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Measurability, spectral densities, and hypertraces in
noncommutative geometry

Fabio E. G. Cipriani and Jean-Luc Sauvageot

Abstract. We introduce, in the dual Macaev ideal of compact operators of a Hilbert space, the
spectral weight �.L/ of a positive, self-adjoint operator L having discrete spectrum away from
zero. We provide criteria for its measurability and unitarity of its Dixmier traces (�.L/ is then
called spectral density) in terms of the growth of the spectral multiplicities of L or in terms of the
asymptotic continuity of the eigenvalue counting functionNL. Existence of meromorphic extensions
and residues of the �-function �L of a spectral density are provided under summability conditions
on spectral multiplicities. The hypertrace property of the states �L.�/ D Tr!.��.L// on the norm
closure of the Lipschitz algebra AL follows if the relative multiplicities of L vanish faster than its
spectral gaps or if NL is asymptotically regular.

1. Introduction

Trace theorems for unbounded Fredholm modules .A; h; D/, alias K-cycles or spectral
triples, subject to various summability behaviors, date back to the dawning of noncom-
mutative geometry [5–7]. They were proved under finite summability in [6] and hold true
also under summability in the dual Macaev ideal in [3]. They were used to deduce hyper-
finitness of weak closure of the �-algebra A in certain representations and to rule out the
existence of unbounded Fredholm modules or quasidiagonal approximate units in normed
ideals, with specific summability conditions (see [6, 20]). Also, a hypertrace constructed
by .A; h;D/ provides a Hilbert bimodule, unitary representation of the universal graded
differential algebra ��.A/ [7, Chapter 6.1, Proposition 5].

Here we associate a spectral weight �.jDj/ in the dual Macaev ideal L.1;1/.h/, to
any unbounded Fredholm module .A; h;D/ and, more in general, to any filtration F of a
Hilbert space h (in the sense of [20]). The spectral weight �.jDj/ depends, in particular,
on the spectral multiplicities of D but not on the location of its eigenvalues.

Under a quite simple assumption on the growth of the filtration, we show measurability
of �.jDj/ and under the asymptotic continuity of the eigenvalue counting function NjDj,
we prove also the unitarity Tr!.�.jDj//D 1 of the Dixmier traces. In this situation, �.jDj/
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is called the spectral density of D and one may deal with the volume states

�jDj.a/ WD Tr!
�
a � �

�
jDj

��
;

on the norm closure C �-algebra A of A, provided by any fixed Dixmier ultrafilter !.
In commutative terms, i.e., dealing with the standard spectral triple�

C1.M/;L2
�

Cl.M/
�
;D
�

of a compact, closed, Riemannian manifold, taking into account multiplicities only and not
the whole spectrum itself, one reconstructs the Riemann probability measure ofM loosing
information about the volume V.M/ and the dimension d.M/. On the other hand, this has
the advantage to dispense with summability hypotheses and, for example, to recover the
unique trace on the reduced C �-algebra C �.�/ of a finitely generated, countable discrete
group � , no matter its growth is. Also, using the density �.jDj/, one is able to treat, on the
same foot, situations like Euclidean domains of infinite volume whose Dirichlet Lapla-
cian has discrete spectrum or certain hypoelliptic ‰DO on compact manifolds, where the
asymptotics of the spectrum of D is not à la Weyl.

Under summability conditions on the spectral multiplicities of jDj, the �-function �jDj
of the spectral density �.jDj/ is shown to be meromorphic on a half plane containing zD 1
and that its residue is there unitary.

Finally, we show that the volume states �jDj are hypertraces on A provided NjDj � '
for a nonnegative, increasing W 1;1

loc -function ' such that the essential limit of '0=' van-
ishes at infinity. This condition is satisfied when the sequence of relative multiplicities of
jDj vanishes faster than the sequence of its spectral gaps.

The work is organized as follows. In Section 2, we introduce the spectral weight �.L/
of a positive, self-adjoint operator L having discrete spectrum away from zero. Its mea-
surability is proved in terms of the growth of its spectral multiplicities, as a consequence
of the asymptotic continuity of the counting function NL. Sufficient conditions are also
given in terms of the nuclearity of the semigroup e�tL. In Section 3, we prove existence of
analytic extensions and residues of the �-function �L of a density �.L/, in terms of summa-
bility of the multiplicities of L. In Section 4, the volume states �L.�/ D Tr!.��.L// are
introduced and in Section 6 we show that they are hypertraces on the Lipschitz algebra AL,
under asymptotic smoothness of the counting function NL or when the relative multiplic-
ities vanish faster than the spectral gaps of L. Section 5 is dedicated to various examples
concerning (i) K-cycles on compact manifolds given by (hypo)elliptic ‰DO L, (ii) K-
cycles on the C �-algebra P .M/ of scalar, 0-order ‰DO, which are associated to scalar,
1-order ‰DO L, (iii) K-cycles associated to multiplication operators on the group C �-
algebra of countable discrete, (iv) Dirichlet Laplacians of Euclidean domains of infinite
volume, (v) Kigami’s Laplacians on self-similar fractals, (vi) the Toeplitz C �-algebra gen-
erated by an isometry and the canonical multiplication operator L on natural N and prime
numbers P , and (vii) unbounded Fredholm modules built using Hilbert space filtrations.
In the final section (Section 6.5), the structure of the volume states �L on C �-algebras
extensions is briefly outlined.
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2. Measurable densities associated to operators with discrete
spectrum

In this section, we introduce the spectral weight of a given nonnegative, self-adjoint oper-
ator .L;D.L// on a Hilbert space h, having discrete spectrum away from zero, and inves-
tigate its measurability in the framework of Connes’ noncommutative geometry (NCG).
We always keep in mind the situation where L D jDj for a spectral triple .A;D; h/.

2.1. Eigenvalue counting function and multiplicities

In this section, we consider a densely defined, nonnegative, unbounded, self-adjoint oper-
ator .L;D.L// on a Hilbert space h with spectrum sp.L/ and spectral measure EL.

Letting P0 WD EL.¹0º/ be the orthogonal projection onto the kernel of L, we fix the
following notations of functional calculus: by convention, for a measurable function f W
RC!RC, the operator f .L/will be 0 on the subspace P0.h/D kerL and f .L.I �P0//
on the subspace .I �P0/hD .kerL/?. For example, with this convention, for s > 0, L�s

is the nonnegative, densely defined operator defined as 0 on P0.h/ and .L.I � P0//�s on
.I � P0/h.

In this section, we will suppose that L has discrete spectrum off of its kernel in the
sense that sp.L/ n ¹0º is discrete: this is equivalent to say that L�1 is a compact operator
in B.h/.

We will adopt two alternative ways for describing the spectrum, out of its kernel:

First way. sp.L/ n ¹0ºD ¹0<�1.L/� � � � � �n.L/� � � � º, where the positive eigenvalues
�n.L/ are numbered increasingly with repetition according to their multiplicity.

Second way. sp.L/ n ¹0º D ¹0 < z�1.L/ < � � � < z�k.L/ < � � � º, where the distinct eigen-
values z�k.L/ are numbered increasingly.

Since L is assumed unbounded, we have

lim
n!1

�n.L/ D lim
k!1

z�k.L/ D C1:

The multiplicity of the eigenvalue z�k.L/ is denoted by mk WD Tr.EL.¹z�kº// while
the cumulated multiplicity is defined as Mk WD Tr.EL..0; z�k �// so that Mk D

Pk
jD1mj .

By convention, M0 WD 0. We will refer to the ratio mk=Mk as the relative multiplicity of
the eigenvalue z�k.L/. The two labelings correspond through the relation

�n.L/ D z�k.L/; Mk�1 < n �Mk :

Remark 2.1. We will adopt the simplified notations �1; : : : ; �n; : : : and z�1; : : : ; z�k ; : : :
whenever no confusion can arise.

The eigenvalue counting function NL W RC ! N is defined as

NL.x/ WD Tr
�
EL

�
.0; x�

��
D ]

®
n 2 N� W �n.L/ � x

¯
;

where Tr is the normal, semifinite trace on B.h/.
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Let us summarize some basic properties of the counting function.

Lemma 2.2. (i) NL is a nondecreasing function, right continuous with left limits. For
x 2 RC, let us denote N�L .x/ D limı#0NL.x � ı/ the left limit function of NL.

(ii) NL.x/ DMk for z�k.L/ � x < z�kC1.L/.
(iii) lim supx!C1

NL.x/
N�L .x/

D lim supk!1
Mk

Mk�1
.

Proof. Properties (i) and (ii) are obvious from the definition of NL. For (iii), it is enough
to observe that, for x 62 sp.L/, N�L .x/ D NL.x/ and that, for x D z�k.L/, NL.x/ D Mk

while N�L .x/ DMk�1.

2.2. Spectral weights

Definition 2.3 (Spectral weights). The operator defined as

�.L/ WD NL.L/
�1

will be called the spectral weight of L. As sp.L/ n ¹0º is discrete and unbounded and NL
is nondecreasing, it follows that �.L/ is nonnegative and compact.

