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Abstract. Let M9 be a simply connected spin manifold of dimension d > 5 admitting Riemannian
metrics of positive scalar curvature. Denote by R (M d) the space of such metrics on M 4 We
show that R (M d) is homotopy equivalent to ﬂ+(Sd), where S9 denotes the d-dimensional
sphere with standard smooth structure.

We also show a similar result for simply connected non-spin manifolds M 4 with d > 5 and
d # 8. In this case let W4 be the total space of the non-trivial S 4=2 _pyndle with structure group
SO(d — 1) over S2. Then ﬂ?"'(Md) is homotopy equivalent to JR"'(Wd).
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1. Introduction

When studying Riemannian metrics of positive scalar curvature, there are two basic ques-
tions:

(1) Given a closed manifold M?, is there a metric of positive scalar curvature on M d9

(2) If the answer to the first question is “yes”, what can be said about the topology of the
space R (M?) of positive scalar curvature metrics on M??

For simply connected manifolds of dimension d > 5 the first question has the follow-
ing answer: If M? is non-spin then it always admits a metric of positive scalar curvature
by results of Gromov and Lawson [20] and Schoen and Yau [43].

For spin manifolds M?, there is an index-theoretic necessary condition for M to
admit a psc metric. Namely, the a-invariant a(M) € kog has to be trivial (a(M) only
depends on the spin cobordism class [M] of M). A celebrated result of Stolz [44] states
that this condition is also sufficient when M ¢ is simply connected and d > 5.
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In this paper we study the second question. Our first main result is as follows.

Theorem A. Let M be a simply connected closed spin manifold of dimension d > 5.
Then if M admits a psc metric, there is a homotopy equivalence

RY (M) ~ RT(SY).

Here S9 denotes the d-dimensional sphere with standard smooth structure.

Remark 1.1. (1) It has been known before that the homotopy type of R* (M) only

2

3)

depends on the spin cobordism class [M] € 257", More precisely, if M, N are simply

connected, spin and of dimension d > 5, and [M] = [N], then RT(M) =~ RT(N).
This is a consequence of Chernysh’s refinement [8] of the Gromov-Lawson surgery
theorem [20]; see [51, Corollary 4.2].

It was shown before by Kordaf [30, Corollary 3.6] that R (HP?) ~ R+ (S5?), giv-
ing the first example of a homotopy equivalence between spaces of psc metrics on
manifolds which are not cobordant. In fact, our proof of Theorem A can be viewed as
a generalization of the proof in [30], and the main technical result of [30] (Theorem
3.1 of that paper) is a major ingredient for the present paper.

Theorem A also holds in dimensions 2 and 3 because in these dimensions the spheres
are the only simply connected manifolds by the Poincaré conjecture. In contrast, it is
completely open whether an analogue of the theorem holds in dimension 4.

It is known that RF(S9) has a very rich topology (though its homotopy type is not

understood). There is a map

inddiffy , : 7 (RT(SY)) = kopmaat1

which is constructed using index theory; see [27] or [7]. For example, the following is
known:

6]

2)

3)

“4)

®)

It is known that inddiffx 1 ¢ is surjective if kK > 2; see [21] or [32]. Askogx = Z, this
proves that R¥(S*K~1) has infinitely many components when k > 2. This is in sharp
contrast to the situation in low dimensions. Indeed, by [34], RT(S 3) is connected.
Moreover, R (S?) is known to be contractible [40, Theorem 3.4].

The map inddiff, ,, is surjective after tensoring with Q forall d > 6 and allm > 1 [7].
For previous results in this direction see e.g. [10, 11,22,27].

RT(S9), d > 3, is homotopy equivalent to an H-space. In particular, the group
T (RT(S%, g sa)) is abelian. Here gga denotes the round metric on § 4 Moreover,
the component of gga has the structure of an d-fold loop space [52].

The connected component of the round metric on S¢, d > 6, is homotopy equivalent

to an infinite loop space [16]. However, until now it is not known whether this loop
space structure is compatible with the loop space structure in (3).

The results mentioned in (1), (2) are also known to be true for any other d-dimen-
sional spin manifold admitting a psc metric. It follows from Theorem A that the
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results of (3) and (4) also hold for all simply connected spin manifolds admitting
a psc metric.

Let us turn to the non-spin case. If M is simply connected, of dimension d > 5, and
does not admit a spin structure, it admits a psc metric, by the above mentioned result of
Gromov and Lawson. As an example for such a manifold, one can take the unit sphere
bundle W of the unique nontrivial vector bundle of rank d — 1 over S2. There is a similar
cobordism invariance theorem for the homotopy type of R (M) in that case: namely, if
M, N are both simply connected and oriented, do not admit spin structures, and their
cobordism classes in the oriented cobordism group Q5° agree, then R (M) ~ RT(N)
(see Theorem 2.3 below for a more general statement). We prove that more is true:

Theorem B. Let M be a simply connected closed manifold of dimension d > 5 which
does not admit a spin structure. Then if d # 8, there is a homotopy equivalence

RYM) ~ RT(W?).

If d = 8, there is either a homotopy equivalence RY (M) ~ RY(W?8) or RT (M) ~
RT(CP? x CP?).

Remark 1.2. (1) There is no reason to assume that Rt (W9) ~ K+ (S¢). On the other
hand, there are currently no known techniques to disprove such a statement.

(2) We conjecture that RT(CP? x CP?) ~ RT(W?) as well; however, our method
misses this single case.

Theorems A and B are special cases of the following more general

Conjecture C. Let M and N be two closed d-manifolds, d > 5, with the same normal
2-type. If both M and N admit psc metrics, then RT(M) ~ RT(N).

Here two manifolds M;, i = 1, 2, are said to have the same normal 2-type if there is a
fibration £ : B — BO such that the classifying maps v; : M; — BO of the stable normal
bundles lift to maps v; : M; — B and both v; are 2-connected.

Remark 1.3. (1) It was observed in [16, §9] that Conjecture C is implied by the con-
cordance—implies—isotopy conjecture for psc metrics (which, however, is completely
open). See Remark 2.11 for an alternative explanation.

(2) The method of the proof of Theorem A also proves Conjecture C for the normal 2-type
BSpin x BG for some finitely presented groups, e.g. G = Z" or G = F, (free group
on n generators). That is, if M, N are spin with fundamental group G, and both admit
psc metrics, then RT (M) ~ RT(N). See Theorem 4.5 for a more general statement.

(3) Using the methods of this paper and computations in cobordism theory, one can prove
partial results for many other normal 2-types, such as BO, BSO x BG or BO x BG.
We refrain from stating them.

(4) For manifolds with normal 2-type BSpin x BC,, Conjecture C is shown in the forth-
coming PhD thesis by Agnese Mantione.
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The proof of Theorem A has three major steps. The first step, carried out in §2, is
a general method to construct homotopy equivalences R (M) ~ R (N) when M and
N are not cobordant. The key result is Theorem 2.6. It asserts that if a d-dimensional
spin psc manifold M admits a decomposition of a particular type (the technical name we
chose is “admissible splitting”), then for each simply connected N in the cobordism class
of M, we have RT(N) ~ R+ (S). The second step is to show that the total spaces of
HP2-bundles with structure group P(Sp(2) x Sp(1)) do admit admissible splittings. This
follows from an extension of the Gromov—-Lawson—Chernysh theorem that was proven by
Kordaf3 [30] and is done in §3. The third step is to show that each simply connected spin
manifold with psc metric is cobordant to the total space of an HIP2-bundle with structure
group P(Sp(2) x Sp(1)). This is derived, by homotopy-theoretic methods, from the proof
of Stolz’ theorem [44] in §4.

The proof of Theorem B is somewhat more convoluted. The first step applies verba-
tim, and the geometric argument of §3 also apply to bundles whose fibers are complex
projective spaces of (complex) dimension at least 3. However, these examples do not suf-
fice and we need a more explicit understanding of the structure of 23°. Therefore, some
extra arguments and a careful treatment of a particular 5-manifold are necessary. Both are
done in §5. We have not been able to do the extra work which would be needed for the
8-dimensional case, which is why Theorem B remains incomplete for d = 8.

2. A cut-and-paste construction

2.1. The cobordism theorem

We have to review the role of cobordism theory for questions of positive scalar curvature

and begin with the surgery theorem of Gromov—Lawson, Schoen—Yau and Chernysh. Let

us recall that a forpedo metric g[’f)r of radius § is an O(k)-invariant Riemannian metric on

R¥ such that

(1) in polar coordinates, gk is of the form dr? @ f(r)?ggk—1, where 0 < f < §is a
smooth function with f(0) =0, f/(0) =1,0< f' <1, f” <0and f(¢t) = § for¢
in a neighborhood of [1, 00).

(2) scal(gk ) > scal(§2ggi—1) = 8%(1{ -1k —2).

Let N be a closed manifold and let ¢ : N x R¥ — M be a codimension 0 embedding.

Fix a Riemannian metric g on N, let § be such that scal(gy) + 51_2(k —1Hk-2)>0

and fix a torpedo metric gtkOr of radius § > 0. We denote by R (M, ¢) C RT(M) the

subspace of those metrics which are of the form gy @ gt’gr on N x D¥.

Theorem 2.1 (Surgery theorem, [8]). As long as k > 3, the inclusion
RY (M. p) > R (M)

is a weak homotopy equivalence.
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Gromov-Lawson [20, Theorem A] and Schoen—Yau [43, Theorem 3] previously
proved that R (M, ¢) # @ if RT(M) # @. A detailed account of Chernysh’s proof
appears also in [14].

To use this result effectively, we have to use structured cobordism. For a manifold M,
let vas be its normal bundle (a stable vector bundle), and let y — BO be the universal
stable vector bundle. Let £ : B — BO be a fibration. By a £é-manifold, we mean a man-
ifold M together with a map £ : M — B and an isomorphism (£ o £)*y = vy of stable
vector bundles. The notion of &-cobordism is defined similarly, and Qi is the cobor-
dism group of d-dimensional £-manifolds. We say that a £-manifold (M, £) is relatively
2-connected if £ is 2-connected. A necessary condition for the existence of a relatively
2-connected M is that B is of type (F3) [48], and if d > 4, this is also sufficient: under
those assumptions, each class x € Qi contains a relatively 2-connected representative.

The reader should have the following examples in mind; in each case, B is of

type (F2).

