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Measurability, spectral densities, and hypertraces in
noncommutative geometry

Fabio E. G. Cipriani and Jean-Luc Sauvageot

Abstract. We introduce, in the dual Macaev ideal of compact operators of a Hilbert space, the
spectral weight p(L) of a positive, self-adjoint operator L having discrete spectrum away from
zero. We provide criteria for its measurability and unitarity of its Dixmier traces (p(L) is then
called spectral density) in terms of the growth of the spectral multiplicities of L or in terms of the
asymptotic continuity of the eigenvalue counting function Ny . Existence of meromorphic extensions
and residues of the ¢-function {7 of a spectral density are provided under summability conditions
on spectral multiplicities. The hypertrace property of the states 27, (-) = Tryp(-p(L)) on the norm
closure of the Lipschitz algebra +; follows if the relative multiplicities of L vanish faster than its
spectral gaps or if Ny, is asymptotically regular.

1. Introduction

Trace theorems for unbounded Fredholm modules (+4, i, D), alias K-cycles or spectral
triples, subject to various summability behaviors, date back to the dawning of noncom-
mutative geometry [5—7]. They were proved under finite summability in [6] and hold true
also under summability in the dual Macaev ideal in [3]. They were used to deduce hyper-
finitness of weak closure of the *-algebra + in certain representations and to rule out the
existence of unbounded Fredholm modules or quasidiagonal approximate units in normed
ideals, with specific summability conditions (see [6,20]). Also, a hypertrace constructed
by (s, h, D) provides a Hilbert bimodule, unitary representation of the universal graded
differential algebra 2* () [7, Chapter 6.1, Proposition 5].

Here we associate a spectral weight p(|D]) in the dual Macaev ideal £(-%)(h), to
any unbounded Fredholm module (s, /2, D) and, more in general, to any filtration ¥ of a
Hilbert space & (in the sense of [20]). The spectral weight p(| D|) depends, in particular,
on the spectral multiplicities of D but not on the location of its eigenvalues.

Under a quite simple assumption on the growth of the filtration, we show measurability
of p(| D) and under the asymptotic continuity of the eigenvalue counting function N|p|,
we prove also the unitarity Tr, (p(] D|)) = 1 of the Dixmier traces. In this situation, p(| D|)
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is called the spectral density of D and one may deal with the volume states

Qp|(a) :=Tr, (a . p(|D|))

on the norm closure C *-algebra A of +4, provided by any fixed Dixmier ultrafilter .
In commutative terms, i.e., dealing with the standard spectral triple

(C>(M), L*(CY(M)), D)

of a compact, closed, Riemannian manifold, taking into account multiplicities only and not
the whole spectrum itself, one reconstructs the Riemann probability measure of M loosing
information about the volume V(M) and the dimension d (M ). On the other hand, this has
the advantage to dispense with summability hypotheses and, for example, to recover the
unique trace on the reduced C *-algebra C*(T") of a finitely generated, countable discrete
group I', no matter its growth is. Also, using the density p(|D|), one is able to treat, on the
same foot, situations like Euclidean domains of infinite volume whose Dirichlet Lapla-
cian has discrete spectrum or certain hypoelliptic ¥DO on compact manifolds, where the
asymptotics of the spectrum of D is not a la Weyl.

Under summability conditions on the spectral multiplicities of | D|, the ¢-function {|p|
of the spectral density p(| D|) is shown to be meromorphic on a half plane containing z = 1
and that its residue is there unitary.

Finally, we show that the volume states €2 p| are hypertraces on A provided Np| ~ ¢
for a nonnegative, increasing W,;c’l—function @ such that the essential limit of ¢’/¢ van-
ishes at infinity. This condition is satisfied when the sequence of relative multiplicities of
| D| vanishes faster than the sequence of its spectral gaps.

The work is organized as follows. In Section 2, we introduce the spectral weight p(L)
of a positive, self-adjoint operator L having discrete spectrum away from zero. Its mea-
surability is proved in terms of the growth of its spectral multiplicities, as a consequence
of the asymptotic continuity of the counting function Ny,. Sufficient conditions are also
given in terms of the nuclearity of the semigroup e ~*Z. In Section 3, we prove existence of
analytic extensions and residues of the {-function {7, of a density p(L), in terms of summa-
bility of the multiplicities of L. In Section 4, the volume states 27.(-) = Try,(-p(L)) are
introduced and in Section 6 we show that they are hypertraces on the Lipschitz algebra 47 ,
under asymptotic smoothness of the counting function Ny, or when the relative multiplic-
ities vanish faster than the spectral gaps of L. Section 5 is dedicated to various examples
concerning (i) K-cycles on compact manifolds given by (hypo)elliptic YDO L, (ii) K-
cycles on the C*-algebra P (M) of scalar, 0-order DO, which are associated to scalar,
1-order ¥DO L, (iii) K-cycles associated to multiplication operators on the group C *-
algebra of countable discrete, (iv) Dirichlet Laplacians of Euclidean domains of infinite
volume, (v) Kigami’s Laplacians on self-similar fractals, (vi) the Toeplitz C *-algebra gen-
erated by an isometry and the canonical multiplication operator L on natural N and prime
numbers P, and (vii) unbounded Fredholm modules built using Hilbert space filtrations.
In the final section (Section 6.5), the structure of the volume states Q7 on C*-algebras
extensions is briefly outlined.



Measurability, spectral densities, and hypertraces in noncommutative geometry 1439

2. Measurable densities associated to operators with discrete
spectrum

In this section, we introduce the spectral weight of a given nonnegative, self-adjoint oper-
ator (L, D(L)) on a Hilbert space &, having discrete spectrum away from zero, and inves-
tigate its measurability in the framework of Connes’ noncommutative geometry (NCG).
We always keep in mind the situation where L = | D| for a spectral triple (A, D, h).

2.1. Eigenvalue counting function and multiplicities

In this section, we consider a densely defined, nonnegative, unbounded, self-adjoint oper-
ator (L, D(L)) on a Hilbert space & with spectrum sp(L) and spectral measure EL.

Letting Py := EL({0}) be the orthogonal projection onto the kernel of L, we fix the
following notations of functional calculus: by convention, for a measurable function f :
R4 — R4, the operator f (L) will be 0 on the subspace Py(h) =ker L and f(L(I — Py))
on the subspace (I — Py)h = (ker L)*. For example, with this convention, for s > 0, L™
is the nonnegative, densely defined operator defined as 0 on Py () and (L(I — Py))~* on
(I — Py)h.

In this section, we will suppose that L has discrete spectrum off of its kernel in the
sense that sp(L) \ {0} is discrete: this is equivalent to say that L™! is a compact operator
in B(h).

We will adopt two alternative ways for describing the spectrum, out of its kernel:

Firstway. sp(L)\ {0} ={0<A{(L) <---<A,(L) <---}, where the positive eigenvalues
An (L) are numbered increasingly with repetition according to their multiplicity.

Second way. sp(L) \ {0} = {0 < XI(L) <<k (L) < ---}, where the distinct eigen-
values A (L) are numbered increasingly.
Since L is assumed unbounded, we have

lim A (L) = lim Ag(L) = +oo.
n—oo k—o00
The multiplicity of the eigenvalue Xk (L) is denoted by my 1= Tr(E L({Xk })) while
the cumulated multiplicity is defined as My := Tr(EL((0, A¢])) so that My = Z_]/;l mj.

By convention, My := 0. We will refer to the ratio my / My, as the relative multiplicity of
the eigenvalue A (L). The two labelings correspond through the relation

An(L) = A (L), My_y <n < M.

Remark 2.1. We will adopt the simplified notations Ay, ..., A,,... and Xl, e Xk, .
whenever no confusion can arise.

The eigenvalue counting function Ny, : Ry — N is defined as
Np(x) :=Tr (E*((0,x])) = ti{n € N* : 4,,(L) < x},

where Tr is the normal, semifinite trace on B(h).
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Let us summarize some basic properties of the counting function.

Lemma 2.2. (i) Ni is a nondecreasing function, right continuous with left limits. For
x € Ry, let us denote Ny (x) = limg o Ny (x — 8) the left limit function of Ny
(i) N (x) = My for Ak (L) < x < Ag41(L).

ceen 1s N, . M,
(iii) imsup,_, 4 o NLE(())?) = lim supy_, o W’il

Proof. Properties (i) and (ii) are obvious from the definition of N . For (iii), it is enough
to observe that, for x ¢ sp(L), N (x) = Np(x) and that, for x = Ax(L), Np(x) = M}
while N (x) = My_;. ]
2.2. Spectral weights

Definition 2.3 (Spectral weights). The operator defined as
p(L) := Np(L)™!

will be called the spectral weight of L. As sp(L) \ {0} is discrete and unbounded and Ny,
is nondecreasing, it follows that p(L) is nonnegative and compact.

