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The Nonvanishing Problem for varieties with nef
anticanonical bundle

Vladimir Lazi¢, Shin-ichi Matsumura, Thomas Peternell,
Nikolaos Tsakanikas, and Zhixin Xie

Abstract. We prove that if (X, A) is a threefold pair with mild singularities such that —(Ky + A)
is nef, then the numerical class of —(Ky + A) is effective.

1. Introduction

One of the pillars of the Minimal Model Program in dimension 3 over the field of complex
numbers is the solution of the Abundance Conjecture in the 1990s. A fundamental part
of this result is the Nonvanishing Theorem: given a log canonical 3-fold pair (X, A), if
Kx + A is nef, then some multiple of Ky + A has sections. This was first proved by
Miyaoka for terminal 3-folds in [66, 67] and later completed in [41].

Our first main result is that an analogous statement holds at least numerically for 3-fold
pairs (X, A) with —(Kx + A) nef.

Theorem A. Let (X, A) be a projective log canonical pair of dimension 3 such that
—(Kx + A) is nef. Assume that X is Q-factorial or that it has rational singularities.
Then the following hold.

(@) The numerical class of —(Kx + A) is effective.

(b) If X is uniruled, then the numerical class of any nef Cartier divisor on X is
effective.

Regarding the assumption in Theorem A that X has rational singularities, we note that
this holds, for instance, when (X, A) is a kit or, more generally, a dlt pair.

Together with the Nonvanishing Theorem for minimal 3-folds recalled above, we have
the following result.

Corollary B. Let (X, A) be a projective, Q-factorial, log canonical pair of dimension 3,
let e € {—1, 1}, and assume that e(Kx + A) is nef. Then the numerical class of e(Kx + A)
is effective.
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When ¢ = 1 in Corollary B, we actually know that more is true, namely we have
k(X, Kx + A) > 0. We expect that the same holds for ¢ = —1, but this seems to be a very
subtle problem. We will return to this question in future work.

Varieties with mild singularities and nef anticanonical class interpolate between Fano
varieties and K-trivial varieties, i.e. varieties with numerically trivial canonical class. In
those two cases the conclusion of Theorem A (a) is obvious, whereas the conclusion of
Theorem A (b) is known or is expected to hold. However, not every property of nef
divisors on Fano or K-trivial varieties extends to varieties with nef anticanonical class.
For instance, the semiampleness of every nef divisor on Fano varieties is known [4] and
is expected to hold modulo numerical equivalence in the K-trivial case [55, 58], while we
know that it fails otherwise, for example, if we consider P2 blown up at 9 sufficiently gen-
eral points. Theorem A is therefore surprising as it suggests that the birational geometry
of varieties with nef anticanonical divisor is to a certain extent similar to that of varieties
with nef canonical divisor.

In many results in this paper we work with pairs (X, A), where A is a Q-divisor. How-
ever, most of them hold when A is an R-divisor by Remark 3.19. In particular, Theorem A
holds when A is an R-divisor.

The expectation that Theorem A might be true formed only very recently, through the
study of the following conjecture [31, 58].

Generalised Nonvanishing Conjecture. Let (X, A) be a projective, Q-factorial, log ca-
nonical pair and let L be a nef Q-divisor on X such that Kx + A + L is pseudoeffective.
Then the numerical class of Kx + A + L is effective.

This conjecture was introduced for pseudoeffective kit pairs in [58], where it was also
proved in almost all cases for threefolds. In [31] the conjecture was formulated in the lan-
guage of generalised pairs and it was proved in dimension 2, which implies the analogue
of Theorem A for surfaces, see Theorem 3.23. Those results and the circle of ideas sur-
rounding the Generalised Nonvanishing Conjecture were some of the main inspirations
for this paper.

Indeed, if L is a nef Cartier divisor on a projective log canonical pair (X, A) such
that —(Ky + A) is nef, then one may write L = Ky + A + M for the nef Q-divisor
M = L — (Kxy + A). In other words, L is the generalised canonical divisor associated
with the generalised pair (X, A + M). Even though this remark is tautological, it provides
inspiration and the guiding logic for most of the proofs in this work.

In this paper we confirm the Generalised Nonvanishing Conjecture in dimension 3 in
many cases, building on the earlier works [31,58]. We stress that Theorem A is indispens-
able for the proof of our next result.

Theorem C. Let (X, A) be a projective, Q-factorial, log canonical pair of dimension 3
and let L be a nef Q-divisor on X. Assume that Kx + A + L is pseudoeffective. Then the
following hold.

(a) If the numerical class of L is effective, then the numerical class of Kx + A + L
is effective.
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(b) Ifv(X,Kx + A+ L) €{0,3}, then the numerical class of Kx + A + L is effect-

lV@.l

(¢) If X is not uniruled, then the numerical class of Kx + A + L is effective if
v(X,Kx + A) > 0.

(d) If X is uniruled, then the numerical class of Kx + A + L is effective if
v(IX,Kx + A+ L) #2.

We also obtain several results which go beyond dimension 3. First, in dimension 4 we
have the following result.

Theorem D. Let X be a projective variety with canonical singularities of dimension 4
such that —Kx is nef. If

(a) v(X,—Kx) #2, or
(b) v(X,—Kx) = 2 and X is not rationally connected,

then the numerical class of —Kx is effective.

When the numerical dimension of the relevant divisor is 1 and the Euler—Poincaré
characteristic of the structure sheaf is non-zero (which holds, for instance, when the
underlying variety is rationally connected), we obtain the following result valid in all
dimensions.

Theorem E. Let (X, A) be a projective log canonical pair with rational singularities such
that —(Kx + A) is nefand y(X, Ox) # 0. If L is a nef Cartier divisor on X of numerical
dimension 1, then the numerical class of L is effective.

Applied to rationally connected varieties, Theorem E is one of the main ingredients in
the proofs of Theorems A and D.

A crucial ingredient in the proofs of the results above is the following reduction in
Theorem F to the case of rationally connected varieties. The key concept is that of locally
constant fibrations, see Section 3. By [64], the assumption on the existence of a locally
constant fibration in Theorem F is always satisfied after passing to a quasi-étale cover.

Theorem F. Let (X, A) be a projective kit pair such that —(Kx + A) is nef. Assume that
there exists a locally constant MRC fibration f: X —Y with respect to (X, A), where Y is
a projective canonical variety with Ky ~0. Let F be the fibre of f. If k(F,—(Kr +A|F))
> 0, then the numerical class of —(Kx + A) is effective.

Combining Theorem F with Theorem E, we obtain the following result valid in every
dimension.

Theorem G. Let (X, A) be a projective kit pair such that —(Kx + A) is nef of numerical
dimension 1. Then the numerical class of —(Kx + A) is effective.

'Here, v denotes the numerical dimension, see Section 3.
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Overview of techniques and related work

We make a few brief comments on the techniques involved in the proof of Theorem A.
In higher dimensions the situation becomes much more involved, but the main ideas of
the proofs are present already in dimension 3. A more detailed explanation is given at the
beginning of each section.

We may assume that X is uniruled by Lemma 3.18. When X is a smooth rationally
connected threefold with — Ky nef, then we know that x (X, —Kx) > 1 by [3]. A detailed
classification of all such X was completed in [77]. Those proofs use smoothness crucially.
Here we use completely different methods.

We first treat the case where X is rationally connected and the divisor —Ky is nef.
When v(X, —Kx) = 2, then the proof proceeds by analysing the Euler—Poincaré charac-
teristic via Hirzebruch—Riemann—Roch and Kawamata—Viehweg vanishing — this part of
the proof is similar to Miyaoka’s proof for minimal threefolds of numerical dimension 2,
and the main new ingredient is the recent proof of the pseudoeffectivity of the second
Chern class of X in [72]. The proof when v(X, —Kx) = 1 is much more involved and the
techniques used in this case originated in the recent progress towards the Abundance Con-
jecture in [57,59]. We recall the recent new proof of Corollary B when ¢ = 1 in Section 2,
since it is relevant also for the proof of Theorem A. We adapt the Nonvanishing Criterion
from [57] to the situation in this paper by using another important result of [72] on the
subsheaves of sheaves of differential forms, which we slightly generalise in Section 4.

We treat next the case where X is uniruled and — Ky is nef. To that end, we reduce
the problem to the previously proved rationally connected case, by proving Theorem F in
Section 6. The key ingredient is the structure theory of varieties with nef anticanonical
bundle which was recently completed in [64], building on [13, 14,76] and other works.

Finally, to treat the general case, we employ the recently developed Minimal Model
Program for generalised pairs as in [28,61]. This is where the idea to use generalised pairs
hinted at earlier becomes crucial.

We conclude the introduction with a remark about recent results if one has stronger
assumptions than nefness on —Ky. Namely, if —Ky is strictly nef, i.e. if —Kx inter-
sects every curve on X positively, then it is expected that X is a Fano variety. This
was confirmed in dimension 3 in [63, 73] and in many cases in dimension 4 in [62].
When X is a smooth, projective, rationally connected fourfold with —Kx strictly nef,
then k (X, —Kx) > 0 by [62].

2. Nonvanishing on minimal varieties

In this section we briefly sketch the proof of the Nonvanishing Theorem for minimal
threefolds, i.e. we sketch the proof of Corollary B when ¢ = 1. Therefore, when (X, A)
is a log canonical pair such that Ky + A is nef, the goal is to show that the numerical
class of Kx + A is effective. As mentioned in the introduction, we know in fact that
k(X, Kx + A) > 0. This follows from the proof; however, it is a general fact that for
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divisors of the form Ky + A in any dimension, the effectivity of their numerical class
implies that they have non-negative litaka dimension, see [12, Theorem 1.1]. The content
of this section is not new, but the aim is to collect proofs which are spread in different
papers.

The first proof of the Nonvanishing Theorem for minimal threefold pairs was com-
pleted in [41], building on the fundamental work of Miyaoka for terminal threefolds in
[66,67]. The point of this section is to present a recent new proof, which allows general-
isations to higher dimensions.

The first useful reduction is to assume that X has rational singularities. This can be
achieved by [48, Theorem 5.22] by passing to a dlt blowup as in Theorem 3.7 (b). We then
proceed in several steps.

Irregular threefolds

We first assume that X admits a nontrivial morphism to an abelian variety. Then Kx +
A is semiample: this is the content of [36, Corollary 1.2] and [53, Corollary 3.2], see
also [54, Lemma 4.1], and the argument is inductive, hence it works in principle also in
higher dimensions. One of the main ingredients in the proof of [53, Corollary 3.2] is the
subadditivity of the litaka dimension from [49]. This part of the proof is similar in spirit
to the proof from the 1980s, which relied on the solution of particular cases of Iitaka’s
conjecture Cy, »,, see for instance [69, pp. 73-74].

Regular terminal threefolds

We may thus assume that H'(X, Ox) = 0. It is convenient to first deal with the case when
A = 0 and the singularities of X are terminal, and to distinguish four cases, depending
on the value of the numerical dimension v(X, Kx) € {0, 1,2, 3}. The result is trivial if
v(X, Kx) € {0, 3}, since then Ky is either torsion or big.

If v(X, Kx) = 2, then the main ingredients for the proof are Kawamata—Viehweg
vanishing and the pseudoeffectivity of the second Chern class of the minimal variety X
[66, Theorem 6.6] together with a careful analysis of the Euler—Poincaré characteristic
by the Hirzebruch—Riemann—Roch formula; this is Miyaoka’s ingenious proof from [66].
This part of the proof is difficult, but much easier than the case v(X, Kx) = 1.

The main case is v(X, Kx) = 1, as explained in [57, Remark 6.8]. Since H'(X,0x)
= 0, we easily deduce that y (X, Ox)>0. Then [57, Theorem 6.7] gives that « (X, Kx) >0,
and this result works in any dimension. The proof is partly analytic: it uses multiplier
ideals associated with singular hermitian metrics. The heart of the proof is the Nonvanish-
ing Criterion [57, Theorem 6.3], which reduces the Nonvanishing Problem to that of the
existence of many pluricanonical differential forms.

Note that Miyaoka’s proof in [67] uses Donaldson’s theorem on stable vector bundles
and a careful analysis of the algebraic fundamental group of the smooth locus of X; it is
crucial for this proof that X is a threefold.
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The general case

Having established the terminal case, we now deal with the general case of a log canonical
pair (X, A). By passing to a log resolution, we may assume that X is smooth and A has
simple normal crossings support, but we of course lose the nefness of Ky + A.

