in the von Neumann algebra `1.�/˝ B.`2.�// is called the regular !-representation
unitary. The algebra C �r;!.�/ can be also defined as the C�-algebraic span of the operators
� ˝ �.W .!// for � 2 `1.�/ D `1.�/�.

If ! is normalized, the generators .�.!/g /g2� satisfy the relations

�.!/g �
.!/

h
D !.g; h/�

.!/

gh
; .�.!/g /� D �

.!/

g�1
:
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From this formula we see that the vector state for ıe is tracial. This trace is called the
standard trace � on C �r;!.�/.

When ! and !0 are cohomologous as in (3), the algebras C �r;!.�/ and C �r;!0.�/ are
isomorphic via the map �.!/g 7!  .g/�

.!0/
g . In the following, we always assume that ! is

normalized.
We let ! denote the complex conjugate cocycle !.g; h/ D !.g; h/. Then the twisted

algebra C �r;!.�/ is antiisomorphic to C �r;!.�/ as follows. Using (2), we obtain the equality

!.h�1; g�1/!.g; h/!.gh; h�1g�1/ D !.h�1; g�1/!.h; h�1g�1/!.g; g�1/

D !.h; h�1/!.g; g�1/ D 1;

which shows !.h�1; g�1/ D !.g; h/. From this it is easy to see that the map �.!/g 7! �
.!/

g�1

defines an antiisomorphism from C �r;!.�/ to C �r;!.�/.

2.2. Crossed product presentation of twisted group algebras

The reduced group algebra C �r .�/ admits the structure of the function algebra of a com-
pact quantum group by the coproduct map ı.�g/ D �g ˝ �g .

Suppose that ˛ and ˇ are U.1/-valued 2-cocycles on � . Then, with the unitary regular
ˇ-representation unitary (4), we have

W .ˇ/.�.˛�ˇ/g ˝ Id`2.�//.W
.ˇ//� D �.˛/g ˝ �

.ˇ/
g

for any g 2 � . This way we obtain a C�-algebra homomorphism

C �r;˛�ˇ .�/! C �r;˛.�/˝ C
�
r;ˇ .�/; �.˛�ˇ/g 7! �.˛/g ˝ �

.ˇ/
g :

When either of ˛ or ˇ is trivial, we obtain the coactions

ı
.!/

l
WC �r;!.�/! C �r .�/˝ C

�
r;!.�/; ı.!/r WC

�
r;!.�/! C �r;!.�/˝ C

�
r .�/

of C �r .�/ on the twisted group algebra C �r;!.�/. Note that these two coactions carry the
same information.

The crossed product algebra C �r;!.�/ Ìır C0.�/ with respect to the coaction ı.!/r is
the C�-algebra generated by ı.!/r .C �r;!.�// and 1 ˝ C0.�/ in B.`2.�/ ˝ `2.�//. This
crossed product is actually isomorphic to the compact operator algebra

K.`2.�// ' � Ë� C0.�/ ' C �r .�/ Ìır C0.�/;

where � in the middle denotes the left translation action of � on C0.�/. Concretely, this
isomorphism is given by the map

C �r;!.�/ Ìı.!/r
C0.�/! C �r .�/ Ìır C0.�/; �.!/g ıh 7! !.g; h/�gıh: (5)

The crossed product C �r;!.�/ Ìır C0.�/ admits the dual action Oı.!/r of � defined by

. Oı.!/r /k.�
.!/
g ıh/ D �

.!/
g ıhk�1 .g; h; k 2 �/:
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If we regard Oı.!/r as an action of � on C �r .�/ Ìır C0.�/ via the isomorphism (5), the dual
coaction can be expressed as

. Oı.!/r /k.�gıh/ D !.g; h/!.g; hk
�1/�gıhk�1 : (6)

By the Takesaki–Takai duality, the crossed product K.`2.�// Ì Oı.!/r
� is strongly Morita

equivalent to C �r;!.�/.

2.3. Coaction of quantum groups and braided tensor products

Suppose that A is a C �r .�/-C
�-algebra. Thus, A admits a coaction ˛ of C �r .�/ given by

an injective homomorphism
˛WA! C �r .�/˝ A

which satisfies the comultiplicativity � ˝ ˛ ı ˛ D ı ˝ � ı ˛, and the the cancellation
property (also called the continuity of ˛) meaning that .C �r .�/ ˝ 1/˛.A/ is dense in
C �r .�/ ˝ A. We write the coaction as ˛.x/ D

P
g �g ˝ ˛

.g/.x/. Thus x D ˛.g/.x/ is
equivalent to ˛.x/D �g ˝ x. Note that the linear span Afin of such elements, the elements
of finite spectrum, are dense in A. This fact will be frequently utilized later to verify the
images of various homomorphisms.

Suppose that A is represented on a Hilbert spaceH . Then a unitaryX in M.C �r .�/˝

K.H// is said to be a covariant representation for ˛ if it satisfies

ı ˝ �.X/ D X13X23; X�.1˝ a/X D ˛.a/:

By analogy with the case of � D Z2 [32, Section 3], we would like to consider ‘the
diagonal coaction’ ˛ ˝ ı.!/

l
of C �r .�/ on A˝ C �r;!.�/. Nonetheless, a naive attempt

A˝ C �r;!.�/! C �r .�/˝ A˝ C
�
r;!.�/; a˝ x 7! ˛.a/12ı

.!/

l
.x/13

does not define an algebra homomorphism unless � is commutative. To remedy this we
appeal to the notion of a braided tensor product which takes into account the noncommu-
tativity of � .

We consider an action Ad.!/ of � on C �r;!.�/ given by

Ad.!/g .�
.!/

h
/ D �.!/g �

.!/

h
.�.!/g /� D !.g; h/!.gh; g�1/�

.!/

ghg�1
:

Let fAd.!/ denote the algebra homomorphism

C �r;!.�/!M.C0.�/˝ C
�
r;!.�//; x 7!

