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Remarks on rigid irreducible meromorphic connections
on the projective line

Claude Sabbah

Abstract. We illustrate the Arinkin-Deligne—Katz algorithm for rigid irreducible meromorphic
bundles with connection on the projective line by giving motivicity consequences similar to those
given by Katz (1996) for rigid local systems.

1. Introduction

Letk : U «— P! be the inclusion of a proper Zariski open subset of the complex projective
line P! and let ('V, V) be an irreducible algebraic bundle of rank  with connection on U'.
(In the following, bundle means algebraic vector bundle.) We say that (V, V) is rigid if
any other (V’, V) on U having at each puncture x € P! ~ U a formal structure isomorphic
to that of (V, V) satisfies (V’, V) =~ (V, V). It is proved [3, 19] that, on P!, this property
is equivalent to cohomological rigidity, i.e., the rigidity index

rig(V, V) := 2 — hig (P', k4 End(V, V))

is equal to 2, where k4 denotes the minimal extension in the sense of {D-modules.

The Arinkin—Deligne—Katz algorithm [1], which relies on the property that the rigidity
index is preserved by Fourier transformation [3] provides an inductive way of checking
whether a given irreducible ('V, V) is rigid by means of successive specific transforma-
tions: (V, V) is rigid if and only if the sequence of transformations in the algorithm reaches
the trivial rank-one bundle with connection (O, d) on some open subset U’ C P 1 On the
other hand, there is a one-to-one correspondence between irreducible bundles with con-
nection ('V, V) on some Zariski open subset of P! and irreducible holonomic £-modules
M on P! by the inverse functors “middle extension” and “restriction to a suitable Zariski
open set”, and the algorithm works with the latter objects.

For N € N*, we say that a bundle with connection (V, V) (or its middle exten-
sion M to P1) is N -quasi-unipotent if the eigenvalues of the formal monodromy at each
x € P! < U belong to puy (N-th roots of the unity).

The results of this note concern quasi-unipotent rigid irreducible bundles with con-
nection on some proper Zariski open subset U C P!, They consist of applications of
the Arinkin—Deligne—Katz algorithm. A first application has already been given in [30],
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where it is shown that any rigid irreducible ('V, V) on U (without the condition of quasi-
unipotency) underlies an irregular mixed Hodge module structure which is pure (of weight
Zero, say).

The motivation for this question came from various recent talks by Groechenig, Lan-
desman, and Litt on their respective works [10, 22]. Of course, the technique used here
on P! does not extend to higher dimensions, but it opens the way to questions in higher
dimensions in the setting of irregular singularities. In another direction, the finiteness
result of Hu and Teyssier [16] looks promising.

Rank one. Any rank-one bundle with connection ('V, V) on U is isomorphic to one of the
form (Oy, V™ + dg), where V™8 is a connection having regular singularities on P! ~ U
and ¢ is a regular function on U. It is clearly irreducible and is cohomologically rigid
(because &nd('V, V) = (Oy, d)). That it is rigid is seen as follows (a special case of the
criterion mentioned above): if (V”, V) := (V, V)Y ® (V’, V) is a rank-one local system
which has regular singularity at each x € P! ~ U and has trivial local monodromy there,
it extends to a trivial bundle with connection on P!,

The bundle with connection (V, V) is quasi-unipotent if and only if (O, V™) is so,
and this amounts to the property that a suitable tensor power (Qy, V*€)®¥ is isomorphic
to (Oy,d).

Finiteness.

Definition 1.1 (Minimally ramified polar part). Fix p € N* andletp € C((¢'/?))/C[t'/?]
be a nonzero ramified polar part of ramification order p. We say that ¢ is minimally ram-
ified if it is not the pullback of a ramified polar part in C (z'/?"))/C[t'/?'] with p’ < p.

If ¢ is a minimally ramified polar part, it yields a p-dimensional C (¢))-vector space
with connection, that we denote by El(¢), obtained as the pushforward by /7 + ¢ of
(C(t/?)),d + dg). By the LeveltTurrittin theorem, any finite-dimensional C (t))-vector
space with connection can be written in a unique way as the direct sum of terms El(¢p) ® R,
where @ runs in a finite set of minimally ramified polar parts and Ry, is a finite-dimensional
C((#))-vector space with regular singular connection (see [3], see also [28]). The minimally
ramified polar parts entering the Levelt—Turrittin decomposition are called the exponential
factors (also called its irregular values) of the C ((t))-vector space with connection. Given
a finite set @ of (possibly non minimally) ramified polar parts, we say with some abuse that
the exponential factors of (V, V) belong to ® if any suitably further ramified exponential
factor of (V, V) belongs to ®.

Property A (Finiteness). Given integers r, N = 1 and a finite set ® of ramified polar
parts, there exists only a finite number of quasi-unipotent rigid irreducible bundles with
connection (V,V) on U of rank r such that

* the order of quasi-unipotency is at most N,

s At each x € P! \ U, the exponential factors of (the formalization of) (V,V) at x
belong to .
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Exponential-geometric origin. Let Z be a smooth complex quasi-projective variety.
We say that an algebraic vector bundle with an integrable connection (V, V) on Z is
of exponential-geometric origin if there exist a Zariski dense open subset j : U — Z,
amorphism f : Y — U from a smooth quasi-projective variety and a regular function ¢
on Y such that j*(V, V), regarded as an holonomic Dy-module, is a submodule of
H* £1.(O% . d + dg) for some r = 1 and some k € Z. (This is an adaptation of the defini-
tion of “geometric origin” in [11], see also [22]).

Roughly speaking, horizontal sections (or solutions) of such a ('V, V) on U®" can be
given an integral expression, with the integrand being of the form e? - @ for some algebraic
differential form w (see [15]).

Property B. Any quasi-unipotent rigid irreducible (V,V) on U has exponential-geometric
origin.