There are two cases to consider. If the variety X is not uniruled, then Kx is pseudoef-
fective by [7, Corollary 0.3], and it suffices to show that k (X, Kx) > 0. By passing to
a minimal model of X we may assume that Kx is nef, and then the conclusion follows
from the cases treated above. If the variety is uniruled, then the conclusion follows from
[54, Theorem 1.1]. As above, the argument is inductive, hence it works in principle also
in higher dimensions.

3. Preliminaries

In this paper we work over the field C of complex numbers. We use the same notation for
varieties and their associated complex analytic spaces, as well as for coherent sheaves and
their associated coherent analytic sheaves.

Let f: X --> Y be a map between normal complex spaces. Then f is a fibration if it
is a projective surjective morphism with connected fibres, and it is a birational contraction
if it is a birational map whose inverse does not contract any divisors.

If f: X — Y is afibration between normal varieties, then we say that f is analytically
locally trivial if all fibres of f are isomorphic, and Y can be covered by analytic open sets
U such that we have isomorphisms f~1(U) ~ U x F, where F is the fibre of f. In other
words, f: X — Y gives X a structure of an analytic fibre bundle over Y.

If f: X — Y is a birational contraction between normal varieties and if D is an R-
Cartier R-divisor on X such that f, D is R-Cartier, then we say that f is D-nonpositive
if there exists a resolution of indeterminacies (p,q): W — X x Y of f such that W is
smooth and p*D ~gr ¢* f« D + E, where E is an effective g-exceptional R-divisor.

A morphism f: X — Y between normal varieties is quasi-étale if dim X = dimY and
if there exists a closed subset Z C X of codimension at least 2 such that f'|x\z: X \ Z —
Y is étale. A quasi-étale cover is a finite, surjective, quasi-étale morphism.

If X is a normal projective variety, we denote by ¢(X) := h'(X, Ox) the irregularity
of X, and by

G(X) :=sup {q(Y) | Y is a quasi-étale cover of X} € N U {oo}
the augmented irregularity of X. By [23, Lemma 2.19], if X has kit singularities and
numerically trivial canonical class, then g(X) < dim X.
3.1. Numerical dimension

Let X be a normal projective variety and let D be a nef R-Cartier R-divisor on X. The
numerical dimension of D is

v(X, D) = sup{k € N | DK £ 0}.
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One can also define the numerical dimension of D if it is only pseudoeffective [71]. We
refer to [58, Section 2.2] for the definition and some main properties that we frequently
use in this paper without explicit mention.

We will need the following lemma, which is similar in spirit to [18, Lemma 2.9].

Lemma 3.1. Let X be a normal projective variety, and let A and B be pseudoeffective
Q-divisors on X. Then v(X,aA + BB) does not depend on the positive rational numbers
o and B.

Proof. Fix positive rational numbers «, «’, 8 and B’. Then there exist positive rational
numbers #; and 1, such that fo < o' < tra and 1, 8 < B’ < 1, 8. Therefore,

v(X,aA + BB) = v(X,t1jad + 11 BB) < v(X,d'A+ B'B)
<v(X,had + t,B) = v(X,aA + BB)

by [71, Proposition V.2.7 (1)]. [

We will also need the following well-known consequence of the usual Kawamata—
Viehweg vanishing theorem, see for instance [56, Lemma 2.1] for a short proof.

Lemma 3.2. Let (X, A) be a projective kit pair of dimension n and let D be a Cartier
divisor on X such that D ~q Kx + A + L, where L is a nef Q-divisor with v(X, L) = k.
Then

H'(X,0x(D)) =0 foralli >n—k.

3.2. Num-effectivity

We first recall here the definition of num-effectivity from [58, 59], which plays a central
role in this paper.

Definition 3.3. We say that an R-Cartier R-divisor D on a normal projective variety X is
num-effective if the numerical equivalence class of D belongs to the effective cone of X.

It is easy to see that num-effectivity has good descent properties in the presence of Q-
factoriality, whereas in the absence of QQ-factoriality we often need at least the presence
of rational singularities. This is the content of Lemma 3.5 below, which generalises [58,
Lemmas 2.14 and 2.15] to the setting of R-divisors. We first need the following.

Lemma 3.4. Let f: X — Y be a birational morphism between two normal projective
varieties. Assume that Y is Q-factorial or that both X and Y have rational singularities.
If E is a numerically trivial R-Cartier R-divisor on X, then f«E is a numerically trivial
R-Cartier R-divisor on Y and we have E = f* fE.

Proof. Assume first that Y is Q-factorial. Then fi E is an R-Cartier R-divisor on Y, and
by the Negativity Lemma [48, Lemma 3.39 (1)] we deduce that £ = f™* f, E. It follows
now easily from the projection formula that f E is numerically trivial.
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Assume now that both X and Y have rational singularities. Then the pullback map f*:
Pic®(Y) — Pic®(X) is an isomorphism. Since E € Pic®(X) ® R by [51, Example 1.3.10],
there exists G € Pic’(Y) ® R such that E ~g f*G, and thus f,E ~r G. We conclude
as in the previous paragraph. ]

Lemma 3.5. Let f: X — Y be a morphism between two projective varieties. Let D be
an R-Cartier R-divisor on Y such that there exists an effective R-Cartier R-divisor G on
X with f*D = G.
(a) If f is birational and if Y is Q-factorial, then f.G is an effective R-Cartier
R-divisor and we have D = f,G and G = f* f,.G.

(b) If f is birational and if X and Y have rational singularities, then f.G is an
effective R-Cartier R-divisor and we have D = f,.G and G = f* f.G.

(¢) If f is finite and surjective, if X and Y are normal and if Y has rational singular-
ities, then f.G is an effective R-Cartier R-divisor and we have D = @f*G.

Proof. Parts (a) and (b) follow immediately from Lemma 3.4. For (c), we repeat verbatim
the proof of [58, Lemma 2.15], except that we invoke (b) instead of [58, Lemma 2.14]. =

By repeating verbatim the proof of [59, Lemma 2.3], except that we apply Lemma
3.5 (b) instead of [58, Lemma 2.14], we obtain the following useful lemma.

Lemma 3.6. Let ¢: X --> Y be a birational contraction between normal projective vari-
eties, where X has rational singularities. Let D be an R-Cartier R-divisor on X such that
@« D is R-Cartier on Y and such that the map ¢ is D-nonpositive. If s D is num-effective,
then D is num-effective.

3.3. Pairs and generalised pairs

A pair (X, A) consists of a normal variety X and an effective Weil R-divisor A on X such
that the divisor Kx + A is R-Cartier. In this paper we work almost exclusively with pairs
with rational coefficients, i.e. A is a Weil Q-divisor and Ky + A is a Q-Cartier divisor.
The standard reference for the singularities of pairs and the foundations of the Minimal
Model Program (MMP) is [48], and we use these freely in this paper.
We will frequently have to improve the singularities of pairs by passing to suitable
models.

Theorem 3.7. Let (X, A) be a pair.

(a) If (X, A) is klt, then there exists a Q-factorial terminalisation of (X, A), i.e. a Q-
factorial terminal pair (Y, T") together with a proper birational morphism f:Y —
X such that Ky + T ~q f*(Kx + A).

(b) If (X, A) is log canonical, then there exists a dlt blowup of (X, A), i.e. a Q-
factorial dit pair (Y, T') together with a proper birational morphism f:Y — X
such that Ky + T ~g f*(Kx + A), where the divisor T is the sum of f, ' A
and all f-exceptional prime divisors.
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Proof. For part (a), see [4, Corollary 1.4.3] and the paragraph after that result, while part
(b) is [46, Theorem 3.1]. [

Generalised pairs were introduced in [5, 6] and they play a crucial role in this paper.
Here we only recall their definition and refer for instance to [61] for a thorough discussion
of their properties and most recent developments.

Definition 3.8. A generalised pair or g-pair (X/Z, B + M) consists of a normal vari-
ety X, equipped with projective morphisms

X’ i) X > Z,
where f is birational and X’ is a normal variety, B is an effective R-divisor on X, and
M = fuM’, where M’ is an R-Cartier R-divisor on X’ which is nef over Z, such that

Kx + B + M is R-Cartier. The divisor B is the boundary part and M is the nef part of
the g-pair (X/Z, B + M).

The variety X’ in the definition may always be chosen as a sufficiently high birational
model of X. Often we do not refer explicitly to the whole data of a g-pair and simply
write (X/Z, B + M), but remember the whole g-pair structure. We work exclusively
with g-pairs which are NQC, that is, M is a non-negative linear combination of Q-Cartier
divisors on X’ which are nef over Z; the acronym NQC stands for nef Q-Cartier combin-
ations [30].

In most situations in this paper, M will simply be a Q-Cartier divisor, and very often
it will be nef itself, so that we may assume that the map f in the definition is an iso-
morphism. The variety Z will always be assumed to be a point, and we remove it from
notation.

One defines singularities of g-pairs in a similar way as for usual pairs, see for instance
[61, Definition 2.2]. With the same notation as above, an important property we need
here is that if M is nef, then the g-pair (X, B + M) has log canonical (respectively klt,
dlt) singularities if and only if the pair (X, B) has log canonical (respectively klt, dlt)
singularities.

3.4. The MMP for generalised pairs

The foundations of the MMP for Q-factorial NQC log canonical generalised pairs were
established recently in [28, 61]. We recall briefly below the results that we need in this
paper.

The Cone and Contraction Theorems for NQC g-pairs are now known [28, The-
orem 1.1] and are analogous to the Cone Theorem for usual pairs: as in the case of usual
pairs, an extremal contraction can be either divisorial, flipping, or define a Mori fibre
space structure, and these exist and behave as in the usual MMP, see [28, Theorem 1.2,
Section 5.4]. Therefore, we may run an MMP for any QQ-factorial NQC log canonical g-
pair, and note that Q-factoriality is preserved in any such MMP by [28, Corollaries 5.11
and 5.12 and Theorem 6.1].
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Now we elaborate on the MMP with scaling for generalised pairs, since we need it in
this work. Let (X, (B + N) + (M + P)) be a Q-factorial NQC log canonical g-pair such
that the divisor Ky + B + N + M + P is nef, where B + N is the boundary part and
M + P is the nef part. Then by [28, Corollary 5.13] either Ky + B 4+ M is nef or, if

A:=inf{t > 0| Kx + B + (N + M + (P is nef}

is the corresponding nef threshold, then there exists a (Ky + B + M)-negative extremal
ray R such that
(Kx +B+AN +M +AP)-R=0.

In particular, Kx + B+ AN + M + AP is nef and it is trivial with respect to the correspond-
ing extremal contraction. By continuing this process, we obtain a (Ky + B + M)-MMP
with scaling of N + P. The main result of [61] is that there exists an MMP with scaling
which terminates in several instances which are of importance for the present paper.

3.5. Around Grauert’s theorem

We use the following consequences of Grauert’s theorem [33, Corollary 12.9] very often
in this work.

Lemma 3.9. Let f: X — Y be a projective morphism of varieties, let ¥ be a coherent
sheaf on X which is flat over Y and assume that h°(Xy,, ¥ | x,) is constant as a function in
y €Y, where X, is the fibre of f over y. Let ¢: f* f+ ¥ — F be the natural morphism.
Then f+«¥ is alocally free sheaf on X, and:

(@) @ is non-zero if and only if H®(X . Flx,) # 0 forsomey €Y,
(b) @ is surjective if and only if ¥ |x, is globally generated forall y € Y,

(c) if @ is surjective and if for all y € Y we have h°(X,, ¥ lx,) =1k F, then ¢ is an
isomorphism.

Proof. The sheaf f.¥ is locally free by Grauert’s theorem. The proof of (a) and (b) is
standard, see for instance [75, Proposition 28.1.11] for the case of line bundles. For (c),
the assumptions imply that ¢ is a surjective morphism of locally free sheaves of the same
rank, hence it is generically an isomorphism. Thus, the kernel of ¢ is a torsion subsheaf
of f* f, ¥, which then must be trivial. L]

Lemma 3.10. Let f: X — Z be an analytically locally trivial fibration between normal
projective varieties. If F is the fibre F of f, assume that H'(F,Of) = 0. Let £ be a line
bundle on X. Then £|F does not move infinitesimally and R? f L is a vector bundle on
Z forevery p. If £|Fr >~ OF, then fi XL is a line bundle on Z and £ ~ f* f,. L.