Proposition 2.4. (i) The eigenvalues of the spectral weight are given by

�n
�
�.L/

�
D NL

�
�n.L/

��1
D

1

Mk

for Mk�1 < n �Mk and k � 1I

(ii) we also have the bounds

Mk�1

Mk

�
1

n
< �n

�
�.L/

�
�
1

n
for Mk�1 < n �Mk and k � 1: (2.1)

Proof. For (i), apply Lemma 2.2. For (ii), notice that for n as considered, we have

�n.L/ D z�k.L/ and NL
�
�n.L/

�
D NL

�
z�k.L/

�
DMk :

From one side, Mk � n and thus NL.�n.L// � n. On the other side, n > Mk�1 and thus

NL
�
�n.L/

��1
DM�1k >

1

n
�
Mk�1

Mk

:

2.3. Weights by filtrations

For any Borel measurable, strictly increasing function f W RC ! RC such that

lim
x!1

f .x/ D C1;

we have �.f .L// D �.L/. In fact, �.L/ depends on L only through the Hilbert space
filtration of spectral subspaces of h®

EL
��
0; z�k.L/

��¯C1
kD1

:
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In [20, Proposition 5.1], D. V. Voiculescu, motivated by the existence of quasicentral
approximate units relative to normed ideals, provided a general construction of spectral
triples .A; h;D/ on a C �-algebra A, represented in a Hilbert space h, associated to given
filtrations h0 � h1 � � � � � h. He considers the filtration of A given by

Vk WD
®
T 2 A W T .hj / [ T

�.hj / � hjCk ; 8j 2 N
¯

for k 2 N;

assuming that A WD
S
k2N Vk is dense in A. Denoting by Pj the projection onto hj , the

Dirac operator is defined as D WD
P
j�1.I � Pj / (so that D D jDj). The spectrum of D

is N with cumulated multiplicities Mj WD dim.hj / and the spectral weight is given by

�.D/ D

C1X
k�1

1

Mk

� .PkC1 � Pk/:

2.4. Dixmier traces

In this work, we will consider the nonnormal traces associated with ultrafilters on N,
introduced by J. Dixmier [9], making use, in particular, of the approach proposed in [2].

We will start with a state ! on L1.R�C/ having all the properties of [2, Theorem 1.5].
First, ! is a limit process atC1 in the sense that

(1) ess lim inft!C1 f .t/ � !.f / � ess lim supt!C1 f .t/, f 2 L
1.R�C/,

so that we can write as well !.f / WD ! � limt!C1 f .t/.
Then we require that this limit process satisfies the following invariance properties:

(2) ! � limt!C1 f .st/ D ! � limt!C1 f .t/, f 2 L1.R�C/, s 2 R�C;

(3) ! � limt!C1 f .t
s/ D ! � limt!C1 f .t/, f 2 L1.R�C/, s 2 R�C;

(4) ! � limt!1
1

Log.t/

R t
1
f .s/ds

s
D ! � limt!C1 f .t/, f 2 L1.R�C/.

To such ! is associated an ultrafilter on N, still denoted !, by

! � lim
n!1

f .n/ D ! � lim
t!C1

f
�
Œt �
�
; f 2 `1.N/ with Œt � D integer part of t:

The associated Dixmier trace is defined on the dual Macaev ideal of compact operators

L.1;1/.h/ WD

´
T 2K.h/ W sup

N�2

1

LogN
�

NX
nD1

�n
�
jT j
�
< C1

µ
as

Tr!.T / D ! � lim
N!1

1

LogN

NX
nD1

�n.T /; T 2 L.1;1/.h/C:

The operator T is said to be measurable if its Dixmier trace Tr!.�.L// is independent
upon the Dixmier ultrafilter !. Conditions ensuring measurability can be given in terms
of Cesaro means (see [6, Proposition 6, Chapter 4.2.ˇ]).
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To ! on L1.R�C/ as above is associated an alternative limit process z! on R defined
as

z! � lim
t!C1

f .t/ D ! � lim
t!C1

f
�

Log.t/
�
; f 2 L1.R/:

The asymptotic behavior of 1
LogN

PN
nD1�n.T / and the limit behavior of .s�1/Tr.T s/

as s ! 1C are related by the following equality [2, Theorem 3.1]:

Tr!.T / D z! � lim
r!C1

1

r
Tr
�
T 1C

1
r
�
; T 2 L.1;1/.h/C: (2.2)

Furthermore, with T as above and any A 2 B.h/, we have (see [2, Theorem 3.8])

Tr!.AT / D z! � lim
r!C1

1

r
Tr
�
AT 1C

1
r
�
; T 2 L.1;1/.h/C: (2.3)

2.5. Asymptotics for the spectral weights

Proposition 2.5. (i) The spectral weight belongs to the dual Macaev ideal L.1;1/.h/ and

1

c
� Tr!

�
�.L/

�
� 1 for all Dixmier ultrafilter !;

where

c WD lim sup
x!C1

NL.x/

N�L .x/
D lim sup

k!1

Mk

Mk�1

:

(ii) �.L/s is trace class for all s > 1 and lim sups#1.s � 1/Tr.�.L/s/ � 1.
(iii) If

lim sup
x!C1

NL.x/

N�L .x/
D lim
k!1

Mk

Mk�1

D 1;

then we have

(iii.a) �n.�.L// � 1=n as n!1,

(iii.b) Tr!.�.L// D 1 for all Dixmier ultrafilter ! and the spectral weight �.L/ is
measurable,

(iii.c) lims#1.s � 1/Tr.�.L/s/ D 1.

Proof. (i) follows from inequality�n.�.L//� 1=n of Proposition 2.4 and from inequality

lim inf
n!1

�n
�
�.L/

�
� 1=cn

which follows by (2.1). (ii) follows again from inequality �n.�.L// � 1=n of Proposi-
tion 2.4. (iii.a) comes from the double inequality (2.1), while (iii.b) and (iii.c) are straight-
forward consequences of (iii.a).

Definition 2.6 (Spectral densities). The spectral weight �.L/ will be called spectral den-
sity provided it is measurable and Tr!.�.L// D 1 for all Dixmier ultrafilter !.
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We may have measurability of a spectral weight even if it is not a density as follows:

Proposition 2.7. If limk!1
MkC1

Mk
D c > 1, then the spectral weight �.L/ is measurable

and

Tr!
�
�.L/

�
D lim

s#1
.s � 1/Tr

�
�.L/s

�
D

c � 1

c Log c
for all Dixmier ultrafilter !:

Proof. Fix 0< "< c � 1 andK 2N such that .c � "/Mk �MkC1� .cC "/Mk for k�K.
This implies that .c � "/k�KMK �Mk � .c C "/

k�KMK for k > K. For N > MK , let
k.N / be the integer such that Mk.N/ � N �Mk.N/C1. One has

LogMk.N/ � LogN � Log.Mk.N/C1/ � LogMk.N/ C Log.c C "/

so that LogN D LogMk.N/ CO.1/ as N !C1. Gathering those two results, we get

k.N /Log.c � "/CO.1/ � LogN � k.N /Log.c C "/CO.1/; N !C1: (2.4)

Moreover,

NX
nD1

NL.�n/
�1
D

K�1X
kD1

MkX
nDMk�1

NL.�n/
�1

C

k.N/X
kDK

MkX
nDMk�1C1

NL.�n/
�1
C

NX
nDMk.N/C1

NL.�n/
�1

D

K�1X
kD1

MkX
nDMk�1

NL.�n/
�1
C

k.n/X
kDK

Mk �Mk�1

Mk

C
N �Mk.N/

Mk.N/C1

:

For k � K, we have cC"�1
cC"

�
Mk�Mk�1

Mk
�

c�"�1
c�"

, which provides

k.N /
c C " � 1

c C "
CO.1/ �

NX
nD1

NL.�n/
�1
� k.N / �

c � " � 1

c � "
CO.1/; N !C1:

With (2.4), this inequality implies that

1

k.N /Log.c C "/CO.1/

�
k.N /

c C " � 1

c C "
CO.1/

�
�

1

LogN

NX
nD1

NL.�n/
�1

�
1

k.N /Log.c � "/CO.1/

�
k.N /

c � " � 1

c � "
CO.1/

�
which provides the first equality Tr!.�.L// D c�1

c
.
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The second equality lims#1 Tr.�.L/s/ D c�1
c Log c is obtained through a similar compu-

tation. Fix " > 0 and K 2 N such that k � K ) c � " �MkC1=Mk � c C ", hence

.c � "/k�KMK �Mk � .c C "/
k�KMK for k > K:

We have also, for k �K C 1, c � "� Mk

Mk�1
D

mk
Mk�1

C 1� cC ", i.e., c � 1� "� mk
Mk�1

�

c � 1C " which implies that

c � 1 � "

c C "
�
mk

Mk

�
c � 1C "

c � "
:

We compute now for s > 1

Tr
�
�.L/s

�
D

X
k

mkM
�s
k D

KX
kD1

mkM
�s
k C

1X
kDKC1

mkM
�s
k

D

KX
kD1

mkM
�s
k C

1X
kDKC1

mk

Mk

M�sC1
k

:

We have .s � 1/
PK
kD1mkM

�s
k
! 0 as s ! 1, while

1X
kDKC1

mk

Mk

M�sC1
k

�
c � 1C "

c � "
.c C "/.�sC1/.k�K/M�sC1K

D
c � 1C "

c � "
.c C "/.�sC1/.�K/M�sC1K

1

1 � .c C "/1�s

with 1 � .c C "/1�s � .s � 1/Log.c C "/ as s # 1.
We have proved lim sups#1.s � 1/Tr.�.L/s/� c�1C"

c�"
1

Log.cC"/ . A similar computation
provides lim infs#1.s � 1/Tr.�.L/s/ � c�1�"

cC"
1

Log.c�"/ and the result.

The hypothesis of the above result is verified in discrete free groups (see Example 3.7).
Here is another criterion for �.L/ having a nonzero Dixmier trace.

Proposition 2.8. If Mk � f .k/ (k !C1) with f 2 C 1..0;C1//, then

lim sup
k!1

MkC1

Mk

� eC with C WD lim sup
x!C1

f 0.x/

f .x/
:

Hence Tr!.�.L// � e�C for all Dixmier ultrafilters !.