Integral structure. To any bundle with connection (V, V) on U is associated a Stokes-
filtered local system (&£, £.) on the oriented real blow-up space P of P! at the punctures
P! < U (see [23,29]). The local system &£ and the terms &£, of the Stokes filtration are
sheaves of C-vector spaces. We say that the C-Stokes-filtered local system has an integral
structure if it comes by extension of scalars from Q[¢] to C (some ¢ € uy and some
N = 1) from a Q[¢]-Stokes-filtered local system with a Z[{]-structure in the sense of
Definition 4.5.

Property C (Integral structure). The Stokes-filtered local system associated to any quasi-
unipotent rigid irreducible bundle with connection (V,V) on U € P has an integral
structure.

Remark 1.2. One can define the notions of irreducibility, rigidity and quasi-unipotency
for a Stokes-filtered local system. Due to the Riemann—Hilbert correspondence of Deligne
and Malgrange (see [23]), they correspond to those of the associated bundle with connec-
tion. The previous proposition can be stated as the property that a quasi-unipotent rigid
irreducible Stokes-filtered local system has an integral structure.

Example 1.3. A (possibly confluent) non resonant hypergeometric differential equation is
irreducible and rigid, and it is quasi-unipotent if its local exponents belong to ﬁZ for some
N € N*.In [9, 14], the authors compute the Stokes matrices of confluent hypergeometric
equations and the existence of an integral structure is then clear from their formulas. On
the other hand, in [2], as a particular case of their results, the authors make explicit its
exponential-geometric origin and show that the associated enhanced ind-sheaf is defined
on a cyclotomic extension of Q.

Example 1.4. In [18], the author classifies rigid irreducible bundles with connection
(V,V) on Gy, with an irregular singularity at infinity of slope one at infinity and dif-
ferential Galois group G,. The family he obtains depends on various parameters in C*.
Quasi-unipotency is equivalent to these parameters belonging to uy for some N > 1, and
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Property C claims that, in such a case, the corresponding Stokes-filtered local system has
an integral structure. See also [19, §8.4] and [6] for the geometric origin in the tame case.

2. Finiteness

In this section we prove Property A. We consider the data (U, N, ®) and quasi-unipotent
rigid irreducible bundles with connection of rank r with these data, i.e., defined on U,
quasi-unipotent of order dividing N and with exponential factors contained in ®.

A first approach to Property A is by noticing that from the data (U, N, @), one can
cook up only a finite number of possible formal structures E[El(¢) ® R,] at each x €
P! < U, with ¢ € ®, R, being regular and N -quasi-unipotent. For each such data of
formal structures at every x € P! ~ U, there exists a smooth affine moduli space of finite
type over C such that the corresponding irreducible rigid (V, V) are isolated points of this
space (see [3, Proof of Th. 4.10]). Finiteness follows.

We will now prove finiteness as a consequence of the Arinkin—Deligne—Katz algo-
rithm. This methods, being more constructive, is more quantitative, although it uses the
equivalence between rigidity and cohomological rigidity shown in [3, Th. 4.10]. The proof
is by induction on the rank r of 'V, and we denote by (A), the statement that Property A
holds for bundles having any set of data (U, N, ®) and of rank r.

Proof of (A),. We choose an affine coordinate ¢ on P! such that oo € U. For each x €
P! < U, we regard ¢, € ® as a polynomial in 1/(¢ — x) with no constant term. Any choice
of a family (¢x),epiy Of elements of ® (there are finitely many such choices) yields a
unique regular function ¢ on U (namely, ¢(t) = ), cp1_y ¢x(t — x)). Given a bundle
with connection (V, V) of rank one on U with data N, ®, there exists such a family
(¢x)xepiy such that (V, V — dg) has regular singularities at each point x € P! <~ U.
Since the local monodromies at each such x belong to 1y, there is only a finite number
of such bundles with connection. ]

We now assume r = 2 and (A)_,, and we will prove (A),. We are given (U, ®, N) and
we will prove (A), for these data, a statement that we denote by (A), (U, ®, N).
*  We can (and will) assume that #(P! ~ U) = 3.
Indeed, if #(P' ~ U) < 3,let U; C U with #(P' <~ U;) > 3. By considering U ~ U as
apparent singularities for ('V, V), we have the implication

(A), (U1, ®.N) = (A),(U. D, N).

Given (V, V) rigid irreducible of rank r on U, there exists at most one x € Pl\U
where (V, V); is special with respect to the Katz algorithm (Case II of [1, §4.1]). By
possibly adding an apparent singularity, we can thus assume that
* there exists x € P! ~ U which is either a special point or an apparent singularity.

There exists a finite number of automorphisms of P! sending 3 points of P! ~ U to
0,1, cc.
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*  We can thus (and will) assume that 0, 1, 00 ¢ U and oo is either the special point or,
if such a point does not exist, an apparent singularity.

It is then enough to show the finiteness

(a) of the set of quasi-unipotent rigid irreducible ('V, V) of rank r with data (U, ®, N)
and having no special point and an apparent singularity at co,

(b) and of the set of quasi-unipotent rigid irreducible (V, V) of rank r having data
(U, ®, N) such that oo is special.

Proof of (a). Let us recall the A-D-K algorithm in this case. One shows that there exists
a rank-one algebraic bundle with connection (£, V) on U, completely determined by
(V. V),

» satisfying (A); (U, —P, N),

* and having monodromy y at oo, for some y € uy ~ {1}, so that V ® £ has a regular
singularity with monodromy yx Id at oo,

such that MC, (V ® £, V) has rank < r, where MC, denotes the middle convolution
functor by the Kummer sheaf J&,. We note that V ® &£ has data (U, &', N) with &' =
D — .
The formulas given in [7, Prop. 1.3.11] show the following:
* MC,(V ® £, V) has singularities contained in P! ~ U, the singularity at oo being
regular with monodromy y~! Id,

« ateach x € P! < (U U {o0}), the set of irregular values of MC,(V ® £, V) at x is
equal to thatof V ® £ at x,

+ the eigenvalues of the formal monodromies at any x € P! ~ U belong to jiy.