Examples 2.2. (1) £ : BSpin — BO. In that case, a £-manifold is the same as a spin
manifold, and it is relatively 2-connected if and only if it is simply connected. The
cobordism groups are Q‘Sl,pm = 74(MSpin).

(2) BSpin x BG — BSpin — BO, where G is a finitely presented group. A £-manifold
is the same as a spin manifold equipped with a map f : M — BG. The relevant
cobordism group is QZPm(B G) = my(MSpin A BG4 ), and a £-manifold is relatively
2-connected if and only if it is O-connected and f induces an isomorphism on the
fundamental groups.

(3) B = BSO — BO. In that case, the relevant cobordism group is oriented cobordism,
ino = 74(MSO). An oriented manifold is relatively 2-connected if and only if it is
simply connected and does not admit a spin structure.

(4) B = BO. The relevant cobordism group is unoriented cobordism, Qg = 74(MO).
A manifold is relatively 2-connected if it is 0-connected, nonorientable, has funda-
mental group Z /2 and the universal cover does not admit a spin structure.

Theorem 2.3 (Cobordism theorem). Let (M;,{;) be two &-manifolds of dimension d > 5
and assume that [My, £o] = [M1,44] € Qi.

(1) If RY(My) # @ and (M, £1) is relatively 2-connected, then R+ (My) # .

(2) If both (My, £y) and (M1, £y) are relatively 2-connected, there is a weak homotopy

equivalence
RT(Mo) ~ RF(M).

This is a consequence of Theorem 2.1 and handle cancellation theory. The first part
is due to Gromov and Lawson in the cases B = BSpin and B = BSO [20]; the general
version appears in [23, Theorem 2.1.1]. The second part in the case B = BSpin was done
in [51, Corollary 4.2]; the general case requires slightly more elaborate arguments and is
carried out in [14, Theorem 1.5].
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2.2. Admissible splittings

We now head towards a method which can be used to compare R (Mp) and RT (M)
when My and M; are not cobordant. For the formulation, we shall make use of the notions
of right stable and left stable psc metrics which were defined in [15, Definition 1.2.1].
To recall the definition, we have to introduce some notation and terminology. If W is
a compact manifold with (collared) boundary M, we denote by K1 (W) the space of
all psc metrics on W which are of product form near M. There is a restriction map
res : RY (W) — KRT(M) that takes the boundary metric, and for & € R (M), we let
REW)y, :=res™L(h).

If W: My~ M is a cobordism and h; € RT(M;), we let RY(W)ppn, =
RE(W)nouin, - For each g € R (W )y, i, each cobordism V : My ~> M, and each
hy € RT(M,), there is a gluing map

w(g. ) Ry, = RTW U V)pgnye 18 h):=gUh,

and we say that g is right stable if (g, _) is a weak equivalence for all such V and k5.
Left stability is defined using the analogous gluing map p(_, g) defined for cobordisms
with outgoing boundary M,. A metric is stable if it is both left and right stable. We
remark that g is right stable if and only if it is left stable when considered as a metric on
the reversed cobordism. As an example, consider N x D¥ g~ N x Sk fork >3 If
gn and gk _are as in Theorem 2.1, that result might be restated by saying that gy @ g&_ €
RY(N x D¥)q\ @g, is right stable.

Definition 2.4. Let M be a closed d-manifold. An admissible splitting of M is a decom-
position of M as the concatenation of two cobordisms

My M,
@~ N~10
such that the following conditions hold:
(1) there are psc metrics h; € RT(N) and g; € R (M;)p, such that hg and &y lie in the
same path component of RT(N),

(2) go is right stable and g; is left stable,

(3) the inclusion maps N — M; are 2-connected.

It is often more convenient to write such a splitting as M = My Uy M;. We remark
that if M has an admissible splitting, it automatically admits a psc metric (because we can
find a psc metric in R (N x [0, 1), .4, if ho and hy lie in the same path component).

Examples 2.5. (1) The splitting S¢ = D¢ Ugq—1 D¢ is admissible when d > 3: take
8o =81 = gff)p

(2) The standard splitting S¢ = (S*¥~1 x D4=*+1) Ugi_1, ga—k (D¥ x S47*) is admis-
sible if 3 <k < d —2: take go = ggr—1 @ gl ¥  and g1 = gk @ gga—r.

(3) Let P be a d-manifold, d > 6, such that dP — P is 2-connected. Then by [15,
Theorem D], there is ggp € R (dP) and aright stable gp € RT(P)g,,». The decom-
position dP = P Ugp PP of the double of P is admissible.
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All these examples are nullbordant; and in fact the key point of this work is to con-
struct admissible splittings of manifolds which are not nullbordant. Let us first see how
admissible splittings are helpful for proving our main theorems.

Theorem 2.6. Letd > 5 and let § : B — BO be a fibration. Let x € Qi be a cobordism
class which contains a representative M that has an admissible splitting. Let K and L be
relatively 2-connected &-manifolds such that

_ £
[L] = [K]+ x € Q.
Then there is a weak equivalence
RT(L) ~ RT(K).

It is obvious that the set of cobordism classes x € Qi which contain a representative
with an admissible splitting is an additive subgroup. For the proof of Theorem 2.6, we
need a lemma.

Lemma 2.7. Let M : @ ~ N be a cobordism, let go € R (M) be right stable and put
ho := go|n. Let hy € RT(N) be any other psc metric in the path component of hy. Then
there is a right stable g, € RT (M) with g1|y = h;.

Proof. The restriction map res : RT(M) — K1 (N) is a Serre fibration by [14, Theo-
rem 1.1] (which is an improvement of the main result of [9]). Therefore, we can lift any
path ¢ > h, connecting hg and h; in RT(N) to a path ¢ > g, in R (M), starting at gy.
By [16, Lemma 2.3.4], g is right stable. ]

Proof of Theorem 2.6. Because of Lemma 2.7, we may assume that hg = hy =: h.

Without loss of generality, B is of type (F3); otherwise, the proposition holds vac-
uously. Let M = My Uy M; be an admissible splitting of M, with psc metrics g¢ €
RT(Mo), and g1 € Rt (M), as in Definition 2.4. Denote by M| the disjoint union
of K with My. Since B is of type (F>), we can turn M| by a sequence of &-surgeries
of index < 2 in its interior to a relatively 2-connected £-manifold M with boundary N .
The £-manifold M’ := MJ Ux M, lies in the cobordism class x + [K], and is therefore
&-cobordant to L.

We show below that M’ is relatively 2-connected. Taking this for granted, Theorem
2.3 shows that there is a weak equivalence

RT(L) ~ RT(M). (2.8)

Let further M := M} Uy M,". Since g; and g are left stable, there are homotopy
equivalences

gD

05 RY (M, (2.9)

given by gluing in g; and g’ respectively. On the other hand,

REM') L R (M)

[M"] = [K # (Mo Uy M")] = [K] € Q%:

the second equality holds since the double of My is nullbordant.
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We show below that M"” is relatively 2-connected. Taking this for granted, Theo-
rem 2.3 shows that there is a weak equivalence

RT(M") ~ RT(K), (2.10)

and combining (2.8)—(2.10) will finish the proof.
It remains to show that M’ and M" are relatively 2-connected. Consider the commu-
tative diagram

My —— M’
bl l@M/
M B

The map ZM(/)/ = {p oa = Ly o b is 2-connected. Furthermore, since N — M; is

2-connected, it follows by excision (or general position) that @ and b are 2-connected.
Therefore £,4/ and £~ are 2-connected as well. [ ]

ZM//

Remark 2.11. Let M be an arbitrary closed d-manifold with d > 5. Using Morse the-
ory, we can write M as a composition ¢ A«@ N IXI»] @, where both inclusions N — M;
are 2-connected. Using [15, Theorem D], there are hg, h; € RT(N), a right stable
go € R (Mo)n, and aleft stable gy € Rt (M), . If M admits a psc metric, the metrics
hg, hy are concordant. If we could infer from that information that 4y and /; are isotopic
(i.e. in the same path component), we would get an admissible splitting.

In other words, an affirmative solution of the concordance—implies—isotopy conjecture
(which is wide open of course) would immediately imply the truth of Conjecture C.

On the other hand, this observation means that when constructing admissible split-
tings, the key point is always to ensure that ¢ and £ are in the same path component.

3. Admissible splittings of projective bundles

To apply Theorem 2.6, we need a sufficient supply of manifolds which have admissible
splittings (note that all of the examples listed in Examples 2.5 are nullbordant). The fore-
most goal of this section is the following result.

Theorem 3.1. Let E — B be a smooth fibre bundle with fibre KP™ "~ over a closed
manifold B (here K = R, C or H). Then E has an admissible splitting in each of the
following cases:

(1) K =R, m,n > 3, and the structure group is
P(O(m) x O(n)) = (O(m) x O(n))/{£1}.
(2) K = C, m,n > 2, and the structure group is U(m) x U(n).
3) K=C, m+n— 1= 3, and the structure group is C,, acting by complex conjugation.

4) K = H, m,n > 1, and the structure group is

P(Sp(m) x Sp(n)) = (Sp(m) x Sp(n))/{+£1}.
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This goal is achieved in §3.4, where we also introduce more uniform notation (the
real case is not needed, but does not require any additional effort). The key to this result
is a generalization of the surgery theorem to embeddings with nontrivial normal bundle,
which was proven by Kordal3 [30]. Precise statements are crucial, and to that end, we need
to review some basic material from Riemannian geometry.

3.1. Connection metrics

Assumption 3.2. Let G be a Lie group with Lie algebra g and let p : P — M be a
smooth G-principal bundle, equipped with a connection 8. Assume further that F is a
manifold with a left G-action. Finally, let g3y be a Riemannian metric on M and let gr
be a G-invariant Riemannian metric on F.

Out of these data, we produce a Riemannian metric gpr @ gF on the Borel construc-
tion P xg F. The construction is as follows.

The datum of @ can be given by a certain 1-form € 4! (P g), or more geometrically
by one of the following equivalent gadgets:

(1) a G-equivariant left inverse V' of the inclusion map Vp := ker(dp) — TP of the
vertical tangent bundle, or

(2) a G-invariant complementary subbundle #p C TP to Vp, the horizontal tangent
bundle.

Given V, one puts Hp := ker(V) (this is the same as ker(6)). Given a decomposition
TP = Vp & Hp, one lets V be the projection onto the first summand. There is also the
horizontal projection H : TP — Jfp; both V and H are G-equivariant. The differential
of p induces a G-equivariant isomorphism #Hp =~ p*TM.

