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Abstract. LetMd be a simply connected spin manifold of dimension d � 5 admitting Riemannian
metrics of positive scalar curvature. Denote by RC.Md / the space of such metrics on Md . We
show that RC.Md / is homotopy equivalent to RC.Sd /, where Sd denotes the d -dimensional
sphere with standard smooth structure.

We also show a similar result for simply connected non-spin manifolds Md with d � 5 and
d ¤ 8. In this case let W d be the total space of the non-trivial Sd�2-bundle with structure group
SO.d � 1/ over S2. Then RC.Md / is homotopy equivalent to RC.W d /.
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1. Introduction

When studying Riemannian metrics of positive scalar curvature, there are two basic ques-
tions:

(1) Given a closed manifold M d , is there a metric of positive scalar curvature on M d ?

(2) If the answer to the first question is “yes”, what can be said about the topology of the
space RC.M d / of positive scalar curvature metrics on M d ?

For simply connected manifolds of dimension d � 5 the first question has the follow-
ing answer: If M d is non-spin then it always admits a metric of positive scalar curvature
by results of Gromov and Lawson [20] and Schoen and Yau [43].

For spin manifolds M d , there is an index-theoretic necessary condition for M d to
admit a psc metric. Namely, the Oa-invariant Oa.M/ 2 kod has to be trivial ( Oa.M/ only
depends on the spin cobordism class ŒM � of M ). A celebrated result of Stolz [44] states
that this condition is also sufficient when M d is simply connected and d � 5.
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In this paper we study the second question. Our first main result is as follows.

Theorem A. Let M be a simply connected closed spin manifold of dimension d � 5.
Then if M admits a psc metric, there is a homotopy equivalence

RC.M/ ' RC.Sd /:

Here Sd denotes the d -dimensional sphere with standard smooth structure.

Remark 1.1. (1) It has been known before that the homotopy type of RC.M/ only
depends on the spin cobordism class ŒM � 2�

Spin
d

. More precisely, ifM;N are simply
connected, spin and of dimension d � 5, and ŒM � D ŒN �, then RC.M/ ' RC.N /.
This is a consequence of Chernysh’s refinement [8] of the Gromov–Lawson surgery
theorem [20]; see [51, Corollary 4.2].

(2) It was shown before by Kordaß [30, Corollary 3.6] that RC.HP2/ ' RC.S8/, giv-
ing the first example of a homotopy equivalence between spaces of psc metrics on
manifolds which are not cobordant. In fact, our proof of Theorem A can be viewed as
a generalization of the proof in [30], and the main technical result of [30] (Theorem
3.1 of that paper) is a major ingredient for the present paper.

(3) Theorem A also holds in dimensions 2 and 3 because in these dimensions the spheres
are the only simply connected manifolds by the Poincaré conjecture. In contrast, it is
completely open whether an analogue of the theorem holds in dimension 4.

It is known that RC.Sd / has a very rich topology (though its homotopy type is not
understood). There is a map

inddiffd;m W �m.RC.Sd //! komCdC1

which is constructed using index theory; see [27] or [7]. For example, the following is
known:

(1) It is known that inddiff4k�1;0 is surjective if k � 2; see [21] or [32]. As ko4k DZ, this
proves that RC.S4k�1/ has infinitely many components when k � 2. This is in sharp
contrast to the situation in low dimensions. Indeed, by [34], RC.S3/ is connected.
Moreover, RC.S2/ is known to be contractible [40, Theorem 3.4].

(2) The map inddiffd;m is surjective after tensoring with Q for all d � 6 and allm� 1 [7].
For previous results in this direction see e.g. [10, 11, 22, 27].

(3) RC.Sd /, d � 3, is homotopy equivalent to an H -space. In particular, the group
�1.R

C.Sd ; gSd // is abelian. Here gSd denotes the round metric on Sd . Moreover,
the component of gSd has the structure of an d -fold loop space [52].

