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Pseudo-differential extension for graded nilpotent
Lie groups

Eske Ewert

Abstract. Classical pseudo-differential operators of order zero on a graded nilpotent Lie group G
form a *-subalgebra of the bounded operators on L2(G). We show that its C*-closure is an extension
of a noncommutative algebra of principal symbols by compact operators. As a new approach, we
use the generalized fixed point algebra of an R~ g-action on a certain ideal in the C*-algebra of the
tangent groupoid of G. The action takes the graded structure of G into account. Our construction
allows to compute the K-theory of the algebra of symbols.

1. Introduction

A homogeneous Lie group is a nilpotent Lie group G with a dilation action of R~ by
group automorphisms. The dilation action allows to scale with different speed in different
tangent directions. A slightly less general class are graded Lie groups. A prominent exam-
ple is the Heisenberg group whose Lie algebra is generated by {X, Y, Z} with [X, Y] = Z
and [X, Z] = [Y, Z] = 0. Then

Ap(X)=AX, Ay(Y)=AY and A)(Z)=A*Z fori>0

define dilations on the Heisenberg algebra. The dilations induce a new notion of order and
homogeneity for differential operators on G. For example, in the case of the Heisenberg
group, one would assign order 2 to Z and order 1 to X and Y.

Certain hypoelliptic operators, like Hormander’s sum of squares or Kohn’s Lapla-
cian [p, can be analyzed using homogeneous convolution operators on homogeneous Lie
groups [19]. Therefore, it is desirable to have a pseudo-differential calculus that takes the
homogeneous structure into account. In the 80s, a kernel-based pseudo-differential calcu-
lus for homogeneous Lie groups was developed in [7]. Recently, Fischer and Ruzhansky
introduced in [18] a symbolic calculus for graded Lie groups. Instead of functions on the
cotangent bundle as in the Euclidean case, the symbols are given here by fields of oper-
ators using operator valued Fourier transform. This uses that the representation theory
of nilpotent Lie groups is well known and the abstract Plancherel theorem [13] applies.
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In [17] homogeneous expansions, classical pseudo-differential operators and their princi-
pal symbols were defined for this calculus. Graded Lie groups are also instances of filtered
manifolds, for which a pseudo-differential calculus was developed in [47].

This article describes a different approach to pseudo-differential operators on homoge-
neous Lie groups using generalized fixed point algebras. Generalized fixed point algebras
were introduced by Rieffel [44,45] to generalize proper group actions on spaces to the
noncommutative setting. If a locally compact group H acts properly on a locally com-
pact Hausdorff space X, the orbit space H\X is again locally compact. The generalized
fixed point algebra is in this case Co(H \ X), which can be viewed as a subalgebra of the
H -invariant multipliers of A = Co(X). Moreover, R = C.(X) can be completed into an
imprimitivity bimodule between an ideal in the reduced crossed product C;(H, Co(X))
and the generalized fixed point algebra. In [33] it is investigated for which group actions
a: H ~, A on a C*-algebra A, one can build a generalized fixed point algebra which is
Morita—Rieffel equivalent to an ideal in C(H, A). The crucial step is to find a dense
subset R C A that is continuously square-integrable. As it turns out, such R can fail to
exist or to be unique. If R satisfies the requirements, the generalized fixed point alge-
bra Fix? (4, R) is generated by averages [y ax(a*b) dx for a,b € R, understood as
H -invariant multipliers of A.

A classical pseudo-differential operator of order k on a manifold M is determined up to
operators of lower order by its principal symbol. The principal symbol is a k-homogeneous
function on T*M \ (M x {0}). Hence, for k = 0 the principal symbol is a generalized
fixed point of the scaling action of H = R~ on T*M \ (M x {0}) in the cotangent direc-
tion. Therefore, the C*-closure of the 0-homogeneous symbols Co(S* M) is a generalized
fixed point algebra. As it turns out, not only the principal symbols, but also the pseudo-
differential operators of order zero themselves are generalized fixed points. A special case
of the results in [11] is that the classical pseudo-differential calculus for a manifold M
can be recovered from Connes’ tangent groupoid [8]. Moreover, they observed that each
pseudo-differential operator of order zero can be written as an average fooo f,%, where
(f#)te[0,00) 18 an element of the C*-algebra of the tangent groupoid of M satisfying cer-
tain conditions. Elements of a generalized fixed point algebra are obtained in exactly this
fashion.

It was shown in [34] that the C*-closure of classical pseudo-differential operators of
order zero on R” inside the bounded operators on L?(R") is a generalized fixed point
algebra. In fact, it is the generalized fixed point algebra of a zoom action of R.( on an
ideal in the C*-algebra of the tangent groupoid. In this article, we generalize this result to
graded Lie groups G. We describe a variant of Connes’ tangent groupoid

§ = (TG x{0} U (G x G) x (0,00) = G x[0,00)),

where the operation on the tangent bundle 7'G is given by group multiplication in the
fibres. This is a special case of the tangent groupoid of a filtered manifold which was
considered before in [6,23,46]. It is equipped with a zoom action of R~ o, which is induced
by the dilations on G.
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Let J be the ideal in C*(§) that consists of all elements whose restriction to (x, 0),
which is an element of C* (7T, G) = C*(G), lies in the kernel of the trivial representation
of G for all x € G. In the commutative case, this corresponds under Fourier transform
to taking out the zero section in T*R", which is necessary to obtain a proper action. We
show that there is a subset R C J such that Fix®> (J, R) is defined. Let Jy and R¢ be
the restriction of J and R tot = 0, respectively. Then we obtain another generalized fixed
point algebra Fix®>°(Jy, Ro). These fit into an extension

K(L?G) — Fix®>0(J, R) — Fix®>°(Jy, R).

We call this the pseudo-differential extension of G. We justify the name by showing
that this extension is the C*-completion of the order zero pseudo-differential extension

defined in [17]
princ . 0

Ul s v — S0

The C*-algebra Fix®>0(Jp, Ro) of principal symbols is, in general, noncommutative.
However, as it is a generalized fixed point algebra, it is Morita—Rieffel equivalent to an
ideal in C}(R~o, Jo). Using the representation theory of nilpotent Lie groups and, in
particular, Kirillov theory [28] and Pukanszky’s stratification [38], we show that it is actu-
ally Morita—Rieffel equivalent to the whole crossed product. Furthermore, Fix®>0(J, R)
is Morita equivalent to C*(R~¢, J), which was observed before in [11] for the case of
dilations given by scalar multiplication.

The Morita equivalence allows us to prove that Fix®>0(Jy, Ro) is KK-equivalent to
Co(S*R™). Hence, although the symbols in the homogeneous and Euclidean case differ,
the resulting C*-algebras have the same K-theory. Moreover, our approach can be used to
recover the computation of the spectrum of C*(S 9)in [17].

The article is organized as follows. Section 2 introduces generalized fixed point alge-
bras and examines their behavior for extensions of C*-algebras. Section 3 compiles some
facts about analysis on homogeneous Lie groups and their representation theory. The tan-
gent groupoid & of a homogeneous Lie group and its C*-algebra are defined in Section 4.
In Section 5 we build the pseudo-differential extension (1) using generalized fixed point
algebras. Section 6 relates Fix®>°(Jy, Ro) with operators of type 0 on G. In Section 7
we compare the generalized fixed point algebra extension to the calculus of Fischer—
Ruzhansky—Fermanian-Kammerer. In Section 8 we show the mentioned Morita—Rieffel
equivalences. Moreover, we compute the spectrum and K-theory of Fix®>(Jy, R¢). The
results in this article are also contained in the author’s Ph.D. thesis [16].

2. Generalized fixed point algebras and extensions
Rieffel proposes a notion for proper group action on C*-algebras in [44,45], which gener-

alizes proper actions on locally compact Hausdorff spaces. This leads to the construction
of generalized fixed point algebras. We follow the approach taken in [33]. In this section,
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we recall the notions used there and prove some results regarding the behavior of gener-
alized fixed point algebras under extensions of C*-algebras, which will be needed in the
later chapters.

2.1. The construction

For this section, let H be a locally compact group and A a C*-algebra with a strongly
continuous action «: H — Aut(A).

If H acts properly on a locally compact Hausdorff space X, the generalized fixed
point algebra is given by Co(H \ X), where H\X denotes the orbit space. It is Morita—
Rieffel equivalent to an ideal in the reduced crossed product C¥(H, Co(X)). A feature
of the generalized fixed point algebra construction is that this property carries over to
noncommutative A: the generalized fixed point algebra is Morita—Rieffel equivalent to an
ideal in C} (H, A). The following definitions and results are taken from [33].

We recall first the definition of the crossed product C(H, A). There are covariant
representation (p?, p) of the C*-dynamical system (A, H, «) on the right Hilbert A-
module L2(H, A) defined by

(pfw)(x) =ax(a)y(x) forae A, x € H,
(o5 ¥)(x) =¥ (xy)  forx,y€H,

for v € C.(H, A). Equip C.(H, A) with the following convolution and involution
(f @ = [ 100 n)a.
fr0) = ax(f(h)”

for x € H. The Haar measure on H is used to define the convolution. The /-norm is
defined by

171 =max{ [ reofex. [ el e,

The representation (p?, pf) integrates to the *-representation p of C.(H, A) with

(1) () = /H we(f)W () dy for £y € Co(H. A),

which satisfies

lorll < If s
for all f € C.(H, A). The reduced crossed product C¥(H, A) is the norm closure of
o(C.(H, A)) inside B(L?(H, A)).

Lemma 2.1. The representation p? maps to the multiplier algebra of Ci(H, A). If (uy)
is an approximate identity for A, then

IF —pf o F| =0 foreach F € C}(H. A).
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Proof. The first claim follows from
p;‘l opr = par forallae Aand f € C.(H, A).

For the second claim note that

oy = pit o prll = loy—u, sl < If —usfllz.

which converges to zero for compactly supported f. As C.(H, A) is dense, the same holds
for arbitrary elements of C;(H, A) by continuity. |

The diagonal action of H on Cp(H, A) or C.(H, A) is given by

(h- f)(x) = an(f(h7'x)).
For a € A the operators

{al: A — Cp(H, A), (((a|b)(x) = ay(a)*h,
a):Co(H.A) > A, la)f = / (@) f(x) dx.
H

are H -equivariant and adjoint to each other with respect to the pairings {(a | b) = a*b for
a,beAand (f|g) = [y f(x)*g(x)dx for f € Cp(H, A) and g € C.(H, A).

Let y;: H — [0,1], i € I, be a net of continuous, compactly supported functions
with y; — 1 uniformly on compact subsets. A function f € Cp(H, A) is called square-
integrable if and only if (y; f) converges in L2(H, A). It is shown in [34, Lemma 1.13,
Corollary 1.15] that the convergence of (y; f) and its limit do not depend on the chosen
net.

Definition 2.2. An element a € A is called square-integrable if {(a|b € Cp(H, A) is
square-integrable for all b € A.

In this case, we understand {(@| as an operator A — L2(H, A). By [33], a € A is
square-integrable if and only if |a)) extends to an adjointable operator L2(H, A) — A. We
also denote it by |a)). Its adjoint is {{a|. Let Ay be the vector space of all square-integrable
elements in A. It becomes a Banach space with respect to the norm

lallsi == llall + | Gal o la)]"/* = llall + [la}].

Definition 2.3. A subset R C A is called relatively continuous if for all a, b € R the
operator {(a|b)) := {(a] o |b)) € B(L?(H, A)) is contained in the reduced crossed product
C*(H, A) C B(L?(H, A)). It is called complete if R is a closed linear subspace of Ag
with respect to || - || and satisfies |a))(C.(H, A)) C R foralla € R.

Definition 2.4. A continuously square-integrable H-C*-algebra (A, R) consists of a
C*-algebra A with a strongly continuous action of H and a subset R C A which is rela-
tively continuous, complete and dense in A.
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If H acts properly on a locally compact Hausdorff space X, (Co(X), Cc(X)%) is a
continuously square-integrable H-C*-algebra. Here, C.(X) is completed with respect
to the || - ||si-norm above. For an arbitrary C*-algebra A, a subset R C A satisfying the
requirements above can fail to exist or to be unique as shown in [33]. However, there is
a sufficient condition that guarantees the existence of a unique such R. Let the primitive
ideal space of A be equipped with the Jacobson topology. There is a continuous H -action
on Prim(A) defined by x - P = ax(P) for x € H and P € Prim(A). The H-C*-algebra
A is called spectrally proper, if the action on the primitive ideal space is proper.

Theorem 2.5 ([33, Theorem 9.1]). Let A be spectrally proper H-C*-algebra. Then there
is a unique relatively continuous, complete and dense subset.

Definition 2.6. Let (A4, R) be a continuously square-integrable H-C*-algebra. Define
FH(A, R) as the closure of |R)) C B(L?(H, A), A). The generalized fixed point algebra
Fixf (4, R) is defined as the closed linear span of |R)) ((R| in the H -invariant multiplier
algebra M1 (A).

Since R is complete, there is a right C.(H, A)-module structure on R defined by
ax f=|a)(f)fora e Rand f € Co(H, A), where ": Co(H, A) — Co(H, A) is given
by f(h) :=a(f(h™")) for h € H. Because of the identity |a)) o pr = |a * f)) fora € R
and f" € C.(H, A), this can be extended continuously to a right Hilbert C* (H, A)-module
structure on F (A, R).

Fora,b,c,d € R the operator ((b|c)) € C}(H, A) can be approximated by a sequence
(pf,) with f,, € C.(H, A). Therefore, the product

(la) (o) (Ieh{(dl) = lim |a)) o pg, o (d| = lim |a * fu)){(d]
lies again in the generalized fixed point algebra. As (|a)){(b]|)* = |b)){(a|, this shows that
Fixf (4, R) is a C*-subalgebra of M (A).
Now, we describe the elements of Fix® (4, R) more explicitly. In the commutative

case H ~, X, functions on the orbit space can be obtained by averaging functions in
C¢(X) over the action:

Example 2.7. For H ~, X proper and f € C.(X) there is a function F € Co(H\X)
defined by

F(Hx) := /H f(h'.x)dh for Hx € H\X.

The following lemma suggests to also think of elements of Fix (4, R) for a noncom-
mutative A as averages over the group action of certain elements of A.

Lemma 2.8 ([33, (19)]). Let (xi)ier be a net of continuous, compactly supported func-
tions on H that converges uniformly to 1 on compact subsets as above. Let a,b € R. The
net

/ 21 (X)ax(@*b) dx
H

converges to |a)) {(b| with respect to the strict topology as multipliers of A.
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Returning to the construction, (A, R) is a full left Hilbert Fix® (4, R)-module.
Let J7 (A4, R) denote the closed linear span of (R |R)) C C*(H, A), which is an ideal.
Then 7 (A4, R) is a Fix (4, R)-J ¥ (4, R) imprimitivity bimodule.

The ideal J# (A, R) need not be the whole reduced crossed product. The following
definition is due to Rieffel [44].

Definition 2.9. Let (4, R) be a continuously square-integrable H-C*-algebra. Call (4, R)
saturated if J7 (A, R) = C*(H, A).

Example 2.10. For a proper action H ~, X, Rieffel observed in [43] that (Co(X), C. (X))
is saturated if the action of H on X is free. We will argue in Lemma 2.18 that the converse
is true as well.

The next lemma, proved in [34], gives a criterion when a set R C Ay can be completed
to a relatively continuous, complete and dense subset of A.

Lemma 2.11. Let R C A be a dense, linear subspace. Suppose R consists of square-inte-
grable elements, is relatively continuous and H -invariant, and satisfies R - R C R. Denote
by R the closure of R C A with respect to the || - ||-norm. Then (A, R) is a continuously
square-integrable H-C*-algebra. The generalized fixed point algebra Fix? (A4, R) is the
closed linear span of |R) ((R|.

Proof. The inclusion Ag < A is continuous. Since R is dense in A, also R is a dense
subspace of A. As ||{(al| = |[la)]l < |lalls for all a € Ay, elements of (R |R)) can be
approximated with respect to the operator norm on L2(H, A) by elements of ({(R|R)).
This shows that R is relatively continuous as well.

It remains to verify that R is complete. First, we show that R-AC R holds. Let
r € R and a € A and choose sequences (r,), (a,) in R such that ||r — r,|s — 0 and
la — an|| = 0. Note that ra € A because |ra)) = |r)) o p;f and r is square-integrable.
By assumption r,a, € R holds for all n € N. We estimate using [33, (17)] that

lra —rnanlls < Irllsillan —all + lIr = rallsillan |,

which converges to zero. Furthermore, R is also H -invariant, which follows from the
invariance of R and [33, (18)]. This implies that |R))(C.(H, A)) C R.