Proof. Since End(L|r) ~ £|r @ £*|F ~ OF, we infer that H'(F, End(£L|r)) = 0,
which shows the first claim by Grauert’s theorem. Since f is flat, the second claim follows
from Lemma 3.9. L]
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3.6. Slopes with respect to movable classes

We use freely the foundations of the theory of reflexive sheaves as in [34]. If ¥ is a
reflexive sheaf on a normal variety X and if m is a positive integer, then we denote by

o o and A" F = (N F)

the m-th reflexive tensor power and the m-th reflexive exterior power of ¥, respectively.
In particular, they coincide with the usual tensor operations on & on a big open subset
of X, i.e. on an open subset whose complement in X has codimension at least 2.

Recall from [7] that the cone of movable curve classes on a normal projective vari-
ety X is the dual of the cone of pseudoeffective divisors on X. The semistability theory
of torsion-free coherent sheaves on normal Q-factorial projective varieties with respect
to movable curve classes was developed in [24] and many results are analogous to the
classical theory of semistability with respect to complete intersection curves.

If ¥ is a non-zero, torsion-free, coherent sheaf on a normal, QQ-factorial, projective
variety X and if « is a non-zero movable curve class on X, we denote by

()«
k

the slope of ¥ with respect to . We say that ¥ is «-semistable, respectively a-stable,
if o (§) < e (F) for any non-zero coherent subsheaf § C ¥, respectively if uy(§) <
e (F) for any non-zero coherent subsheaf § C ¥ withrk§ < rk . We define

Pa(F) =

Mgla)((}‘) ‘= sup {Ma(ﬁ) | 0 75 g - ¥ a coherent subsheaf}

and
UIn(F) := inf {1a(Q) | F — @ anon-zero torsion-free quotient}.

By [24, Corollary 2.24] there exists a unique maximal destabilising subsheaf ¥' of ¥ . In
particular, U™ (F) = o (F').
By [24, Corollary 2.26] there exists a unique Harder—Narasimhan filtration of ¥ , i.e.
a filtration
0O=FpCcFc---CF =7,

where each quotient %;/%;_; is torsion-free, o-semistable, and the sequence of slopes
o (Fi/Fi—1) is strictly decreasing. Moreover, the proof of the existence of the Harder—
Narasimhan filtration shows that for each i the sheaf ; / %;_ is the maximal destabilising
subsheaf of ¥ /¥;_1. The quotient ¥ / ¥,_; is called the minimal destabilising quotient
of . We will see in Lemma 3.11 below that u™"(F) = po(F/Fr-1).

We will need the following well-known lemma, whose proof we include for the lack
of reference.

Lemma 3.11. Let X be a normal, Q-factorial, projective variety and let o be a non-zero
movable curve class on X. Let ¥ be a non-zero, torsion-free, coherent sheaf on X and let

0=FCFHhHC--CF =5
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be the Harder—Narasimhan filtration of . Then the following statements hold.
(@) We have pMa(F) = —pumin(F*).
(b) We have jio(F) = pa(F /F1).
(©) We have po(F) = pa(F [/ Fr-1).

(d) Let§ be a non-zero torsion-free coherent sheafon X . If 1o (¥ | Fr—1) > po*™(9),
then Hom(¥ ,§) = 0.

(e) Foreachk €{1,...,r}wehave u™™(F%) = po(Fi/Fr—1)-

Proof. We first show (a). Since the functor #om( -, Ox) is contravariant and left-exact,
every torsion-free quotient ¥ * —» @ gives rise to an inclusion @* < ¥ **. Therefore,

PE(F) + 1o (@) = pi™(F**) — 1a(@*) 2 0 for every @,
hence
() + B F ) 2 0. )

Conversely, every inclusion § C ¥ of torsion-free sheaves gives rise to amap ¢: F* — g%,
which is surjective on a big open subset of X on which both ¥ and § are locally free.
Since o (Im @) < e (%) by [24, Proposition 2.12], we have

HE(F ) + 1a(9) < fa(Im@) — j1a(§7) <O for every &,
hence
He™(F) + pug"(F*) < 0. 2)

Then (a) follows from (1) and (2).

For (b), we have g (F1) > pe(¥) since ¥ is the maximal destabilising subsheaf
of . An easy calculation shows that this is equivalent to g (¥) > po(F/F1).

Next, we show (c) by induction on the rank of . The filtration

0=F/FrCF/FC--CF/F1=F/F
is the Harder—Narasimhan filtration of ¥ /%7, hence by induction we have
wa(F/F1) = pa(F /[ Fro1).

The claim now follows from the last inequality and from (b).

The proof of (d) is the same as the proof of [38, Lemma 1.3.3], by replacing the
reduced Hilbert polynomial p with the slope (ty.

Finally, we show (e). Fix k € {1,...,r}. Then u™(F}) < pq (Fx/Fr—1) by definition.
For the converse inequality, consider a non-zero torsion-free quotient ¥ — @, and let

0=0Q @ <--CQr,=0
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be the Harder—Narasimhan filtration of €. Then the composite ¥, —> @ —» @/@,,—; is
a non-trivial element of Hom(F%, @ /@,,—1). Note that

0=FCF1 S-S Fk

is the Harder—Narasimhan filtration of . Therefore, part (d), the fact that @/@,,— is
o-semistable and part (c) imply that

pa(Fic/ Fie—1) = g (Q/@Qm-1) = 11a(@/Qm—-1) < pna(Q).

As this holds for any such quotient @, we obtain pq (Fr/Fr—1) < u2(F%), which fin-
ishes the proof. ]

3.7. Notions of flatness
In this paper we use several notions of flatness.

Definition 3.12. Let X be a Kihler manifold and let & be a holomorphic vector bundle of
rank r on X. We say that & is flat if it is defined by a representation 1 (X) — GL(r); and
that & is hermitian flat if it is defined by a representation 71 (X) — U(r), or equivalently,
if it admits a flat hermitian connection, see [43, Proposition 1.4.21]. Note that all Chern
classes of a flat vector bundle vanish by [43, Proposition I1.3.1].

The following version of flatness was introduced in [16].

Definition 3.13. Let X be a normal projective variety and let & be a vector bundle on X.
We say that & is numerically flat if both & and &* are nef.

Remark 3.14. Let X be a normal projective variety and let & be a vector bundle on X.
Then & is numerically flat if and only if & and det &* are nef. Indeed, one direction is clear.
Conversely, if & and det &* are nef, and if & is of rank r, then §* = /\r_1 E Rdet&E* is
also nef.

The next lemma gives an important source of examples for numerically flat vector
bundles, which is particularly relevant for this paper.

Lemma 3.15. Let Y be a normal projective variety, let & be a vector bundle of rank r on
Y and set X := P (&) with the canonical projection w: X — Y. Assume that there exists
a positive integer k and a line bundle £ on Y such that c¢1(£) = —écl (&) and that the
line bundle Opg)(k) @ n* &£ on X is nef. Then the vector bundle Symk ERLonY is
numerically flat.

Proof. Since

-1 -1
rk(Symk &) = (r +I; ) and cl(Symk &) = (r Zﬁ ! )cl(S),
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we have
r+k—1

k
Since the Q-twisted vector bundle & (%éﬁ) is nef by assumption, we deduce that the vec-
tor bundle Symk & ® L is nef by [52, Corollary 6.1.19 and Theorem 6.2.12 (iii)], thus
numerically flat by (3) and by Remark 3.14. ]

c1(Symf € ® £) = ¢;(Sym* €) + ( )cl(éﬁ) =0. 3)

We will use the following more precise version of [16, Theorem 1.18].

Theorem 3.16. Let X be a projective manifold and let & be a holomorphic vector bundle
on X. Then & is numerically flat if and only if it admits a filtration

0=6CEC-CE=6

by vector subbundles such that the quotients & /8r_1 for k = 1, ..., p are hermitian
flat and stable with respect to any ample polarisation. In particular, they are defined by
irreducible unitary representations of w1 (X).

If, moreover, w1(X) is abelian, then each quotient &y /Ex—1 is a numerically trivial
line bundle.

Proof. The existence of a filtration as above whose quotients are hermitian flat is shown
in [16, Theorem 1.18]. If we fix any ample polarisation H, then we may assume that
each quotient & /&y_; is H-stable by the proof of that result. By hermitian flatness,
all the Chern classes of those quotients vanish, hence the statement about representations
follows from [65, Theorem 5.1 and Remark 5.2]. For the last statement, if the group 71 (X)
is abelian, then each such representation is 1-dimensional by [50, Corollary 2.7.17], and
thus each sheaf & /&y _1 has rank one. [ ]

3.8. Rational chain connectedness and uniruledness

Here we adopt the definition that a variety X is rationally chain connected if any two very
general points on X can be joined by a chain of rational curves, and that it is rationally
connected if any two very general points on X can be joined by a rational curve. Over C,
these definitions are equivalent to more technical definitions of rational (chain) connec-
tedness by [45, Proposition IV.3.6]. If X is additionally proper, then it is rationally chain
connected if and only if any two points on X can be joined by a chain of rational curves,
see [45, Corollary IV.3.5].

By [29, Corollary 1.5],if (X, A) is a rationally chain connected dlt pair and if ¥ is any
desingularisation of X, then both X and Y are rationally connected. Since X has rational
singularities by [48, Theorem 5.22], this implies that

H'(X,0x) =0 foralli >0 )
by [45, Corollary IV.3.8] and Hodge theory. In particular,

x(X,0x) = 1. %)
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If X is a normal proper variety, then it admits a dominant almost holomorphic map
m: X --> Z, called maximal rationally chain connected or MRCC fibration, to a smooth
variety such that the complete fibres of 7 are rationally chain connected and for a very
general fibre F' of m, any rational curve in X which intersects F lies in F, see [45, Sec-
tion I'V.5]. We include the following lemma for the lack of reference.

Lemma 3.17. Let (X, A) be a dit pair and let w: X --> Z be an MRCC fibration of X.
Then Z is not uniruled.

Proof. Leto: X’ — X be a desingularisation and let 7’: X’ --> Z be the induced rational
map. Then there are very general fibres F’ of 7" and F of 7 such that the map op:: F' — F
is a desingularisation. Note that (F, A| ) is dlt, hence F’ is rationally connected as above.

Assume that Z is uniruled. Then 7’ is not an MRCC fibration by [22, Corollary 1.4].
In particular, we may assume that there exists a rational curve in X’ which intersects F’
but does not lie in F’. Therefore, the image of this curve is a rational curve in X which
meets F but is not contained in F', a contradiction. [

The lemma implies, in particular, that dim Z = dim X if and only if X is not uniruled,
and note that Z is a point if and only if X is rationally chain connected. In the context
of the lemma, since the complete fibres of 7 are rationally connected, we say that 7 is a
maximal rationally connected fibration or MRC fibration of X .

The following very useful generalisation of [47, Theorem 11] implies that a variety
with nef anticanonical sheaf is almost always uniruled.

Lemma 3.18. Let (X, A) be a projective pair such that —(Kx + A) is pseudoeffective.
Then X is not uniruled if and only if X is canonical, A = 0 and Kx ~q 0.

Proof. Assume that X is canonical with Ky ~gq 0, and that X is uniruled. If 7: X' — X
is a desingularisation, then K- is pseudoeffective and X" is uniruled, which is impossible
since X’ possesses a free rational curve through a general point, see [15, Section 4.2]. This
proves one direction.

Conversely, assume that X is not uniruled. Assume for contradiction that A # 0, and
let C be the intersection of dim X — 1 general very ample divisors on X. Then C is a
smooth curve which avoids the singular locus of X, and clearly deg O¢c (Kxy + A) <0 and
deg Oc (A) > 0. Therefore, deg O¢c (Kx) < 0 and thus X is uniruled by [68, Corollary 2],
a contradiction.

Therefore, we have A = 0 and, in particular, Ky is Q-Cartier. If 7: X’ — X is a
desingularisation, then we may write

KX’ ~Q jT*KX =+ E,

where the divisor E is w-exceptional. Since X’ is not uniruled, the divisor K- is pseudo-
effective by [7, Corollary 0.3], so Ky ~q 7« Ky is pseudoeffective. Since —Ky is pse-
udoeffective by assumption, this implies Ky = 0 and Ky: = E, but then a result of
Lazarsfeld [47, Corollary 13] shows that £ > 0, and hence X is canonical. Finally, Kx is
torsion by [39, Theorem 8.2]. [
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3.9. Varieties with nef anticanonical sheaf

We work almost always with pairs (X, A), where A is a Q-divisor. However, as mentioned
in the introduction, most results of this paper hold for pairs (X, A), where A is an R-
divisor. The following remark explains this.