Letg: P x F — P xg F be the quotient map, and let = : P xg FF — M be the
projection. The subbundle #p x 0 C T (P x F) projects to a subbundle

qg+«(Hp x0) =: Hpxor CT(P xg F).
Furthermore, d 7 restricts to a bundle isomorphism
‘%PXG F — a* TM,

and the kernel of d is the vertical tangent bundle Vpx,r = P xg TF. Together, we
obtain an isomorphism

a*TM & vaGF ~T(P xg F), 3.3)
which only depends on 6.

Definition 3.4. Let G, P, M, F, 0, gy and gg be as in Assumption 3.2. The connec-
tion metric gy Dg grF is the Riemannian metric on P xXg F which under the isomor-
phism (3.3) corresponds to the direct sum of 7* gy and the bundle metric on Vpx,r =
P xg TF induced from the G-invariant metric gr.
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Lemma 3.5 ([19, Proposition 2.7.1]). The map
m (P %6 F.gm ®¢ gr) — (M. gum)
is a Riemannian submersion with totally geodesic fibres.

The most common case arises from a rank r Riemannian vector bundle V' — M with
a metric connection w and an O(r)-invariant metric g" on R”: the metric connection
induces a connection on the O(r)-principal bundle Fr(V') of orthonormal frames of V.
Let us record an obvious, but useful naturality property of connection metrics.

Lemma 3.6. Let G, P, M, F, 0, gpr and g be as in Assumption 3.2.

(1) Let H be a further Lie group which acts on the left on P and M, and the action is
compatible with the G-action on P, the map p, the Riemannian metric gy and the
connection 0. Then the connection metric gpr ®g gr is H-invariant.

(2) Let K be a Lie group that acts on F so that the action commutes with the G-action
and leaves g invariant. Then gy D¢ gF is K-invariant.

Assume the situation of (1), and let ¢ : Q — N be a smooth H -principal bundle with
a connection w. In this situation, we can form the associated bundle

Oxg(Pxg F)=(Qxg P)xg F >N

with fibre P xg F. Note that Q xgy P is a G-principal bundle over Q xg M, and
it has an induced connection Q xpg 6, given by the following recipe. The subbundle
Ho @ Hp C T(P x Q) is H x G-invariant and projects to an G-invariant subbundle
Hoxyp C T(Q xg P) which is complementary to Vo, p.

Lemma 3.7. In the situation just described, the two metrics (§N Do EM) Poxy0 &F
and gN ®w (&M ®o &F) on (Q Xu P) X F agree.

Proof. Letr: Q x Px F —Z:=Q xg P xg F be the quotient map. It induces G x H -
equivariant isomorphisms

q*"TN x p*TM X TF = Ho x Hp x TF = r*TZ.

Under this isomorphism, both connection metrics on Z correspondto gy ® gy  gr. =

3.2. The curvature of connection metrics

We assume the notation introduced in §3.1, and compute the scalar curvature of the con-
nection metric gy Gy gF with the aid of O’Neill’s formulas [38] (see also [6, Chapter 9]).
For a general Riemannian submersion 7w : E — M, O’Neill defines two tensor fields
A, T e T(E,T*E®? ® TE). Because the fibres of 7 are totally geodesic in our situation,
the tensor field T vanishes [0, §9.26] and can be ignored. The A-tensor is defined by the
formula (here e, f are vector fields on E)

Aef = VvHe(Hf) + HVHe(Vf)-
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Lemma 3.8. (1) If x, y are horizontal, then
Ayy = 1VIx.yl.
In particular, if E = P xg F, then Ayy only depends on the connection 6 and not
on the metrics involved.

(2) If x is horizontal and v is vertical, then Axv is horizontal.

(3) If x, y are horizontal and v is vertical, we have
(Axv,y) + (v, Axy) = 0. (3.9)

Proof. The first formula is [38, Lemma 2], and item (2) is clear. The third item follows
from

(Axv,y) + (v, Axy) = (H(Vxv), y) + (v, V(Vxy))
= (Vxv,y) + (v, Vyy)
=x(v,y) =0. L]

For two horizontal vectors, we can express A,y in terms of the curvature of 6, as
follows. For X € g, let p(X) be the vector field on F given by differentiating the G-
action, and let € A2(P; g) be the curvature form of the connection 8. For g € F, let
¢ : P — P xg F bethe map p — [(p,q)].

Let x,y € Tip,g1(P X F) be two horizontal vectors. By the definition of the hor-
izontal distribution, we find (unique) horizontal tangent vectors x«, y« € T, P such that
(Te)xx = x and (T@)yx = y.

Using the formula of [13, p. 51] for the evaluation of €2 on horizontal vectors, and
[38, Lemma 2], we obtain the formula

Axy = —p(Q(Xx, yx))q- (3.10)

Now let secys, secr and sec be the sectional curvatures of gar, gr and gas Do gF,
respectively. If v, w are orthonormal vertical vectors and x, y are orthonormal horizontal
vectors, we have the following identities, by [38, Corollary 1]:

sec(v, w) = secr (v, w),

sec(x,v) = || 40|,

sec(x, y) = secpr(x, y) — 3| Axy]|%. (3.1D)
Now we can calculate the scalar curvature of gar g gF. Let (x;) be an orthonormal basis

for the horizontal vectors, and (f;) an orthonormal basis for the vertical vectors, both at
a fixed point of P xg F. Then at this point

scal(gy @g gF) = ZZseC(xi,xj) + ZZsec(x,-, fi)+ ZZsec(fi, )
i<j i,j i<j

= scal(gn) — 6 > [ Ax; i[> + 2 || Ay, f51I* + scal(gr).

i<j i,J
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Since Ay, fj is horizontal, its norm square is the same as

D A 1P =D (A, S xx)
i,j

ik
= > (fj. Aqxi)? (by (3.9)
ijk
= Z | Ax; Xk I (since Ay; x; is vertical)
k

1
=2 4w xel?>  (by Lemma 3.8(1)).
i<k

Altogether, we obtain

scal(gyr Do gr) = scal(gyr) + scal(gr) — |A|2, (3.12)

where we denote
AP :=2) ||z x| = 0.

i<j
For ¢ > 0, we can scale the metric g to tgF . This does not change the orthonormal basis

(xi), since gp is unchanged; so Ay; x; is left unchanged, but its norm square gets scaled
by ¢. Moreover, scal(tgr) = % scal(gr). Altogether, we get

1
scal(gar Do tgr) = scal(gy) + n scal(gr) —t|A]>. (3.13)

More generally, with an additional scaling parameter, we have

1 t
scal(sgy Do tgF) " Scal(gM Do EgF)

1 1 t
—scal(gar) + —scal(gr) — —2|A|2. (3.14)
s t s

3.3. The generalized Gromov-Lawson—Chernysh theorem

We can now state the generalized Gromov—Lawson—Chernysh surgery theorem [30, The-
orem 3.1] (see [43, Theorem 3] for a precursor). Using the notion of right stability, the
result might be stated as follows.

Theorem 3.15 ([30, Theorem 3.1]). Let V — N be a Riemannian vector bundle of rank
r > 3 over a closed manifold N with unit disc bundle D(V') and unit sphere bundle
S(V), let w be a metric connection on V and let h be a Riemannian metric on N. If the
connection metric § = h @, gl has positive scalar curvature, where g{._ is a torpedo
metric, then g is right stable on D(V') : @ ~ S(V).

The following consequence of Theorem 3.15 is our main tool to construct admissible
splittings.
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Proposition 3.16. Assume that

(1) Vi => Nj, i = 0,1, are Riemannian vector bundles over closed manifolds, of rank
r; :=rank(V;) > 3,

2) ¥ : S(Vo) = S(V) is a diffeomorphism of the sphere bundles, and M := D(Vy) Uy,
D(V1)P,

(3) G is a Lie group which acts smoothly on Nj, and on V; by bundle isometries, such
that  is G-equivariant (hence G acts on M),

@) w;, i = 0,1, are G-equivariant metric connections on V; and h; are G-invariant
Riemannian metric on N;, and the (G -invariant) connection metrics g; := h; @y, g
have positive scalar curvature (for suitable torpedo metrics g.).

(5) ¥v*gi1lsan) and gols(v,) lie in the same path component of RT(S(Vo))C, the space
of G-invariant psc metrics on S(Vy),

(6) P — B is a smooth G-principal bundle over a closed manifold.

Then the manifold P xg M has an admissible splitting.
Proof. We can write
P xg M = (P xg D(Vo)) Upxgy (P xg D(V1)™). (3.17)

The inclusions S(V;) < D(V;) are 2-connected because r; > 3, and hence so are the
inclusions P xg S(V;) — P xg D(V;).
We can write

P xg Vi = P xg (Fr(V;) xo@;) R™) = (P x¢ Fr(V;)) xo(;) R™.

Choose a Riemannian metric gg on B and a connection # on P — B. We consider the
metrics

Miy = (g8 Do uhi) ®pPxyw; Ut = g8 Do (Uhi By, ugly) = g5 o ugi  (3.18)

on P xg V; for a scaling parameter u > 0. By the scaling identity (3.13), there is u¢ such
that for all 0 < u < ug, scal(m;,) > 0 (look at the right hand side of (3.13)).
For such u, m; ,, lies in the same path component of R+ (P xg D(V;)) as

1 1 .
—miy = |—g8 Pohi | Brxyw; Liar>
u u

which is right stable by Theorem 3.15 (where P xg D(V) is viewed as a cobordism from
@ to P xg S(V)). Using [16, Lemma 2.3.4], it follows that m; ,, is right stable.

Letk; := gi|s(v,)andlety : [0,1] — RT(S(Vy))C be a path connecting ko and ¥ *k ;.
Without loss of generality, we can assume that u( is small enough so that scal(gp ®g
uy(t)) > 0forall0 <u <ugandt € [0, 1].

For such a choice of u, we have a right stable metric mg, on Q¢ := P xg D(Vp), a
left stable metric m{", on Q1 := P xg D(V1)® and apath y’: [0, 1] = R+ (P xg S(Vp))
from mo | pxgsvp) to (P XG ¥)*my . This completes the proof. |
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3.4. Contruction of the splittings

In this subsection, we finish the proof of Theorem 3.1. Let us first introduce uniform
notation for the real, complex and quaternionic cases.