Using similar arguments as for the relative continuity of &R, one obtains that any
la)) (b with a, b € R is a norm limit of elements of |R)) {(R). |

Remark 2.12. Suppose R C A is a dense, H -invariant *-subalgebra such that {{a|b is
bounded with respect to the /-norm for all a, b € R as required in the original definition in
[44]. Then by [33, Proposition 6.5] R is relatively continuous and square-integrable. There-
fore, Lemma 2.11 shows that (4, R) is a continuously square-integrable H-C*-algebra.
2.2. Extensions of generalized fixed point algebras

Let I be an H -invariant ideal in A such that the sequence

C*(H.I) < C*(H,A) — C*(H,A/I)
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is exact. If H is an exact group, this is true for all H -invariant ideals / < A. For example,
this holds in our applications in the later sections where H = (R~o, -) = (R, +).

Let (A, R) be a continuously square-integrable H-C*-algebra. Consider R N [ C [
and the image of R under the projection g: A — A/I. We will show that the generalized
fixed point algebra construction can be applied to (I, R N I) and (4/1,¢(R)), and relate
the respective generalized fixed point algebras to each other.

In particular, we are interested in what can be said about saturatedness in this case.
This is inspired by the simple observation that if an H-space X can be partitioned into
two H -invariant subsets X = X; U X>, then the action on X is free if and only if it is free
on X; and X>.

Lemma 2.13 ([34]). Let R C A be a relatively continuous, complete subspace of A. If
1 < A is an H -invariant ideal such that (2.2) is exact, then R NI = R - I holds.

Proof. Because [ isanidealin A and R - A = R by [33, Proposition 6.4], R- I CR NI
follows. The other inclusion uses exactness in (2.2). Letr € RN 1. As

{(rIr)(L*(H, A)) € L*(H, 1)

and (2.2) is exact, we have {(r|r)) € C(H, I). Now, let (1)) e be an approximate unit
for I, satisfying u} = u; and |[u|| < 1forall A € A. One computes

[17) = Irua) P = [ = rualr = rua) |
< [(r1r) = pug o Grr) | + [ 4r1r) o pu, = iz o rlr) oy, |
<2-[[rlr) =, o rir)].

By Lemma 2.1 this converges to zero. Furthermore, ||r — ru || — 0 holds. Hence, re R - [
follows from Cohen’s factorization theorem applied to (R, | - ||si) as aright /-module. =

Lemma 2.14. Let (A, R) be a continuously square-integrable H-C*-algebra and let
1 < A be an H -invariant ideal such that the sequence in (2.2) is exact. Let g: A — A/ I
be the quotient map. Then the following holds:

(1) (I, R N 1) is a continuously square-integrable H-C*-algebra.

(2) (A/1,q(R)) is a continuously square-integrable H-C*-algebra. Here, q(R) denotes
the closure of ¢(R) C (A/I)s in the || - ||si-norm.

Proof. We prove (1). The linear subspace & NI = R - I is dense in I because any
element i € [ can be factorizedasi = a - j forsomea € A and j € I. Since R is dense
in A, there is a net (ry) cp C R with rj, — a and hence i = limy ry - j. The square-
integrability of elements in R N [ is inherited from R, and |[R N I )(C.(H, 1)) S RN I
holds. Then (R NI |R N I)) C C}(H,I) follows from the same argument as in the proof
of Lemma 2.13 using that (2.2) is exact. Note that |[{i |i ) ||lcx a1y = 1 [i) lcx (a1,4) Tor
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i € RNI.Because I < A is closed and R is closed with respect to || - ||si, 4, this means
that R N [ is closed with respect to || - ||s,7. Hence, (I, R N I) is a continuously square-
integrable H -C*-algebra.

To prove (2) we show that Lemma 2.11 can be applied to g(R) C A/I. As R C A
is a dense linear subspace, the same holds for g(R) C A/I.Fora € R and i € [ their
productai € R -1 = R NI liesin R. All elements g(a) for a € R are square-integrable
because the quotient map L?(H, A) — L?(H, A/I) is continuous. Let

Q:B(L*(H, A)) — B(L*(H, A/I))
be the canonical map. We have

(a@1q®) = 0((alb)) fora.be R.

The relative continuity of ¢(R) follows as Q maps C;(H, A) to C*(H, A/I). By [33,
Proposition 6.4], R is H-invariant and an essential right A-module, that is, R - A = R.
This implies that ¢ (R) is also H -invariant and satisfies ¢(R) - ¢(R) C ¢q(R). Therefore,
the claim follows from Lemma 2.11. [ ]

Remark 2.15. The restricted map g: A — (A/I)s; is continuous with respect to the
respective | - ||si-norms as for a € Ag

lg@] + [{g@lq@)]"? = |a@] + | 2 (kalaD)|""* < llall + |ala)]-

In particular, for R C Ag; one has q(_ﬁ_?) = ¢(R) with respect to the || - ||;-norms.

In the situation of Lemma 2.14, F# (I, R N I) is a closed Fix (4, R)-JH (4, R)
submodule of (4, R). Under the Rieffel correspondence (see for example [41, Theo-
rem 3.22]), F ¥ (I, R N I) corresponds to the ideals Fix® (I, ® N I') in Fix (4, R) and
JEI, RN I)in JH(A, R).

To study saturatedness, we relate the corresponding ideals in the reduced crossed prod-
ucts for /, Aand A/1.

Lemma 2.16. Let (A, R) be a continuously square-integrable H-C*-algebra and I < A
an H -invariant ideal such that (2.2) is exact.
The restrictions of

C*(H,I)— C*(H,A) and Q:C*(H,A)— C*(H,A/I)

to JH(I, RN 1) and JH (A, R), respectively, yield a commutative diagram with exact

rows -
JEU,RNT) —— JHA,R) — JH(A/1,q(R))

[ [

C*(H,I) — C*(H,A) —— C*(H,A/I).
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Proof. The ideal JH (I, R N I is mapped into J (A, R) under the inclusion. As

0((alb)) = {a(@lq®)) fora.be R,

we see that JH (4, R) maps to JH (A4/1, q(R)). Moreover, the linear span of elements
of this form is dense in J (A4/1,g(R)) so that the restriction is onto. Hence, the claim
follows from exactness of the bottom row in (2.16) once we show that

JEI, RNy =JH A, R)NC*H,I).
As JH (A, R) and C!(H, I) are both closed ideals in C*(H, A),
JEA, RYNCHH, T)=JH(A,R)-CH,T)

holds. Consequently, the linear span of (a|b)) o pr = (a|b* f)) fora,b € R and [ €
C.(H,I) is dense in JH (A, R) N C*(H, I). Let (u;)eca be a approximate unit for /
consisting of self-adjoint 1. Lemma 2.1 implies that {a|b * f)) is the limit of p,, o
{alb* f) = {aup|b * f). Thisnetliesin JA(I,RNT)asauy e R-1 =RNIT and
bx f € RN I.Thus, the inclusion J 7 (4, R) NC*(H,T) € JH(I, R N I) follows. The
converse inclusion is clear. ]

Corollary 2.17. Let (A, R) be a continuously square-integrable H-C*-algebraand I < A
an H -invariant ideal such that (2.2) is exact. Then (A, R) is saturated if and only if
(I,RN1I)and (A/I,q(R)) are saturated.

Proof. Suppose first that (4, ) is saturated. In the proof of Lemma 2.16 we showed that
JEI, RN =JHUA, R) N C!(H,I).Hence (I, R N I) is saturated. Because (2.16)
has exact rows, this implies that (A4/1, g(R)) is saturated as well. If (/, R N 1) and
(A/1,q(R)) are saturated, (A, R) is saturated because (2.16) is exact. |

As an application we show the following result for actions on spaces.

Lemma 2.18. Let H act properly on a locally compact Hausdorff space X and assume
that (Co(X), Cc (X)) is saturated. Then the action H ~, X is free.

Proof. Let x € X and let Hx C X be its orbit. Since the action is proper, Hx is H -
equivariantly homeomorphic to H/H,. Here H, is the stabilizer of x, which is a com-
pact subgroup of H. Hence, Co(H x) is a quotient of Co(X) by an H -invariant ideal.
Because Co(H x) is spectrally proper, C.(Hx) is the unique relatively continuous, com-
plete and dense subset by Theorem 2.5. By Corollary 2.17, (Co(H x), C.(Hx)) is satu-
rated. Hence, Fix! (Co(H x), C.(H x)) is Morita—Rieffel equivalent to C!(H,Co(HXx)).
By the imprimitivity theorem, C;*(H,Co (H /H,)) is Morita—Rieffel equivalent to C*(H).

On the other hand, Fix (Co(H x), C.(Hx)) is isomorphic to the functions on the
orbit space. As Hx consists of a single H -orbit, this generalized fixed point algebra is
isomorphic to C. Hence, C and C*(H,) are Morita—Rieffel equivalent. This can only be
true if H, = {e}. Therefore, the H -action on X is free. |
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Not only the ideals in the crossed product algebras fit into an exact sequence. The
same is true for the corresponding generalized fixed point algebras. The surjective homo-
morphism ¢: A — A/ has a unique strictly continuous extension M(A) — M(A/I). Let
g be its restriction to Fix (4, R).

Proposition 2.19. Ler (A, R) be a continuously square-integrable H-C*-algebra and
I < A an H-invariant ideal such that (2.2) is exact. There is an extension of generalized
fixed point algebras

Fix (1, R N I) < Fix" (4, R) 2 Fix? (4/1,4(R)).

Proof. Fora,b e RN I,wecanview |a)){(b| as a multiplier of  or A. As |a)){{(b|(A) C I
it follows that |[|a) {(b]|lr = |l|a)){b||l4. Hence, by extending continuously we obtain an
injective *-homomorphism Fix (I, R N I') — Fix# (4, R).

Denote by g the induced H-action on A/[I. Strict continuity of § and Lemma 2.8
imply

A(a)(e) =tim [ glas@ ) dx = tim [ Bo(a(@b) dx = g@}a(®)

for a, b € R. This shows that the image of g is contained in Fixf (4, ¢(R)). Moreover,
the linear span of elements of this form is dense in Fix" (4, ¢(R)). So § is onto.

It remains to show that the kernel of § is Fixf (I, ® N I). The computation above
yields g (|a) (b]) = |q(@)){q(b)| = 0 for a,b € R N I. Thus, Fix? (I, R N I) is con-
tained in ker(§). Let T € Fix (4, R) be such that §(T)) = 0. By the C*-identity in
Fix? (4, R)/Fix® (I, R N I) it will suffice to show that T*T € Fix! (I, R N I). By
[33, (13)], T*|a){b| = |T*a){b| holds for a,b € R. As T*a is square-integrable and
|T*a) = T*|a) € Fix" (A, R)- FH (A, R) € FH(A, R), [33, Theorem 6.1] implies
T*a € R. Moreover, g(T*a) = G(T*)q(a) = 0 shows that T*a € R N I. The equalities
RNI=R-Iand I = I?imply that there are c € R and i, j € I with T*a = cij. The
computation

lcij ) (bl = (Ici)) 0 pj) o (bl = lci) (b)) o pj=)* = lci ) {bj ™|
shows that T*|a)) ((b| € Fixf (I, ® N I'). By definition of the generalized fixed point alge-
bra, T is the limit of a sequence in the linear span of |R) {R|. Hence, it follows that
T*T e FixH(I,RN1I). "
2.3. Generalized fixed point algebras and Cy(X)-algebras

In this section, we consider generalized fixed point algebras of H-Cy(X)-algebras. For
the definition of Cy(X)-algebras and their relation to continuous fields of C*-algebras
see [35].

Definition 2.20 ([26]). Let H act on a locally compact Hausdorff space X. Denote by
wh(f)(x) = f(h™'-x) forhe H xeX



E. Ewert 1334

the induced action on Co(X). A Co(X)-algebra A with 0: Co(X) < ZM(A) and an
H-action a: H ~, A is called an H-Cy(X)-algebra if the actions are compatible in the
following sense

ap(0(p)a) = 0(tn(@))an(a) forallh € H, ¢ € Co(X)anda € A.

In this case, one can relate the spectra of the H-Cq(X)-algebra and the corresponding
generalized fixed point algebra as follows. If H ~, A is a strongly continuous action,
there is a continuous action of H on the spectrum A given by (x - m)(a) = 7w (a-1(a))
for [n] € A,x e Handa € A.

Suppose now (A4, R) is a continuously square-integrable H-C*-algebra. Every non-
degenerate representation = of A can be extended to M(A). Denote its restriction to
Fix1 (4, R) by 7.

In the commutative case, this procedure allows to completely describe the represen-
tation theory of the generalized fixed point algebra. By Gelfand duality, the spectrum of
the commutative C*-algebra Co(X) is X. If H ~ X is a proper action and (A4, R) =
(Co(X),Cc(X)), the map 7 +— 7 induces a homeomorphism

H\A = H\X — Fix(4, R).
This generalizes to H-Cy(X)-algebras as follows. We summarize some results con-
cerning H-Cq(X)-algebras proved in [1,2,33,45].
Proposition 2.21. Let H ~ X be a proper action on a locally compact Hausdorff space
X and A an H-Cy(X)-algebra with 0:Co(X) — ZM(A).
(1) The subset R := 0(C.(X))A is dense, relatively continuous and complete. Moreover,
it is the unique such subset.
(2) If the action of H on X is free, the map ©w > T induces a homeomorphism H \121\ —
Fix (A, R) and (A, R) is saturated.
Proof. An H-Cy(X)-algebra with a proper action H ~, X is spectrally proper as argued
in [33, Section 9]. The R above is the unique, dense, relatively continuous and complete
subset constructed in [33, Theorem 9.1]. It is proved in [1, Proposition 3.9] that the map

7 > 7 induces a homeomorphism. That (A4, R) is saturated is due to Rieffel [45] and also
shown in [2, Lemma 4.1]. [

The following result applies to trivial continuous fields Cy(X, A), where the action is
taking place on the base space X.

Lemma 2.22 ([44, Example 2.6], [40, Proposition 3.2]). Let H ~ X be a free and proper
and A a C*-algebra. Let H act on Co(X, A) by (vs, f)(x) = f(h™'-x)forh e H, f €
Co(X, A) and x € X. There is an isomorphism

W: Fix” (Co(X, A), Ce(X, A)) — Co(H\X, A),

W(W(gl) (Hx) = /H (/" )b~ -x)dh for Hx € H\X and f.g € Co(H. A).



Pseudo-differential extension for graded nilpotent Lie groups 1335

In contrast to the situation above, consider now what happens if the H-action only
takes place in the fibres of a field of C*-algebras.

Theorem 2.23 ([44, Theorem 3.2]). Let A be a continuous field of C*-algebras over X
with fibre projections py: A— Ay for x € X. Suppose that (A, R) is a continuously square-
integrable H-C*-algebra such that ker(py) is H-invariant for all x € X. Furthermore,
assume that H is a o-compact, exact group. Then Fix™ (A, R) is a continuous field of
C*-algebras over X with fibre projections

priFixH (A4, R) — Fix? (Ax, px(R)).

Remark 2.24. The above theorem in [44] requires that the field A is Hilbert continuous
and that C¥(H, Ay) = C*(H, Ay) for all x € M. These assumptions are only needed
to show that C}(H, A) defines a continuous field of C*-algebras over X with fibres
C!(H, Ay). But this is true for any o-compact, exact group H by [27, Theorem 4.2].

Now we study what can be said about saturatedness in this case.

Lemma 2.25. Let A be an upper semi-continuous field of C*-algebras over X with fibre
projections px: A — Ax. If I S Ais a proper ideal, then there is x € X such that px(I) <
Ay is a proper ideal.

Proof. By Lee’s theorem (see [32] or [35, Theorem 3.3]) there is a continuous map
Y:Prim(A) — X satisfying

Y(P)=x < P C K, ={acA|px(a) =0}

and Ay =~ A/K, forall x € X. As I can be written as the intersection of primitive ideals,
it follows that there is a primitive ideal P € Prim(A4) with / € P C A. Let x = ¢ (P).
The homeomorphism {Q € Prim(A) | Ky € P} — Prim(A/Ky) = Prim(Ay) maps P
to px(P). Then px(I) C px(P) € Ay, and px(P) # A, as otherwise py(P) would
correspond to A under this homeomorphism. ]

Corollary 2.26. In the situation of Theorem 2.23, (A, R) is saturated if and only if
(Ax, px(R)) is saturated for all x € X.

Proof. Suppose first that (4, R) is saturated. By Corollary 2.17 (A, px(R)) is saturated
for all x € X. Assume now that all (A, px(R)) are saturated. By assumption on H,
C!(H, A) is a continuous field of C*-algebras over X with fibre projections

(px)«:CI(H,A) —> C’(H,Ay) forx € X.

