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On the existence of uniformly bounded self-adjoint bases
in GNS spaces

Debabrata De and Kunal Mukherjee

Abstract. The Gelfand—Naimark—Segal (GNS) space of a diffuse finite von Neumann algebra with
respect to a faithful normal tracial state admits an orthonormal basis consisting of the image inside
the GNS space of a uniformly bounded sequence of self-adjoint operators.

1. Introduction

In this paper, all Hilbert spaces are separable, all von Neumann algebras have separable
preduals, inclusions of subalgebras are unital and inner products are linear in the left
variable. The orthounitary basis problem for II; factors is an important and open problem
in the subject [4]. This problem has an affirmative solution in the context of group von
Neumann algebras of countable discrete groups by construction and finite von Neumann
algebras that arise from group measure space construction. In general, nothing is known.

In the classical case, it is well known that the Walsh functions, which take the values
+1, form an orthonormal basis for L2([0, 1], 1), where A denotes the Lebesgue measure.
Note that the multiplication operators associated with the Walsh functions are self-adjoint
unitaries. In general, if 1 is a non-atomic probability measure (on a standard Borel space),
then L2(11) contains an orthonormal basis consisting of images of (self-adjoint) unitaries
from L°(w).

In the context of von Neumann algebras, it is therefore natural to ask how much the
aforesaid classical result still holds for GNS spaces of states given the interplay between
the Hilbert norm and operator norm. Given that one cannot leverage much on the algebraic
structure of the ambient algebra in general, a compromise with the operator norms of the
left multiplication operators associated with an orthonormal basis is forced. Thus, we ask:
does the GNS space of a von Neumann algebra with respect to a faithful normal state
contains an orthonormal basis consisting of images of a uniformly bounded sequence of
self-adjoint operators?

In this paper, we answer this question completely. We first observe that such an or-
thonormal basis is only possible when the underlying state is tracial. Following [6], we
demonstrate that the GNS space of a diffuse finite von Neumann algebra with respect to
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any faithful normal tracial state admits such a basis with the associated self-adjoint opera-
tors being bounded (in operator norm) by (1 + V2) + ¢ for every ¢ > 0 (Theorem 3.2). The
conspicuous presence of (1 + V/2) in the bound above is due to the effort to control the
operator norms by using the nature of Haar transformation matrices. For a more detailed
study of uniformly bounded orthonormal bases we refer the interested reader to [2]. This
paper has overlap of ideas with [2].

The layout of the paper is as follows: In Section 2, we collect all technical results
that are required to address the problem. Section 3 is the main section of this paper. In
Section 3, following [6], we provide a necessary and sufficient condition for the existence
of a uniformly bounded self-adjoint orthonormal basis in a closed subspace of the GNS
space (see Theorem 3.1). Theorem 3.2 is the main result of this paper. In Theorem 3.2,
we show that for every ¢ > 0, the GNS space of a diffuse finite von Neumann algebra
with respect to a faithful normal tracial state admits an orthonormal basis consisting of
a uniformly bounded sequence of self-adjoint operators whose operator norm is bounded
by (1 + +/2) +e.

Finally in Theorem 3.4, we analyze how one can extend a uniformly bounded self-
adjoint basis of the GNS space of a subalgebra to a uniformly bounded self-adjoint basis
of the GNS space of the original von Neumann algebra.

Now, we record some basic facts which are essential for our purpose. This material is
standard and can be found in [8-10].

Let M be a von Neumann algebra equipped with a faithful normal state ¢. Let M be
represented on the GNS space #,, := L?(M, ¢) in standard form [3]. The inner product
and norm on J, are denoted by (-, ), and |[-||2,, respectively. The operator norm on
B(J,) is denoted by |-||. The self-adjoint part of M is denoted by M;,. Let M; and
(M, ,)1 denote the unit ball of M and M, respectively.

Let 2, denote the standard vacuum vector associated with ¢. Then,

A, = MQ,

becomes a (full) left Hilbert algebra endowed with the scalar product induced by #,, and
endowed with the product and involution f respectively given by (xQ24)(y2¢y) = xy Q2
and ()CQ«,)ti =x*"Qp, x,y e M.

Let S, denote the closure of the (densely defined) antilinear operator

WAy 3 xQy > x*Q, € H,.