Proposition 2.4. (i) The eigenvalues of the spectral weight are given by
- 1
in(p(L)) = Np(An(L)) ™" = S Jor Mioy <n < My and k > 1:
k

(i1) we also have the bounds

My
M

for My—y <n < My and k > 1. @.1)

S| =

1
< ua(p(D)) =
Proof. For (i), apply Lemma 2.2. For (ii), notice that for n as considered, we have
An(L) =Xp(L) and  Np(An(L)) = Np(Ak(L)) = My.

From one side, My > n and thus N (1,(L)) > n. On the other side, n > Mj_; and thus

_ 1 My

2.3. Weights by filtrations

For any Borel measurable, strictly increasing function f : R4 — R4 such that
A5, T () = o,

we have p(f(L)) = p(L). In fact, p(L) depends on L only through the Hilbert space
filtration of spectral subspaces of h

{EE((0. e (W]}
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In [20, Proposition 5.1], D. V. Voiculescu, motivated by the existence of quasicentral
approximate units relative to normed ideals, provided a general construction of spectral
triples (+, i, D) on a C*-algebra A, represented in a Hilbert space £, associated to given
filtrations g C h; C --- C h. He considers the filtration of A given by

Vi :={T € A: T(hj) UT*(hj) € hjtr, Vj € N} fork € N,

assuming that 4 := i<y Vi is dense in A. Denoting by P; the projection onto /;, the
Dirac operator is defined as D := Y-, (I — P;) (so that D = |D|). The spectrum of D
is N with cumulated multiplicities M; := dim(%;) and the spectral weight is given by

+o00

(D) =3 Mik (P — Po).

k>1

2.4. Dixmier traces

In this work, we will consider the nonnormal traces associated with ultrafilters on N,

introduced by J. Dixmier [9], making use, in particular, of the approach proposed in [2].
We will start with a state @ on L°(R* ) having all the properties of [2, Theorem 1.5].
First, w is a limit process at +o0 in the sense that

(1) essliminfy o0 /(1) < 0(f) < esslimsup,_, o0 £(0), f € L®(RY),
so that we can write as well w(f) := o — lim;— 400 f(£).
Then we require that this limit process satisfies the following invariance properties:

2) @ —limysjoo f(51) = @ —limys o f(1), f/ € LO(R%), 5 € RY;
3) @ —limy 400 f(t°) = @ —lim; 400 f(1), f € LP(RY), s € RY;
@) © —lim o0 ooey [L f)E =0 —limsi00 f(2), f € LP(RY).
To such w is associated an ultrafilter on N, still denoted w, by

w— lim f(n) =w— lim f([t]) f € £>°(N) with [t] = integer part of 7.
n—oo t—>+o00

The associated Dixmier trace is defined on the dual Macaev ideal of compact operators

N
1
26y =T e X(h): su : 2(IT) < +o00
( SUP e N ;u (IT)

as
N

Yo mn(T). T ez,
n=1

Try(T) = w — lim

a)( ) @ N 1—>c>o Log N
The operator T is said to be measurable if its Dixmier trace Try,(p(L)) is independent
upon the Dixmier ultrafilter . Conditions ensuring measurability can be given in terms
of Cesaro means (see [0, Proposition 6, Chapter 4.2.8]).
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To w on L*°(R?) as above is associated an alternative limit process @ on R defined
as

w— lim f()=w-— t_l)im)of(Log(t)), f € L*®(R).

t—>+o00

The asymptotic behavior of Lo; ¥ Zflvzl I (T) and the limit behavior of (s —1) Tr(7"%)

as s — 17 are related by the following equality [2, Theorem 3.1]:

1
Tro(T) =& — lim ~Tr(T'*7), T e 20 h),. 2.2)

r—>+4oo r

Furthermore, with T as above and any A € B(h), we have (see [2, Theorem 3.8])

1
Tro(AT) =@ — lim —Tr(AT'*7), T e 200, 2.3)

r—>+4oo r

2.5. Asymptotics for the spectral weights

Proposition 2.5. (i) The spectral weight belongs to the dual Macaev ideal £ (h) and

< Tr, (p(L)) <1 for all Dixmier ultrafilter o,

Q| =

where
L Np(x) . My
¢ :=limsup —= = lim sup .
x—>+o0 N () k—oo Mi—1

(i) p(L)* is trace class for all s > 1 and limsupy 1 (s — 1) Tr(p(L)*) < 1.
(iii) If

. Np(x) . M
lim sup — = lim =1,
x—>to0 Np () k=00 Mgy
then we have

(iii.a) pp(p(L)) ~1/nasn — oo,

(iii.b) Try(p(L)) = 1 for all Dixmier ultrafilter w and the spectral weight p(L) is
measurable,

(iii.c) limgyq(s — 1) Tr(p(L)*) = 1.
Proof. (i) follows from inequality u, (p(L)) < 1/n of Proposition 2.4 and from inequality
liminf u, (p(L)) > 1/cn
n—oQ

which follows by (2.1). (ii) follows again from inequality u,(p(L)) < 1/n of Proposi-
tion 2.4. (iii.a) comes from the double inequality (2.1), while (iii.b) and (iii.c) are straight-
forward consequences of (iii.a). [

Definition 2.6 (Spectral densities). The spectral weight p(L) will be called spectral den-
sity provided it is measurable and Tr, (p(L)) = 1 for all Dixmier ultrafilter w.
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We may have measurability of a spectral weight even if it is not a density as follows:

Proposition 2.7. Iflimg_, MA’HI = ¢ > 1, then the spectral weight p(L) is measurable

and

C_
cLogc

Try, (p(L)) = lsifll(s —1)Tr (p(L)S) = for all Dixmier ultrafilter w.

Proof. FixO0<e<c—1and K € Nsuchthat (c —e)My < My41 <(c+ &)My fork > K.
This implies that (¢ — &)* K Mg < My < (¢ + &) KMy fork > K. For N > Mk, let
k(N) be the integer such that Myny < N < My (n)+1. One has

Log Mivy < Log N < Log(My(n)+1) < Log My + Log(c + ¢)
so that Log N = Log My () + O(1) as N — +oo. Gathering those two results, we get

k(N)Log(c —&) + O(1) <Log N < k(N)Log(c +¢)+ O(l), N — +oo. (2.4)

Moreover,
N K—1 My
DONLG) T =)0 Y NG
n=1 k=1n=Mj_,
k(N) M N
+Y Y NG+ Y NG
k=Kn=Mk_1+l n=Mk(N)+1
K—-1 M k
_ . -1 ® My — Mgy N — M
= D e e T :
k=1n=M;_, k=K k k(N)+1
For k > K, we have ij_gl < Mk;}fk“ < C;f;I , which provides
c+e—1 N c—¢e—1
k(N)————+0(1) < Y NL(A) ™' <k(N) < ————+ 0(1), N — +oc.
c+e o c—¢

With (2.4), this inequality implies that

1 c+e—1
k(N)Log(c +¢)+ 0(1) (k(N) c+e + 0(1))
N
-1
= LOgN ’; NL(An)
1

c—¢e—1
Sk(N)LOg(c—s)+0(1)(k(N) P +0(1))

which provides the first equality Tr,, (p(L)) = <=L,

c
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The second equality lim,; Tr(p(L)*) = cLog - is obtained through a similar compu-
tation. Fix ¢ > 0 and K € N suchthatk > K = ¢ —¢ < Mpy1/ My < c + ¢, hence

(c —s)k_KMK <M <(c +s)k_KMK fork > K.

M,
We have also, fork > K + 1, c—g<Mkkl—Mkl+1<C+gle C_1_8§Mkk1§
¢ — 1 + & which implies that
c—1—c¢ my c—1+4+¢
- <t
c+e T My c—c¢

We compute now for s > 1

K o]
(p(L)*) kaMk kaM,;Mr > meM*

k=K+1
K
- Y Y
k=1 k= K+1
We have (s — I)Z,lemkMk_s — 0ass — 1, while
> m —14e¢
Z _kMk—s+1 S (c + )( s+1)(k— K)M s+1
Mk c —
k=K+1
c—l+e (—s+1D(=K) py— 1
— M s+1
e et I—(cte)i—

with 1 — (¢ + &)™ ~ (s — 1) Log(c + &) ass | 1.

We have proved lim sup; | ; (s — 1) Tr(p(L)*) < cclifa m

provides liminfs (s — 1) Tr(o(L)*) > CC+EE m and the result. L]

A similar computation

The hypothesis of the above result is verified in discrete free groups (see Example 3.7).
Here is another criterion for p(L) having a nonzero Dixmier trace.