Remark 3.19. Let (X, A) be a projective, Q-factorial, log canonical pair such that A is
an R-divisor and —(Ky + A) is nef. Let L be a nef Q-divisor on X . If we are interested
in the question whether —(Kx + A) or L is num-effective, we may pass to a dlt blowup of
(X, A) by Theorem 3.7 (b) and by Lemma 3.5. In particular, we may assume that X is klt.
Then by [32, Corollary 3.6] there exists positive real numbers ry, ..., ry and Q-divisors
A1, ..., Ag such that r; + --- 4+ rg = 1, all pairs (X, A;) are log canonical, all divisors
—(Kx + Aj) are nef and Ky + A = Zle ri(Kx + A;). In particular, if Theorem A
holds for rational boundaries, then it holds also for real boundaries.

We recall the important definition of locally constant fibrations [64, Definition 2.3].
The inclusion of (b) in the definition below is justified by the proof of [64, Proposition 2.5].

Definition 3.20. Let f: X — Y be a fibration between normal varieties and let A be a
Weil Q-divisor on X. Then f is a locally constant fibration with respect to (X, A) if the
following hold:

(a) f is an analytically locally trivial morphism with the fibre F,

(b) the fibre product Y xy X is isomorphic to the product Y x F over the
universal cover Y™V of Y,

(c) every component of A is horizontal over Y,

(d) there exist a 7r1 (Y)-invariant Weil Q-divisor Ar on F and a representation
p:m1(Y) — Aut(F)

such that (X, A) is isomorphic to the quotient (Y "™V x F, prrAF)/mi(Y)overY,
where prg: Y" x F — F is the second projection and 7 (Y) acts diagonally
on YV x F by

y-(v.2):=(y-y,p(y)(2) foryem(Y)and(y,z)€Y"™ xF.
We now come to the following very recent structure theorem from [19,64] for varieties
with nef anticanonical class, which is fundamental for our work.
Theorem 3.21. Let (X, A) be a projective kit pair such that —(Kx + A) is nef. Then:

(a) there exists a quasi-étale cover ju: X' — X such that X’ admits a locally constant
MRC fibration w: X' — Z with respect to (X', u* A), and Z has canonical singu-
larities and is a product of an abelian variety, singular Calabi—Yau varieties and
singular irreducible holomorphic symplectic varieties as in [25, Definition 8.16],

(b) if F is the fibre of , then
V(F,—(KF + A|F)) = V(X,—(KX + A))
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Proof. Part (a) is [64, Corollary 1.2], which improves on [14, Corollary 1.3]. For com-
pleteness, we recall its proof: by [64, Theorem 1.1] there exists a normal projective variety
X with a quasi-étale cover 6: X — X such that X admits a locally constant fibration
X — Z with respect to ()’(~ , 0*A), where Zisa projective klt variety with K5 = 0.
By [35, Theorem 1.5] there exists a finite quasi-étale morphism Z — Z such that Z has
canonical singularities and is a product of an abelian variety, singular Calabi—Yau varieties
and singular irreducible holomorphic symplectic varieties. We set X’ := X x 5 Z.

Part (b) follows from [19, Theorem 1.5], which improves on [10, Theorem 1.2]. [

3.10. Shafarevich maps
We will need the concept of Shafarevich maps [44, Definition 3.5] in Section 6.

Definition 3.22. Let X be a compact Kéhler space and let H be a normal subgroup of
71(X). Then there exists a Kiihler manifold Sh” (X) and an almost holomorphic map

shi: X ——» sh (X),

called the H -Shafarevich variety and the H -Shafarevich map of X respectively, such that
there are countably many proper subvarieties D; € X with the property that, for a subvari-
ety Z € X with Z £ |J; D;, the normalisation Z" of Z satisfies that the set shf (Z)isa
point if and only if Im(7r1 (Z") — 71(X)) N H has finite index in Im(71 (Z") — 71 (X)).
An H -Shafarevich variety is defined up to birational equivalence.

3.11. Generalised Nonvanishing on surfaces

The main result of [31] is that the Generalised Nonvanishing Conjecture holds for surfaces.
It is crucial for the proofs in this paper. The following result is [31, Theorem 1.5 and
Corollary 1.6].

Theorem 3.23.
(a) Let (X, B + M) be a projective, log canonical, NOQC surface g-pair such that
Kx + B + M is pseudoeffective. Then Kx + B + M is num-effective.

(b) Let (X, B) be a projective, log canonical, surface pair such that the divisor
—(Kx + B) is nef. Then k(X,—(Kx + B)) > 0.

4. Subsheaves of tensor powers of the cotangent sheaf

In this section we first prove the following small generalisation of one of the main results
of the paper [72], following very closely the proof of [72, Theorem 1.4].

Theorem 4.1. Let (X, A) be a projective, Q-factorial, log canonical pair such that
—(Kx + A) is nef. Let m be a positive integer and let M be a saturated subsheaf of
(ngl])g’”. Then —c1 (M) is pseudoeffective.
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Proof. Assume that —c; (M) is not pseudoeffective. Then there exists a movable curve
class @ on X such that ¢q (M) - @ > 0, so that

max 1\ Xm
pe((@kh)™™) > 0.
Since =
e (@)") = m g (Qy) = —m - g (Tx)
by [24, Theorem 4.2] and by Lemma 3.11 (a), we obtain
g™ (Tx) < 0. (6)

In particular, Ty is not a-semistable.
Now we follow closely the proof of [72, Theorem 1.4]. Let

0=ES &G G& =Tk
be the Harder—Narasimhan filtration of Ty, where r > 2. Note that
c1(Tx) o =—-Kyxy-a=—(Kxy +A)-a+A-a>0,

hence by (6), by [72, Lemma 2.1] and by Lemma 3.11 (e) there exists k € {1,...,r — 1}
such that

pa(Tx /€k) <0 @)
and
1" (8k) = Ka(Ek/Ek—1) > 0. ®)
Then (7) implies
a-Ky +a-c1(6) > 0. 9)

On the other hand, (8) yields

2u8™(8k) = 21a(Ek/Ek—1) > Ha(Ek/Ek—1)
> a(Ek+1/8k) = g™ (Tx / Ek).

Therefore, & is an algebraically integrable foliation by [72, Proposition 2.2], so there
exists a dominant rational map f: X --> Y which induces & such that 0 < dimY <
dim X. If A, denotes the part of A which is vertical over Y, then [72, Theorem 1.10]
implies that the divisor Kg, — Kx — A is pseudoeffective, hence Kg, — Kx is pseudo-
effective. In particular,

oKy +oa-c1(8) <0,

which contradicts (9) and finishes the proof. [

An immediate consequence of Theorem 4.1 is the next important result [72, Corol-
lary 1.5] on the pseudoeffectivity of the second Chern class of varieties with nef anti-
canonical class. It is the anticanonical analogue of the famous result of Miyaoka [66,
Theorem 6.6] on the pseudoeffectivity of the second Chern class of varieties with nef
canonical class. We provide the proof for the reader’s convenience.
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Theorem 4.2. Let X be a projective, Q-factorial, log canonical variety of dimension n
such that the codimension of the singular locus of X is at least 3 and such that —Kx is
nef. If m: X' — X is a desingularisation, then for any nef divisors Hy, ..., H,—> on X we
have

Cz(X/) 'JT*HI . ']T*Hn_z > 0.

Proof. By continuity of intersection products we may assume that each divisor H; is very
ample and that it is general in the linear system | H;|. Theorem 4.1 implies that the reflexive
sheaf Ty is generically (Hy,. .., H,—>)-semipositive in the sense of [66, Section 6]. Since
¢1(X) = —Ky is nef, by [66, Theorem 6.1] we obtain

Cz(X)'Hl '...'Hn_z 20 (10)
Set H :=n*H; foralli =1,...,n—2, and
S:=HiN---NHy,, and S :=H N---NH,_,.

Since the codimension of the singular locus of X is at least 3, we may assume that S and
S’ are smooth surfaces. We first claim that there exist a locally free sheaf ¥ on S and
C*°-decompositions

Tx|ls ~Ts ®F and Tx/|s ~Ts @ (mw|s)*F. (11)

Indeed, there exists a C*°-decomposition Tx |z, ~ Ta, ® Np,/x on the smooth locus
of X, as well as a C°°-decomposition Ty| H| = Ty; ® Ny;/x/. By induction on the
dimension there exist a locally free sheaf § on S and C *°-decompositions

T ls Ts ®9 and Tyls =Ty & (7]s)"8.

Then (11) follows by setting ¥ :=§ & Ng,/x|s-

Now, the birational map 7|s/: S — S is a sequence of blowups at smooth points
by [2, Corollary I11.4.4], hence ¢3(S’) > ¢»2(S) by Noether’s formula. Furthermore, we
have ¢1(S) - c1(F) = c1(S') - (;w]s)*c1(F) by the projection formula, and also ¢ (¥) =
ca((mw|s7)* F). Therefore, by (11) and the Whitney product formula we obtain

e2(Tyrls’) = (') + e1(S) - (wls)*e1(F) + ea((m]s) " F)
Z c2(8) + c1(8) - c1(F) + c2(F) = ca(Tx|s).

Since c2(Tx|s) = 0 by (10), we obtain ¢, (Tx|s/) > 0, which was to be proved. |

5. Proof of Theorem E

In this section we prove Theorem E. The proof combines general ideas from [57,59] with
Theorem 4.1. In particular, singular hermitian metrics on line bundles play a key role.
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The main idea is to connect the num-effectivity of a nef line bundle to the existence of
differential forms with values in multiples of the line bundle. This is done in Theorem 5.2
below. The proof follows closely that from [57, Section 4]; however, extra care has to
be taken, since we may not always work on a resolution, as nefness of the anticanonical
divisor is not a birational invariant.

The reason why working with differential forms is advantageous is that we may then
apply the Hard Lefschetz theorem from [17] to study higher cohomology groups of mul-
tiples of L in more detail, and thus the corresponding Euler—Poincaré characteristic.

We start with the following general lemma.

Lemma 5.1. Let X be a projective manifold and let & be a locally free sheaf on X. Let
£ be a pseudoeffective line bundle on X which is not numerically trivial, and assume that
there exist an infinite subset T C Z and numerically trivial line bundles #,, for every
m € T such that

H°(X, & ® £2™ @ Apy) # 0.

Then there exist a positive integer r, a saturated line bundle M in /\" &, an infinite subset
S C N and numerically trivial line bundles By, for every m € § such that

Ho(X, M ® £%" ® B,,) # 0.

Proof. Since the proof is analogous to that of [57, Lemma 4.1], we only indicate the most
important changes to the proof.

As in the proof of [57, Lemma 4.1], we may assume that 7 C N. For every m € 7 we
fix a nontrivial section of H%(X, & ® £%™ ® A,,), which gives an inclusion

L8 R AL — 6.
Let ¥ C & be the torsion-free coherent sheaf which is the image of the induced map

P o e A, > €.

meT

and let r be the rank of ¥ . As in the proof of [57, Lemma 4.1] we deduce that there exist
infinitely many r-tuples (my, ..., m,) such that, if we set

°(Bml+"'+mr = fA'ml ® te ® eA’mrv
then there are inclusions
$®—(ml+“'+mr) ® B1 —det¥ C /\r &. (12)

my+-+my

Now, if M is the saturation of det ¥ in /\r &, then by (12) there exists an infinite set
S§ C N such that

H X, M ® £%°" Q@ B,) #0 forallme S,

which proves the lemma. ]
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The following Nonvanishing Criterion is analogous to [57, Theorem 6.3] and [59,
Theorem 7.1].

Theorem 5.2. Let (X, A) be a projective, Q-factorial, log canonical pair such that
—(Kx + A) is nef and let L be a nef Cartier divisor on X such that v(X, L) = 1. Let
m:Y — X be a resolution of X and assume that for some non-negative integer p there
exist infinitely many integers m and numerically trivial line bundles A, such that

H(Y,(Q)®” ® Oy (ma*L) ® Ap) # 0.
Then L is num-effective.