(4) The connected component of the round metric on Sd , d � 6, is homotopy equivalent
to an infinite loop space [16]. However, until now it is not known whether this loop
space structure is compatible with the loop space structure in (3).

(5) The results mentioned in (1), (2) are also known to be true for any other d -dimen-
sional spin manifold admitting a psc metric. It follows from Theorem A that the
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results of (3) and (4) also hold for all simply connected spin manifolds admitting
a psc metric.

Let us turn to the non-spin case. If M is simply connected, of dimension d � 5, and
does not admit a spin structure, it admits a psc metric, by the above mentioned result of
Gromov and Lawson. As an example for such a manifold, one can take the unit sphere
bundleW d of the unique nontrivial vector bundle of rank d � 1 over S2. There is a similar
cobordism invariance theorem for the homotopy type of RC.M/ in that case: namely, if
M; N are both simply connected and oriented, do not admit spin structures, and their
cobordism classes in the oriented cobordism group �SO

d
agree, then RC.M/ ' RC.N /

(see Theorem 2.3 below for a more general statement). We prove that more is true:

Theorem B. Let M be a simply connected closed manifold of dimension d � 5 which
does not admit a spin structure. Then if d ¤ 8, there is a homotopy equivalence

RC.M/ ' RC.W d /:

If d D 8, there is either a homotopy equivalence RC.M/ ' RC.W 8/ or RC.M/ '

RC.CP2 �CP2/.

Remark 1.2. (1) There is no reason to assume that RC.W d / ' RC.Sd /. On the other
hand, there are currently no known techniques to disprove such a statement.

(2) We conjecture that RC.CP2 � CP2/ ' RC.W 8/ as well; however, our method
misses this single case.

Theorems A and B are special cases of the following more general

Conjecture C. Let M and N be two closed d -manifolds, d � 5, with the same normal
2-type. If both M and N admit psc metrics, then RC.M/ ' RC.N /.

Here two manifoldsMi , i D 1; 2, are said to have the same normal 2-type if there is a
fibration � W B ! BO such that the classifying maps �i WMi ! BO of the stable normal
bundles lift to maps N�i WMi ! B and both N�i are 2-connected.

Remark 1.3. (1) It was observed in [16, §9] that Conjecture C is implied by the con-
cordance–implies–isotopy conjecture for psc metrics (which, however, is completely
open). See Remark 2.11 for an alternative explanation.

(2) The method of the proof of Theorem A also proves Conjecture C for the normal 2-type
BSpin�BG for some finitely presented groups, e.g. G D Zn or G D Fn (free group
on n generators). That is, ifM ,N are spin with fundamental groupG, and both admit
psc metrics, then RC.M/'RC.N /. See Theorem 4.5 for a more general statement.

(3) Using the methods of this paper and computations in cobordism theory, one can prove
partial results for many other normal 2-types, such as BO , BSO�BG or BO �BG.
We refrain from stating them.

(4) For manifolds with normal 2-type BSpin �BCn, Conjecture C is shown in the forth-
coming PhD thesis by Agnese Mantione.
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The proof of Theorem A has three major steps. The first step, carried out in §2, is
a general method to construct homotopy equivalences RC.M/ ' RC.N / when M and
N are not cobordant. The key result is Theorem 2.6. It asserts that if a d -dimensional
spin psc manifold M admits a decomposition of a particular type (the technical name we
chose is “admissible splitting”), then for each simply connected N in the cobordism class
of M , we have RC.N / ' RC.Sd /. The second step is to show that the total spaces of
HP2-bundles with structure group P.Sp.2/� Sp.1// do admit admissible splittings. This
follows from an extension of the Gromov–Lawson–Chernysh theorem that was proven by
Kordaß [30] and is done in §3. The third step is to show that each simply connected spin
manifold with psc metric is cobordant to the total space of an HP2-bundle with structure
group P.Sp.2/� Sp.1//. This is derived, by homotopy-theoretic methods, from the proof
of Stolz’ theorem [44] in §4.