Proposition 2.8. If My ~ f(k) (k — +o0) with f € C1((0, +00)), then
M1 _ ¢ S'(x)

lim sup <e~ with C := limsup
k—o00 My x—>+00 f(x)

Hence Tr,,(p(L)) = e~ for all Dixmier ultrafilters w.

Proof. Fix ¢ > 0 and choose K, > 1 such that for all kK > K, we have

l—eftk+1) _ My _ 146 fk+1)
I+e ftk) — My —1-¢ f(k

It follows that

lim sup Mic+1 = limsup M
k—soo Mk k—o0 Sf(k)
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Then, setting C = limsup,_, ., %, we have (Log f)'(x) = J;((;C)) < C + ¢ for x large

enough so that

Log (f(k + 1)) —Log (f(k)) = C +=,
ie., % < eCFefork large enough too. [
2.6. Asymptotic continuity of the eigenvalue counting function and measurability

Here we link the measurability of the spectral weight to the asymptotic continuity of the
eigenvalue counting function and to the asymptotic vanishing of the relative multiplicity.

Proposition 2.9. (i) If the counting function Ny is asymptotically continuous in the sense
that there exists a continuous function ¢ : Ry — R such that

NL(x) ~ ¢(x), x — o0,

then
Np(x M, m
1m L_( ) = 1i krl or, equivalently,  lim Tk _ .
x—>+oo N (x)  k—oo M k—o00 My,
. o . M )
(ii) Conversely, if limy— 400 %LE(();)) = 1 or limg o0 7 =1 or limg 00 1""4—’; =0,

then N, is asymptotically continuous.
In both cases, p(L) is a density and the properties (iii) of Proposition 2.5 hold true.

Proof. (i) For e > 0 and x € R large enough, we have
(I —&)p(x) = NL(x) = (1 + &)g(x).

As ¢ is continuous, we have as well (1 — £)p(x) < N, (x) so that xf((’;)) < }—J_r:" This
implies that

N 1
fimsup ML) LEE e S0,
x—>+oo N () l—¢

and finally lim sup,,_, , o, xi:((’;)) = 1. Lemma 2.2 and Proposition 2.4 provide the result.

(i1) Choose ¢ continuous, piecewise affine such that (p(Xk) = M. This means that
@(x) = My—y +t (Mg — Mi—)

for x € [Ik_l,Xk] and x = /~1k_1 + t()N&k - )~Lk_1), 0 <t < 1. For such x we have

My _ My _
(p(x)= kl+t(1— kl)—>1, X — +o00. [
Np(x) My k
Remark 2.10. The condition 1 = lim supy MAZZI = limg MA’,}ZI) ensuring measurability

implies that the weaker condition lim; /M) = 1, which in turn is a sufficient condi-
tion for the subexponential growth of the spectral multiplicities of L, in this sense that
limy e XMy = 0 for any B > 0. However, one can find instances of sequences My
for the cumulated multiplicities having subexponential growth, for which the condition
limg My 1/ My = 1 (and thus asymptotic continuity) is not satisfied.
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Combining these results with Karamata’s Tauberian theorem (cf. Appendix A), we
get a criterion of asymptotic continuity of Nz, in terms of regularity of the partition func-
tion Zj..

Proposition 2.11. Suppose the contraction semigroup {e 'L : t > 0} to be nuclear
Zr(B) := Tr(e PL) < 400 forall p >0

and assume the partition function Zj, to be regularly varying (cf. Appendix A). Then for
some ¢ > 0 we have
Np(x) ~c-Zp(1/x), x — 4o0.

In particular, under these assumptions, N, is asymptotically continuous and p(L) is a
density.

Proof. Apply Karamata’s Tauberian theorem to the measure 1 := TroE” and then apply
Proposition 2.9. ]

The result may be applied to 0-summable spectral triples (A, h, D), where Zp2 () =
Tr(e AP 2) < +oo for all B > 0, provided the partition function Z p- is regularly varying,
as a consequence of the identity

Nz (x) = Np2(x?) forall x > 0.

Remark 2.12 (Physical interpretation of nuclearity and regularity). In applications, L
may represent the Hamiltonian of a quantum system. The nuclearity assumption on the
semigroup {e AL : B > 0} is easily seen to be equivalent to the requirement that the mean
value of the energy in the Gibbs equilibrium state is finite and non-vanishing at any tem-
perature

Zr(B) _ Tr(Le h)
CZuB) (e Fh)

The hypothesis that Zj, is regularly varying requires that for some y € R

im Z1(sP) =
p—0+ Zr(B) ’

B> 0.

(L)g =

s > 0.

If Z; is regularly varying, say Zz (sB) ~ s*~'Z(B) for some y € R as B — 01, by de
I’Hospital’s theorem, then also Z, is regularly varying

ZrsB) . ZusB) .,
im =5 lim — =g
p—ot Zr(B) B—0+ Zp(B)

and the mean energy (L) is regularly varying too with

_Z6P) s Zup) 1 ot
Z1.(sB) sYZ(B) s (L)g, asp — 0", forany fixed s > 0.

(L)sﬂ =
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3. Meromorphic extensions of zeta functions and residues

The ¢-function of p(L) is defined as

tL(s) :="Tr(p(L)*) = D pn(p(L))’ =D my- M;*

n>1 k>1

for all s € C for which the series converges. Its domain and its analytic properties will be
found by comparison with the Riemann ¢-function

Lo(s) =Y 0",

n>1

which, initially defined on the half-plane {s € C : Jfte(s) > 1}, is then extended analytically
to C \ {1}. Recall that s = 1 is simple pole for ¢, with unital residue.

The following criteria for the asymptotic properties of the ¢-function ¢z (s) as s — 1
are based on various growth rates of the spectral multiplicity my as k — oo.

3.1. Criteria for meromorphic extensions of the ¢-function {1

Lemma 3.1. Fore € [0,1) and s € C such that Re(s) > 0, we have
[1—(1—¢)°| <|s|Log ((1—2)7").

Proof. Setting b := Log((1 — &)™), x 1= Re(s) =0, f(1) := (1 —e)' =e P forr e

[0, 1], we have
1
= '—bs/ ePst gt
0

1
< bls| [ le ™25 dt < b]s|. n
0

1
\1—(1—e)S|=|f<1)—f(0)|='/0 £ di

Proposition 3.2. (i) If Np is asymptotically continuous, then the {-function {j, is well
defined on the half-plane {s € C : Re(s) > 1} and it admits the limit

hm (s —1)Tr(p(L)*) = 3.1
seR,

2
@) If >, % < 400, then {1, is analytic on {s € C : Re(s) > 1} and it admits the

k

limit
li — 1D Tr(p(L)*) = 1. 32
sec,ﬂie({vr)l’l>1,s—>l(s ) I'(,O( ) ) ( )
2

i) I > % < +oo for some a € (0, 1), then {j, extends to a meromorphic func-

tion on the half-plane {s € C : Re(s) > a} with a simple pole at s = 1 and unital residue.
Proof. (1) By Proposition 2.5 (iii.a), the asymptotic continuity of Ny implies that

Un(p(L)) ~1/n asn — oo,
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so that {7, is well defined on {s € C : Jte(s) > 1}. The limit behavior is just the content of
Proposition 2.5 (iii.c).
(ii) and (iii) We suppose that the series ) m,zc /M kl * converges for some « € (0, 1].

Notice first that the assumption implies that limg_, oo 1""4—’; = 0. Hence limg _, o MAZI =1,
Ny, is asymptotically continuous by Proposition 2.9 (ii), and u, (o(L)) ~ 1/n asn — oo
again by Proposition 2.5 (iii.a). Let us write §, := 1/n — u,(p(L)). According to (2.1),

whenever k > 1 and Mj,_; < n < M} we have

| M, 1
0<68, <—(1-2KL) = 2% ond 0<ns, < 2k o1,
n M, n My M;

Let us estimate the difference
Go(s) = Cu(s) =Y (05— (™" =8,)%) =D _n7 (1= (1 —n8y)).
n>1 n>1

Since 1 —nd, > My_1 /My > 0fork >2, My =0, M; = m; > 1, applying Lemma 3.1,
we have, for s € C with Re(s) > 1,

Yo It = (1 =n8)*| < Is| Y- nm MO Log ((1 —ndy)™")

n>M; n>M;

My
slsly, D> a7 Log((1—nby)™)

k>2n=M;_,+1

My
<Is|Y. > n %O Log(Mi/My)
k>2n=Mj_;+1

M;
-R
<1 > MO/ Mi—y)
k>2n=M;_,+1
1+R
= Is| Y m}/ M,
k>2

where, under the current hypothesis, the last series converge as k — oo (since My ~
Mj._1) whenever Re(s) > «.