Let Sy, = J, Aé be the polar decomposition of S,. Then the Tomita’s modular operator
A, is nonsingular, positive and self-adjoint, and the conjugation operator J,, is an anti-
unitary. It is well-known that ¢ is a trace if and only if A, = 1 and then S, = J,,.

Suppose 7 is a faithful normal tracial state on a finite von Neumann algebra M. Then,
for x, y € My, , one has

(xQe, yQc)e = 1(yx) = t(xy) = (YR, xQ:)r = (xQ7, y Q) € R (1.1)

Thus, M, Q; C H; is areal subspace of #;. Moreover, spangc M, 2, is dense in H;.
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2. Technical results

In this section, we discuss technical results that are required for the existence of a uni-
formly bounded self-adjoint basis in the GNS Hilbert space of a von Neumann algebra
with respect to a faithful normal state. We begin with the following result, which shows
that orthonormal bases consisting of images of self-adjoint operators are only possible for
finite von Neumann algebras.

Theorem 2.1. Let M be a von Neumann algebra equipped with a faithful normal state ¢.
Suppose the GNS space H#, admits an orthonormal basis O C M, Q2,. Then, M is finite
and ¢ is a trace.

Proof. Let {x,Q,} € M,, 2, be an orthonormal basis of #,. Fix y € M and k € N. Set

M»

(Y Ry, XnRp)pXn Qo (2.1)

3
I
—_

Then, § € D(S,) and

Il
M=

SWS (yQ(P’ an‘ﬂ>¢)S(o'an¢

3
Il
—_

|
M=

(¥, anrp)(px:Qrp

3
Il
—-

Il
M=

(20, Xn82) ,Xn Qg. 2.2)

3
Il
-

By (2.1) and (2.2), one has

I1S0£13., = Z| (R0, Q)| = 113,

Since {& = Zﬁ:l(yﬁw,xnﬂq;)q,an(p :k €N, y € M} isdense in #,, it follows that
S, extends to a anti-unitary operator on #,. Consequently, S, = J, and A, = 1. This
forces that M is finite and ¢ is tracial. ]

In the view of Theorem 2.1, from here onwards unless otherwise stated, we assume
that M is finite von Neumann algebra equipped with a faithful normal tracial state t.
Further, # will denote a closed and infinite-dimensional subspace of #; unless otherwise
stated.

Now we prove auxiliary technical lemmas that enable one to renorm M and control
both ||-|| and ||-||2,- of operators in M . The following lemma appears in [6], but we describe
it for the sake of convenience.
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Lemma 2.2 ([6]). Let #o be an inner product space. Forn > 0, if &, &1, ..., Exn_q, are
pairwise orthogonal in Ho, then there exists a real unitary matrix (ay, j) € My (R) such
that if (e = Y 5—g' @ &, 0 <k <2" — 1, then,

(1) &k, 0 < k <2" — 1, are pairwise orthogonal in #,;

(2) spang{Cr : 0 <k <2" —1} = spang{&; : 0 <k <2" — 1},

3) if |l - | is any norm on FHy, then

max |G|l < (1++2)  max [[|&]l] + 272 [&]Il.
0<k<2n—1 1<k<2n-—1

Proof. Conditions (1) and (2) in the statement are true for all U € U(M>-(R)). So we
need to exhibit only condition (3) in the statement.

Define
272, if j=0and0 <k <2"—1,
" 26=m/2 i j =25 4 rand 2" T12r <k < 2"l 2r 4+ 1) — 1,
a .=
k.J —26=m/2 f ;=25 4 rand 2" 2r + 1) <k <2771 Q2r 4+ 2) — 1,
0, otherwise,
wheres =0,1,...,n—1,andr =0, 1,...,2° — 1. The matrix (a,’;j) is called the Haar

transformation matrix and transforms the standard basis of R2?" to the Haar basis [5].
Observe that

2"—1 n—1
Dolag =270 <14 V2, for0<k <2"-1.
j=1 5s=0
Consequently, the result follows. ]

Lemma 2.3. Let M be a finite von Neumann algebra equipped with a faithful normal
tracial state t. Let {x, 2} C M, Q2. be orthonormal in . Suppose

liminf||x,|| = C < oo.
n

Then, for any € > 0, there exists a sequence of operators {y,} € My, such that
(1) sup, [yall < (1 4+ V2)C +&;
(2) spang{x, : n € N} = spang{y, :n € N};
B) (YnQe, ymQe)e = Sum foralln,m € N.

