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Quantum group-twisted tensor products of C*-algebras. 11

Ralf Meyer, Sutanu Roy and Stanistaw Lech Woronowicz*

Abstract. For a quasitriangular C*-quantum group, we enrich the twisted tensor product
constructed in the first part of this series to a monoidal structure on the category of its continuous
coactions on C*-algebras. We define braided C*-quantum groups, where the comultiplication
takes values in a twisted tensor product. We show that compact braided C*-quantum groups
yield compact quantum groups by a semidirect product construction.
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1. Introduction

Let C and D be C*-algebras with a coaction of a C*-quantum group G = (4, Ay).
As in [12], C*-quantum groups are generated by manageable multiplicative unitaries,
and Haar weights are not assumed. If G is a group, then the C*-tensor product C ® D
inherits a diagonal coaction. This fails for quantum groups because the diagonal
coaction is not compatible with the multiplication in the tensor product. We use the
noncommutative tensor products described in [12] to construct a monoidal structure
on the category of G-C*-algebras if G is quasitriangular in a suitable sense.

Such a structure is to be expected from the analogous situation for (co)module
algebras over a Hopf algebra. In that context, an R-matrix for the dual Hopf algebra
allows to deform the multiplication on the tensor product of two H -comodule algebras
so as to get an H-comodule algebra again. For C*-quantum groups, Hopf module
structures are replaced by comodule structures. Hence we call G quasitriangular if
there is a unitary R-matrix R € U(A ® A) for the dual C*-quantum group.

Since R is a bicharacter, the braided tensor product C X D := (C, y) K (D, §)
in [12] is defined if (C,y) and (D, §) are C*-algebras with continuous coactions
of G. We show that C X D carries a unique continuous coaction y < § of G for
which the canonical embeddings of C and D are G-equivariant. (We do not denote

*Supported by the German Research Foundation (Deutsche Forschungsgemeinschaft (DFG)) through
the Research Training Group 1493 and by the Alexander von Humboldt-Stiftung.



860 R. Meyer, S. Roy and S. L. Woronowicz

this coaction by y X § because X is a bifunctor, and the *-homomorphism y X §
given by this bifunctoriality is not y > 4§.)

It is crucial for the theory here and in [12] that R is unitary. This rules out some
important examples of quasitriangular Hopf algebras. For instance, R-matrices for
quantum deformations of compact simple Lie groups are non-unitary.

If (E,¢) is another C*-algebra with a continuous coaction of G, then there is
a canonical isomorphism (C X D) X F =~ C X (D X E). If C or D carries a
trivial G-coaction, then C X D = C ® D, and y < § is the obvious induced action,
y ®idp oridc ® §. Thus our tensor product on G-coactions is monoidal: the tensor
unit is C with trivial coaction. The tensor product of coactions is braided monoidal
if and only if it is symmetric monoidal, if and only if the R-matrix is antisymmetric.
This rarely happens, and it should not be expected because this also usually fails
on the Hopf algebra level. What should be braided is the category of Hilbert space
corepresentations. This is indeed the case, and we use it to prove that the tensor
product for coactions is associative and monoidal.

AnR-matrixR € U (ff ® /f) lifts uniquely to a universal R-matrix R € U (ff“ ® /f“)
for the universal quantum group A", so it makes no difference whether we consider
R-matrices for A or A". Since Hilbert space corepresentations of A are equivalent
to Hilbert space representations of A", an R-matrix for A induces a braiding on the
monoidal category of Hilbert space corepresentations of G.

If G is the quantum group of functions on an Abelian locally compact group I,
then its R-matrices are simply bicharacters I'xl — U(1). For instance, if I" is Z/2,
there are two such bicharacters. One gives the ordinary commutative tensor product
with the diagonal coaction, the other gives the skew-commutative tensor product with
diagonal Z/2-coaction.

A well-known class of quasitriangular Hopf algebras are Drinfeld doubles; their
module algebras are the same as Yetter—Drinfeld algebras. The dual of the Drinfeld
double ©(G) of G is the Drinfeld codouble ©(G)™, which we just call quantum
codouble. (What we call quantum codouble is called Drinfeld double in [13].)

For our class of C*-quantum groups, quantum codoubles and doubles and
corresponding multiplicative unitaries are described in [17]. It is already shown
in [17] that quantum codoubles are quasitriangular and that © (G)~-C*-algebras are
the same as G-Yetter—Drinfeld C*-algebras. In this article, we identify the twisted
tensor product for the canonical R-matrix of ©(G)™ with the twisted tensor product
in the category of G-Yetter—Drinfeld C*-algebras constructed in [13].

A braided C*-bialgebra is a G-C*-algebra (B, 8) with a comultiplication

Ap:B— BX B

that is coassociative. We call (B, B, Ap) a braided compact quantum group if B is
unital and A p satisfies an appropriate Podle$ condition.

We are particularly interested in braided quantum groups over a codouble ©(G)™
because they appear in a quantum group version of semidirect products. In the group
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case, the construction of a semidirect product G x H requires a conjugation action
of G on H such that the multiplication map H x H — H is G-equivariant. For
quantum group semidirect products, the equivariance of the multiplication map on
the underlying C*-algebra B of H only makes sense if we deform the tensor product
because there is no canonical G-coaction on B ® B. A theorem of Radford [15,
Theorem 3] for the analogous situation in the world of Hopf algebras suggests that H
should be a braided quantum group over the codouble ©(G)™ of G. In this case, we
describe an induced C*-bialgebra structure on AX B. This is a C*-algebraic analogue
of what Majid calls “bosonisation” in [10]. We prefer to call the construction of AX B
a “semidirect product”. If A4 is a compact quantum group and B is a braided compact
quantum group, then their semidirect product A X B is a compact quantum group.

As a first example, we construct a C*-algebraic analogue of the partial duals
studied in [3]. We have constructed braided quantum SU(2) groups with complex
deformation parameter g together with Pawel Kasprzak in [6]; their semidirect
products are the deformation quantisations of the unitary group U(2) defined in [22].

The construction of the C*-bialgebra A X B works in great generality. For this
to be a C*-quantum group, we would need a multiplicative unitary for it. Then it is
best to work on the level of multiplicative unitaries throughout. That is done in [16].
On that level, one can also go back and decompose a semidirect product into the two
factors. Here we limit our attention to the compact case, where bisimplifiability of
the comultiplication map is enough to get a quantum group.

We briefly summarise the following sections. In Section 2, we define R-matrices
and show that they lift to the universal quantum group. In Section 3, we describe the
braided monoidal structure on the category of Hilbert space corepresentations for a
quasitriangular C*-quantum group. As an example, we consider the case of Abelian
groups. In Section 4 we construct the “diagonal” action of a quasitriangular quantum
group on tensor products twisted by the R-matrix and show that it gives a monoidal
structure on G-C*-algebras. Section 5 studies the case of quantum codoubles,
where coactions on C*-algebras are equivalent to Yetter—Drinfeld algebra structures.
Section 6 contains the semidirect product construction for braided C*-bialgebras.
The appendix recalls basic results about C*-quantum groups and some results of
our previous articles for the convenience of the reader. There are also some new
observations about Heisenberg pairs in Appendix A.7, which would fit better into [12]
but were left out there.

2. R-matrices

Let G = (A, A4) be a C*-quantum group and let W € U (/f ® A) be its reduced
bicharacter; see Appendix A.l and Definition A.6.
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Definition 2.1. A bicharacter R € U (A ® A) is called an R-matrix if

R(o 0o Ay(a))R* = A 4(a) foralla € A. 2.1
Lemma 2.2. The dual R := o(R*) € U(A ® A) of a bicharacter R € U(A ® A) is

an R-matrix if and only if R is an R-matrix. 0

Remark 2.3. The standard convention for Hopf algebras (see [9, Definition 2.1.1])
assumes R(A 4(a))R* = o o A 4(a), which is opposite to (2.1). Our convention
in (2.1) becomes the standard one if we replace A4 by A" := 0 o A4 or R by R*.