This means that the function ¢y — {z extends as a continuous function on the upper
half-plane Re(s) > « which is analytic on the upper half-plane Re(s) > «. The thesis
follows since {¢ is meromorphic with residue one at the simple pole s = 1. ]

Proposition 3.3. If m; = O(Mf), k — oo, for some a € (0, 1), then {1, extends to a
meromorphic function on the half-plane {s € C : Rte(s) > o} with a simple pole at s = 1
and unital residue.

Proof. The assumption my = O(MJ) implies that my /My = (mg/MZ)MZ~" — 0 as
k — 00, so that, by Proposition 2.9 (ii), Ny, is asymptotically continuous. Applying Propo-
sition 2.5 (iii.a), we have u, (L) ~ 1/n as n — oo and then, for any fixed 8 € («, 1), the
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following series converge:

My
Z 1+ﬁ = CZ 1+ﬂ o CZ Z pn (L)~HP7)

M,

k>1 k>1 k>1n=M;_;+1
=CY (L) U < foo,
n>1
Apply Proposition 3.2 to conclude. ]

The hypothesis of the previous proposition can be restated in terms of a bound on the
error term in the asymptotically continuous behavior of the counting function.

Proposition 3.4. For o € (0, 1), the two statements are equivalent:
@ mi = O0MY), k — oo;

(il)  there exists a continuous function ¢ such that
NL(x) = o(x) + O(p(x)¥), x — Fo0.

Proof. Suppose that mp = O(M}'). Notice first that my = o(My) so that My ~ M1,
and Ny, is asymptotically continuous. Let ¢ be the continuous piecewise affine function
defined as
o(x) = My + t(Mgy1 — My) = My + tmp4q,
€ [l Akl X = g + t(Ggen — Ak). £ €0, 1].
One has 0 < ¢(x) — Np(x) <mgi1 = O(M} ) = O(p(x)%), x — +o0, which provides

N (x) =@(x) + O(p(x)%). Conversely, if ¢ is continuous and such that Nz (x) = ¢(x) +
O(p(x)%) as x — 400, let us define the function r(x) by the formula

Np(x) = <p(x)(1 + r(x)).

On one side, one has 7(x) = O(p(x)*~!) as x — +o00. On the other side, the function
r(-) is right continuous with left limits r~(x) := limg o 7 (x — §), in such a way that

Np (x) = p(x)(1 + r~(x)).

Fixing § >0 small enough,jve have Ny, (Ikﬂ —0) = Mk while Ny, (/\k+1) = My+1,
i.e., Mk = @(Ak+1 — 8)(1 + r()tk_H - 8)) while Mk+1 (p(kk+1)(1 + ”(Ak+1)) Takmg
the quotient and making § tend to 0, we get

M 14 1+ 7 (hiet1) 14+ O(p(x)*™h) - -
- 7 = =1+0 =1+0WM
Mo " 1a G | 1TF 0o ORI =1 OMED

which means that mk“ =O(Mg~") and that my 41 = O(MZ)= O(M{ ) (since My 1 ~
My). [
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Summarizing, we have the following criterion of meromorphic extension.

Theorem 3.5. Suppose that there exists o € (0, 1) and a continuous function ¢ such that
N (x) = p(x) + O((p(x)“), x — +oo.

Then the C-function ¢ (s) = Tr(p(L)*) extends as a meromorphic function on the half
plane {s € C : Re(s) > a} with a simple pole at s = 1 and unital residue.

Proof. Apply Propositions 3.4 and 3.3. ]

3.2. Examples of densities and their {-functions

Example 3.6 (Compact smooth manifolds I). Let M be a compact, n-dimensional, ori-
entable, smooth manifold without boundary with cotangent bundle 7, : T*M — M. Let
m* be the symplectic volume measure on 7* M and fix a smooth volume measure m on
M . Disintegrating m™* with respect to m by 7*, one gets a family of measures m} on
T¥M for m-a.e. x € M such that m* = [, m% - m(dx).

Let L be the Friedrichs extension of an m-symmetric, positive, elliptic, smooth pseudo
differential operator of order k > 1 with classical symbol defined on C®° (M) C L?(M,m).
Let p be the principal symbol of L, understood as a real, homogeneous polynomial of
degree k on T*M or as a function on the cosphere bundle S*M . The spectrum of L is
discrete and the Weyl asymptotic formula for the eigenvalue counting function of L reads

1
Np(x) ~c-x"k x> 400, ¢c:= / m*{p(x,") <1} -m(dx).
L(x) e ), Hpx.) <1} -m(dx)
It follows by Proposition 2.9 that Ny is asymptotically continuous and that p(L) is a
density. The Hormander estimates for the remainder term [13, 14] reads

NL(x) =c-x"* + o(x" VK x > 400

and, by Theorem 3.5, it follows that the {-function ¢z, of the density p(L) is meromorphic
on{s € C:JRe(s) > 1 —1/n} and it has a simple pole in s = 1 with unital residue. The
order of the remainder term cannot be improved in general, but in case of a product of
2-spheres M = S? x S? and for the Laplace—Beltrami operator L, M. Taylor [19] proved
the estimate

Np(x) =c-Vol(S2 x §2) - x2 + 0(x*?), x = +o0, ¢ := (47)2/T(3)

which ensures that {7 is meromorphic on {s € C : fte(s) > 2/3}. As another example,
one can consider the Laplace-Beltrami operator L on the flat torus T” = R"/Z", where
the reminder term is O (x”~1/2=7) for some y > 0. The case n = 2 corresponds to the
classical Gauss problem: in fact N (x) coincides with the number of points in Z? falling
within the circle of radius x > 0. It is known [8, p. 6] that Ny (x) = 7x + O(x%) as
x — +oo with @ € (1/4,12/37). Still in [19], it is shown that on S2, the sub-elliptic
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operator L = X 12 + X 22 given by the sum of squares of two vector fields X;, X», generat-
ing rotations around orthogonal axes, has a counting function with a non-Weyl asymptotic
behavior

Np(x) = l)c Log(x) + O(x), x — +o0.

Again by Proposition 2.9, Ny, is asymptotically continuous and that p(L) is a density. The
asymptotic behavior of the counting function Ny, of hypoelliptic ¥DO is studied in [17].

One can have a meromorphic extension even if the counting function is not asymptot-
ically continuous:

Example 3.7. Let [F, be the free group with p generators (p > 2), £ the length function
on [, and L the multiplication operator by £ on the Hilbert space £(F,) (see [11]).

The spectrum of £is N: Ay = k fork > 1 with multiplicities my = 2p(2p — 1)¥~! and
My = 2p 722 ((2p — 1)*¥ — 1). Hence my /My — (2p —2)/(2p — 1) > 0 and, by Propo-
sition 2.9, Ny is not asymptotically continuous. However, since limg_, oo Mi4+1/ My =
2p — 1 > 1, Proposition 2.7 implies that the spectral weight p(L) is measurable and
that Tr,, (p(L)) = limgy, (s — 1) Tr(p(L)*) = %. We show that this limit
is indeed a residue:

Proposition 3.8. With the notations of the above example, we have that the zeta function
Cr(s)=Tr(p(L)%) extends as a meromorphic function on the half plane {s € C : Re(s) >0}
with a simple pole at s = 1 and residue

2p—2
(2p — ) Log(2p—1)°

Resg—1(¢1) = lim (s — 1) Tr(p(L)*) =

s€C,Re(s)>0,5—1

Proof. Let us compute for e(s) > 1

Tr(p(L)*) = Y meM*

k>1
2p —2)¢ —s
= @p)~*! (2’;—_1) > ep-Di@p-1F-1)
k>1
= oyt L g - 1R ep - 1)
k>1

= (s)(Z1(s) — Zz(S))
with

o o(s)=02p)—* “(22‘;;_21)s: ¢ extends as an analytic function on the whole complex
plane; its value at s = 1is 2p —2)/(2p — 1);

o Zi(s) = ,2p— 1yk—ks = fé;—%: Z1 extends as a meromorphic function

on the whole complex plane with one pole at s = 1 which is simple, with residue
1 .
Log(2p—1)°
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o Zy(s) =) C2p— D*=ks(1 — (1 = (2p — 1)7%)%): Z, appears as a sum of analytic
functions, each of them being bounded that way: fix S > 0, then there exists a constant
C such that

I-(1-Cp-DF)|=cep-D7* k=z1ls=5S,
hence
Cp - (1-(1-2p-D7F))| =cep-D*, k=1 |s| =<8

The series Y , (2p — k=ks(1 — (1 — (2p — 1)7%)%) converges locally uniformly on
the upper half plane Jte(s) > 0 and its sum defines an analytic function on the half
plane Jte(s) > 0.