Proof. We apply Lemma 5.1 with & := (2},)®? and £ := 7*Ox (L). Then there exist:
(1)  a positive integer r and a Cartier divisor M on Y such that the line bundle
Oy (M) is saturated in /\" (Q})®?,
(ii) aninfinite set § C N,
(iii) integral divisors N, > 0on Y form € §, and
(iv) numerically trivial Cartier divisors B,, on Y form € §,
such that
Npy~M +mn*L + B,. (13)

Set M’ := .M. Since X is Q-factorial, there exists a positive integer k such that kM is
Cartier. Then the reflexive sheaves (7« Oy (kM ))** and Ox (kM) coincide on a big open
subset of X, hence they are the same. Since

(QX(kM/) _ (]t*@y(kM))** c <N*(/\r(9;)®p)®k)**

= (A" ™)™ < @™,

by Theorem 4.1 we infer that the divisor —M" is pseudoeffective.
By Lemma 3.4 for each m € § there exists a numerically trivial Q-Cartier divisor B;,
on X such that B,, = n* B,,. Pushing forward (13) to X we obtain

7«Ny ~M' +mL + B,

and hence
mL ~ wuNpy + (—M' — B,) formeS. (14)

Note that the divisor —M' — Bj, is pseudoeffective.
Now, if there exists a positive integer mg € $ such that w4 N,,, 7 0, then we conclude
by [57, Theorem 6.1].
Otherwise, there exist positive integers m; < my in § such that 7, Ny, = 74Ny, = 0.
Then (14) gives
(mz —ml)L ~ B,/n1 — Brln2 = O,

which contradicts the assumption v(X, L) = 1. This finishes the proof. ]
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We now deduce a result which is crucial for the proof of Theorem E.

Corollary 5.3. Let (X, A) be a projective, Q-factorial, log canonical pair such that
—(Kx + A) is nef and let L be a nef Cartier divisor on X such that v(X, L) = 1. Let
m:Y — X be a resolution of X and assume that for some non-negative integer p there
exist an infinite subset S C N and numerically trivial line bundles A, for m € S such
that

Hp(Y, Oy (—mn*L) ® Am) #0. (15)

Then L is num-effective.

Proof. Denote £ := n*Ox (L). If there exist m € § and a singular metric /,, with semi-
positive curvature current on the line bundle £®™ ® ! such that I () # Oy, then £
is num-effective by [57, Theorem 6.5], and hence L is num-effective by Lemma 3.5 (a).

Therefore, if we fix singular metrics 4, with semipositive curvature current on £®” ®
A,,! for each m € §, we may assume that

I(hym) =0y forallmes. (16)

Fix a Kihler form w on Y. A version of the Hard Lefschetz theorem [17, Theorem 0.1],
together with (16), implies that for each m € § we have the surjection

o"7P

HOY. QL @ 227 @ A1) 225 H' P (Y, Q) @ 287 @ AL)).
This, together with (15) and with Serre duality, yields
H(Y, Q) ® 22" @ A,,') #0
for all m € §, and we conclude by Theorem 5.2. [
We finally give the proof of Theorem E.

Proof of Theorem E. Let f:(W,T")— (X, A) be a dlt blowup of (X, A). Since X has ra-
tional singularities by assumption and W has rational singularities by [48, Theorem 5.22],
we deduce x(X, Ox) = x(W, Ow). Therefore, we may replace (X, A) with (W, I") and
L with f*L by Lemma 3.5 (b), and hence we may assume that (X, A) is a Q-factorial dlt
pair.

The rest of the proof is similar to that of [57, Theorem 6.7]. However, since the result
in op. cit. has different assumptions, we provide below the details for the benefit of the
reader.

Arguing by contradiction, we assume that L is not num-effective. Pick a resolution
m:Y — X of X. Then, by Corollary 5.3, for all p > 0 and for all m > 0 we have

H?(Y,Oy(—mn*L)) =0,

thus
x(Y. Oy (—mn*L)) =0
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holds for all m > 0, and consequently for all m € Z. But then y(Y, Oy) = 0, and therefore
x(X, Ox) = 0, since X has rational singularities. This is a contradiction which finishes
the proof. ]

6. Proofs of Theorems F and G

In this section we first prove Theorem F. To this end, we will combine the methods from
[64] with a result on the virtual commutativity — in a certain sense — of the fundamental
group 71 (Y) of a compact kit Kéhler space Y with numerically trivial canonical divisor.
We then deduce Theorem G as an easy consequence of Theorems E and F.

We start with the commutativity result. If Y is a projective klt variety with numerically
trivial canonical divisor, then it is expected that 71 (Y) is a virtually abelian group, i.e. it
contains an abelian subgroup of finite index. This problem is still open when dimY > 4.
We are, however, able to show that any of its linear representations is virtually abelian,
which suffices for our purposes. We first need the following lemma.

Lemma 6.1. Let Y be a compact kit Kihler space with numerically trivial canonical
divisor. Then there does not exist a finite étale cover of Y which dominates a variety of
general type.

Proof. Since a finite étale cover of Y is again a compact kit K&hler space with numerically
trivial canonical divisor, it suffices to prove the lemma for Y itself. To this end, assume
that there exists a dominating rational map ¥ --> Z to a smooth variety of general type.
Take a desingularisation 7: Y — Y which resolves the indeterminacies, and let h: Y — Z

be the induced morphism:
\
T

444444444444444444444444444 Y Z.

Then the inclusion h*Q}, C Q;—, induces the inclusion

N

(mh* Q)™ € ()™ = Qb (17)

where Qg}] is the sheaf of reflexive differentials on Y. Fix a Kéhler class @ on Y. By

[27, Theorem A] the tangent sheaf 7y is a-semistable, hence so is its dual Qg,l]. If o
denotes the slope with respect to «, then (17) gives

Ha((rh™2)™) < na(Qy) = 0.

On the other hand, since det((r«h*Q%)**) = (w+h*wz)** and the line bundle wy is big,
we have pq ((h*Q%)**) > 0, a contradiction which finishes the proof. L]

Proposition 6.2. Let Y be a compact kit Kdhler space with numerically trivial canonical
divisor and let v: 11 (Y') — GL(N, C) be a linear representation. Then Im(t) is virtually
abelian.
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Proof. The strategy is similar to [9, Theorem 7.8], [63, Proposition 3.9], and [26, Propos-
ition 3.3], which are based on [11, 70, 78]. Here we give a detailed proof.

Step 1. We first note that if we have a finite étale cover v: Y’ — Y together with the
induced representation

(YY) 2 1 (Y) = GL(N, ©),

then Im(z’) is virtually abelian if and only if Im(7) is. Therefore, we may and will freely
replace Y with a finite étale cover throughout the proof.

Step 2. Let H be the Zariski closure of Im (t) € GL(N, C) and let Rad(H ) be the solvable
radical of H. Note that H/Rad(H) is a linear algebraic group by [37, Section 11.5], and
we fix an embedding H/ Rad(H) € GL(M, C). Consider the induced representation

Z:m(Y) - H — H/Rad(H) — GL(M, C). (18)

Then we claim that, after replacing ¥ with a finite étale cover, we may assume that H is
connected, that the image Im(7) is torsion-free, and that the Zariski closure of Im(7) C
GL(M, C) is semisimple.

Indeed, the linear algebraic group H has only finitely many connected components,
and let Hy be the connected component of H containing the identity element. Then H/H,
is a finite group, and thus we may assume H is connected by passing to the étale cover
corresponding to the kernel of the composite 771 (Y) — H — H/Hy. By Selberg’s lemma,
the image Im (7) has a torsion-free subgroup S of finite index. Hence, we may assume
that Im (T) is torsion-free by passing to the étale cover corresponding to the kernel of
the composite 71(Y) — Im (T) — Im (7)/S. The last part of the claim follows since
H/Rad(H) is semisimple.

Step 3. Let K be the kernel of the map in (18). By [11, Théoreme 1] there exists a smooth
K-Shafarevich variety Z of general type together with the corresponding K-Shafarevich
map sh{f 1Y --> Z. By Lemma 6.1 we have dim Z = 0. Then Y itself is the fibre of
sh{f , hence the group K is of finite index in 71(Y) by Definition 3.22, and therefore
Im(7) is a finite group. Thus, Im(7) is virtually solvable. By Lemma 6.1 again and by
[11, Corollaire 4.2], we conclude that Im(7) is virtually abelian. [

Now, let f: X — Y be a locally constant fibration with the fibre F. By the proof of
[64, Proposition 2.5] we have the following diagram:

X ywvy g 9 L F
fl pl (19)
Y Yuniv
<L ,

where the square is Cartesian, and p and ¢ are the natural projections of the product
YUl x F.
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The following proposition improves on [64, Lemma 2.4] and is the heart of the proof
of Theorem F. Note that the proposition is invalid when f is merely analytically locally
trivial.

Proposition 6.3. Let f: X — Y be a locally constant fibration of normal projective vari-
eties with the fibre F and the representation p: w1(Y) — Aut(F) as in Definition 3.20,
and assume the notation from diagram (19). Let L be a Cartier divisor on X such that
f+Ox (L) # 0 and assume that H'(F, Of) = 0. Then there exist a Cartier divisor D on
F and a Q-Cartier Q-divisor B on Y such that:

(a) the line bundle O (D) is w1 (Y )-equivariant and B*L ~q B* f*B + q* D,

(b) there exists a positive integer mq such that for any positive integer m divisible by
mo, the sheaf f+Ox (m(L — f*B)) is a flat locally free sheaf on Y which is given
by the representation

t:m1(Y) —» GL (H°(F.OF (mD)))

induced by p.

Assume additionally that Y has rational singularities and that Im (7) is virtually solvable.
Then for any positive integer m divisible by mq there exists a flat line bundle M on Y,
depending on m, such that

H°(X,0x(m(L — f*B)) ® f*M) #0.

Proof. In the proof, for a point y € Y we often identify {7} x F C Y x F with F
under the isomorphism

qlGwwrF: iy} x F — F.
We divide the proof in four steps.

Step 1. In this step we show (a). The numerical class of the line bundle Ozyxr (8* L) on
F is independent of the choice of y € Y, hence so is the linear equivalence class of
Oixr (B*L) as H' (F,OF) = 0. Then there exists a Cartier divisor D on F, independent
of y € YW, such that D ~ (B*L)|(51xF, thus the line bundle

Oywivxr (B*L —q* D)

is trivial on every fibre {y} x F of p: YV x F — yuniv,

By applying the same argument to some ample Cartier divisor A on X instead of L,
we construct an ample line bundle D4 on F'.

Now, let y €71 (Y) be a closed loop and set g:=p(y) € Aut(F). Since X ~ (Y™ x F)/
1(Y) over Y, the line bundle Ox (S*L) is equivariant under the action of 71(Y) via
p:m1(Y) — Aut(F). Hence, we have

B*L ~ (y.g)- (B*L).
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where (y, g) € Aut(Y'""" x F). Restricting this relation to {y} x F, we obtain

D ~ (B*L)|gyxr ~ (. &) - (B*L)lgyxr ~ & - (B*L)|¢y.53xF ~ & - D.

Thus, the line bundle Of (D) is 71 (Y')-equivariant.

Analogously, the ample line bundle O (D4) is 1 (Y )-equivariant, hence the Zariski
closure H of Im(p) is a linear algebraic group by [8, Lemma 2.3]. Then, since H has only
finitely many connected components, by the proof of [42, Proposition 2.4] there exists a
positive integer m such that the line bundle O (m D) is H -linearisable for any positive
integer m divisible by my.

The quotient (¢*OF (moD))/71(X) of the total space of the line bundle g* O g (m D)
determines a line bundle on X . Take a Cartier divisor Ly on X such that

Ox(Lo) = (¢*OF (moD))/m1(X).
Then B*Ox (Lo) =~ q*OF (mo D) by definition, hence

Since D ~ (B*L)|(53xF, we obtain from (20) that the line bundle Ox (moL — Lo) is
trivial on any fibre of f: X — Y via the isomorphism

Bligixr: {7} x F — f~(a(3)).
Thus, by Lemma 3.10, there exists a Cartier divisor B’ on Y such that
moL — Lo ~ f*B’. 21

Setting B := mioB’, we finish the proof of (a) by (20) and (21).
For the remainder of the proof, m is a positive integer divisible by m.
Step 2. In this step we show (b). By (a) we have

p*(gYU“iVxF(m:B*(L - f*B)) = pP«Oyuwivyp(mq*D)
= Oyww ®c H°(F,OF(mD)),

where the second equality follows since p and g are the projections. On the other hand,
by the flat base change we have

PB*Oyuivy p (m(L — f*B)) ~ o fuOx (m(L — f*B)).

Thus,
a* fOx (m(L — f*B)) =~ Oywv ®c H°(F.Op(mD)). (22)

The fundamental group 71 (Y) naturally acts on the sheaf «* £, Ox (m(L — f*B)), and
J«Ox (m(L — f*B)) is the quotient of & f,.Ox (m(L — f* B)) by the 1 (Y )-action from
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the definition of locally constant fibrations. The first part of (b) follows from the equivalent
definitions of flat locally free sheaves [43, Chapter I].
For the second part of (b), we show that the 1 (Y')-action on

(Dyuniv ®C HO(F5 OF(mD))

coincides with the linear action induced by 7. Indeed, by construction, for a point y € Y
with the corresponding fibre X, = f~!(y) and for any y € o~ (y), the isomorphism (22)
is obtained by identifying Ox, (mL) with O (m D) via the isomorphism
hy: X, —= '}xF;F.
Blyxr)! PlGixF

The isomorphism /5 depends on y, but is determined by p: indeed, for two points y1, y» €
a”!(y) consider a closed loop y € 71 (Y) with y - 1 = 2. Then hy, o by can be
described by p(y) € Aut(F), hence the claim follows.