X
h

ıh ˝ Ad.!/
h�1
.x/:

This is implemented as the adjoint by the !-representation unitary W .!/, and satisfies
�˝fAd.!/ ıfAd.!/ D Oı˝ � ıfAd.!/. Hence it defines a coaction of the dual quantum group
.C0.�/; Oı/, that is, an action of � .
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Combined with the coaction ı.!/
l

of C �r .�/, the algebra C �r;!.�/ becomes a �-Yetter–
Drinfeld-C�-algebra [21]. It amounts to verify the commutativity of the diagram

C �r;!.�/eAd.!/

��

ı
.!/
l // yS ˝ C �r;!.�/

�˝eAd.!/
//M. yS ˝ S ˝ C �r;!.�//

†12

��

M.S ˝ C �r;!.�//
�˝ı

.!/
l //M.S ˝ yS ˝ C �r;!.�//

AdW //M.S ˝ yS ˝ C �r;!.�//;

(7)

where yS D C �r .�/, S DC0.�/,W is the fundamental unitary
P
h ıh˝�h in M.C0.�/˝

C �r .�//, and † is the transposition of tensors. If we track the image of �.!/g 2 C �r;!.�/

along the top-right arrows, we obtain

�.!/g 7! �g ˝ �
.!/
g 7!

X
h

�g ˝ ıh ˝ .�
.!/

h
/��.!/g �

.!/

h

7!

X
h

ıh ˝ �g ˝ .�
.!/

h
/��.!/g �

.!/

h
:

Similarly, if we go along the left-bottom arrows, we obtain

�.!/g 7!

X
h

ıh ˝ .�
.!/

h
/��.!/g �

.!/

h
7!

X
h

ıh ˝ �hgh�1 ˝ .�
.!/

h
/��.!/g �

.!/

h

7!

X
h

ıh ˝ �g ˝ .�
.!/

h
/��.!/g �

.!/

h
;

where we used

ı
.!/

l
..�

.!/

h
/��.!/g �

.!/

h
/ D !.h�1; g/!.h�1g; h/�h�1gh ˝ �

.!/

h�1gh

D �h�1gh ˝ .�
.!/

h
/��.!/g �

.!/

h
:

Combining these, we conclude that diagram (7) is indeed commutative.
As proved in [21, Theorem 3.2], a Yetter–Drinfeld algebra is the same thing as an

algebra endowed with a coaction of the function algebra of the Drinfeld double D.�/. In
our setting, D.�/ is represented by the algebra C r0 .D.�// D C0.�/ ˝ C

�
r .�/ endowed

with the coproduct

� D .† ı AdW /23 ı Oı ˝ ıW ıh ˝ �g 7!
X

h0h00Dh

.ıh0 ˝ �h00gh00�1/˝ .ıh00 ˝ �g/:

Thus, the dual ‘convolution’ algebra C �r .D.�// can be considered as the Drinfeld double
Hopf algebra of C �r .�/ and C0.�/ in the C�-algebraic framework.

When ! is a U.1/-valued 2-cocycle on � , the Yetter–Drinfeld algebra structure on
C �r;!.�/ corresponds to the coaction

C �r;!.�/!M.C r0 .D.�//˝ C
�
r;!.�//; �.!/g 7!

X
h

ıh ˝ �h�1gh ˝ Ad.!/
h�1
.�.!/g /:
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Let A be a C �r .�/-C
�-algebra. The braided tensor product A� C �r;!.�/ of A and

C �r;!.�/ [21, Definition 3.3] is the C�-algebra of operators on the Hilbert C�-module
`2.�/˝A˝C �r;!.�/ generated by the operators of the form ˛.a/12fAd.!/.x/13 for a 2A
and x 2C �r;!.�/. By means of the conditional expectation �˝ � fromA˝C �r;!.�/ ontoA,
we may regard A � C �r;!.�/ as a subalgebra of L.`2.�/ ˝ A ˝ `2.�//. Note that our
convention (the Yetter–Drinfeld algebra being the second component in the braided tensor
product) is different from that of [21, Definition 3.3]. By [29, Proposition 8.3], we have

A� C �r;!.�/ D ˛.A/12fAd.!/.C �r;!.�//13

as a closed linear subspace of L.`2.�/˝ A˝ `2.�//.
The braided tensor product A�C �r;!.�/ admits a natural coaction ˛˝ ı.!/

l
of C �r .�/

which we shall call the diagonal coaction. It is given by

˛ ˝ ı
.!/

l
.˛.a/12fAd.!/.x/13/ D ı ˝ �.˛.a//123�˝fAd.!/.ı.!/

l
.x//124:

2.4. Exterior equivalence of actions

Let us briefly recall the notion of exterior equivalence between the (co)actions on C�-
algebras by the quantum groups C �r .�/ and C0.�/.

Let ˛ and ˇ be actions of � on a C�-algebra A. These two actions are said to be
exterior equivalent when there exists a family .ug/g2� of unitaries in M.A/ satisfying
ug˛g.uh/ D ugh and ˇg D Adug ı ˛g for any g; h 2 � . Two actions ˛ and ˇ of � on
different algebras A and B are said to be outer conjugate if there is an isomorphism
�WB ! A such that the action .�ˇg��1/g on A is exterior equivalent to ˛. Outer conju-
gate actions define isomorphic crossed products, and the dual (co)actions on the crossed
products become conjugate.

Similarly, two coactions ˛ and ˇ of C �r .�/ on a C�-algebra A are said to be exterior
equivalent when there is a unitary element X in C �r .�/˝ A satisfying X23�˝ ˛.X/ D
ı ˝ �.X/ and X˛.x/X� D ˇ.x/ for x 2 A. Such X is called an ˛-cocycle.