Gathering those intermediate results, the proposition is proved. ]

4. Volume forms associated to spectral weights

4.1. Volume forms
Fix a Dixmier ultrafilter w on N as obtained in Section 2.4.

Definition 4.1. The volume form on B(h) associated to L and w will be the linear form Q7.
B(h)> T — Qr(A) = Tr, (Tp(L)).
The restriction of €, to a sub-C *-algebra A C B(h) will be called volume form on A.

Volume forms satisfy some obvious properties:

Proposition 4.2. (i) Q. is a positive, hence uniformly continuous linear form on B(h)
with norm less than Tr,(p(L)) < 1.

(ii) 27, vanishes on the C*-algebra K (h) of compact operators, and hence defines a
positive linear form on the Calkin algebra B(h)/ X (h).

(iii) Q(T) = & — lim, 0 %Tr(Tp(L)H'%) (cf. equation (2.2) in Section 2.4).

Proposition 4.3. For any measurable function ¢ : R4 — Ry such that
NL(x) ~ ¢(x), x — o0,
(i)  the operator ¢(L)™" belongs to the ideal £°° (h) and
Try (p(L)) = Try, (9(L)™")  for all ultrafilter w;

(i) forany T € B(h), the compact operators Tp(L), T (L)™! belong to the ideal
£ 129 (h) and the volume form can be represented as

Qr(T) :=Try (Tp(L)) = Try, (To(L) ).
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Proof. (i) One has N (x)™! ~ ¢(x)~!, which we write

e(x) ' =N (x)™h + g(x)Np(x) ™!

for some function g with limy_, o, g(x) = 0. We then have ¢(L)™! = p(L) + g(L)p(L)
with g(L) compact. Hence g(L)p(L) belong to the closure éﬁgl’oo) (h) in £1°) (k) of the
ideal of finite rank operators, on which the Dixmier trace vanishes and the result follows.

(i1) Notice that B(h) > T — Tr,(Tp(L)) is a positive linear form, hence is a norm
continuous functional on B (%). As it is obviously O whenever 7" has finite rank, it vanishes
on the C*-algebra K (k) of compact operators. Hence, we have Tr,,(g(L)p(L)) = 0 and,
forany T € B(h), Tr,(Tg(L)p(L)) = 0. [

Hereafter are the first examples of such volume states and linear forms.

4.2. Compact smooth manifolds II

(1) In the framework and notations of Example 3.6, consider the action g — M, of the
commutative C *-algebra C(M) by pointwise multiplication on L2(M, m). By the Weyl
asymptotic formula Nz (x) ~ ¢ - x*/* =: ¢(x) as x — +o0, Ny, is asymptotically contin-
uous, p(L) is a density, and the volume forms Q. are states. Since (L)™' = ¢~ . L7"/k,
by Proposition 4.3 one has Q7 (T) = ¢! - Tr,, (T L™"/*). The restriction of these states
to C(M) is represented by probability measures vy,: Qr(Mg) = |, & dve.

Let 7* : S*M — M be the cosphere bundle whose fibers are the rays of 7*M and
consider a scalar valued, elliptic, m-symmetric 1-order WDO on M with classical symbol,
denoting by D its self-adjoint extension to L2(M, m).

(ii) Since the operators D and M,, g € C°°(M), are scalar valued ¥DO, their sym-
bols commute. Also, since they are of order 1 and 0, respectively, by the rules of pseudo
differential calculus, the commutators [D, M,] are 0-order WDO, thus bounded. Hence
(C®(M), D, L>(M,m)) is a (d, oo)-summable spectral triple on C(M), in the sense of
A. Connes [7]. The spectral weight p(|D|) is a density and the volume forms |p| are
states on C(M ) represented by probability measures v, on M: Qp|(Mg) = [3, & - dve.

(iii) Let +A be the *-algebra of scalar valued, 0-order WDO on M , acting boundedly on
L?(M,m). Let (M) be the C*-algebra of bounded operators on L2(M, m) generated
by # (see [12]). Again, since D and operators T in # are scalar valued, their symbols
commute and since they are of order 1 and 0, respectively, the commutators [T, D] have
0-order and are thus bounded. Hence (A, D, L2(M,m)) is a (d, oo)-summable spectral
triple on f (M). Since

0— K (L2(M,m)) - P(M) > C(S*(M)) -0

is a C*-algebra extension (see [10, 12]) and the volume states |p restricted to & (M)
vanish on the ideal K (L2(M, m)), it follows that they factorize through suitable prob-
ability measures v, on the cosphere bundle S*(M). As the representation g — M,
is injective, we can identify C(M) with its image in B(L?(M, m)). Since C(M) N
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K(L*>(M,m)) = {0}, C(M) C P (M), and the restriction of the principal symbol map
o is given by 0 (M) = g o ™ for any g € C*° (M), the measure v,, is the image of v}
under 7* : S*M — M.

4.3. Multiplication operators on discrete groups

Let G be a countable discrete group with unit e and left regular representation A in the
Hilbert space [2(G). If {§¢}gec is the canonical orthonormal base of /%(G), we have
l(g)gh = Sgh, g,h eG.

Let £ be a proper function from G in Ry and L the operator of multiplication by £
on [2(G): L8, = £(g)3,. The (discrete) spectrum of L coincides with the image of ¢:
sp(L) ={€(g): g€ G}.Foranye # g € G,s € C, Re(s) > 1, we have

Tr (AM(@)p(L)*) = D (8 | NL(E(®) " 8¢n) 2y = O-
h

The generic element a € C,5,(G) has a Fourier expansiona = ¢ dgA(g) andisauni-
form limit of elements of which the Fourier expansion has finite support (a, = 0 except for
a finite number of g’s). For a with finite support, we have Tr(ap(L)*) = a. Tr(p(L)*) =
t(a) Tr(p(L)*), where 7 is the canonical trace on C5,(G): t(a) = a. By uniform conti-
nuity, this formula extends to any a € C.5,(G). Finally, applying formula (2.2) of Section
2.4, we get

QL(a) = Tr, (ap(L)) = 7(@) Try (p(L)). @ € C4(G).

Normalizing Q2 by Tr, (p(L)), we get the canonical trace 7 for any ultrafilter . The mul-
tiplicity m(A) of an eigenvalue A >0 is the cardinality of the level set {g€ G : £(g) =1},
while its cumulated multiplicity M(X) is the cardinality of the sub-level set {g € G :
£(g) < A}. In case m(A) = o(M(A)) as A — +o0, the eigenvalue counting function is
asymptotically continuous, p(L) is a density, and the volume form 27, coincides with the
trace state t for any ultrafilter w. This is the case of the word length function £ of a system
of generators for a discrete group G with subexponential growth [8].

Example 4.4. We apply the previous argument to the case where G = I, is the free
group with p generators and exponential growth and L is the multiplication operator by
the length function £. Extending the argument of Section 4.3, we get easily

Tr (ap(L)*) = ae Tr (p(L)°) = (a) Tr (p(L)*)

fora € C%,(G) and s € C, Re(s) > 1. Proposition 3.8 allows to reach the volume form
as a residue:

_ 2p —2
AL = Gy —DLeger -1
= lim (s =) Tr(ap(L)*), a € Cry(G).

seC, Re(s)>1, s—>1
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5. Further examples

5.1. The Toeplitz C*-algebra I
Let A C 8(I%(N)) be the Toeplitz C *-algebra generated by the shift operator S on /2(N):

Se, =ey+1, neN,
and let L be the multiplication operator on /2(N) given by
(Lu)(n) := nu(n), n €N, uel?N).

Its spectrum sp(L) = N is discrete with all multiplicities equal to one and counting func-
tion Nz (x) = [x] + 1 for x > 0. Hence N(L) = L + 1 and p(L) = (L + 1)~'. Since
Np(x) ~ ¢(x) := x as x — 400, N is asymptotically continuous and measurability
holds true. In this case, {;, coincides with the Riemann {-function {, and since the remain-
der function Ny (x) — ¢(x) =1 — (x — [x]) is bounded, applying Theorem 3.5 for all
a € (0, 1), we obtain the well-known fact that {, is meromorphic in the open right half
plane with a simple pole at s = 1 and unital residue. The volume forms

Qr(a) = Tr, (ap(L)™") = Try(aL™"), a€A

are states on A vanishing on the ideal J (/?(N)) of compact operators. Since A is an
extension in the sense of [D]:

0— K(I2(N)) > 45 C(T) - 0,

where T is the unit circle and 0(S)(z) = z for z € T, it follows that the states 27, are
determined by probability measures my on T, Qf (a) = fT o(a)dmg, for all a € A,
and that they are thus traces on A since C(T) is commutative. Since Tr(S¥L ™) =
S asolen|SknSe,) = 3, o n75(enlentk) = k.0 - Lo(s) for all s > 1 and k > 0, by
formula (2.2) we have Qf, (S'k ) = 8k,0. Hence all measures m,, coincide with the Haar
probability measure m g for any ultrafilter @ and a L ™! is measurable for any a € A.