Because
(P)«((alb)) = (px(@)| px (b)) fora.b e R,

it follows that (px)«(J 7 (4, R)) = C!(H, Ay) for all x € X. Now Lemma 2.25 implies
that JH# (A, R) = C*(H, A). "
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3. Homogeneous Lie groups

In the following, we will consider homogeneous Lie groups, which are Lie groups that are
equipped with a dilation action of R~ . They allow to define homogeneity with respect to
the dilations. A detailed discussion of homogeneous Lie groups can be found in [20] or
[18]. We recall some notions used there, which proved to be convenient to do analysis on
these groups.

3.1. Homogeneous and graded Lie groups

Definition 3.1. A homogeneous Lie group is a simply connected Lie group G whose
Lie algebra g is equipped with a family of dilations {A): g — g}i>0- That is, there is
a diagonalizable, linear map D: g — g with positive eigenvalues ¢ < g < -+ < qp,
such that all A, := Exp(D In(1)) are Lie algebra homomorphisms. Here, Exp denotes the
matrix exponential. The eigenvalues ¢, . . ., g, are called weights.

Folland and Stein assume in [20] that ¢; = 1. This can be achieved by scaling appropri-
ately. We shall also assume this in the following, in particular, all weights satisfy g; > 1.
Fix a corresponding basis of eigenvectors {X1,..., X,} of D. Then 4, (X;) = AY X;
for 1 < j <n.If X,Y are eigenvectors to the eigenvalues g;, g; of D, respectively,
it follows from A;[X, Y] = [A,(X), A;(Y)] = A%19[X, Y], that [X, Y] = O or that
[X, Y] is an eigenvector of D to the eigenvalue g; + ¢;. From that one deduces that
g, and therefore G, is nilpotent. Consequently, the exponential map exp: g — G is a
diffeomorphism. In the following, we often identify (xq, ..., x,) € R” with its image
exp(x1 Xy + -+ + x, X,) € G under this global coordinate chart. In particular, 0 € G
denotes the neutral element.

Because Ay o A, = A, for A, ;1 > 0, the dilations define an action 4 : R>¢ ~ g by
Lie group automorphisms. Denote by o: R~ ~, G the corresponding action by Lie group
automorphisms.

Definition 3.2. A graded Lie group is a simply connected Lie group G such that its Lie
algebra g admits a finite decomposition

N
s=PDy.
j=1

with [X, Y] € g; 4 forall X € g; and Y € g, where g; = {0} for j > N.

For a graded Lie group G with grading as above, 4;(X) = A/ X for X € g; and
A > 0 defines a family of dilations. So G becomes a homogeneous Lie group. However,
homogeneous Lie groups are slightly more general. If all weights of a homogeneous Lie
group are rational numbers, it is a (scaled) graded Lie group (see [18, Lemma 3.1.9]). Also
note that there are nilpotent Lie groups that do not admit a family of dilations as above
(see [15]).
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Example 3.3. A famous example of a homogeneous Lie group is the Heisenberg group.
Its Lie algebra g is generated by {X,Y, Z} and [X,Y] = Z, [X,Z] =0and [Y, Z] = 0.
Hence, g1 = span{X, Y}, g» = span{Z} and g; = 0 for j > 2 defines a grading on g.

Example 3.4. A Lie algebra ¢ may be equipped with different dilations. Choose a basis
{X1,..., Xy} for the Lie algebra of the Abelian group G = R". Then for all (¢1,...,q5) €
RZ, there is a dilation defined by DX; = ¢; X;. The standard dilation action on R” is
given by scalar multiplication, thatis, g; = 1 forall j = 1,...,n.

3.2. Analysis on homogeneous Lie groups

Definition 3.5. The homogeneous dimension of ahomogeneous Lie group G with weights
l=¢q; <gy <---<gqpisdefinedas Q = ¢q; + q2 + - + ¢n. A function f on G\{0}
is called p-homogeneous for p € C if f(ay(x)) = A* f(x) forall A > 0 and x # 0.

Lemma 3.6. Let G be a homogeneous Lie group of homogeneous dimension Q. The
pullback of the Lebesgue measure under the exponential map defines a Haar measure on
G. The group G is unimodular and the Haar measure is Q-homogeneous, that is,

/ Flaa()dx = 472 / F(o) dx
G G

foreach A > 0and f € L'(G).

For simply connected nilpotent Lie groups it is true in general that the pullback of the
Lebesgue measure defines a left and right Haar measure, see [20, Proposition 1.2]. The
Q-homogeneity follows from the behavior of the Lebesgue measure under scaling.

Definition 3.7. For a multi-index o € Ny its homogeneous degree is defined as
[o] == 01g1 + -+ + ngn.
A function P on G is called polynomial if P o exp is polynomial.

Example 3.8. The polynomials x* for « € Nj are [«]-homogeneous functions on G.

The group law of a homogeneous Lie group is of a triangular form. Using the Baker—
Campbell-Hausdorff formula and the homogeneity of the coordinate functions, the fol-
lowing is proved in [20, p. 23].

Proposition 3.9. For a homogeneous Lie group G with weights ¢ < --- < q,, and a basis
of eigenvectors X1, ..., X, € g there are constants cjq g for j = 1,...,n such that for
all x,y € G with respect to this basis

(x 'y)j =Xxj+y; + Z Cj,ot,ﬂx“yﬂ~
a,BeNg\{0}
le]+[B]=4;
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The basis of eigenvalues fixed above induces left- and right-invariant differential oper-
ators Xq,...,X, and Yq,...,Y, on G by setting for f € C!(G)

(X)) = 5 (5 exp X)) o,

(O30 = < f (expX)) )],y
Define for a multi-index o € N the left-invariant differential operator
X=X X2 X
The triangular group law allows to express these in terms of the partial differential opera-
tors as follows.

Proposition 3.10 ([18, Proposition 3.1.28]). Let G be a homogeneous Lie group with
weights q1 < -+ < gu. For j =1,...,n and k > j there are (q; — q;)-homogeneous
polynomials Pji and Qji such that the vector fields X; and Y; defined above can be
written as

ad d 0 d
X, = — Py = — —Pi,
/ 0x; + Z ]ké)xk 0x; + Z Xy 7k
qk>4qj qk>4;
d 0 0 d
Y, = — o = — 0.
/ 8x,~ + Z Q]k axk 8)Cj + Z 8xk Q]k
. 4k >4; qik>4j
The polynomials P;; and Qi only depend on xy, ..., xx—; because otherwise they

would be homogeneous of a higher order than gx — ¢;. Hence, they commute with the
partial derivatives %

Because the Euclidean norm does not behave well with respect to the dilations, homo-
geneous quasi-norms are used instead.

Definition 3.11 ([ 18, Definition 3.1.33]). A homogeneous quasi-norm on a homogeneous
Lie group G is a continuous function || - ||: G — [0, co) that satisfies ||x|| = 0 if and only
ifx =0, x| = |x|| and [Jees, (x)]| = A|x| forall x € G and A € R~o.

In the following, we fix a homogeneous quasi-norm on G. For instance, let

n
x|l := Z |x;j|V4  forx € G.
Jj=1
In fact, by [18, Proposition 3.1.35] all homogeneous quasi-norms on a given homoge-
neous Lie group are equivalent. There is an analogue of the triangle inequality and its
consequences for a homogeneous quasi-norm.

Lemma 3.12 ([20, (1.8), Lemma 1.10]). Let G be a homogeneous Lie group. There is a
constant C > 1 such that forall x,y € G

@ lxyll = Cdlxll + lyID,
®) (1+[x)*(1 +[yD™ = C*(A + |lxy~D* for all s > 0.
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Identifying G with R” one can consider the Schwartz space §(G). The following
family of seminorms will be useful later on.

Definition 3.13. For the fixed homogeneous quasi-norm || - || define for N € Ny
Iflly = sup 1+ [P FELED @D f)(x)] for f € C2(G).
I|<N,xeG

Polynomials in || x|| g for the Euclidean norm can be estimated by polynomials in ||x ||
for a homogeneous quasi-norm and vice versa. Thus, a sequence ( f,) converges to f in
S(G)ifand onlyif | f — fu||;y — Oforall N € Ny.

The following integrability criterion for functions on a homogeneous Lie group is used
later on.

Lemma 3.14 ([20, Corollary 1.17]). Let « € R and let f be a measurable function on a
homogeneous Lie group G of homogeneous dimension Q. Suppose | f(x)| = O(|x|*~9).
If o > O then f is integrable near 0. If @ < 0, then f is integrable near co.

3.3. Representation theory of homogeneous Lie groups

Now, we recall some facts about the representation theory of nilpotent Lie groups G and
their group C*-algebras. For homogeneous Lie groups the dilations induce actions on the
respective spaces of representations.

The space of continuous compactly supported functions C.(G) becomes a *-algebra
when equipped with the convolution and involution defined by

£ = 7o) and (f % g)(x) = fG £ dy forx € G,

Denote by G the set of equivalence classes of irreducible, unitary representations 7: G —
U(H). For such a representation 7 and f € C.(G) define the operator

7(f) = /G f(x)m(x)dx € B(H;) for f € C.(G).

This defines a *-representation 7: C. (G) — B(H ). The full group C*-algebra C*(G) is
defined as the closure of C.(G) with respect to || /|| = sup_.all7(f)|. By [12] homoge-
neous Lie groups are liminal so that all representations 7 map onto the compact operators
K(Hx). ~

The homogeneous structure allows to define an R~ g-action on G. For an irreducible,
unitary representation 7 set (A - w)(x) = () (x)) for A > 0 and x € G. It is easy to see
that A - 7 is again an irreducible, unitary representation and that the action is well defined
on the equivalence classes.

Furthermore, define an action on C*(G) by o (f)(x) = A2 f(a;.(x)) for f € Cc(G).
Using Lemma 3.6 one checks that each o, is a *-homomorphism and an isometry with
respect to the C*-norm. This action induces in turn an action on the representations of
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C*(G) by (A - p)(f) = p(ox(f)) for a *-representation p: C*(G) — B(H). It is well
defined on the equivalence classes of irreducible representations in C*(G).

Proposition 3.15. Let G be a homogeneous Lie group. The map G — C/*EE) induced by
7 > 7T is an Rsg-equivariant homeomorphism.

Proof. 1t is well known that the map above is a homeomorphism for each locally compact
group G. The equivariance under the R - g-action follows from the Q-homogeneity of the
Haar measure as

A-R)f) = /G (02./)(@)(x) dx = [G FEr(-x)dx = e (f)

for A > 0and f € C.(G). |

Kirillov’s orbit method [28] allows to describe G as the orbit space of the coadjoint
action of G on g*, the dual of its lie algebra g. Recall that the adjoint representation
Ad: G — Aut(q) is given by Ad(x) = d(ax)o: ToG — ToG, where ax(y) = xyx~! is
given by conjugation. The coadjoint action is defined by

(co-Ad(x)l, X):=(I,Ad(x ") X) forleg*, xeGand X €g.
The corresponding infinitesimal representation co-ad of g on g* is given by
(co-ad(X),Y)=(I.[Y.X]) forl €g*and XY €g.

The orbit space G\g* is equipped with the quotient topology. For each [ € g*, one
can construct a unitary representation 77; of G as described in the following. Define a
skew-symmetric bilinear form b;: g x ¢ — R by

bi(X.Y)=(l[X.Y]) forX.,Y €gq.

Denote by g its radical. A subspace V' C g is isotropic with respect to b; if b;(X,Y) =0
for all X,Y € V. A maximal isotropic subspace has codimension % dim(g/g;)- A polar-
izing subalgebra for [ is a subalgebra f; C g that is an isotropic subspace of codimension
% dim(g/g;). Such a polarizing subalgebra always exists (see [9, Theorems 1.3.3, 1.3.5]).

The formula y; (exp X) = e{'*X) for X € b; defines a one-dimensional representation
of H; = exp(§;). It is multiplicative because if exp X -expY = exp Z for X,Y € by, then
Z is given by the Baker—Campbell-Hausdorff formula as

1 1

so that all higher terms lie in [b;, h;] C ker/. Denote by 7; = Indgl x1 the induced repre-
sentation of y; to G.

LetR-gactong*by (A-[,X) = (l,A3(X)) forA >0,/ € g* and X € g. This action
descends to the orbit space of the co-adjoint action as A o Ad(x) = Ad(wxy(x)) o A, for
A>0and x € G.
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Lemma 3.16 ([9, Lemma 2.1.3]). Let H be a subgroup of a locally compact group G and
let o be an automorphism of G and 7 a unitary representation of H. Then o~ (H) is also
a subgroup and

Indg_l(H)(n ow) (Indg ) oa.

Lemma 3.17. Kirillov’s map G\g* — G induced byl — m; is an R g-equivariant home-
omorphism.

Proof. Kirillov proved in [28] that the map is well defined, so in particular, the equivalence
class of 7r; does not depend on the choice of the polarizing subalgebra ;. Two represen-
tations 777, and iy, are equivalent if and only if /; and /, lie in the same co-adjoint orbit.
Moreover, he proved that the map is continuous and onto. The continuity of the inverse
map is due to [5]. To see that the map is equivariant, note that y, ; = y; o o) and that
o1 (Hp) is a polarizing algebra for A - /. Hence, Lemma 3.16 yields that 74y ~A-7;. =

All [ € g that vanish on [g, g] induce one-dimensional representations 7;. In particular,
[ = 0 induces the trivial representation on C. If the polarizing algebra is not all of g, the
corresponding Hilbert space is infinite-dimensional.

3.4. Stratification

The goal of this section is to use Kirillov theory and the coarse stratification by Pukdnszky
[38] to find a sequence of increasing, open, R~ g-invariant subsets

d=VoCcWV1 CVaC---CVpy ZG\{ntriv}

such that all A; := V; \ V;_; are Hausdorff and the R ¢-action on each of these subsets
is free and proper. This sequence will play an essential role in Section 8. Note that the
following construction to find such a sequence of open subsets works for all simply con-
nected nilpotent Lie groups. However, a dilation action is only defined for homogeneous
Lie groups.

We start by describing Pukdnszky’s stratification of g*. Recall that we fixed a basis
{X1,...,Xp} of g such that Dy (X;) = AY X; forall 1 < j < n. By the triangular form
of the group law (3.9) all

t; = span{X;y1,...,X,} fori =0,...,n

form an ideal in g. In particular, {X;, ..., X,} is a strong Malcev basis of G as defined
in [9, Theorem 1.1.13], which is also called a Jordan—-Holder basis in [38]. Note that they
require span{X1, ..., X;} to be ideals. We stick to the reversed ordering of the basis as
this is standard for homogeneous Lie groups.

Let {X{...., X,’} denote the corresponding dual basis of g* and let

b = span{X],..., X} fori =0,...,n.
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An element [ € g* is contained in PIJ- if and only if (/,¥;) = 0. As the ¥; are ideals and
are, therefore, invariant under the adjoint action, the PIJ- are invariant under the coadjoint
action. Hence G acts on each g*/?ll

Write p;: g* — g*/i’f‘ for the projections. By [9, Theorem 3.1.4] the orbits G - p; (/)
of p;(l) under the coadjoint action are closed. Hence, they define submanifolds of g*/ f’f‘
Following [9], make the following definition.

Definition 3.18. For /[ € g* letd(l) = (do(l),d1(1),...,dy—1(1)) denote the sequence of
orbit dimensions d; (I) = dim(G - p;(])).

The entries of d (/) are decreasing. The corresponding stabilizer subgroups G, ;) form
an increasing sequence

Gpot) € Gpy S+ € Gpmy -
The same is true for their Lie algebras g, ). By [9, Lemma 3.1.1] they are given by
) = {X € g |coad(X)l € ¥}
={X eg|(l.[X,X¢])=0fork =i+ 1.....n}.

Example 3.19. The computation in [9, Example 3.1.11] of the coadjoint action on the
3-dimensional Heisenberg group H; yields

co-Ad(x, y,2)(@X™ + BY* +yZ*) = (@ + yp) X" + (B —xy)Y* +yZ*
for (x,y,z) € Hy and «, 8, y € R. This shows for X; = X, X, =Y and X3 = Z that
d(@X* + BY* +yZ*) = (2,1,0) ify #0,
d(@X* + BY*) = (0,0,0).

With the help of the next lemma an argument by Pukanszky [39, p. 70] shows that
the definition of d(/) as above coincides with the one given, for example, in [4], by jump
indices.

Lemma 3.20. Let b: V x V — R be a skew-symmetric bilinear form, V= its radical and
W C V a subspace. Then

dim(W) + dim(W+) = dim(V) 4+ dim(W N V1).