3. Deformation of algebras

3.1. Definition and elementary properties

Definition 1. Let A be a C�-algebra with a coaction ˛ of C �r .�/, and ! be a U.1/-valued
2-cocycle on � . We define the deformation A˛;! of A with respect to ˛ and ! to be
the fixed point algebra .A� C �r;!.�//

C�r .�/ under the diagonal coaction ˛ ˝ ı.!/
l

. When
there is no source of confusion about ˛, we write A! instead of A˛;! and call it the !-
deformation of A.

Proposition 2. Let � , !, and A be as above. Then the deformed algebra A! is iso-
morphic to the subalgebra A0! of C �r;!.�/ ˝ A consisting of the elements x satisfying
�˝ ˛.x/213 D ı

.!/

l
˝ �.x/.
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Proof. Note that the C�-algebras A � C �r;!.�/ and C �r;!.�/ ˝ A ˝ C
�
r;!.�/ are repre-

sented on `2.�/˝A˝C �r;!.�/. We have a homomorphismˆ from the former to the latter
by x 7! W

.!/
13 x.W

.!//�13. The effect of ˆ on the generators of A� C �r;!.�/ is described
by

˛.x/12 7!
X
g

�.!/g ˝ ˛
.g/.x/˝ �.!/g ; fAd.!/.y/13 7! y3

for x 2 Afin and y 2 C �r;!.�/. Thus the image of ˆ is A0! ˝ C
�
r;!.�/, and the correspond-

ing coaction of C �r .�/ is simply given by .�˝ ı.!/
l
/213. Hence the fixed point algebra is

given by A0! .

The above characterization implies that we obtain the correct algebras when either of
the inputs is ‘trivial’.

Corollary 3. When the C �r .�/-C
�-algebra .A; ˛/ is given by the pair .C �r .�/; ı/, the

deformed algebra A! is isomorphic to C �r;!.�/.

Proof. By Proposition 2, we may identify the braided tensor product with the subalgebra
ofC �r;!.�/˝C

�
r .�/ spanned by �.!/g ˝�g for g 2� . As this is equal to the image of ı.!/

l
,

we obtain the assertion.

Corollary 4. Let A be a C�-algebra with a coaction ˛ of C �r .�/. When the cocycle ! is
trivial, the deformed algebra A! is isomorphic to A.

Proof. In this case, the algebra A0! in Proposition 2 is the image of ˛. Hence we obtain
A! ' A.

Also straightforward from the definition is that, when the coaction ˛ is trivial, A! is
isomorphic to A for any 2-cocycle !.

Remark 5. When a 2 Afin, the expression
P
g �

.!/
g ˝ ˛

.g/.a/ defines an element in A0! .
We let a.!/ denote the corresponding element in A! . The !-deformation A! can be
regarded as a certain C�-algebraic completion of the vector space ¹a.!/ j a 2 Afinº ' Afin

endowed with the twisted �-algebra structure

a.!/b.!/ D
X
g;h

!.g; h/.˛.g/.a/˛.h/.b//.!/; .a.!//� D
X
g

.˛.g/.a/�/.!/:

Example 6. Let A be a Tn-C�-algebra for some n, and .�jk/jk be a skewsymmetric real
matrix of size n. Then the � -deformation [27] A� of A is given by .A ˝ C.Tn/� /

Tn
,

where C.Tn/� is the universal C�-algebra generated by n unitaries u1; : : : ; un satisfying
ujuk D e

i�jkukuj , and Tn acts on A˝ C.Tn/� by the diagonal action.
The algebra C.Tn/� can be regarded as the twisted group algebra of Zn with the

2-cocycle !.x; y/ D ei.�x;y/. By Proposition 2, A� can be identified with A! .
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Example 7. Let B be a �-C�-algebra. Then the reduced crossed product � Ë B is a
C �r .�/-C

�-algebra by the dual coaction. If ! is a 2-cocycle on � , the deformed algebra
.� Ë B/! can be identified with the twisted reduced crossed product � Ë˛;! B [33].

There is another coaction of C �r .�/ on A� C �r;!.�/, given by

˛.x/12fAd.!/.y/13 7! �˝ ˛ ı ˛.x/123fAd.!/.y/24:

We denote this coaction by ˛! . It is implemented as the adjoint by the dual fundamental
unitary �W DPg �g ˝ ıg . It can be easily seen from the definitions that the two coactions

˛! and ˛˝ ı.!/
l

of C �r .�/ commute with each other. Hence ˛! restricts to the fixed point
subalgebra A! of ˛ ˝ ı.!/

l
.

Remark 8. When ! and � are U.1/-valued 2-cocycles on � , we have .A!/� D A!�� for
any C �r .�/-C

�-algebra A.

We have the following generalization of the isomorphism (5).

Proposition 9. The crossed product algebra C0.�/ Ë˛! A! is isomorphic to the corre-
sponding algebra C0.�/ Ë˛ A of the untwisted case.

Proof. We identify A! with the algebra A0! of Proposition 2. Thus, the crossed prod-
uct C0.�/ Ë˛! A! is represented by the C�-algebra of operators generated by .ıh/1
and

P
g �g ˝ �

.!/
g ˝ ˛

.g/.x/ on `2.�/˝2 ˝ A.
Let V be the unitary operator ık ˝ ık0 7! !.k�1; k0/ık ˝ ık0 . The assertion follows

once we prove that the image of ˆ D AdV12 WA
0
! ! B.`2.�/˝2 ˝ A/ is equal to

C0.�/ Ë A0 D
_²

.ıh/1;
X
g

�g ˝ �g ˝ ˛
.g/.x/ j h 2 �; x 2 A

³
:

If h 2 � and x 2 A0! has finite spectrum, the action of ˆ.˛!.x/.ıh/1/ on the vector
ık ˝ ık0 ˝ b is given byX

g

ıh;k!.k�1; k0/!.k
�1g�1; gk0/ıgh ˝ ıgk0 ˝ ˛

.g/.x/b:

Using the cocycle identity for !, we see that this is equal toX
g

!.g; h/ıh;kıgh ˝ ıgk0 ˝ ˛
.g/.x/b;

which is equal to the action of
P
g !.g; h/�g ˝ �g ˝ ˛

.g/.x/.ıh/1. This operator is
indeed in C0.�/ Ë A0.
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We have the following expression of Ǫ! :

. Ǫ!/k

��X
g

�g ˝ �g ˝ ˛
.g/.x/

�
.ıh/1

�
D !.g; hk�1/!.g; h/

�X
g

�g ˝ �g ˝ ˛
.g/.x/

�
.ıhk�1/1; (8)

regarded as an action on C0.�/Ë˛ A via the isomorphismˆ in the proof of Proposition 9.
By the Takesaki–Takai duality, A! is strongly Morita equivalent to the crossed product
� Ë Ǫ! C0.�/ Ë˛! A! with respect to the dual action Ǫ! .

3.2. Approximation property

For each g 2 � , let Ag denote the corresponding spectral subspace consisting of the ele-
ments x 2 A satisfying ˛.g/.x/ D x. Recall that the Fell bundle .Ag/g2� associated with
A has the approximation property [11, Definition 4.4] when there is a sequence ai of
functions from � into Ae satisfying

sup
i





X
g

ai .g/
�ai .g/





 <1; (9)

lim
i

X
h

ai .gh/
�bai .h/ D b .g 2 �; b 2 Ag/: (10)

If � is amenable, any C �r .�/-C
�-algebra has the approximation property. This property

also holds when A is given as � Ëˇ B for some amenable action ˇ of a discrete group �
on a unital C�-algebra B .

Lemma 10. Let � , !, and A be as above. The Fell bundle associated with A has the
approximation property if and only if the one associated with A! has the approximation
property.

Proof. The algebra .A!/e is naturally isomorphic to Ae . Hence we may regard ai as
a sequence of functions with values in A! . Then condition (9) is automatic. The other
one (10) follows from the equalities

kb.!/k D kbk; ai .gh/
�b.!/ai .h/ D .ai .gh/

�bai .h//
.!/

for any g 2 � and b 2 Ag .

We have the following adaptation of [28, Theorem 4.1] in our context.

Proposition 11. Let � , !, andA be as above, and suppose that the Fell bundle associated
with A has the approximation property. Then A! is nuclear if and only if A is nuclear.

Proof. By Lemma 10, the Fell bundle associated with A! also has the approximation
property. By Remark 8, it is enough to prove that A! is nuclear when A is nuclear.
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By the amenability of the Fell bundle associated withA! , the maximal and the reduced
crossed product coincide for the dual action of � on C0.�/ Ë˛! A! [10, Corollary 3.6].
Since C0.�/ Ë˛! A! is nuclear by Proposition 9, we conclude that its crossed product by
� is also nuclear, cf. [3, the proof of Theorem 5.3, (2)) (3)].

The above result can be proved by the combination of Lemma 10 and the nuclearity
for amenable Fell bundles with nuclear unit fiber. See Appendix for the details.

3.3. Conjugacy of coactions

Proposition 12. Let � , ! be as in Section 3.1, and A be a C �r .�/-C
�-algebra rep-

resented on a Hilbert space H . Suppose that there is a covariant representation X 2
M.C �r .�/˝K.H// of C �r .�/. Then the action of C �r;!.�/˝ A on `2.�/˝H restricts
to the one of the algebra A0! of Proposition 2 on X�.ıe ˝H/.

Proof. First, recall that the dual fundamental unitary �W DPg �
�
g ˝ ıg satisfies ı.x/ D�W �.1˝ x/�W . Hence the assumption

ı ˝ �.X�/ D ı ˝ �.X�/213 D X
�
13X

�
23

implies

X�13X
�
23.ıe ˝ ıe ˝ �/ D Ad �W �12.X�23/.ıe ˝ ıe ˝ �/ D �W �12X�23.ıe ˝ ıe ˝ �/

for � 2 H . Thus, any � 2 X�.ıe ˝H/ satisfies X�13.ıe ˝ �/ D �W �12.ıe ˝ �/.
Conversely, if we had X�13.ıe ˝ �/ D �W �12.ıe ˝ �/ for some � 2 `2.�/˝H , we can

write � as
P
g ıg ˝ �g and conclude that X�.ıe ˝ �g/ D ıg ˝ �g for any g, i.e., � D

X�.ıe ˝
P
g �g/. Hence we can identify X�.ıe ˝ H/ with the subspace ¹� j X�13� D�W �12�º of ıe ˝ `2.�/˝H via the embedding � 7! ıe ˝ �.

By the covariance of X , we can characterize A0! as the subalgebra of C �r;!.�/ ˝ A
satisfying �W �12.1˝ a/�W12 D X�13.1˝ a/X13:
If � 2 X�.ıe ˝H/ and a 2 A0! , one has

X�13.1˝ a/.ıe ˝ �/ D
�W �12.1˝ a/�W12X�13.ıe ˝ �/ D �W �12.1˝ a/.ıe ˝ �/;

which proves the assertion.

Proposition 13. Let ˛ and ˇ be exterior equivalent coactions of C �r .�/ on A, and ! be
a 2-cocycle on � . Then the corresponding deformed algebras A˛;! and Aˇ;! are strongly
Morita equivalent.

Proof. Let U be an ˛-cocycle satisfying U˛.x/U � D ˇ.x/. As in the standard argument,
the rank one Hilbert A-module A admits a coaction of C �r .�/ defined by

XU W � ˝ x 7! ˛.x/U �.� ˝ 1/ .� 2 `2.�/; x 2 A/:
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This coaction is covariant with respect to the coaction ˛ on A for the left A-module struc-
ture and ˇ for the right. Then, as in Proposition 12, we can take the closed subspace
XU .ıe ˝ A/ in the Hilbert C�-module C �r;!.�/˝ A which is closed under the left action
of A0˛;! and the right action of A0

ˇ;!
. This bimodule is an imprimitivity bimodule between

the two algebras.