5.2. The density of Euclidean domains having infinite volume

In Euclidean domains with infinite volume €2, the Weyl asymptotic formula cannot hold
true for the Laplacian L with Dirichlet boundary conditions on d€2, even if the spectrum is
discrete. B. Simon determined in [18, Theorem 1.5] the asymptotic behavior of Ny, for cer-
tain planar domains of infinite volume. For example, when Q:={(x, y)eR? : |xy| <1},
one has

1
AaL() =Zp(t) ~—-1""Log(t™), t—07"
T

from which, by Proposition 2.11, one derives the asymptotic behavior

1
Np(x) ~ - -x -Log(x), x — +oo.
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Hence Ny is asymptotically continuous and, by Proposition 2.9, p(L) is a density. The
volume states read

Qu(T)=m-Tt, (TL™'Log (L +1)). T € B(L*(Q.dx))

and they determine probability measures v, on €2 by fQ fdv, = Qp(My) for f €
Co(R2).

5.3. Kigami’s Laplacians on post critically finite (P.C.F.) fractals

Let K be a P.C.F,, self-similar fractal set and (&, &) the Dirichlet form associated to a fixed
regular harmonic structure (with energy weights O < ry, ..., 7, < 1) in the J. Kigami’s
sense [16]. This quadratic form is closable with respect to any Bernoulli measure m on
K (with weights 0 < uq, ..., 4, < 1 such that Z:‘n=1 ni = 1) and we denote by L the
densely defined, nonnegative, self-adjoint operator on L?(K,m) associated to its closure.
Set y; := /7ift; and define the spectral dimension dyg as the unique positive number such

that
m
d
2Vt =1
i=1

In the non-arithmetic case, where Y ;- ; Z Log y; is a dense additive subgroup of R, the
asymptotics of the counting function Nz, follows a power law similar to the Weyl one for
compact Riemannian manifolds (see [16, Theorem 2.4]):

ds/2

Np(x) ~c-x X — 400,

where
m -1
Cc = |:— (Zyids LOg)/i) f e—dstR(ezt)dt:|
i=1 R
and
m
R(x) := NL(x) = ) Nr(ripix).

i=1
Consequently, the spectral weight p(L) is measurable and it is in fact a density. Evaluating
the volume forms €27, on the multiplication operators My € B(L?(K, m)) by continuous
functions g € C(K), one gets positive states on C (K) represented by probability measures
Ve on K

Qr(Mg) = ¢! Try, (M, - L™9/2) =/ g dve.
K

6. Volume traces from densities

We denote by Ay, the so-called Lipschitz algebra of L, i.e.,
A = {a € B(h). [a, L] is bounded}.
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6.1. Statement of the results

The purpose of the whole section is to prove the following theorem, together with two main
corollaries, providing conditions which ensure the existence of hypertraces or amenable
traces (see [1, 6]). In case of a finitely-summable spectral triple [5, p. 68], the result,
known as Connes’ trace theorem, is proved in [6, Theorem 8 and Remark 10 (b)]. In case
of a (d, co)-summable spectral triple, a proof of the result, stated in [7, Chapter IV.2,
Proposition 15], is provided in [3].

Notice that the condition ¢ € WIiC’I(R+) in the theorem below means that ¢ has a
derivative ¢’, in the sense of distributions, which is a locally L!-function, and implies that
¢ is continuous and a primitive of ¢’: ¢(x) = ¢(0) + fox ¢'(t)dt, x € R4,

Theorem 6.1 (Trace theorem). Suppose that the counting function satisfies
Np(x) ~¢(x), x — 400

for some nonnegative, increasing function ¢ € Wléc’l (R4) such that

ess-limsup ¢’ (x)/¢p(x) = 0. 6.1)

xX—>+00

Then the following limit properties hold true.
(L.a) For s > 1, (L)™* is trace class and limg 1 (s — 1) Tr(p(L) ™) = 1.
(1.b) Fora € Ar, one has

lijIll(S -1 Tr(|[a, (p(L)_S]|) =0.
N
(1.c) Fora € Ap and b € B(h), one has

lifll(s — 1) Tr ((ab — ba)p(L)™) = 0.

(2) Hypertrace properties.
For s > 1 define the linear functionals

ws(b) := (s — ) Tr (bp(L)™), b e B(h).

As s | 1, the limit point set of {ws € B(h)* : s > 1} is not empty and any such limit linear
form t is a state on B(h) with the following properties:

(2.a) T vanishes on the algebra X (h) of compact operators;

(2.b) T is a hypertrace on the uniform closure A of the Lipschitz algebra Ay, :

(ba) = t(ab), ae€ A, be Bh);

(2.c) the restriction of T to A is a tracial state.
(3) Any volume form Q1. (a) = Try,(ap(L)) on B(h) is a hypertrace and a tracial state
on A (with w as in Section 2.4).
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The first corollary is just a variation on the conclusions, with the same assumptions:

Corollary 6.2. Suppose that the counting function satisfies
Np(x) ~¢(x), x — 4o
for some nonnegative, increasing function ¢ € Wléc’l (R4) such that

¢ € LYP(Ry), ess-limsupg’(x)/@(x) = 0.

X—>—+00

Then the following limit properties hold true.
(L.a) For s > 1, p(L)* is trace class and limg 1 (s — 1) Tr(p(L)*) = 1.
(1.b) Fora € Ap, one has

li¢nll(s - l)Tr(’[a, p(L)S]‘) =0.
(1.c) Fora € Ay, and b € B(h), one has

li¢rr11(s — 1) Tr ((ab — ba)p(L)*) = 0.

For s > 1 define the linear functionals
ws(h) :=(s—1)Tr (bp(L)s), b € B(h).

As s | 1, the limit point set of {ws € B(h)* : s > 1} is not empty and any such limit linear
form t is a state on B(h) with the following properties:

(2.a) T vanishes on the algebra X (h) of compact operators;

(2.b) T is a hypertrace on the uniform closure A of the Lipschitz algebra Ay :

t(ba) = t(ab), ac A, be Bh):; (6.2)

(2.c) the restriction of T to A is a tracial state.
(3) Any volume form Q. (a) = Try,(ap(L)) on B(h) is a hypertrace and a tracial state
on A (with w as in Section 2.4).

The second corollary provides a sufficient condition for the assumptions above to hold
true. It requires that the relative multiplicities vanish faster than the spectral gaps of L:

Corollary 6.3. Suppose that the following conditions on the spectrum of L are satisfied:
lim mg/Mg =0 and 5 = o(Res1(L) — A(L)) as x — +oo0.
k—o00 M,

Then the assumptions of Corollary 6.2 are satisfied, so that all of its conclusions hold true.
In particular, they hold true if N, is asymptotically continuous and the spectral gaps are
uniformly bounded away from zero

liminf (11 (L) — A (L)) > 0.
k—o00
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Passing from the operator L to a monotone functional calculus f (L) of it, multiplici-
ties remain unchanged but gaps f (Xk+1 Lyy)y-f (Xk (L)) may vary. However, conditions
involving gaps in the corollary above are still satisfied, for example, if f € C!(R) and
inf f' > 0.

The theorem, together with its corollaries, will be proved in Sections 6.3 and 6.4, after
some examples and comments.

Example 6.4 (The Toeplitz C*-algebra II). Let P = {2, 3,5, ...} be the set of prime

numbers and let S’ : [2(P) — [?(IP) be the shift operator defined as (S’u)(2) = 0 and

(S’u)(p) = u(p’), where p’ € P denotes the greatest prime strictly less than p € P for

p>3. S isanisometry S"*S’=I which generates the Toeplitz C *-algebra A’ C B(/*(P)).
Let J be the operator on /2(IP) defined by

(Ju)(p) := pu(p)., peP, uel*P).