(1) K is either R, C or H, and k := dimg (K). We denote by J(K) C K the imaginary
part, which we identify with the Lie algebra of the group S¥~1 ¢ K*.

(2) We consider K" as a right K-vector space, equipped with the standard inner product.
The group S*¥~1 acts on K” and on S(K”) = S¥"~1 by right multiplication; let R,
denote right multiplication by z € §¥~1.

(3) We denote by
G(n) := Nogen)(S*™")
the normalizer subgroup of $¥~1 in O(kn). The centralizer

H(n) = Cowny(S*™1) C G(n)

is equal to O(n), U(n), Sp(n), depending on the case at hand. The action of H(n) on
K” by left matrix multiplication commutes with the S*¥~!-action, and we let L4 be
left multiplication by A € H(n).

(4) The quotient map p : SK*~1 — KPP~ 1 := §kn=1/5k=1 {6 the projective space is an
S*=1_principal bundle. The projective space has an induced action of the normalizer
G(n), and the kernel of that G(n)-action is S¥~!, so that the group

PG(n) := G(n)/S*!

acts (faithfully) on KP"~1.
(5) More generally, we consider the subgroup O(kn) x O(km) C O(k(m + n)), and
define
G(n.m) := Nownxowm)(S¥™) = G(n +m) N (O(kn) x O(km)),
H(n,m) := Cogmxowm(S*") = H(n) x Him) C G(n,m),
PG(n,m) = G(n,m)/Sk_1 C PG(n + m).
(6) The action of G(n) on S kn=1 5 effective and transitive with stabilizer Stabg ) (en) =

G(n — 1). The action of PG(n) on KIP"~! is transitive, and the stabilizer of [e,] €
KP"!isequal to PG(n — 1, 1).

(7) The structure of the group G(n) is determined as follows. There is an exact sequence
1 —> H(n) > G(n) — Aut(S¥1) > 1

in each case. It follows that G(n) = O(n) if K = R, that G(n) = C, x U(n) in
the complex case, where the cyclic group C, acts by complex conjugation, and that
in the quaternionic case G(n) = Sp(n) x+1 Sp(1), where (A4, z) act by L4 R,. The
quotient groups are P G(n) = O(n)/+£1 in the real case, PG(n) = C, x U(n)/S! in
the complex case and PG(n) = Sp(n)/£1 = P Sp(n) in the quaternionic case.
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The goal of this section is the proof of the following result.

Proposition 3.19. Let E — B be a smooth fibre bundle with fibre KP™ 1"~ and struc-
ture group PG(n, m) over a closed manifold B. Then E has an admissible splitting in
each of the following cases:

() K=R,n,m=>3,
2Q)K=C,n,m=>2,
B K=Hnm=>1.
Proposition 3.19 implies Theorem 3.1, because each of the structure groups mentioned
in that theorem acts through its image in P G(n, m).

We start the proof of Proposition 3.19 with a suitable decomposition of KP”? "1
into disc bundles which is invariant under P G(n, m). Let

Lo:={(w.w) e SK" x K™ | [[o]l = [[wll}, L1 :={(v,w) e SE" xK™)| [[v]l < [[w]}}
with intersection
Lot := Lo N Ly ={(v,w) | [v]]> = [w]® = 1/2} = SK") x SK™).

The decomposition S¥"+*¥m=1 — [ ;U L, is invariant under the action of O(kn) x
O(km) and of S¥=!, and hence in particular under G(n, m). It therefore induces a
decomposition KP"+"~! = Py Up,, Py, where P; := L;/S*~!, which is invariant under
PG(n,m). The map

1
V2

is a diffeomorphism onto Py, and there is a similar diffeomorphism

@0 : S(K") xgk—1 D(K™) — KP"t"=1 [y, w] > [ (v,w):|,

@1 S(Km) X gk—1 D(K") ~ P;.

The diffeomorphisms ¢; are P G(n, m)-equivariant. Altogether, we have found a
P G(n, m)-invariant decomposition

Kﬂpn+m—l — D(S(Kn) X gk—1 ]Km) U‘pl_l o D(S(Km) X gk—1 K”) (320)

oy
into disc bundles. If n and m are as in Proposition 3.19, these disc bundles have rank at

least 3. The action of P G(n,m) on the sphere bundle S(S(K") xgx—1 K™) is transitive.
This sphere bundle is more conveniently written as

Mk,n,m = Skn—l X gk—1 Skm_l.

Note that My, is both an S¥”~!-bundle over KP”~! and an S*”~'-bundle over
KP™~1. The action of the group P G(n,m) on My, », is transitive, because the action of
H(n,m) on S¥7=1 x §km=1 ig already transitive.

Let ggrn—1 be the round metric on S*n=1 The action of O(kn) and hence of G(n) is
by isometries. The action of the subgroup S¥~! C G(n) is geodesic in the sense that the
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orbits of 1-parameter subgroups of S¥~! are geodesics in S¥”~1. We let Vgikn—1 be the
(k — 1)-dimensional distribution of tangent vectors to orbits. The distribution Vgxn—1 is
preserved by G(n), and so is its orthogonal complement Hgin—1 := (Vgkn—1)+. More-
over, Hgin—1 is the horizontal distribution for a principal connection w, on the § k=1
principal bundle p : $¥7~1 — KP"~! In fact, w, is G(n)-equivariant, and it is the only
connection with this property.

The Fubini-Study metric on KIP"~! is the quotient metric ggpn—1 of the round metric.
The map 7 : (S¥"~1, gskn—1) = (KP""! ggpn—1) is a Riemannian submersion with
totally geodesic fibres, and ggk»—1 can be identified with the connection metric

gskn—1 = gKgpn—1 @wn gsk—1

(since both vertical and horizontal distributions are orthogonal for both metrics, and both
metrics agree on horizontal and on vertical vectors).

The metric ggpn—1 By, tg{f;” on Skn-1 X gk—1 D¥m = Py is PG(n, m)-invariant,
and so is the metric ggpm—1 B, sgE" on S¥m~1 x ¢x 1 D*¥" = Py Fort, s sufficiently
small, these have positive scalar curvature (provided n and m are as in Proposition 3.19).
By Proposition 3.16, the proof of Proposition 3.19 will be complete once we show that
for suitable s and ¢, the two metrics

gxpn—1 Pw, &skm—1, grpm—1 Pw,, Sgskn—1 € ¢{R+(Mk’n,m)PG(n’m)

can be connected by a path of P G(n,m)-invariant psc metrics. Therefore, all that remains
to be shown is

Lemma 3.21. The space of P G(n, m)-invariant psc metrics on My , m is contractible if
k=landm,n >3, ork =2andm,n > 2, ork =4andm,n > 1.

The proof of Lemma 3.21 will be quite direct, but a bit lengthy, and we begin with
some preliminaries.

Definition 3.22. The Berger metric gf,’," on S*"~1 with parameters 5,7 > 0 is

5

k.,n .
gs,t ‘= SEKPr—1 e91’-’11 thk_l .

The Berger metrics are G(n)-invariant, and are the only such metrics (we shall not
need this fact explicitly). The metric

k.m
Sgxpr—1 Dw, Lur
on My, m is P G(n, m)-invariant, and so is
k.,n
SgKpm—1 GBwm gu,t .
In fact, it is not hard to see that
k,m k.n
Sgxpr—1 P, §ur = USKPm—1 Doy, L5t »

but we do not make use of this fact.
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Lemma 3.23. All PG(n, m)-invariant metrics on My , ., are of the form sggpn—1
@wn gl’;:;n
Proof. The map

q: My pm— KP" 1 x KP™!

is an S¥~!-principal bundle and is P G(n, m)-equivariant. The tangent bundle of My nm
can be decomposed into three summands:

TMipm = Vg, n ® ¢ (TKP"™' & 0) ® ¢*(0 ® TKP" ),

and this decomposition is P G (n, m)-equivariant. We shall now argue that any P G (n,m)-
invariant symmetric bilinear form on 7'My ,, ,, is the direct sum of invariant bilinear forms
on the three summands, and each summand carries a unique (up to scalar multiple) such
invariant symmetric bilinear form. From this, the claim follows by counting parameters
(for that, note that the construction of sggpn—1 e, g{j i can be carried out for arbitrary
real s, u, t and gives an invariant bilinear form).

For that goal, pick the basepoint [e,,, e,] € My ,.m and let K(n,m) C P G(n,m) be the
stabilizer subgroup at [e,, e,,]. Because the action of PG (n, m) on M 5, is transitive,
P G(n,m)-invariant bilinear forms on My , ,, correspond bijectively to K(n,m)-invariant
bilinear forms on the tangent space Tie,, ¢,,] Mk n,m- The stabilizer K (n,m) is equal to

{(A,z,B,z) e On—1)x O(1) x O(m — 1) x O(1)}/{£1}, K =R,
Cox{(A,z,B,z) eUn—1)xU() xUm—-1)xU)}/U1), K=C,
{(A,z,B,z) € Sp(n — 1) x Sp(1) x Sp(m — 1) x Sp(1)}/{£1}, K = H.

The tangent space T(e,, ¢,,) (S kn=1 5 gkm=1) can be identified with
K" ! @ 3(K) @ K" ! @ 3(K),
and similarly we have
Tien.en] (S x gk SFm1) = K1 @ K™ ! @ S(K). (3.24)

This identification is K(n, m)-equivariant, where the action on the right hand side is as
follows.

(1) If K = R, we have
T[e,,,em](Snil XsO Smfl) — Rnfl @ Rmfl’

and the action of [4, z, B, z] € K(n,m) is by L4R; in the first summand, and by
L R; in the second one. The two summands are irreducible inequivalent representa-
tionsof O(n — 1) x 1 x O(m —1) x 1 C K(n,m).

(2) If K = C, we have

Tieyem) (87" x51 $2" ) = C" ' @ C" ' @ 3(C),
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The action of [4, z, B, z] € K(n,m) is by L4 Rz in the first summand, by L g Rz in the
second one, and by the identity in the third. The action of the complex conjugation
k € K(n, m) is by complex conjugation in all three summands. Again, the decom-
position (3.24) is a decomposition into irreducible, pairwise inequivalent K(n, m)-
representations.

(3) If K = H, we have
T[e)hem](S4n_1 XS3 S4m_1) = Hn_l @ Hm_l @ S(H)

The action of [A4, z, B, z] € K(n,m) is by L4 Rz in the first summand, by Lp Rz in
the second summand, and by Ad(z) in the third one. Again, this is a decomposition
into pairwise inequivalent representations.