Corollary 14. Let A be a C �r .�/-C
�-algebra and ! be a 2-cocycle on � . Then the

deformed algebra A! is strongly Morita equivalent to the twisted crossed product

� Ë Ǫ ;! C0.�/ Ë˛ A:

Proof. The double dual coaction of C �r .�/ on the iterated crossed product C �r .�/ Ë Ǫ
C0.�/ Ë˛ A and the amplification of ˛ on K.`2.�// ˝ A are outer conjugate by the
Takesaki–Takai duality. The assertion follows from Proposition 13 and the natural identi-
fication .K ˝ A/! 'K ˝ A! .

This corollary shows that the twisted crossed product (Example 7) is the universal
example of !-deformation up to the strong Morita equivalence. We can also see that
Proposition 9 and the resulting strong Morita equivalence between A! and the double
crossed product � Ë Ǫ! C0.�/ Ë˛ A is an adaptation of the ‘untwisting’ of twisted crossed
products by Packer–Raeburn [23, Corollary 3.7].

3.4. K-theory isomorphism of deformed algebras

Let ! be a normalized U.1/-valued 2-cocycle on 
 . For each k 2 � , consider the unitary
element

vk D

�X
g

!.gk; k�1/ıg

��X
h

�hk�1h�1ıh

�
(11)

in M.C �r .�/ Ìır C0.�// D B.`2.�//. The second sum is actually the unitary �k which
implements the right translation ıh 7! ıhk�1 . From the relation

�g 0�1vk�g 0 D
X
g

!.gk; k�1/ıg 0�1g�k D
X
g

!.g0gk; k�1/ıg�k ;

we conclude
vk�g 0v

�1
k D �g 0

X
g

!.g0gk; k�1/!.gk; k�1/ıg :

Combining this and
vkıh0v

�1
k D �kıh0�

�1
k D ıh0k�1 ;

we obtain
vk�g 0ıh0v

�1
k D !.g

0h0; k�1/!.h0; k�1/�g 0ıh0k�1 :

By the cocycle condition for ! and (6), we see that the right-hand side above is equal to
. Oı
.!/
r /k.�g 0ıh0/.
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The failure of the multiplicativity of .vk/k is controlled by the cocycle !. By

vkvk0 D
X
g

!.gk; k�1/ıg�k
X
h

!.hk0; k0�1/ıh�k0

D

X
gDhk�1

!.gk; k�1/!.hk0; k0�1/ıg�kk0

and the cocycle relation (1) for g0 D gkk0, g1 D k0�1, and g2 D k�1, we obtain

vkvk0 D !.k
0�1; k�1/vkk0 : (12)

Remark 15. Suppose that the cocycle ! above is of the form ei!0 for some R-valued
2-cocycle !0. When H is a finite subgroup of � , the 2-cocycle !0jH is a coboundary
because H 2.H;R/ is trivial. Hence there exists a map � from H into R satisfying

!0.h0; h1/ D �.h0/ � �.h0h1/C �.h1/ .h0; h1 2 H/: (13)

The normalization condition on !0 implies the one �.e/D 0 for �. The family of unitaries
.e�i�.h/vh/h2H is multiplicative by (12), and it implements the action Oı.!/r jH on C �r Ì
C0.�/ modulo the isomorphism (5) by (6).

Now, assume that ! is induced by an R-valued 2-cocycle !0 as above. Our goal is to
show that the K-groups of A! are isomorphic to those of A.

Let I denote the closed unit interval Œ0; 1�. Generalizing the method of [8, Section 1],
we put !� D ei�!0 for � 2 I and consider the following C�-C.I /-algebra A!? over I ,
whose fiber at � is given by A!� .

First, we consider the Hilbert spaceL2.I I`2.�//'L2.I /˝ `2.�/, and the operators
�
.!?/
g for g 2 � defined by

.�.!
?/

g �/� D �
.!� /
g �� .� 2 L2.I I `2.�//; � 2 I /:

Thus we obtain a C�-C.I /-algebra C �
r;!?

.�/, given as the C�-algebra generated by these
operators and the natural action of C.I / on L2.I I `2.�//.

Next, we see that C �
r;!?

.�/ is a �-Yetter–Drinfeld algebra by the coaction

�.!
?/

g 7! �g ˝ �
.!?/
g ; f 7! 1˝ f .g 2 �; f 2 C.I //

of C �r .�/ and the one

�.!
?/

g 7! ıh ˝ .�
.!?/

h
/��.!

?/
g �

.!?/

h
; f 7! 1˝ f .g; h 2 �; f 2 C.I //

of C0.�/. This C.I /-algebra and its �-Yetter–Drinfeld algebra structure is induced by the
twisted fundamental unitary

W .!?/
D W!?W ıg ˝ ıh 7! .e��i!0.g;h/ıg ˝ ıg;h/�

on L2.I I `2.�/˝2/ which commutes with C.I /.
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Thus we can take the braided tensor product A�C �
r;!?

.�/ which is again a C�-C.I /-
algebra with a compatible coaction of C �r .�/. The algebra A!? is defined to be the fixed
point algebra for this coaction. By an argument analogous to Proposition 2, this is iso-
morphic to the subalgebra A0!? of A˝ C �r;!?.�/ consisting of the elements a satisfying
˛13.a/ D ı

.!?/
12 .a/.

The algebra A!? admits a coaction ˛!? of C �r .�/ defined in the obvious way. The
crossed product C0.�/Ë˛!? A!? is a �-C�-C.I /-algebra, and the evaluation at each fiber
is a �-homomorphism.