Proof. Fix " > 0 and choose K" � 1 such that for all k � K" we have

1 � "

1C "

f .k C 1/

f .k/
�
MkC1

Mk

�
1C "

1 � "

f .k C 1/

f .k/
:

It follows that

lim sup
k!1

MkC1

Mk

D lim sup
k!1

f .k C 1/

f .k/
:
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Then, setting C D lim supx!C1
f 0.x/
f .x/

, we have .Logf /0.x/D f 0.x/
f .x/
� C C " for x large

enough so that
Log

�
f .k C 1/

�
� Log

�
f .k/

�
� C C ";

i.e., f .kC1/
f .k/

� eCC" for k large enough too.

2.6. Asymptotic continuity of the eigenvalue counting function and measurability

Here we link the measurability of the spectral weight to the asymptotic continuity of the
eigenvalue counting function and to the asymptotic vanishing of the relative multiplicity.

Proposition 2.9. (i) If the counting function NL is asymptotically continuous in the sense
that there exists a continuous function ' W RC ! RC such that

NL.x/ � '.x/; x !C1;

then

lim
x!C1

NL.x/

N�L .x/
D lim
k!1

MkC1

Mk

D 1 or, equivalently, lim
k!1

mk

Mk

D 0:

(ii) Conversely, if limx!C1
NL.x/
N�L .x/

D 1 or limk!1
MkC1

Mk
D 1 or limk!1

mk
Mk
D 0,

then NL is asymptotically continuous.
In both cases, �.L/ is a density and the properties (iii) of Proposition 2.5 hold true.

Proof. (i) For " > 0 and x 2 RC large enough, we have

.1 � "/'.x/ � NL.x/ � .1C "/'.x/:

As ' is continuous, we have as well .1 � "/'.x/ � N�L .x/ so that NL.x/
N�L .x/

�
1C"
1�"

. This
implies that

lim sup
x!C1

NL.x/

N�L .x/
�
1C "

1 � "
for all " > 0;

and finally lim supx!C1
NL.x/
N�L .x/

D 1. Lemma 2.2 and Proposition 2.4 provide the result.

(ii) Choose ' continuous, piecewise affine such that '.z�k/ DMk . This means that

'.x/ DMk�1 C t .Mk �Mk�1/

for x 2 Œz�k�1; z�k � and x D z�k�1 C t .z�k � z�k�1/, 0 � t � 1. For such x we have

'.x/

NL.x/
D
Mk�1

Mk

C t

�
1 �

Mk�1

Mk

�
! 1; x !C1:

Remark 2.10. The condition 1 D lim supk
MkC1

Mk
(D limk

MkC1

Mk
) ensuring measurability

implies that the weaker condition limk
k
p
Mk D 1, which in turn is a sufficient condi-

tion for the subexponential growth of the spectral multiplicities of L, in this sense that
limk e

�ˇkMk D 0 for any ˇ > 0. However, one can find instances of sequences Mk

for the cumulated multiplicities having subexponential growth, for which the condition
limkMkC1=Mk D 1 (and thus asymptotic continuity) is not satisfied.
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Combining these results with Karamata’s Tauberian theorem (cf. Appendix A), we
get a criterion of asymptotic continuity of NL in terms of regularity of the partition func-
tion ZL.

Proposition 2.11. Suppose the contraction semigroup ¹e�tL W t � 0º to be nuclear

ZL.ˇ/ WD Tr.e�ˇL/ < C1 for all ˇ > 0

and assume the partition function ZL to be regularly varying (cf. Appendix A). Then for
some c > 0 we have

NL.x/ � c �ZL.1=x/; x !C1:

In particular, under these assumptions, NL is asymptotically continuous and �.L/ is a
density.

Proof. Apply Karamata’s Tauberian theorem to the measure � WD Tr ıEL and then apply
Proposition 2.9.

The result may be applied to � -summable spectral triples .A; h;D/, whereZD2.ˇ/D

Tr.e�ˇD
2
/ < C1 for all ˇ > 0, provided the partition function ZD2 is regularly varying,

as a consequence of the identity

NL.x/ D ND2.x2/ for all x > 0:

Remark 2.12 (Physical interpretation of nuclearity and regularity). In applications, L
may represent the Hamiltonian of a quantum system. The nuclearity assumption on the
semigroup ¹e�ˇL W ˇ > 0º is easily seen to be equivalent to the requirement that the mean
value of the energy in the Gibbs equilibrium state is finite and non-vanishing at any tem-
perature

hLiˇ D �
PZL.ˇ/

ZL.ˇ/
D

Tr.Le�ˇL/
Tr.e�ˇL/

; ˇ > 0:

The hypothesis that ZL is regularly varying requires that for some 
 2 R

lim
ˇ!0C

ZL.sˇ/

ZL.ˇ/
D s
 ; s > 0:

If PZL is regularly varying, say PZL.sˇ/ � s
�1 PZL.ˇ/ for some 
 2 R as ˇ ! 0C, by de
l’Hospital’s theorem, then also ZL is regularly varying

lim
ˇ!0C

ZL.sˇ/

ZL.ˇ/
D s lim

ˇ!0C

PZL.sˇ/

PZL.ˇ/
D s


and the mean energy hLi is regularly varying too with

hLisˇ D �
PZL.sˇ/

ZL.sˇ/
� �

s
�1 PZL.ˇ/

s
ZL.ˇ/
D
1

s
� hLiˇ ; as ˇ ! 0C; for any fixed s > 0:
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3. Meromorphic extensions of zeta functions and residues

The �-function of �.L/ is defined as

�L.s/ WD Tr
�
�.L/s

�
D

X
n�1

�n
�
�.L/

�s
D

X
k�1

mk �M
�s
k

for all s 2 C for which the series converges. Its domain and its analytic properties will be
found by comparison with the Riemann �-function

�0.s/ D
X
n�1

n�s;

which, initially defined on the half-plane ¹s 2C WRe.s/ > 1º, is then extended analytically
to C n ¹1º. Recall that s D 1 is simple pole for �0 with unital residue.

The following criteria for the asymptotic properties of the �-function �L.s/ as s ! 1

are based on various growth rates of the spectral multiplicity mk as k !1.

3.1. Criteria for meromorphic extensions of the �-function �L

Lemma 3.1. For " 2 Œ0; 1/ and s 2 C such that Re.s/ � 0, we haveˇ̌
1 � .1 � "/s

ˇ̌
� jsjLog

�
.1 � "/�1

�
:

Proof. Setting b WD Log..1 � "/�1/, x WD Re.s/ � 0, f .t/ WD .1 � "/ts D e�bst for t 2
Œ0; 1�, we haveˇ̌

1 � .1 � "/s
ˇ̌
D
ˇ̌
f .1/ � f .0/

ˇ̌
D

ˇ̌̌̌ Z 1

0

f 0.t/ dt

ˇ̌̌̌
D

ˇ̌̌̌
� bs

Z 1

0

e�bst dt

ˇ̌̌̌
� bjsj �

Z 1

0

je�bst j dt � bjsj:

Proposition 3.2. (i) If NL is asymptotically continuous, then the �-function �L is well
defined on the half-plane ¹s 2 C W Re.s/ > 1º and it admits the limit

lim
s2R; s#1

.s � 1/Tr
�
�.L/s

�
D 1: (3.1)

(ii) If
P
k

m2
k

M 2
k

< C1, then �L is analytic on ¹s 2 C W Re.s/ > 1º and it admits the

limit
lim

s2C;Re.s/>1; s!1
.s � 1/Tr

�
�.L/s

�
D 1: (3.2)

(iii) If
P
k

m2
k

M 1C˛
k

< C1 for some ˛ 2 .0; 1/, then �L extends to a meromorphic func-

tion on the half-plane ¹s 2 C WRe.s/ > ˛º with a simple pole at s D 1 and unital residue.

Proof. (i) By Proposition 2.5 (iii.a), the asymptotic continuity of NL implies that

�n.�.L// � 1=n as n!1;
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so that �L is well defined on ¹s 2 C WRe.s/ > 1º. The limit behavior is just the content of
Proposition 2.5 (iii.c).

(ii) and (iii) We suppose that the series
P
k m

2
k
=M 1C˛

k
converges for some ˛ 2 .0; 1�.

Notice first that the assumption implies that limk!1
mk
Mk
D 0. Hence limk!1

Mk�1

Mk
D 1,

NL is asymptotically continuous by Proposition 2.9 (ii), and �n.�.L// � 1=n as n!1
again by Proposition 2.5 (iii.a). Let us write ın WD 1=n � �n.�.L//. According to (2.1),
whenever k � 1 and Mk�1 < n �Mk we have

0 � ın <
1

n

�
1 �

Mk�1

Mk

�
D
1

n

mk

Mk

and 0 � nın <
mk

Mk

< 1:

Let us estimate the difference

�0.s/ � �L.s/ D
X
n�1

�
n�s � .n�1 � ın/

s
�
D

X
n�1

n�s
�
1 � .1 � nın/

s
�
:

Since 1� nın �Mk�1=Mk > 0 for k � 2,M0 D 0,M1 Dm1 � 1, applying Lemma 3.1,
we have, for s 2 C with Re.s/ > 1,X

n>M1

jn�sj
ˇ̌
1 � .1 � nın/

s
ˇ̌
� jsj

X
n�M1

n�Re.s/ Log
�
.1 � nın/

�1
�

� jsj
X
k�2

MkX
nDMk�1C1

n�Re.s/ Log
�
.1 � nın/

�1
�

� jsj
X
k�2

MkX
nDMk�1C1

n�Re.s/ Log.Mk=Mk�1/

� jsj
X
k�2

MkX
nDMk�1C1

M
�Re.s/
k�1

.mk=Mk�1/

D jsj
X
k�2

m2k=M
1CRe.s/
k�1

;

where, under the current hypothesis, the last series converge as k ! 1 (since Mk �

Mk�1) whenever Re.s/ � ˛.
This means that the function �0 � �L extends as a continuous function on the upper

half-plane Re.s/ � ˛ which is analytic on the upper half-plane Re.s/ > ˛. The thesis
follows since �0 is meromorphic with residue one at the simple pole s D 1.