In order to simplify proofs later, we lift an R-matrix R € U(A® A) toU (A" ® A"):
Proposition 2.4. There is a unique R* € U(A" ® A") with

(A ® A)R" =R inU(A® A), (2.2)
(Ag ®idg)R" = RLRY,  inl(A" ® A" ® AY), (2.3)
(idgo ® Ag)R* =RULRY,  inlU(A" ® A" ® AY). (2.4)

This unitary also satisfies
RY(0 o AY(a))(RY)* = AY(a)  foralla € A". (2.5)

Proof. [11, Proposition 4.7] gives a unique R" € U (A" ® A") satisfying (2.2)—(2.4).
The nontrivial part is to show that R" satisfies (2.5). Let V € Z/{(ff ® A") be the
universal bicharacter as in Appendix A.4. Theorem 25 and Proposition 31 in [19]
show that

A ={(0®ide)V |0 e A} and  (id;® Ap)V =V,V5. (2.6
Therefore, (2.5) is equivalent to:
RyVi3Via(Ry3)" = VoV, inU(A® A" ® A%). (2.7

The unitary R := (A ® id4u)R" € M(A ® AY) is also a bicharacter. Let X :=
Wi,R23V W, € U(A ® A ® A%). The following computation shows that X is a
corepresentation of (4", A 4u) on A ® A:

(idf ®ida ® Ag)(WiR23V3W ) = WiHR23R2 V) 3V, W),y
= (W72§23V13W12)(WT2§24V14W12)
= X123X124.

The first step uses (2.4) and (2.6), the second step uses that R4 and V|5 commute,
and the last step is trivial. A similar routine computation shows that ¥ := V,;R»3 €
UAR® AR AY) satisfies (ld/i Qidg ® Agqu)Y = Y123Y124.
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The argument that shows that (2.5) is equivalent to (2.7) also shows that the
R-matrix condition (2.1) is equivalent to

RosW ,W, = W,W;3Rs inU(A® AR A). (2.8)

Thus (id ; ®id4 ® A)X = (id ;®id4 ® A)Y. Now we use Lemma [11, Lemma 4.6],
which is a variation on [7, Result 6.1]. It gives X = Y or, equivalently,

VEWSLR1Y, =RusWE,  inU(A® A® AY). (2.9)

Similarly, X := Vi3(R53)*V),V, 5 and 7;: Vi, (RY)* inU(A® A" ® A") satisfy
(id; ® A ®idg)X = (id; ® A ®idgu)¥ by (2.9), and

(id; ® Agq ® idg)(X) = X 124X 134, (id; ® A ® idg)(Y) = Y1247 134

because of (2.3) and (2.6). Another application of [11, Lemma 4.6] gives X = 7
which is equivalent to (2.7). O

[19, Proposition 31.2] shows that (A", A 4u) has a bounded counit: there is a
unique morphism e: A* — C with

(€®idAu)AAu = (idAu ®€)AAU = idAu. (210)
Lemma 2.5. The unitary R* € U(A" ® AY) in Proposition 2.4 satisfies

(e ®idg)R" = (idg ® )R = 140 inlU(AY), @2.11)
RY,RY,RY, = RY;RY,RY, inU(A* ® A" ® A). (2.12)

Proof. Apply idgv ® e ® id4u on both sides of (2.3) and (2.4) and then use (2.10).
This gives

Ru = (lAu X (e ® idAU)Ru)Ru = (((ldAu ® e)R“) ® lAu)Ru.

Multiplying with (R")* on the right gives (¢ ® id4u)R" = (idg ® €¢)R" = 1 4u.
The following computation yields (2.12):

RIRY;RY; = ((idge ® A")RYRY; = Ry ((idas ® 0 0 A)R") = Ry;RY;RY;

here the first and third step use (2.4) and the second step uses (2.5). ]

3. Corepresentation categories of quasitriangular quantum groups

Definition 3.1. A gquasitriangular C*-quantum group is a C*-quantum group
G = (A4, Ay) with an R-matrix R e U(4 @ A).
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Let X(H1:%2): 3, @ H, — Ha @ Hi denote the flip operator. As already pointed
outin [19], Egl H2) g G-equivariant for all corepresentations of G if and only if G
is commutative. Hence () does not give a braiding on Corep(G) in general.

Let U € U(K(H;) ® A) be corepresentations of G on H; fori = 1,2. These
correspond to representations of the universal quantum group Av by the universal
property of A®. More precisely, there are unique ¢; € Mor(/f”, K(H;)) such that
(¢i ® idg)V = UMi for i = 1,2, see Appendix A.4; here V4 is the universal
bicharacter in (4" ® A).

Define "'X*"2: H; @ Ho — Ho ® Hy by

XH2HD = (9, @ $1)(RY)*  inU(H2 @ Hy), 3.1)
HixHa .= X(H2 1) o sHUH2 iy Y (Hy @ Ho, Ho @ Hy). (3.2)

Here R" € U (/i“ ® /f“) is as in Proposition 2.4.
Proposition 3.2. The unitaries "' X"2:H, @ Hy — Ho @ H, are G-equivariant,
that is,

MU @UR) = (U @ U)Xy, inU(K(H1 ® Ha) ® A)
(3.3)

for all UM U2 € Corep(G). The tensor product @ is defined in (A.9).
The unitaries " X2 define a braiding on Covep(G), that is, the following
hexagons commute for all U™ € Corep(G), i = 1,2, 3:

'H1y'H2®H3

7

Hi® (Ha ®@ Ha) (H2 ® H3) ® Hy

/ \

(H1 ® Ha) @ Hs Ho® (Hs®@Hy) B4

Hlx'Hz ® lde /de ® ’Hlx?‘B

(H2 @ H1) ® Hs Ho ® (H1 @ H3)

H1 ®H2x7~[3

(H1®@ Ha) @ Hs Hiz ® (H1 ® Ha)

/ N\

Hi ® (H2 ® Ha) Hs®@H)®@H, (B9

idy, ® HZXH\ /'“X?“ ® idy,

Hi ® (Hs @ Ha) (H1 ® Hz) ® Ha

Here the unlabelled arrows are the standard associators of Hilbert spaces.
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Proof. We have (AAu ® idA)f/A = )7543]}{43 in U(/i“ ® A" ® A) because V4 is a
character in the first leg. Therefore, the corepresentation U*! @ U*2 corresponds to
(91 ® p2) 00 0 AY: A" — B(H ® H>) through the universal property (A.11) of V:

(($1 ® $2) 00 0 AY ®ida)V = UM @ U™, (3.6)
The following computation yields (3.3):
M, (UM @ U™2) = (¢ ® ¢1 ®ida) ((RYy)*(AY @ idg)V) (51
= (2 ® ¢1) 0 0 0 AY) ® id4) V)X {527V m{H172)
— (U’Hz @ U'H] )HleZIZ-

The first equality uses (3.6) and (3.2), the second equality follows from (2.5) and (3.1),
and the last equality uses (3.6) and (3.2).
Equations (3.2) and (3.6) imply

Hiz(Ha®H3 . x(Ha®H3,H1) 32 (H1,H2®H3)
= ((gﬁ2 ® ($3 ® (jA)l)(o o Al;l ® idfiu)(Ru)*) o (M1 H2®H3) (3.7)

Now we check the first braiding diagram (3.4):

(@28 2 © $)(0 0 &Y ®idg)(R")") 0 O M8
= (62 ® $2 ® p)(RY3,(R)3) ) = I w17
(H3,H1) N (H2,H1) 5 (H1,H3) s (H1,H2)
= Xo3 X Sy TR

(H3,H1) s (H1,H3) e (Ho, 1) s (H1,H2) . HaseHL . HoeHl .
= X33 253 X3z i = XT3 X g

here the first equality uses (2.3), the second equality uses (3.1), the third equality
uses properties of the flip operator X, and the fourth equality follows from (3.2).

A similar computation for 71®%2x*3 yields the second braiding diagram (3.5).
O
Corollary 3.3. If C carries the trivial corepresentation of G, then
SHCOH—>H®C and "XEHRC—>CRH
are the canonical isomorphisms. For any three corepresentations of G,
HinHa, Pt Han s, 3 = Hop(Ms  Hieis,  Hindiey, (3.8)

Proof. These are general properties of braided monoidal categories, see [5,
Proposition 2.1]. They also follow from (2.11), (2.12), and (3.1). ]
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Remark 3.4. The dual R := o(R*) of an R-matrix R € U(A ® A) is again an
R-matrix by Lemma 2.2. A routine computation shows that the resulting braiding
on Cotep(G) is the dual braiding, given by the braiding unitaries

HiyHa — (Hzxﬂl)*:’Hl Q@ Hy — Hy @ H,.

3.1. Symmetric braidings.

Definition 3.5. An R-matrix R € U(A ® A) is called antisymmetric if R* = o(R)
forthe flipoc:A® A —> AR A, a1 ®a — ax R ay.

Lemma 3.6. If R is antisymmetric, then (R*)* = o (R") for the universal lift R" €
U(A" ® A") constructed in Proposition 2.4.

Proof. Both o(R")* and R" are bicharacters that lift R. They must be equal because
bicharacters lift uniquely by [11, Proposition 4.7]. O

Proposition 3.7. The braiding on Corvep(G) constructed from R € U (fi ® /i) is
symmetric if and only if R is antisymmetric.