Lemma 16. The C�-C.I /-algebra C0.�/ Ë˛!? A!? is isomorphic to the constant field
with fiber C0.�/ Ë˛ A.

Proof. The proof is essentially the same as that of Proposition 9. The formula

.V ık ˝ ık0/� D !
� .k�1; k0/ık ˝ ık0

defines a unitary operator V onL2.I I`2.�/˝2/which commutes with C.I /. When x 2A
and h 2 � , the constant section .

P
g �g ˝ �g ˝ ˛

.g/.x//.ıh/1 of C.I /˝ C0.�/ Ë˛ A0
is mapped to the element��X

g

!� .g; h/�g ˝ �
.!� /
g ˝ ˛.g/.x/

�
.ıh/1

�
�

of C0.�/ Ë˛!? A
0
!? .

Thus,A!? is RKK.I;�;�/-equivalent to the crossed product of C.I /˝C0.�/Ë˛ A
by an action of � corresponding to Ǫ? via the isomorphism of Lemma 16. Using (8), we
can express this action as�

. Ǫ?/k

��X
g

�g ˝ �g ˝ ˛
.g/.x/

�
.ıh/1

��
�

D !� .g; hk�1/!� .g; h/

�X
g

�g ˝ �g ˝ ˛
.g/.x/

�
.ıhk�1/1 (14)

for x 2 A and h; k 2 � .

Remark 17. The C�-C.I /-algebra A!? becomes a continuous field of C�-algebras when
the Fell bundle associated with A has the approximation property [26, Corollary 2.7], see
also the proof of Proposition 11.

Proposition 18. Let H be any finite subgroup of � and � 2 I . Then the restriction of Ǫ?
to H is outer conjugate to the restriction of the constant field of the action Ǫ!� .

Proof. We first prove the assertion for the case � D 0. As in Remark 15, we can take a
map � from H to R satisfying (13). Now, consider the unitaries

.wk/� 0 D e
�i� 0�.k/

X
g

!�
0

.gk; k�1/ıg .� 0 2 I /
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in M.C.I /˝ C0.�// for k 2 H . This is a Oır -cocycle. Indeed, for any � 0 we have�
wk. Oır /k.wk0/

�
� 0

D e�i�
0�.k/

�X
g

!�
0

.gk; k�1/ıg

�
e�i�

0�.k0/

�X
g 0

!�
0

.g0k0; k0�1/ıg 0k�1

�
D e�i�

0.�.k/C�.k0//
X
g

!�
0

.gk; k�1/!�
0

.gkk0; k0�1/ıg : (15)

Using (13), one sees that e�i�
0.�.k/C�.k0// is equal to e��

0�.kk0/!�
0
.k0�1; k�1/. Apply-

ing (1) for g0 D gk, g1 D k0�1, and g2 D k�1, we see that the right-hand side of (15) is
equal to .wkk0/� 0 .

If we regard .wk/k2H as elements of M.C0.�/ Ë˛ A/, they are Ǫ?-cocycles by defi-
nition of the dual (co)action. We next see that they implement the conjugation between Ǫ
and Ǫ!? . Indeed, recalling that Ǫ is the conjugation by .�g/g , we can compute�

Ad.wk/1 ı Ǫk

��X
g

�g˛
.g/.x/

�
.ıh/1

��
� 0

D Ad
.v
.� 0/
k
/1

��X
g

�g˛
.g/.x/

�
.ıh/1

�
D

X
g

!�
0

.gh; k�1/!�
0
.h; k�1/�gıhk�1�g˛

.g/.x/.ıh/1;

using the unitaries .v.�
0/

k
/k defined in the same way as (11) but ! being replaced by !�

0

.
By (14) and the cocycle identity for !�

0

, the right-hand side of the above formula is indeed
equal to Ǫ?. Thus we obtain the outer conjugacy of the actions ofH as in the assertion for
the case � D 0.

For the general value of � , we can argue in the same way as above that the actions
Ǫ and Ǫ!� are outer conjugate. Thus we can compose the above outer conjugacy with
the constant field of conjugacy between Ǫ and Ǫ!� , which implies the assertion for the
arbitrary value of � .

We recall that the ‘left-hand side’ of the Baum–Connes conjecture with coefficients
can be computed in the following way.

Proposition 19 ([8, Proposition 1.6]). Let G be a second countable locally compact
group, and A and B be G-C�-algebras. If z 2 KKG.A; B/ induces an isomorphism
KH� .A/ ! KH� .B/ for any compact subgroup H of G, the Kasparov product with z
induces an isomorphism from K

top
� .GIA/ to K top

� .GIB/.

Theorem 1. Let � be a discrete group satisfying the Baum–Connes conjecture with coef-
ficients, A be a C �r .�/-C

�-algebra, and !0 be an R-valued 2-cocycle on � . Then the
K-groups Ki .A!/ (i D 0; 1) of the deformed algebra A! are isomorphic to Ki .A/ for the
cocycle ! D ei!0 .
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Proof. It is enough to show that the evaluation map ev� at � 2 I for the C�-C.I /-algebra
� Ë Ǫ!? C0.�/ Ë˛!? A!? induces an isomorphism in the K-theory for any � .

Proposition 18 implies that, for any finite group H of � , the H -homomorphism ev�
induces an isomorphism of the crossed products by H . By the Green–Julg isomorphism
KH� .X/'K�.H ËX/ which holds for anyH -C�-algebraX , we obtain that ev� induces
an isomorphism on the KH -groups. By Proposition 19, ev� induces an isomorphism

K
top
� .�IC0.�/ Ë˛!? A!?/ ' K

top
� .�IC0.�/ Ë˛

!�
A!� /:

By the assumption on � , both hand sides are isomorphic to the K-groups of the crossed
products by � .

We have a slight variation of the above theorem for the groups satisfying the strong
Baum–Connes conjecture.