We have Sp(J) = P, all multiplicities equal to one, and, by the prime number theorem,
Nj(x) ~ ¢(x) := x/Log(x) for x — 400 so that N is asymptotically continuous and
p(J) is a density. Since ¢’(x) = (Log(x))~! — (Log(x))™2 > 0 for x > 3, ¢ is strictly
increasing and since ¢’(x)/¢(x) = x~! — (x Log(x))~! — 0 as x — +o0, by Theorem
6.1 we have that the volume state on B(/2(P)):

Qy(a) = Try (ap(J)™") = Try(aLog J/J), a€ A,

is a hypertrace on the Toeplitz C *-algebra, vanishing on the ideal X (/%(IP)). Since for
s>1

Tr (S* (1)) = Y (8p1S%0(1)*8,) = D (p/ Log(p)) " (5,1S™8))
peP peP
=Sk, Z (p/ Log(p))_s ~ 8o (s—=1D7 ass — 1T,

peP

by formula (2.3) we have Qs (S’ ky = 8k o for any Dixmier ultrafilter . Analogously to
the situation of Section 5.1, one has A’/ K (P) >~ C(T) and the induced measure on the
circle T is again the Haar probability measure.
To compare the situation described in Section 5.1 to the present one, let us notice first
that, since
[L,S]e, = LSe, —SLe, = Ley+1 —nSey
=0+ Deyt1 —ney+1 =epy1 = Sep, n €N,

we have [L, S] = S so that the *-algebra 4 generated by S contains all commutators
[L,a] for any a € Ay, On the other hand, the commutator [J, S'] is unbounded since

([J. 8"Tu)(p) = p(S'u)(p) — S’ (Ju)(p)
= pu(p’)—(Ju)(p") = (p—pHu(p’), 3<peP
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and it is known that the prime gap g(p’) := p — p’ can be arbitrarily large. Moreover,
[Log J, S'] is compact. In fact, for 3 < p € P

([Log J. S'Ju)(p) = (Log p)(S'u)(p) — S((Log J)u)(p) = pu(p’) — ((Log J)u)(p")
= (Log(p/p))u(p’) = (Log(p/p"))(S'u)(p)
and it is known that lim,_, 1 o, p/p’ = limp 4 o(1 — g(p’)/p’) = 1. However, A. E.

Ingham [15] showed that there exists a € (0,3/8) such that p — p’ < p’'= for sufficiently
large p. Hence, for this fixed value of « and for sufficiently large p, we have

o a - L
Ofpa_p/a:p/a[(l_’_pplp) _1]§plaap P =Oép P

p/ p/l—a E o

so that, for some constant C > «, we have 0 < p® — p'® < C for all p € P. Then
J* SMu)(2) = J¥(S'u)(2) — S'(J*u)(2) = 0andfor3 < p e P

(( P

([%, STu)(p) = p*(S'u)(p) — S’ (Ju)(p) = p*u(p’) — (Ju)(p)
=(p*—p*ap) = (p*—p%) - (Su)(p).

It follows that ||[J*, S’]|| < C and that all commutators [J%, a] are bounded for any a
in the *-subalgebra A’,, C A’ generated by S’. Notice that Q; = Qj« since J¢ is an
increasing, unbounded function of J. In conclusion, even if the C *-algebras A and A’ are
isomorphic and their hypertraces correspond to €27 ~ €2, these structures differ from a
metric point of view since their Lipschitz algebras are not isomorphic sz ~ A'r,.

Example 6.5. The Dirac operator D of a spectral triple (s, i, D) defined on a C *-alge-
bra A, represented in a Hilbert space /, and associated to a filtration of % as in Section 2.3,
has spectrum N. All spectral gaps are equal to 1 so that the second condition in Corol-
lary 6.3 is satisfied. As soon as the growth of the filtration satisfies
lim My /My =1,
k—400

the spectral weight p(D) is then a density and the volume states Qp are hypertraces for
any Dixmier ultrafilter .

6.2. Relationship with subexponential growth

Here, we assume that the assumptions of Theorem 6.1 hold true. As a first consequence,
we show that L has subexponential spectral growth rate. Let us recall (cf. [4]) that the
subexponential growth of L means that the semigroup {e*L},-¢ is nuclear (i.e., trace
class), and that it is proved there [4, Lemma 3.13] that, for an operator with discrete
spectrum, it is equivalent to the limit property lim, .o " /N (n) = 1. This equivalence
remains true for an operator having discrete spectrum off of its kernel, provided one adopts
the notation of Section 2.1 for the functional calculus of L.

Lemma 6.6. For any > 0, the partition function is finite Z1 (B) := Tr(e PL) < +oc.
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Proof. Condition (6.1) on ¢ implies that, for any fixed 8 > 0, the function x — e #*¢(x)
has a derivative (¢’(x) — Be(x))e #* which is eventually almost everywhere negative.
Hence the function x — e #*p(x) is nonnegative and eventually decreasing, so that it
admits a finite limit at +oco. Consequently, for all fixed 8 > 0, limy_ 4 o0 e 2#*p(x) = 0.
In particular, lim, o0 e 2" @(n) = 0, so that lim SUP, oo /(n) < €28 Since this holds

for any §>0, we get limsup,,_, ., v/¢(n) <1 (and indeed lim, o, v/¢(n)=1). By equiv-
alence of functions, we have as well lim,_, o, " /N (n) = 1. Applying [4, Lemma 3.13],
we get the result. ]

6.3. Preparatory results
In this section, we assume the hypotheses of Theorem 6.1. We fix some a € Af .
Lemma 6.7. Fors > 1, ¢(L)™* is trace class, with lims—14(s — 1) Tr(p(L)™*) = 1.

Proof. The assumptions made imply that ¢ is a continuous function, which in turn implies
that limg My /Mj_; = 1 (by Proposition 2.9). Then, by Proposition 2.5, we get

NL (/\n (L)) ~n

as n — +o00 (eigenvalues numbered with repetition according to the multiplicity) and thus
An(@(L)™Y) ~ 1/n. The result follows easily. L]

The assumptions on ¢ lead to the following technical result.
Lemma 6.8. Fors > 1 and N € N*, one has
(L) (e’ _ @)
k=N @(Ak (L)) (A (L) = Ae(L) — axiyay #O)

Proof. To short notation, set A := Ag (L), etc. Keeping in mind the fact that ¢ is increas-
ing, we write fork > £ > N

o) =@y _ /Xk sp) o)

o) i ()
e s (x)* 1! (x)
—— —7d

= A oo

<sC —A)ess sup_ ¢'(x)/p(x)
)u[fxﬁlk

< s(hg — Ae)ess- sup @' (x)/g(x). n
Xfo

Let L2(h) be the space of Hilbert—-Schmidt operators on / with norm
|2 = Tr(@*®)'/?
and corresponding scalar product (¥, ®), = Tr(¥*®). For £ > 1, let us denote by 7y

the orthogonal projection in % onto the eigenspace of L corresponding to the eigenvalue
Ae(L).
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Lemma 6.9. Let {0y ¢}k ¢>1 C C be a bounded set and T a bounded operator on h. Then
D arm Trep(L) ™2, s> 1,
kL

is a Hilbert—Schmidt operator and the following estimate holds true:

| Z i Trep(1) 2| < (suplesel) - 171 Tr (p(2) )"
k bl

B

Proof. As the right and left actions of B(h) on L?(h) commute, for each k, £ > 1 we
define an orthogonal projection py ¢ in B(L?(h)) by

pk’gCD = n; Py, € L2(/’l).

We have obviously Zkl Dk,¢ = 1, so that the operator norm of Zk,l Qk ¢ Pk,¢ acting on
L?(h) is supy ¢ etk ¢|. We get the result writing

Y eum Trgp(L) ™ = apymie To(L) ™y = (Zak,zpk,z)ﬂﬂ(L)_s/z. u
kot .t .t

Proposition 6.10. Foranys > 1 and N > 1, set

(A (L))’ — o(Re(L))’
Yn(s) = A -
e kﬂZzN @A (L)) (A (L) — Ae(L))

(i)  One has Yn(s) € L?(h) with

kL, almep(L) /2.

|Yn )], < s( sup @' (0)/0))[[L.al] Tr (¢~ (L))",

X>AN
(i) limgyi(s — DV2|Y1(s)]2 = 0.

Proof. To short notation, set A := A (L), etc. For (i), apply Lemmas 6.8 and 6.9. (ii) Fix
&> 0and N > 1 such that

ess- sup o' (x)/o(x) <e.

X>AN

On one hand,

3 o(i)* — o(Ay)*

T mi[ L. almep(L) 2
1<{<N,k>( P(Ar)* (Ak — Ae)

Yi(s) —Yn(s) =

has a Hilbert-Schmidt norm less than C ||(Zév=1 70)@(L)™/?||, for some constant C
depending only on ¢ and ||[L, a]||, by Lemma 6.9. Hence ||Y1(s) — Yn (s)]|2 is bounded
independently of s. For s close enough to 1, we then have (s — 1)1/2| Y1 (s) — Yn (s)||2 <e&.
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On the other hand, applying (i), we get | Y (s) |2 < es||[L.a]|| Tr(¢™*)'/?. Applying
Lemma 6.7, we get that, for s close enough to 1, (s — 1)1/2Yy (s) has a Hilbert-Schmidt
norm less than ¢ - s - |[L, a]|| - (1 + ¢).