Proof. Note that there is nothing to prove if sup,, [|x,|| < (1 + +/2)C. In that case, one
can take y, = x,, for all n.

Let ¢ > 0 such that & < &/2(2 + +/2). The hypothesis guarantees that there exists a
subsequence {x,, } C M, such that sup; ||x,, || < C + ¢ < oo. Write I = {ny : k € N}.
Let I’ = N\ [ and write

I"={ly : k e N}
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with [ <[44 forall k. For k € N, inductively choose my € N such that ||x;, || < &272
and my < myyq. Partition N = Ugen I with |I| = 2™k as follows:

Iy ={li,ny, ... .nomi 1},
Ik = {lk, Homy e 2Mk—1 —fc 425+« « 5 n2m1+...+2mk_k}, k > 2.

Equip M, , Q. C J, with operator norm, i.e., define |xQ.|" = ||x||, x € M, . For each
k € N, apply Lemma 2.2 to the vectors {x;Q; : s € I} to find {y;Q, € M, Q. :s5 € I}
such that | J;{ys : s € I} has the desired properties. L]

Lemma 2.4. Let H be a closed subspace of H. intersecting My, Q2 nontrivially. Let
{xnR:} € M, Q; be a normalized sequence in # such that x, 2 2 0in Hz. Suppose
that sup,, || x, || = C < oo. Let € > 0. Then, for every finite-dimensional subspace F2, of
H N Ay with § spanned by self-adjoint operators in M and k > 0, there exist ng > k and
y € My, such that the following hold:

() yQr e (HNA)N(FR)E

(i) spang{F U {xn,}} = spang{F U {y}};
(i) [y Qell2e =1,

(v) |yl <C+e27%

Proof. Letm = dim§. Let z1Q, ..., 24,2 be an orthonormal basis of €2, with z; €
M, for all 1 < j < m. Such self-adjoint basis exist by applying the Gram—Schmidt
process and using (1.1) on a linearly independent spanning set of § consisting of self-
adjoint elements. Choose § > 0 such that

C+85"™ z;
< CHiz bl <C +e27% (2.3)
1—38m
As x, Q2. 2 0, there exists n9 > k such that |{x,,Q¢,z; Q)| < for 1 < j < m and
Xno Qe € §Q (as dim(F) < 00). Let

y= Xng — Z?:l (-anQT’ ZJQ'f)TZj (2.4)
ng Qe = 27 (g R, 2 R0)e7 el '

Consequently, y is self-adjoint (see (1.1)), and y satisfies (i), (ii), and (iii) in the statement.
For (iv), observe that

m

Xng — Z(anQ,, ZjQqr)cZ)
j=1

=< ll%no |l +

m
E anQr’ZJ T ij

<C +82||zj||. (2.5)

J=1
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And by reverse triangle inequality,

m
XngQe = Y (Xng Q.27 Q)22 Qe
j=1 2,1
m
> %o Qe 2, — Z Xno Q0,2 Qe) ez Q|| | =1 =8m. (2.6)
j=1 2,7
Therefore, from (2.3), (2.4), (2.5), and (2.6), it follows that ||y|| < C + e27%. [ ]

Lemma 2.5. Let K C H; be a subspace such that # N (M, )12 is not a totally
bounded subset of H. Then, there exists a normalized sequence {x, 2} € H N M, Q2

.
in J such that sup,, || x, || < oo and xp Zso.

Proof. The proof of this result follows verbatim from [2, Lemma 3.6]. ]

3. Uniformly bounded self-adjoint basis

Now we are in a position to generalize a classical result of Ovsepian and Petczyniski [6]
on the existence of a uniformly bounded self-adjoint orthonormal basis in GNS spaces.

Theorem 3.1 (Uniformly bounded self-adjoint basis). Let # < H#; be a subspace. Then
H admits an orthonormal basis consisting of the image inside H of a uniformly bounded
sequence of self-adjoint operators in M if and only if,

(1) spanc{H N M, Q2.} is dense in H in ||-||2,¢;

2) H N (M;,)192¢ is not a totally bounded subset of .

Moreover, if # satisfies the condition (1) and if there exists a normalized sequence
{xn Q) © M, QN H such that sup,, || x,|| = C < oo and x, w—*> 0, then given ¢ > 0,

H admits an orthonormal basis consisting of the image inside ¥ of a uniformly bounded
sequence of self-adjoint operators in M bounded by (1 4+ +/2)C + «.