Step 3. In the remainder of the proof we show the last claim of the proposition. We first
show that we may assume that the Zariski closure H of Im (7) is connected and solvable.

As is Step 2 in the proof of Proposition 6.2, the connected component Hy of H
containing the identity element is of finite index in H. By assumption, there exists a
solvable normal subgroup S C Im (7) of finite index. Then the kernel K of the composite
m1(Y) —» Im(tr) = Im (t)/(S N Hyp) is of finite index in 71 (Y'), hence defines a finite
étale cover a: Y/ — Y. Setting X’ := Y’ xy X, then X and X’ are the quotients of the
fibre product YV xy X ~ YUV x F by the r; (Y )-action and the K -action, respectively,
hence we obtain the Cartesian diagrams

B

—

X Y'wx fF— 8 F

X
ﬂ/ ﬂ// q
Y

J Y/ ¢ — Yllan .

!

o o

o

The induced morphism f’: X’ — Y’ is a locally constant fibration. The Cartier divisors
o B and D satisfy (a) and (b) of the proposition applied to «’* L and f’. In particular,
the sheaf f,/B"*Ox:(m(L — f*B)) is a flat locally free sheaf which is determined by the
induced representation

i (YY) o 71(Y) = GL (H°(F,OF(mD))).

The image Im(z’) is connected and solvable by the construction of Y’. Therefore, by
replacing f with f’ and by Lemma 3.5 (c), we may assume that Im(z) is connected and
solvable. Then the Zariski closure of Im(7) is also solvable, see for instance [37, Exer-
cise 17.2].
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Step 4. Now, by the Lie—Kolchin theorem, see [37, Sections 17.6 or 21.2], after fixing a
suitable basis of H(F, O (m D)), the representation matrices 7(y) € GL(H °(F, Or(m D)))
are upper triangular for any y € 7y (Y). If r = dim H°(F, O (m D)), then the represent-
ations 71 (Y) — C* obtained from each diagonal component of 7(y) determine flat line
bundles My, ..., M, on Y. Then, by (b) and by considering sub-matrices of 7(y), we
obtain a filtration of locally free sheaves

0=60C& C--C &1 C8& = fiOx(m(L — f*B))
such that & /&r_1 ~ My for each k. In particular,
Oy € f+0x(m(L — f*B)) ® M,
hence H%(X,Ox(m(L — f*B)) ® f*M[') # 0, as desired. L]
We are now ready to prove Theorems F and G.

Proof of Theorem F. In the proof we adopt the notation from diagram (19). Let F' be the
fibre of f. The pair (X, A) is isomorphic to the quotient (Y'" x F,g*(A|f))/m1(Y),
and B: Y"V x F — X is an étale cover. Hence, B*A = ¢*(A|r) and

ﬁ*KX ~Q KYunivXF ~Q p*KYuniv + q*KF,

and therefore
ﬁ*(KX + A) ~q p*KYuniv + q*(KF + AlF). (23)

Now, we have g(F) = 0 by (4), and by assumption there exists a positive integer
m such that the divisor L := —m(K + A) is Cartier and H°(F, Of (L)) # 0, hence
f«Ox (L) # 0. Therefore, there exist Cartier divisors B on ¥ and D on F as in Pro-
position 6.3 applied to L and f. By (23) and by the proof of Proposition 6.3 (a) one sees
immediately that B ~ —m Ky and D ~ —(Kf + A|f). In particular, B ~ 0, and hence, by
Proposition 6.3 (b), the sheaf f.Ox (L) is a flat locally free sheaf on ¥ which is given by
a representation 7: 771 (Y) — GL(H°(F, Of(D))). By Proposition 6.2 the image Im(z)
is virtually abelian, hence L is num-effective by the last claim in Proposition 6.3. This
finishes the proof. ]

Proof of Theorem G. By Theorem 3.21 (a) there exists a quasi-étale cover u: X' — X
such that, if we set A’ := pu*A, then X’ admits a locally constant MRC fibration 7: X' —
Z with respect to (X’, A’), where Z is a projective canonical variety with Kz ~ 0. Then

KX’ + A/ ~Q /L*(KX + A),

and hence (X', A’) is terminal by [48, Proposition 5.20], the divisor —(Kx’ + A’) is
nef and v(X’, —(Kx’ + A’)) = 1. Therefore, we may replace (X, A) with (X', A’) by
Lemma 3.5, and thus we may assume that X admits a locally constant MRC fibration



The Nonvanishing Problem for varieties with nef anticanonical bundle 1421

. X — Z withrespect to (X, A), where Z is a projective canonical variety with Kz ~ 0.
Since X is uniruled by Lemma 3.18, we have 0 < dim Z < dim X.
Let F be the fibre of 7. Then F is rationally connected and

v(F,—(Kr + Alp)) = v(X,—(Kx + A)) = 1

by Theorem 3.21 (b). Therefore, « (F, —(Kr + A|r)) > 0 by Theorem E and by (5), as
the numerical and QQ-linear equivalence coincide on a rationally connected variety. We
conclude by Theorem F. ]

Finally, we prove the following result valid in every dimension, which will be used in
the proofs of Theorems A and D.

Theorem 6.4. Let (X, A) be a projective kit pair of dimension n such that —(Kx + A) is
nef. Assume that v(X,—(Kx + A)) = n — 1 and that X is not rationally connected. Then
—(Kx + A) is num-effective.

Proof. As in the proof of Theorem G, we may assume that X admits a locally constant
MRC fibration 7r: X — Z with respect to (X, A), where Z is a projective canonical variety
with Kz ~ 0. Since X is uniruled by Lemma 3.18, but not rationally connected, we have
0 < dim Z < n.If F is the fibre of 7z, then by Theorem 3.21 (b) we have

v(F,—(Kr + AlF)) = v(X,—(Kx + A)) =n—1.

Therefore, the divisor —(Kr + A|f) is big, so we conclude by Theorem F. |

7. Projective bundles

In this section we prove Theorem 7.2 on nonvanishing of nef line bundles on analytic
projective bundles X, which is of independent interest. The results of this section deal
with any nef line bundle on X and not exclusively with nef line bundles of the form
—(Kx + A), and we do not assume anything about the nefness of the anticanonical divisor
of X. In the proofs we use crucially the theory of numerically flat bundles from [16].

We start with the following result on the numerical flatness of direct image sheaves.

Proposition 7.1. Let f: X — Z be an analytically locally trivial P”-fibration between
normal projective varieties. Let L be a nef f-ample Cartier divisor on X with v(X, L)
=r. Then f«Ox (L) is a numerically flat locally free sheaf on Z.

Proof. Note that the map f is flat and set  := f,Ox(L). Then ¥ is locally free by
Lemma 3.10. Let C C Z be an irreducible curve and let v: C’ — C be the normalisation.
It suffices to show that

F':=v*(¥|c) is numerically flat on C’. (24)
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Tothisend, set Y := f~!(C)and Y’ :=Y x¢ C’, and consider the Cartesian diagram

v -2 .y
ﬂJ lfY

C/T>C.

Then the morphism 7: Y’ — C’ is an analytically locally trivial P"-fibration. Since we
have H2(C’, O%,) = 0, by [20, p. 223] and by GAGA theorems there exists a locally free
sheaf & of rank r + 1 on C’ such that

Y = P(6).

Denote by £ a Cartier divisor on IP(€) corresponding to Opg)(1), let F be the numerical
class of any fibre of 7, and set L’ := ¢*(L|y). By [33, Exercise II1.12.5] there exist an
integer k and a Cartier divisor D on C’ such that

L' ~k§+7*D, (25)

and note that k > 0 since L is f-ample. We have " - F = Op-(1)" = 1, and hence
g7+l = ¢1(&) by the defining relation of Chern classes of &. Since v(X, L) = r, we have
(L')" ™1 = 0, and hence (25) gives

deg D = —K;c1(6). (26)

By cohomology and base change [33, Theorem II1.12.11] applied to the Cartesian diagram

y 45y —5x

1 e I

C'——C——Z
we have

Oy (L) ~ F/,
which together with (25) gives
7' ~ Symf € ® O¢/(D).

Then (24) follows from this last relation by (26) and by Lemma 3.15 (a). [ ]

Now, we prove the main result of this section.

Theorem 7.2. Let X be a normal projective variety, let Z be a projective kit variety and
let f: X — Z be an analytically locally trivial P -fibration. Let L be a nef f-ample
Cartier divisor on X withv(X,L) =r.
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(a) If m1(2) is virtually abelian, then L is num-effective.
(b) If m1(Z) is finite, then k (X, L) > 0.
(¢) If Kz =0, then L is num-effective.

As mentioned in Section 6, it is expected that the fundamental group of a projective klt
variety Z with Kz = 0 is virtually abelian, in which case (c) would follow immediately
from (a). However, this is currently not known.

Proof of Theorem 7.2. 'We proceed in several steps.

Step 1. In this step we show (a) and (b). Since 71(Z) is Vlrtually abelian, there exists a
finite étale cover ¢: Z — Z such that m(Z) is abelian. Then Z is klt by [48, Prop0s1-
tion 5.20] and if 0: Z — Z is a desingularisation of Z, then oy m; (Z) — (Z) is an
isomorphism by [74, Theorem 1.1]. Consider the base change diagram

X
|
Z.

Then f :X — Z is also an analytically locally trivial P -fibration and the divisor L=
£*L is anef f—ample Cartier divisor on X with v()?, E) =r. Since X is kit as it is locally
a product of a smooth variety and a klt variety, we have that L is num-effective if and only
if L is num-effective by Lemma 3.5. By replacing X with X, Z with Z, f with f , and
L with Z we may assume that X and Z are smooth, and 771 (Z) is abelian; in case (b) we
may assume that Z is simply connected.

Now, by Proposition 7.1, the sheaf f,Ox (L) is a numerically flat locally free sheaf
on Z. Since the group 771 (Z) is abelian, by Theorem 3.16 there exists a numerically trivial
line bundle ¥ C f,Ox (L). Therefore,

§
—

>

~
Ny ¢——

—
too

H(X.0x(L)® f*¢7") ~ H°(Z, fxOx(L) ®§~") # 0,

which shows (a). Part (b) then follows immediately, since numerical equivalence and Q-
linear equivalence coincide on Z.
In the remainder of the proof we show (c).

Step 2. We first claim that, after making a quasi-étale base change, we may assume that
Z is a canonical variety and Z >~ A x Y, where
(1)1 A is an abelian variety,

(ii); Y is a canonical variety such that Ky ~ 0, g(Y) = 0 and any finite dimensional
representation of 1 (Y') has a finite image.

Indeed, by [35, Theorem 1.5] there exists a finite quasi-étale cover ¢: 7 — 7 such that
Z ~ A x Y, where A is an abelian variety and Y is a canonical variety with Ky ~ 0 and
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G(Y) = 0. Then by [23, Theorem 13.6] any finite dimensional representation of 71 (Y)
has a finite image. The claim follows by replacing the morphism f* with a base change by
¢ asin Step 1.

Step 3. Let 0: Y > Ybea desingularisation of Y, set Z:=AxY andleto := idgy x 0
be the corresponding desingularisation of Z. Consider the base change diagram

X
|
Z.
Then f X — Z is also an analytically locally trivial P"-fibration and the divisor L :
E*L is a nef f -ample Cartier divisor on X with v(X L) = r. We also have that L is

num-effective if and only if L is num-effective by Lemma 3.5.
Now, by Proposition 7.1 the sheaf

F = f04(D)

is a numerically flat locally free sheaf on Z. Hence, by Theorem 3.16 there exists a her-

§
—

>

~
Ny ——

—
o

mitian flat subbundle of rank k&,
§CF

Step 4. Fix afibre F ~ Y of the first projection Z — A, and denote
& = §| F,

viewed as a vector bundle on Y. Since & is hermitian flat, it is given by a unitary repres-
entation p: nl(?) — U(k). Since 0: 711(17) — m1(Y) is an isomorphism by [74, The-
orem 1.1], the representation p has a finite image by (ii);. Then the kernel of p induces a
finite étale cover n: Y/ — Y. Consider the base change diagram

) N 7%

|

Y’T>Y.