Since the summands in the decomposition (3.24) are irreducible and inequivalent
K(n, m)-representations, it follows that all invariant bilinear forms are given by direct
sums of invariant forms on the three summands, and the forms on the summands are
unique up to scalar multiplication. Hence the (real) dimension d , » of the space of
P G(n, m)-invariant bilinear forms on My , , is equal to

0, K=R,n=m=1

, K=R,eithern =1orm =1,

, K=R,n,m=>2,
K=C,H,n=m=1,

, K=C,H, eithern =1lorm =1,
, K=C,H, n,m=>2.

dk,n,m =

1
2
1
2
3
A parameter count shows that this is the same as the number of parameters in sggpn—1
®o, G- "
What remains to be proven is that

{(s.u.1) € (0,00)® | scal(sgxpn-1 B, ghy") > 0} C R

is contractible. To write down a formula for scal(sggpr—1 Bw, g,]j:;"), we fix some more
notation. We define

cn = scal(ggn—1) = (n — 1)(n — 2) (3.25)
and
Cl’la K = R5
by = scal(ggpn—1) = 4n(n—1), K=C, (3.26)

16(n>—1), K=H

(for the last one, see [18]). Furthermore, we let ai, be the (constant) value of
the quantity |4|> (see (3.12)) for the Riemannian submersion (S*"~1, ggrn—1) —
(KP"~!, ggpn—1). Using (3.12), we find

Ckn = scal(ggin—1) = scal(ggpn—1 B, &sk—1) = bppn + Ck — Ak .
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from which we may evaluate

0, K = R,
akn =4 2m—1), K=C, (3.27)
12(h—1), K=H

Lemma 3.28. With these notations, we have

one 1 "
Scal(gs,tn) = Ebk,n + ;Ck - S_Zak’”

and

k, 1 1 1 t t
scal(sgxprn—1 Pw, gu’;n) = Ebk,n + ;bk,m + ;Ck — ﬁak,m — s—zak,n.

Proof. The formula for the scalar curvature of the Berger metric is a straightforward con-
sequence of (3.14). To get the second formula, let ag , m .., be the (constant) value of | A |2
for the connection metric ggpn—1 Py, g,]j:,m. This can be computed with the aid of for-
mula (3.10). Because the action vector field of the S¥~!-action on S¥”~! lies in the
vertical tangent bundle 'V.S¥”~1 which is scaled by the factor 7, the quantity Alenmout
does not depend on u; the dependence on ¢ is expressed by the formula

Ak nomu,t = LAk nm,1,1-

Moreover, if S km=1 carries the round metric, the norm of the action vector field by an
element in the Lie algebra J(K) of S*¥~1 agrees with the norm of the action vector field
on S*¥=1 (for p € S¥7=1 and X € J(K), the curve t — pexp(tX) is a closed geodesic
with length independent of m). Therefore, ak » m,1,1 does not depend on m and is given
by ak.n.m,1,1 = ak . This shows

Ak.nmau,t = tak,nv

and we conclude

k. 1 1 t
scal(ggpr—1 Buw, gu,:n) =bgn + ;bk,m + ;Ck - ﬁak,m —lagg.

By global scaling with %, we obtain the formula for scal(sggxpr—1 Puw, g,’j:;",
using (3.14). ]

Proof of Lemma 3.21. Each P G(n, m)-invariant metric can be written as sggpn—1 @,
g,lj:" by Lemma 3.23. By global scaling and Lemma 3.28, the space of invariant psc
metrics is homotopy equivalent to the space of all (s, u) € (0, c0)? such that

lbk,n + lbk,m + cx — Lzak,m — lzak,n > 0. (3.29)
s u u s
In the cases excluded in the statement of the lemma, the left hand side of (3.29) is
always 0. If K = R, we have ¢; = a1, = 0, and hence the left hand side of (3.29) is
equal to %bk,n + %bk,m, which is always positive.
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For the remaining cases, change coordinates to x := % and y := %, and let

q(x,y):= ak,nx2 + ak,myz’
c:=c >0,

U(x,y) = brnX + brmy- u
We have to look at the set of all (x, y) € (0, 00)? such that

q(x,y) —L(x,y) <c. (3.30)

Now ¢ is a positive semidefinite quadratic form and £ is a linear form. Hence g — £ is
a convex function, and so the set of solutions to (3.30) is convex. It is also nonempty: if
K = H, then ¢ > 0 and so (3.30) is satisfied for sufficiently small (x, y). f K = C, then
¢ = 0, and we find solutions of (3.30) provided that one of b ,, bi », is positive, which
is the case unless n = m = 1.

This concludes the proof of Proposition 3.19.

4. The computation in the spin case

4.1. The simply connected case
In this section, we finish the proof of Theorem A.

Proposition 4.1. The map 7 : BP(Sp(2) x Sp(1)) — BPSp(3) induces a surjective map
e 2 QU (BP(Sp(2) x Sp(1))) — Q3" (BPSp(3)).
Let us postpone the proof for a moment.

Proof of Theorem A assuming Proposition 4.1. We first have to recall some aspects of the
proof of Stolz’ theorem [44] (that a simply connected spin manifold of dimension d > 5
admits a psc metric if a(M) = 0). The Atiyah-Bott-Shapiro orientation of spin vector
bundles gives rise to a map

a : MSpin — ko

of ring spectra, from the spin cobordism spectrum to the connective real K-theory spec-
trum. On the level of homotopy groups, a induces

szm — koy

which assigns to a spin manifold the index of the spin Dirac operator, by the Atiyah—
Singer index theorem. The Lichnerowicz formula implies that a(M) = 0 is a necessary
condition for the existence of a psc metric on M. Now let

Spi Spi
T : de_r;(BPSp(?a)) — den
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be the map that assigns to a map f : B — PSp(3) the total space of the HP2-bundle
classified by f. The composition & o T is zero, since the total spaces of HP2-bundles
admit psc metrics. The key result of [44] is that the sequence

Q%" (BPSp(3)) — 25" 5 koy 4.2)

is exact (it is not part of a long exact sequence). To give credits properly, Stolz [44,
Theorem 1.2] proved exactness of (4.2) after localization at the prime 2. After inverting 2
this was shown later by Kreck and Stolz [31, Proposition 3.3].

Now let M4 be a spin manifold which a_dmits a psc metric, d > 5. Then a(M) = 0,
and so by the exactness of (4.2), [M] € Qflpm contains the total space of an HP2-bundle
with structure group P Sp(3). By Proposition 4.1, [M] contains the total space of an HP2-
bundle with structure group P(Sp(2) x Sp(1)). By Theorems 3.1 and 2.6, it follows that
RT(M) ~ R+ (S59), as claimed, if in addition M is simply connected. n

Proof of Proposition 4.1. We shall prove separately that 74« ® Z() and 74« ® Z[%] are
surjective. We first turn to the 2-local case. Because

HP? = PSp(3)/P(Sp(2) x Sp(1)), (4.3)

7 is homotopy equivalent to a smooth fibre bundle with fibre HIP2. In this situation,
Becker and Gottlieb [5] constructed a transfer map

trf; : S°BPSp(3)+ — S®BP(Sp(2) x Sp(1))4+

on the level of suspension spectra, and they showed that m o trf, : ¥*°BPSp(3)+
— X®BPSp(3), induces multiplication by the Euler number y(HP?) = 3 € Zé) on
(ordinary) homology. If A. is a generalized homology theory whose coefficient groups are
7 (2)-modules, a straightforward argument with the Atiyah—Hirzebruch spectral sequence
then proves that 77, : A (BP(Sp(2) x Sp(1))) — A«(BPSp(3)) is (split) surjective. Apply
that statement to A, := Q3" (L) ® Z(2y. There was nothing special about spin cobordism
in this argument.

For the consideration after inverting 2, some more ingredients are needed. Firstly,
the map BSp(3) — BPSp(3) induces an isomorphism in homology with coefficients
in Z[%], and hence also in spin bordism tensored with Z[%]. The same argument applies
to B(Sp(2) x Sp(1)) — BP(Sp(2) x Sp(1)). Therefore, we only need to prove that

Q™ (B(Sp(2) x Sp(1))) ® Z[1] — Q" (BSp(3)) ® Z[1] (44)

is surjective. It is well-known that the integral homology of BSp(n) is torsionfree and
concentrated in degrees divisible by 4; see e.g. [37, Theorem III.5.6]. Moreover, the
map B(Sp(2) x Sp(1)) — BSp(3) induces an epimorphism in homology with arbitrary
coefficients. This is because the homotopy fibre is HP2; hence the Leray—Serre spectral
sequence collapses (for degree reasons) at the £2-page.

We also need to know a fact about spin cobordism from Anderson,'Brown and
Peterson’s work [2]. Namely, Theorem 2.2 of that paper implies that Q5"" ® Z[3]is
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concentrated in degrees divisible by 4 (this can also be deduced from the structure
of 59 described in Theorem 6.4 below, together with the fact that the forgetful map
Q" @ Z[%] - Q0 ® Z[%] is an isomorphism, which follows from Serre class theory).
Therefore, the Atiyah—Hirzebruch spectral sequence

E?, = Hy(BSp(3): Q™ ® Z[1]) = @7 (BSp(3)) ® Z[1]

and its analogue Ej’q for B(Sp(2) x Sp(1)) collapse at the E2-page. We have argued
that the comparison map Eziq — Eg’q is surjective, and since the spectral sequences
collapse, surjectivity on the E°°-page follows. Finally, an argument with the 5-lemma
proves that (4.4) is surjective, as claimed. ]

4.2. Generalization to some nontrivial fundamental groups

If one tries to carry over the above argument for Theorem A to the case of spin manifolds
with a given fundamental group I', one runs into formidable difficulties. These difficul-
ties are very similar to those in studying the Gromov-Lawson—Rosenberg conjecture,
which has counterexamples for rather innocent groups [41]. But at least in some interest-
ing cases, our argument goes through. We have not attempted a more systematic study,
though.

Theorem 4.5. Let I" be a finitely presented torsion-free group, and assume that

(1) the classifying space BT splits stably as a wedge of sphere spectra, in other words,
E®BT4 >~ ;e TS,

(2) T satisfies the real strong Novikov conjecture, in other words, the assembly map | :
KO« (BT) — KO.(C}(I")) is injective.

