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Aspects of noncommutative geometry of
Bunce-Deddens algebras

Slawomir Klimek, Matt McBride, and J. Wilson Peoples

Abstract. We define and study smooth subalgebras of Bunce-Deddens C *-algebras. We discuss
various aspects of noncommutative geometry of Bunce—Deddens algebras including derivations on
smooth subalgebras, as well as K-theory and K-homology.

1. Introduction

The purpose of this paper is to study noncommutative geometry of Bunce—Deddens (BD)
algebras [3, 4] and their natural smooth subalgebras. Our previous, related investigations
of BD algebras are contained in [12, 14] and are mostly concerned with classifications of
unbounded derivations.

The main objects of study in this paper are smooth subalgebras of BD algebras. The
smooth subalgebras are dense *-subalgebras closed under holomorphic functional calcu-
lus and complete in their own stronger locally convex topology. As the name suggests,
smooth subalgebras capture differentiable structure in noncommutative geometry, in anal-
ogy with ordinary differential geometry, and thus are important objects to study.

The most common way to construct smooth subalgebras in C *-algebras is as smooth
elements of an action of a Lie group; see [2]. There is a natural circle action on BD
algebras, however the resulting smooth subalgebras seem to be too big and, in particular,
do not have a nice classification of derivations on them.

The smooth subalgebras studied in this paper are more closely related to the work
in [16] regarding smooth subalgebras of crossed products A x Z of which BD algebras
are examples. A key difference, however, is that the construction in [16] starts with a
dense subalgebra of A with its own Frechet topology, while in our case a choice of such
a subalgebra is not obvious. BD algebras are crossed product C *-algebras obtained from
odometers. Due to the topology of odometers, which are Cantor sets with a minimal action
of a homeomorphism, the smooth subalgebras are naturally equipped with inductive limit
Frechet (LF) topology.

Derivations naturally arise in differential geometry as vector fields and play an anal-
ogous role in noncommutative geometry. We prove that the space of continuous deriva-
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tions on the smooth subalgebra of a BD algebra modulo inner derivations is just one-
dimensional and we exhibit its natural generator.

K-theory and K-homology are key invariants in the noncommutative topology of
quantum spaces. In addition to reviewing the known K-theory of BD algebras, we include
two detailed calculations of K-homology. One calculation uses Rosenberg and Schochet’s
universal coefficient theorem, while the other uses Pimsner and Voiculescu’s 6-term exact
sequence.

Smooth subalgebras of noncommutative spaces are also naturally present in studying
spectral triples and in cyclic cohomology which we do not address in this paper. Examples
of spectral triples for BD algebras are discussed in [8].

The paper is organized as follows. In Section 2, we review supernatural numbers and
BD algebras described as concrete C *-algebras of operators in a Hilbert space. In Section
3, we discuss smooth subalgebras of BD algebras and their properties. In Section 4, we
classify continuous derivations on the smooth subalgebras from Section 3. We also discuss
examples that show the necessity of the assumption that the derivations are continuous.
In Section 5, we discuss the K-theory and K-homology of BD algebras. Finally in the
appendix, we provide an example-based guide for computations in homological algebra
involving the Ext functor.

2. Preliminaries

We begin this section by recalling some relevant information regarding supernatural num-
bers.

2.1. Supernatural numbers

A supernatural number S is defined as the formal product:

S=[] r*. epcto.l,... .00}

p-prime

When a supernatural number S has the property that ) " e, < 0o, we say that S is a finite
supernatural number. Otherwise, S is said to be an infinite supernatural number. Given
another supernatural number
S = l_[ PE‘;’,
p

-prime
their product is defined by
S8 = ] pte.
D-prime
We say that a supernatural number S divides § if there is some supernatural number S’
such that § = SS’. In terms of the powers, this is equivalent to &, (S) < &,(8) for every
prime p.
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For the remainder of the paper, we work with a fixed supernatural number S. Consider
the set of divisors of S:
Ls ={l:1]S, ] < oo}

Notice that (£, <) is a directed set where /; < [, if and only if [1]/|S. We say that a
sequence {l, } of divisors of S converges to S, lim,_«, I, = §, if the exponents converge:

li)m ep(ln) = &p(8S).

2.2. Odometers [6]

For each pair of divisors /, k satisfying / > k, consider the ring homomorphism m; :
Z]17 — 7./ kZ defined by
g (x) = x  (mod k)
which satisfy
Tkj = Tk © 7jj forallk <[ < j.

Then the inverse limit of the system can be denoted by

Z/SZ = im Z/1Z = {{x,} e [[2/1Z: matx) = xk},
lets letyg

and let

wy i L)SZ > {x;y > x1 € L]IZ
be the corresponding homomorphisms. Notice that for finite supernatural number S, the
above notation is consistent with the usual meaning of the symbol Z/SZ. A more inter-
esting observation is that if S = p°° for a prime p, then the above limit is equal to Z,
the ring of p-adic integers; see for example [19]. In general, we have the following simple
consequence of the Chinese reminder theorem.
Proposition 2.1. If S = [[p-prime p°?, then Z/SZ = [ p-prime Z/ p*P L.

ep7#0 &p

If the ring Z /S Z is equipped with the Tychonoff topology it forms a compact, abelian

topological group. Thus it has a unique normalized Haar measure dg x. In addition, if S
is an infinite supernatural number, then Z/SZ is a Cantor set [23].

2.3. Dense cyclic subgroup

Z/SZ contains a dense copy of Z, which we now describe. Define a homomorphism
q:7 — Z/SZ by

q(x) ={x (mod N} € Z/SZ. < [] 2/1Z. 2.1)
le:ﬁs

and let q; : Z — 7./ I Z be the usual quotient maps. We have the following simple property.

nyoq =4qi.
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From this fact, along with the structure of cylinder sets, the following proposition can be
deduced.

Proposition 2.2. The range of q is dense in ./ SZ.

2.4. Locally constant functions [9]

We denote by &(Z/S7Z) the space of locally constant functions on Z/SZ. This is a dense
subspace of the space of continuous functions on Z/SZ. Given an f € &§(Z/SZ), con-
sider the sequence

ar(k) = f(q(k)), keZ.

We have the following observation.

Proposition 2.3. If f € §(Z/SZ), then there exists | € £g such that
ap(k +1) =ar(k)

forevery k € Z. Conversely, if a(k) is an [ -periodic sequence for some | € L, then there
is a unique f € &(Z/SZ) such that a(k) = ar (k).

The proof follows from the fact that f is locally constant on Z/SZ if and only if there
is/|S such that f(x) = f(y) forall x = {x;}and y = {yx}in Z/SZ such that x; = yx
if /|k.

2.5. BD algebras

To introduce BD algebras, we follow [12] which more generally described algebras asso-
ciated with infinite compact monothetic groups. Recall that a monothetic group is a topo-
logical group that has a dense cyclic subgroup. For an infinite supernatural number S, the
group Z/SZ is an infinite compact monothetic group with Z, the image of the map ¢,
being its dense cyclic subgroup.

Let H be the £2 Hilbert space of the cyclic subgroup; that is

H =({a(},z):

which is naturally isomorphic to £2(Z). Let {E;};cz be the canonical basis in H and let
U : H — H be the shift operator on H:

UE; = Epp1.
For a continuous function f € C(Z/SZ), we define an operator My : H — H via
MyE; = f(q(D)Er.