Proof. Let H, and H, be Hilbert spaces with corepresentations of G. Let éi: Av —
B(H;) be the corresponding *-representations. Then

’H]Y’Hz ’HZYHI

Hi@Hy ——— Ho ® Hy ——— Hi @ Ho
is equal to
(61 ® $2)RY)* 0 TH27 0 (§ ® P1)(RY)* 0 ZH172) = (§1 ® §2) (6 (R)R)".
This is the identity operator for all representations qASi ifandonly if o (R")R* = 1. O

3.2. The Abelian case. Let B be a locally compact group. What is an R-matrix for
the commutative quantum group (Co(G), A)? Since Co(G) ® Co(G) is commutative
as well, (2.1) simplifies to the condition 0 o A = A, which is equivalent to G being
commutative. Hence there is no R-matrix unless G is Abelian, which we assume from
now on. Then (2.1) holds for any unitary R € U(Co(G) ® Co(G)), so an R-matrix
for G is simply a bicharacter. Equivalently, R is a function p: G xG — U(1) satisfying
p(xy,z) = p(x,z)p(y,z) and p(x, yz) = p(x,y)p(x,z). Being antisymmetric
means p(x, y)p(y,x) = 1forall x,y € G.

Any bicharacter p as above is of the form p(x,y) = (p(x),y) for a group
homomorphism p: G — G to the Pontrjagin dual G, with p(x,_) = p. This is a
special case of the interpretation of bicharacters as quantum group homomorphisms
in[11].

The category of Hilbert space representations of G is equivalent to the category
of corepresentations of (Co(G),A) and to the category of representations of
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C*"(G) = Co(é). The tensor category of G-representations is already symmetric
for the obvious braiding ¥, which corresponds to the R-matrix 1. What are the
braiding operators for a nontrivial R-matrix?

Let [ ga H, dpu(x) denote the Hilbert space of L2-sections of a measurable field
of Hilbert spaces (Hx) .4 over G with respect to a measure u, equipped with
the action of Co(G) by pointwise multiplication. Any representation of Co(G) is
of this form, where x is unique up to measure equivalence and the field (Hy) is
unique up to isomorphism p-almost everywhere. Let H; = |, éﬁ Hi, dui(x) and

Hy = [, GSB Ha, dua(x) be two Hilbert space representations of G. Then

5>
Hi1 Q@ Ho = / Hi, ® Ha, dpa(x) dpa(y)
GxG

with Cy (G) ® CO(G) o~ CO(G X é) acting by pointwise multiplication. The braiding
H1x"2 maps an L2-section (£x,)x,y of the field (H;, ® Hz,)x,y to the section
(. x) = p(y. x) " xy of (Ha, ® Hiy)y.x

Example 3.8. Consider G = Z/2 = {£1} and let p(x,y) = xy € Z/2 € U(1);
this bicharacter corresponds to the isomorphism G = G. Tt is both symmetric
and antisymmetric. The spectral analysis above writes a Z/2-Hilbert space as a
7./ 2-graded Hilbert space, splitting it into even and odd elements with respect to the
action of the generator of Z/2. The braiding unitary on £ ® 5 is X if £ or 5 is even,
and —X if both £ and 7 are odd. This is the usual Koszul sign rule.

4. Coaction categories of quasitriangular quantum groups

Let G = (A4, A4,R) be a quasitriangular quantum group. Let (C,y) and (D, §)
be G-C*-algebras. The twisted tensor product C Xg D = C X D is constructed
in [12]. It is a crossed product of C and D, that is, there are canonical morphisms
tic:C > CXDandip:D — CKX D with

tc(C)-tp(D) =1p(D)-1c(C) =CKD;

here a morphism is a nondegenerate *-homomorphism to the multiplier algebra,
and X - Y for two subspaces X and Y of a C*-algebra means the closed linear span
ofx-yforx € X,y eY asin[12].

Theorem A.9 recalls one of the two equivalent definitions of the twisted tensor
product in [12]. Let (¢, U%) and (v, U*) be faithful covariant representations of
(C,y) and (D, §) on Hilbert spaces H and K, respectively. Then C Xy D is
canonically isomorphic to @1 (C) - ¥2(D) € B(H ® K), where ¢1(c) = ¢(c) ® 1
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and V»(d) = X(1 ® ¥ (d))X* for the unitary X that is characterised by (A.19).
The same unitary appears in our construction of the braiding, so

Va(d) = "XE (W (d) ® 1) (X)*. (4.1)

We are going to equip C X D with a natural G-coaction and show that this tensor
product gives a monoidal structure on the category of G-C*-algebras €*alg(G) (see
Definition A.4).

Proposition 4.1. There is a unique G-coaction y ><ig § on C Kg D such that
the canonical representation on H ® K and the corepresentation U™ @ UX form a
covariant representation of (C ®g D,y p<ig §). This coaction is also the unique one
Sforwhich the morphisms ic:C — CXr D andip: D — C KR D are G-equivariant.

Proof. We identifty C X D with its image in B(H ® K). The covariance of this
representation of C X D with UM @ UX means that

(y bk §)(x) = U" @ UM)(x ® L) (U @ US)”

for all x € C X D. Hence there is at most one such coaction y ><ig 6.

The representation ¢ +— (¢ (¢) = ¢(c) ® 1 is covariant with respect to U @ U
because it is covariant with respect to U ® 1 by construction and tc (¢) acts only
on the first leg. Hence (y ><r 8)(tc(c)) = (t¢c ® idg)y(c) for all ¢ € C. Similarly,
the representation d — ¥ (d) ® 1 on K ® H is covariant with respect to U* @ U*.
Since the unitary "X is G-equivariant by Proposition 3.2, the representation
on H ® K is covariant with respect to U* @ U as well (unlike the representation
d — 1® y¥(d)). Hence (y <z 8)(tp(d)) = (tp ® id4)é(d) foralld € D. As a
result, y ><ig § maps C X D = 1c(C) - tp(D) nondegenerately into the multiplier
algebra of (C X D) ® A, and the morphisms (¢ and (p are G-equivariant.

The morphism y ><g 6: C KD — (C K D) ® A is faithful by construction. The
Podles condition for C X D follows from those for C and D:

(y >R )(CR D) - (1® A) = (1c ®idg)(¥(C)) - (tp QR idg)(8(D)) - (1 ® A)
= (tc ®id)(y(C)) - (tp(D) ® A)
= (lc ®ida)(y(C))- (1 ® A) - tp(D) ® A)
=@ (C)®A4)-(p(D)®A) =CKRDQ A.

Thus y p<ig § is a continuous G-coaction on C X D for which (¢ and (p are
equivariant. Conversely, if (¢ and (p are G-equivariant, then

(¥ >R 8)(tc(c) - tp(d)) = (tc ®idg)(y(c)) - (tp ® id4)(8(d))

for ¢ € C, d € D; this determines y t<ig 6 because (¢ (C) -tp(D)=CX D. O



Quantum group-twisted tensor products of C*-algebras. II 869

Proposition 4.2. The coaction y ><g 8§ on C Rg D is natural with respect to
equivariant morphisms, that is, it gives a bifunctor Rg: €*alg(G) x €*alg(G) —
C*alg(G). It is the only natural coaction for which C with the obvious isomorphisms
CXRXC=Cand CK D = D is a tensor unit.

Proof. Two G-equivariant morphisms f:C; — C, and g: D7y — D, induce a
morphism f K g:Cy X D; — C, X D5, which is determined uniquely by the
conditions (f X g)oic, = tc,of and (f K g)otp, = tp,0g (see[12, Lemma 5.5]).
The coactions y; b<ir §1 and y» ><ir 85 satisfy (yx ><r 9k) o tc, = (¢, ®idg) o vk
and (yx ><ir 8k) otp, = (tp, ®idy) o 8 for k = 1,2. Thus

(yapdr 82) otcy 0 f = (f Wg ®ida) o (y1 g 81) 0 tc

and similarly on D;. So f K g is equivariant and Xy is a bifunctor as asserted. The
obvious isomorphisms C X C = C and CX D =~ D are G-equivariant and natural
and satisfy the triangle axiom for a tensor unit in a monoidal category; so C with
these isomorphisms is a unit for the tensor product Xg on €*alg(G).