Theorem 2. Let � be a discrete group satisfying the strong Baum–Connes conjecture,
A be a C �r .�/-C

�-algebra, and !0 be an R-valued 2-cocycle on � . Then the deformed
algebra A! is KK-equivalent to A for the cocycle ! D ei!0 .

Proof. Recall the following formulation of the strong Baum–Connes conjecture due to
Meyer–Nest [17]. The group � satisfies the strong conjecture [17, Definition 9.1] if and
only if the descent functor KK� ! KK, A 7! � Ër A maps weak equivalences to iso-
morphisms [17, p. 213].

The evaluation maps for the C�-C.I /-algebra C0.�/Ë˛!? A!? are weak equivalences
by Proposition 18. Thus, the reduced crossed products by � are KK-equivalent if � sat-
isfies the strong Baum–Connes conjecture.

Remark 20. The assumption of Theorem 2 is satisfied by groups with the Haagerup prop-
erty [12]. Meanwhile, word hyperbolic groups satisfy the assumption of Theorem 1 [15].

Remark 21. Suppose that A is nuclear, the Fell bundle associated with A has the approx-
imation property, and that � satisfies the strong Baum–Connes conjecture. Then the con-
tinuous field A!? is an RKK-fibration in the sense of [9] by Proposition 11, Theorem 2,
and [9, Corollary 1.6].

3.5. Deformation of equivariant spectral triples

In this section, we shall see that the ‘equivariant Dirac operators’ for a given coaction of
C �r .�/ lead to an isospectral deformation on the !-deformations, and that they induce the
same index map modulo the K-theory isomorphism of Theorem 1.

As in Proposition 12, let .A; H; X/ be a covariant representation of a C �r .�/-C
�-

algebra A on H . Suppose that D is a (possibly unbounded) self-adjoint operator on H ,
and A is a dense subalgebra ofA such that a.1CD2/�1 is compact and ŒD;a� is bounded
for any a 2 A. Thus, .A; D; H/ is an odd spectral triple. By abuse of notation, we let
Id`2.�/˝D the closure of the operator � ˝ � 7! � ˝D� for � 2 `2.�/ and � 2 dom.D/.
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We assume that Id`2.�/˝D commutes with X (in particular, X preserves the domain
of .Id`2.�/ ˝D/) and one has ˛g.a/ 2 A for any a 2 A and g 2 � . These conditions
respectively correspond to the equivariance of the Dirac operator and the smoothness of
the action. We shall call such a spectral triple as a C �r .�/-equivariant spectral triple. By
the equivariance of D, the operator Id`2.�/˝D restricts to X�.ıe ˝H/. This restriction
is unitarily equivalent to D.

Let Afin denote the subalgebra of A consisting of the elements with finite ˛-spectrum.
Then, for any a 2 Afin, the commutator of Id`2.�/˝D and

P
g �

.!/
g ˝ ˛

.g/.a/ 2 A0! is
bounded. Thus, if we let A!;fin denote the algebra generated by the a.!/ for a 2 Afin, we
obtain a new spectral triple

.A!;fin; Id`2.�/˝DjX�.ıe˝H/; X
�.ıe ˝H//;

which is an isospectral deformation of the original triple. By means of the unitary operator
X between H and X�.ıe ˝H/, we consider this as a spectral triple represented on H ,
denoted by

.A!;fin;D;H/:

If the original spectral triple .A;D;H/ is even, the above construction gives an even
spectral triple over A!;fin provided X is compatible with the grading on H , that is, X 2
C �r .�/˝ B.H/

even.

Example 22. Let ` be a word-length function on � . Then the diagonal operator D on
`2.�/ by the multiplication by ` gives an odd equivariant spectral triple over the C �r .�/-
algebra C �r .�/.

Assume that .A; D; H/ is an even triple, and let F D DjDj�1 be the phase of D.
The above construction of the deformed spectral triple gives a Fredholm module .F;H/
over A! , which is in KK0.A! ;C/. The next theorem shows that this element induces
essentially the same map on the K0-group if ! is a real 2-cocycle.

Theorem 3. Suppose that � satisfies the Baum–Connes conjecture with coefficients and
let !0 be an R-valued 2-cocycle on � . Let A be a C �r .�/-C

�-algebra admitting an
equivariant even spectral triple .H; D/. Then the even Fredholm module .F; H/ for
F D DjDj�1 induces the same map modulo the isomorphism given in Theorem 1.

Proof. The isomorphisms of the K-groups are induced by the evaluation maps of the C�-
C.I /-algebra A0!? .

The algebra A0!? acts on the field of the Hilbert space X.ıe ˝H/˝ L2.I / over I ,
and its elements have the bounded commutator with the self-adjoint operator�

Id`2.�/˝F jX.ıe˝H/
�
˝ IdL2.I / :

This operator defines an element of RKK.I IA0!? ;C.I //. It is clear from the construction
that, if we specialize this element to a point � 2 I , we obtain the Fredholm module .F;H/
on A!� .
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Remark 23. There is a corresponding statement for the odd equivariant spectral triples.
It can be proved in the same way, or can be reduced to the even case by taking the graded
tensor product with the standard odd spectral triple over C1.S1/ of multiplicity 2.

4. Concluding remarks

Remark 24. Suppose that G is a compact group, ! is a 2-cocycle on the dual yG of G.
Wassermann [31] defined a deformation C.G/! of C.G/ as in [31], endowed with the
action �! of G. When G is commutative, this construction can be identified with ours.
More generally, we can generalize this construction to arbitrary 2-cocycles over discrete
quantum groups.