Proposition 3.3. If mk D O.M ˛
k
/, k ! 1, for some ˛ 2 .0; 1/, then �L extends to a

meromorphic function on the half-plane ¹s 2 C W Re.s/ > ˛º with a simple pole at s D 1
and unital residue.

Proof. The assumption mk D O.M ˛
k
/ implies that mk=Mk D .mk=M

˛
k
/M ˛�1

k
! 0 as

k!1, so that, by Proposition 2.9 (ii),NL is asymptotically continuous. Applying Propo-
sition 2.5 (iii.a), we have �n.L/ � 1=n as n!1 and then, for any fixed ˇ 2 .˛; 1/, the
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following series converge:

X
k�1

m2
k

M
1Cˇ

k

� C
X
k�1

mk

M
1Cˇ�˛

k

D C
X
k�1

MkX
nDMk�1C1

�n.L/
�.1Cˇ�˛/

D C
X
n�1

�n.L/
�.1Cˇ�˛/ < C1:

Apply Proposition 3.2 to conclude.

The hypothesis of the previous proposition can be restated in terms of a bound on the
error term in the asymptotically continuous behavior of the counting function.

Proposition 3.4. For ˛ 2 .0; 1/, the two statements are equivalent:

(i) mk D O.M
˛
k
/, k !1;

(ii) there exists a continuous function ' such that

NL.x/ D '.x/CO
�
'.x/˛

�
; x !C1:

Proof. Suppose that mk D O.M ˛
k
/. Notice first that mk D o.Mk/ so that Mk � MkC1

and NL is asymptotically continuous. Let ' be the continuous piecewise affine function
defined as

'.x/ DMk C t .MkC1 �Mk/ DMk C tmkC1;

x 2 Œz�k ; z�kC1�; x D z�k C t .z�kC1 � z�k/; t 2 Œ0; 1�:

One has 0� '.x/�NL.x/�mkC1DO.M ˛
kC1

/DO.'.x/˛/, x!C1, which provides
NL.x/D '.x/CO.'.x/

˛/. Conversely, if ' is continuous and such thatNL.x/D '.x/C
O.'.x/˛/ as x !C1, let us define the function r.x/ by the formula

NL.x/ D '.x/
�
1C r.x/

�
:

On one side, one has r.x/ D O.'.x/˛�1/ as x ! C1. On the other side, the function
r.�/ is right continuous with left limits r�.x/ WD limı#0 r.x � ı/, in such a way that

N�L .x/ D '.x/
�
1C r�.x/

�
:

Fixing ı > 0 small enough, we have NL.z�kC1 � ı/DMk while NL.z�kC1/DMkC1,
i.e.,Mk D '.z�kC1 � ı/.1C r.z�kC1 � ı//whileMkC1D '.z�kC1/.1C r.z�kC1//. Taking
the quotient and making ı tend to 0, we get

MkC1

Mk

D
1C r.z�kC1/

1C r�.z�kC1/
D
1CO.'.x/˛�1/

1CO.'.x/˛�1/
D 1CO

�
'.x/˛�1

�
D 1CO.M ˛�1

k /

which means that mkC1
Mk
DO.M ˛�1

k
/ and thatmkC1DO.M ˛

k
/DO.M ˛

kC1
/ (sinceMkC1�

Mk).
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Summarizing, we have the following criterion of meromorphic extension.

Theorem 3.5. Suppose that there exists ˛ 2 .0; 1/ and a continuous function ' such that

NL.x/ D '.x/CO
�
'.x/˛

�
; x !C1:

Then the �-function �L.s/ D Tr.�.L/s/ extends as a meromorphic function on the half
plane ¹s 2 C W Re.s/ > ˛º with a simple pole at s D 1 and unital residue.

Proof. Apply Propositions 3.4 and 3.3.

3.2. Examples of densities and their �-functions

Example 3.6 (Compact smooth manifolds I). Let M be a compact, n-dimensional, ori-
entable, smooth manifold without boundary with cotangent bundle �� W T �M !M . Let
m� be the symplectic volume measure on T �M and fix a smooth volume measure m on
M . Disintegrating m� with respect to m by ��, one gets a family of measures m�x on
T �xM for m-a.e. x 2M such that m� D

R
M
m�x �m.dx/.

LetL be the Friedrichs extension of anm-symmetric, positive, elliptic, smooth pseudo
differential operator of order k� 1with classical symbol defined onC1.M/�L2.M;m/.
Let p be the principal symbol of L, understood as a real, homogeneous polynomial of
degree k on T �M or as a function on the cosphere bundle S�M . The spectrum of L is
discrete and the Weyl asymptotic formula for the eigenvalue counting function of L reads

NL.x/ � c � x
n=k ; x !C1; c WD

1

.2�/n
�

Z
M

m�x
®
p.x; �/ < 1

¯
�m.dx/:

It follows by Proposition 2.9 that NL is asymptotically continuous and that �.L/ is a
density. The Hörmander estimates for the remainder term [13, 14] reads

NL.x/ D c � x
n=k
CO.x.n�1/=k/; x !C1

and, by Theorem 3.5, it follows that the �-function �L of the density �.L/ is meromorphic
on ¹s 2 C W Re.s/ > 1 � 1=nº and it has a simple pole in s D 1 with unital residue. The
order of the remainder term cannot be improved in general, but in case of a product of
2-spheresM D S2 � S2 and for the Laplace–Beltrami operator L, M. Taylor [19] proved
the estimate

NL.x/ D c � Vol.S2 � S2/ � x2 CO.x4=3/; x !C1; c WD .4�/�2=�.3/

which ensures that �L is meromorphic on ¹s 2 C W Re.s/ > 2=3º. As another example,
one can consider the Laplace–Beltrami operator L on the flat torus Tn D Rn=Zn, where
the reminder term is O.x.n�1/=2�
 / for some 
 > 0. The case n D 2 corresponds to the
classical Gauss problem: in fact NL.x/ coincides with the number of points in Z2 falling
within the circle of radius x > 0. It is known [8, p. 6] that NL.x/ D �x C O.x˛/ as
x ! C1 with ˛ 2 .1=4; 12=37/. Still in [19], it is shown that on S2, the sub-elliptic
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operator L D X21 CX
2
2 given by the sum of squares of two vector fields X1, X2, generat-

ing rotations around orthogonal axes, has a counting function with a non-Weyl asymptotic
behavior

NL.x/ D
1

2
x � Log.x/CO.x/; x !C1:

Again by Proposition 2.9,NL is asymptotically continuous and that �.L/ is a density. The
asymptotic behavior of the counting function NL of hypoelliptic ‰DO is studied in [17].

One can have a meromorphic extension even if the counting function is not asymptot-
ically continuous:

Example 3.7. Let Fp be the free group with p generators (p � 2), ` the length function
on Fp , and L the multiplication operator by ` on the Hilbert space `2.Fp/ (see [11]).

The spectrum of ` is N: z�k D k for k � 1with multiplicitiesmk D 2p.2p � 1/k�1 and
Mk D

2p
2p�2

..2p � 1/k � 1/. Hence mk=Mk ! .2p � 2/=.2p � 1/ > 0 and, by Propo-
sition 2.9, NL is not asymptotically continuous. However, since limk!1MkC1=Mk D

2p � 1 > 1, Proposition 2.7 implies that the spectral weight �.L/ is measurable and
that Tr!.�.L// D lims#1.s � 1/ Tr.�.L/s/ D 2p�2

.2p�1/Log.2p�1/ . We show that this limit
is indeed a residue:

Proposition 3.8. With the notations of the above example, we have that the zeta function
�L.s/DTr.�.L/s/ extends as a meromorphic function on the half plane ¹s2C W Re.s/>0º

with a simple pole at s D 1 and residue

RessD1.�L/ D lim
s2C;Re.s/>0; s!1

.s � 1/Tr
�
�.L/s

�
D

2p � 2

.2p � 1/Log.2p � 1/
:

Proof. Let us compute for Re.s/ > 1

Tr.�.L/s/ D
X
k�1

mkM
�s
k

D .2p/�sC1
.2p � 2/s

2p � 1

X
k�1

.2p � 1/k
�
.2p � 1/k � 1

��s
D .2p/�sC1

.2p � 2/s

2p � 1

X
k�1

.2p � 1/k�ks
�
1 � .2p � 1/�k

��s
D '.s/

�
Z1.s/ �Z2.s/

�
with

• '.s/ D .2p/�sC1 .2p�2/
s

2p�1
: ' extends as an analytic function on the whole complex

plane; its value at s D 1 is .2p � 2/=.2p � 1/;

• Z1.s/ D
P
k.2p � 1/

k�ks D
.2p�1/1�s

1�.2p�1/1�s
: Z1 extends as a meromorphic function

on the whole complex plane with one pole at s D 1 which is simple, with residue
1

Log.2p�1/ ;
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• Z2.s/ D
P
k.2p � 1/

k�ks.1 � .1 � .2p � 1/�k/s/: Z2 appears as a sum of analytic
functions, each of them being bounded that way: fix S > 0, then there exists a constant
C such that ˇ̌

1 �
�
1 � .2p � 1/�k

�s ˇ̌
� C.2p � 1/�k ; k � 1; jsj � S;

henceˇ̌
.2p � 1/k�ks

�
1 �

�
1 � .2p � 1/�k

�s�ˇ̌
� C.2p � 1/�ks; k � 1; jsj � S:

The series
P
k.2p � 1/

k�ks.1 � .1 � .2p � 1/�k/s/ converges locally uniformly on
the upper half plane Re.s/ > 0 and its sum defines an analytic function on the half
plane Re.s/ > 0.