Conversely, assume that y [16 is a natural G-coaction on C X D for which C with
the obvious isomorphisms C K C = C and CX D = D is a tensor unit. That is,
these two isomorphisms are G-equivariant. The unique morphisms 1¢: C — C and
1p:C — D given by the unit multiplier are equivariant with respect to the trivial
G-coaction on C. We have i¢ = id¢ W 1p andip = 1¢ Kidp. Hence tc and (p
are equivariant for y -1 §. This forces y [ § = y <y 4. O

Theorem 4.3. If Cy,Cy,C5 are objects of €*alg(G), then there is a unique
isomorphism of triple crossed products C1 K (C, K C3) = (C; X C) X C3, which
is also G-equivariant. Thus C*alg(G) with the tensor product Ry is a monoidal
category.

Proof. Anisomorphism of triple crossed products is an isomorphism that intertwines
the embeddings of Cy, C, and C3. Since the images of these embeddings generate
the crossed product, such an isomorphism is unique if it exists.

Let (C;, y;i) be G-C*-algebras and let (¢;, U”") be faithful covariant representa-
tions of (Cj, y;), respectively, for i = 1,2,3. The construction of the G-coaction
on C; ® C; shows that (¢; X ¢, U @ U™/) is a faithful covariant representation
of C; X Cj on H; ® H;. Therefore, Theorem A.9 gives a faithful representation
01 X (92 M @3) of C; W (C2 K C3) on H1 @ Ha ® Ha, which is characterised by:

te, (e1) = @1(c1) ® 1y, ® 1y,
1c, (2) > (233 (93 (2) ® 13gy ® 1y, ) (2EHBI)*,

tes(c3) > (BTN (312 15) (93(03) ® 1o, ® 19, ) (2 1) " (F2HT)
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forc; € C;,i = 1,2,3. The diagrams in Proposition 3.2 and Corollary 3.3 give

Ha@Hay M1 — HoyeHi HasH
Ha®HasH1  HayHa | HaseHr o el o HayHa o HasHi®Ha Moy
Hence the above characterisation of ¢; X (¢2 X ¢3) simplifies to
(o1 B (92 ®g3)) otc,(c1) = g1(c1) R 1,
(01 B (92 B @3)) 0 1cy (c2) = 72X 15 (pa(c2) ® D (X 1), (4.2)
(o1 B (92 K 93)) 0 105 (c3) = (F318M2) (p3(c3) ® 1)(H3xT1®H2)*,

Similarly, we get a faithful representation (¢p; X ¢5) X @3 of (C; X Cy) X C;
onH; ® Hy ® Hi. A computation as above shows that the combinations of braiding
unitaries in it are equal to those in (4.2). Thus @1 X (¢, X¢3) and (¢ X, ) XK@ are the
same representation on H; @ H, ® H3. This gives an isomorphism C; X (C, X C3) =
(C1 X C,) X (3 that intertwines the canonical embeddings of Cy, C, and C3. Itis
G-equivariant because our G-coactions are uniquely determined by their actions on
the tensor factors Cy, C, and C5.

The natural isomorphisms above provide the associators needed for a monoidal
category. The pentagon condition for these associators and the compatibility with
the unit transformations CX D =~ D, C K C = C follow by checking the relevant
commuting diagram on each tensor factor separately. O

Proposition 4.4. The monoidal structure Xy is braided monoidal if and only if it is
symmetric monoidal, if and only if R is antisymmetric. In that case, the braiding is
the unique isomorphism of crossed products (C ®g D, 1c,tp) = (D Rgr C,ic, D).

Proof. [12, Proposition 5.1] shows that D K C = C Ky D as crossed products,
where R := o(R*). If R is antisymmetric, this gives an isomorphism of crossed
products between (C X D,tc,tp) and (D K C,tc,tp). This isomorphism is
equivariant because our coactions are determined by what they do on the embedded
copies of C and D. Thus we get a braided monoidal category in this case.
Conversely, any braiding must give the identity map on C Xg C and C Xg D
because C is the tensor unit. Since (¢ = id¢ W 1p and (p = 1¢ W idp, any
braiding must be an isomorphism of crossed products C Xg D = D Xr C. By
the argument above, this happens if and only if C Mg D = C Ky D as crossed
products. Corollary A.13 says that the crossed product A X A determines R uniquely.
Hence R = R. O

5. Quantum codoubles

Quantum codoubles of compact quantum groups were introduced by Podle$ and
Woronowicz in [14] to construct an example of a quantum Lorentz group. The
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definition was extended to the non-compact case in [21]. Quantum codoubles were
also described by Baaj and Vaes in [2, Proposition 9.5], assuming the underlying
quantum group to be generated by a regular multiplicative unitary. We call the
dual of the quantum codouble Drinfeld double. Some authors use different notation,
exchanging doubles and codoubles.

We shall refer to [17] for the definition of the quantum codouble D (G)™ and the
Drinfeld double ©(G) of a C*-quantum group G = (A, A4). It is shown in [17]
that ®(G)”™ and ©(G) are again C*-quantum groups and that ©(G) " -coactions on
C*-algebras are equivalent to G-Yetter—Drinfeld C*-algebras. To simplify notation,
we shall only consider the special case of the results in [17] where B = A and the
bicharacter V is W € U(A ® A) because that is all we need below.

The main result in this section is that this equivalence of categories between
D (G) " -coactions and G-Yetter—Drinfeld C*-algebras turns the tensor products Xy for
D (G)"-C*-algebras and a canonical R-matrix for ©(G)™ into the tensor product Xy
for G-Yetter—Drinfeld algebras. We also show that the tensor product Xy for a general
quasitriangular quantum group is a special case of the same operation for its codouble
(see Theorem 5.7).

The quantum codouble ®(G)™ = (f), Ap) of G is defined by D:=A® Aand

VAR A > AR A, a®a—>W@a®a)W*,
Ap:D—>D®D, a®a > o) (Aaa) ® Ag(a)).

fora e A, 4 € A. We may generate ©(G)”™ by a manageable multiplicative unitary
by [17, Theorem 4.1]. So it is a C*-quantum group and has a dual ©(G) = (D, Ap),
which is called the Drinfeld double of G. We have

D =p(A)-0(4) and Ap(p(a)-0(@) = (p® p)Aa(a) - (0 ® 0)Aa(a)

for a certain pair of representations p and 6 of A and A on the same Hilbert space.
The formulas for p and € will not be needed in the following.

It is crucial that p and 6 give Hopf *-homomorphisms from G and G
to ©(G). These induce dual morphisms ®(G)~ — G and D(G)™ — G (compare
Theorem A.8). These quantum group morphisms induce a map on corepresentations
(see [11, Proposition 6.5] and the proof of [12, Theorem 5.2] for a correct generil
proof). Thus a corepresentation of D(G)™ induces corepresentations of G and G
on the same Hilbert space. It is shown in [17] that this gives a bijection between
corepresentations of ©(G)™ and certain pairs of corepresentations of G and G:

Proposition 5.1 ([17, Proposition 6.11]). Let K be a Hilbert space. The corep-
resentations U € U(K(K) ® A) and V € U(K(K) ® A) of G and G associated to a
corepresentation X € U(K(K) ® D) of D(G)~ satisfy

oy (U12Vi3) = Vi2Uss inUKK) ® A ® A);
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we call a pair (U, V) with this property ®(G) ™ -compatible. The map X — (U, V)
above is a bijection from corepresentations of D(G)™ to D(G) -compatible pairs of
corepresentations of G and G, with inverse

X:=UpViz inUKK)® AQ A).

A quantum group morphism also induces a functor between the coaction
categories, see Theorem A.8. Thus a continuous coaction of D(G)™ on a
C*-algebra C induces coactions of G and G. Once again, this gives a bijection
from coactions of D(G)™ to certain pairs of coactions of G and G:

Prop/(\)sition 5.2. Let C be a C*-algebra. The continuous coactions y and § of G
and G associated to a continuous coaction & of D(G)~ satisfy

oy ((y ®id ))8) = (§ ® ida)y; (5.1)

A C*-algebra with such a pair of coactions is called a G-Yetter-Drinfeld C*-algebra.

The map & — (y,§) above is a bijection from continuous coactions of ®(G)™ to
the set of pairs of continuous coactions (y, §) satisfying (5.1); the inverse maps (y, §)
10§ = (y ®idy)s.

Yetter—Drinfeld C*-algebras were defined by Nest and Voigt in [13, Definition 3.1]
(assuming Haar weights on G), and Proposition 5.2 is essentially [13, Proposi-
tion 3.2]. For C*-quantum groups without Haar weights, Proposition 5.2 is [17,
Proposition 6.8], with an explicit description of the bijection taken from the proof
of [17, Proposition 6.8].

Let YD&*alg(G) denote the category with G-Yetter-Drinfeld C*-algebras as
objects and morphisms that are both G- and G-equivariant as arrows.

The following unitary is an R-matrix for ®(G)~ by [17, Lemma 5.11]:

R=(0®pW €U D).