It follows that MC,, (V ® &£, V) has data (U, @', N). Since V ® & is non constant because
itisirreducible and has rank = 2, it can be recovered as MC,—1 (MC (VR L, V)), accord-
ing to [8, Prop. 1.1.9]. We conclude by induction on r that (V, V) belongs to the set
obtained from a finite set of bundles with connections on U (satisfying (A), (U, ®’, N))
by applying MC,-1, for some y € un and by tensoring by a rank-one bundle with con-
nection belonging to the finite set of those satisfying (A), (U, ®, N). This shows finiteness
in Case (a). [

Proof of (b). For (V, V) having a special point at co, the A-D-K algorithm starts by
exhibiting a summand El(¢) ® R, of (V, V)& which is ramified of order = 2. It could
occur that, writing ¢ as a minimal ramified polar part Z?Zl a ij/ P the leading term
aqz9 /P has exponent g/ p (the slope of ¢) which is an integer. If such is the case, we set
®; = & U {¢1}, where ¢; is the leading part of ¢ with integral exponents, or is zero if
the slope of ¢ is not an integer. Case II in [1] shows that there exists a rank-one algebraic
bundle with connection (&£, V) on U, completely determined by (V, V), in particular sat-
isfying (A); (U, —®1, N), such that the Fourier transform f(j;4+(V ® £, V)) has rank
< r and data (U’, N, ®'). The formal stationary phase formula of [7, (1.3.5)] (after
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[12, 13,28]) gives the precise way (U’, @', N') is obtained from the data of (V ® £, V)
(and thus depends only of these), hence from (U, ®, N). One notices that U’ and @’
both depend on (U, @) (but not only on U resp. ® separately). We conclude by induction
on r that ('V, V) belongs to the set obtained from a finite set of bundles with connections
on U’ (satisfying (A).,(U’, @', N’)) by applying inverse Fourier transform and twist by
a finite set of rank-one algebraic bundles with connection, ending thereby the proof for
Case (b). [ |

3. Exponential-geometric origin

In this section, we prove Property B. Let M be the minimal extension of (V, V) on P!,
It is a quasi-unipotent rigid holonomic Opi1-module. Let us recall the basic result that we
will use for the proofs of Theorems B and C. As the proof in [30] is written in a sketchy
way, we give a detailed proof in the appendix.

Proposition 3.1 ([30, Prop. 2.69]). Let M be a quasi-unipotent rigid holonomic Dp1-
module. There exist

(a) a smooth projective complex variety X and a strict normal crossing divisor D C
X, together with a subdivisor D1 C D,

(b) a projective morphism f : X — P,

(c) a rational function g on X with poles contained in D and whose pole and zero
divisors do not intersect,

(d) alocally free rank-one Ox (x D)-module N = Ny with a regular singular mero-
morphic connection V,

such that N is of torsion (i.e., N®N ~ (Ox (xD),d) for some N = 1) and M is the image
of the natural morphism

HO fL(N,V +dg)(IDy) — HO fr(N,V +dg). (3.1%)

In loc. cit., M is assumed to be formally unitary and its is shown that N can be chosen
of the same kind. Applying the same proof, one finds that if M is quasi-unipotent, then N
can be chosen to be of torsion (see the appendix). It is therefore enough to show that the
right-hand side of (3.1x) is of exponential-geometric origin. Setting Y = X ~ D, we can
regard (N, V) as a rank-one vector bundle with connection on Y and, in the right-hand
side of (3.1%), we regard f as a morphism f : Y — P

Lemma 3.2. There exists a finite morphism p : X' — X such that D' = p~ (D) is a
divisor with normal crossings, p : Y' := (X' ~ D) — Y is finite étale, and p* (N, V) ~
Oy, d).

Proof. Let NV be the rank-one local system of horizontal sections of N on Y". Since
NV is of torsion, the monodromies of NV around the various irreducible components
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of D are roots of the unity, and there exists, after [20, Th. 17], a finite morphism X" — X
with X” smooth projective and the pullback D” of D being a normal crossing divisor such
that the pullback of AV extends as a rank-one local system on X", which is thus also of
torsion. This local system becomes trivial after pullback by some finite étale covering X’
of X", and the composition X’ — X" — X is the desired p. (]

We conclude that, on Y, (N, V) is a direct summand of p4+(Oy+,d), since p: Y’ — Y
is finite étale. Furthermore, we have #°( f o p); = #° f1 o p4 and thus the holonomic
Dp1-module H° £ (N,V + dg) is a direct summand of H°(f o p)+(Oy/,d +d(g o p)).
Restricting to the open subset U of P! where these holonomic Dp1-modules are smooth
shows that (V, V) is of exponential-geometric origin. |

4. Integral structure

In this section we prove Property C.

4.1. Stokes-filtered local systems with a Z[u y ]-structure

Let us set k = Q[¢] for some complex N-throot ¢ of 1 and some N = 1, and let o = Z[{]
denote its ring of integers.

Let £ be a local system of finite-dimensional k-vector spaces on U®". It extends in a
unique way as a local system of finite-dimensional k-vector spaces on the real blow-up
space P! of P! at each x € P! < U. We still denote by & this extended k-local system.
For each x € P! <~ U, let S! denote the fiber at x of the real blowing-up map

w: P! - P!,

and let £(x) be the restriction of £ to S.

In order to define the notion of a Stokes filtration on each £(x), we first recall the
notion of order between ramified polar parts in a specific direction.