Gathering those intermediate results, the proposition is proved.

4. Volume forms associated to spectral weights

4.1. Volume forms

Fix a Dixmier ultrafilter ! on N as obtained in Section 2.4.

Definition 4.1. The volume form on B.h/ associated toLand!will be the linear form�L:

B.h/ 3 T ! �L.A/ D Tr!
�
T�.L/

�
:

The restriction of �L to a sub-C �-algebra A � B.h/ will be called volume form on A.

Volume forms satisfy some obvious properties:

Proposition 4.2. (i) �L is a positive, hence uniformly continuous linear form on B.h/

with norm less than Tr!.�.L// � 1.
(ii) �L vanishes on the C �-algebra K.h/ of compact operators, and hence defines a

positive linear form on the Calkin algebra B.h/=K.h/.
(iii) �L.T / D z! � limr!1

1
r

Tr.T�.L/1C
1
r / (cf. equation (2.2) in Section 2.4).

Proposition 4.3. For any measurable function ' W RC ! RC such that

NL.x/ � '.x/; x !C1;

(i) the operator '.L/�1 belongs to the ideal L.1;1/.h/ and

Tr!
�
�.L/

�
D Tr!

�
'.L/�1

�
for all ultrafilter !I

(ii) for any T 2 B.h/, the compact operators T�.L/, T '.L/�1 belong to the ideal
L.1;1/.h/ and the volume form can be represented as

�L.T / WD Tr!
�
T�.L/

�
D Tr!

�
T '.L/�1

�
:
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Proof. (i) One has NL.x/�1 � '.x/�1, which we write

'.x/�1 D NL.x/
�1
C g.x/NL.x/

�1

for some function g with limx!1 g.x/ D 0. We then have '.L/�1 D �.L/C g.L/�.L/
with g.L/ compact. Hence g.L/�.L/ belong to the closure L

.1;1/
0 .h/ in L.1;1/.h/ of the

ideal of finite rank operators, on which the Dixmier trace vanishes and the result follows.
(ii) Notice that B.h/ 3 T ! Tr!.T�.L// is a positive linear form, hence is a norm

continuous functional on B.h/. As it is obviously 0whenever T has finite rank, it vanishes
on the C �-algebra K.h/ of compact operators. Hence, we have Tr!.g.L/�.L// D 0 and,
for any T 2 B.h/, Tr!.Tg.L/�.L// D 0.

Hereafter are the first examples of such volume states and linear forms.

4.2. Compact smooth manifolds II

(i) In the framework and notations of Example 3.6, consider the action g 7! Mg of the
commutative C �-algebra C.M/ by pointwise multiplication on L2.M;m/. By the Weyl
asymptotic formulaNL.x/� c � xn=k DW '.x/ as x!C1,NL is asymptotically contin-
uous, �.L/ is a density, and the volume forms�L are states. Since '.L/�1 D c�1 �L�n=k ,
by Proposition 4.3 one has �L.T / D c�1 � Tr!.TL�n=k/. The restriction of these states
to C.M/ is represented by probability measures �! : �L.Mg/ D

R
M
g � d�! .

Let �� W S�M ! M be the cosphere bundle whose fibers are the rays of T �M and
consider a scalar valued, elliptic,m-symmetric 1-order‰DO onM with classical symbol,
denoting by D its self-adjoint extension to L2.M;m/.

(ii) Since the operators D and Mg , g 2 C1.M/, are scalar valued ‰DO, their sym-
bols commute. Also, since they are of order 1 and 0, respectively, by the rules of pseudo
differential calculus, the commutators ŒD;Mg � are 0-order ‰DO, thus bounded. Hence
.C1.M/;D; L2.M;m// is a .d;1/-summable spectral triple on C.M/, in the sense of
A. Connes [7]. The spectral weight �.jDj/ is a density and the volume forms �jDj are
states on C.M/ represented by probability measures �! on M : �jDj.Mg/ D

R
M
g � d�! .

(iii) Let A be the �-algebra of scalar valued, 0-order‰DO onM , acting boundedly on
L2.M;m/. Let P .M/ be the C �-algebra of bounded operators on L2.M;m/ generated
by A (see [12]). Again, since D and operators T in A are scalar valued, their symbols
commute and since they are of order 1 and 0, respectively, the commutators ŒT; D� have
0-order and are thus bounded. Hence .A; D; L2.M;m// is a .d;1/-summable spectral
triple on P .M/. Since

0!K
�
L2.M;m/

�
! P .M/

�
�! C

�
S�.M/

�
! 0

is a C �-algebra extension (see [10, 12]) and the volume states �jDj restricted to P .M/

vanish on the ideal K.L2.M; m//, it follows that they factorize through suitable prob-
ability measures ��! on the cosphere bundle S�.M/. As the representation g 7! Mg

is injective, we can identify C.M/ with its image in B.L2.M; m//. Since C.M/ \
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K.L2.M;m// D ¹0º, C.M/ � P .M/, and the restriction of the principal symbol map
� is given by �.Mg/ D g ı �

� for any g 2 C1.M/, the measure �! is the image of ��!
under �� W S�M !M .

4.3. Multiplication operators on discrete groups

Let G be a countable discrete group with unit e and left regular representation � in the
Hilbert space l2.G/. If ¹ıgºg2G is the canonical orthonormal base of l2.G/, we have
�.g/ıh D ıgh, g; h 2 G.

Let ` be a proper function from G in RC and L the operator of multiplication by `
on l2.G/: Lıg D `.g/ıg . The (discrete) spectrum of L coincides with the image of `:
sp.L/ D ¹`.g/ W g 2 Gº. For any e ¤ g 2 G, s 2 C, Re.s/ > 1, we have

Tr
�
�.g/�.L/s

�
D

X
h

�
ıh j NL

�
`.g/

��s
ıgh

�
l2.G/

D 0:

The generic element a 2C �red.G/ has a Fourier expansion aD
P
g ag�.g/ and is a uni-

form limit of elements of which the Fourier expansion has finite support (ag D 0 except for
a finite number of g’s). For a with finite support, we have Tr.a�.L/s/ D ae Tr.�.L/s/ D
�.a/Tr.�.L/s/, where � is the canonical trace on C �red.G/: �.a/ D ae . By uniform conti-
nuity, this formula extends to any a 2 C �red.G/. Finally, applying formula (2.2) of Section
2.4, we get

�L.a/ D Tr!
�
a�.L/

�
D �.a/Tr!

�
�.L/

�
; a 2 C �red.G/:

Normalizing�L by Tr!.�.L//, we get the canonical trace � for any ultrafilter !. The mul-
tiplicity m.�/ of an eigenvalue ��0 is the cardinality of the level set ¹g2G W `.g/D�º,
while its cumulated multiplicity M.�/ is the cardinality of the sub-level set ¹g 2 G W
`.g/ � �º. In case m.�/ D o.M.�// as �! C1, the eigenvalue counting function is
asymptotically continuous, �.L/ is a density, and the volume form �L coincides with the
trace state � for any ultrafilter !. This is the case of the word length function ` of a system
of generators for a discrete group G with subexponential growth [8].

Example 4.4. We apply the previous argument to the case where G D Fp is the free
group with p generators and exponential growth and L is the multiplication operator by
the length function `. Extending the argument of Section 4.3, we get easily

Tr
�
a�.L/s

�
D ae Tr

�
�.L/s

�
D �.a/Tr

�
�.L/s

�
for a 2 C �red.G/ and s 2 C, Re.s/ > 1. Proposition 3.8 allows to reach the volume form
as a residue:

�L.a/ D
2p � 2

.2p � 1/Log.2p � 1/
�.a/

D lim
s2C; Re.s/>1; s!1

.s � 1/Tr
�
a�.L/s

�
; a 2 C �red.G/:
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5. Further examples

5.1. The Toeplitz C�-algebra I

LetA�B.l2.N// be the Toeplitz C �-algebra generated by the shift operator S on l2.N/:

Sen D enC1; n 2 N;

and let L be the multiplication operator on l2.N/ given by

.Lu/.n/ WD nu.n/; n 2 N; u 2 l2.N/:

Its spectrum sp.L/ D N is discrete with all multiplicities equal to one and counting func-
tion NL.x/ D Œx�C 1 for x � 0. Hence NL.L/ D LC 1 and �.L/ D .LC 1/�1. Since
NL.x/ � '.x/ WD x as x ! C1, NL is asymptotically continuous and measurability
holds true. In this case, �L coincides with the Riemann �-function �0 and since the remain-
der function NL.x/ � '.x/ D 1 � .x � Œx�/ is bounded, applying Theorem 3.5 for all
˛ 2 .0; 1/, we obtain the well-known fact that �0 is meromorphic in the open right half
plane with a simple pole at s D 1 and unital residue. The volume forms

�L.a/ D Tr!
�
a'.L/�1

�
D Tr!.aL�1/; a 2 A

are states on A vanishing on the ideal K.l2.N// of compact operators. Since A is an
extension in the sense of [D]:

0!K
�
l2.N/

�
! A

�
�! C.T /! 0;

where T is the unit circle and �.S/.z/ D z for z 2 T , it follows that the states �L are
determined by probability measures m! on T , �L.a/ D

R
T �.a/dm! for all a 2 A,

and that they are thus traces on A since C.T / is commutative. Since Tr.SkL�s/ DP
n�0.enjS

kn�sen/ D
P
n�0 n

�s.enjenCk/ D ık;0 � �0.s/ for all s > 1 and k � 0, by
formula (2.2) we have �L.Sk/ D ık;0. Hence all measures m! coincide with the Haar
probability measure mH for any ultrafilter ! and aL�1 is measurable for any a 2 A.