Thus ©(G)™ is quasitriangular and the construction in the previous section gives a
monoidal structure X on €*alg(D(G)™). What happens when we translate this to
the equivalent setting of G-Yetter—Drinfeld C*-algebras?

The reduced bicharacter W € U (/f ® A), being a bicharacter, gives a tensor
product Xy for two G-Yetter—Drinfeld C*-algebras. This tensor product is also used
by Nest and Voigt in [13] (they require, however, that G has Haar weights).

Theorem 5.3. Let C; and Cy be D(G) -C*-algebras, view them also as G-Yetter—
Drinfeld C*-algebras. There is an equivariant isomorphism of crossed products
Ci Xgr Cy = Cy Ry Cs.

Proof. First we describe the braiding on €otep(®D(G)™) induced by R in terms of W
and compatible pairs of corepresentations of A and A.
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Recall that the maps p: A — D and 6: A — D are Hopf *-homomorphisms.
Thus they lift to the universal quantum groups: p": A* — D" and 9": Av — Dv.
Let WY € U(A" ® A") be the universal lift of W. The unitary (8" ® p")(W") €
U(D" ® D") is a bicharacter and lifts R. Hence it is the universal lift R" of R.

A corepresentation of ® (G)™ is equivalent to a representation of D". Composing
this with the morphisms 6" and p" gives representations 77 and 7 of A" and A". These
are, in turn, equivalent to corepresentations U and V of 4 and A. The construction
of (U, V) is exactly the bijection to ©(G)-compatible pairs of corepresentations in
Proposition 5.1.

Now take two corepresentations of ©(G)™ on Hilbert spaces Hj. These
correspond to representations Iy of D", which determine representations 7z =
I 0 6" and g = Ilj o p" of A" and A" on Hy for k = 1,2. The braiding
unitary *1X*2 is given by (3.1) and (3.2) and involves the unitary

(TT; ® M3)(RY)* = (I116" @ Tp") (W)™ = (11 ® m2) (W)™,

Let (C;, A;) be ©(G) -C*-algebras. Proposition 5.2 gives a unique pair of
coactions y;:C; — C; ® A and 6;:C; — C; ® A such that (Ci,vi,6) is a
G-Yetter-Drinfeld C*-algebra and A; = (y; ® idy) o §; for i = 1,2. There are
faithful covariant representations (X%, ¢;) of (C,-,Ai,@) on Hilbert spaces H,; for
i = 1,2. We use these faithful covariant representations to define C; K C; as a
C*-subalgebra of B(H; ® H>), see Theorem A.9.

Proposition 5.1 turns X% into a ©(G) -compatible pair of corepresentations
(Ui V*i), The maps on corepresentations and coactions induced by a quantum
group morphism preserve covariance of representations. Hence (g;, U™i) is
a covariant representation of (Ci,y;,A) on H; and (¢;, V') is a covariant
representation of (Cj, §;, /f) on H,; fori = 1,2, respectively. We use these faithful
covariant representations to define C; Xw C, as a C*-subalgebra of B(H; ® H»),
see Theorem A.9.

The representation of C; Ky C; on H; ® H, comes from the representations

Cioci = @i(c) ®1, Cy 3 Zx(1 ® ¢a(c2))Zy,

where Zgr = (IT; ® TI)(RM™ and Zw = (71 ® m2)(W™)*. The computation
above shows that Zw = Zg, so C; Kg C; = C; Ky C, as C*-subalgebras of
B(H1 ® Ha). O

Since G-Yetter—Drinfeld C*-algebras are equivalent to ©(G)~-C*-algebras, the
isomorphism in Theorem 5.3 shows that C; Ky C, for two G-Yetter—Drinfeld
C*-algebras Cy and C; carries a unique G-Yetter-Drinfeld C*-algebra structure for
which the embeddings of C; and C; are equivariant. This extra structure is natural,
and (Y DC*alg(G), My ) is a monoidal category. By construction, the equivalence
between Y DE€*alg(G) and €*alg(D(G)™) is an equivalence of monoidal categories
between (Y DC*alg(G), Kw) and (€*alg(D(G)7), Xg).
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Remark 5.4. Propositions 3.7 and 4.4 show that Xg admits a braiding if and only
if it is symmetric, if and only if the braiding on €otep(D(G)™) associated to R is
symmetric if and only if R is antisymmetric, that is, R* = o (R). For the codouble,
this is equivalent to W = W. We know no non-trivial multiplicative unitary with
this property. Since W = W implies that A and A are the same C*-algebra, such a
multiplicative unitary cannot be regular.

Example 5.5. The tensor product A Xy, A is the canonical Heisenberg double of a
C*-quantum group G, in the sense that its representations are the Helsenberg pairs
of G (see Proposition A.12). Theorem 5.3 says that A Xy A=A Xg A this is a
C*-algebraic version of [4, Proposition 5.1].

It is already shown in [13, Section 3] that YD¢&*alg(G) is a monoidal category
for the tensor product Ky if G has Haar weights.

Now let G be a quasitriangular quantum group with R-matrix R € U (/f ® /f). We
view R as a quantum group morphism from A to A. Theorem A.8 explains how R
gives an induced coaction §:C — C ® Aon any G-C*-algebra (C, y).

Lemma 5.6. Any pair (y, §) as above is G-Yetter—Drinfeld.

Proof. Any object C € €*alg(G) is equivariantly isomorphic to a subobject of D® A
with coactionidp ® A 4 for some C*-algebra D by [12, Lemma 2.9]. Since the tensor
factor D causes no problems, it suffices to prove the lemma for (C,y) = (4, A4);
here § = A is the right coaction characterised by (A.16) for X = R.

The relation (2.8) has to be modified for R € U (/f ® /f) by taking the dual
multiplicative unitaries because we use A instead of A. This gives

Ri2W, W,y = W, WsR  inU(AQ A® A). (5.2)
Equations (A.16) for R, (A.4) and (5.2) give

O;Yl((id/i R (Ag® idA)AR)W) = WIZUX(WURM)
= W, Wa, Wi RizW3,
= WR13Wy, = (id; ® (AR ® ida) A4)W.

Finally, we slice the first leg of this equation with w € A’. This gives (5.1) for the
pair (A 4, AR) because slices of W generate A. O

Since a morphism between two G-C*-algebras is G-equivariant if and only if it is
G- and @—equivariant, Lemma 5.6 gives a fully faithful embedding of €*alg(G) into
YVD&€*alg(G) = C*alg(D(G)™) that leaves the underlying C*-algebras unchanged.
Thus an R-matrix for G induces a quantum group morphism G — D (G)".

Theorem 5.7. The embedding (€*alg(G), Kr) — (YDC*alg(G), Ky ) is monoidal.
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Proof. Let C and D be two G-C*-algebras, equip them with the G- Yetter—Drinfeld
structure described above. As a C*-algebra, we have an isomorphism of crossed
products C Xg D =~ C Xw D by [12, Example 5.4]. The induced G-Yetter—
Drinfeld algebra structure on C Ky D is the unique one for which the embeddings
of C and D are equivariant: combine Proposition 4.1 with the equivalence of
G-Yetter—Drinfeld algebra structures and ® (G) " -coactions. Similarly, the induced
A-coaction on C X D is the unique one for which the embeddings of C and D
are A-equivariant. Since the A-coactions constructed from R and an A-coaction are
natural, the embeddings of C and D into C X D are also /i—equivariant. Hence the
G-Yetter—Drinfeld algebra structures on C Xg D and C Xy D are the same as well.
Since the isomorphism between these tensor products is one of crossed products, it
automatically satisfies the coherence conditions required for a monoidal functor. [

6. Braided C *-bialgebras and braided compact quantum groups

We are going to define braided C*-bialgebras and use them to construct ordinary
C*-bialgebras by a semidirect product construction, which is the C*-analogue of what
Majid calls “bosonisation” in [10]. We check that the semidirect product C*-bialgebra
is bisimplifiable if and only if the braided C*-bialgebra is bisimplifiable. Thus we may
construct compact quantum groups from two pieces: an ordinary compact quantum
group and a braided quantum group over its codouble.

Definition 6.1. A braided C*-bialgebra over a quasitriangular quantum group
G = (A, A4,R) isa G-C*-algebra (B, p) with a G-equivariant morphism Ag: B —
B X B which is coassociative:

(Ap Rridp) o Ap = (idgp Xr Ap) o Ap. (6.1)
We call (B, A ) bisimplifiable if it satisfies the braided Podles$ conditions
Ap(B)-u(B) = BXgr B = Ap(B)-12(B), (6.2)

where ¢; and ¢, denote the two canonical maps B = B X B.
A braided compact quantum group over G is a unital, bisimplifiable braided
C*-bialgebra (B, Ag) over G.