When A is a G-C�-algebra, we can define its deformation by A! D .A˝ C.G/!/G .
We may expect similar phenomenons in this context too, but we lack nontrivial exam-
ples in this context. For example, there is a good reason to believe that the U.1/-valued
2-cocycles on the duals of semisimple compact Lie groups which can be smoothly per-
turbed to the trivial one are always induced from the dual of the maximal torus [19, 30].
In general, suppose that H is a subgroup of G and ! is a cocycle in L.H/˝ L.H/ �
L.G/ ˝ L.G/. Then we have the natural identification C.G/! D IndGH C.H/! which
leads to A! ' .ResGH A/! for any G-C�-algebra A. Hence we can reduce the computa-
tion to yH which is an ordinary discrete group if H is commutative. We note that a recent
work of Kasprzak [13] handles this situation.

Remark 25. The compact quantum groups C �r .�/ can be characterized as the commu-
tative ones among the general compact quantum groups. The arguments in Section 3.4
depend on this commutativity in the following way. If G is a compact group as above and
A is a C�-algebra endowed with an action ˛ of G, we can define the deformation of A by
taking the fixed point algebra .A˝ C.G/!/˛˝�

!
. When G is commutative, this algebra

is invariant under ˛ (or �!) by

˛g ˝ � ı ˛h ˝ �
!
h D ˛gh ˝ �

!
h D ˛hg ˝ �

!
h D ˛h ˝ �

!
h ı ˛g ˝ �:

Then we can take the crossed product G Ë˛ .A˝ C.G/!/˛˝�
!

, which is isomorphic to
the corresponding algebra for the case!D 1. This way we can reduce the problem of .A˝
C.G/!/

˛˝�! to the corresponding one for the actions of yG on G Ë˛ .A˝ C.G//˛˝�.

Remark 26. For a noncommutative compact quantum groupG, one may consider another
form of deformation of the function algebra with respect to a 2-cocycle on the dual discrete
quantum group. Namely, if Oı is the coproduct of C �G and ! is a 2-cocycle, ı! D ! Oı!�1

defines another coproduct on C �G. Thus the dual Hopf algebra H! of .C �G; ı!/ can be
regarded as a deformation of C.G/. Moreover, the cocycle condition for ! can be relaxed
to the twist condition for some associator ˆ. A result of Neshveyev–Tuset [18] for q-
deformations of simply connected simple compact Lie groups suggests that the K-theory
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of H! does not change if ! and the associator ˆ! vary continuously in an appropriate
sense.

Remark 27. After this work was circulated as a preprint, the K-theoretic invariance under
continuous !-deformation was generalized to the setting of coactions of locally compact
groups and Borel cocycles in [4].

Appendix

This appendix provides another proof of Proposition 11. The argument is modeled on the
methodology of [22]. The author thanks Narutaka Ozawa for kindly explaining this proof.

Let B D .Bg/g2� be a Fell bundle over � , and put B D C �r .B/. For each g 2 � , the
inclusion jg WBg ! B extends to an adjointable morphism of right Hilbert Be-modules.
Using this, for x 2B and g 2 � , the g-component x.g/ of x is characterized as the unique
element b 2 Bg satisfying j �g xjea D ba for a 2 Be [11, Proposition 2.6]. From this form,
one sees that the map

Eg WB ! Bg ; x 7! Ox.g/

is completely contractive if it is regarded as a linear transformation on B .
Suppose that B has the approximation property with respect to a net .ai /i2I satisfy-

ing (9) and (10). We may suppose that the support Xi of ai is a finite subset of � for each
i 2 I [11, Proposition 4.5]. In the following we assume that each Xi is a finite subset of
� containing e.

For each i 2 I , the map

ˆi W x 7!
X
g;h2�

ai .hg/
�Eh.x/ai .g/

is a completely positive map on B whose image is contained in
L
g2Xi

Bg . By the sum-
mation process condition (10), we have the pointwise convergence ˆi ! IdB .

Proposition 28. Suppose that B has the approximation property. If Be is nuclear, then
the C�-algebra B is also nuclear.

Proof. In order to avoid confusion we write ˝max for the maximal tensor product and
˝min for the minimal product in this proof. It is enough to show that B ˝max C agrees
with B˝min C for an arbitrary C�-algebra C .

First, the complete positive map ˆi induces the maps

ˆi ˝max IdC WB˝max C ! B˝max C;

ˆi ˝min IdC WB˝min C ! B˝min C

on the maximal and minimal tensor products [5, Theorem 3.5.3]. Since the net of com-
pletely positive maps ˆi ˝max IdC converges to IdB˝max C , it is enough to show that each
ˆi ˝max IdC factors through the canonical quotient map QWB˝max C ! B˝min C .
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Let Ei the right Hilbert Be-module completion of
L
g2Xi

Bg . Using the assumption
e 2 Xi , we obtain that K.Ei / is strongly Morita equivalent to .Ei ;Ei /Be D Be . Since the
nuclearity is preserved under strong Morita equivalence (see [2] and references therein),
K.Ei / is also nuclear.

Now, the formula x 7! .
L
g2I jg/

�xje defines the map

‰i WB !
M
g2Xi

Bg ; b 7!
M
g2Xi

Eg.b/;

which can be considered as a linear map from B to K.Ei /. By the spatial implementation,
we know that it is completely bounded. Since the minimal tensor product is functorial for
completely bounded maps [5, Remark 3.5.4], we obtain a map

‰i ˝min IdC WB˝min C !K.Ei /˝min C:

Next, since the submodules .Bg/g2Xi of `2.B/ are mutually orthogonal, the map

„i WK.Ei /! B; T 7!
�M
g2Xi

jg

�
T
�M
g2Xi

jg

��
is completely positive. Thus, we obtain a map

„i ˝max IdC WK.Ei /˝max C ! B˝max C:

By the nuclearity of K.Ei /, we have a natural isomorphism between K.Ei /˝min C and
K.Ei /˝max C . Modulo this isomorphism, we have

ˆi ˝max IdC D .„i ˝max IdC / ı .‰i ˝min IdC / ı .ˆi ˝min IdC / ıQ;

which proves the assertion.
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