5.2. The density of Euclidean domains having infinite volume

In Euclidean domains with infinite volume �, the Weyl asymptotic formula cannot hold
true for the LaplacianLwith Dirichlet boundary conditions on @�, even if the spectrum is
discrete. B. Simon determined in [18, Theorem 1.5] the asymptotic behavior ofNL for cer-
tain planar domains of infinite volume. For example, when � WD¹.x; y/2R2 W jxyj�1º,
one has

y�L.t/ D ZL.t/ �
1

�
� t�1 Log.t�1/; t ! 0C

from which, by Proposition 2.11, one derives the asymptotic behavior

NL.x/ �
1

�
� x � Log.x/; x !C1:
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Hence NL is asymptotically continuous and, by Proposition 2.9, �.L/ is a density. The
volume states read

�L.T / D � � Tr!
�
TL�1 Log�1.LC I /

�
; T 2 B

�
L2.�; dx/

�
and they determine probability measures �! on � by

R
�
f � d�! WD �L.Mf / for f 2

C0.�/.

5.3. Kigami’s Laplacians on post critically finite (P.C.F.) fractals

LetK be a P.C.F., self-similar fractal set and .E;F / the Dirichlet form associated to a fixed
regular harmonic structure (with energy weights 0 < r1; : : : ; rm < 1) in the J. Kigami’s
sense [16]. This quadratic form is closable with respect to any Bernoulli measure m on
K (with weights 0 < �1; : : : ; �m < 1 such that

Pm
iD1 �i D 1) and we denote by L the

densely defined, nonnegative, self-adjoint operator on L2.K;m/ associated to its closure.
Set 
i WD

p
ri�i and define the spectral dimension dS as the unique positive number such

that
mX
iD1



dS
i D 1:

In the non-arithmetic case, where
Pm
iD1 Z Log 
i is a dense additive subgroup of R, the

asymptotics of the counting function NL follows a power law similar to the Weyl one for
compact Riemannian manifolds (see [16, Theorem 2.4]):

NL.x/ � c � x
dS=2; x !C1;

where

c WD

�
�

� mX
iD1



dS
i Log 
i

��1
�

Z
R
e�dS tR.e2t /dt

�
and

R.x/ WD NL.x/ �

mX
iD1

NL.ri�ix/:

Consequently, the spectral weight �.L/ is measurable and it is in fact a density. Evaluating
the volume forms �L on the multiplication operators Mg 2 B.L2.K;m// by continuous
functions g 2C.K/, one gets positive states onC.K/ represented by probability measures
�! on K

�L.Mg/ D c
�1
� Tr!.Mg � L

�dS=2/ D

Z
K

g � d�! :

6. Volume traces from densities

We denote by AL the so-called Lipschitz algebra of L, i.e.,

AL WD
®
a 2 B.h/; Œa; L� is bounded

¯
:
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6.1. Statement of the results

The purpose of the whole section is to prove the following theorem, together with two main
corollaries, providing conditions which ensure the existence of hypertraces or amenable
traces (see [1, 6]). In case of a finitely-summable spectral triple [5, p. 68], the result,
known as Connes’ trace theorem, is proved in [6, Theorem 8 and Remark 10 (b)]. In case
of a .d;1/-summable spectral triple, a proof of the result, stated in [7, Chapter IV.2,
Proposition 15], is provided in [3].

Notice that the condition ' 2 W 1;1
loc .RC/ in the theorem below means that ' has a

derivative '0, in the sense of distributions, which is a locally L1-function, and implies that
' is continuous and a primitive of '0: '.x/ D '.0/C

R x
0
'0.t/dt , x 2 RC.

Theorem 6.1 (Trace theorem). Suppose that the counting function satisfies

NL.x/ � '.x/; x !C1

for some nonnegative, increasing function ' 2 W 1;1
loc .RC/ such that

ess-lim sup
x!C1

'0.x/='.x/ D 0: (6.1)

Then the following limit properties hold true.
(1.a) For s > 1, '.L/�s is trace class and lims#1.s � 1/Tr.'.L/�s/ D 1.
(1.b) For a 2 AL, one has

lim
s#1
.s � 1/Tr

�ˇ̌�
a; '.L/�s

�ˇ̌�
D 0:

(1.c) For a 2 AL and b 2 B.h/, one has

lim
s#1
.s � 1/Tr

�
.ab � ba/'.L/�s

�
D 0:

(2) Hypertrace properties.
For s > 1 define the linear functionals

!s.b/ WD .s � 1/Tr
�
b'.L/�s

�
; b 2 B.h/:

As s # 1, the limit point set of ¹!s 2B.h/� W s > 1º is not empty and any such limit linear
form � is a state on B.h/ with the following properties:

(2.a) � vanishes on the algebra K.h/ of compact operators;
(2.b) � is a hypertrace on the uniform closure A of the Lipschitz algebra AL:

�.ba/ D �.ab/; a 2 A; b 2 B.h/I

(2.c) the restriction of � to A is a tracial state.
(3) Any volume form�L.a/D Tr!.a�.L// on B.h/ is a hypertrace and a tracial state

on A (with ! as in Section 2.4).
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The first corollary is just a variation on the conclusions, with the same assumptions:

Corollary 6.2. Suppose that the counting function satisfies

NL.x/ � '.x/; x !C1

for some nonnegative, increasing function ' 2 W 1;1
loc .RC/ such that

'0 2 L1loc.RC/; ess-lim sup
x!C1

'0.x/='.x/ D 0:

Then the following limit properties hold true.
(1.a) For s > 1, �.L/s is trace class and lims#1.s � 1/Tr.�.L/s/ D 1.
(1.b) For a 2 AL, one has

lim
s#1
.s � 1/Tr

�ˇ̌�
a; �.L/s

�ˇ̌�
D 0:

(1.c) For a 2 AL and b 2 B.h/, one has

lim
s#1
.s � 1/Tr

�
.ab � ba/�.L/s

�
D 0:

For s > 1 define the linear functionals

!s.b/ WD .s � 1/Tr
�
b�.L/s

�
; b 2 B.h/:

As s # 1, the limit point set of ¹!s 2B.h/� W s > 1º is not empty and any such limit linear
form � is a state on B.h/ with the following properties:

(2.a) � vanishes on the algebra K.h/ of compact operators;
(2.b) � is a hypertrace on the uniform closure A of the Lipschitz algebra AL:

�.ba/ D �.ab/; a 2 A; b 2 B.h/I (6.2)

(2.c) the restriction of � to A is a tracial state.
(3) Any volume form�L.a/D Tr!.a�.L// on B.h/ is a hypertrace and a tracial state

on A (with ! as in Section 2.4).

The second corollary provides a sufficient condition for the assumptions above to hold
true. It requires that the relative multiplicities vanish faster than the spectral gaps of L:

Corollary 6.3. Suppose that the following conditions on the spectrum of L are satisfied:

lim
k!1

mk=Mk D 0 and
mk

Mk

D o
�
z�kC1.L/ � z�k.L/

�
as x !C1:

Then the assumptions of Corollary 6.2 are satisfied, so that all of its conclusions hold true.
In particular, they hold true if NL is asymptotically continuous and the spectral gaps are
uniformly bounded away from zero

lim inf
k!1

�
z�kC1.L/ � z�k.L/

�
> 0:
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Passing from the operator L to a monotone functional calculus f .L/ of it, multiplici-
ties remain unchanged but gaps f .z�kC1.L// � f .z�k.L// may vary. However, conditions
involving gaps in the corollary above are still satisfied, for example, if f 2 C 1.RC/ and
inff 0 > 0.

The theorem, together with its corollaries, will be proved in Sections 6.3 and 6.4, after
some examples and comments.

Example 6.4 (The Toeplitz C �-algebra II). Let P D ¹2; 3; 5; : : :º be the set of prime
numbers and let S 0 W l2.P /! l2.P / be the shift operator defined as .S 0u/.2/ D 0 and
.S 0u/.p/ D u.p0/, where p0 2 P denotes the greatest prime strictly less than p 2 P for
p�3. S 0 is an isometry S 0�S 0DI which generates the ToeplitzC �-algebraA0�B.l2.P //.

Let J be the operator on l2.P / defined by

.Ju/.p/ WD pu.p/; p 2 P ; u 2 l2.P /:

We have Sp.J / D P , all multiplicities equal to one, and, by the prime number theorem,
NJ .x/ � '.x/ WD x=Log.x/ for x ! C1 so that NJ is asymptotically continuous and
�.J / is a density. Since '0.x/ D .Log.x//�1 � .Log.x//�2 > 0 for x > 3, ' is strictly
increasing and since '0.x/='.x/ D x�1 � .x Log.x//�1 ! 0 as x ! C1, by Theorem
6.1 we have that the volume state on B.l2.P //:

�J .a/ D Tr!
�
a'.J /�1

�
D Tr!.a LogJ=J /; a 2 A0;

is a hypertrace on the Toeplitz C �-algebra, vanishing on the ideal K.l2.P //. Since for
s > 1

Tr
�
S 0k'.J /�s

�
D

X
p2P

�
ıpjS

0k'.J /�sıp
�
D

X
p2P

�
p=Log.p/

��s
.ıpjS

0kıp/

D ık;0 �
X
p2P

�
p=Log.p/

��s
� ık;0 � .s � 1/

�1 as s ! 1C;

by formula (2.3) we have �J .S 0k/ D ık;0 for any Dixmier ultrafilter !. Analogously to
the situation of Section 5.1, one has A0=K.P / ' C.T / and the induced measure on the
circle T is again the Haar probability measure.