Let ® C C((¢'/7)/C[t'/?] be a finite set of ramified polar parts and let

p:S;,p—>S;, 2>t =1z"

denote the cyclic covering of order p. We consider ® as a subset of C((z))/C[z] and
we denote by 6 mod 27 a point on S;, p- For ¢, ¢ € ® we consider the partial order in
the direction 6, where we denote by nb(8) a small open sector (6 — ¢, 0 + ¢) x (0, §)
considered as an open subset of the punctured disc with coordinate z:

Y <gp < Y =¢or Re(y —¢) < 0onnb(h),

and Y <g ¢ if  <g g and ¥ # . The subsets {y <@} ={0 €S} |V <gp}andy <¢
are a union of open intervals in Sy » and we denote by By <, the functor composed of the
restriction to {y < ¢} and extension by zero to S ,, also denoted I’y <y); and By <, has
a similar meaning.



C. Sabbah 1480

A graded k-Stokes-filtered local system index by ® is a ®-graded k-local system L, =
®¢€<I> LpeoonS ; p equipped with the family of nested subsheaves'

Lp<p = @ Bu<oLpy: Lp<o = EB Boa<oLy.
ved Yed

Clearly, the following properties are satisfied:
* Lpso/Lp<p =Ly,
« foreach € S} , the family (L, <y 6)peco is an exhaustive increasing filtration” with

x,p’
respect to the partial order <g,

e for each 6, we have

Lp<p6= Y Lp<yp (sumtakeninLyg). 4.1
Y<gp
It is harmless to enlarge ® by adding some ramified polar part 1 and set L, , = 0. In
such a way, we can (and will implicitly) assume that @ is invariant by the automorphisms
induced by z + vz with v? = 1.

Definition 4.2. A k-Stokes filtration £(x). indexed by ® of the local system £(x) on S}
consists of a family (£(x)<,)ped of subsheaves of k-vector spaces of the local system
p 1% (x) on S;’p such that

(1) locally on S;,p, the pair (£(x), £(x).) is isomorphic to that of a graded k-Stokes-
filtered local system of finite-dimensional vector spaces,

(2) for any automorphism o : S;’p 5 S;’p induced by z + vz with v” = 1, and
for any ¢ € ®, denoting by a,(x) the canonical identification o~ p~ 1 £ (x) ~
p~1£(x), the two subsheaves a, (x) (071 £(x) <) and £(x)<o*p of p~LL(x) are
equal.

Remark 4.3. From 4.2(1) and the properties of a graded k-Stokes-filtered local system,
we deduce that, for each 6 € S;, p» the germs £<, 9 (¢ € P) are ordered by inclusion
according to the partial order <g of their indices.

Furthermore, for each ¢ € @, there exists a subsheaf £ -, well-defined by a formula
analogous to (4.1) and gr, £ := £<y/L<, is a locally constant sheaf on S;,p. As a
consequence, (£(x), £(x),) is locally isomorphic to the graded k-Stokes-filtered local
system (gr £(x), gr £(x).).

Lastly, Property 4.2(2) also applies to the subsheaves &£ 4.

Given a ramification p’ : z’ + z = 2’4, the pullback of a k-Stokes-filtered local system
(£(x), £(x).) indexed by ® is a k-Stokes-filtered local system indexed by p™*® and,
conversely, any k-Stokes-filtered local system indexed by p'*® which is invariant by the

"We implicitly add the element —oo to ®, which satisfies —oo <4 ¢ for any ¢ € ® and any 6, with
—o00 — U. S s i 5 i i
Lp, 0. In such a way, the set {{/ € ® | ¥ < ¢} is nonempty for any ¢, and L, -, is possibly zero on
some open set.
2By exhaustive we mean that L, g = Ugea Lp.<gp.0 for any 6.
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automorphisms induced by z’ + v'z’ with v'4 = 1 comes by pullback of a k-Stokes-
filtered local system indexed by .

Given two k-Stokes-filtered local systems, we can assume that they are indexed by the
same ®. A morphism of k-Stokes-filtered local systems (£(x), £(x).) = (£/'(x), £'(x).)
is then a morphism between the corresponding k-local systems whose pullback by p is
compatible with the Stokes filtration, and in particular induces a morphism of the corre-
sponding graded k-local systems.

These notions can be globalized to U: a k-Stokes-filtered local system on U indexed
by @ consists of a k-local system on U®" together with a Stokes filtration indexed by ®
on each £(x) for x € P! ~ U. A morphism is defined correspondingly.

Theorem 4.4. The category of k-Stokes-filtered local system on U is abelian.

Proof. Since the category of k-local system on U®" is abelian, it is enough to consider the
category of k-Stokes-filtered local system on S; (xeP!'\U). Thisise.g.[29,Th.3.1]. =

Definition 4.5. Let (£, (£(x).)cepiy) be a k-Stokes-filtered local system on U with
exponential factors contained in a finite set ® of ramified polar parts. An o = Z[{]-struc-
ture on (&£, (£(x).)xepiy) consists of

(1) alocal system £, of o-modules of finite type on U*" such that £ = k ®, Lo,
(2) foreach x € P! <~ U, each ¢ € ® and each o as in Definition 4.2(2), a morphism

Ao(x) 1 £o(x)<p —> p 1 Lo (x), where each £, (x)<, is a sheaf of 0-modules of
finite type, and an isomorphism a, ¢ (x) : 67 L4 (x)<p — Lo(X)<o*¢ such that

(a) forall ¢, 0,0” we have, with a4 (x) as in Definition 4.2 (2),

Aoxg(X) 0ay o (x) = ag(x) o O-_lA’(P(x)v
ao’*(p,o’(x) o U,_law,a(x) = a(ao’)*rp(x);

(b) Id®Ap(x) 1 k ®p £o(x)<p = k @ fo|s;,p = $|S}’p induces an isomor-
phism onto &£(x) <.
A morphism between k-Stokes-filtered local systems with an o-structure is a mor-
phism between the corresponding o-sheaves compatible with the morphisms A,(x) and
apo(x)ateach x € PN U.

Remark 4.6. In Definition 4.5, we do not impose that the sheaves gr, £, (x) are local
systems of o-modules on S;’ p- This is why we do not use the terminology “o-Stokes-
filtered local system”.

Corollary 4.7. The category of k-Stokes-filtered local systems with an o-structure is
abelian.