In the following, we let G = (A4, A4) be any C*-quantum group, and we
let (B, Ap) be a braided C*-bialgebra over the codouble ©(G)™ with its canonical
R-matrix. Equivalently, B is a C*-bialgebra in the category of G-Yetter—Drinfeld
C*-algebras (see Theorem 5.3). Thus we do not assume G to be quasitriangular any
more. Since we may embed the coaction category of a quasitriangular C*-quantum
group into the one for its codouble by Theorem 5.7, our new setting is more general
than the one in Definition 6.1.
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The monoidal structure on G-Yetter—Drinfeld algebras is given by the tensor
product C Xy, D for the bicharacter W by Theorem 5.3. So the underlying C*-algebra
only uses the coaction of A on C and the coaction of A on D. Both coactions are
used to equip C Xw D with a Yetter—Drinfeld algebra structure, which we need to
form tensor products of more than two factors. We abbreviate X = Xy .

The C*-algebra A carries the canonical continuous coaction A4 of A and a
canonical coaction of A by AdW):a —» W@ ® 1 A)W*- These two coactions
satisfy the Yetter—Drinfeld compatibility condition. The Podle$ condition for the
A-coaction on A is not automatic, however: it is a weak form of regularity. Since we
do not want to impose any regularity condition on G, we make sure that we do not
use the coaction of A on A in the following constructions. The A-coaction A4 on A
is enough to define the twisted tensor products A X B and A X (B X B).

Lemma 6.2. There are unique coactions of A and Aon AR B and A K (B X B')
for which the canonical embeddings of A, B and B’ are equivariant; the A-coactions
are continuous, the A-coactions are injective, but do not necessarily satisfy the
Podles condition. The coactions of A and A are compatible. There is a canonical
isomorphism of triple crossed products AX (B X B') =~ (A X B) X B’, which is
equivariant for the coactions of A and A.

Proof. 1f the A-coaction on A were continuous, our previous theory for coactions of
the codouble of G would give all the statements immediately.

Let W € U(H ® H) be a manageable multiplicative unitary generating (A4, A 4).
Let m:A — B(H) and #: A — B(H) be the resulting representations. The
unitaries (7 ® id4)(W) € U(K(H) ® A) and (7 ® id/i)(\”\\/) e UKMH) ® /i) are
corepresentations because W € U(A®A) and W € U(A® A) are bicharacters. These
two corepresentations together with 7 form a faithful covariant representation of
(A, A4, Ad(W)). Moreover, the corepresentations (# ® id4)(W) and (7 ® id A)(W)
satisfy the Yetter—Drinfeld compatibility condition, so they give a corepresentation
of the codouble D(G)™.

Letf:B - B®AandB: B - B® A denote the coactions of A and A on B that
give the Yetter-Drinfeld algebra structure on B. We may choose a faithful covariant
representation (p, U, V') of (B, B, B) on some Hilbert space KC. Thus U and V satisfy
the Yetter—Drinfeld compatibility condition, so they give a corepresentation of the
codouble D(G)".

Now we represent A X B faithfully on H ® K. This gives a C*-algebra even
if Ad(W) is not continuous because the construction of AX B = A Xy B only uses
the A-coaction A 4 on A and the A-coaction B on B. The codouble of G acts on HR K
by the usual tensor product corepresentation. As in the proof of Proposition 4.1, we
get a unique coaction of ®(G)~ on A X B for which its representation on H ® K and
the embeddings of A and B are equivariant. Only the proof of the Podle§ condition
breaks down because we do not know the Podles condition for the ®(G) ™ -coaction
on A. We may, however, split the ©(G) ™ -coaction into compatible coactions of A
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and A, and prove the Podle$ condition for the coaction of A, just as in the proof
of Proposition 4.1, using only the A-equivariance of the embeddings of A and B
into A X B and the Podle$ conditions for the A-coactions on A and B.

Similarly, the construction of the associator (A X B) X B’ ~ AKX (B X B’) in
the proof of Theorem 4.3 still works, using the covariant representation of 4 X B
just constructed, and gives the remaining statements. O

Our goal is to construct a coassociative comultiplication on C := A X B from a
braided comultiplication Ag: B — B X B. The first ingredient is the morphism

idj X Ap: AR B - AR (B K B),

which is the unique one with (id4 X Apg)oigy = t4and (idg X Ap)oitp = ipmpoAp.
Next we construct a canonical map

V:ARBXB — (AXK B) ® (A K B).

Under regularity assumptions on G, we could construct this by composing the
canonical morphism

j]245A&B&B—>A|Z|B&A&B

with an isomorphism AKX BX AKX B =~ (AKX B) ® (A X B), which exists because
the A-coaction on A is inner (see [12, Corollary 5.16]). The following proposition
constructs W directly without regularity assumptions on G:

Proposition 6.3. Let B and B’ be G-Yetter-Drinfeld algebras, let : B — B ® A
be the A-coaction. There is a unique injective morphism

W ARBXB — (AR B) ® (AKX B')
that satisfies, fora € A,b € B, b’ € B/,

Yorg(a) = (ta ®ta) o Ayla),
Woip(h) =(tpg ®tg)o B(b), (6.3)
V7 otB/(b/) =lsmp ® LB/(b/).

Before we prove this technical result, we state our main result and give a simple
example. Another example is the construction of quantum U(2) groups from braided
quantum SU(2) groups in [6] (the conventions in [6] are, however, slightly different).

Theorem 6.4. Let C := AX B and Ac = Vo (idgy K Ap):C - C ® C.
Then (C, Ac¢) is a bisimplifiable C*-bialgebra whenever (B, Ap) is a bisimplifiable
braided C*-bialgebra over G. If Ap is injective, then so is Ac, and vice versa.

Corollary 6.5. (C, Ac) is a compact quantum group if G is a compact quantum
group and (B, Ap) is a braided compact quantum group over G.
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Proof. The C*-algebra C is unital if and only if 4 and B are both unital. In the
unital (compact) case, the Podle$ conditions suffice to characterise compact quantum
groups. O

Example 6.6. The following example is inspired by the construction of partial duals
in [3] in the setting of Hopf algebras. Let K be a compact group, let I be a discrete
group, and let ¢: I' — Aut(K) be a group homomorphism. Let I acton B := C(K)
by g f(k) = f((pgl(k)) forallk € K, g € I', f € C(K). Equip C(K) with the
trivial coaction of I". Since the I"-coaction on C(K) is trivial,

Co(T) ® C(K) 2= Co(T") ® C(K) = Co(T x K).

The comultiplication A¢ is the one that is induced by the multiplication in the
semidirect product group I' x K.

We may also view C(K) as a Yetter—Drinfeld algebra over C(I") instead of Co(T").
This gives a compact quantum group C(I') X C(K) by Corollary 6.5. Its underlying
C*-algebra is canonically isomorphic to the reduced crossed product I' x C(K)
(see [12, Section 6.3]). Thus the unital C*-algebra I' x C(K) becomes a compact
quantum group by Corollary 6.5. This is the partial dual of the group I x K, where
we dualise Co(I") to C;(I") and leave C(K) unchanged. This example is also a special
case of a bicrossed product (see [1, Proposition 8.22]).

In the remainder of this section, we will prove Proposition 6.3 and Theorem 6.4.
First we name the coactions on our Yetter—Drinfeld algebras: call them

B:B—>B®A p:B—>B®A p:B —>B®A Pp:B — B ®A

We choose faithful covariant, D(G)”-compatible representations (¢, U, V) and
(¢’, U, V') of (B,B,B) and (B’,p’, B') on some Hilbert spaces £ and L'. We
choose a manageable multiplicative unitary W € U (H ® H) generating G; it induces
representations 7: A — B(H) and 77: A — B(H) with W = (# ® 7)W. Then 7 and
the corepresentation (7 ® id4)W € U(K(H) ® A) form a covariant representation
of (A, A4). We use these covariant representations of A, B and B’ to realise
AKX B X B’ asaC*-subalgebra of B(H ® L ® L'); this gives

AR BX B = 14(A)-1g(B)-tp/(B)

for three representations t4, (g, tpr of A, B.and B’ on H ® L ® L'. We describe
these representations as in the proof of Theorem 4.3.
The representation ¢4 is most easy:

ta(@) = n(a) ® 1egr .