To compare the situation described in Section 5.1 to the present one, let us notice first
that, since

ŒL; S�en D LSen � SLen D LenC1 � nSen

D .nC 1/enC1 � nenC1 D enC1 D Sen; n 2 N;

we have ŒL; S� D S so that the �-algebra AL generated by S contains all commutators
ŒL; a� for any a 2 AL. On the other hand, the commutator ŒJ; S 0� is unbounded since�

ŒJ; S 0�u
�
.p/ D p.S 0u/.p/ � S 0.Ju/.p/

D pu.p0/ � .Ju/.p0/ D .p � p0/u.p0/; 3 � p 2 P
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and it is known that the prime gap g.p0/ WD p � p0 can be arbitrarily large. Moreover,
ŒLogJ; S 0� is compact. In fact, for 3 � p 2 P�
ŒLogJ; S 0�u

�
.p/ D .Logp/.S 0u/.p/ � S

�
.LogJ /u

�
.p/ D pu.p0/ �

�
.LogJ /u

�
.p0/

D
�

Log.p=p0/
�
u.p0/ D

�
Log.p=p0/

�
.S 0u/.p/

and it is known that limp!C1 p=p0 D limp0!C1.1 � g.p0/=p0/ D 1. However, A. E.
Ingham [15] showed that there exists ˛ 2 .0;3=8/ such that p �p0 � p01�˛ for sufficiently
large p. Hence, for this fixed value of ˛ and for sufficiently large p, we have

0 � p˛ � p0˛ D p0˛
h�
1C

p � p0

p0

�˛
� 1

i
� p0˛˛

p � p0

p0
D ˛

p � p0

p01�˛
� ˛

so that, for some constant C � ˛, we have 0 � p˛ � p0˛ � C for all p 2 P . Then
.ŒJ ˛; S 0�u/.2/ D J ˛.S 0u/.2/ � S 0.J ˛u/.2/ D 0 and for 3 � p 2 P�

ŒJ ˛; S 0�u
�
.p/ D p˛.S 0u/.p/ � S 0.Ju/.p/ D p˛u.p0/ � .Ju/.p0/

D .p˛ � p0˛/a.p0/ D .p˛ � p0˛/ � .S 0u/.p/:

It follows that kŒJ ˛; S 0�k � C and that all commutators ŒJ ˛; a� are bounded for any a
in the �-subalgebra A0J ˛ � A

0 generated by S 0. Notice that �J D �J ˛ since J ˛ is an
increasing, unbounded function of J . In conclusion, even if the C �-algebras A and A0 are
isomorphic and their hypertraces correspond to �L ' �J , these structures differ from a
metric point of view since their Lipschitz algebras are not isomorphic AL œ A0J ˛ .

Example 6.5. The Dirac operator D of a spectral triple .A; h;D/ defined on a C �-alge-
bra A, represented in a Hilbert space h, and associated to a filtration of h as in Section 2.3,
has spectrum N. All spectral gaps are equal to 1 so that the second condition in Corol-
lary 6.3 is satisfied. As soon as the growth of the filtration satisfies

lim
k!C1

MkC1=Mk D 1;

the spectral weight �.D/ is then a density and the volume states �D are hypertraces for
any Dixmier ultrafilter !.

6.2. Relationship with subexponential growth

Here, we assume that the assumptions of Theorem 6.1 hold true. As a first consequence,
we show that L has subexponential spectral growth rate. Let us recall (cf. [4]) that the
subexponential growth of L means that the semigroup ¹e�tLºt>0 is nuclear (i.e., trace
class), and that it is proved there [4, Lemma 3.13] that, for an operator with discrete
spectrum, it is equivalent to the limit property limn!1

n
p
NL.n/ D 1. This equivalence

remains true for an operator having discrete spectrum off of its kernel, provided one adopts
the notation of Section 2.1 for the functional calculus of L.

Lemma 6.6. For any ˇ > 0, the partition function is finite ZL.ˇ/ WD Tr.e�ˇL/ < C1.
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Proof. Condition (6.1) on ' implies that, for any fixed ˇ > 0, the function x! e�ˇx'.x/

has a derivative .'0.x/ � ˇ'.x//e�ˇx which is eventually almost everywhere negative.
Hence the function x ! e�ˇx'.x/ is nonnegative and eventually decreasing, so that it
admits a finite limit atC1. Consequently, for all fixed ˇ > 0, limx!C1 e

�2ˇx'.x/D 0.
In particular, limn!1 e

�2ˇn'.n/D 0, so that lim supn!1
n
p
'.n/� e2ˇ . Since this holds

for any ˇ>0, we get lim supn!1
n
p
'.n/�1 (and indeed limn!1

n
p
'.n/D1). By equiv-

alence of functions, we have as well limn!1
n
p
NL.n/ D 1. Applying [4, Lemma 3.13],

we get the result.

6.3. Preparatory results

In this section, we assume the hypotheses of Theorem 6.1. We fix some a 2 AL.

Lemma 6.7. For s > 1, '.L/�s is trace class, with lims!1C.s � 1/Tr.'.L/�s/ D 1.

Proof. The assumptions made imply that ' is a continuous function, which in turn implies
that limkMk=Mk�1 D 1 (by Proposition 2.9). Then, by Proposition 2.5, we get

NL
�
�n.L/

�
� n

as n!C1 (eigenvalues numbered with repetition according to the multiplicity) and thus
�n.'.L/

�1/ � 1=n. The result follows easily.

The assumptions on ' lead to the following technical result.

Lemma 6.8. For s > 1 and N 2 N�, one has

sup
k>`�N

'
�
z�k.L/

�s
� '

�
z�`.L/

�s
'
�
z�k.L/

�s�z�k.L/ � z�`.L/� � ess- sup
x�z�N .L/

s
'0.x/

'.x/
:

Proof. To short notation, set �k WD �k.L/, etc. Keeping in mind the fact that ' is increas-
ing, we write for k > ` � N

'.z�k/
s � '.z�`/

s

'.z�k/s
D

Z z�k
z�`

s'.x/s�1'0.x/

'.z�k/s
dx

�

Z z�k
z�`

s'.x/s�1'0.x/

'.x/s
dx

� s.z�k � z�`/ ess- sup
z�`�x�

z�k

'0.x/='.x/

� s.z�k � z�`/ ess- sup
z�N�x

'0.x/='.x/:

Let L2.h/ be the space of Hilbert–Schmidt operators on h with norm

kˆk2 D Tr.ˆ�ˆ/1=2

and corresponding scalar product h‰; ˆi2 D Tr.‰�ˆ/. For ` � 1, let us denote by �`
the orthogonal projection in h onto the eigenspace of L corresponding to the eigenvalue
�`.L/.
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Lemma 6.9. Let ¹˛k;`ºk;`�1 �C be a bounded set and T a bounded operator on h. ThenX
k;`

˛k;l�kT�`'.L/
�s=2; s > 1;

is a Hilbert–Schmidt operator and the following estimate holds true:


X
k;`

˛k;l�kT�`'.L/
�s=2





2
�
�

sup
k;`

j˛k;`j
�
� kT k � Tr

�
'.L/�s

�1=2
:

Proof. As the right and left actions of B.h/ on L2.h/ commute, for each k; ` � 1 we
define an orthogonal projection pk;` in B.L2.h// by

pk;`ˆ D �kˆ�`; ˆ 2 L2.h/:

We have obviously
P
k;` pk;` D I , so that the operator norm of

P
k;` ˛k;`pk;` acting on

L2.h/ is supk;` j˛k;`j. We get the result writingX
k;`

˛k;l�kT�`'.L/
�s=2
D

X
k;`

˛k;l�kT '.L/
�s=2�` D

�X
k;`

˛k;`pk;`

�
T '.L/�s=2:

Proposition 6.10. For any s > 1 and N � 1, set

YN .s/ D
X

k>`�N

'
�
z�k.L/

�s
� '

�
z�`.L/

�s
'
�
z�k.L/

�s�z�k.L/ � z�`.L/��k ŒL; a��`'.L/�s=2:
(i) One has YN .s/ 2 L2.h/ with

YN .s/

2 � s� sup

x�z�N

'0.x/='.x/
�

ŒL; a�

Tr

�
'�s.L/

�1=2
:

(ii) lims#1.s � 1/
1=2kY1.s/k2 D 0.

Proof. To short notation, set �k WD �k.L/, etc. For (i), apply Lemmas 6.8 and 6.9. (ii) Fix
" > 0 and N � 1 such that

ess- sup
x�z�N

'0.x/='.x/ � ":

On one hand,

Y1.s/ � YN .s/ D
X

1�`�N;k�`

'.z�k/
s � '.z�`/

s

'.z�k/s.z�k � z�`/
�k ŒL; a��`'.L/

�s=2

has a Hilbert–Schmidt norm less than Ck.
PN
`D1 �`/'.L/

�s=2k2 for some constant C
depending only on ' and kŒL; a�k, by Lemma 6.9. Hence kY1.s/ � YN .s/k2 is bounded
independently of s. For s close enough to 1, we then have .s � 1/1=2kY1.s/�YN .s/k2� ".
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On the other hand, applying (i), we get kYN .s/k2 � "skŒL; a�kTr.'�s/1=2. Applying
Lemma 6.7, we get that, for s close enough to 1, .s � 1/1=2YN .s/ has a Hilbert–Schmidt
norm less than " � s � kŒL; a�k � .1C "/.