Notice that My is a diagonal multiplication operator on H. Due to the density of the
subgroup {¢(/)};cz, we immediately obtain

IMs)| = sup |f(qgD))] = sup || =[S ]lco-
leZ x€Z/SZ
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The algebra of operators generated by the My’s is thus isomorphic to C(Z/SZ). So,
while the My ’s carry all the information about the space Z/SZ, the operator U reflects
the dynamics of the map § on Z/SZ given by addition of the generator of the cyclic
subgroup:

B(x) = x +q(1). 2.2)

This relationship is summarized by
UMsU™' = Myop.
We define the algebra Bg to be the C *-algebra generated by operators U and Mj:
Bs = C*{U, My : fe C(Z/SZ)}.
Bg is isomorphic to the crossed product algebra:
Bs = C(Z/SZ) xg Z.

Indeed, observe that Z is amenable, the action of Z on Z/SZ given by B is a free action,
and B is a minimal homeomorphism. Thus the crossed product is simple and equal to the
reduced crossed product; see, for instance, [7]. Clearly, the operators U and My define a
representation of the crossed product C(Z/SZ) xg Z, and the algebra they generate must
be isomorphic to it, by simplicity of the crossed product. This crossed product is known
as the BD algebra.

2.6. Polynomial subalgebra

Let y be a character of the group Z/SZ. We have y € §(Z/SZ) and so y comes from
an [ periodic function on Z, by an abuse of notation also denoted by y. Any / periodic
character is of the form )(5‘ , where

x(g(x)) = 201,

and k is an integer.
The algebra Bg has a natural dense *-subalgebra Bg of polynomials in U, U ™!, and
the M,’s, where y is a character of Z/SZ. We have

Bs = {ZUann : fu € 8(Z/SZ), finite sums},

Alternatively, any element a in Bs can be written as

-1

a=Yy_ Fe(U)M,. (2.3)
k=0

where Fj, are trigonometric polynomials.
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2.7. Label operator

It is often convenient to use the following diagonal label operator on H:
LE; =1E;.

If {b(l)};cz is a bounded sequence, then, by the functional calculus, b(IL) is a bounded
diagonal operator given by

b(L)E; = b(1)Ey,
and all bounded diagonal operators can be expressed this way. Moreover, we have the

commutation relation
b(L)U = Ub(L + I). 2.4)

3. Smooth subalgebras

3.1. Definitions

To define the space of smooth elements of the BD algebra, we need the following termi-
nology. Let {a,} be a sequence of complex numbers. We say that {a,} is Rapid Decay
(RD) if for every k > 0, there exists a constant Cy such that

nk|an| < (k.

We say that a family of locally constant functions is uniformly locally constant (ULC) if
there exists a divisor [/ of S such that for every f in the family we have

fx+D = f(x)

forallx € Z/SZ.

We define the space of smooth elements of the BD algebra, BS®, to be the space of
elements in Bg whose Fourier coefficients are ULC and norms are RD. Using equation
(2.4), the ULC condition on Fourier coefficients can be written as

By = {b =Y U"My, : {[ full} is RD, thereisan|S, U'bU™" = b}.

nezZ

It is immediate that Bg° is indeed a nonempty subset of By.

3.2. M-norms

Our next goal is to prove that Bg® is a *-subalgebra of Bg. This is achieved in several
steps. The first is the definition of a derivation [10].
Let A be an algebra. A linear map § : A — A is called a derivation if the Leibniz rule
holds:
8(ab) = ad(b) + é(a)b
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foralla,b € A. An example of a derivation B§®° — B$° is given by
Sp(b) = [L. b].

Since [L, U"] = nU"™ and [, M¢] = 0, we see that

ifb =Y U"My, thenéyp(b) =) U"nMj,.
nez nez
Thus if {|| f» ||} are RD, then so too are {n|| f, ||} and hence 1 (b) is in Bg°. This derivation
is very fundamental, and is used extensively in the sequel.
In the following lemma, we describe a class of norms on Bg that we call M -norms.
These M -norms are used to provide an alternative description of the RD condition in the
definition of Bg° (see Proposition 3.3).

Lemma 3.1. Let A be an algebra with a submultiplicative norm || - || and let § : A — A
be any derivation. For any a € A and M a nonnegative integer, define recursively

lallar+1 = llallar + [18(a)]n

with ||allo := ||a||. Then, || - ||ar is a submultiplicative norm on A. Moreover,
M
M .
lally =3 ( " ) 59 )]
j=0

Proof. Proving that || - || is a norm on A is an immediate consequence of induction and
the fact that || - || is a norm on A. To prove submultiplicativeness, induction can also be
used. The base case M = 0 is immediate as || - || is submultiplicative. Thus, given an M,
suppose that || - |37 is submultiplicative. We have the following calculation:

labliasr+1 = llablly + || 8ab) |,
= llabllp + 8(a)b + ad(b)|,,
< llalalibliae + |8@)] o 151ar + llallar]| )],
< (lallar + [ 8@) | ) (15llar + [8®)] )
= llalla+11161m+1-
Thus || - ||ar is submultiplicative.
It remains to prove the formula in the last part of the statement of the lemma. Again,

we use induction. The base case M = 0 is trivial. Suppose that the formula is true for a
given M and consider

M

= _ N (MY 150 o (MY 5640
lallarr = llallar + [6@]y = 2 () 187 @]+ 227 ) 187 @l
Jj=0

J=0
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Resumming the second sum and using the binomial coefficient reduction formula, we

obtain
M
M M ;
lallaess = lallo + 3 [ (j ) n (j . 1) } 159@)]| + lalarsr
Jj=1
M+1
M+1 ;
-2 (") @l
j=o \ J
This completes the proof. ]

For the remainder of the paper, we focus on the following particular M -norm on Bg:

M

Iblar =Y (]]”) 16 ®)].

J=0

In general, this norm is not well_ defined on all of Bg as L is an unbounded operator.
We must first properly define ||81(L’ )(b) |l. We do this in the following discussion. Let D <
{2(Z) be the following subspace:

D= {x el*(Z):x = ZXkEk with {xk}-RD}.
keZ

Then pick x € D and a b € By, with {bg;} the matrix coefficients of b with respect to the
canonical basis { £7}, and consider the following calculation:

2 2
||5]L(b)XH2 = ZkaJL(b)Ek = Z Ixkbri Ep — Z kxibii E
keZ k,leZ k,leZ
2
- Z(Zu—k)bklxk)a
leZ “keZ

The inner sum over k is finite since {bg;} is a bounded sequence as b € Bg, {xx} is an RD
sequence, and [ — k is a polynomial in k. Therefore, we can define

lsL)x|” =Y

leZ

2

> (U —k)brrxg

keZ

which may or may not be finite, but is a series of nonnegative terms over /. Thus, for
b € Bg, we define |61 (D) by

RACE
E

Using similar considerations, we can define ||8](Lj )(b)||. Now ||b]|a € [0, co] makes sense
for every b € Bg.

Jsw®)] = sup
xeD
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3.3. Basic properties

Next we want to relate the RD condition for b € Bg° to finiteness of M -norms. This is
done using a 1-parameter group of automorphisms of Bg that is given by the following
equation:

po(b) = eZ:rriO]Lbe—ZniO]L for b € By,

where 0 € R/2w7Z. We have the following formulas:
po(U) = e*™®U and pp(b(L)) = b(L).

It immediately follows that pg : Bs — By and that pg : B — Bg°.
Define E : Bs — C*{My : f € C(Z/SZ)} = C(Z/SZ) via

1
E@»=A po(b) db.

It is easily checked that E is an expectation on Bg. For a b € Bg, we define the n-th
Fourier coefficient, by, by the following:

1 1
by = E(U‘”b):/o 0o (U™b) db =/0 e 2Ty 50 (b) d.