Lemma 3.21. The dimensions in d(l) decrease by steps of zero or one. There is a jump,
that is, di—1(l) = d;(l) + 1 if and only if

Xi ¢ gl + Span{Xi-'l‘l’ ceey Xn}

Proof. The orthogonal complement of g; + span{X; +1, ..., X} with respect to the bilin-
ear form by is gp, ). Hence, by Lemma 3.20 there is a change of dimension if and only
if the dimension of the orthogonal complement decreases. This is the case if and only if
Xi ¢ a1 + span{X;+1,..., X} L]



Pseudo-differential extension for graded nilpotent Lie groups 1343

Let D denote the finite set of all dimension sequences that occur for G. Assemble all
[ € g*\{0} with the same sequence to

Qq = {l € g*\(0} | d(l) = d)
for d € D. The sets Q4 are G-invariant because the projections p; are equivariant. As
g; = gy for all A € R.p, Lemma 3.21 implies that they are also invariant under the
dilation action. For d = (dy,...,d,) € D setd,+1 = 0 and define

Sd)={i e{l.....n} | di = dit1 + 1},
Td) = {i e{l,....,n}|d;i = d,-+1},
85(q) = span {X*|ieSd)y},
a7(4) = Span {X'|ieT@)}.
The following theorem is due to Pukdnszky [39] and is also proved in [9].

Theorem 3.22 ([9, Theorem 3.1.14]). There is an ordering dy > dy > ++- > dp, of D
such that all W; = Udzdi Qg fori =1,...,mare G- and R~g-invariant and open. Each
G-orbit in Q4 meets Q;(d) in exactly one point.

This allows to find a sequence as in (3.4) using Kirillov’s map by setting V; = G\ W;
fori =1,...,m. It remains to check that the V; \ V;_; = G\, are Hausdorff and that
the corresponding R - g-action is free and proper.

Proposition 3.23. Ford € D let Ag := Qg N g;(d). The map A g — G\ induced by
the inclusion is an R~ o-equivariant homeomorphism. The corresponding R g-action on
Ay is free and proper.

Proof. In [9, Theorem 3.1.14] it is proved that there is a birational, nonsingular map
Ya:Ng x gg( H = Q. Furthermore, ; o w;l is G-invariant, where 7; denotes the pro-
jection to A 4. Hence, it induces a continuous map G\24 — Ag4. It is inverse to the map
induced by the inclusion. Thus, the two spaces are homeomorphic. As 24 and g;( a4 are
invariant under the dilation action, so is A ;. Therefore, the inclusion is equivariant. Since
0 € g* is not contained in any Q, the A4 are subsets of some R’\ {0} equipped with
the Euclidean subspace topology. Hence they are Hausdorff and the R~ -action, which is
given for A > 0 by multiplying the coordinate entries by different powers of A, is free and
proper. |

Example 3.24. From the computations for the Heisenberg group in Example 3.19 we get
as in [9, Example 3.1.15], up to the reversed order,

Q21,0 ={aX*+BY" +yZ* |a,p € Rand y # 0},
Q0,00 = {eX* + Y™ | (@. B) # (0.0)}.
T(2,1,0) = {3},
7(0,0,0) = {1,2,3},
A0 ={rZ" |y # 0},
A,0,0) = {aX* 4+ BY* | (a,b) # (0,0)}.
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Therefore, the desired sequence is @ C G\Q(2,1,0) C G \ {7wiv}. The dilation action on
A@,1,00 = R\ {0} is multiplication with A~2 for A > 0, whereas on A0,0,0) = R2\ {0}
it is scalar multiplication with A1

3.5. Plancherel theory

For a locally compact group G, the operator-valued Fourier transform f +— f is defined
for £ € L'(G). Itis given by

Fr) = /G F(x)m(x)dx € B(Hy)

for an irreducible, unitary representation 7: G — U(H,). We recall some results from
Plancherel theory for locally compact, separable groups G of type I (see [13, Section 18.8],
[9, Section 4.3], and [18, Appendix B]).

In this case, the topological space G can be equipped with a certain Borel measure p,
which is called the Plancherel measure. For a simply connected nilpotent Lie group G, it
is supported within the orbits with maximal dimension sequence, these are the orbits in
Q4, C g™ with notation as in Theorem 3.22 (see [9, p. 154]).

By [13, Section 8.6.1] there is a subspace

FCHJ(’,,

neG

that turns ((#) g, ) into a p-measurable field of Hilbert spaces over G as defined in
[18, Definition B.1.3]. The elements of I" are called the measurable sections.

For a Hilbert space # denote by HS(#) the Hilbert space of Hilbert—Schmidt opera-
tors on J. Identifying # ® J* with HS(H), one obtains for a simply connected nilpotent
Lie group G the u-measurable field (HS(#7)), g, ® I'*) over G (see [18, Defini-
tion B.1.3]).

Define LZ(@, HS(H,)) to be the direct integral of the Hilbert spaces HS(H). It
consists of sections x € ' ® I'* such that (& — ||x(7)|) € LZ(G, ). It is a Hilbert
space with respect to (x, y) := [ (x(), y(7))us due(rr).

The Plancherel theorem [18, Theorem B.2.32] states that the Fourier transform defined
above yields an isometric isomorphism

~1L2(G) — L*(G,HS(Hy)).

The left group von Neumann algebra VN, (G) of G consists of bounded, left-invariant
operators on L2(G) (see [18, Proposition B.2.31]). The Plancherel theorem yields that the
Fourier transform extends to a *-isomorphism

“IVNL(G) — L®(G,B(Hy)).
Here, L°°(G, B(H5)) consists of a = (a(w)),, g With a(r) € B(H;) such that
(1) (a(m)x(w))y € T forall (x(w)), €T,
@) (1> fla(m)l)) € L¥(G. ).
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It is a von Neumann algebra with the pointwise operations and the norm given by

lall = sup [la(@)||B(st,)-
reG

The inverse Fourier transform maps a field a € L°°(CA}, B(#)) to the operator T, €
VN7 (G) determined by

m(n) = a(n){ﬂ\(n) for y € L%(G), 7 € G.

This operator-valued Fourier transform is essential for the definition of the symbolic
pseudo-differential calculus of Fischer—Ruzhansky described in Section 7.1.

4. The tangent groupoid and its C*-algebra

In this section, the tangent groupoid of a homogeneous Lie group G is defined as the trans-
formation groupoid of an action of G. We explain how this groupoid can be understood
as a variant of Connes’ tangent groupoid [8]. The homogeneous structure is taken into
account by replacing addition of tangent vectors by multiplication in the group. Further-
more, the groupoid C*-algebra of the tangent groupoid can be described as a continuous
field of C*-algebras.

4.1. The tangent groupoid

Definition 4.1. For a homogeneous Lie group G the tangent groupoid is the continuous
action groupoid
g =(Gx[0,00)) xG

of the action (G x [0,00)) v» G given by (x,?) - v = (xa;(v), t). Here, a; for t > 0 are
the dilations on G and

ap(v) = lima;(v) =0 forallv € G.
t—0
The unit map u: §° := G x [0, 00) — §, the range and source map r,s: § — §°, the
inverse and the multiplication are given by
ulx,t) = (x,t,0), r(x,t,v)=(x,1), s(x,t,v)= (xott(v),t),
(e t,v) 7 = (v (v). 7Y, (8 ) - (e (v), 1 w) = (x, 8 vw),
for x,v,w € G and ¢ € [0, 00). The range fibre of § over (x,t) € §° is
&) = 7 1(x,1) = {(x,1,v) € § | v € G}.

Let 0: ¥ — [0, 00) denote the projection to the second coordinate. Recall that the pair
groupoid of G is the groupoid G x G with unit space G with r(x, y) = x, s(x,y) =y,
(x,y) ' =(y.x)and (x,y) - (y.z) = (x,z) forx,y.z € G.
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Lemma4.2. Let G be a homogeneous Lie group. Then (§,[0,00),0) defines a continuous
field of locally compact, amenable groupoids. The subgroupoids 0~ {t} for t > 0 are
isomorphic to the pair groupoid of G. The subgroupoid TG := 070} is the trivial field
of groups over G with fibre G.

Proof. Ttis easy to check that (§, [0, 00), 8) defines a continuous field of locally compact
groupoids in the sense of [31] or [3]. All subgroupoids #~1{¢} for ¢ > 0 are transformation
groupoids of actions of G on itself. The group G is amenable as a nilpotent group, for that
reason all 6~1{t} are amenable.

For all # > 0 the map ¢;(x,v) = (x, xa;(v)) defines a groupoid isomorphism

@107 Ht) > G xG.

Its inverse is given by (x, y) — (x,a,~1(x~'y)).

The subgroupoid TG = 0~ '{0} corresponds to a (noncommutative) version of the
tangent bundle. For (x,v) € TG we interpret x as the base pointand v € G =~ g = T, G as
a tangent vector at x. The groupoid multiplication is defined if and only if two vectors lie
in the same fibre and is, in this case, defined by the group multiplication. Letg: TG — G
denote the projection to the base point, then (7°G, G, q) defines itself a continuous field
of locally compact groupoids. It is the trivial field over G with fibre G. Again, all fibres
¢ Yx} = G for x € G are amenable. L]

Remark 4.3. If G is a graded Lie group, the action G x [0, 00) v~ G is smooth. Conse-
quently, the tangent groupoid ¥ is a Lie groupoid. A graded Lie group is a special case of
a filtered manifold as considered in [46]. Therefore, one can define the tangent groupoid

TG:(TGX{O}U(GXG)X(O,oo):;Gx[O,oo))

as a smooth field of groupoids over [0, c0) as in [6, 23, 46]. Using the isomorphisms
¢:: 07t} - G x G from (4.1) and the definition of the smooth structure of T G, one
obtains that § and T G are isomorphic as Lie groupoids.

4.2. The groupoid C*-algebra

Now, we recall how the groupoid C*-algebra of the tangent groupoid § is constructed.
As the tangent groupoid of G is an action groupoid of an amenable group, C*(9) is
isomorphic to the reduced crossed product C;(G, Co(G X [0, 00))) as remarked in [42].
Here, the left G action on Co(G % [0, 00)) is given by

- Y)(x.1) = Y ((x.0) - v) = ¥ (xau (v).1)

for ¥ € Co(G x [0,00)), v,x € G and t > 0. For f, g € C.(§), viewed as elements of
C:(G,Cy(G x [0, 00))) the involution and convolution defined in (2.1) and (2.1) are

S t,v) = fxa(v).t, 071,
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(f *g)(x,1,v) =[Gf(x,t,w)g(xa,(w),t,w_lv)dw

for (x,t,v) € §. The || - ||;-norm is given by || f|I7 = max{|| f l7.1, ||/ l7,2}, where
11 = sup [ |7ce.r.]ao
x.1) /G

and || fllr2 = || *|l7,1- The groupoid C*-algebra C*(¥) is the closure of C.(¥) under
the representation p as in (2.1). In particular, the C*-norm of f € C.(¢) is bounded by

1A

Lemma 4.4. The continuous field of groupoids (8, [0, 00), 0) gives rise to a continuous
field of C*-algebras C*(§) over [0, 00) with fibres isomorphic to K(L?>G) fort > 0 and
C*(TG)art =0.

Proof. All groupoids 6~ 1{¢} are amenable, therefore, C* (&) defines a continuous field of
C*-algebras with fibres C*(6~1{¢}) by [31, Corollary 5.6]. The groupoid 8 ~{t} fort > 0
is isomorphic to the pair groupoid G x G by Lemma 4.2. The Haar measure on 6~ '{¢} is
taken under ¢; to the left Haar measure {{t7 }xeg on G x G with

/K(y) duf(y) = z—Q/ K(x,y)dy for K € Cc(G x G).
G
There is a well-known isomorphism B;: C*(G x G, u;) — K(L?>G) with

B (KW (x) = 172 fG K(x.»)¥(y)dy

for K € C.(G x G) and ¢ € C.(G). For t > 0 compose B; and the homomorphism
induced by ¢; ! to p;: C*(9) — K(L*G) given by

(W)@ =170 [ Flxtien 670y 0y
for f € Co(§), ¥ € Ce(G) and x € G. It restricts to an isomorphism between C*(071{¢})
and K(L2G). n
Lemma 4.5. The subset G x (0,00) C §° is open and invariant. Let
59702 = 171G x (0, 00)).

There is an isomorphism p: C*(§(0) — Co(R=, K(L*G)) given by p(f)(1) =
pi(f) for [ € Ce (86700,

Proof. The subgroupoid €%>(:%) is isomorphic to the trivial field of groupoids over R~
with the pair groupoid G x G as fibre via (x,7,v) — (¢, ¢;(x, v)). Composing the induced
isomorphism of the corresponding groupoid C*-algebras with the respective 8, for t > 0
gives the claim. ]
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Denote by po: C*(§) — C*(T'G) the *-homomorphism induced by restricting to
t = 0. There is a short exact sequence by [25]

Co(R=0, K(L?G)) < C*(§) 2> C*(TG).

If G = R”, the C*-algebra on the right is isomorphic to Co(7*R") via Fourier transform.
In general, C*(T'G) can be noncommutative. It is the trivial field of C*-algebras over G
with fibres isomorphic to the group C*-algebra C*(G).

5. Pseudo-differential extension using generalized fixed point
algebras

In this section we use the dilations on G to define a certain R g-action on C*(§). We
show that the generalized fixed point algebra construction can be applied when the action
is restricted to an ideal J < C*(&). In particular, we prove the existence of a continuously
square-integrable subset in J. Moreover, we obtain the pseudo-differential extension.

5.1. The generalized fixed point algebra of the zoom action

In the Euclidean case, the principal symbol of a pseudo-differential operator of order zero
can be understood as a generalized fixed point of the proper action of R~o on T*R"™\
({0} x R™) given by scaling in the fibres, that is, A - (x, &) = (x,A71§) for x € R", £ €
TR"™ and A > 0. Under Fourier transform this action corresponds to (o f)(x, X) =
A" f(x,AX) forx e R", X € TxR”, f € C.(TR") and A > 0. Using the dilations we can
define an analogous action on C*(T'G) for a homogeneous Lie group G and extend it to
C*(9).

Lemma 5.1. For a homogeneous Lie group G of homogeneous dimension Q the maps
01:Cc(8) — C.(8) defined by (o5, f)(x,t,v) = A2 f(x, %,al(v))for A>0and f €
C.(9) extend to a strongly continuous R~g-action on C*(§).

Proof. Tt is easy to check that g, are linear maps satisfying o (f * g) = (o, f) * (018)
and 0 (f*) = (03 f)* forall f, g € C.(¥) and A > 0. Moreover, o1 = id and 0, =
03 o 0y hold for all A, i > 0. Each o, is an isometry with respect to the /-norm and,
therefore, extends to an automorphism of C*(§). ]

Remark 5.2. Let 7: R-¢ ~, Co(Rxg) be given by 73 (f)(¢) = f(A™'t) for A, ¢ > 0 and
f € Co(Rxp). The identity p; o o) = p;-1 forall £, A > 0 shows that the restriction of
o to the invariant ideal C*(§9*(©:%)) is mapped to the action 7 ® 1: H ~, Co(Rsg) ®
K(L2G) under the isomorphism p from Lemma 4.5. In particular, o corresponds to the
zoom action of R~y on T G defined in [46, Definition 17] or [23, Definition 10.6].

As described above, in the Euclidean case the scaling action on 7*R” is restricted to
T*R"™\ ({0} x R™). This is necessary as the zero section is fixed by the scaling action,
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hence, the action on T*R” is not proper. For an arbitrary homogeneous Lie group, we
must also choose an ideal inside the C*-algebra of the tangent groupoid in order to obtain
a continuously square-integrable R>0 C*-algebra. For f €S8 (R") the property f(0)=0is
equivalent to f (x)dx =0, where f is the Fourier transform of f. Moreover, Co(R"\ {0})
corresponds under Fourier transform to ker(7yy) < C*(R™) where 7y is the trivial rep-
resentation of R”.

For a homogeneous Lie group G let g: C*(TG) — C*(G) for x € G be the *-homo-
morphism induced by restricting f € C.(T'G) to the fibre T, G.