If My, My are two closed spin manifolds of dimension d > 5 with fundamental group T’

and RT(M;) # 0,

R (Mo) = RT(M)).
Examples 4.6. (1) The free abelian group Z" satisfies all requirements. The stable split-

ting condition is clear, and free abelian groups even satisfy the Baum—Connes conjec-
ture (in the complex case), which implies the real strong Novikov conjecture by [42].

(2) Similarly, the free group F, satisfies the hypotheses of the Theorem (free groups sat-
isfy the Baum—Connes conjecture by [24] because they have the Haagerup property).

Proof of Theorem 4.5. We have to prove that the cobordism class [M;] € szm(B r
contains a representative which is an HP2-bundle with structure group H :=

P(Sp(2) x Sp(1)).
The hypothesis that *° BTy >~ \/;.; £"S has the effect that

Ar(BT) = €D Ak, (%)

iel
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for each homology theory A, and this sum decomposition is natural in A.. Kreck—Stolz’
sequence (4.2), together with Proposition 4.1 and the (obvious) injectivity of ko, — KOs,
yields an exact sequence

Q" (BP(Sp(2) x Sp(1))) — Q3" — KO,
whose maps are induced by maps of spectra. The induced sequence
QP (BP(Sp(2) x Sp(1)) x BT) — Q57" (BT) — KO, (BT)

is therefore exact, by the above observation. Assuming that I" satisfies the real strong
Novikov conjecture gives an exact sequence

QS (BP(Sp(2) x Sp(1)) x BT) &> Q¥F"(BT) =5 KOL(CF(T).  (47)

The map T again takes the total space of the classified HIP2-bundle, and indr associates to
a cobordism class (M, f) the index of the Rosenberg—Dirac operator. The Lichnerowicz
vanishing argument carries over to this case and shows that if M admits a psc metric, then
indr (M, f) = 0. Using the exactness of (4.7), we conclude that (M, f) is cobordant to
the total space of an HIP2-bundle with structure group P (Sp(2) x Sp(1)). |

5. Two further geometric ingredients for the non-spin case

For the proof of Theorem A that we just gave, Theorem 3.1 provided enough examples
of admissible splittings. For the proof of Theorem B, these do not quite suffice, and we
need some more geometric ingredients, which will be developed in this section. The main
results are Propositions 5.1, 5.2 and 5.8.

5.1. Stability of product metrics
The goal of this subsection is the proof of the following two propositions.

Proposition 5.1. Let x € Qio be a cobordism class which can be written as x = yz,
with y of dimension at least 6 and z of positive dimension. Then x contains a representa-
tive with an admissible splitting.

Proposition 5.2. Let V; — N; be vector bundles of rank r; > 3, let ¥ : S(Vy) = S(V1)
be a diffeomorphism and let M := D(Vy) Uy, D(V1)P. Let P be a closed manifold which
admits a psc metric. Then M x P has an admissible splitting.

An important step in the proof of Proposition 5.1 is the following result.

Lemma 5.3. Let W : My ~ M be a cobordism such that dim(W) = d > 6 and both
inclusions M; — W are 2-connected. Let (N, gn) be a closed psc manifold, and let gw
be a Riemannian metric on W with product form near the boundary such that the product
metric gw D gy on W x N has positive scalar curvature. Then gw @ gn is stable.
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The proof of Lemma 5.3 begins with two lemmas.
Lemma 54. Let W be a compact manifold with boundary. Then for each € > 0, the space
RZTEW) ;= {h € R(W) | infscal(h) > —¢}

is (weakly) contractible. If (N, gn) is a closed psc manifold, the space of product psc
metrics (that is, psc metrics of the form gw @ gn) on W x N is contractible.

Proof. The space R”~¢(W) is nonempty: if h € R(W), thenth € R~~¢(W) if ¢ is suffi-
ciently large. Pick hg € R”7(W). Let X be a compact space and leth : X — R™~¢(W)
be a map. Let

H:KxI—RW), H(x,t):=({—-t)h(x)+ thy,
and
A= inf 1(H(x,1)).
(x,t)elII}X[O,l] scal(H (x. 1))

Choose a > 1 such that %)L > —¢, and define a homotopy P : K x [0,3] — R~(W) by

(1 —1 + ta)h(x), telo,1],
P(x.1) =4 2 —t)ah(x) + (t — Daho, t€][l,2],
(3—1)a + (t — 2))ho. te2,3]

Hence R”7¢(W) =~ . The second claim of the lemma follows from the first and the
observation that

scal(gw @ gn) > 0 < infscal(gw) > —infscal(gn). |

Lemma 5.5. Let N be a closed manifold which admits a psc metric, let W% : My ~> M
be a cobordism, and assume that each product psc metric on W x N is right stable. Let
@ : SK=1 5 DA, 5 W be a surgery datum in the interior of W with3 <k < d —2,
and let Wy, be the result of performing a surgery along ¢. Then each product psc metric
on Wy, x N is right stable. The same is true for left stable metrics.

Proof. Let¢’ : S47% x Dk — W, be the dual surgery datum. We define
¢ =@ xIdy : ¥ 1 x DI+« N > W x N,
¢':=¢ xIdy : S7F x D¥ — W, x N.
Then
W, x N = (W x N)\ Im(¢)) Ugk—1ga—i 5y (D¥ x ST7* x N).

Fix a psc metric gy on N andlet R (W x N,¢) C RT (W x N) be the subspace of those
metrics which are equal to ggx—1 @ gt”(l)r_k @ gy onIm(¢), and define R+ (W,, x N,¢") C
RT (W, x N) in an analogous way. The inclusions

RY(W x N,¢) - RY(W x N), RT(W,xN,¢") - RT (W, x N)
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are weak equivalences by Theorem 2.1 (or rather a variant of it for manifolds with bound-
ary which is covered by the proof in [14]). There is a homeomorphism

RY(W x N,¢) = R (W, x N, ¢'), (5.6)
and hence a weak equivalence
S:RY(W x N) ~ R (W, x N).

By the argument given in the proof of [7, Theorem 2.6], the path components which con-
tain a right stable metric correspond to each other under the bijection 77¢(S). Furthermore,
the homeomorphism (5.6) and its inverse preserve product metrics. By Lemma 5.4, there
are unique components of R (W x N) and R (W, x N) which contain metrics of the
form gw @ gn, and so these two components correspond to each other under 7o(S).
Hence one is right stable if and only if the other one is. ]

Proof of Lemma 5.3. This is similar to the proof of [15, Theorem E = Theorem 3.1.2 (ii)],
and we refer to that paper for more details. First note that any psc metric of the form gas @
dt?> ® gy on M x [0,1] x N is stable. Now let W be as in the statement of the proposition.
By the proof of the s-cobordism theorem [28,49], W has a handlebody decomposition
(relative to Mj) in which all handles have index in {3,...,d — 2}. As explained in the
proof of [15, Theorem 3.1.2 (ii)], it follows that W U W°P and My x [0, 2] are related by a
sequence of surgeries of index in {3,...,d —2}. By Lemma 5.5, each product psc metric
on (W U W®) x N is stable. Now let h € R (W x N) be a product psc metric. Then
h U h°P is a product psc metric, therefore stable. Thus the gluing map w(_, ) has a left
inverse in the homotopy category, namely w(_, h°P).

The same argument can be applied with the roles of W and WP reversed, and leads to
the conclusion that p(_, #°P) also has a left inverse in the homotopy category. Therefore
w(_, h°P) is a weak equivalence, and so is w(_, 7). This means that / is left stable. By
[15, Theorem E], A is also right stable. [

Proof of Proposition 5.1. Let M be a representative for y which is relatively 3-con-
nected. In particular, M is simply connected, H,(M);Z) = H,(BSO;Z) =~ 7 /2, and M
does not have a spin structure.

Let S2 — M be an embedding which represents a generator of 7o (M) = Z/2. The
normal bundle is the nontrivial vector bundle over S2, and so we obtain a 2-connected
embedding P — M of the disc bundle of the nontrivial vector bundle over S 2, which leads
to a decomposition M = P Uyp (M \ P). By general position, the inclusion map M \ P
— M is d — 3 > 3-connected, and so the manifold M \ P is relatively 3-connected.

The argument so far only used that M was relatively 3-connected and not that it was
closed. Hence we can apply the same argument to M \ P. The result is a decomposition

M=PUWUP®

where W : 9P ~> 0P is a cobordism such that both inclusions 0P — W are 2-connected.
Let gp be a connection torpedo metric on P, and choose gw € R(W)g,p,05p» DOt NEC-
essarily of positive scalar curvature.
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The cobordism class z € 3° contains a representative N which carries a psc met-
ric gy . This follows from the proof of [20, Corollary C] (a more elegant way to see this
is to invoke the main result of [17]). We can assume that scal(gw & gn) > 0.

By Lemma 5.3, the metric gy @ gy is stable, and the metric gp @ gy is a connection
torpedo metric, so it is right stable by Theorem 3.15. Likewise, g;’,p @ gn is left stable,
and we have found an admissible splitting

M x N = (P xN)Uspxy (WU PP x N)
with suitable psc metric (gp ® gn) U ((gw U gp) ® gN- n

For the proof of Proposition 5.2, we need another lemma.

Lemma 5.7. Let (M, gpr) and (N, gn) be two psc manifolds. Then the product map
VIRT(M)x RT(N)—= RY(M x N), (80,81) — go ® g1, is homotopic to the constant
map.

Proof. We only show that the map is weakly homotopic, i.e. the restriction to a compact
subset K C R (M) x Rt (N) is nullhomotopic. The technique to write down the homo-
topies is very similar to the proof of Lemma 5.4, hence we shall be very brief. The first
step is a homotopy from v|g to the map (go, g1) > gm © g1, which is very similar to
the homotopy used in the proof of Lemma 5.4. The second step is a homotopy from that
map to the constant map gy @ gn - |

Proof of Proposition 5.2. Pick Riemannian metrics s; on N; such that h; @ gp is a psc
metric on N; x P. Pick metric connections w; on V; and suitable torpedo metrics g
on R such that h; @, g is a psc metric on D(V;).

The product metrics (h; ®u; gii) @ gp are connection torpedo metrics. Lemma 5.7
implies that the metrics (ho Duw, &) |sv) © gp and (Y *(h1 Bo, gir)ls(ry)) D gp are
isotopic; this finishes the proof because of Proposition 3.16. ]

5.2. Splitting a certain 5-manifold

Here, we prove the following.