Proof. First, we assume that J¢ satisfies conditions (1) and (2) in the statement. We show
that # admits an orthonormal basis consisting of the image inside #; of a uniformly
bounded sequence of self-adjoint operators in M. Let

K= HAM. o Ms'a'erle,r‘

Then, KX becomes a real Hilbert space. We first show that K admits an orthonormal basis
O C M, Q such that sup, g ol x| < oo.

Note that condition (1) in the hypothesis implies that there exists an increasing se-
quence §, Q2 € K N M, Q2 (Fm S M), m =1,2,..., of finite-dimensional sub-
spaces of K such that dim(&, Q2.) = m for all m and | J,,, §» Q- is dense in K.



Uniformly bounded self-adjoint bases 1387

Again, by virtue of Lemma 2.5, condition (2) in the hypothesis implies that there exists
a sequence
{xn Q) € K N M, Qe

such that C = sup,,||x, || < 00, |X, 2|2, = 1 for all #, and x, Z50.

Fix ¢ > 0. Choose & > 0 such that (2 + v/2)¢’ < % holds. Now for &’ > 0, we will
inductively define an orthonormal sequence y,Q2; € KX N M, Q;, n € N, such that for
anym =1,2,...,

EmQe € Hom—1.  |yaml <C + g2, 3.D

where #,,, = spang{y; Q2 :1 < j < mj}.
To start with, pick y; € &1 such that ||y1Q¢||2,- = 1. Suppose that for each k& with
1 <k <n—1, we have chosen y; € M, that satisfies (3.1) and that

(i, Q) = 6ij

forall 1 <i,j <n — 1. In the n-th step, we analyze two cases separately depending on
the dimension of ;.

Case 1: n =2m for some m € N. In this case, apply Lemma 2.4 with §Q; = span¢ #,—1
and k = m and {x;Q.} to extract y € M, satisfying the statement of Lemma 2.4. Put
Yn = y. Thus, ||y, < C + &27™.

Case 2: n =2m — 1 for some m > 2. If §,,Q2; C H,,—1, then define y, = y (as before),
where y is obtained by applying Lemma 2.4 to Q2. = spang #,—1, k = 1 and {x;Q2,}.

Now we work inside the real Hilbert space K and repeatedly use (1.1). If F, 2, &
Hy—1, then there exists z € M, suchthat zQ; € &, 2, \ #H,—1 linearly independent of
&m—12¢. Let Z € Mg, be such that ZQ2 is the orthogonal projection of z2; from X onto

Hp—1. Put _
_ zZ—Z .
e,

Clearly, || y»Q:|2,. = 1 and y, Q. € #;- . By induction hypothesis,
%m—lQr < c'71€2m—3 = %n—Z c t%n—l

holds.
Note that y,Q2; € (%m_lﬁr)L. Also, by construction y,Q2; € §,Q2; © Fm—12¢. As
Em—-1 S Sm> 0 Fm e = Fm—12¢ B Ry, Q. Consequently, we have

%’mQr - an = Je2m—1-

Therefore, {y,} can be constructed by induction such that (3.1) is satisfied for all m.
Clearly, {y, 2.} is an orthonormal basis of JK . Note that {y,,} satisfies the hypothesis
of Lemma 2.3. Now apply Lemma 2.3 to get the desired orthonormal basis O C M, Q.
of KX bounded by
(1+V2)(C +&)+& <(1+V2)C +e.

Clearly, @ is an orthonormal basis of J.
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The converse is obvious, as J is infinite-dimensional. The proof of the last statement
is contained in the above argument. ]

The following theorem is the main result of this paper. Here, we discuss the existence
of a uniformly bounded self-adjoint orthonormal basis in the GNS Hilbert space of a
diffuse finite von Neumann algebra with respect to a faithful normal tracial state.

Theorem 3.2. Let M be a diffuse finite von Neumann algebra equipped with a faithful
normal tracial state T. Then for any ¢ > 0, #; admits an orthonormal basis consisting of

the image inside the GNS space of a uniformly bounded sequence of self-adjoint operators
in M bounded by (1 4+ +/2) + «.