Definition 5.3. Let G be a homogeneous Lie group and my, its trivial representation. Let
J be the closed ideal in C*(€) defined by

J = () ker (Fuiv 0 gx © po)-
x€G
The ideal J is invariant under the action 0: R~ ~ C*(§) above. Now, we define a

linear subspace Rg C J for the generalized fixed point algebra construction.
Definition 5.4. Let R¢ consist of f € C*°(¥) satisfying the following conditions:
(@) r(supp f) C §° is compact,
(d) (x,1) > flgen and (x,1) = (3, f)| g are continuous maps §° — §(G),
(©) [g f(x.0,v)dv =0forallx € G.
Using the seminorms from Definition 3.13, set for N € Ny

Iy = sup [ flganly = s (L4 ol)™TCHVRL r(x r,0).
(x,t)eg® (x,t,v)egG,|I|<N

For f € Rg conditions (a) and (b) ensure that || f'||(x) < oo and ||d; f || (v) < oo for
all N € N. Note that || f*[l0) = || f |l 0) holds. Hence, by Lemma 3.14 || |l < D f (0
holds for a constant D >0, so that the elements of Rg lie indeed in the groupoid C*-algebra
C*(¥). Condition (c) forces them to be in the ideal J. The goal of this section is to
show that the generalized fixed point construction can be applied to the R ¢-action o on
(J, Rg).

Lemma 5.5. For every k € N there is a group constant Cy > 0 and such that for all
g € C®(§) with | gllk) < oocandall x,v,w € G andt >0

(1 + lvll) k(Q+1) Z”w”q]

Proof. Tt suffices to show the claim for real-valued g. Define a function

|g((x, 1, v)(xo (v). 1, w)) — g (x. 1. v)| < Ck”g”(k)

H:G x[0,00) xG xG x[0,1] > R

by
H(x,t,v,w,h) = g((x,t, v) - (xoet(v),t,ozh(w))).
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Hence, we obtain

g((x, t, v)(xot,(v),t, w)) —g(x,t,v) = /01 opH(x,t,v,w,s)ds.

To estimate |9y, H | note that H = g o (idgx[0,00) X M) © (idGx[0,00)xG X @), Where m: G x
G — G denotes the group multiplication and a(w, h) = oy (w) forw € G and h € [0, 1].
One calculates

n
0 H(x,t,v,w,s) = Z (00, &) (x. 1, vorg (W) - Oy jmi (v, s (w)) - Ipetj (w, ).
i,j=1
By the polynomial form of the group law there is a group constant D > 0 such that
(O mi (v, s @)| = B+ 0l) (14 e (w)])°
< D(1+[ol) T (1 + o)) T

forall v,w € G and s € [0, 1]. Using Lemma 3.12 we estimate

|00, 2) (. 7, ves ) | < llgllay (1 + v (w)]|) " DD

< llgllgeyC *FD@+D (1+ |‘as(w)(|L)—i’:‘1)(Q+1)
(14 [vl)) ©+D
k+1)(0+1
< |lgll@yCc&TDE@+D (1+ ||w||)((k:1))((§:1))
(1+ llvll)
As aj(w, h) = h%wj, it follows that [d5a; (w, 5)| < Qlw;| < Q| w|%. Together, these
estimates imply the claim. .

Lemma 5.6. Consider the action 0:R~o ~ J. For [ € R the operator ({ f|, defined as
in (2.1), satisfies { f|g € L'(Rsg, J) forall g € Re.

Proof. Let f,g € Rg. We show that ((f*|g* € L' (R>g, J). Because o is an isometry
with respect to the /-norm for A > 0, the following equality holds

loa-s ()= g™], = [/ *0aieM]; = onte) * /7]

Hence, it suffices to prove for all f, g € Rg that

[ ot el % <

Solet A > 1 in the following. Using the homogeneity of the Haar measure, we compute

Jos () "y = s [ (@205 ") xr. o] o
(x,0) /G

= sup /
(x,0) /G

/G f(x % w)g((x, t v)_l(x, t, o1 (w))) dw| dv.
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To estimate this integral, let

Ri(x,t,v) = f(x,t,v)— f(x,0,v) forx,veG,t>0,

Ra(y.m) =gy -n) —g(y) for (y.n) € §9.
As f satisfies condition (c), we get
loa(F) * g, , = Sup(/ [ 1R g 0,1, ez )

-1-/ / | £, 0, w) Ry ((x, 1, 0) 71 (x, 2, p-1 (w))) | dw dv).
GJG
We start by estimating the first summand. As 9, f is rapidly decaying, one has
—2(Q+1

| Ry, e 0)| < 219 fllay (1 + ol)>@F forall (x,2,0) € 6.
Let T > 0 be such that f(x,¢,v) = 0 holds whenever ¢ > T'. Using Lemma 3.12 and
A > 1, we find
/ [|R1(x,%,w)g(xot,(v),t,v_la;rl(w))|dwdv

GJG

1
<37 Th ol [ [ ‘ e
Slwlglo [ G(1—|—||w||)2(Q+1) (1+||v—1ot,1—1(w)||)Q+1

1+ A w]) 2!
<778, fll(l)llgll(o)CQ“// A
2 1 +1

(1+ w

1 2
<l_lTIIBzfll(l)llgll(o)CQ“(/ —dv) .
o 0+1
G (1+vll)

This integral converges by Lemma 3.14. The estimate is independent of (x, ) € °. For
the second summand, apply Lemma 5.5 to g with k = 1. We obtain

(1+ oz ))* 9" &

Yl

L+ =
(1+ A7 ) &

|R2((X, Z, v)_l» (-xvt’al_l (U))))| = Cl ”g”(l)

= Ciliglla > oAb w|
0+1
(1+ (vl =
4(Q+1)
L (Ul
< nCulglgpa-t LI

(1 + [v)) 2"

Consequently, we obtain using the rapid decay of f that

/G/G|f(x,0,w)R2((x,t,v)_1,(x,t,akl(w)))|dwdv

4(0+1)
—sco+n (1 + wl)

=il llgl [ [ (e @ EEEE
¢ls (1+ o) e
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Again, this converges by Lemma 3.14 and the estimate does not depend on (x, ) € §°.
For [l0.(f) * g*|/1.2, one can estimate analogously by replacing (x, v,?) by (x,v,7)"! in
the argument above. Thus, the convergence of || loo A~2dA implies (5.1).

Moreover, together with the respective estimate for A < 1 using (5.1), we obtain a
constant D > 0 such that for all /. & € Rg that vanish for¢t > T

[ 1e M = 11Fe*], = DU fllsy + Thocf ) (gl + Tlldegllwy)
holds. [

Definition 5.7. Let R be the *-subalgebra of J containing all f € C2°(¥) with
/ f(x,0,v)dv =0 forallx € G.
G

A function f € C°(§) lies in J if and only if it satisfies the vanishing integral con-
dition (5.7). Note that &R is contained in R.

Proposition 5.8. Let G be a homogeneous Lie group and J < C*(§) be defined as in
Definition 5.7. Denote by R the completion of R with respect to the || - ||si-norm. Then
(J, R) is a continuously square-integrable R~.o-C*-algebra.

Proof. First, we show that R is dense in J. Let f € J and ¢ > 0. Then f can be approx-
imated by g € C2°(¥) such that || f — g|| < /2. To adjust g to lie in R define a function
h by

h(x) = / g(x,0,v)dv forx € G.
G
As f lies in J, it satisfies

|h(x)| = |Zuiv(Po(qx(2))) — Awiv(Po(ax(/)))| < I f — gl <&/2 forallx € G.

Choose a non-negative k e C°(G) with fG k(v)dv=1and w e CJ°([0, 00)) with w(0) =1
and ||w|lec < 1. The function g € C2°(¥) defined by g(x,t,v) = h(x)k(v)w(t) satisfies
lgllr <e/2.Theng —g e Rand || f — (g —&)| < &holds.

As the Laurent symbol of { f|g)) is given by ( f|g, Lemma 5.6 implies { f |g) €
CI (R, J). Now, by [33, Proposition 6.5] the set R is square-integrable and relatively
continuous. It is also R g-invariant, and f * g € R holds for f, g € R. Hence, Lemma 2.11
gives the claim. ]

Remark 5.9. The action 0: R~ ~, (J, R) even satisfies Rieffel’s original definition
in [44], where he requires R to be a dense invariant *-subalgebra of J such that

A fxoa(g")
isin L'(Rxo,J) forall f,g € R.

In the following, it will be useful to know that the || - ||s-closure of R contains the
space Rg. In particular, this implies Ry = R.
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Lemma 5.10. The linear space R is contained in the completion of R with respect to
the || - ||si-norm.

Proof. Lemma 5.6 shows that (/| g)) € C}(R~o, J) for all f, g € R%. Hence, by [33,
Proposition 6.5] all elements of the dense subspace R are square-integrable.

For f € R we construct a sequence g, € R with || f — gl — 0. Let 7 > 0 be
such that f vanishes for > T. Choose a sequence ( f,;) of f, € C2°(¥) that vanish for
t > T, and satisfy

1% = £l =~ 0 and 3,/ = ()] ) = O

Let k € C(G) be non-negative with [, k(v)dv = 1 and let w € C*([0, T]) satisfy
w(0) =1, ||o|loo < 1 and ||0;w||c < 1. Define functions g, € R with

gn(x,t,v) = fulx,t,v) —k()w(t) L fn(x,0,w)dw.
It follows that || f* — g llsy — 0 and [|0,(f* — g»)lla) — 0. We estimate using (5.1)

1/2
I f —gnllsi= I/ —gnll + ||«f —enlf _gn»“
< DIf — gally + BV2(11* ~ ghllsy + T0: (/" — 8D ry)-
Consequently, f lies in the closure of R with respect to the || - ||sj-norm. |

Therefore, the generalized fixed point algebra Fix®=(J, R) of the R g-action on J
is defined as in Definition 2.6. The elements | ) (g| for f, g € Rg can be characterized
more explicitly. We fix for the rest of this article a monotone increasing sequence (yx)keN
of continuous compactly supported functions yx: R~ — [0, 1] with y; — 1 uniformly
on compact subsets to cut off at zero and infinity. We may assume that yx (A~') = yx (1)
for all A > 0. As described in Lemma 2.8

o0
| wonir o ¢
0
converges to | 1)) {(g| with respect to the strict topology as multipliers of J .

5.2. The pseudo-differential extension

For a homogeneous Lie group G, let Jg := ker(7yiy) < C*(G) and Rg = {f € CX(G) |
fG f(v) dv = 0}. In the following, we use generalized fixed point algebras to derive a
pseudo-differential extension

K(L2G) = Fix®>(J, R) — Co(G,Fix®>*(Jg., Rg)).

We will justify the name “pseudo-differential” extension in Section 7 by comparing it to
the calculus defined by Fischer—Ruzhansky—Fermanian-Kammerer in [17, 18] for graded
Lie groups.
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The homomorphism pg: C*(¥) — C*(T'G) induced by restriction to ¢ = 0 maps J
onto the R~ ¢-invariant ideal Jo C C*(T'G) with

Jo = m ker (ﬁtriv OCIx)-

xeG

The short exact sequence from (4.2) restricts to
Co(Rs) ® K(L2G) = J 23 J,.

Proposition 5.11. Let G be a homogeneous Lie group and let Ry = po(R). The zoom
action o on (5.2) induces an extension

K(L2G) — FixR>(J, R) 23 Fix®>0(J,, Ro).

Proof. Proposition 2.19 gives an extension of generalized fixed point algebras

FixR>°(ker(p0), RN ker(po)) < Fix®>0(J, R) EQ) FixR>0 (Jo, po(J_Q)).

By Remark 2.15 the completion of po(R) with respect to the || - ||i-norm on the right hand
side is Rg. The isomorphism p from Lemma 4.5 induces an isomorphism

P Fix®=0 (ker(po), R N ker(po)) — Fix®0 (Co(Rx0, K(L2G)), R),

where R := P(R Nker(po)). By the description of the R~ g-action on Co (R, K(L2G))
in Lemma 4.5, it follows that [ is the unique relatively continuous, complete and dense
subset by Theorem 2.5. Lemma 2.22 gives an isomorphism

W: Fix®>0 (Co (Rx0, K(L2G)), R) — K(L?G).

Therefore, we obtain (5.11). The inclusion of K(L2G) into Fix®>°(J, R) is given by
(Vo pa) u

By Theorem 2.23 the symbol algebra Fix®>0(Jo, Ro) is a continuous field of C*-
algebras over G with fibres Fix®>0(Jg, Rg). We show it is in fact a trivial continuous
field.

Lemma 5.12. The map ©: Fix®>°(Jy, Ro) — Co(G,Fix®>0(Jg, Rg)) given by
O(IMNel)x) = ax (1N el) = |ax(NHWax(e)| for f.g € Ro. x € G
is an isomorphism.

Proof. Proposition 2.19 and Remark 2.15 imply that each §, maps Fix®>°(Jy, Ro) onto
Fix®>0(Jg, Rg) for x € G. Let f, g € Ry, we show that O(| /) {g]|) is continuous.
For ¢ > 0 and x € G there is an open neighborhood U of x such that

lax(f) =ay()]s <e and |gx(8) —gy(g)|5 <& forally € U.
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The estimate of the norm in (5.1) implies that there is a constant C > 0 such that |||2)}| <
C|lh|s forall h € R¢. Hence for y € U we obtain

1o/ Mgl x) — (/Mg
< axOMN - [ax() = ay @) + |lay @) - |ax () = gy ()}
< ¢( sggH%c(f)lls + sgg||qx(g)||5)~

As f and g are compactly supported in the x-direction it follows that ©(] f)){{g]) is again
compactly supported. Extend © linearly to the span of | /)){(g]| for f,g € Ro andlet T be
inside the linear span. As ||Gx(T)|| < ||T|| for all x € G it follows that ||O(T)| < ||T]-
Let ¢ € Jy satisfy ||| = 1. As C*(T'G) is a continuous field of C*-algebras over G with
fibres C*(G) it follows that

ITy| = sgqux(TW)H = sup |dx(T)ax(¥)| < sup [4x(T)|| = |©(T)].

Hence, ©® is an isometry and extends by continuity to FixR>0 (Jo. Ro). As gx is a homo-
morphism for each x € G, ® is a homomorphism.

Denote by W C Fix®>°(Jg, R¢) the linear span of | £ ))((g| with f, g € R¢, which is
dense in Fix®>°(Jg, R). Then C.(G) @2 W is dense in Co(G, Fix®>°(Jg, Rg)). The
space C.(G) ®¢ W is contained in the image of ® as fora € C.(G) and f, g € R we
can pick a function b € C.(G) with b|sppq = 1 so that

Oa® fHb®gl) =a®|f)sl.

As the image of O is closed, the claim follows. [

5.3. Representation as bounded operators on L2(G)

We show that the C*-algebra of “order zero pseudo-differential operators” Fix®>0(J, R)
admits a faithful representation as bounded operators on L2(G).

The *-homomorphisms p;: ¥ — K(L?G) defined in (4.2) can be restricted to the
ideal J. The restrictions are still surjective. Hence, they yield strictly continuous repre-
sentations

priFix®>0(J, R) — M(K(L?G)) = B(L*G) forallt > 0.
Lemma 5.13. The representation p:Fix®=°(J, R) — B(L2G) is faithful.
Proof. As seen in Remark 5.2 the representations p; of J are related by
prooy = ps,—1 fort,A > 0.

This equality still holds for the corresponding extensions to the multiplier algebras. As
each T € Fix®>0(J, R) is invariant under o, it follows that p,(T) = p1(T) forall ¢ > 0.
Therefore, T € ker(p;) implies p,(T) = 0 for all t > 0. Then it follows for all f € J that
pi(TF) = p(T)p:(f) = 0forall t > 0. As C*(§) is a continuous field of C*-algebras
this implies by continuity that 7f = 0. Since this holds for all f € J,itfollows7T =0. m
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Lemma 5.14. Let f,g € Ry and h = f* * g. Then the operators Ty (h) given by

Ty (x) = /0 (A2 / B Aot (1)) 9 () dy 2

fory € L2(M), x € M, converge strictly to p1(| f){(g|) as multipliers of K(L?>M).

Proof. Strict continuity of p; together with (5.3) imply that

o

Al = tim [ @ (oa(rx )% = tim [ 1 pati -

The operators T (h) above are obtained by inserting the definition of p;. ]

Lemma 5.15. The following diagram commutes, where the horizontal maps are the inclu-

sions: .
ker(pg) —— Fix®>0(J, R)

gl(]’)*

Fix®>0 (Co (R>0, K(L2G)), R) 2
;l\l!
K(L?G) « s B(L?G).

Proof. Let ¥1, ¥ € Ce(Rsg, K(L?G)). Then by strict continuity of 5; and (5.3)
A1((p) " (W) (¥2l)) = Br(|lp " WO p ™ (¥2))
(i [ o (07 ) 4
0

—tim [ i (07 792 4
0
= [ a0 = (v v
holds. The claim follows as the linear span of |1 )) (2| with ¥1, V2 € Ce(R0,K(L2G))
is dense in Fix®>°(Co (R0, K(L2G)), ﬁ) |

Lemma 5.16. Let h € Ry Nker(po) and let Ty (h) be defined as in (5.14). Then (Tj (h))
converges in norm in K(L?>G). In particular, its strict limit as multipliers of K(L?>G)
exists and is contained in py(Fix®>°(J, R)).