From this definition, it is clear that b, € C*{My : f € C(Z/SZ)}. We have the following
lemma.
Lemma 3.2. Let b and b’ be elements of Bs. If b, = b}, for everyn, then b = b’. Moreover,
if {||bn ||} is an RD sequence, then

b= Uby.

nez

where the sum is norm convergent.

Proof. The first part follows from the standard techniques from Fourier analysis; see for
example [11].

If {||b, ||} is an RD sequence, then there exists a constant C such that (|n|? + 1)||b, ||
< C. Thus

> Ub,

[nl<j

1 1
P D e

ln|<j [n|<j

which is an absolutely convergent sum. Thus by the Weierstrass test, ), U"b, is a
norm convergent sum. It follows that b, are the Fourier coefficients of b € Bg and b =

> nez U"by. [
With this lemma, we have the following equivalent definition of B°.

Proposition 3.3.

B = {b € Bs : ||b|lm < oo, forevery M, thereisanl|S, Ulbu=t = b}.
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Proof. In order to prove the proposition, we only need to check that finite M -norms are
equivalent to RD Fourier coefficients. If b € BZ°, then {|| ||} are RD. A straightforward
calculation shows that

ifb =3 U"My, thens(b) =Y n/U"Mj,,
nez nez

and consequently we have

16°@)] < > n 1 £l

nezZ

It follows that ||b|| a7 is finite for every M.
On the other hand, let b € Bg and assume that ||b||3 is finite for every M. Then we
get the following formula for the Fourier coefficients My, of b:

E(U™8Y (b)) = n! EU™"b) = n' My,,

and hence _
Il full = 0/ 1My, || < |8 ®)] < b]las-
Therefore, if ||b|| 5z is finite for every M, it follows that {|| f, ||} are RD. |

We now give a brief discussion of the natural topology on B$° and continuity of linear
maps on it. Define the following spaces:

B, ={be B :U'bU™" = b forsome |S}.

Notice that B°°l is a closed subspace of Bg°. Moreover, if [ and [’ are two different
divisors of S with [ < [/, then it follows that Bg"l G Bgol/ Also B °°l is a Fréchet space
with respect to || - ||as and
oo [ee]
BY = BS,
s

as a strict inductive limit. To establish some of the results below it is also useful to rep-
resent this inductive limit in the following way. Let 1 < /1| /3| --- be a strictly increasing
sequence of divisors of S. Notice that

o0
oo _ oo
B = B,
n=1

Let T : Bg° — B be a linear map. Then by the general property of inductive lim-
its, see [18], T is continuous if and only if T : Bg"ln — B§° is continuous for every n.
Additionally, we have the following useful result.

Lemma 3.4. Let T : BY — BS° be a continuous linear map. Then, for every n, there
; oo o0
exists an m such that T(Bs,ln) C BS,I,,,



Aspects of noncommutative geometry of Bunce—Deddens algebras 1401

Proof. Since B, is separable, choose a sequence {8k} pe, With gg € Bg?, forevery k,
such that span; {gx } is dense in Bgf’ln and ||gx|l1 = 1. Define f; = gx/k andso f — 0
in Bg?ln. Since T is continuous, we have T'( f) — 0 in B§°. Thus, by [18, Theorem 5.17],
it follows that there exists an m such that T'( f) C Bg?lm for every k. However,

T (spang{gx}) = T (spang{fx}) € B, .
But spany {gx } is dense in Bgf’ln and Bgf’lm is complete. Thus it follows that
T(Bg,) € Bg, - (]
The following lemma is a special case, adapted to our scenario, of [18, Theorem 5.2].

Lemma 3.5. Let T : Bgoln — Bgolm be a linear map. Then T is continuous if and only if
for every M, there exist an M’ and a constant C = C(M) such that for every b € B;"ln,
the following inequality holds:

IT®)], = Clbliar-

Together, Lemmas 3.4 and 3.5 imply the following theorem.

Theorem 3.6. Let T : B$® — Bg° be a linear map. T is continuous if and only if for
every n, there exists an m such that T(Bgoln) - Bgolm and for every M, there exist an M’
and a constant C = C(M) such that for every b € B, the following inequality holds:

IT®)], = Clblar-

Corollary 3.7. 0y, : B — Bg° is a continuous derivation.

To conclude this section, we prove that BS® is a *-subalgebra of By closed under the
holomorphic functional calculus [2].

Proposition 3.8. B(° is a *-subalgebra of Bs with respect to | - || p.

Proof. Since || - ||ar is a norm and the relation ¢ = U'au™" for some divisor / of S is
linear, it follows that B§° is closed under addition and scalar multiplication. Moreover,
since || - ||as is *-preserving, it follows that B° is closed under taking *’s. It only remains
to show that B is closed under multiplication. Let a and b be two elements in B§° and
let /; and /, be two divisors of S such that

a=U"%U" and b=URpU.
Set [ = lcm(/y, I5), then
UlabU™! = UlaU U DU = ab.

Finally, since || - |5 is submultiplicative by Lemma 3.1, it follows that ab € B$°. |



S. Klimek, M. McBride, and J. W. Peoples 1402

3.4. Holomorphic calculus

We verify below that B§® is closed under the holomorphic functional calculus and hence
has the same K-theory as Bg.

Lemma 3.9. Let b € Bgo such that b is invertible in Bs. Then, b~ € B§°.

Proof. Since b € B, there exists a divisor / of S such that U'bU~! = b. Since b and U
are invertible in By, it immediately follows that U/b~ U~} = b1,
To check that the ||p~!|| is finite, notice that

157 = 1671+ [SLG™H ] < 157H + 16712 |$u(b) |
< 15712100 + 107 [SL @) | = 167 711511

By definition, we know that
1bllar+1 = [bllar + [SL®) ],
and so by a similar argument we obtain
16~ 2 < 1571512
Proceeding inductively, we get
15~ a1 < 167 3 101 ar+1-
Hence b~ ||a is finite for all M and thus b~! € B°. n

Proposition 3.10. B$° is closed under the holomorphic functional calculus. That is, given
b € B§® and a function f that is holomorphic on an open domain containing the spectrum

of b, we have f(b) € BY.

Proof. Letb € B, let f be a holomorphic function on some open set containing o (b),
and let C be a contour around the spectrum. Write f in Cauchy integral form:

o= 5 [ L8

at
which defines f(b) as
L et
1o = 5 [ roe—btag

Since b € B°, there exists a divisor [ of § such that b = U IpU = 1t follows from the
Cauchy integral form above that f(b) = U’ f(b)U~".

From Lemma 3.9, it follows that if b € B?,)l for some divisor [ of S and b is invertible
in Bg, then b~ ! € B$,. Consequently, (¢ — b le B, for ¢ ¢ o(b). It follows from
completeness of Bgf’l that f(b) € Bgf’l C B$°. This completes the proof. |
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4. Classification of derivations

The main goal in this section is to classify continuous derivations § : Bg° — Bg°. The
results below are based on ideas from [14], which described a classification of unbounded
derivations 6 : Bs — Bgs. Here By is the polynomial dense subalgebra of Bs. Reference
[12] contains a generalization of this classification to C *-algebras associated to mono-
thetic groups.