Summing up, we get that, for s close enough to 1, .s � 1/1=2Y1.s/ has Hilbert–Schmidt
norm less that " � .skŒL; a�k.1C "/C 1/.

Proposition 6.11. Setting

Z1.s/ D
X
1�k�`

'.L/�s=2
'
�
z�k.L/

�s
� '

�
z�`.L/

�s
'
�
z�`.L/

�s�z�k.L/ � z�`.L/��k ŒL; a��`;
we have

(i) Z1.s/ 2 L
2.h/ whenever s > 1,

(ii) lims#1.s � 1/
1=2kZ1.s/k2 D 0.

Proof. Up to a sign, Z1.s/� is given by the same formula as Y1.s/, with Ns substituted to s
and a� substituted to a. Apply Proposition 6.10 (i) and (ii).

Lemma 6.12 (Chain rule). For any f 2 C.R/ and a 2 AL we have, for k; ` � 1, k 6D `,

(i) �k Œa; f .L/��k D 0 and �k Œa; f .L/��` D .f .z�k/ � f .z�`//�ka�`,

(ii) �k ŒL; a��` D .z�k � z�`/�ka�`,

(iii) �k Œa; f .L/��` D
.f .z�k.L//�f .

z�`.L///
z�k.L/�

z�`.L/
�k ŒL; a��`.

In other words, by easily understood abuse of notation, we can write

�
a; f .L/

�
D

X
k 6D`

�
f
�
z�k.L/

�
� f

�
z�`.L/

��
z�k.L/ � z�`.L/

�k ŒL; a��`:

Proof. (i) and (ii) are straightforward. (iii) is an obvious combination of (i) and (ii).

Proposition 6.13. For any a 2 AL (i.e., Œa; L� is bounded), one has

lim
s#1

Tr
�ˇ̌�
a; '.L/�s

�ˇ̌�
D 0: (6.3)

Proof. To short notation, set �k WD �k.L/, etc. Lemma 6.12 allows us to write

�
a; '.L/�s

�
D

X
k 6D`

�
'.z�k/

�s � '.z�`/
�s
�

z�k � z�`
�k ŒL; a��`

D

X
k 6D`

�
'.z�k/

s � '.z�`/
s
�

'.z�k/�s.z�k � z�`/'.z�`/�s
�k ŒL; a��`

D XC.s/CX�.s/
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with

XC.s/ D
X
k>`�1

�
'.z�k/

s � '.z�`/
s
�

'.z�k/�s.z�k � z�`/'.z�`/�s
�k ŒL; a��`

D

X
k>`�1

�
'.z�k/

s � '.z�`/
s
�

'.z�k/�s.z�k � z�`/
�k ŒL; a��`'.L/

�s

D Y1.s/'.L/
�s=2

while

X�.s/ D
X
1�k<`

�
'.z�k/

s � '.z�`/
s
�

'.z�k/�s.z�k � z�`/'.z�`/�s
�k ŒL; a��`

D

X
1�k<`

'.L/�s
�
'.z�k/

s � '.z�`/
s
�

'.z�`/�s.z�k � z�`/
�k ŒL; a��`

D '.L/�s=2Z1.s/:

Let XC.s/ D uC.s/jXC.s/j be the polar decomposition of XC.s/. Applying Lemma 6.7
and Proposition 6.10 (2), we get

Tr
�ˇ̌
XC.s/

ˇ̌�
D Tr

�
uC.s/�XC.s/

�
D Tr

�
uC.s/�Y1.s/'.L/

�s=2
�

D Tr
�
'.L/�s=2uC.s/�Y1.s/

�
�


uC.s/'.L/�Ns=2



2



Y1.s/

2
D O

��
Re.s/ � 1

��1=2�
o
��

Re.s/ � 1
��1=2�

D o
�

Re.s/ � 1
��1

;

which proves .s � 1/Tr.jXC.s/j/! 0 as s # 1.
A similar argument, mutatis mutandis, provides .s � 1/Tr.jX�.s/j/! 0 as s # 1.

Lemma 6.14. If T is a compact operator, then

lim
s#1
.s � 1/Tr.T '.L/�s/ D 0:

Proof. Fix " > 0 and T0 a finite rank operator such that kT � T0k � ". On one hand,
lims#1 Tr.T0'.L/�s/ D Tr.T0'.L/�1/ exists, so that lims#1.s � 1/ Tr.T0'.L/�s/ D 0,
which means that j Tr.T0'.L/�s/j � " for s close to 1. On the other hand, one has for
s > 1,

.s � 1/
ˇ̌
Tr
�
.T � T0/'.L/

�s
�ˇ̌
� ".s � 1/Tr

�
'.L/�s

�
with, by Lemma 6.7, .s � 1/Tr.'.L/�s/ � 1C " for s > 1 close to 1. Summing up, we
have .s � 1/jTr.T '.L/�s/j � ".2C "/ for s > 1 close to 1.
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6.4. Proofs of the theorem and its corollaries

Proof of Theorem 6.1. (1.a) is Lemma 6.7. (1.b) is Proposition 6.13 and (1.c) is an obvious
consequence of (1.b). In (2), the fact that the �s are bounded as s ! 1C and that a limit
linear form is a state is a consequence of Lemma 6.7. (2.a) comes from Lemma 6.14. (2.b)
and (2.c) come from (1.b) and (1.c).

Proof of Corollary 6.2. We have '�1 D N�1L .1 C g/ with g W RC ! RC vanishing at
infinity. This implies that '.L/�1 D NL.L/�1.I C T / with T a compact operator com-
muting withL,NL.L/, and '.L/. Apply Lemma 6.14 repeatedly for substitutingNL.L/�1

by '.L/�1 in every successive item of Theorem 6.1.

Proof of Corollary 6.3. Let ' be the continuous piecewise affine function on RC interpo-
lating affinely between the points z�k.L/ and z�kC1.L/, i.e.,

'.x/ DMk C
�
x � z�k.L/

� MkC1 �Mk

z�kC1.L/ � z�k.L/
whenever x 2

�
z�k.L/; z�kC1.L/

�
:

This is the function constructed in Proposition 2.9, where it is shown to be asymptotically
equivalent to NL, provided that MkC1=Mk tends to 1 as k !1.

' is differentiable on each interval .z�k ; z�kC1/ with derivative

'0.x/ D
MkC1 �Mk

z�kC1 � z�k
:

Moreover, for x 2 .z�k ; z�kC1/ we have '.x/ �Mk and '0.x/
'.x/
� .

MkC1

Mk
� 1/ 1

z�kC1�
z�k

, and

by hypothesis we have limx!C1
'0.x/
'.x/
D 0.

6.5. Densities on C�-algebras extensions

We conclude with a remark concerning densities and their volume forms on C �-algebras
extensions A � B.h/ in the sense of [10, 12]

0!K ! A
�
�! C.X/! 0;

where K is the elementary C �-algebra represented in h with finite multiplicity and X
is a compact metrizable space. This framework includes the Toeplitz extension and the
extension generated by scalar, 0-order ‰DO on compact manifolds.

Proposition 6.15 (Volume forms on extension). Assume the counting function NL to be
asymptotically continuous. Then, for any fixed Dixmier ultrafilter !,

(i) the volume form

�L W B.h/! C; �L.T / WD Tr!
�
T�.L/

�
is a state vanishing on the ideal K.h/ of compact operators and thus it factor-
izes through a state on the Calkin algebra Q.h/ D B.h/=K.h/;
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(ii) the restriction of�L toA is a trace that factorizes through a probability measure
�! on X

�L.a/ D

Z
X

�
�.a/

�
.x/�!.dx/; a 2 A:

Under the assumptions of Theorem 6.1 or Corollary 6.3, we also have

(iii) �L is a hypertrace (or amenable trace state) vanishing on the ideal K;

(iv) there exists a conditional expectation EL! W B.h/! L1.X; �!/ such that

�L.T / D

Z
X

EL! .T / � d�! ; T 2 B.h/:

Proof. Straightforward.

A. Appendix

A measurable function f W RC ! RC is said to be regularly varying if there exist the
limits

k.s/ WD lim
t!C1

f .st/

f .t/
2 .0;C1/ 8s > 0:

If k.s/ D 1 for all s > 0, then f is said to be slowly varying. Necessarily, k must have
the form k.s/ D s
 for some 
 2 R, called the index of regular variation (f 2 R
 ) and
f .t/ D t
`.t/ for some slowly varying function ` 2 R0.

Theorem A.1 (Karamata’s characterization). The following characterization holds true:
f 2 R
 if and only if for some � > �.
 C 1/ one has

lim
t!C1

t
C1f .t/R t
0
x�f .x/dx

D � C 
 C 1:

Theorem A.2 (Karamata’s Tauberian theorem). Let � be a positive Borel measure on
Œ0;C1/ such that Z C1

0

e�tx�.dx/ < C1 for all t > 0

and suppose that it has a regularly varying Laplace transform (with index 
 2 R)

y�.t/ WD

Z C1
0

e�tx�.dx/; t > 0:

Then the functionN� WRC!RC defined asN�.a/ WD�.Œ0;a// has the following asymp-
totics:

N�.a/ D �
�
Œ0; a/

�
�
y�.1=a/

�.
 C 1/
; a!C1:

Notice that the function a 7! y�.1=a/ is continuously differentiable as it is y�:

d y�

dt
.t/ D �

Z C1
0

xe�tx�.dx/; t > 0:
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