Proof. Ash € R vanishes at7 = 0, it can be written as h =t f with f € C*(§) N C*(9).
By definition of the representation pj, in (4.2), it follows that p, (h) = Ap, (f) for all
A > 0. Hence, forall A > 0

lpam)| = A paCH| = AL £1I-
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We show that (T (h)) is Cauchy. Let T > 0 be such that & vanishes for ¢ > T'. For ] > k,
we estimate

e’} T
||T,(h)—Tk(h>\|s/ (xl<x>—x;c(x))||m<h)||%snfn/ (1— 7k (1) dA.
0 0

As yx — 1 on compact subsets, the first claim follows. The second claim holds as conver-
gence in norm implies strict convergence and K(L2G) is contained in p; (Fix®>0(J, R))
by Lemma 5.15. |

6. Operators of type 0 as generalized fixed points

Let G be a homogeneous Lie group. In this section we show that Fix®>0(Jg, R¢) is the
C*-closure of the operators of type 0 on G.

6.1. Homogeneous distributions
Recall that the dilations yield an R ¢-action on § (G) C C*(G) given by
03 f(x) = A2 f(ap(x)) forA >0, f € S8(G)andx € G.
This action can be extended to $'(G) by
(oasut, f) =A% (u, 031 f) foru e 8'(G), f € 8(G)and A > 0.

Definition 6.1 ([18, Definition 3.2.9]). Let G be a homogeneous Lie group and let v € R.
A distribution u € §'(G) is called a kernel of type v if it is smooth away from zero and
o)« () = AVu for all A > 0. Denote by KV (G) the space of kernels of type v.

For u € K" (G) the corresponding continuous operator Ty: $(G) — $'(G) given by
T,(f) = u = f is called an operator of type v.

Remark 6.2. Let O be the homogeneous dimension of the group G. The kernels of type
v are also called (v — Q)-homogeneous distributions in the literature. This is because they
coincide with (v — Q)-homogeneous functions outside zero.

Asin [18, Lemma 3.2.7] one calculates that an operator 7" of type v satisfies
T(op-1f)=A"03-1(Tf) forallA > 0and f € $(G).

Example 6.3. Let § € §'(G) denote the delta distribution. For o € N} the distribu-
tion X*§ € §'(G) defines a kernel of type —[«]. The corresponding operator Tx«g is the
right-invariant differential operator Y% on G defined as in (3.2).

6.2. The space S$¢(G)

Define the following subspace of §(G) which is the Euclidean Fourier transform of the
space of Schwartz functions that vanish with all derivatives at 0.
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Definition 6.4 ([7]). For a homogeneous Lie group G, let §¢(G) consist of all functions
f € 8(G) with [; v* f(v)dv = 0forall @ € Nj.
Lemma 6.5. The space So(G) has the following properties:
(1) $o(G) is a *-subalgebra of S (G),
(2) $0(G) is closed in $(G) with respect to the Schwartz semi-norms,
(3) ux f €80(G) forallu € XV(G),v e Rand f € §y(G),
@) Xf €80(G) forall X € gand [ € $o(G).
Proof. 1t is clear that So(G) is a linear subspace of §(G). It is left to show for (1) that
S0(G) is closed under involution and convolution. Note that for v € G
@™ = (=) = (=1,

Moreover, by the polynomial group law in Proposition 3.9 one can write v - w forv,w € G
as a linear combination of vAw? .
To show (2), let f € $(G) and a € N§j. We estimate

[ r@a] < [+ 1) s < 17l [ (14 1017 a

The integral converges by Lemma 3.14. It follows that for a sequence ( fi)ren in So(G)
which converges in $ (G), the limit lies in $o(G) as well.

Property (3) is proved in [21, Lemma 4]. For (4) write X € g as X = 27=1 a;jY;
with aj € R. Then

n
Xf=X6xf=Y ajX;j8xf.
Jj=1
As the X;d define kernels of type —g; by Example 6.3, the claim follows from (3). ]
6.3. Operators of type 0

We compare now the operators of type 0 to Fix®>0 (JG. RG).

Proposition 6.6 ([20, Theorem 1.65]). Let G be a homogeneous Lie group and | € §(G)
with [ f(v)dv = 0. Then

| o
converges in 8'(G) to a kernel of type 0.

We will show that, conversely, every u € JK°(G) can be written as an average over the
dilation action as above. First, this is proved for u = §, which is a kernel of type 0.

Lemma 6.7. There are f; € Rg and gj € $o(G), j = 1,...,n, such that

> [ oy sg)$ 5 s,
j=1
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Proof. As noted in [7], one can find a ¢ € So(G) with
s=tim [ no@)en .
—00 Jo

For example, take a function 2 € C2°(R~¢) with f0°° h()t_l)d% = 1. Define ¥ € S$(g*)
with ¥ (§) = h(||€]]), where || - || is a homogeneous quasi-norm on g* which is smooth out-
side zero. The invariance of the Haar measure on R+ implies that fooo Y(a-1(§)) dT’l =1
for all £ # 0. Therefore, ¢ € S¢(G) can be taken as the inverse Euclidean Fourier trans-
form of .

Now, ¢ needs to be factorized appropriately. Dixmier and Malliavin proved in [14,
Theorem 7.2] that one can find k,/ € § (G) such that ¢ = k * [. In the first step of the proof
they show ¢ = 6 * u, where p is a measure and 6 is the limit of a sequence of polynomials
in X%¢ in §(G). It follows 6 € §5(G) by Lemma 6.5. Repeating this procedure with 8, the
factorization ¢ = k * [ is achieved after finitely many steps with k € $¢(G) and [ € $(G).
By [20, Lemma 1.60], k can be written as k = Z;;l Xikj with kq, ..., k, € $o(G).
Therefore, we obtain

¢ =D (Xjkj) =1 =" kjx(¥;l).
j=1 j=1

Using Proposition 3.10 one obtains that [(¥;/)(x)dx = 0 holds. Consequently, the claim
holds with f; := k;." €50(G)and g; ==Yl e Rgforj =1,...,n. ]

Corollary 6.8. Everyu € KX°(G) can be written as a finite sum of
o0
tim [ g oa(f x )%
k—o00 Jo

with [ € $0(G) and g € Rg-

Proof. Let fj € §o(G)and gj € R for j =1,...,n be functions as in Lemma 6.7. Then
use the homogeneity of u to compute

k—o00

u=ux8§= lim ( / Xk(l)“*(o)t(fj'*gj))d%)
j=1"0

I oo
= lim ( / xk(k)m((u*ﬁ)*gj)d%)
j=1"0

k—o00

! o0
N ; (klglolo/() xeMoa ((u* f7) * g,-)d%).

Here we used that u x (¢p * ) = (u * ¢) * ¥ for all ¢, ¥ € S(G). The last equality holds
as u * fj liesin §o(G) forall j = 1,...,n by Lemma 6.5, so that the expression in the
bottom line converges in §’(G) by Proposition 6.6. |
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The description of the kernels of type 0 above is already very close to the generalized
fixed point algebra construction. We compare now the corresponding convolution opera-
tors to elements of

Fix®>°(Jg, Rg) € MR>°(Jg).

To understand this fixed point algebra better, we show that the restrictions of the left
regular representation Ag: C*(G) — B(L?G) to Jg is still non-degenerate.

Lemma 6.9. Let G be a homogeneous Lie group G. The restriction of the left regular rep-
resentation Ag:C*(G) — B(L%G) to Jg = ker(Ryiy) is a non-degenerate representation.

Proof. Suppose ¥ € L?(G) is suchthat f %y = 0holds forall f € Jg. As C*(G) acts by
right-invariant operators on L?(G), this is equivalent to f (n)w(n) =0forall f € Jg and
for almostall 7 € G by the Plancherel theorem, see (3.5). The ideal Jg < C*(G) is liminal.
Henceforw € Jg =G \ {muiv} we have that fA(n)@(n) =0forall f € Jg is equivalent to
K(%n)l’ﬂ\ () =0.Butas {0\(71) is Hilbert—Schmidt, this means that &(n) =0 for 1w # myiy-
The Plancherel measure is supported within the representations corresponding to orbits of
maximal dimension sequence. In particular, {7y, } has measure zero and, therefore, ¥ = 0
must hold. ]

Consequently, as the restriction is also faithful, the multiplier algebra M (Jg) can be
identified with the idealizer of Ag (Jg) in B(L?G). Therefore, elements of the generalized
fixed point algebra Fix®>(Jg, Rg) can be viewed as bounded, right-invariant operators
on L2(G). This allows us to reprove the following theorem of [29].

Theorem 6.10. Let G be a homogeneous Lie group. Every operator T of type 0 extends
uniquely to a bounded operator L>(G) — L?(G).

Proof. Note that if such an extension exists, it is unique as $(G) C L?(G) is dense. Let
f, g € Rg and consider the kernel of type O given by

o0
U= lim/ Xk(/\)UA(f**g)dTA-
k—o00 Jo

If we can show that T,,: ¥ > u * ¥ defined on §(G) extends to an operator in B(L2G),
the claim follows as every kernel of type O is a finite sum of kernels of this form by
Corollary 6.8. Let h € Rg and ¥ € $(G). The description of | f)){(g| as a strict limit as
in Lemma 2.8 shows that

X6 (1 /N (gl (g () = Tu(ra (W)Y).

As the restricted left regular representation is non-degenerate by Lemma 6.9, {Ag (h)V |
h e Rg and ¥ € §(G)} is dense in L2(G). Hence, the operator Ag (| £)){(g|) is the unique
continuous extension of 7. [

Proposition 6.11. Let G be a homogeneous Lie group G. Then Fix®>°(Jg, R¢) is the
C*-closure of the operators of type 0 in B(L*G).
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Proof. This follows from the one-to-one correspondence between the operators of type 0
and the linear span of | /) (g| with f, g € Rg obtained from Proposition 6.6, Corol-
lary 6.8, and Theorem 6.10. The latter is dense in the C*-algebra Fix&>0 (JG. Rq). ]

7. Comparison to the calculus for graded Lie groups

For this section, let G be a graded Lie group. We compare the sequence

— Oop, —_
K(L>G) < FixB0(J, R) —> Co(G, Fix®~*(Jg, Rq)).

from Section 5 to the pseudo-differential extension of order zero in the calculus of Fischer,
Ruzhansky, and Fermanian-Kammerer.

7.1. The calculus of Fischer-Ruzhansky—Fermanian-Kammerer

Recall the operator-valued Fourier transform for a nilpotent Lie group G described in
Section 3.5. It maps a left-invariant operator on L2(G) to a field of operators {a(r) €
B(H#H;) | m € G }. It is used in [18] to define a symbolic pseudo-differential calculus.
In [17], homogeneous expansions for the symbols are defined. We give a short introduction
to their calculus. The symbols in their calculus are fields of operators

{a(x,n):J(’;T’O —>Hr | x€G, € G}
Here, #2° are the smooth vectors in H.

Remark 7.1. Note that [18] uses a different convention for the Fourier transform
F(f)(m) = / f(xX)m(x)*dx for f € LY(G).
G

This leads to F (f * g)(w) = F(g)(m)F (f) ().

The pseudo-differential calculus is defined in [ 18] using a positive Rockland operator.
Each 7 € G yields an infinitesimal representation dm of U(g) on FH° (see [18, Propo-
sition 1.7.3]). As in [18] we will write w(P) := dn(P) for left-invariant differential
operators P on G.

Definition 7.2 ([18, Definitions 4.1.1 and 4.1.2]). Let G be a homogeneous Lie group.
A left-invariant differential operator P on G satisfies the Rockland condition if 7w (P) is
injective on H2° forall w € G \ {7wiv}. A left-invariant differential operator P which is
homogeneous of positive degree and satisfies the Rockland condition is called a Rockland
operator.

Example 7.3. For G = R” the Laplace operator A, = Z?:l 8]2. is a Rockland operator.
There is an isomorphism R” — R”", £ > ¢, given by mg(x) = e™* (€:X)One computes
that ¢ (0;) = —i§;. Hence,

wg(An) = —|E|I> # 0 for & #0.

Example 7.4 ([18, Lemma 4.1.8]). Let G be a graded Lie group with weights g1 < g» <
-+ < ¢, and corresponding basis Xy, ..., X, of g. Let ¢ be a common multiple of the
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weights. Then the following operator is a Rockland operator

n
/q; v24/4;
D (DX
j=1
Remark 7.5. The existence of a positive Rockland operator on a homogeneous Lie group
is equivalent to the group being (up to rescaling) graded (see [18, Proposition 4.1.3,
Lemma 4.1.8]).

Remark 7.6. The Helffer—Nourrigat theorem [24] states that a left-invariant homoge-
neous differential operator on a graded Lie group satisfies the Rockland condition if and
only if it is hypoelliptic.

From now on, let R be a fixed positive Rockland operator of homogeneous degree g
on G. It will plays the role of the Laplace operator on R” in the Euclidean calculus.

Using the positive Rockland operator and its functional calculus, the Sobolev spaces
L?(G) for s € R are defined in [18, Definition 4.4.2]. Moreover, the operator-valued
Fourier transform extends to a Fourier transform between left-invariant operators in
B(L3(G).L;(G)) for a,b € R to a space of fields denoted by Lgf’b(é), see [18, Def-
inition 5.1.21, Proposition 5.1.24]. The spaces of corresponding convolution kernels in
8'(G) are denoted by K, 5(G).

The derivatives in the cotangent direction in the Euclidean calculus are replaced with
difference operators A* for o € N{, which are defined in the following. This is based on
the observation that the Euclidean Fourier transform intertwines 0% and with multiplica-
tion by x*. For u € $’(G) denote by x*u for o € Njj the tempered distributions defined by

(x%u, f) = (u,x*f) for f € $(G).
Let u € K, 5(G) be a kernel such that x*u € K, (G) for some a’, b’ € R. Then the
difference operator A* is defined as in [18, Definition 5.2.1] by
A%i(7) = x®u(x) form e G.
The following symbol classes are adapted to the notion of order induced by the dilations.

Hence, the homogeneous degree [«] for &« € N as in Definition 3.7 is used.

Definition 7.7 ([18, Definition 5.2.11]). A field {a(x,7): #° — H, | x € G, w € G}
is a symbol of order m € R if for all «, B € Ny, the field of operators Xf A%a(x, ) is
defined on the smooth vectors and satisfies

[a]—m
q

sup HXfA“a(x,n)n(l +R)
(x,7)eGXG

H]B(.%,,) < o0.

Denote the class of symbols of order m by S™. Fora € S™ and o, B € N set

[a]—m
q

lalsmap = sup [|XEA%a(x,7m)n(I + R)
(x,m)eGxG

e

The smoothing symbols are S~ = (), g S™.
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One can form asymptotic expansions of these symbols in the following sense.

Proposition 7.8 ([18, Theorem 5.5.11). Let {a;};eN, be a sequence of symbols aj € S™
with mj strictly decreasing to —o0o as j — oo. Then there is a symbol a € S™°, unique
modulo S™%°, such that

M
a—Y aj€S™* forall M €N,
j=0

In this case, one writes a ~ Z_;io aj.
Proposition 7.9 ([18, Proposition 5.2.12, Lemma 5.2.17]). The symbol classes have the
following properties:
(1) S™ C szforml < ms.
(2) Each differential operator Y cq(x)X% with coefficients ¢, € C®(G) is contained
in 8™, where m = max{[«] | co # 0}.
(3) Fora € S™ and o, B € N the symbol XB A%q is contained in S,

For a € S™ the following quantization formula is well defined and yields a continuous
operator Op(a): $(G) — $(G) by [18, Theorem 5.2.15]

Op(a)p(x) = /(;tr (r(x)a(x, m)@(m)) du(r) forg € $(G), x € G.

Let k5 € 8'(G) be the convolution kernel of the left-invariant operator whose Fourier
transform is {a(x,7) | 7w eCA}}. Then Op(a)@(x) =@ * kx holds. Denote by K,€8'(GxG)
the integral kernel of Op(a). It is formally given by K, (x, ¥) = kx(y~'x).

In the following, we will consider operators with compactly supported integral kernels.
Let S consist of all symbols a € §™ such that Op(a) has a compactly supported integral
kernel. Set S,°° = (,,er Sp-

The following properties for the symbols with compactly supported integral kernels
follow from the respective properties for the symbol classes S shown in [18, Corol-
lary 5.5.8, Theorem 5.5.12, Corollary 5.7.2, Theorem 5.4.9, Lemma 5.2.21].

Proposition 7.10. The pseudo-differential calculus has the following properties:

(1) Letmy,m € R. Suppose A € Op(Sg,') and B € Op(S?), then the composition AB
lies in Op(Scrgl"’mz).