Proposition 5.8. There is a closed oriented 5-manifold M with the following properties:
(1) we can write M = Wy U Wy as a union of two disc bundles of rank 3 over S2,

(2) this is an admissible splitting, and

(3) [M] #0 e Q.

Construction 5.9. Let

V:=58%x51 (C®R) » CP!,

where S! acts on C by rotations and trivially on R. This is the unique nontrivial real vector
bundle of rank 3 on CPP!, and V does not have a spin structure. We write W := D(V)
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and N := S(V) for the unit disc bundle and unit sphere bundle. Note that
N = 83 xg1 §?
is the Hirzebruch surface; in [25], it is shown that N =~ CP2 # CP2. Let us write
N = (83 xg1 D*) U (S x [0, 1]) Uy, (S* xg1 D?), (5.10)

using the diffeomorphism ¢ : S x g1 S — §3 given by ¢([u, x]) := ux. We now define a
diffeomorphism F : N — N as follows. On the first copy of S x g1 D2, F is the identity.
On the second copy of S3 xg1 D2, F is given by complex conjugation [u, x] — [i, X]. Via
the gluing diffeomorphisms, these maps induce the identity on S3 x {0} and the complex
conjugation x on S3 x {1}. The complex conjugation on S3 C C? lies in SO(4), and
hence there is a path y : [0, 1] — SO(4) with y(0) = 1 and y(1) = k. We furthermore
assume that y is constant near 0 and constant near 1. On the middle S3 x [0, 1], we define
F by the formula F(t,u) := (¢, y(¢t)u). Altogether, this defines F : N — N. We now
define
M :=WUfr W,

which is a closed 5-manifold which by construction is the union of two disc bundles of
rank 3, as claimed in Proposition 5.8. Since W is simply connected and N is connected, it
follows that M is simply connected, by Seifert—van Kampen. Therefore, M is orientable,
and we choose an orientation on M.

Proof that M is not nullbordant. We will show that

7, k=05,
Hy (M:Z)=137/2, k=2, 5.11)
0, k#0,2,5.

This will imply the lemma, by the following argument. It is enough to prove that
(wa(TM)w3(TM), [M]) # 0. To that end, recall that the semi-characteristic k(X ;F) €
Z/2 of a closed (2m + 1)-manifold X with respect to a field F is defined as

k(X:F) := > dimp (Hi(X:F)) € Z/2.
k=0

Lusztig, Milnor and Peterson [33] showed that
k(X;Q) — k(X F2) = (wa(TX)wam—1(TX), [X]) € Z/2.

Together with (5.11), this shows that (w,(TM)w3(TM), [M]) # 0.

It remains to compute H,(M; Z); the other groups are determined by the simple
connectivity of M and by Poincaré duality. The S!-action on S C C @ R has the
two fixed points (0, £1). Those two fixed points determine sections s+ of the bundle
N = 83 xg1 §? — CP! and hence elements b+ = hur(s+) € Hy(N; Z). It is easily
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verified (e.g. by the Mayer—Vietoris sequence for the decomposition (5.10)) that (b4, b_)
is a Z-basis of Hy(N) = Z2.

The two S!-fixed points (0, 1) can be connected by a path of fixed points in D3;
therefore, the two sections s+ become homotopic in S 3% sl D3 = W. Hence Jx(b2) =
Jx«(by) € H*(W), where j : N — W denotes the inclusion map. Since N — W is 2-
connected, j is surjective on H,. Hence j.(b+) must be a generator u € Hy(W) = Z.

To compute the effect of the diffeomorphism F on homology, let us agree that the
signs are chosen in such a way that s_ lies in the first part of the decomposition (5.10) and
s+ in the third one. With these choices

Fo(b-) =b_, Fi(by)=—b.
The first is clear. For the second, consider the commutative diagram

§3 —~— 83
cp! - CPp!
(g and k are the complex conjugation maps and 7 the Hopf map). Using deg(g) = —1, we
see that the complex conjugation induces —1 on H(S3 xg1 0) == H,(S3 xg1 D?). To

compute H, (M), consider the piece of the Mayer—Vietoris sequence for the decomposi-
tion M = W Up W:

s 5 0 Fe
Hy(N:7) L0 g W 7) @ Ha(W:Z) — Ha(M:Z) — 0.

With respect to the bases (b, b_) and (u, u), the first map is represented by the matrix

1 1
-1 1
with determinant 2. It follows that H>(M) = Z/2, as claimed. ]

Remark 5.12. It follows from Barden’s classification theorem for simply connected 5-
manifolds [4] that the manifold M is diffeomorphic to SU(3)/SO(3), the Wu manifold.

It remains to be proven that M = W U W is an admissible splitting. This is accom-
plished by Lemmas 5.13 and 5.14 below. To prove them, we have to do some geometry.

Lemma 5.13. Let w be the U(2)-invariant connection on the Hopf bundle n : S3 — CP!
which was introduced in §3.4, and let gé)r be a torpedo metric on D of radius 1. Then
the metric

gcpt Do Lior

on S3 xg1 D3 = W has positive scalar curvature and is right stable.

Proof. By Theorem 3.15, it is enough to verify that scal(gcp1 @o g2,) > 0. Using (3.12)
and (3.26), we get
scal(gept ®w go) = 8 +scal(g)) — 4,3 |2

3
Eior
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By definition of a torpedo metric, scal(g2 ) > scal(gg2) = 2. The closed orbits of the
S'-action on D3, in the torpedo metric g2 , have length at most 2 and are therefore at
most as long as the orbits of the translation action of S! on itself. It follows, using (3.10),
that

|43 > < AP =2.

tor

where |A|? is the norm of the A-tensor for the translation action, which was computed
in (3.27). (]

Lemma 5.14. The psc metrics gop1 ®o 52 and F*(gep1 Bw gs2) lie in the same path
component of R (N).

For the proof, we need another auxiliary result:

Lemma 5.15. Let (N, g) be a closed Riemannian manifold, scal(g) > 0, and let y :
[0, 1] = Isom(N, g) be a smooth path which is constant near O and 1. Let T : N x [0,1] —
N x [0, 1] be the diffeomorphism (x,t) — (y(t)x,t). Then the two metrics

gDdt>, T*(g®dt*) e RT(N x[0,1]).¢
lie in the same path component.

Proof. Extend y to a smooth function y : R — Isom(#, g), constant on (—oo, 0] and on
[1,00). For r > 0, let y,(t) := y(}t) and define T’ : N x R — N x R accordingly. It
will be enough to prove that for sufficiently large r, the metric

(1—29)g ®dt* +sT (g ® dt?)
on N x R has positive scalar curvature for all s € [0, 1]. Let X, be the vector field on

N x R given by

du

u=

X0 = L et +wypn).
0

Note that |
t
Xr(p,t) = = X1(p. -).
r r

Using that y(¢) is an isometry, one calculates that the metric I'* (g @ dt?) is given (using
the splitting T, ) (N x R) = T, N @ R) by the matrix

g X;
XT 1+ 02)

For r — o0, this converges uniformly to g & d t2, together with all derivatives. From that,

the claim follows. ]
Proof of Lemma 5.14. Let g2, be a torpedo metric on D? of radius 1. This does not have

positive scalar curvature, but at least we know that scal(g2,) > 0. Let ggmr be the metric on
D2 U (S! x[0,1]) U D? = S? which is given by g2, on the two discs and by gg1 @ dr?
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on the cylinder. There is a smooth path u > g(u) of Riemannian metrics on S? with
g(0) = gg2, g(1) = g2, such that each g(u) is S'-invariant, has nonnegative scalar
curvature and the lengths of the S!-orbits for each g(u) are at most 2. This can be seen
from the formula for the scalar curvature of a warped product metric on S! x R which
can be found in e.g. [50, §2.2].

Consider the metric gop1 @4 g(u) on S3 xg1 S = N. It follows that

scal(gept o (1)) = 8 + scal(g(u)) — [Aga|* = 8 — 4> = 6

for all u. Hence gcp1 @o g52 and gep1 Do 2, lie in the same path component of
RT(N), and therefore it suffices for our aim to prove that

[scPt ®o 8gorl = [F*(8cpt Bo gor)] € To(RT (V).

By the construction of F (and because the torpedo metric is O(2)-invariant), the metrics
F*(gcpt Do &5,,) and gopt Do g2, agree on the two copies of 3 xg1 D? inside N.
On the middle piece S* x [0, 1], we have

F*(gcpt Po Zaor) = F*(gep1 ®o (g51 ® dx?))
= F*(g53 ® dx?) € RT(S* x [0, g .65

By Lemma 5.15, it is isotopic within R¥(S3 x [0, )¢ ¢3.g45 to the product metric. This
finishes the proof. |

6. The computation in the non-spin case

The exact sequence (4.2) has an analogue for oriented cobordism, namely the exact
sequence

Q50 (B(C, x PU@)) - Q5° — ny(HT),

where T takes the total space of CP2-bundles and the second map is given by the Thom
class (see [17]). Unfortunately, this is of no use for the proof of Theorem B, since CP2
has too small dimension. Therefore, we have to take a more pedestrian route and need
rather explicit generators for the oriented bordism ring Q5°. The following summarizes
the information which is relevant for us; we show in §6.2 how to extract it from the
classical literature.

Theorem 6.1. The oriented cobordism ring Q3° is (multiplicatively) generated by ele-
ments of the following types:

(1) Classes vax € Qig, one for each k > 2, and each vy is a sum of classes which are
represented by CIP" -bundles with structure group U(n + 1) and n > 3,

(2) vy := [CP?,
(3) an infinite set Z of classes in degrees > 9 which are represented by CPP"-bundles
with structure group Co, n > 3,

(4) a single element z5 in degree 5.
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The low-dimensional cobordism groups are as follows:
(1) QF° =0fork =1,2,3,6,7,

2) Qio = Z, generated by vq4 = [(C]P’z],

(3) Q30 =~ Z/2, generated by zs,

(4) Q5° =~ 72, generated by vs = [CP*] and v = [CP?]?, and the subgroup generated
by [CPP*] and [HIP?] has index 3.

6.1. Proof of Theorem B

Let us first show how to use Theorem 6.1 to finish the proof of Theorem B. Besides
Theorem 6.1, we need one more computation from homotopy theory.