4.1. Preliminaries

We begin with recalling the basic concepts. Let A be a Banach algebra and let 4 be a
dense subalgebra of A. We say that a derivation § : A — A is inner if there isan x € A
such that

8(a) = [x,d]
for a € A. We say a derivation § : A — A is approximately inner if there are x,, € A such

that
8(a) = lim [x,,d]
n—>o0

fora € A.
The main result of [14] is the following theorem.

Theorem 4.1. Suppose that § : Bs — Bgs is a derivation in Bg with S infinite. Then there
exists a unique constant C such that

§=C8 +3,

where § is approximately inner.

Compared to [14], here we are studying derivations on a larger domain but with
smaller range and we need an added assumption of continuity of §. It turns out that for
continuous derivations § : Bg® — Bg° there is a similar decomposition as above; the key
difference is that § is inner, not just approximately inner.

Given n € Z, a continuous derivation § : Bg° — B is said to be an n-covariant
derivation if the relation

Pg ' 8pg(a) = e 7205 (a)
holds. When n = 0, we say that the derivation is invariant. With this definition, we point

out that 8, : Bg" — Bgo is an invariant continuous derivation.

Definition. If § is a continuous derivation on Bg, the n-th Fourier component of § is
defined as

1
8 0) = [ €2 g apa (1) d.
0

Notice that the integral in the above definition makes sense because of the continuity
of § and the continuity of the map 6 — pg.
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4.2. Covariant derivations

The key step in classifying derivations is to analyze the properties of their Fourier com-
ponents. This will be done in steps leading to the formulation of the main result. We will
need below the standard observation that, if §; and §, are continuous derivations, then
their commutator [87, 6] is also a continuous derivation.

Lemmad4.2. If§: B® — B is a continuous derivation, then its n-th Fourier component
8, Is also a continuous derivation on B§°. Moreover, for every M > 0 and every k > 0,
there exists M' > 0 and a constant Cy, = Cy (M) such that, for every b € B,

(18, (B) || 5y < Crllbllnar.

Proof. Since § is a continuous derivation on BZ°, there exists a constant C = C(M) and
an M’ > 0 such that
18| 5 < Clibllna-

Using this and the fact that M -norms are pg invariant, we have

I 1
Isn)las = | [ it aonteras| < [ 1oy 000y 4 < Clola
0 M 0

Using integration by parts, the continuity of [8r, §], and the continuous differentiability of
0 — p518p9 on BZ°, we have the following calculation:

1 1
. d .
2m‘n8,,(b)=/ zmnezﬂ’"f’pglspe(b)dezfo E(em"f’)pglspe(b)de

0

1 . d 1 .
- _/0 eznlneﬁ(pg_l&og(b)) do = —2711'/0 e?min8 o151, 8] pa (b) dO

= —27i([8L.4]),, (D).

where ([d1,, 6]), is the n-th Fourier component of [dy,, §]. Using induction on the order of
derivatives in terms of 6, the result follows. [

In general, the Fourier series for a derivation constructed as above does not converge
to the derivation in norm. We only have the usual Cesaro mean convergence result for
Fourier components of §: if § is a derivation on BZ°, then

M J
506 = Jim 1> (3 8 1)

Jj=0 “n=—j

for every b € BZ°; see [14, Lemma 4.2] for more details. In particular, the Fourier com-
ponents §, completely determine the derivation §. However, for continuous derivations on
B, the above lemma implies that Fourier components §, are RD. Hence we have the
following statement.



Aspects of noncommutative geometry of Bunce—Deddens algebras 1405

Proposition 4.3. Let § : Bgo — Bgo be a continuous derivation, then

8(b) = 8a(b)

nezZ

or every b € BL. Here the sum is norm convergent.
ry S 8

Proof. We will use the following version of the estimate from Lemma 4.2: for every M >
0 and every k > 0, there exists M’ > 0 and a constant Cy = Ci (M) such that, for every
b e B§°, we have

(Inl* + 1) |8, ®)| ,; < Cicllbllng.

Thus, considering the tail end of the infinite series and using the above inequality with
k = 2, we have

> 8ib)

[jlzn

1
= 2 15Oy = bl 3 oy

HM |jlzn |jlzn

which clearly goes to zero as n goes to infinity. Thus the series is norm convergent. Since
the series is norm convergent, the formula ) _, ., 8, () defines a continuous derivation on
B§° with the same Fourier coefficients as 8, hence it must be equal to §. n

Proposition 4.4. Let § : B — BS° be a continuous derivation. Then &, : B® — B is
a continuous n-covariant derivation.

Proof. We previously noticed that §, is a derivation and is well defined on Bg°. Since J is
a continuous derivation and the automorphism pg is continuous, it follows that §, is also
continuous. The following computation verifies that §, is n-covariant:

1 1
07" 0upa®) = [ 071 gm0 8 i = [P0 g ) dy.

Changing to new variable 6 + ¢, and using the translation invariance of the measure, it
now follows that p 18,0 (b) = e 27195, (b).
Since § : Bg® — Bg°, forany b € Bg° there exists a divisor / of S such that

§(b) = U's(h)U™.
It follows from the definition of §,, that
§n(b) = U'S,()U.
Hence 8, (b) € BS°. |

It turns out that n-covariant derivations can be described explicitly. This was done in
[14] for unbounded n-covariant derivations é : Bs — Bg. We state those results since
they are useful below.
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Proposition 4.5 ([14]). Let § : Bs — Bs be an n-covariant derivation, where n # Q.
There exists an F € C(Z/SZ) such that

§=[U"Mp,,
so 8 is an inner derivation.

Proposition 4.6 ([14]). Let § : Bs — Bs be a 0-covariant (invariant) derivation. There
exists a unique constant C such that

§=Cép +3,
where § is an approximately inner derivation.

Using Proposition 4.5, for n # 0, we classify all continuous n-covariant derivations
on Bg.

Proposition4.7. Let §: BE® — BS° be a continuous n-covariant derivation on B°. There
existsan F € &§(Z/SZ) such that

8(b) = [U"MF,Db]
for b € B, so that § is an inner derivation for each n # 0.

Proof. Notice that a derivation Bg® — Bg° defines (an unbounded) derivation Bs — Bs,
so we can use Proposition 4.5. In particular, there exists F € C(Z/SZ) such that §(b) =
[U"MF, b], at least for b € Bg. We want to show that in fact F € §(Z/SZ). Then, by
continuity, that formula will work for any b € B°.

Let x be a character on Z/SZ. Then, since M, € Bs C B, we have that (M) €
B is well defined. Using the fact that

B"(0(x) = x(x)x(q(n)) forx € Z/SZ,
we have
§(My) =[U"Mp, Myl =U"(Mpy — Mpgn(y) = (1 — x(¢(n)))U" Mg M,.

However, since y is a character on Z/SZ, we have y € &(Z/SZ) and for each n we can
choose y such that y(g(n)) # 1. Therefore, we obtain

1
Mp = ——— U "§(My)M; "' € BY.
L= x(a(m)) v
Thus indeed F' € &(Z/SZ), completing the proof. L]

In particular, the above proposition can be applied to the n-th Fourier components of
a continuous derivation § : Bg® — Bg°.
Next, utilizing Proposition 4.6, we classify all O-covariant (invariant) derivations on
B.
N
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Proposition 4.8. Let § : BE® — B§° be an invariant continuous derivation. Then there
exists a unique constant C such that

§=C8L +38,
where 8 is an inner derivation of the form

8(a) = [Mg.a]
for some G € §&(Z/SZ).