To describe ¢ p, we must represent the universal R-matrix, which is essentially W",
on the Hilbert space 4 ® L. The bijection between corepresentations of A and
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representations of Av maps the left corepresentation W, € U (A ® K(H)) to the
representation 7: A" > A —> B(H). The bijection between corepresentations of A
and representations of A" maps the right corepresentation V € UK(L) ® A) to the
unique representation p: A* — B(L) with W, = =V :=o(V)* € U(A ® K(L)).
Hence the resulting representation 7 ® p: A“ ® A" — B(H ® L) maps W" to
V= V,,z Thus the braiding unitary ©Xx* is V*% and

5(0) = V(1 ® p(b) ® 1) V12,
The representations t4 and ¢ p without the trivial third leg in AE’ also realise A iE B
inB(H ® £). Similarly, we realise AR B" in B(H ® £L') using V' := (7 ®id/)V' €

UH ® L) instead of V.

The braiding for £ and £’ involves a unitary Z given by (A.18). This unitary may
also be characterised uniquely by the condition

Uu(@")%ZB = (V)%Ulz inU(LOH L, (6.4)

where U := (id; ® m)U € U(L ® H); compare (A.19). As in the proof of
Theorem 4.3, we see that the representation ¢ p- is

g (b) = Zas(V) i3 (Iuee ® ¢’ () (V)13235
Proof of Proposition 6.3. Define
\I/(X) = W13U23(V/)§4X124§7/34U;3WT3 for x € B(H ® L ® ﬁ/)

This is an injective *-homomorphism from B(HQ L L) to B(HR® LRI H &® L').
We compute W o (4, ¥ o1, W o (p/; this will show that ¥ maps A X B X B’ into

(ARB)Q (ARB)CBHQOILRIH®L)

and has the expected values on t4(A), tg(B) and tp/(B’).
Since t4(a) = w(a);, we get

Vourg(a) =Wizn(a)iWi; = (ta ® ta) o Agla).

Next, ¥ o 1g(bh) = W13U23\A’T2¢(b)2\712U;3WT3. The Yetter—Drinfeld com-
patibility condition for U and V is equivalent to W 3U23§7’fz = WA/’I‘ZU23W13 in
U(H ® L ®H). Using this and the covariance condition for (¢, U) with respect to 8,
we compute

Woip(h) = ViUzsp(h)2UsVia = (tg ® t4) o B(b).
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Finally, we compute

o up(b') = WisUns (V)34 Z24 (V) 140/ (0)aV14 23, V5, U5 Wi
= Wia(V)3,U23(V)5 40 (01)a V), U3 V5, W,
= Wiz (V340740 012V, T3 W1,
= (V)3 W13 ()4 W7, V5,
= (V)30 (044 = Lugp ® 1y (D).
The first equality is trivial; the second equality uses (6.4); the third equality
commutes U3 with Vis and ¢'(b)s; the fourth equality uses that V' is a

corepresentation of A; the fifth equality commutes W13 and ¢’(b’)4; and the last
equality is the definition of the embedding of A X B’ in B(H ® L'). O]

Proof of Theorem 6.4. LetC := AR Band A¢c := Vo (idg4XAp):C ->CQ®C,

where we use ¥ from Proposition 6.3 in the special case B = B’. We first check

that this comultiplication is coassociative. It suffices to check (A¢c ® id¢)Acotg =

(idc®Ac)Acotyg and (Ac®idc)Acotp = (idc ® Ac)Acotp. The first statement

holds because on elements of the form ¢4 (a) with a € A, we get (idg @ A4)A 4(a)

and (A4 ® id4)A 4(a), respectively, embedded into C @ C @ C viatg Q14 ® t4.
To check the formula on B, we also need the two maps

V:ARNBX(BXB)—> (AN B)® (AKX B K B),
V" AR(BRB)RB— (AR BN B)® (AX B)

that we get from Proposition 6.3 for B, B X B and B X B, B, respectively. These
satisfy, among others,

W' (by) = B(b)23, W'(b3) = by, W' (bs) = bs,
U (by) = B(b)2a. V'(b3) = B(b)3s. W'(bs) = bs.

Here we use leg numbering notation to distinguish the different copies of B more
clearly. For instance, 8(b)23 means (tp ® t4)B(b). With these maps, we may write

(idec ® (idg K Ap)) o V|prp = U o (idp X Ap),
((idg M Ap) ®idc) o W|pmp = ¥ o (Ap Kidp).

The second formula uses that Ap is G-equivariant with respect to the actions g
and B >< B and that U” on 1,(B)t3(B) is B > B. Since B is a coaction, we get

(idc ® V) o V'|pmpmp = (¥ ®idc) o V' |prBrB-

This and the coassociativity of A g imply that A¢ is coassociative also on B.
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Now we turn to the Podle$ conditions. We have A X B = 14(A)p(B) =
tg(B)ta(A), B(B)-(1 ® A) = B ® A because f satisfies the Podles condition, and
Ag(A)(1R®A) =A(A)(AR]1) = A® Aand Ag(B)-B, = Ap(B)B; = BX B
because A and B are bisimplifiable. Thus

Ac(C)-(1®C)=Ac(p(B))-Ac(ta(4))-(1®ta(A4))-(1®tp(B))

= Ac(B(B))  (ta ®t4)(Aa(A)-(1® A)) - (1 ®tp(B))
= Ac(tB(B)) - (ta(A) ® C) = V(Ap(B)23) - (ta(A) ® C).

Since W oip/(b") = 1 ® tp/(b’) is a multiplier of t 4 (4) ® C, we may rewrite this as

V(AB(B)23- B3) - (1a(4) ® C)
= V(B X B)23) - (14(4) ® C) = ¥(By) - (ta(4) ® C),
using that (B, A g) is bisimplifiable. Finally, the formula for W on the second leg and
the Podles condition for § show that this is C ® C, as desired.
The other Podle$ condition is proved similarly. Since W is injective, Ac¢ is

injective if and only if id 4 X A p is injective. This is equivalent to A p being injective
by [11, Proposition 5.6]. O

A. Preliminaries

A.1. Multiplicative unitaries and quantum groups.
Definition A.1 ([1]). Let H be a Hilbert space. A unitary W € U(H ® H) is
multiplicative if it satisfies the pentagon equation
WosWip = WinWi3Wos inUH O H S H). (A.1)
Technical assumptions such as manageability [20] are needed to construct
C*-algebras out of a multiplicative unitary.
Theorem A.2 ([18-20]). Let H be a separable Hilbert space and W € U(H ® H)
a manageable multiplicative unitary. Let
A= {(0 ®idy)W : w € B(H)+}5, (A2)
A= {(idy @ @)W : » € B(H)}"S. (A.3)

(1) A and A are separable, nondegenerate C*-subalgebras of B(H).

2) W e Z/{(fi ® A) € UH ® H). We write WA for W viewed as a unitary
multiplier of A ® A and call it reduced bicharacter.
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(3) There is a unique morphism A 4: A — A ® A such that
(id; ® ADWA = WHLWH,  inU(A® A® A); (A.4)
it is coassociative and bisimplifiable:

(Ag®idg) oAy = (idg ® Ay) o Ay, (A.5)
Ag(A)- (14 @A) =AR A= (AR 14) - Ay(A). (A.6)

A C*-quantum group is a C*-bialgebra G = (A4, A4) constructed from a
manageable multiplicative unitary. This class contains the locally compact quantum
groups of Kustermans and Vaes [8], which are defined by the existence of left and
right Haar weights.

The dual multiplicative unitary is W:=SW*S e Y (HQ®H), where 2(x®y) =
y ® x. It is manageable if W is. The C*-quantum group G = (/f, A 4) generated
by W is the dual of G. Tts comultiplication is characterised by

(Ag ®id WA = WAWL  inU(AQ AR A). (A7)

A.2. Corepresentations.
Definition A.3. A (right) corepresentation of G on a Hilbert space H is a unitary
U e UK(H) ® A) with

(dxm) ® Ag)U =UpUiz inU(K(H) @ A ® A). (A.8)

Let U! € U(K(H1) ® A) and U? € U(K(H2) ® A) be corepresentations of G.
An element t € B(H1,H») is called an intertwiner if (t ® 14)U! = U2(t ® 1,4).
The set of all intertwiners between U! and U? is denoted Hom(U!, U?). This gives
corepresentations a structure of W*-category (see [19, Sections 3.1-2]).

The tensor product of two corepresentations U?! and U™2 is defined by

U @U™ = UMUY inUKMH @ Ha) ® A). (A.9)

Routine computations show the following: UHt @ U*2 is a corepresentation; @
is associative; and the trivial 1-dimensional representation is a tensor unit. Thus
corepresentations form a monoidal W*-category, which we denote by Cotep(G);
see [19, Section 3.3] for more details.

A.3. Coactions.