In this step we claim:
(i)2 the sheaf & does not move infinitesimally,
(ii)» v™*8& is the trivial vector bundle of rank k on Y.

Indeed, (ii), follows immediately. In particular, the sheaf End(v*E€) ~ v* &nd(E) is
also trivial. Since 0 < ¢(Y’) < g(Y) = 0 and since Y’ has canonical singularities by
[48, Proposition 5.20], it follows readily that H 1 (Y’, (917,) = 0, and hence

H'(V,v* €nd(8)) ~ H' (Y, 04)% =
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By the finiteness of v and by the projection formula we obtain
0=H"(Y',v*€nd(€)) =~ H' (Y, vsv* 8nd(8)) =~ H'(Y,End(€) ® v.0y,).
As v is finite étale, the sheaf @ 7 is a direct summand of v*(9f,/, hence
H(Y,€nd(€)) = 0.

This shows (i)5.
Step 5. Set Z' := Ax Y’ and p = idy x v: Z' — Z, and let ps: Z' — A be the first

projection. Setting

g =u*g,
by Step 3 we infer that the restriction of the sheaf §' to each fibre of p4 is the trivial vector
bundle of rank k. Thus, setting # := (p4)«&’, Lemma 3.9 yields

g~ piH.

Then the sheaf # is numerically flat, so by Theorem 3.16 there exists a numerically trivial
line bundle M C #. Therefore, M’ := p}M is a numerically trivial line bundle such that
M CE.

Consider the Cartesian diagram

) AN
A
72— 7.
m
Set L' :=y*L and ' := pu* % . By Lemma 3.5 it suffices to show that L’ is num-effective.

The cohomology and base change [33, Theorem III.12.11] yields f;’ Oy (i’ ) =%, and
since M’ C ¥, we obtain

HO(X', 04L& (f)*(M)") = HOZ'. 7" & (M) #0,

which finishes the proof. ]

8. On generalised pairs

In this section we use the theory of generalised pairs to — as we will see in Section 9 —
essentially prove Theorem A (a) when X has worse than canonical singularities or when
A # 0. We will also see that actually the same methods yield the proof of Theorem A (b).

The rough strategy is the following. By passing to a birational model we may always
assume that A # 0. If L is a nef divisor as in Theorem A (b), then we may write L =
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Kx + A 4+ M for a nef divisor M on X. The method, which is also present in a similar
form in [31,58,59], is to modify L by making A and M smaller until the new divisor hits
the boundary of the pseudoeffective cone, in which case a slight modification of one of
the main results of [61] yields that this new divisor is num-effective; a similar strategy in
the context of usual pairs was employed in [54]. Some additional technical considerations
then allow us to deduce that the divisor L is also num-effective.

We start with several results which posit that, roughly, on a generalised pair (X, B+ M)
the divisor Ky + B + M is num-effective if it lies on the boundary of the pseudoeffective
cone, in a very precise sense.

Theorem 8.1. Assume the existence of minimal models for smooth varieties of dimension
n — 1 and assume that the Generalised Nonvanishing Conjecture holds in dimensions at
mostn — 1.

Let (X,(B 4+ N) 4+ (M + P)) be a projective NOC Q-factorial dit g-pair of dimen-
sion n. Assume that the divisor Kx + B + N + M + P is pseudoeffective and that for
each ¢ > 0 the divisor Kx + B + M + (1 — &)(N + P) is not pseudoeffective. Then the
divisor Kx + B+ N + M + P is num-effective.

Proof. We follow exactly the same strategy as in the proof of [61, Theorem 3.1]. There-
fore, we indicate here only the necessary modifications and we refer to [61] for details.

As in Step 1 of the proof of [61, Theorem 3.1], but invoking Lemma 3.6 instead of
[60, Lemma 2.14], we may assume the following.

Assumption 1. There exists a fibration £: X — Y to a normal quasi-projective variety ¥
with dimY < dim X and such that:
(@) v(F,(Kx + B+ N +M + P)|r) =0and i (F, Of) = 0 for a very general
fibre F of &,
(b1) Kx + B+ M + (1 —¢&)(N + P) is not £-pseudoeffective for any ¢ > 0.
IfdimY =0, then Kx + B+ N + M + P is num-effective by (a;) and by [71,
Proposition V.2.7 (8)], and we are done.

If dimY > 0, then as in Step 3 of the proof of [61, Theorem 3.1], but invoking again
Lemma 3.6 instead of [60, Lemma 2.14], we may assume the following.

Assumption 2. There exists a fibration g: X — T to a normal quasi-projective variety T
such that:

(a3) 0 <dimT < dim X,

(b)) K + B+ N+ M+ P ~gr0.
However, instead of the g-pair (X, (B + N) + (M + P)) being Q-factorial dlt, we may
now only assume that it is an NQC log canonical g-pair such that (X, 0) is Q-factorial klt.

By (b2) and [32, Theorem 1.2], there exists an NQC log canonical g-pair (7', Br + Mr)
such that
Kx +B+N+M+ P~ g*(K7 + Br + M7). 27)
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Note that the variety T is QQ-factorial by [28, Corollary 5.12] and that the divisor K7 +
Br + M7 is pseudoeffective by (27). Therefore, by (a;) and since we assume the Gen-
eralised Nonvanishing Conjecture in dimensions at most n — 1, we infer that the divisor
K7 4+ Br + M7 is num-effective. Hence, by (27) the divisor Ky + B+ N + M + P is
num-effective. |

An immediate corollary of Theorem 8.1 is the following result, which improves con-
siderably on [31, Theorem 4.6], especially by removing the assumption on the termination
of flips.

Theorem 8.2. Assume the existence of minimal models for smooth varieties of dimension
n — 1 and assume that the Generalised Nonvanishing Conjecture holds in dimensions at
mostn — 1.

Let (X, (B + N) + (M + P)) be a projective NQC Q-factorial log canonical g-pair
of dimension n. Assume that the divisor Kx + B + N + M + P is pseudoeffective and
that the divisor Kx + B + M is not pseudoeffective. Set

T := inf {t €ERso|Kx+B+M+1t(N+P) ispseudoeﬁ”ective} € (0,1].
Then the divisor Kx + B + M + t©(N + P) is num-effective.

Proof. The proof is almost identical to the proof of [61, Lemma 3.2], and we only sketch
it here: Take a dlt blowup

h:(X',(B'+ th,'N) + (M' +<P")) > (X.(B+tN) + (M + tP))

of the g-pair (X, (B 4+ tN) + (M + tP)), where B’ := h ;' B + E and E is the sum of
all h-exceptional prime divisors [30, Proposition 3.9]. Then we readily see that

t=inf{t € Rso | Kx' + B’ + M’ + t(h;'N + P’) is pseudoeffective}.

By Theorem 8.1 the divisor Kx: + B’ + th;!N + M’ + tP’ is num-effective, hence the
divisor Kx + B + tN + M + tP is num-effective by Lemma 3.5 (a). ]

Remark 8.3. Theorem 8.2 also holds if we assume that X has rational singularities
instead of being Q-factorial by virtue of Lemma 3.5 (b). Consequently, the same applies
to all the following results in this section; in other words, in Theorem 8.4, Corollary 8.5
and, by extension, Theorem A, the assumption that X is Q-factorial may be replaced by
the assumption that X has rational singularities.

Now we can apply these general results in the context of this paper.

Theorem 8.4. Assume the existence of minimal models for smooth varieties of dimension
n — 1 and assume that the Generalised Nonvanishing Conjecture holds in dimensions at
mostn — 1.

Let (X, A) be a projective, Q-factorial, log canonical pair of dimension n such that
—(Kx + A) is nef and let L be a nef Q-divisor on X.
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(1)  If —Kx is num-effective and Kx # 0, then L is num-effective.

(i) IfA # 0, then L is num-effective.
Proof. We prove simultaneously (i) and (ii). Thus, in what follows, we assume either that
A # 0, or that A = 0, in which case — K is num-effective and Ky 0.

We may write L = Kx + A + M, where the divisor M := L — (Kx + A) is nef.
Then (X, A + M) is a log canonical g-pair, and consider

§ :=inf{r € Rxo | Kx + tA + M is pseudoeffective} € [0, 1].
If § > 0, then Ky + A + M is num-effective by Theorem 8.2, hence
L=(Kx+3A+M)+(1-95)A

is num-effective.
From now on we assume that § = 0. Consider

p = inf{r € Rxo | Kx + tM is pseudoeffective} € [0, 1].

Note that i > 0, since otherwise Ky would be pseudoeffective, which would contradict
the assumptions in (i) and (ii). Therefore,

Kx + puM is num-effective (28)

by Theorem 8.2.
Assume first that L = —(Ky + A), or equivalently, M = —2(Kx + A). By (28) there
exists an effective Q-divisor G such that Ky —2u(Kx + A) = G, hence

—@u—1)(Kx +A) =G + A > 0.

If A # 0, then G + A # 0, and in particular, 2u — 1 > 0, so L = —(Kx + A) is num-
effective. If A = 0, then L = — Ky is num-effective by assumption.
Finally, if L is any nef Q-divisor on X, then by the previous paragraph the divisor

— 1 1= 1
L= (Kx +puM)——=(Kx + A) + ;A
is num-effective. This completes the proof. ]

Corollary 8.5. Assume the existence of minimal models for smooth varieties of dimension
n — 1 and assume that the Generalised Nonvanishing Conjecture holds in dimensions at
mostn — 1.

Let (X, A) be a projective Q-factorial pair of dimension n which is log canonical but
not canonical, and assume that —(Kx + A) is nef. If L is a nef Q-divisor on X, then L is
num-effective.

Proof. Assume first that (X, A) is not klt. By Theorem 3.7 (b) there exists a dIt blowup
w:(Y,Ay) = (X, A) of (X, A). In particular, (Y, Ay) isdlt, Ay # 0and —(Ky + Ay)
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is nef. Then 7*L is num-effective by Theorem 8.4 (ii), hence L is num-effective by
Lemma 3.5 (a).

Now assume that (X, A) is klt. By Theorem 3.7 (a) there exists a Q-factorial terminal-
isation ¢: (Z,Az) — (X, A) of (X, A). In particular, (Z, Az) is terminal, —(Kz + Az)
is nef and Az # 0 since (X, A) is not canonical. Hence, ¢* L is num-effective by The-
orem 8.4 (ii), thus L is num-effective by Lemma 3.5 (a) again. [ ]

9. Proof of Theorem A

In this section we prove our main result, Theorem A. As we will see below, the main part
of the proof was already done in the previous sections. The following theorem deals with
the remaining cases.

Theorem 9.1. Let X be a projective variety with canonical singularities of dimension 3
such that —Kx is nef and y(X, Ox) > 0. If L is a nef Cartier divisor on X such that
v(X,L) =2, then h°(X, L) > 0.

As indicated in the introduction, the proof of this result is similar to that of Miyaoka
[66, Section 8] for minimal threefolds of numerical dimension 2. The idea is to combine
the Hirzebruch—Riemann—Roch theorem, the pseudoeffectivity of the second Chern class
and the general version of the Kawamata—Viehweg vanishing theorem.

Proof of Theorem 9.1. By Theorem 3.7 (a) and by Lemma 3.5, we may assume that X is
Q-factorial and terminal, and thus that its singular locus consists of finitely many points
by [48, Corollary 5.18]. Let 7: Y — X be a resolution which is an isomorphism over the
smooth locus of X. Since v(Y, 7*L) = 2, we have (7*L)> = 0, while by representing
Kx and L as differences of ample divisors which are general in their Q-linear systems,
we also see that

(n*L)*- Ky = (n*L)*-7n*Kx and (n*L)-K3 = (7*L)-(n*Kx)*>.  (29)
Recall that the Todd class of Y is
d(Y) = 1—- 3Ky + 15 (Ky + c2(Y)) + x(Y. Oy),

and note that (Y, Oy) = y(X, Ox) > 0 since X has rational singularities. Then the Hirze-
bruch—Riemann—Roch theorem, together with (29) and since X has rational singularities,
gives

x(X,0x(L)) = x(Y. Oy (7*(L)))

=—3(@*L)? n*Kx + 5(7*L) - (w*Kx)* + c2(Y)) + (X, Ox).

We have
—(n*L)? - 7*Kx >0 and (7*L)-(7*Kx)> >0
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since L and — Ky are nef, and
(L) - ca(Y) > 0

by Theorem 4.2. Therefore,
)((X, Ox (L)) > 0. (30)

Since
v(X,-Kx +L)>v(X,L) =2,

we have
H'(X,0x(L)) = H' (X,Ox (Kx + (-Kx + L))) =0 fori >2 (31)
by Lemma 3.2. From (30) and (31) we obtain
h°(X,0x (L)) > 0,
as desired. ]
Finally, we give the proof of Theorem A.