Proof. The category consisting of objects (£4, (£o(X).) rep1py) satisfying 4.5(1) and (2a)
is an abelian category. The condition that it yields via (2b) a k-Stokes-filtered local system
by tensoring the objects with k does not break abelianity, according to Theorem 4.4 and
o-flatness of k. |
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Remark 4.8 (Extension of scalars). One can define similarly the notion of a C-Stokes-
filtered local system with a k-structure and obtain the corresponding abelian category.
We notice that the latter category is equivalent to the abelian category obtained from
the category of k-Stokes-filtered local systems by the extension of scalars from k to C.
Indeed, it is a matter of proving that, for a sheaf Fj of finite-dimensional k-vector spaces
on a locally path connected topological space Z, Fj is locally constant if and only if
Fc = C ®x Fy is so (this is mostly obvious).

As a consequence, the category of C-Stokes-filtered local system with an o-structure
is equivalent to the abelian category obtained from the category of k-Stokes-filtered local
systems with an o-structure by the extension of scalars from k to C.

Remark 4.9 (o-structures and Stokes matrices). The Stokes matrices (or Stokes multipli-
ers) of a C-Stokes-filtered local system with a k-structure, equivalently a k-Stokes-filtered
local system, are conjugate to matrices having entries in k. On the other hand, in presence
of an o-structure, we cannot assert in general the existence of Stokes matrices with entries
ino.

However, in the case of confluent hypergeometric systems considered in Example 1.3,
the computation of the Stokes matrices after a suitable ramification done in [14] provides
Stokes matrices with entries in o if the local formal monodromies belong to o.

On the other hand, given a locally constant sheaf of free 0-modules on a punctured P!
(without any assumption of irreducibility or rigidity, but one can add them), the compu-
tation of the Stokes matrices of the Fourier transform of its associated perverse sheaf on
Al done in [4] also provides Stokes matrices with entries in 0. Such an example, with
0 = 7, can be obtained as follows. Let f : ¥ — Al be a regular function on a smooth
affine complex variety Y of dimension n. Assume that f is cohomologically tame (in
the sense of [27]), so that in particular f has only isolated critical points in Y. Then the
Stokes matrices at 1 = oo of the free C ¢, t~1]-module with connection

Q*(Y)[t,t7Y
(dy +td H)Qr=1(Y)[t.t71]

(V.V) = ( a+ fdt)

can be defined over Z. This result goes back to [26]. Note that (V, V), which is of
exponential-geometric origin by definition (with ¢ = ¢f on Y x Gy), is known to be
semi-simple, but is possibly not rigid.

4.2. Proof of Property C

Let us consider the data as in Proposition 3.1. Up to blowing up X, we can achieve the
following properties. There exist a Zariski dense open subset U of P! and a diagram

Y=X~D=Xy~HyC Xy ——X

o |

UC——p!
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such that

(i)  the strict normal crossing divisor D decomposes as H U P with
P=fT1(P'NU),

(ii)  the pole divisor P of g decomposes correspondingly as P = H' U P’ (and
the zero divisor of g does not cut Pg),

(iii) the pair (X f‘}‘, H (a]“) is smooth over U®", i.e., f*" is smooth on X f]“ and its restric-
tion to each stratum of the natural stratification of H}' is smooth.

Lemma 4.10. Assume that the data (X, f, D, g) of Proposition 3.1 satisfy properties (i)—
(iii) above, and let N be a torsion locally free Ox (x D)-module with a regular singular
meromorphic connection V. Let Dy be a sub-divisor of D. Then each term of (3.1x)
is a vector bundle with connection on U whose associated C-Stokes-filtered local system
admits a Z.[]-structure for which the morphism associated to that of (3.1%) is a morphism
of Z|L]-structures.

The idea of the proof is that the morphism between the C-Stokes-filtered local systems
associated to (3.1x) can be computed in a purely topological way, by considering suitable
real oriented blow-up spaces, from the local system A V. The latter being defined over
o = 7], it follows that the corresponding Stokes-filtered local systems and the morphism
between them have an o-structure.

Proof, part one: the local systems on U*". We start with the local systems on U*". Let
us decompose D; = H; U P;. We further decompose H; as H { UH {’ such that the
components of H; are the components of H; along which g has a pole.

Denoting by "DR the analytic de Rham functor (shifted by the ambient dimension), it
suffices to show that "DR (3.1x) is a morphism of (shifted) local systems on U®" defined
over o. Due to the commutation of "DR and direct images, this morphism reads over U:

"R® fu+ "DR[(My, V + dg)(!Hy1,v)] = R fu "DR(My, V + dg),
and, setting £¢ = (Ox (*Pg),d + dg), it also reads

"R® fux "DR[(Ny ® €5)(1H{ )] = 'R® fu«"DR[Nu (HY ) ® EF ]
— R £, 'DR(MNy ® EF). 4.11)

Since the zero and the pole divisor of g do not intersect, the characteristic vari-
eties of (NMy ® &F) and of (Ny ® €5)(!Hiv) =~ (My ® 85)(!H{’,U) are union of
conormal bundles to the strata of the natural stratification of (Xy, Hy). It follows from
Assumption (iii) that the cohomology sheaves of R fy« ‘DR[(Ny, V + dg)(!H;,y)] and
R fy«"DR(Ny, V + dg) are locally constant of finite rank. As a consequence, these coho-
mology sheaves are, up to a shift, equal to the perverse cohomology sheaves of these
complexes.
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We will compute these perverse sheaves on U*" and the morphism between them by
means of the real blowing up @y : X v — Xy of the irreducible components of Hy
and of fU = fvowy : )?U — U®. Let f{}“’%g) denote the dense open subset of fU
consisting of points in the neighborhood of which the function e™# has moderate growth.
Leta: Y™ — X mOd(g) and B : X m"d(g) <> Xy denote the open inclusions, let fo fmod .
Xy mod(g) _ /2" denote the restriction of fU, and let us set 7 = dim X . One can define the
moderate de Rham complex pDRmOd(J\/U ® 85) on Xy and a simple computation shows
that it is isomorphic to Byo NJ [n], with o r/\/17 being a locally constant sheaf on X l“}‘)d.
Furthermore, we have a natural isomorphism

mod

Rw,"DR™ (My ® &5) — "DR(Ny, V + dg).
Therefore,

R fu« "DR(Ny, V + dg) ~ R fy«Rw."DR™ (Mg ® €5)
= R fy1Rw "DR™ (Ny ® €8)
= R fu1"DR™ (WMy ® €5 o)
~ R fu1RBi(ax Ny ) = R fIV (ot NY)).