Proof. Leté: Bg" — B§° be a continuous invariant derivation. Clearly, § defines a deriva-
tion on Bg. Following the ideas of the proof of Proposition 4.6, from [14], we have
8(U) = UMF € B for some F € §(Z/SZ) and §(My) = O for f € E(Z/SZ) since
there are no nonzero derivations on &(Z/SZ) by invariance. We decompose F in the
following way:

F=C+F,

where C = fZ/SZ F and fZ/SZ F = 0. Thus we obtain
§=CJ[L,] +38.

with 5~(U ) = UM . To complete the proof, we must show that § is an inner derivation.
That is, we need to show that there exists a G € §(Z/SZ) such that

8(a) = [Mg.a]
forany a € Bg°. If that is the case, then
UMz = 8(U) = [Mg,U] = UMgop — G)

which is true if B
F(x) =G(x +¢q(1)) — G(x)

for some G. However, such a G exists since F € &(Z/SZ) and hence is a finite linear
combination of nontrivial characters on Z/SZ, as [, /sz F = 0. By continuity, x(g(1) =

1 if and only if y is trivial. If ﬁ(x) = y(x) with y(g(1)) # 1, then we can choose

Glx) = x(x)
x(g() -1
which is clearly in &(Z/SZ). Thus, in general, such a G will also be a finite linear com-
bination of characters and G € §(Z/SZ). |

4.3. Classification

Finally, we classify all continuous derivations § : Bg® — Bg°.
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Theorem 4.9. Let § : BE® — BS° be a continuous derivation. Then there exists a unique
constant C such that

§=C8p +3,
where § is inner.

Proof. Let &y be the 0O-th Fourier component of §. It is an invariant derivation, so by
Proposition 4.6 we have the unique decomposition

8o(b) = C[L,b] + 8o (b)

for every b € BZ°, where 8~0 is an inner derivation. From Proposition 4.7, we have that the
Fourier components §,, n # 0, are inner derivations. It follows from Propositions 4.7 and
4.3, by extracting 8¢, that we have

— : . _ . Jj
8(b) = 8o(b) + nlLrgo Z 3;(b) = 8o (D) + n]l>nc]>o|: Z U ij,b}
|jl=n, j#0 ljl<n,j#0

with F; € E(Z/SZ). We now need to establish two things: that { F},} is ULC and that the
series Y U M F; is convergent in Bg°.

Since § : B§° — B§° is continuous, from Lemma 3.4, we know it is a continuous map
between the Fréchet spaces Bgf’ . for some /. Thus, given b € B, we have §(b) € B§° and
so there exists a divisor / of S such that U'§(b)U ! = §(b). But, since py is a continuous
automorphism, we have U'$,, (b)U ! = §,(b) for any n. Using this observation for b = U,
and the formula

52(U) = U™ Mp(r,)F,

we see that for some /|S and we have
B (B(Fu) = Fu) = B(Fu) = Fu
for every n. This means that
Fu(x + (I + Dg(1)) = Fu(x +1g(1)) = Fu(x +¢(1)) — Fu(x),

and so the difference Fy,(x 4+ Iq(1)) — F,(x) is B-invariant. By minimality of the map f,
there is a constant ¢, such that

Fn(x + lq(l)) = F,(x) +cy.
Iterating this equation, we get
F, (x + qu(l)) = F,(x) + kcp,

fork =0,1,2,....In the topology of Z/SZ, we have klq(1) — 0. By taking the limit
k — oo in the above formula, we see that ¢,, = 0 for all n and hence F}, is ULC.



Aspects of noncommutative geometry of Bunce—Deddens algebras 1409

Finally, to see that
lim Y U/Mp, € BY,
ljl<n, j#0

we check that {|| F;, ||} are RD. From the proof of Proposition 4.7, for n # 0 we have

Mg, = —————U"8,(M,)M; ' € BY
L—x(gm) "
for any character y such that y(g(n)) # 1. Therefore, by Lemma 4.2,
1 Cy
I Full = IMF, | = IMFE,llo < =7 =%
1= x(gm)| n

for some constants Cy. The point now is to choose a particular character to estimate the
denominator in the above formula.

Let g = ged(n, S) and write n = g - n’ with n’ and S relatively prime. Then set
x(q(n)) = >/t for some divisor I of S to be chosen below, 0 < j <[ and j rel-
atively prime to /. Then y(g(n)) = 1 if and only if [ is a divisor of nj = gn'j. Take
I = gh so that gh is a divisor of S. Then x(g(n)) = e>*"'J/" and n’ is relatively prime
to h. Thus there exist integers p and ¢ so that pn’ + gh = 1. Take j = py for some
integer y to be determined. With those choices we obtain

X(Q(n)) — eZnin’py/h — eZniy/h.

Choose y as follows:

EELif b is odd.

% if & is even,
V=
2

Thus x(g(n)) = —1 for even & and y(g(n)) &~ —1 for odd large enough /. Thus

|1 — )((q(n))| >3/2
for this choice of y and, therefore, we get

2Ck
| Full < 3n_k

Hence {|| F,,||} are RD. |

4.4. Counterexamples

It is necessary that the derivation is continuous in order to conclude that § is in fact inner.
Here we present that a class of examples of derivations § : Bg® — Bg° are not inner
modulo C§f,, and consequently are not continuous.

We will study below examples of derivations on Bg° which are of the form

8r(a) = [F(U).a],
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where the function F(z) is not smooth, so that the derivations are not inner. Fora € B°,
we will use the decomposition found in equation (2.3):

-1

a=>y Je) M.

k=0

Then
-1

8p(a) = [FU).a]l =) fi)[FWU) — F™U)| M,
k=0

Notice that the 0-th Fourier component of derivations §f is always zero. To show that
8F is not inner, we construct an F(z) ¢ C®(S!) such that for any divisor / of S and
0<k<I—1, F(z)— F(e*"*/17) € C*(S"). First consider the case when S = p> for
some prime p and write F in its Fourier decomposition:

F(z) = Z agz*
nez
for some coefficients aj to be determined. Notice that
. ik
F(z) = F(@*12) = 3 a1 — e 7 )2k,
nez
Define the coefficients a; as follows:

{b, k=pl, 1>0,
ap =

0 else.

Then we have

. ° 2mip! n—l 2mip!
Fz) = F@ /12y =3 (1= #)z? = 3 byt —e 9 )27,
1=0 =0

which is clearly in C*(S!) for every b;. For example, if we chose b; = 1, then F(z) ¢
C*®(S1) because its Fourier coefficients are not rapidly decaying. To extend this to general
supernatural numbers S, let 1 < /;|/5|--- be a sequence of increasing divisors of S that
converge to S. If / is any divisor of S, then there exists an n large enough, such that /|/,.
Repeating the above steps, we get

2xily

(e 9] o0
F(z) = Zakzl" and F(z) — F(e2™ /7)) = Zan(l —e 1)z,
n=0 n=1

The last sum in the above equation will also be finite for the same reasons as the case
S = p, and consequently such derivations are well defined for any sequence {a, }.
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5. K -theory and K -homology

In this section, we study the K-theory and K-homology of Bg. Though the K-theory of
BD algebras is known, we include an explicit calculation of it for completeness. Using
the known K-theory, we invoke Rosenberg and Schochet’s universal coefficient theorem
[18], as well as Pimsner and Voiculescu’s 6-term exact sequence [17], to compute the
K-homology.

5.1. K-theory

For the remainder of the paper, we assume that S is an infinite supernatural number. For
a C*-algebra A, we denote by [-]o and []; the class of an element in Ko(A) and K;(A),
respectively. Define the group

Ggs := {I;EQ:/CGZ,”S}.