Proof of Theorem A. If X is not uniruled, then Ky + A ~g 0 by Lemma 3.18. Therefore,
we may assume that X is uniruled, and let L be a nef QQ-Cartier divisor on X. We will
show that L is num-effective.

By Theorem 3.7 (b) there exists a dlt blowup ¢: (Z, Az) — (X, A) of (X, A). In
particular, (Z, Az) is Q-factorial and dlt, and —(Kz + Az) is nef. Since it suffices to
show that ¢* L is num-effective by Lemma 3.5, by replacing (X, A) with (Z, Az) and L
with ¢* L, we may assume that X is Q-factorial.

By Corollary 8.5 and Theorem 3.23 (a) we may assume that the pair (X, A) is canon-
ical. As in the previous paragraph, by Theorem 3.7 (a) we may also assume that (X, A) is
terminal.

If A # 0, then we conclude by Theorem 8.4 (ii) and by Theorem 3.23 (a).

If A =0, then X is a uniruled, Q-factorial, terminal variety such that —Kx is nef.
In particular, Ky # 0 by Lemma 3.18. If v(X, —Kx) = 3, then —Kx is big, and if
v(X,—Kx) = 1, then —Ky is num-effective by Theorem G. If v(X, —Kx) = 2, then
— Ky is num-effective by Theorem 9.1 together with (5), and by Theorem 6.4. Therefore,
the divisor L is num-effective by Theorem 8.4 (i) and by Theorem 3.23 (a). [

10. Proof of Theorem C

In this section we prove Theorem C. The proof uses crucially Theorem A and one of the
main results of [58].

We start with the following proposition which is also of general interest. The result
improves [58, Proposition 4.1] considerably, most notably the assumptions. The proof
is also shortened and streamlined by implementing recent progress on generalised pairs
[28,61].
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Proposition 10.1. Assume the existence of minimal models for smooth varieties of dimen-
sionn — 1.

Let (X, A) be a projective, Q-factorial, log canonical pair of dimension n, let L be
a nef Cartier divisor on X and let m > 2n be a positive integer. Assume that (X, A) has
a minimal model or that Kx + A is not pseudoeffective. Then there exists an L-trivial
(Kx + A)-MMP ¢: X --> Y such that either:

(@) Ky + ¢« A + mo4L is nef, or
(b) there exist a Mori fibre space 0:Y — Z of Kx + A and a Cartier divisor Lz on
Z such that gL ~ 6*Lz.

Proof. Note first that if (X, A) has a minimal model, then it has a weak Zariski decom-
position. It follows from [61, Lemma 3.2] that the g-pair (X, A + m L) has a weak Zariski
decomposition or that Ky + A 4+ mL is not pseudoeffective, so by [61, Theorem 1.1]
there exists a (Ky + A + mL)-MMP with scaling of an ample divisor A which termin-
ates. It remains to show that this MMP is L-trivial; the last part of (b) then follows from
the Cone Theorem [1,21].

It suffices to show that the MMP is L-trivial on the first step. To this end, let

A:=min{t > 0| Kx + A + mL + tA is nef}

be the nef threshold. We are done if A = 0, hence we may assume that A > 0. Then there
exists a (Kxy + A 4+ mL)-negative extremal ray R such that

(Kx + A+mL+14)-R =0.
In particular, we have A - R > 0 and
(Kx +A+mL)-R <0, (32)

and therefore
(Kx +A)-R <0,

since L is nef. By [40, Theorem 1] there exists a curve C whose class belongs to R such
that
(Kx +A)-C > —2n.

If L-C > 0,then L-C > 1 since L is Cartier, hence (Kx + A +mL) - R > 0, which
contradicts (32). Therefore, L - C = 0, which finishes the proof. [

We now give the proof of Theorem C.

Proof of Theorem C. By passing to a log resolution and by Lemma 3.5 (a) we may assume
that X is smooth and A has simple normal crossings support.

Step 1. We first settle (b). If v(X, Ky + A + L) = 3, then Kx + A + L is big, whereas if
v(X,Kx + A+ L)=0,then Kx + A + L is num-effective by [71, Proposition V.2.7 (8)].
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Step 2. Now we treat (c). Since X is not uniruled, the divisor Kx is pseudoeffective
by [7, Corollary 0.3]. Moreover, the pair (X, A — e[ A]) is kit for any rational number
g€ (0,1).

We first assume that v(X, Ky + A —¢|A]) =0 forall € € (0,1) N Q, and we will
derive a contradiction. To this end, for each ¢ € (0, 1) N Q there exists an effective Q-
divisor D, on X such that Ky + A — ¢|A| = D, by [71, Proposition V.2.7(8)]. In
particular, for any fixed ¢ € (0, 1) N Q, we deduce that D,/ = D, + %LAJ and hence
v(X, D¢ + 5|A]) = 0. Since

v(X,De + £|A]) = v(X, D +¢|A])

by Lemma 3.1 and since Kx + A = D, + ¢| A, we obtain v(X, Kx + A) = 0, which
contradicts our hypothesis.

Thus, there exists a rational number ¢ € (0, 1) such that v(X, Ky + A —¢|A]) > 0,
so Kx + A —¢|A| + L is num-effective by [58, Corollary D], and thus Ky + A + L is
num-effective.

Step 3. If X is not uniruled, then Kx is pseudoeffective by [7, Corollary 0.3]. Then
k(X, Kx + A) > 0 by the Nonvanishing Theorem for threefolds, which shows (a) if X is
not uniruled.

For the remainder of the proof we assume that X is uniruled, and we settle (d) and
complete the proof of (a).

Step 4. Since X is uniruled, it possesses a free rational curve through a general point
[15, Section 4.2], hence Ky is not pseudoeffective. Set

§ :=inf {t €eRso| Kx +tA+ Lis pseudoeffective} e [0,1].

If § > 0, then Ky + A + L is num-effective by Theorem 8.2, hence Kx + A + L is
num-effective.
From now on we assume that § = 0. Consider

A:=inf{t € Rxo | Kx + L is pseudoeffective} € [0, 1].
Then A > 0 since Ky is not pseudoeffective, and hence
Kx + AL is num-effective (33)

by Theorem 8.2. This immediately completes the proof of (a).
From now on, we concentrate on (d), and therefore we may assume that

v(X,Kx + A+L)=1.
Step 5. If A = 1, then we are done. Therefore, we may assume that A € (0, 1). Note that

W(X.Kx +L) <v(X.Kx + A+ L) = 1.
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Ifv(X,Kx 4+ L) =0, then Ky + L is num-effective by [71, Proposition V.2.7 (8)], hence
Kx + A + L is num-effective. Thus, we may assume that

v(X,Kx + L) =1. (34)
Fix a positive integer m > 2n. Since Ky + AL is pseudoeffective, we have
v(X,Kxy +mL) =1 (35)

by (34) and by Lemma 3.1, since both divisors Ky + L and Kx + mL are positive linear
combinations of the pseudoeffective divisors Kx + AL and L. By Proposition 10.1 we
may run an L-trivial Kx-MMP ¢: X --> Y such that Ky + mLy is nef, where Ly :=
@« L. By (33) there exists an effective divisor G on Y such that

Ky + ALy =G, (36)

and hence
Ky +mLy =G+ (mn—A)Ly.

If G # 0, then by [57, Theorem 6.1] we infer that Ky + m Ly is num-effective, since
v(Y, Ky + mLy) = 1 by (35). Therefore, the divisor

Ky + Ly = r’z—j(KY + ALy) + riz;—/}l(KY +mLy)

is num-effective, hence Ky + L is num-effective by Lemma 3.6. This shows that Ky +
A + L is num-effective.

Finally, assume that G = 0. Then —Ky is nef by (36), hence it is num-effective by
Theorem A. In particular, the divisor Ky + Ly = %(—Ky) is num-effective. Thus,
Kx + L is num-effective by Lemma 3.6 and consequently Kx + A + L is num-effective.
This finishes the proof of (d) and of the theorem. ]

11. Proof of Theorem D

In this section we prove Theorem D. As in Section 9, the main part of the argument
was already completed in the previous sections and the following result deals with the
remaining cases. Our proof uses similar ideas to those of [56, Theorems 4.1 and 4.2].

Proposition 11.1. Let X be a projective variety with canonical singularities of dimen-
sion 4 such that —Ky is nef and x(X, Ox) > 0. If L is a nef Cartier divisor on X with
v(X,L) > 3, then

kK(X,L)>0 or k(X,Kxy+<LL)>0 forsome integer{ > 2.

Proof. By Theorem 3.7 (a) and Lemma 3.5 we may assume that X is Q-factorial and
terminal, and thus that its singular locus has dimension at most 1 by [48, Corollary 5.18].
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Let7:Y — X be aresolution which is an isomorphism over the smooth locus of X. Since
v(Y,n*L) = 3, we have (7*L)* = 0, while by representing Kx and L as differences of
ample divisors which are general in their Q-linear systems, we also have

(t*L)* - Ky = (z*L)* - n*Kx and (7*L)*-Kjy = (z*L)*- (#*Kx)>. (37)
Recall that the Todd class of Y is
d(Y) =1-1Ky + 5(Kj + c2(Y)) — %5 Ky - c2(Y) + x(Y. Oy),

and note that y(Y, Oy) = x(X, Ox) > 0. Then the Hirzebruch-Riemann—Roch theorem,
together with (37) and the fact that X has rational singularities, gives for any integer m:

x(X.0x(mL)) = x(Y, Oy (mn*L))
=—Lm’(x*L)® 7n*Kx + 5m*(n*L)* - (n*Kx)* + c2(Y))
—5m(x*L)- Ky - c2(Y) + x(X, Ox). (38)

‘We have
—(*L)? - 7n*Kx >0 and (7*L)*>-(n*Kx)> >0 (39)

since L and —Kyx are nef, and
(T*L)* - c2(Y) = 0 (40)

by Theorem 4.2.
Assume first that any of the inequalities in (39) and (40) is strict. Then

)((X, (9X(mL)) >0 form > 0. 4D

Since
v(X,—Kx +mL) > v(X,mL) > 3,

by Lemma 3.2 we obtain
H'(X,0x(mL)) = H (X,O0x (Kx + (—Kx + mL))) =0 fori > 2. (42)
From (41) and (42) we deduce that
h°(X,0x(mL)) >0 form > 0.

Therefore, we may assume that all inequalities in (39) and (40) are equalities. Then
(38) gives

2(X. 0x(mL)) = (Y, Oy (mz*L))
= —sm(n*L) - Ky - c2(Y) + x(X, Ox).
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If —(z*L)- Ky - c2(Y) = 0, then y(X,Ox(mL)) > 1 for any non-negative integer m, and
we conclude that k (X, L) > 0 as in the previous paragraph.
We may thus assume that —(7*L) - Ky - ¢2(Y) < 0, so that

x(Y. Oy (—=mn*L)) >0 form >0,
hence by Serre duality,
x(Y. Oy (Ky + mn*L)) >0 form > 0. (43)
Since by Lemma 3.2 we have
H'(X,0y(Ky + mn*L)) =0 fori > 2,
from (43) we obtain
h°(Y, Oy (Ky +mn*L)) >0 form > 0.

Therefore, there exists an integer £ > 2 and an effective divisor D such that Ky + £x*L
~ D. Pushing this relation to X we obtain Ky + £L ~ m.D, hence k (X, Kx +{L) > 0,
as desired. [

We are now ready to finish the proof of Theorem D.

Proof of Theorem D. If v(X,—Kx) = 0, then Ky is torsion by [39, Theorem 8.2]. There-
fore, we may assume that v(X, — Ky ) >0, so that the variety X is uniruled by Lemma 3.18.
If v(X,—Kx) = 4, then —KY is big. If v(X, —Kx) = 1, then —KYx is num-effective by
Theorem G.

Now assume that v(X, —Ky) = 3. If X is rationally connected, then by Proposi-
tion 11.1 and by (5) we have (X, —Kx) > 0 or there exists an integer £ > 2 such that

k(X, (€ = 1)(—=Kx)) = c(X, Kx + £(—Kx)) > 0.

If X is not rationally connected, then we conclude by Theorem 6.4.

Finally, if v(X, —Kx) = 2 and X is not rationally connected, then —Ky is num-
effective by the same proof as that of Theorem G, where we only replace Theorem E by
Theorem A. ]
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