It follows that
* the locally constant sheaf oty Ny Y has the o-structure o/ N, oVU,
+ the sheaf 'R° £, "DR(MNy ® &5 g)[—1] is isomorphic to the sheaf

R'L/E) (M) = C ®p R (e Ny ).

We claim that R*~1( f{]“"d) (ot N U) is a locally constant sheaf of o-modules of finite
type. For that purpose, it is enough to show that fl‘}“’d X l“}‘)d — U™ is a locally trivial
topological fibration. Recall that Xy is a C manifold with corners. It is thus enough to
show that, locally on U*", any C*° vector field on U®" can be lifted to a C°° vector field
on Xy tangent to the corners, and whose flow locally preserves Xp; Y mod . By using a C*®
partition of the unity, this is a local question on Xy . By (iii), we can assume that fy; is the
second projection (C*~1,0) x (C,0) — (C,0) and Hy = ({x;---x¢ = 0},0) x (C,0).
Furthermore, in this local chart, g can be expressed as the product of a nowhere vanishing
holomorphic function by a monomial x™™ with m; > 0fori =1,...,n —1.Insuch a
local setting, the description of Xy and X, [‘}‘Od can be made explicit and the existence of
such a lifting of a C* vector field on (C, 0) is straightforward.

We compute similarly the left-hand side of (4.11). We denote by X7 m°d the complement

of wUl (H{ U) in X7 Ymod We then have the corresponding open 1nclu310ns
o 1 Y™ Xt and By XY — Xy,

and a computation as above shows that the sheaf 'R fi "DR[Ny ('H{ ;) ® €5 ][—1] is
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isomorphic to the sheaf
R (fF1(eraN) = C ®6 R (fF (@1 aN,y).

We argue as above to prove that R"~!( f&“‘l’d)!(al,*a\/ovlj) is a locally constant sheaf of
o-modules of finite type.
Letting y : X ﬁ"ld — X ﬁ"d denote the open inclusion, we have a natural morphism

RN, ) = R7HATN(nan « Ny )
— RIS (paar o N,y )
= RN (fF™ (e Noly),

showing that the morphism (4.11) is also defined over o. ]

Proof, part 2: the local Stokes structures. Since both terms of (3.1:) are holonomic Dp1-
modules, their exponential factors at the points of P! ~ U are contained in a finite set
of ramified polar parts ®, of some ramification order p. We will not need to compute
explicitly this set and we will only use its existence.

We fix x € P! < U and restrict the setting over a small disc A centered at x. We restrict
all the data of the lemma as analytic data over A. In particular, U is replaced with the
punctured disc A*. Otherwise, we keep the same notation with this new analytic meaning.

Since we are only interested in computing Stokes filtrations, we consider the localized
modules associated to both terms of (3.1:x), that we regard as meromorphic flat bun-
dles (Vq, V) and ('V, V), i.e., free O (*0)-modules of finite rank with a connection, and
the natural morphism (V;, V) — (V, V) between them. They have associated C-Stokes-
filtered local systems (£1, £1..) and (£, £.) with exponential factors contained in ®.
The local systems are the restriction to A* of those computed in part one of the proof.
In particular, we already know that they have an o-structure, that we aim at expanding to
the whole Stokes structure. For that purpose, we will give a geometric construction of the
corresponding Stokes filtrations by means of the maps analogous to «, 8, a1, B1.

We consider the oriented real blow-ups X (P) and X=X (D) of X along the compo-
nents of P and D respectively, so that we have a composition

ZD'ZZD'POpZ)?—))?(P)—)X
and we extend the map f as a continuous map
X5 %) - A,

where A is the oriented real blow-up of A at the origin, with boundary dA ~ S! and
open inclusion ¢ : A* = A~ dA <> A. We denote by )Zso(g) the open subset of X
consisting of points in the neighborhood of which e™8 has moderate growth, and we keep
the similar notation as in part one of the proof for the maps ¢ : X ~ D — X <0(g) and
B Xeolg) = X.
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As in part one, we decompose Dy as D} U DY, so that the polar components of g
contained in D; are those of D/. We consider the open subset
X1<0(8) = X<o(®) ~ w1 (D)) € X9

and we keep the similar notation for the maps oy, f;. Similarly, fl resp. f denote the
restriction of f to X1 <o(g) resp. X<o(g). From [24, Cor. 4.7.5 and Lem. 5.1.6] we obtain:

Lemma 4.12. There exists a commutative diagram

RV (@M =~ Li<o

l |

R filas M)z =~ £<o

where the vertical morphisms are the natural ones and, by means of the horizontal iso-
morphisms, the inclusion £<o C £ is the adjunction morphism

R”_lﬁ(a*NVNaZ — (L*L_lR"_IJ;!(O‘*NV))bZ’
and similarly for £1. )

Since NV is equipped with the o-structure NOV, all terms and morphisms in the lemma
acquire a natural o-structure compatible with that already obtained for £, £ via the
adjunction morphism.