The proof of the following proposition is based on lemmas which are stated and proved
directly after.

Proposition 5.1. Ko(Bs) = Gs and K|(Bs) = Z.

Proof. Let {l;} be a sequence of finite divisors of S such that /;|l; 41, I; < lj41, and
lim; o I; = S. For each i, consider

Bs D Bs;:={a e Bgs: UliqUu™h = a}.

It is easy to see that Bs; can be identified with the BD algebra for finite number /;.
Therefore, from [14], there is an isomorphism of C *-algebras:

Bs; = C(S") ® M, (C).

Since /;|/; +1, we have that Bs; € Bg ;+1. Moreover, U?L Bg.; is dense in Bg, and we

can realize By as an inductive limit of C *-algebras:

o0
Bs =] Bs.i.

i=1

By the stability of Ky and K1, we have

Ko(Bs,;) = Ko(C(SY) = Z,
Ki(Bs,) = Ki(C(S")) = Z.

By the continuity of Ky and Kj, it only remains to compute the corresponding direct
limits. By Lemma 5.2, for each j we have that K¢(Bs,;) is generated by the class of the
projection MKli:j , where
1 ifl|ld —j),
Kk, j(x) = { 6D

0 else.
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Lett; : Bs; < Bgs,;+1 denote the inclusion. By Lemma 5.3, the induced map Ko (¢;) :
Ko(Bs,i) - Ko(Bs,i+1) on generators is given by

lit1
KO([i)[MKli,O]O = ’l- -[MKIHI’O]().
i

From this, we see that Ko(Bs) is isomorphic to the space of equivalence classes on the
disjoint union of copies of Z:

o

kotts) = (L2 )/ ~
i=1
where x; ~ x; if and only if there exist r > ¢, k > s such that i—:x,- = é—’;x,-.
The key trick to compute the inductive limit above is to identify K¢ (Bgs, ;) with the
subset of rational numbers {k/[; : k € Z} =~ 7. From the fact that

koK klisy
—_ = = k/,
L iy - l;

we see that the inductive limit takes the form

k

Gy = {—:i = 1,2,...} C Ggs.
li

To see the reverse inclusion Gg € G%, fix Ili € Gg. Since lim; .o I; = S, there exists i

such that [|/;. For such an i, we have

k _ k(i/D)

€ Gy.

/ l;

Therefore, Ko(Bys) is isomorphic to Gs.

To compute K;(Bg), the approach is similar. In this case, however, the inclusion map
t; induces the identity map between K; (Bgs ;) and K (Bs,;+1). This is verified in Lemma
5.4. Hence the direct limit is simply Z. This completes the proof. ]

We now proceed by proving the lemmas used in the above theorem.

Lemma 5.2. For every j, the class [M,(li ;1o generates Ko(Bs,i).

Proof. Notice that, under the isomorphism Bs; =~ C(S') ® M;,(C) mentioned above,
M’Cli,j corresponds to an element of the form 1 ® E; ;, where Ej ; is a rank 1 projection.
Recall the well-known facts that [1]o generates Ko(C(S!)), and that the map [+ fQ E; ;
induces an isomorphism between Ko(C(S1)) and Ko(C(S1)® M;, (C)) (see, for instance,
[20, Exercise 11.2 and Proposition 4.3.8]). From this it is clear that [1 ® E; ;]o generates
Ko(C(S') ® M;,(C)), and therefore that [Mlczi,,-]O generates Ko(Bs,;). |

Lemma 5.3. The induced map Ko(t;) : Ko(Bs,i) = Ko(Bs,i+1) is given by

lii[

Ko (1) [Mi;, olo = M olo-
14

i+1°
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Proof. Notice that [;|x if and only if /; 4 1|x or [;+1|(x — ;) or [;41|(x — 2[;) or ... or,
finally, [; 11|(x — l;+1 — [;). In other words, we have the formula
MKli!O = M"li+1q0 + MKli+1Ji + M"li+1q21i o M

L .
lig1( 'fl.rl -

Since [MKI,-,O]O generates Ko(Bs,;) and, for any j, [M,
have the following calculation:

li+1,1']° generates Ko(Bg ;+1), we

KO(L")[M"liqo]O = [M"li+1s0 + MKIi+1sli + MKliJrl!ZIi Tt MK; izt _yy, Jo
i+ Dk
= [MK1f+1,0]0 + [MKliJrlJi]O + [MKliJrl’Zli]O Tt [Mlcli+1ali+1*li]0
lit1
= l [MKliJrlio]O’
1

where we were able to separate the class of the sum into the sum of classes since {M"l-+1 N
are mutually orthogonal. ]

Lemma 5.4. The inclusion map t; : Bs,; — Bg ;11 induces the identity map between
K1(Bs,i) and K1(Bs,i+1).

Proof. Denote by z€ C(S!) the map S!>z+>z€C. Recall the well-known facts that [z];
generates K1(C(S')), and that the map f +— f ® Ej induces an isomorphism between
K1(C(S1)) and K1(C(S1) ® M}, (C)) = K1 (M, (C(S'))) (see [20, Example 11.3.4] and
[21, Lemma 7.1.8]). Since both algebras are unital, it is easily verified that, under the above
map f — f ® Eg,0, we have the following correspondence:

)],

(see [20, Exercise 8.5]). We can easily adapt [20, Lemma 2.1.5] to see that by homotopy
the above class is the same as

Z1/1i 0 0o --- 0
o Vi o ... 0
0 0O 0 ... zlk

Under the identification between By ; and C(S') ® M, (C), we see that Vi 1;; corre-
sponds to U.. Since ¢; (U) = U, we have that ; induces the identity map between K (Bg ;)
and K1 (Bs,i+1)- L]

5.2. K-homology and UCT

Before computing the K-homology of Bg, we need the following lemma describing
homomorphisms from Ko (Bg) to Z.
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Lemma 5.5. There are no nontrivial homomorphisms from Gs to Z.

Proof. Let ¢ : Gs — Z be a homomorphism. For each divisor / of S, consider the sub-
group

o= {Eikelaz

The set ¢, therefore, must restrict to a homomorphism ¢; : G; — Z. Such a homomor-
phism is clearly determined by its action on % Denote

1 _ 1 L
(i) =0 (5) =
k('/D

If I’ is another divisor of S such that /|/’, then clearly G; € Gy . Since =
have that

(l'/l)al/ =daj. (5.2)

With this in mind, let / be any finite divisor of S, and let {/;}72 | be a sequence such that
Lillix1, i <lit1,lim; [; = S, and Iy = [. Suppose that a; # 0. Then a; € Z is some
finite integer such that a; is divisible by (/; /) for every i. Since [ is finite and lim; /; is an
infinite supernatural number, this is clearly a contradiction. Hence, a; = 0 for every finite
divisor /. Equation (5.2) shows that this holds for any divisor. ]

We are now ready to compute the K-homology of Bs. We will use the identification
KK'(A,C) := K'(A). Since Bg is an inductive limit of C(S!) ® M;,(C), it is clear
that Bg falls into the bootstrap category (see [1, p. 228]), and therefore the conclusion of
the universal coefficient theorem of Rosenberg and Schochet holds. Using this fact, the
calculation of K°(Bg) is simple.