Proof. Fix & > 0. First note that spang M, Q; is dense in #; in ||-||2,;. Let #4 be a masa
in M. Then, A >~ L*°([0, 1], u) and 74 , = p, where p is the Lebesgue measure on [0, 1]
(see [7, Theorem 3.5.2 and Corollary 3.5.3]). Recall that the Rademacher system {r, }neN
on [0, 1] is defined by

ra(t) = signsin(2"xt), ¢t €]0,1].

It is well known that the Rademacher system {r,},en forms an orthonormal set in
L2([0, 1], ). Since r, is 1 valued, by functional calculus, r, can be realized as a self-
adjoint unitary in +. Thys, the associated operator u,, corresponding to r, is self-adjoint
unitary in M and u, 2 0. In other words, | 2c |2, = 1 for all n, and sup,, ||u,| =
sup, ||7nllococ = 1. Consequently, by Theorem 3.1, there exists an orthonormal basis @ C
M, , Q. of J, such that

sup ||x|| < (1 ++/2) +e.

xQ.:€0

This completes the proof. |
In general, we have the following result.

Theorem 3.3. Let M be a finite von Neumann algebra with a diffuse central summand
and equipped with a faithful normal tracial state t. Then, #; admits an orthonormal basis
consisting of uniformly bounded sequence of self-adjoint operators.

Proof. By Theorem 3.1, it is enough to show that (M, );2; is not a totally bounded
subset of ;. Let B be a diffuse central summand of M. Let p € Z(M) be the central
projection in M such that Mp = B. Set ty, = t(-p) on B. By scaling if necessary, one can
assume that 74, is a faithful normal tracial state on B. By Theorems 3.2 and 3.1, it follows
that (Bs.a.)lQr1B is not a totally bounded subset of L?(B, t/,). Since (Bs,a')lﬂqB C
(My.)194, and L%(B, 715) C JHr, we have (M, )12, is not a totally bounded subset
of J;. This completes the proof. ]

Finally, one can extend a uniformly bounded self-adjoint orthonormal basis of a closed
subspace to that of the full GNS space when the closed subspace arises as the GNS space
of a diffuse subalgebra. This is the content of the following theorem.
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Theorem 3.4. Let M be a finite von Neumann algebra equipped with a faithful normal
tracial state t. Let B C M be a subalgebra of M. Then the following hold:

(i)  Suppose L*(B, 71 g) admits an orthonormal basis consisting of a sequence of
uniformly bounded self-adjoint operators in B bounded by k. Then given € > 0,
H admits an orthonormal basis consisting of a uniformly bounded sequence of
self-adjoint operators in M bounded by (1 + v/2)k + «.

(i)  Suppose B is diffuse. Then, L*(B, 74 ) admits a uniformly bounded self-adjoint
orthonormal basis. Moreover, the aforesaid orthonormal basis has an extension
to an orthonormal basis O C Mg, 2, of H#, such that

sup |lx]|| < oo.
xQ:€0

Proof. Note that 74 g is a faithful normal tracial state on B and L?(B, 74 B) is identified
with B, > < ge,.

(i) Fix & > 0. Let {x,Q:} € B, be an orthonormal basis of L?(B, tp) such
that sup,, ||x, || < k. Note that {x, 2.} € M,, Q. is an orthonormal sequence such that
sup,, || x| <k and x, Zso. Thus, by Theorem 3.1, it follows that #¢; admits an orthonor-
mal basis consisting of a uniformly bounded sequence of self-adjoint operators in M
bounded by (1 + +/2)k + &. This completes the proof.

(i) Suppose B is diffuse. By Theorem 3.2, L?(B, 71 g) admits a uniformly bounded
self-adjoint orthonormal basis @1 C B, 2;. Note that O; C M, ;. Now we show that
L2(B, v )t admits an orthonormal basis O, C M, Q. such that supy, . co, V[ < oo
Note that

spang (LZ(B, ‘[1B)J' N Ms_a_Qr) = spang {fo e M, 2, :Ep(x) = 0}
= {xQ; € H; :x € M and Eg(x) = 0}
is dense in LZ(B, 2] B)J-, where Ep denotes the t-preserving faithful normal conditional
expectation from M onto B.

The argument is obvious if dim L?(B, 12 B)J- < oo. Thus, without loss of generality,
one can assume that dim L2(B, tyg)t = co. We show that L2(B, 7)™ satisfies the
hypothesis of Theorem 3.1.