Definition A.4. A continuous (right) coaction of G on a C*-algebra C is a morphism
y:C — C ® A with the following properties:

(1) y is injective;

(2) y is a comodule structure, that is, (idc @ A4)y = (y ® id4)y;
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(3) y satisfies the Podles condition y(C) - (1c ® A) = C ® A.
We call (C, y) a G-C*-algebra. We often drop y from our notation.

A morphism f:C — D between two G-C*-algebras (C,y) and (D,§) is
G-equivariantif 8o f = (f ®id4)oy. Let Mor®(C, D) be the set of G-equivariant
morphisms from C to D. Let €*alg(G) be the category with G-C*-algebras as
objects and G-equivariant morphisms as arrows.

Definition A.5. A covariant representation of (C,y, A) on a Hilbert space H is
a pair consisting of a corepresentation U € U(K(H) ® A) and a representation
@: C — B(H) that satisfy the covariance condition

(p ®idg) o y(c) = U(p(c) ® 14)U*  inU(K(H) ® A) (A.10)

for all ¢ € C. A covariant representation is called faithful if ¢ is faithful.

Faithful covariant representations always exist by [12, Example 4.5].

A.4. Universal quantum groups. The universal quantum group
= (A", Agv)

associated to G = (A4, A4) is introduced in [19]. By construction, it comes with a
reducing map A: A" — A and a universal bicharacter V € U(A ® A"). This may also
be characterised as the unique bicharacter in ¢/ (ff ® AY) that lifts W4 e U (/f ® A)
in the sense that (id ; ® A)V = w4,

Similarly, there are unique bicharacters V € U (A" ® A)and W' e Y (A" ® AY)
that lift W4 € U (/I ® A); the latter is constructed in [7] assuming a Haar measure
and in [11] in the more general setting of manageable multiplicative unitaries. The
universality of V € U(A" ® A) says that for any corepresentation U € U(K(H) ® 4)
of G on a Hilbert space H, there is a unique representation p: A" — B(H) with

(pRid)Y =U  inUK(H) ® A). (A.11)

A.5. Bicharacters as quantum group morphisms. Let G = (4,A4) and H =

(B, Ap) be C*-quantum groups. Let G = (A AA) and H = (B AB) be their duals.

DeﬁAnitioAn A.6 ([11, Definition 16]). A bicharacter from G to His a unitary X €
U(A ® B) with

(Aa®idg)X = X23X13  inU(A® A® B), (A.12)

(id; ® Ap)X = X113 inUA® B® B). (A.13)

Bicharacters in /(A ® B) are interpreted as quantum group morphisms from G

to H in [11]. We mainly use bicharacters in /(A ® B) and rewrite some definitions
in [11] in this setting.
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Definition A.7. A right quantum group morphism from G to His a morphism
AR: A — A ® B such that the following diagrams commute:

A N A N
A R A®B A R A®B
AAJ AA®id§J ARJ idA(X)ABJ (A.14)
A® A ARA®B  AQB——— AQB®B
idg ® Ag AR®idl§

The following theorem summarises some of the main results of [11].
Theorem A.8. There are natural bijections between the following sets:
(1) bicharacters X € U(/f ® é)from G to H;
(2) bicharacters X € Z/{(1§ ® /i) from H to G;
(3) right quantum group homomorphisms Ap: A — A ® B;

4) functors F:€*alg(G) — ¢* a[g(]ﬁl) with Fors o F' = Forg for the forgetful
Sfunctor Forg: €*alg(G) — C*alg;,

(5) Hopf *-homomorphisms f: A" — B between universal quantum groups;
(6) bicharacters X" € Z/[(/f” ® é“)

The first bijection maps a bicharacter X to
Xi=oa(X"). (A.15)

A bicharacter X and a right quantum group homomorphism A g determine each other
uniquely via

(id; ® AR)(WH) = Wib X153, (A.16)

The functor F associated to AR is the unique one that maps (A, A4) to (A, AR). In
general, F maps a continuous G-coaction y:C — C ® A to the unique H-coaction
6:C — C ® B for which the following diagram commutes:

14

C cCA
sl Jidc ® AR (A.17)
C®B — s CRAQB
Y ®1dl§

The bicharacter inU(A ® B) associated to a Hopf *-homomorphism f: A" — B is
Xi=(1{d;® Ay FYVA), where VA € U(A ® AY) is the unique bicharacter lifting
w4 e Z/l(ff ® A) and A g: BY — B is the reducing map.
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A.6. Twisted tensor products. Lety:C — C®Aandé: D — D ® B be coactions
of G and H on C*-algebras C and D, respectively. We are going to describe the
twisted tensor product

CXD:=(C,y)Xy (D,$)

for a bicharacter X € U(A ® B). Let (p,U*) and (v, UX) be faithful covariant
representations of (C, y) and (D, §) on Hilbert spaces H and /C, respectively. Thus
U™ € U(K(H) ® A) and U* € U(K(K) ® B) are corepresentations of G and H.
Let p™: AY > B(H) and p*: B' — B(K) be the corresponding representations of
the universal duals. Let X" € U (A ® B) lift X, see Theorem A.8. Let

Z:=(p"Q )XY cUH ® K). (A.18)
The proof of [12, Theorem 4.1] shows that this is the unique Z € U (H & K) with
U USs Z1, = USUY,  inUH®K®L) (A.19)

for any X-Heisenberg pair («, 8) on any Hilbert space L.
Define representations tc = ¢ and tp = ¥ of C and D on H ® K by

te(c) = p1(c) = (c) ® I,
ip(d) =V2(d) == Z(1% @ ¥ (d))Z*.

Theorem A.9 ([12, Lemma 3.20, Theorem 4.3, Theorem 4.9]). The subspace

(A.20)

CX D :=¢(C) V(D) CB(H®K)

is a nondegenerate C*-subalgebra. The crossed product (C X D,ic,itp), up to
equivalence, does not depend on the faithful covariant representations (U™, )
and (UX, y).

We call C Ky D the twisted tensor product of C and D. It generalises the minimal
tensor product of C*-algebras.

A.7. Heisenberg pairs. Let G = (4,A4) and H = (B, Ag) be C*-quantum
groups and let W4 e I/ (A ® A) and W8 e (B ® B) be their reduced bicharacters,
respectively. Let X € U (A ® B) be a bicharacter from G to H.

Definition A.10 ([12, Definition 3.1]). Let E be a C*-algebra and let «: 4 — E
and B: B — E be morphisms. The pair («, 8) is a X-Heisenberg pair or briefly
Heisenberg pair on E if

Wi Way = WEWi X,  inU(A® B E):; (A.21)

here W’l“a = ((d; ® a)W4)13 and Wfﬁ = ((dz ® BYWE) 3.
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The following lemma is routine to check:
Lemma A.11. Let (o, B) be a X-Heisenberg pair on a C*-algebra E. Define
@:A—>AQBQ®Eandp:B - AQ BQ E by d'(a) := ((idg ® )A4(a)),,
and B’ (b) 1= ((idB ® ﬁ)AB(b))23. This is again a X-Heisenberg pair.

Equip 4 and B with the standard coactions A 4 and A g of G and H, respectively,
and form the tensor product A Xy B. This plays a special role, as explained after

Proposition 5.6 in [12]: coactions y:C — C ® A and §: D — D ® B induce a
canonical map

YR8 CRyD — (CRA) Ry (D®B)~C®D R (AKy B).

Proposition A.12. Let H be a Hilbert space and let ¢: A Ry B — B(H) be a
representation. Definea := g oi1g: A — B(H) and B := ¢ otpg: B — B(H). The
pair («, B) is a X-Heisenberg pair.

Proof. This is the only place where we use the construction of twisted tensor products
through Heisenberg pairs in [12, Section 3]. Let (¢, 8’) be a X-Heisenberg pair on
a C*-algebra E. Define morphisms

t4:A—> AQ BQE, ao—>((idA®oz’)AA(a))13,
i13:B—>AQBQE, b ((idp ® B)AB(D)),s-

Then A Xy B = 14(A) - tp(B). Lemma A.11 shows that (t4,tp) is a X-Heisenberg
pairon A Xy B. Hence (¢ o4, ¢ otp) is a X-Heisenberg pair on . 0

Corollary A.13. If ARy B = AWy B as crossed products for two bicharacters
X, X' € U(AQ® B), then X = X'

Proof. LetH, ¢, a, B as in Proposition A.12. The pair (¢, ) is both a X-Heisenberg
pair and a X’-Heisenberg pair by Proposition A.12. The commutation relation (A.21)
that characterises Heisenberg pairs gives

Wi Wi X1z = Wi Wi = W Wi X, inld(A® A @ K(H)).

Thus X = X'. O
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