Proposition 5.6. The K-homology groups of Bs are
K°(Bs)=0 and K'(Bs)=Z® ((Z/SZ)/Z).
Proof. The universal coefficient theorem states that we have an exact sequence
0 — Exty, (K1(Bs).Z) — K°(Bs) — Hom (Ko(Bs),Z) — 0,

We direct readers unfamiliar with computations involving ExtlZ to the appendix. Since
ExtlZ (K1(Bs),7Z) = 0, we have an isomorphism K°(Bg) 2 Hom(K¢(Bs), Z). The latter
group is isomorphic to 0 by the preceding lemma. This proves the first claim. For K!(Bg),
again from the universal coefficient theorem, we have an exact sequence

0 — Ext}, (Ko(Bs).Z) — K'(Bs) — Hom (K (Bs),Z) — 0,
which splits unnaturally [18]. From the final example in the appendix we have
Exty, (Ko(Bs).Z) = (Z/SZ)/ L.

Hence we obtain K'(Bs) = Z & (Z/SZ)/Z by the splitting of the sequence. |
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5.3. K-homology and PV

One pitfall of the above calculation is that we obtain no information regarding which
subgroup of Z/SZ was quotiented out. We amend this through the following explicit
calculation that uses different techniques that have merit on their own. It turns out that the
subgroup is the natural dense subgroup identified in equation (2.1).

Recall that the Pimsner—Voiculescu 6-term exact sequence for K-homology of the
crossed product C(Z/SZ) xg Z reads

K°(C(Z/ST)) <=2 KO(C(2/5L)) +—"— K(Bs)

| i

K'(Bs) —“— K'(C(2/52)) =25 K1 (C(2/ST)).

The original formulation can be found in [17]. The notation §* we used above is for the
map induced in K-homology by 8 from equation (2.2).
Since Z /S Z is totally disconnected, it follows from [20, Exercise 3.4] that

Ko(C(Z/SZ)) = C(Z/SZ,7) = E(Z/SZ.T).

The last equality follows because Z is discrete. Additionally, from [5, Example II1.2.5],
C(Z/SZ) is approximately finite-dimensional C *-algebra. Therefore, by [20, Exercise
8.7], we have

K(C(z/SZ)) = 0.

Since §(Z/SZ,7) is free (see [9, Exercise 7.7.5]), using the universal coefficient theorem
we obtain

K'(C(z/SZ)) =0 and K°(C(Z/SZ)) =Hom (E(Z/SZ,Z).Z).

Putting together these identifications, we can rewrite the above exact sequence as follows:

* _R* 1
0 5> Hom (8(2/SZ.7).Z) 2> Hom (€(Z/SZ.Z).Z) > K'(Bs) — 0.
From exactness, we conclude the following identification:
K'(Bs) ~Hom (6(Z/SZ,Z),Z)/(Im(1 — B*)).

In what follows, we compute the range of 1 — 8*. To do that we consider a more
geometrically motivated identification of Hom(&(Z/SZ,Z), Z.), outlined presently.
Borrowing from [13], given a supernatural number S, we consider a set

Vs ={(l.k):1|Sand 0 < k <[}.
We define the following subset of functions on Vg with values in Z:

/nH—1
d = {qﬁ Vs > Z:¢9(,k)= Z o'k + j) wheneverl|l’}.

Jj=0



S. Klimek, M. McBride, and J. W. Peoples 1416

The set @ is an abelian group with respect to addition of functions. We claim that & is
naturally isomorphic to the group Hom(6(Z/SZ, Z), Z) through the following identifi-
cation.

To each ¢ € ®, we associate a homomorphism ¥4 € Hom(E(Z/SZ,7Z), Z) defined
on characteristic functions k; x, defined in equation (5.1), by

Vo1 k) = (k).

Since for f € &(Z/SZ,Z), there exists [ such that f(x 4+ /) = f(x) for all x, we can
write

f) =Y fkr(x).

0<k<l

Therefore, any e Hom(E(Z/SZ,Z),Z) is completely determined by the values ¥ (k7 k).

Due to the equality
'/DH—1

k() = ki ji(x)
J=0

for any [’ such that [|[’, it is clear that any homomorphism 1 can be associated to a unique
element in . Hence we have established the following proposition.

Proposition 5.7. With the above notation, we have a group isomorphism
® >~ Hom (B(Z/SZ, Z),Z).

The goal now is to compute the range of 1 — 8* under this identification. Our method
will be to define a surjective map

®—>Z&(Z/ST))Z

whose kernel is precisely Im(1 — 8*). To define such a map, we need the following obser-
vation.
For [, 1’ such that [|/’|S and ¢ € ®, we define an integer

'/D-1al-1

Rp(1.I):= Y Y o))

a=1 j=0

By convention, a summation from bigger to smaller index value is set to be zero, so that
R¢(l,1) = 0. The quantity R¢([,1") above has the following key property.

Lemma 5.8. With [,1’, ¢ as above, we have Rp(1,1") — Rp(1,1) = IR¢p(l,1").
Proof. We begin with the left-hand side. Note first that, in general, we have the following
summation decomposition for any function f:

I'—1 '/H-11-1

Yofiry= Y D fbl+)).
i=0

b=0 j=0
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Using this observation, we compute

Re(1,1') — Rep(1.,1)

I'—1 -1 a—-1
=Y <Z¢(l’ n) =Y > o))

i=1 \j=0 a=1j=0
'/1)—11-1 bl+a—1 '/1)—11-1 bl+a—1
Z Yo e )- Z DTN e ))
b=0 a=0 j=0 b=0 a=0 j=bl
-1 {'/D)—1bl4+a-1 {'/DH—1bl-1
Z > ¢(z’,j)=z( > Z¢(1’,1)>=1R¢<z,z’>. =
a=0 b=0 j=bl b=0 j=0

As a corollary, we obtain the following congruence relation.
Corollary 5.9. R¢(1,1) = Rp(1,1’) (mod [).
For convenience, we recall the definition of Z/SZ as an inverse limit:
Z/SZ = {(x))s : x1 € Z/1Z and x; = x; (mod [) when [|I'}.
With this in mind, we define the following two group homomorphisms:
7:P—>7Z, (@) := ¢(1,0),
p:®—>7Z/SZ, plp):= (Rq,’)(l,l))lls.

Due to Corollary 5.9, the latter map is well defined.
For our final result, we need to check that p is surjective. This is verified in the follow-
ing proposition.

Proposition 5.10. The homomorphism p : ® — Z/SZ is surjective.

Proof. We begin by rewriting R¢ (1, /) more conveniently as

-2
Rp(1.1) = _(j + Do(L. j). (5.3)

j=0
We consider a sequence of divisors {/;}7 | such that [;|/; 1, [; < l;41, and lim; [; = S.
Then, similarly to the usual expansion of a p-adic integer, we can represent an arbitrary

element x in Z/SZ by
o0
X = Z anln—1
n=1

with [y = 1 and “digits” 0 <a, <[,/l,—1. Given x € Z/SZ, we use the above expansion
to define ¢ : Vg — Z in the following way:

¢y, 0)=ay—ar —---—ay,
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dUn,lx) =ary1 k=1,2,...,n—1,
¢y, j) =0 otherwise.

It is not difficult to check that ¢ indeed defines a function in . Moreover, we have

ln_2 n—1
RO(L 1) =Y (j + Dpln. j) =a1 —az—---—an+ Y (i + Dais1
j=0 i=1

=a)+axly + - +apl,_ = (Za,-z,_l) (mod ).
j=1

This completes the proof. ]

We are now ready to explicitly describe the K-homology group K'(Bgs). Consider
the natural dense subgroup Z C Z/SZ, described in Section 2. Quotienting out by this
subgroup, we obtain amap p : ® — (Z/SZ)/Z defined by

p(@) == p(¢) + Z.