(2) Letm e R. For A € Op(SC’g) the formal adjoint A* lies in Op(Sgp)-

(3) A € Op(S2) extends to a bounded operator L3(G) — L;_,,(G) fors € R.

(4) A € Op(S.,™) if and only if its integral kernel lies in CZ°(G x G).

For the following lemma, see also [17, Theorem 4.24].

Lemma 7.11. Let A€Op(S;y) for m <0. Then A extends to a compact operator on L?(G).
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Proof. By Proposition 7.10, A extends to a bounded operator A: L?(G) — L2, (G). Let
x € C(G) be constant 1 on the support of A in the x-direction and be supported in a
compact subset K C G. The map f + y - f extends to a bounded operator L2, (G) —
H~™/4n(K) by [17, Proposition 2.15], where H /4 (K) denotes the Euclidean Sobolev
space. By Rellich’s theorem the embedding

H (K) — L2(R") = L%(G)
is compact as —m/q, > 0. Therefore, the composition A: L2(G) — L?(G) is compact. m

Moreover, in [17] classical pseudo-differential operators, which admit a homogeneous
expansion of their symbol, are defined.

Definition 7.12 ([17, Definitions 4.1, 4.20]). Let m € R. A field {a(x, 7): H° — Hy |
x € G, w € G} is aregular m-homogeneous symbol if

(1) a(x,A-7) = A"a(x, ) forall x € G and almost all 7 and A > 0,

(2) forall o, B € N, the field of operators X f A%a(x, ) is defined on smooth vectors
and satisfies ol
sup H Xf A%a(x,m)m(R) X
(x,m)eGXG

”B(Jé’,,) < 0.

Denote by S™ the class of all regular m-homogeneous symbols and by S 7 the ones with
compact support in the x-direction.

Example 7.13 ([17, Examples 4.3, 4.4]). For each ¢ € C2°(G) and multi-index o € N,
the symbol c(x)m(X)* belongs to SC[“].
In the Euclidean case, homogeneous symbols are cut off in a neighborhood of the zero

section to obtain actual elements of the symbol classes. This corresponds to the following
procedure for graded Lie groups.

Proposition 7.14 ([17, Proposition 4.6]). Let ¥ € C*°([0, 00)) be a cutoff function with
0<y¥ <landy|jo,11 =0and V|[2,00) = 1. For all m R there is a linear map c,,: S™ —
S™ given by
a(x, ) = a(x, )y (7 (R)).
This allows to define a homogeneous expansion of symbols.

Proposition 7.15 ([17, Proposition 4.14]). Let {a;};en, be a sequence of homogeneous
symbols a;j € S™i with myj strictly decreasing to —oo as j — oo. Then there is a symbol
a € S™, unique modulo S™°°, such that

M
a(x,m) =Y a;(x,m)y(w(R)) € S™* forall M € N.
j=0
Moreover, ifa € S™ for m < my, it follows that ay = 0.

In this case, we also write a ~ »_ a;. There is a well-defined principal symbol for
these operators.
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Definition 7.16 ([17, Definition 4.17]). Let @ € S™ be a symbol that admits a homoge-
neous expansion a ~ Z;o:() aj witha; € $™=J as above. The principal part of Op(a) is
defined as

princ,, (Op(a)) ‘= ayp.

Definition 7.17 ([17, Definition 4.20]). A symbola € S[ is a classical pseudodifferential
symbol of order m if it admits a homogeneous expansion a ~ Z}io aj witha; € sm=7,
Denote by S/ the classical pseudo-differential symbols of order 1 and by W} = Op(S7}
the corresponding operators.

Proposition 7.18 ([17, Proposition 4.19]). Let A € Op(S™) and B € Op(S*) be operators
whose symbols have a homogeneous expansion as above. Then the symbols of AB and A*
admit homogeneous expansions as well. Moreover, the following holds

princ,,,;(AB) = princ,,(A) - princ;(B),
princ,,(A*) = princ,, (A)*.

On the right hand side, the pointwise operations are used.
In particular, princ, is a *-homomorphism.

Lemma 7.19. For m € Z, there are short exact sequences

lIjmfl pm princy, Svm
d - T ¥a T oc

Form = 0, it is a short exact sequence of *-algebras.

Proof. Except for surjectivity of the principal symbol map, exactness is clear. Let ag € S m
and a(x, ) :=ao(x, )Y (w(R)) € $™ as in Proposition 7.14. Then princ,, (Op(a)) = ao
holds. We need to adjust a in a way such that its integral kernel K, is compactly sup-
ported. Let > 0 be such that the support of @ in the x-direction in contained in B(0, r)
with respect to the homogeneous quasi-norm. Choose ¢ € C°(G) which is constant
1 on B(0,2Cr). Here, C is the constant from the homogeneous triangle inequality in
Lemma 3.12. Denote by
M.: L*(G) — L*(G)

the multiplication operator ¢ — ¢ - ¢. It belongs to \1131 with symbol given by c(x)idg,
for x € G, € G. Let Q := Op(a)M,. Its integral kernel K,(x, y)c(y) is compactly
supported. Moreover, Q belongs to W/} and

princ,,(Q) = princ,, (Op(a)) — princ,,, (Op(a) — Q)

We show that last term is zero. Let « denote the convolution kernel of Op(a). The convolu-
tion kernel of Op(a) — Q is kx(y)(1 — c(xy~1)). This is only non-zero if |xy~!| > 2Cr
and ||x|| < r. The homogeneous triangle inequality implies that || y| > r. But the «, are
smooth outside zero by [18, Theorem 5.4.1]. Therefore, Op(a) — Q is a smoothing oper-
ator and its principal symbol vanishes. ]



E. Ewert 1366

7.2. Comparison of the symbol algebras

In this section, we identify Fix®>0(Jg, Rg) with the C*-algebra of invariant 0-homoge-
neous symbols defined in [17, Definition 5.1, Proposition 5.6].

Definition 7.20. The *-algebra of invariant 0-homogeneous symbols SO consists of all
a € L*®(G,B(H#,)) with

(1) a(x, A7) = a(x, ) for almost all 7 and A > 0,
(2) forall @ € N7, the field of operators A%*a () is defined on smooth vectors and satisfies

]
sup ” A%a(m)m(R) ”]B%(J(,,) < 00,
reG

The C*-algebra of invariant 0-homogeneous symbols C* (§ 0) is the closure of SO with
respect to |la|| = SUP, G /R-o la(@)].

Lemma 7.21. The *-algebra K°(G) of kernels of type 0 is isomorphic to SO under
Fourier transform. Moreover, Fix®°(Jg, Rg) is isomorphic to C*(S°).

Proof. By [17, Corollary 5.4] the kernels of type O correspond exactly to the invari-
ant, 0-homogeneous symbols under Fourier transform. By uniqueness of the C*-com-
pletion, C*(§?) is isomorphic to the C*-algebra generated by kernels of type 0. This is
Fix®>0(Js, R) by Proposition 6.11. L]

By Lemma 5.12, Fix®>0(Jy, Ry) is isomorphic Co(G, Fix®>°(Jg, R)). Identifying
the space of 0-homogeneous symbols with compact support in the x-direction SO with
C2(G, S°) as in the proof of [17, Proposition 5.11], yields the following result.

Corollary 7.22. The *-algebra of 0-homogeneous symbols S L(,) is isomorphic under inverse
Fourier transform to a dense *-subalgebra 0fFiXR>O (Jo. Ro).

7.3. Comparison of the operators

To compare the sequence of generalized fixed point algebras to the order zero pseudo-
differential extension from (7.19), we show that operators in 1(Fix®>0(J, R)) can be
written as in (7.1) in terms of a symbol.

Lemma 7.23. Let f € Rg with fo € So(T G). Define operators Ty (f) by

T = [ a @ [ £(rdan 7)ot dy g
0
for ¢ € L>(G) and x € G. Then (T (f)) converges strictly to an element
T(f) € p1(Fix®>(J, R)).

Proof. Using the Dixmier—Malliavin theorem as in the proof of Lemma 6.7 one can fac-
torize fo = Y ;—_; gF * h; with g;,h; € Ry. Choose G;, H; € R that restrict to g;, h; at
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t = 0. Then we can write
n n
Ti(f) =Tk (f —-Y Gl x Hi) — > Tu(G} * Hy).
i=1 i=1
The first part converges strictly in p; (Fix®>°(J, R)) by Lemma 5.16, whereas the second

converges by Lemma 5.14. |

We consider now a slightly different generalized fixed point algebra. The reason is that
one has to understand the convolution kernels « as a family of left-invariant operators in
order to take their Fourier transform. Let B := C*(T'G) ® Cy ([0, 00)) with R~ ¢-action
given by

Br(h)(x,v,t) = /\Qh(x,)t -v,A7Y) forA>0andh e CC(TG x [0, oo)).
Fort > 0 letev,: B — C*(T'G) be the homomorphism induced by the restriction. Define
the following R ¢-invariant ideal Jp with dense subset Rp C Jp:

Jp = m ker(ﬁtriv Odx © evo),

xeG

mBz{hech([o,oo)xG,S(G))’/h(x,v,())dv:OforauxeG}.
G

Similar arguments as in Lemma 5.6 and Proposition 5.8 show the following.

Lemma 7.24. The *-subalgebra Rp C Jp is square-integrable for the action B of R.
Furthermore, (Jg, Rp) is a continuously square-integrable R - o-C*-algebra.

Hence, FixR>°(JB, eR_B) is defined. The evaluations at t = 1 and x € G composed
with the right regular representation C*(G) — B(L2G), yield strictly continuous repre-
sentations

By Fix®>0(Jg, Rp) — VNL(G).

Lemma 7.25. For h € Rp with hy € $o(TG)
oo A
| ¢
0
converges strictly to an element of Fix®>0 (JB. Rp). Its image under Py is given by

o0
g = fim [~ 0120 (b asn () )0 4 fory € L2(G).
Proof. The first claim is proved as in Lemma 7.23. This uses that there is an isomorphism
W:ker(evg) — Co(Rxo) ® C*(TG)

which is induced by W(h)(t) = t~2ev, (/). The action B corresponds to T ® 1 under
the isomorphism. Here, t is induced by the action of R ¢ on itself by scaling. The second
claim follows from strict continuity of 5 and the computation ev; o B;.(h) = A%ev,-1,(h)
forA,t > 0. n
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Lemma 7.26. For [ € Rg with fo € So(TG), there is a symbol
lar(x,m) e B(#r) | x € G, m G}
such that T(f) = Op(ay).

Proof. We show that one can write T'( f)p(x) = ¢ * k for a smooth family of kernels
kx € 8’(G) such that ¢ > ¢ * k. extends to a bounded operator on L?(G) for all x € G.
This implies that one can apply Fourier transform to «, and one obtains a symbol as above
with ar(x, ) = kx (7).

For each k € N, one can write Ty (f)¢(x) = ¢ * kg With

Kn(v) = /0 eI (v o (1), )

We claim that all (kg ) for x € G converge to distributions « € §'(G) whose convolution
operators are bounded. Note that f can be understood as an element of Rp with fy €
So(TG). It follows from Lemma 7.25 that ki , converges in §'(G) to the convolution
kernel of py (f). In particular, ays (x, ) is the strict limit of

| i
as multipliers of K(H5). |

Letag € Sf,’ As discussed in Proposition 7.14 agy (7 (R)) is in S°. Using Lemma 7.25
we obtain a different way to attach a symbol to ao. By Corollary 7.22, there is a kg €
So(T G) such that ay is the Fourier transform of

/Oo ox(ho) L € X(TG).
0

Let w € C2°([0, 00)) be a function with w|[o,1] = 1 and w|[2,00) = 0. Define 1 € Rp by
h(x,v,t) :=w(t)ho(x,v). By Lemma 7.26 this yields a symbol a; € Co(G, L*°(G)). We
compare now the symbols agi (r(R)) and ay. As a preparation, the following lemma is
proved.

Lemma 7.27. Let hg € $So(TG) and let w € C°([0, 00)) be a function with w|jp 1] = 1
and |[2,00) = 0. Define h € Rp by h(x,v,t) := w(t)ho(x,v). Let ap(x, ) be the Fourier
transform of px(h) and ao(x, ) the Fourier transform of

o0
/ 03 (o) 2.
0

Then for all m > 0, there exists a constant C,, > 0 with

[ (@0 (x, 7) — an(x, )W (r(R)) (1 + 7 (R) * | < Conllolls-m.0,0

forall x € G and almost all w € G.
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Proof. The symbols can be written as strict limits
0 —~
ao(x, ) = limf 1eMho(x, A - )44,
s Jo
0 —~
ante.m) = tim [ g Rahote. - m)
s Jo

as multipliers of K(#,) for almost all & € G. This implies that

QI

br(x,m) = /(; )(k()t_l)(l — a)()t))i;\o(x,)t . n)dT’\ W(n(R))(l + Tl'(R))

converges strongly to b(x, ) := (ap(x, w) —ap(x, )Y (7 (R))(1 + n(R))% on J°.
We show that b (x, ) is a Cauchy sequence. As H2° is dense, this will imply that
by (x, ) converges to b(x, ) in norm. For [ > k we estimate

61 (. 70) = bie(x, )|
| ) = ) (1 = 0Go)iaCe. 3 e Gr(R) (L + (R 4

= ()" [ 00 -G (1= 00) s e - mor()F | §

o] _ A ~ m
< [T 00 52 swp e s )% | %
0 A (x,m)

t 1 —w(d)

3 wp (1_+[) . /0 (1 —Xk(k))l—m(il’lf)”fl;)(x,/\-7'[)(1 + (A.n)(R))%”dTA

~ © 1 —w(
<Nialsmon [ (-1 0) 2 2

The integral converges to 0 as the dominated convergence theorem can be applied due to
the assumptions on @. Note that ]’,l:)(x, ) is a smoothing symbol by [18, Lemma 5.2.21],
so that ||};B|| s-m 0,0 is finite for all m > 0. Using the same estimates there is a constant
Cy, > 0 such that ||bg(x, 7)| < Cm||hA0||s—m,0,0 forall k €e N and (x,7) € G x G. As
b(x, i) is the norm limit of this sequence, the claim follows. [

Remark 7.28. The same result holds when ¥ (7 (R))(1 + n(R))% is replaced by n(R)%.

Lemma 7.29. Letho€So(TG), he Rp, ag and ay, be as in Lemma 7.27. Then agyr (7w (R))
— ayp, is a smoothing symbol.

Proof. Write agy(w(R)) —a = (ap —a)¥ (7 (R)) —a(l — ) (7w (R)). We claim that both
summands are smoothing symbols. Recall that a symbol b is smoothing if for all m > 0
and o, B € NJ

[e]+m

XA b(x, )} (1 + 7(R)) ¢

sup
(x,m)

< 0.
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For (ap — a)¥ (7w (R)) consider first the case & = 0. Then the result follows by applying
Lemma 7.27 to X f ho € 8o(T'G). For arbitrary o € N, the Leibniz rule for difference
operators [17, (3.1)] yields

A (ag—a)x, MY (r(R)} = Y [A%(ao—a)(x, m)][A%y (7 (R))].

[a1]+[e2]=[e]

For ap # 0, it is shown in [17, Lemma 4.8] that

—m—[aq] m+[a]
sup||m(R) ™ 4 : Ay (n(R))(1+7(R)) ¢ | <oo.
b/
Applying Remark 7.28 and Lemma 7.27 to X ,’? v¥ hy yields
B Aw m+(ag]
sup HX A" (ag —a)(x,m)n(R) ¢ H < 00.

(x,m)

For o, = 0, Lemma 7.27 is applied to Xf v*hy € So(TG).
Consider now the symbol a(l — ¥)(w(R)). As (1 — ) is supported in [0, 2] and

[e]+m
(I4+1¢) < isbounded on this subset, it suffices to show for all &, 8 € Ny that

sup ||X)‘?A°‘a(x,n)|| < oo.
(x,m)

For o = 0, this follows from Lemma 7.26 applied to X f h. For « # 0, the sequence

/ ) e (XBvho) (x, A - )42
0

is Cauchy in Co(G, LOO(G)). This follows from w(A)AY < w(1)2[ and Lemma 7.26
applied to X f v¥hg. Then X f A* is the limit of this sequence as the respective convolution
kernels converge in §'(G). ]

Theorem 7.30. Let G be a graded Lie group. The order zero pseudo-differential extension
from Lemma 7.19 embeds into the generalized fixed point algebra extension for G such
that the following diagram commutes

princ

vl > Wl » SO

[ [ [

K(L2G) — Fix®>0(J, R) —225 Fix®>0(Jy, Ro).