Proposition 6.2. The map
QOBU()") — Q°(BU(n)), (6.3)

induced by the inclusion U(1)" — U(n) of a maximal torus, is surjective. Hence each
CP" !-bundle E — M over a closed oriented manifold with structure group U(n) is
oriented cobordant to a CP"~'-bundle with structure group U(1)".

Proof. The ring spectrum MSO is complex oriented; in fact, the forgetful map MU —
MSO defines a complex orientation, using [1, Lemma I1.4.6]. By [29, Proposition 4.3.3]
or [1, Lemma I1.4.1], surjectivity of (6.3) follows. [

Proof of Theorem B. Let Ay C on be the subgroup of cobordism classes which contain
a representative that has an admissible splitting. We first consider the case d # 8,d > 5,
and have to prove that Ag = Q5°.

Let k > 2 and let vyt be the generator described in Theorem 6.1. For an arbitrary
x € 39, the element xv4; can be represented by a CIP"~!-bundle with structure group
U(2) x U(n —2), and n > 4, by Proposition 6.2. Therefore, using Theorem 3.1, the ideal
(vg, V12, ...) C 30 is contained in A.. An analogous argument shows that the ideal
(Z) (Z as in Theorem 6.1) is contained in A. The only additive generators of Q3° in
dimensions > 5 which are missed by that argument are the elements of the form

280, Sa+4b > 5.

The manifold M in Proposition 5.8 has an admissible splitting and since [M] # 0 and
Q30 >~ 7Z/2, we have [M] = z5 and s0 z5 € As.

Proposition 5.8, together with Proposition 5.1, implies that zsx € A4 when x € Q30
is of positive dimension.

For b > 3, we write vf" = [M x CP?] with dim(M) > 6 and use Proposition 5.1 to
verify that v8 € A..

These arguments cover all cases except d = 8. In that case, certainly [HIP2], [CP4]
€ As, and therefore the index of Ag in Q3° divides 3, by Theorem 6.1. Hence if
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[M] e ng, then M is cobordant modulo Ag to either W8, CP? x CP2, or CP? x CP?
with the reverse orientation, and so if M is simply connected and not spinnable, then
R+ (M) has the homotopy type of either R+ (W?¥) or RT(CP? x CP?). n

6.2. The structure of the oriented cobordism ring

This section is a guide through the literature on oriented cobordism. For a commutative
ring R, a class ¢ € H*(BO; R) and x € Q35°, we denote by c(x) € R the characteris-
tic number c¢(x) = (c(TM), [M]) € R, where [M] = x. Recall furthermore the classes
Sy € H*" (BO; Z) from [36, §16], denoted s, (p) there.

SO

Theorem 6.4. Let T, C Q30 be the ideal of torsion elements. Assume that v4; € Q2 e

k > 1, are classes such that

1, 2k + 1not a prime power,
Sk (vag) = . (6.5)
p, 2k+1=p% s>0, pprime,

and let V4 € Qig / Tax be the residue class in the torsionfree quotient. Then
Q50/ T, = Z[var|k > 0].
Furthermore, 2Ty = O.

The computation of Q3°/ T, is apparently due to Milnor (unpublished, but see [45,
p- 207] for an account). Milnor [35, Theorem 5] also proved that there is no odd primary
torsion in QEO, and Wall [47, Theorem 2] showed that there is no element of order 4.

Proposition 6.6. One can choose vy = [CP?] and vg = [CP*. For k > 3, one can
choose v4p as a linear combination of the total spaces of CP"-bundles with structure
group U(n + 1), withn > 3.

Proof. If 2k + 1 is a prime, we can take v4r = [CIP?¥], because
sk (CP?K) = 2k + 1

(see [26, p. 42]). This appliesto k = 1,2. If k > 3 and 2k + 1 is not a prime, we have to
use further manifolds, the Milnor manifolds. To define them, let i < j. The tautological
line bundle L; — CP! embeds canonically into the trivial vector bundle C/*!, and we
let Ll# be the orthogonal complement of L; in C/*!. The Milnor manifold is

Hij = P(Lt .

By construction, H;; is a CIP/~!-bundle over CP? with structure group U(;j). Note that
Hy; = CP/~1. The manifolds H,; are nullbordant. If i > 2 andi + j — 1 = 2k, we

have o o
I+ +
wnp ==("7) =-(* 1)

(see [26, p. 43]).
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For k > 3, CP2* as well as H;j withi 4+ j =2k 4+ 1,i > 2and j > 4, are bundles of
projective spaces as asserted. Therefore, by taking a suitable linear combination of these
manifolds, we get a class vy € Qig with

2k + 1
=gocd{2k + 1 4<j<2k—1}%.
sk (var) = gc { + ’(Zk—i—l—j)‘ <j= }

If k > 3, this number is the same as

2k +1
(%)

It is a rather unknown, but elementary fact [39] that

n . 1, n not a prime power,
gcd . 1<j<n—-1; =
J

1§n§2k}.

p, n=p° s>0,pprime.
From that, the claim follows. [

Wall also determined the structure of T to which we turn now. We denote by
M]° € Q ,? the unoriented cobordism class of a closed n-manifold M. Following [47],
let W, C Q2 be the set of all (unoriented) cobordism classes which have representatives
M such that the Stiefel-Whitney class w1 (TM) € H'(M:7Z/2) is the mod 2 reduction of
an integral class w € HY(M;Z) = [M;S"]. This is a subalgebra of Q,,? [47, Lemma 3],
and the forgetful map p : Q30 — Q9 factors through %,

Letu: M™ — S! be a smooth map representing w and pick a regular value a of u. The
manifold V := u~1(a) is orientable, and 2[V'] = 0 € Q5°, [47, Lemma 1]. Theorem 3
of [47] says that the assignment M +— V gives a well-defined map

9 W, — Q59
which is a derivation and fits into a long exact sequence
o080 2 080 By, 500,

This and the fact that 2T, = 0 implies Tx = Im(d). For the description of the structure
of W,, we need the following manifolds. Let P(m, n) be the Dold manifold $™ xc,
CP" — RP™, where C, acts on CP” by complex conjugation. Furthermore, let A4 :
P(m,n) — P(m,n) be the map induced by (x, z) — (Rx, z), where R is reflection in
a hyperplane. We define Q(m, n) as the mapping torus of A; there is an obvious fibre
bundle u : Q(m,n) — S! with fibre P(m,n). If m is odd and n is even, then P(m,n) is
orientable, and A reverses orientation, and u defines an integral lift of w,(7TQ(m, n)) in

this situation. Hence [P (m, )] and [Q(m, n)]© are elements of I, if m is odd and n
is even.

Theorem 6.7. If k is not a power of 2, write k = 2"~1(2s + 1), s # 0, and define
Vak—1:=[P(2" = 1.275)]° € Wa_1.  yar = [0Q2" —1.279)]° € Wy

Let furthermore y,r := [(C]Pzr_l]o € Wyr. Then W, is a polynomial algebra over 5,
with generators the elements yoy, yor—1 (k not a power of 2) and y,r, r > 2.
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Short guide through the proof. This is shown in [47, §§5-6], but not explicitly stated
there, hence we recall the argument, following the streamlined version [3] of Wall’s
proof by Atiyah. Recall that Thom [46, Théoréme IV.12] proved that Q€ is a polyno-
mial algebra over I, with one generator x; for each i which is not of the form 2" — 1
(see also [45, p. 96]). Combining Thom’s theorem with [12, Satz 3] and the proof of
[47, Lemma 6], we see that the elements in the theorem are algebraically independent,
and hence generate a polynomial subalgebra B, C .. The Hilbert—Poincaré series
HSg, (1) = Y 02 o dimp, (B,)1" € Z[[t]] is easily calculated.

Using [3, formula (9)] and the structure of 22, one computes the Hilbert—Poincaré
series H Sgy,, (1) and verifies that both series agree, whence B, = .. |

The following finishes the description of the multiplicative generators of Q23°.

Corollary 6.8. Let x € T, be a torsion element in Q5°. Then x is a linear combination
of manifolds, which are either

(1) CP"-bundles with structure group C, andn > 3, or
(2) products of P(1,2) with some other oriented manifold.

Proof. Since T, = Im(d), it is enough to check that all monomials in the generators of
W, are mapped to cobordism classes of the claimed form under 0.
Let k, r and s be as in Theorem 6.7. The elements y; introduced there have the preim-
ages
Zpke1 =[P —1.275)] € @50, zp = [CP? '] € Q50

under p : Q30 — U,.. Therefore d(y,x_1) = 0 and d(yor) = 0.
Since 9 : W, — Q30 is a derivation,

3((1?[%12,»—1)(1?[ yé’i,-)(l?[ y;;ﬂ)) - (U y;’i‘i—l)G:[ yfi,-)fi(ljl y§}€l>

The Dold manifold P(2" —1,2"s) is a CP?"S-bundle, and 2"s > 2, with equality only if
r =s = 1,i.e. k = 3. The element z5 is represented by P (1, 2). For all other values of k,
Zp—1 is represented by a bundle of complex projective spaces of dimension at least 3.

Furthermore, o(] [; y;}'{l_) is represented by a manifold V' of the following type. Take
a product Q(my,n1) X -+ x Q(mp, np) — (S, which is a fibre bundle with fibre a
product of Dold manifolds, restrict this fibre bundle to the kernel A C (S!)? of the mul-
tiplication map  : (S1)? — S, and take the total space.

Now there is a fibre bundle Q(m,n) — Q(m, 0) with fibre CP" and structure
group C, (complex conjugation). This is compatible with the map to S!. Therefore, V is
the total space of a bundle of projective spaces with structure group C,. The complex
dimension of the fibre can be chosen to be at least 3, except in the case of y¢. If c is even,
then d(y¢) = 0, and furthermore

Ayt = zsz2™.

The claim follows. u
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From the description of the generators, it is also apparent that Q3° ~ 7 /2, Q° =
Q30 = 0 and ©3° has the Z-basis [CP4] and [CP? x CP?2]. Moreover,

[HP?] = 3[CP? x CP?] — 2[CP4].

Indeed, both sides have the same signature; furthermore s,([C P2 x (C]P’z]) =0,
52([CP4])) = 5 and s,([HIP?]) = —10, which is easily derived from the computations
in [26, pp. 5ff.]. Therefore, [CPP*] and [HP?] span a subgroup of index 3 in ©25°.
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