This, along with the map 7 : & — Z defined above, leads us to the final result of this
section.

Theorem 5.11. With the above notation, we have
Im(1 — B*) = Ker(r & p).
Consequently, we have isomorphisms
K'(Bs) =~ ®/Ker(t ®p) = Z & ((Z/SZ)/Z).
Proof. 1tis easily verified that

(B*¢)(I.k) = ¢,k +1) (mod I).

Note that, in addition, it is clear that ¢ € Ker(t & p) if and only if 7(¢) = 0 and that there
exists some number ¥ (1,0) € Z with

p(¢) +v(1,0) =0

in Z/SZ. The last equation is equivalent to the following congruences for each divisor
[|S:
p(¢) +¥(1,0) =0 (mod I).
Letting ¢ = (1 — B*)y, we have that

7(¢) = ¥(1,0) — (1,1 (mod 1)) = 0.
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Notice additionally that we have the following formula:

I—1 a—1 -1 a—1
Re(1,1) = (Z Zw,j)) = (Z Yovd. ) —-vd.j+ 1))

a=1j=0 a=1j=0
==Y -y, D)+ I -2)(vI, 1) —v(.2)
+o 2 L =3) =y I =2)+ (VU —2)—y (.l —1))
-1

=1y (1,0) = > v, j) =1y(,0)—y(1,0).

J=0

This establishes that Im(1 — 8*) C Ker(z & p).
For the other direction, let (t & p)¢ = 0. We define ¢ € ® such that (1 — 8*)y = ¢
in the following way. First, let ¥ (1, 0) be the number in Z//7Z such that

o) + ¥ (1,00 =0 (mod /).

For each [, let
Rp(1,1) + ¢ (1,0)

v(.0) = ; (5.4)
We can then inductively define ¥ (/, k) for all other values of k by
k—1
Y.k =vy(.0) =Y ¢d.)).
j=0

By construction, it is clear that we have

¢, k) =y (. k) — (I, (k + 1) (mod 1)).

It, therefore, only remains to check that v represents an element in ®; that is, we check

that
(/-1

v(.ky= > w(l'.k +bl). (5.5)

b=0
Notice that the desired equality holds if and only if
k-1 / '/ D=1 k+bl—1
YA0) =D el )=y 0= 37 > $.)).
b=0  j=0

Jj=0

Using that ¢ (I, j) = g/:/é)_l ¢ (', j + bl) and canceling, this is equivalent to

l/
¥(l.0) = TW(I’,O) — Re(L.1).
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Rearranging, and using equation (5.4) we see that equation (5.5) holds if and only if
IRH(L,I") = Rp(1,1") — Rep(1,1)
which was proved in Lemma 5.8. Hence we obtain
Ker(t @ p) = Im(1 — 8%). (5.6)

Since p is surjective by Proposition 5.10 and, by equation (5.3), R¢(1,7) does not
depend on ¢(1,0), it is clear that T @ p is surjective. Hence we have the following short
exact sequence:

0 — Ker(t ® p) —> ® 2z ®((2/Sz7)/7) — 0.

Pairing this information with equation (5.6), as well as the Pimsner—Voiculescu 6-term
exact sequence, we obtain the following sequence of isomorphisms:

Z® ((Z/SZ)/Z) =~ ®/Ker(r ® p) = ®/Im(l — B*) = K'(Bs).

This completes the proof. |

Appendix

In this appendix, we give a brief description of ExtiZ (G, Z), where G is any abelian group.
There are two equivalent definitions of ExtiZ (G, Z) that are useful to us. The first is in
terms of free resolutions of the group G.

Definition. Any abelian group G admits a resolution of the form of a short exact sequence:
0—>G; —>Gy,—>G—0,

where G and G, are free abelian. We can then form the corresponding co-chain complex

0 - Hom(G»,, Z) — Hom(G1,Z) — 0.
ExtiZ (G, Z) is defined to be the cohomology in the i-th position of this complex. Namely,
Ext% (G,Z) := Ker(g) = Hom(G,,Z) and Ext1Z (G,Z) = Hom(G1,Z)/ Im(g),
while Ext,, (G, Z) = 0 forall i > 2.
We also have the following equivalent definition.

Definition. Given an injective resolution of Z of the form

0—>72Z—11 > 1, —>0,

where /] and I, are divisible abelian, we can form the following co-chain complex:

0 = Hom(G, I) 2> Hom(G. I) — 0.
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We define ExtiZ (G, Z) to be the i-th cohomology of the above complex; that is,
Exty(G,Z) := Ker(f) = Hom(G, I;) and Ext}(G,Z) = Hom(G, I,)/Im(f).

For convenience, we now state some basic properties of ExtlZ (-, Z). Proofs of the
properties contained in the following proposition can be found in [22].

Proposition A.1. (1) ExtlZ (G,Z) = 0 whenever G is free abelian.
(2) Given a short exact sequence 0 -~ K — G — H — 0, one obtains the following
exact sequence:

0 — Hom(H, Z) — Hom(G, Z) — Hom(K, Z)
— Ext},(H,Z) — Ext}(G,Z) — Exty(K,Z) — 0.

(3) Exty (P; Gi, Z) = [, Ext(G;., Z).

Now we present some example calculations of ExtlZ (G, Z) for groups G relevant for
this paper.

Example. Ext},(Z/nZ,7) =~ Z/nZ.
Proof. We have the following free resolution:

O—>Z£>Z—>Z/nZ—>0.

Dualizing and identifying Hom(Z, Z) = Z, we obtain

0lzZzo,
and we see that we have
ExtIZ(Z/nZ, Z) = Ker(¢p)/Im(n) = Z/nZ. |
Example. ExtlZ (Z//S\Z, Z) = Z/SZ, where Z//S\Z is the Pontryagin dual of Z/SZ.
Proof. 1t is easy to see [15] that we can make the identification

7)SZ ={z e S':z' =1forsomel|S}.

In particular, this is a pure torsion group and we, therefore, have that Hom(Z//S\Z, Z)=0.
From the second definition of Ext}, (-, Z) with I = Q, I, = Q/Z,

Extl(Z/SZ.Z) = Hom(Z/SZ,Q/Z)/ Im(0) =~ Hom(Z/SZ.Q/Z) = Z/;\S\Z.

Since the double Pontryagin dual is isomorphic to the original group, we obtain the result.
(]

Note that the above calculation holds if Z//S\Z is replaced by any pure torsion group.



S. Klimek, M. McBride, and J. W. Peoples 1422

Example. Ext},(Gs,Z) = (Z/SZ)/Z.Here Gs :={k/1 € Q : k € Z, 1|S} is the group
from the previous section.

Proof. Notice that we have the following short exact sequence:

0—7Z— Gg i) Z//S\Z — 0,
where ¢ (k /1) = e?™*/! Hence, by Proposition A.1 (2), we can obtain the exact sequence
0 — Hom(Gs.Z) — 7 — ExtL(Z/SZ.7) — Exty (Gs.Z) — 0,

where we used that ExtlZ (Z,7) = 0 since Z is free. We have also seen in Lemma 5.5
that Hom(Gg, Z) = 0, so the above sequence is short exact. Therefore, by the previous
example,

Extl(Gs.Z) ~ Exty(Z/SZ.7)/Z7 = (Z/SZ)/Z. n
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