In order to obtain, for any ¢ € ® C C((¢'/?))/C[t/?], the o-structure on &£1,<p and
£ <y, we consider the diagram

v

'u><_’u>s<—”c><

— X

o |
— A
Pp

where p,, is the cyclic ramification of order p and X, is a resolution of singularities of the
pair (X, P). We replace the rational function g on X with g+ f*¢ on X, the divisor D
with its pullback by X, — X, and N with its pullback ), on X,. Then £ <4, £<¢
are obtained by the same procedure as that of Lemma 4.12 with these new data, so that
the o-structure is obtained in the same way. In this case, the morphisms A, (x) of Defini-
tion 4.5(2) are the adjunction morphisms, and the compatibility of the morphisms a4 (X)
with products o’ follows from the identification

o1 Xp<o(g +0%9) = Xp<0(0™* (g + 09)) = Xp<o(g + (60")*9).

This concludes the proof of Property C. ]
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4.3. Final remarks on the integral structure

There are other possible approaches to o-structures. They all mainly rely on the general
Riemann—Hilbert correspondence as developed by D’ Agnolo and Kashiwara [5] and their
subsequent work. As indicated in [5, §2], the theory of loc. cit. can be applied to objects
defined on o. The point is then to check that the R-constructible enhanced ind-sheaves
associated to N ® & and N (!D1) ® ¥ and the morphism between them are defined
over 0. The pushforward of these objects by the projective morphism f provides an o-
structure on the enhanced ind-sheaves associated to both terms of (3.1:x) and the morphism
between them. This can be made a little more precise by considering the categories of
C-constructible enhanced ind-sheaves of [17], or the characterization of R-constructible
enhanced ind-sheaves which come from holonomic $-modules given in [25].

One could also work within the setting of irregular constructible complexes of [21].
Such objects can be defined over the ring o.

In all these theories, the main point is the compatibility of the irregular Riemann—
Hilbert correspondence with projective pushforward. This is probably one of the most
delicate points in [5], that replaces [24, Cor. 4.7.5 and Lem. 5.1.6] used in Lemma 4.12.

Appendix: Detailed proof of Proposition 3.1

Notation. Let H be a hypersurface in a smooth variety X. We denote by I} g7 the localiza-
tion functor acting on the category of holonomic Dy -modules: for such a Dy -module M,
we have

FmM = Ox (xH) @0y M

as an Oyx-module. Denoting by D the duality functor on holonomic Dy-modules, we
define the dual localization functor I'y g1 as D I'[x gD . Both functors vanish when applied
to holonomic Dy -modules supported on H (this is clear for the localization functor, and
the property for the dual one follows from the fact that duality preserves the support).

Let g be a meromorphic (or rational) function on X. If M is considered as an Ox-
module with an integrable connection V, it will be convenient to denote the same Ox-
module with the twisted connection V + dg as §¢ ® M. Note that this twist contains the
localization functor along the pole divisor P of g, so that &5 @ M = I'[,p1(68 ® M).

We will make use of the relations between various functors described in [30, §1.77].

Let M be rigid irreducible on P! and let us assume that there exist X, D, Dy, f:
X — P!, g and (N, V) as in Proposition 3.1 (a)—(d) so that M is the image of (3.1%).
Denoting by P the pole divisor of g, we can assume that D has no component contained
in P: indeed, denoting by D the union of those components not contained in P, we have

&% ® F[ng]dV =8¢ Q F[;DO]JV and &% Q® F[*Dl]d\f =8¢ Q F[*DO]JV.

We will prove the following properties.
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(i) If £ is a rank-one meromorphic connection on P! with poles along ¥ C P!,
then there exist data 3.1(a)—(d) such that the image M’ of

Tpzj(M ® £) — Thxj(M @ L)

is the image of (3.1x) with these data.

Moreover, if NV is unitary (resp. of torsion) and &£ is locally formally unitary
(resp. formally quasi-unipotent), then so is M’ and (N’, V) can be chosen uni-
tary (resp. of torsion).

(ii) Let Alt be the chart with coordinate ¢ corresponding to the choice 0, 1,00 € P L
By (i), we can assume that M = I'xo0) M. Let M’ be the Laplace transform
of M with respect to this choice. Then there exist data 3.1(a)—(d) such that M’
is the image of (3.1:x) with these data.
Moreover, if NV is unitary (resp. of torsion) and &£ is locally formally unitary
(resp. formally quasi-unipotent), then so is M’ and (N, V) can be chosen uni-
tary (resp. of torsion).

These two properties allow us to conclude the proof of the proposition, since any rigid
holonomic Dp1-module can be obtained by applying a sequence of (i) and (ii) to (Op1,d),
according to the Arinkin-Deligne algorithm, and moreover, if M is locally formally uni-
tary (resp. quasi-unipotent), then the rank-one connections &£, chosen at each step are
locally unitary (resp. quasi-unipotent).

Let us show (i). There exists a meromorphic function v on P! and a rank-one mero-
morphic connection &£, with regular singularities, such that £ = & v ® Lreg. We can
write £ = (Op1(xX),d + dy + w), where X is the pole divisor of &£ and w is a one-form
with at most simple poles at 3. Moreover, £ is locally formally unitary (resp. quasi-
unipotent) if and only if &, is unitary (resp. quasi-unipotent), i.e., the residues of w at X
are real (resp. rational).

Since £ is Opi-flat, M ® £ is the image of

FEE @ Tup M) @ & — f2(E8 @ ThpyN) ® £,

and, since the functors I'l, 57 (x =!, %) are exact on the category of holonomic Dp:-mod-
ules, M’ is the image of

F[gg]f;ro(gg 29 F[!DI]N) RL — F[*E]fTO(gg [ F[*DI]N) Q L.

We set H = f~1(X) and we decompose D as D, U D3 U Dy, where D3 are those
components of D which are components of H, D, are the components of D which are
not components of H, and D4 are the remaining components. We set g1 = g + f o ¢.