Proof. Every operator in \IJC_,1 extends to a compact operator on L?(G) by Lemma 7.11.
Let A be a classical pseudo-differential operator of order zero with principal symbol
ap € S2. Let Q € WY be the element constructed in the proof of Lemma 7.19 with
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princy (Q) = ag. Recall that Q = Op(ao(x, )Y (7 (R))) M, for a certain ¢ € C°(G). In
the following we show that there is an element 7 € p; (Fix®>0(J, R)) with po(T) = ag
and Q — T € K(L2G). Once is this established, writing

A=A—-Q+Q-T+T

shows that A lies in p; (FixX®>0(J, R)) as 4 — Q has order —1 since its principal symbol
vanishes. In particular, A — Q is compact by Lemma 7.11. The above decomposition also
shows that

Po(A) = po(T) = ap = princy(A)

so that the diagram in (7.30) commutes. To construct T, let iy € So(T G) be such that ag
is the Fourier transform of ~
| onthor4
0

Let h € Rp and aj be as in Lemma 7.27 and g(x, v, ?) := h(x, v, t)c(xa(v)). Then
T(g) = T(f)M, holds. Lemma 7.26 implies that

Q —T(f) = Op(ao¥ (m(R)) — an)M,.

This is a compact operator as its convolution kernel is smooth by Lemma 7.29 and com-
pactly supported. ]

Denote by C*(W9) the closure of the *-algebra W9 in B(L?G).

Corollary 7.31. The C*-algebra C* (‘Ilgl) generated by classical order zero pseudo-differ-
ential operators on a graded Lie group G is isomorphic to Fix®>0 (J, R). There is an
extension of C*-algebras

K(L2G) = C*(19) B c*(59),
such that py extends the principal symbol map princ: \Ifgl - S 9

Proof. We show that C* (V) = p; (Fix®>0(J, R)). The C*-algebra of pseudo-differential
operators of order 0 is contained in p; (Fix®>°(Jo, R)) by Theorem 7.30.

For the converse, note first that K(L2G) C C*(W¥9). This holds as W9 contains the
kernels in C2°(G x G) and these generate the compact operators on L?(M). Now, let
f.g € R.Leta € S? be the inverse of | fo)) ((g0] € Co(G, K °(G)) under Fourier transform.
Since the principal symbol map is surjective, thereisa P € \1131 with princy(P) = a. Then
the operator

AL/ M el) = (£ M gl) — Op(P) + Op(P)
is contained in C*(WY9). This is because Op(P) is and p1(| /) {(g|) — Op(P) € K(L*G)

as the diagram in (7.30) commutes. The C*-algebra Fix®>°(J, R) is generated by | f)) {(g|
with f, g € R. Thus, the result follows. ]
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8. Morita equivalence and K-theory

In this section, we will show that (J, R) and (Jo, Ry) are saturated for the zoom action of
R ¢. Therefore, for each homogeneous Lie group G the C*-algebras of order zero pseudo-
differential operators Fix®>0(J, R) and principal symbols Fix®>°(Jy, Ro) are Morita—
Rieffel equivalent to C; (R, J) and C* (R, Jo), respectively. For the Euclidean scal-
ings on G = R” this is a result of [11].

8.1. Stratification and saturatedness

First, consider a homogeneous Lie group G. Recall the sequence of open, dilation invariant
subsets of G \ {7y} found in (3.4):

d=VoCWV CVaC---CVpy Zé\{”triv}»

where A; =V;\ Vi1 are Hausdorff for alli =1, . .., m. Moreover, the induced R~ ¢-action
on each A; is free and proper by Proposition 3.23. There is a corresponding increasing
sequence of closed, dilation invariant ideals in C*(G)

O=J0<1J1<1J2<1--'<1Jm=JG
which is given by
Ji ={f eC*G) | a(f)=0form € G\Vi}.

In this section, it will be shown that the subquotients J;/J;—; of the filtration in (8.1)
define continuous fields of C*-algebras over A;, respectively. This will allow us to prove,
using Corollary 2.17, that Fix®>0(Js, Rg) is Morita—Rieffel equivalent to the crossed
product C* (Rxo, Jg).

Remark 8.1. In [4] Pedersen’s fine stratification [37] is used to obtain a similar sequence
of increasing ideals, where the respective subquotients are even isomorphic to trivial fields
Co (K,-, K (#;)) for some finite- or infinite-dimensional Hilbert spaces #;. For our pur-
poses the coarse stratification suffices.

Proposition 8.2. Each subquotient J;/J;—1 fori = 1,...,m is isomorphic to a continu-
ous field of C*-algebras over \; with a unique dense, relatively continuous and complete
subset R; for the induced R~g-action. Furthermore, (J; / Ji—1, R;) is saturated.

Proof. The subquotient J; /J;—; has Hausdorff spectrum as
Ji/dici = T\ Jisy = Vi \ Vier = A

Therefore, J; /J;—1 is isomorphic to a continuous field of C*-algebras over A;, see [35,
Theorem 3.3]. The isomorphism takes [ f] € J;/Ji—1 to the section f defined by

fr)=7(f) = fG F(x)w(x)dx € B(JH;) form € A;.
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The dilation action on J; /J;—; satisfies m/(_?) (m) = f(/\_l - ) for all A > 0. Denote by
;. (f) the section given by oy (f) () = f(A™! - 7). Let 6;: Co(A;) = ZM(J;/Ji—1)
denote the non-degenerate homomorphism which is given by pointwise multiplication
when J; /J;_1 is viewed as a continuous field. It satisfies the compatibility condition

@ (6:(9) f) = Oi(ta)as(f) ford € Co(A;) and [f] € Ji/Ji1,

where 7 denotes the R~ g-action on Co(A;) given by 7, (¢)(m) = ¢(A~! - ). Therefore,
Ji/Ji—1is an R~ o-Co(A;)-algebra. The dilation action on A; is free and proper by Propo-
sition 3.23. By Proposition 2.21 J; /J;_ is saturated with respect to the subset

Ri = 0;(Ce(A))(Ji/ Jim1).

It is the unique dense, complete, relatively continuous subset by Theorem 2.5 as J; /J;—;
is spectrally proper. ]

Using Corollary 2.17 and an inductive argument for the sequence in (8.1), we obtain
as a consequence:

Corollary 8.3. For a homogeneous Lie group G the R~o-C*-algebra (Jg, R¢g) is satu-
rated for the dilation action of Rg. The generalized fixed point algebra Fix®>°(Jg, Rg)
is Morita—Rieffel equivalent to C} (Rx¢, Jg).

8.2. Computation of the spectrum of the symbol algebra

Recall that it was shown in Proposition 6.11 that for a homogeneous Lie group G, the
generalized fixed point algebra Fix®>0(Jg, R¢) is the C*-algebra generated by kernels of
type 0. As an application of the above results, we give a different proof of the description
of its spectrum obtained in [17, Proposition 5.6].

Proposition 8.4. Let G be a homogeneous Lie group. Then FixR>0 (Jg, Rg) is of type I.
Furthermore, there is a homeomorphism

(G \{7uiv}) /R0 — Fix®(Jg, Rg)
induced by 7t v+ (7)™ for 1 € G\{myiv).

Proof. The ideals in (8.1) yield short exact sequences of generalized fixed point algebras
fori = 1,...,m by Proposition 2.19:

Fix®>0(J;_1, Rg N Ji_1) <> Fix®>(J;, Rg N J;) —> Fix®>0(J; [ Ji_1, Ri).

Each quotient J; /J;—1 is an R+ ¢-Cq(A;)-algebra with a free and proper R ¢-action on A;
by Proposition 8.2. Therefore, the spectrum of Fix®>0(J; /Ji_1, R;) is A; /R ¢ by Propo-
sition 2.21. In particular, the spectrum is Hausdorff and, thus, Ty. As FixR>0 (Ji/Ji=1, Ri)
is separable, this implies that it is of type I by [13, Proposition 3.1.6, Section 9.1]. If
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an ideal / of a C*-algebra A and the quotient A/ are of type I, it follows that A4 is of
type 1. Thus, one can use an inductive argument for the sequences above to show that
Fix®>0(Jg, R¢) is of type L.

We proceed by showing the second claim. The spectrum of Jg is given by

j& = 6\{ntriv} =A1U---UAp,.

By Proposition 3.23, R ¢ acts freely on A; foralli = 1,...,m. Hence, the action of R~
on the spectrum of Jg is free. As Jg and Fix®>0(Jg, Rg) are of type I and separable,
their spectra can be identified with their primitive ideal spaces. We show that there is a
homeomorphism

¥ Prim(Jg)/Rso — Prim(Fix®>* (Jg, Rg))

with ¢ ([ker(r)]) = ker(7) for w € JG. By [30, Theorems 6.3, 6.4] there is a continuous,
open and surjective quasi-orbit map

p: Prim(C} (R>9, Jg)) — Prim(Jg)/R>o.

As the action of the amenable group R~ on Prim(Jg) is free, the quasi-orbit map is also
injective by [22, Corollary 3.3]. Hence, it is a homeomorphism. In particular, Jg separates
ideals in C} (Rx¢. Jg). We describe now the inverse of p. First, there is a homeomorphism
¢:Prim(Jg)/Rs — Prime(I®>°(Js)) by [30, Theorem 6.3], which is induced by map-
ping a primitive ideal P of Jg to the largest R ¢-invariant ideal contained in P:

P () A-P.
AeR~o

It follows from [30, Propositions 2.12 and 6.1, Theorem 6.3] that ,o_1 =i o ¢ with
i:Prime(I%>0(Jg)) — Prim(C} (R>o, Jg)),
0 — C{(Rxo. Q).

By Corollary 8.3, C}(R~¢, Jg) is Morita-Rieffel equivalent to FixR>0 (Jg, m). There-
fore, the Rieffel correspondence gives a homeomorphism

r: Prim(C;"(R>0, Jg)) — Prim(FixR>°(JG, R_G»
Together, we obtain a homeomorphism
¥ i=rop :Prim(Jg)/R=o — Prim(Fix®>* (Jg, Rg)).

It is left to show that v ([ker(xr)]) = ker(77) for 7 € Jg. Let 0 = ¢([ker()]). Using that
the action on Jg is saturated, Lemma 2.16 implies

p~! ([ker(m)]) = CF(R=0, Q) = Cf (R0, Q) N C} (R=0, Jg) = J*°(Q, R N Q).

This ideal is mapped to Fix®>0 (0, R N Q) under the Rieffel correspondence.
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We show that Fix®>°(Q, Rg N Q) = ker(7). Let a,b € Rg N Q. Then 7(a) =
7 (b) = 0 and, consequently, 7 (|a) {(b]) = |7 (a)) {7 (b)| = 0. It follows that

Fix® (0, Rg N Q) C ker(7).

Now let T' € ker(7). As elements of the generalized fixed point algebra are invariant
under the R g-action, (A - )~ (T) = 7(T) = 0 holds for all A > 0. We use a similar
argument as in the proof of Proposition 2.19 and show that T*T € Fix®>°(0, R N Q).
For eacha € f/'\’_G, we obtain

O-7)(T*a) = (A - 0)~“(T*)(A-7)(@) =0 forall A > 0.

It follows that T*a € Rg N Q. Now the same argument as in Proposition 2.19 shows that
T € Fix® (0, Rg N 0). "

As Fix®>0 (Jo, Ro) is the trivial continuous field over G with fibre Fix®>0 (Jg, JQ_G)
we obtain the following result (compare [17, Proposition 5.13]):

Corollary 8.5. For each homogeneous Lie group G there is a homeomorphism
Fix®>(Jo, Ro) = G x (G \{7uiv})/R=0-

8.3. Morita equivalence

We deduce saturatedness for the respective ideals in the C*-algebras of TG and the tangent
groupoid §.

Proposition 8.6. Let G be a homogeneous Lie group. The C*-algebra of order 0 princi-
pal symbols Fix®> (Jo, Ro) is Morita—Rieffel equivalent to C! (R0, Jo). The C*-algebra
of order 0 pseudo-differential operators Fix®>0(J, R) is Morita—Rieffel equivalent to
CI(Rxo, J).

Proof. As (Jg.,Rg) is saturated by Corollary 8.3, (Jo, Ro) is saturated by Corollary 2.26.
Therefore, the generalized fixed point algebra construction gives the Morita—Rieffel equiv-
alence between Fix®>°(Jo, Ro) and CI(Rxo, Jo).

The second claim follows from Corollary 2.17 applied to the sequence in (5.2) if sat-
uratedness for the ideal Co(R>q) ® K(L?G) is shown. By Remark 5.2 the R ¢-action
is given by T ® 1, where t is induced by the action of R~ on itself by multiplication.
Then R N (Co(R=o) ® K(L2G)) is the unique dense, relatively continuous and complete
subspace and 7 is free and proper. Therefore, the action is saturated by Proposition 2.21.
The Morita—Rieffel equivalence follows again from the generalized fixed point algebra
construction. ]

8.4. K-theory of the C*-algebra of 0-homogeneous symbols

The Morita—Rieffel equivalence between the C*-algebra of 0-homogeneous symbols and
the crossed product C*(R, Jy) allows us to compute its K-theory. We recover the same
result as in the Euclidean setting.
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Theorem 8.7. Let G be a homogeneous Lie group with n = dim g. Then Fix®>°(Jg, R¢)
is KK-equivalent to C(S"V). The C*-algebra of principal symbols Fix®>°(Jy, Ro) is
KK-equivalent to Co(S*R").

Proof. The Morita—Rieffel equivalences between Fix®>°(Jg, R ) and C!(R, Jg) obtained
in Corollary 8.3 implies that they are KK-equivalent. By the Connes—Thom isomorphism,
C!(R, Jg) is in turn KK-equivalent to Co(R) ® Jg.

Let g be the Lie algebra of G and for each ¢ € [0, 1] define [X, Y]; := ¢[X, Y] for
X,Y € g. Note that here the usual scalar multiplication by ¢ € [0, 1] is used and not the
dilation action. One checks that [-, -]; defines a Lie bracket for all ¢ € [0, 1]. Denote by
g: the corresponding Lie algebra and by G; its Lie group. All Lie algebras g; for > 0
are isomorphic to g via X — tX.

Consider the groupoid Dg = R” x [0, 1] = [0, 1], where source and range are given by
the projection to the last coordinate and the multiplication in s~ (¢) = r~!(t) = R”,
identified with G, under the exponential map, is given by group multiplication in G;. This
is a continuous field of groups over [0, 1] that deforms the homogeneous Lie group G
into the Abelian group R”. Using Fourier transform at ¢ = 0 one obtains the short exact
sequence

Co((0,1]) ® C*(G) = C*(Dg) = Co(R").

Consider the associated KK-element [evo] ™! ® [evi] € KK(Co(R"), C*(G)), as described
in [10]. First, we shall prove as in [36] that it is a KK-equivalence for any simply con-
nected, nilpotent Lie group G by induction on the dimension of G. If G is one-dimensional,
it must be Abelian, so that G is the constant field and [ev{] ™! ® [ev] is the inverse class.
If G has dimension greater than one, it can be written as a semidirect product G = G’ x R.
Furthermore Dg = D’ x R and Co(R") 2= Co(R"™1) x R such that the following dia-
gram commutes

E:VG f:VG
Co(R") +——>— C*(Dg) —— C*(G)

£= @) = @8, I
CoR" xR —— C*(Dg') xR —— C*(G') xR.
The naturality of the Connes—Thom isomorphism shows that the bottom row defines a
KK-equivalence by induction hypothesis, which yields that C*(G) and Co(R") are KK-
equivalent. We show that it restricts to a KK-equivalence between Jg and Co(R”\{0}).
Consider the ideal /g C C*(Dg) that consists of all sections (a;) € C*(Dg) such that all
ay € C*(Gy) lie in the kernel of the trivial representation of G,. In the commuting diagram

Jg —— C*(G) ——» C

Tev 1 Tev 1 Tev 1

Ig — C*(Dg) —» C([0,1])

leVO levo levo

Co(R"\{0}) —— Co(R") ——» C
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the associated KK-classes in the middle and on the right are KK-equivalences. The long
exact sequences in KK-theory show that the deformation element on the left is also a KK-
equivalence. In conclusion, Fix®>0(Jg, R¢) is KK-equivalent to Co(R) ®Co(R”\ {0}). In
the Euclidean case, the generalized fixed point algebra C(S"~1) is likewise KK-equivalent
to Co(R) ® Co(R"\{0}).

By Proposition 8.6, Fix®>°(Jy, Ro) is Morita-equivalent to C! (R, Jo), which is again
by the Connes—Thom isomorphism KK-equivalent to Co(R) ® Jy. As Jo = Co(R") ® Jg,
it follows that Fix®>0(Jy, Ry) is KK-equivalent to Co(S*R"). |
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