Denote D = L2(B, 7y )" N (M;,)19, and S = L2(B,typ)* N M; Q.. Then, §
D +iD. Indeed, let x2; € §. There exist x1, xp € (M, )1 such that

X =x1 +ixs.
Since Ep(x1) + iEp(x2) = Eg(x) = 0, we have
Ep(x1) = Ep(x2) = 0.

Thus, x;2¢, X292, € D.
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Suppose to the contrary, D is a totally bounded subset of ;. Since § € D + i D, so
§ is a totally bounded subset of #; as well. Fix 0 # z € M; such that Ez(z) = 0. Note
that B1z2; C § is a totally bounded subset of J¢;, where B; denotes the unit ball of B.

Since B is diffuse, there exists a sequence of unitaries u, € B such that u, L, 0.
Thus, u,z2; £ 0. Since Bz is totally bounded, there exists a subsequence {ny } such
thatu,, zQ; — 0in ||-||2,z. But |[u,, 2Q¢ |2, = [|2Q¢ ]2, for all k. This is a contradiction.
Thus, § cannot be totally bounded subset of #;. Hence, D is not a totally bounded subset
of ;.

Thus, by Theorem 3.1, L?(B, 12 B)L admits an orthonormal basis @, C M, , Q2 such
that sup, g ¢, [ v|| < 0o. Clearly, O = O U O, is the required orthonormal basis of ;.
This completes the proof. ]

Remark 3.5. The condition set out in Theorem 3.4 (ii) is sufficient but not necessary. Let
N and R be finite von Neumann algebras equipped with faithful normal tracial states 7,
and 1,, respectively. Set

1
M:=N&®&R, B:=N&Clg, and r::i(rl@rz)onM.

Then, B € M is a von Neumann subalgebra of M. Note that

L*(B, 7)™ = L*(M,7) © L*(B, 1)
= (L*(N, 1) ® L*(R.12)) © (L*(N.71) ® CQy,)
=06 (L*(R.12) © CQy,).

Suppose N is diffuse. Then, by Theorem 3.3, L?(B, 74 ) admits a uniformly bounded
self-adjoint orthonormal basis, though B is not diffuse.

(i) Set R = M>(C). In this case, it is easy to see that L?(B, 74 )" admits a uniformly
bounded self-adjoint orthonormal basis as dim L2(B . Ty B)J- < 00. In other words, any
uniformly bounded self-adjoint orthonormal basis of L2(B, t4g) has an extension to a
uniformly bounded self-adjoint orthonormal basis of the full space L?(M, 7).

(ii) Set R = Bp>1 M, (C). Suppose L(B, 74 )" admits a uniformly bounded self-
adjoint orthonormal basis, i.e., L’(R, 1) © CQ;, admits a uniformly bounded self-
adjoint orthonormal basis @ ®. Consequently, @ = O U {Q,} is a uniformly bounded
self-adjoint orthonormal basis of L?(R, 7,). Consequently, the symmetric embedding
R x> xQ,, € L2(R, 1) is not compact, which is a contradiction to [1, Theorem 5.6].
Thus, any uniformly bounded self-adjoint orthonormal basis of L?(B, 71 g) does not have
any extension to a uniformly bounded self-adjoint orthonormal basis of the full space
L?*(M, 7).

Remark 3.6. In view of Theorem 3.2 it is natural to ask if this statement generalizes in
the context of faithful normal states. Let

2.0

B, =AY ML Q,
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denote the standard positive cone in #,, (see [9, Section 10.23] for details). Then

O{I) = m”'lllw

becomes a real Hilbert space. Observe that O is invariant with respect to J, and M;Q, N
D S M2, N M{Q, from Tomita’s fundamental theorem. Note that if £ € M;Q, N
M|, then there exist unique §1, &> € D N M2, such that § = &, + i & (see [9, The-
orem 10.12] and [9, Section 10.23]). Thus,

MiQy, N M{Qy € (M2, N D) +i(MQ2y N D).

Thus, M1Q, N D is not a totally bounded subset of O if and only if M;Q, N M|, is
not a totally bounded subset of #,. And the latter happens if and only if M is not purely
atomic [2, Theorem 7.12]. Now by replacing the roles of #, M, Q2. and (M, )12, with
D, MQy and M2, in Theorem 3.1, the GNS space H#,, admits an orthonormal basis
O S MQ, such that J,xQy = xQy, for all xQy € O, and sup, g collx| < oo if and
only if M is not purely atomic.
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