Firstly, one checks that, for x = *, !,

(€5 @ThpgN) ® £ =~ f2((6% @ ThpN) ® fH &)
= fTO(E’)g1 Q I'up )N ® f+‘$reg)~
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Due to the commutation
T /i ~ /T for « = *,!
el fe = fy Ty forx =1,

and since f +§Creg = I'l«H] f +§€reg (so that we can replace D; with D5 in the right-hand
side), we deduce that M’ is the image of

f’ro(r[!H](gg1 ® F[!DZ]JV ® f+°<6reg)) e f-fo(gg1 QN ® f+°<€reg)- (A.D

Lete : X’ — X be a projective modification such that e~ (D U H) is a divisor with
normal crossings and such that the pole and zero divisors of g} := e*g; do not intersect.
For the first condition the blowing ups can be chosen to take place above the union of
D N H and of the singular set of H, while for the second condition, since the pole and
zero divisors of g intersect at most in D N H, the blowing ups can be chosen to take
place above D N H. As a consequence, we can assume that, setting H' = e_l(H ), the
morphism e : X'~ H' — X ~ H is an isomorphism.

Since 68! @ Tp,j N @ fHLreg = Mxa](E8' @ TipyjN @ f T Liee), We have, after
[30, §1.77 (vi)],

, " 1T NQ fT&e, ifk=0,
efr‘ (651 ® e*(Tupy N ® f T Lrep)) = [102] S L )
0 otherwise.
With [30, §1.77 (iii) and Cor. 1.80] we deduce
ef (%1 @ Mpane (Tupyg N ® /7 L))

N F[!H](ggl R Iipy N ® f+§€reg) ifk =0,
o otherwise.

Setting /" = f o e, we conclude that the left-hand side of (A.1) is isomorphic to
1265 ® Ty (Tupg N @ £ Licy).
On the other hand, the right-hand side of (A.1) is easily computed as
65 @ eT (N ® fTrey)).

and the morphism in (A.1) is the natural one with the expressions above.
Let D), be the strict transform of D5 by e. We claim that

Tpane” (TppgN @ f T &reg) = T Tppgie™ (N @ fF L), (A2)
so that, setting D| = H' U D/, we find that M’ is the image of the natural morphism
S(EF ® Tupppe ™ (N ® /¥ L)) = f(E51 @ T (N ® [ 7 Liep)).

and this concludes the proof of (i).
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Let us prove that (A.2) holds true. On the one hand, the kernel and cokernel of the
morphism
€+(F[!D2]</v ® f+$reg) g €+(=/v ® f+£reg)

are supported on D, hence they vanish after applying I D}]> SO that

Tupye™ (CupgN @ fF g = Tupyie™ (N @ fF L)
is an isomorphism. On the other hand, the natural morphism

I‘[!D'Z]eJF(F[!DZ]dV ® [T i) > e (Tpp N ® 1 Lree)
is an isomorphism away from H': since f* &, is locally isomorphic to (Ox’, d) on
X'~ H',Tpp, )N @ f+ &Lreg is locally isomorphic to Iyp, (N & f 1 Lree) on this open
set, so that the assertion reduces to the equality I'ip,1(+) = I'ip,1I'1p,1(+). As a conse-
quence, the kernel and cokernel of the above morphism have support in H'. Therefore,

they vanish after the application of the exact functor I'[y . ]
Let us now show (ii). Recall that the Laplace transformation is an exact functor

MOdhOl(]P)l, *OO) = MOdhOl(Pl, *OO),

so M is the image of the natural morphism from the Laplace transform of fT E*1IipN)
to that of f; 0(6¢ ® Txp,]N). We denote by ¢ the variable on P! and we introduce a
new P! with variable 7, and we denote by p,q : P} x P} — P!, P! the first and second
projections. For any holonomic @Ptl -module M, its Laplace transform is given by the

formula q;?(é’_” ® F[*(Ptlxoo)]erF[*oo]M) (and qgf (---) = 0 for k # 0). We apply this
formula to M = fTO(E;g ® TpN) (x = *, 1.

Since we have assumed M = I'[xo0] M, We can assume that D contains f~!(0c0)
but Dy does not contain any component of it, and we can omit I'[4+o) in the previous
formula. We denote by p, ¢ the projections X :=Xx P! — X, P/, so that we have
g o (f x1Idpy) = 4. For » = x,!, we have
43 (677 ® Tppixoon P /5 (€5 ®Tup, 1 N))

~ g3 (677 ® Tpupr xooy (f X 1) pT (€ @Tup,)N))  (after [30, §1.77 (V)])
~ g2 (67 @ (f X 1) a(xxoon P T (6 ®Tup,)N))  (after [30, §1.77 (iii)])
~ g9 ((f X I pu(xxo0) (67 8 @ pTTup,)N))  (after [30, §1.77 (iii)])
~ (}?(8 e rf<}Z>1"[*(X><oo)]p r *DI]JV) (since qfr‘(- --)=0fork 7£0)

Set D = (D x P1) U (X x o), Dy = D; x P! and N = Clx(xxo0)] P TN . We have
N = F[ B]N Then the latter expression can also be written as

(e @ T 51 N).

and therefore M’ is the image of the natural morphism

A~

BE” T @ Ty5,R) — GET T BT 5 0).
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Lete' : X' — X be a projective modification which induces an isomorphism above
the complement of D, whose pullback is denoted by D', such that the pole and zero
divisors of g’ := (p o €’)*g — " (t f) do not intersect, and set 13/1 =e¢~1(Dy)and N' =
I‘[* 5,](3’ + N, Then, arguing as in Case (i), we find

G (€7 @Iy, 1 N) = 47el (6% T, 5y M)
Z(Aoe/)gr)(@g,@F[*ﬁ,l]N/) (since e (---) =0 for k #0).

Setnow f/=g oe’. Then, M’ is the image of (3.1x) with respect to the data X', D', ﬁﬁ !
and g’, N'. Furthermore, N’ is unitary (resp. of torsion) if N is so. [

Acknowledgments. The author thanks the referees for their careful reading of the man-
uscript, for noticing various inaccuracies in the first version, and for suggesting various
improvements.
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