Summing up, we get that, for s close enough to 1, (s — 1)1/2Y; (s) has Hilbert-Schmidt
norm less that ¢ - (s||[L, a]||(1 + &) + 1). [

Proposition 6.11. Setting

_ (L))’ —o(Re(L))
Zi(s) = (L)™/? ¢~( — =
v 12;£e¢ o(e(L)) (L) — Te(L))

Tk [L» Cl]f[[,

we have
()  Z1(s) € L2(h) whenever s > 1,
(i) limgy (s — D2 Z1(s)]|l2 = 0.

Proof. Uptoasign, Z;(s)* is given by the same formula as Y7 (s), with § substituted to s
and a* substituted to a. Apply Proposition 6.10 (i) and (ii). ]

Lemma 6.12 (Chain rule). Forany f € C(R) and a € Ap we have, fork, £ > 1,k # ¢,
@) mla, f(Dlm = 0 and mela, f(L)]me = (f Qi) = f Qo) mrame,
(i) mk[L,almg = (g — Ag)mxany,
(i) el (L) = LELILOALN 1 g1,

Ak (L)=Ag(L)
In other words, by easily understood abuse of notation, we can write

(f (Rk(L) = f (Re(L)))
7(L = = =
o P01 =2 ) TR

wr[L,almg.

Proof. (i) and (ii) are straightforward. (iii) is an obvious combination of (i) and (ii). ]
Proposition 6.13. For any a € Ay (ie., [a, L] is bounded), one has

lim Tr (|[a.o(L)~*]|) = 0. (6.3)

Proof. To short notation, set A := Ar (L), etc. Lemma 6.12 allows us to write

I -5 _ I -
[a.o(L)~] = Z (o k)z ;( 0 )nk[L,a]ng
kL k—Ag

_ (¢()* — (o))
kL P(Ak) 7 (A — A @(Ag)~*
=Xt + X (s5)

mi[L, a]mg
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with
w)* — o(he)®)
X*(s) = O )
s k>24:21 O(A) S (A — A)e(Ae) ™S nwi|L, almy
(p()* — o (Le)*) s
— — _ ) L, L
k>t>1 O(Ae) S (A — Ao) mi[L. almep(L)
= Y1(s)p(L)™*/?
while

- (p(h)* — p(Xe)%)
X ()= o) = 9())
S 15% oA (e = A)p (o)™

L (0C)® — 9(Re)%)
(1)~ )"~ eGo)
15% T s

= o(L)™?Zy(s).

mi[L,alm,

mi[L, alme

Let Xt (s) = u*(s)| X *(s)| be the polar decomposition of X4 (s). Applying Lemma 6.7
and Proposition 6.10 (2), we get
Tr (|X+(s)|) =Tr(ut(s)*X*(s))
=Tr (™ ()" V1(9)e(L)™/?)
=Tr (p(L) " u™* (5)*Y1(5))
Ju* @)=, 1)1,
= O((Re(s) = 1)""*)o((Re(s) — 1)

IA

_1/2) — O(RC(S) . 1)—17
which proves (s — 1) Tr(|X T (s)|) — Oas s | 1.
A similar argument, mutatis mutandis, provides (s — 1) Tr(|X ~(s)|) > Oass | 1. m

Lemma 6.14. If T is a compact operator, then

li¢rr11(s — 1) Tr(Te(L)™) =0.

Proof. Fix ¢ > 0 and Tj a finite rank operator such that |7 — Ty|| < €. On one hand,
limgy; Tr(Top(L)™*) = Tr(Top(L)™!) exists, so that limgy;(s — 1) Tr(Top(L)™*) = 0,
which means that | Tr(To@(L)™*)| < ¢ for s close to 1. On the other hand, one has for
s>1,

(s — | Tr (T = To)p(L)™)| < e(s — 1) Tr (L))

with, by Lemma 6.7, (s — 1) Tr(¢(L)™) < 1 4+ ¢ for s > 1 close to 1. Summing up, we
have (s — 1)| Tr(T (L) ™)| < (2 + ¢) for s > 1 close to 1. [
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6.4. Proofs of the theorem and its corollaries

Proof of Theorem 6.1. (1.a)is Lemma 6.7. (1.b) is Proposition 6.13 and (1.c) is an obvious
consequence of (1.b). In (2), the fact that the 2 are bounded as s — 1+ and that a limit
linear form is a state is a consequence of Lemma 6.7. (2.a) comes from Lemma 6.14. (2.b)
and (2.c) come from (1.b) and (1.c). [

Proof of Corollary 6.2. We have ¢! = Ny (1 + g) with g : Ry — R4 vanishing at
infinity. This implies that (L)™' = Ny (L)"'(I + T) with T a compact operator com-
muting with L, Nz (L), and ¢(L). Apply Lemma 6.14 repeatedly for substituting Ny (L)~}
by ¢(L)~! in every successive item of Theorem 6.1. |

Proof of Corollary 6.3. Let ¢ be the continuous piecewise affine function on R interpo-
lating affinely between the points Ax (L) and Ag 41 (L), i.e.,

M1 — My
Ak+1(L) — Ak (L)
This is the function constructed in Proposition 2.9, where it is shown to be asymptotically

equivalent to Ny, provided that M/ Mk tendsto 1 as k — oo.
¢ is differentiable on each interval (/\k, kk+1) with derivative

o(x) = My + (x — kk(L)) whenever x € [Xk(L),IkH(L)].

M1 — Mk
(X)) = =—5—
M1 — A
Moreover, for x € (Ag, Ax+1) we have ¢(x) > My and ‘fp((;‘)) < (M"Jrl - )IkHl—Ak and
by hypothesis we have limy_, 4 ‘p(()f)) =0. ]

6.5. Densities on C*-algebras extensions

We conclude with a remark concerning densities and their volume forms on C *-algebras
extensions A C B(h) in the sense of [10, 12]

0> XK—>A4>CX)—0,

where K is the elementary C*-algebra represented in 4 with finite multiplicity and X
is a compact metrizable space. This framework includes the Toeplitz extension and the
extension generated by scalar, 0-order WDO on compact manifolds.

Proposition 6.15 (Volume forms on extension). Assume the counting function Ny, to be
asymptotically continuous. Then, for any fixed Dixmier ultrafilter w,

(i)  the volume form
Qr:BMh)—>C, Qp(T):=Tr, (Tp(L))

is a state vanishing on the ideal K (h) of compact operators and thus it factor-
izes through a state on the Calkin algebra @ (h) = B(h)/ KX (h);
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(ii)  the restriction of Qp to A is a trace that factorizes through a probability measure
Mo on X

Q@) = [ (@) adx), aca,

Under the assumptions of Theorem 6.1 or Corollary 6.3, we also have
(iii) g is a hypertrace (or amenable trace state) vanishing on the ideal X;

(iv)  there exists a conditional expectation EL : 8(h) — L®(X, i) such that

Qu(T) = [ ELT)-dpo. T < B(D).

Proof. Straightforward. ]

A. Appendix

A measurable function f : Ry — Ry is said to be regularly varying if there exist the

limits
k(s) := lim DACL)
t—+oo f(2)
If k(s) = 1 for all s > 0, then f is said to be slowly varying. Necessarily, k must have
the form k(s) = s¥ for some y € R, called the index of regular variation (f € R,) and
f(t) = t7L(¢) for some slowly varying function £ € Ry.

€ (0,400) Vs>0.

Theorem A.1 (Karamata’s characterization). The following characterization holds true:
f € Ry if and only if for some 0 > —(y + 1) one has

"t f(1)

m —2 —g4y+l
t—>+o00 f(f X9 f(x)dx

Theorem A.2 (Karamata’s Tauberian theorem). Let u be a positive Borel measure on
[0, +00) such that

+o0
/ e ™ u(dx) < +oo forallt >0
0

and suppose that it has a regularly varying Laplace transform (with index y € R)

+o0
) = / e " u(dx), t>0.
0
Then the function Ny, : Ry — Ry defined as Ny (a) := ([0, a)) has the following asymp-

totics: N
_ _bk(/a)
Fy+1’

Notice that the function @ +— fi(1/a) is continuously differentiable as it is ji:

Ny(a) = p([0,a)) a — +oo.

m +o0
(;—l;(t) = —/(; xe " u(dx), t>0.
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