The proof of Theorem B is somewhat more convoluted. The first step applies verba-
tim, and the geometric argument of §3 also apply to bundles whose fibers are complex
projective spaces of (complex) dimension at least 3. However, these examples do not suf-
fice and we need a more explicit understanding of the structure of �SO

� . Therefore, some
extra arguments and a careful treatment of a particular 5-manifold are necessary. Both are
done in §5. We have not been able to do the extra work which would be needed for the
8-dimensional case, which is why Theorem B remains incomplete for d D 8.

2. A cut-and-paste construction

2.1. The cobordism theorem

We have to review the role of cobordism theory for questions of positive scalar curvature
and begin with the surgery theorem of Gromov–Lawson, Schoen–Yau and Chernysh. Let
us recall that a torpedo metric gktor of radius ı is an O.k/-invariant Riemannian metric on
Rk such that

(1) in polar coordinates, gktor is of the form dr2 ˚ f .r/2gSk�1 , where 0 � f � ı is a
smooth function with f .0/ D 0, f 0.0/ D 1, 0 � f 0 � 1, f 00 � 0 and f .t/ D ı for t
in a neighborhood of Œ1;1/.

(2) scal.gktor/ � scal.ı2gSk�1/ D
1
ı2
.k � 1/.k � 2/.

Let N be a closed manifold and let ' W N � Rk ! M be a codimension 0 embedding.
Fix a Riemannian metric gN on N , let ı be such that scal.gN /C 1

ı2
.k � 1/.k � 2/ > 0

and fix a torpedo metric gktor of radius ı > 0. We denote by RC.M; '/ � RC.M/ the
subspace of those metrics which are of the form gN ˚ g

k
tor on N �Dk .

Theorem 2.1 (Surgery theorem, [8]). As long as k � 3, the inclusion

RC.M; '/! RC.M/

is a weak homotopy equivalence.
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Gromov–Lawson [20, Theorem A] and Schoen–Yau [43, Theorem 3] previously
proved that RC.M; '/ ¤ ; if RC.M/ ¤ ;. A detailed account of Chernysh’s proof
appears also in [14].

To use this result effectively, we have to use structured cobordism. For a manifoldM ,
let �M be its normal bundle (a stable vector bundle), and let  ! BO be the universal
stable vector bundle. Let � W B ! BO be a fibration. By a �-manifold, we mean a man-
ifold M together with a map ` W M ! B and an isomorphism .� ı `/� Š �M of stable
vector bundles. The notion of �-cobordism is defined similarly, and ��

d
is the cobor-

dism group of d -dimensional �-manifolds. We say that a �-manifold .M; `/ is relatively
2-connected if ` is 2-connected. A necessary condition for the existence of a relatively
2-connected M is that B is of type .F2/ [48], and if d � 4, this is also sufficient: under
those assumptions, each class x 2 ��

d
contains a relatively 2-connected representative.

The reader should have the following examples in mind; in each case, B is of
type .F2/.

Examples 2.2. (1) � W BSpin ! BO . In that case, a �-manifold is the same as a spin
manifold, and it is relatively 2-connected if and only if it is simply connected. The
cobordism groups are �Spin

d
D �d .MSpin/.

(2) BSpin � BG ! BSpin! BO , where G is a finitely presented group. A �-manifold
is the same as a spin manifold equipped with a map f W M ! BG. The relevant
cobordism group is�Spin

d
.BG/D �d .MSpin^BGC/, and a �-manifold is relatively

2-connected if and only if it is 0-connected and f induces an isomorphism on the
fundamental groups.

(3) B D BSO! BO . In that case, the relevant cobordism group is oriented cobordism,
�SO
d
D �d .MSO/. An oriented manifold is relatively 2-connected if and only if it is

simply connected and does not admit a spin structure.

(4) B D BO . The relevant cobordism group is unoriented cobordism, �O
d
D �d .MO/.

A manifold is relatively 2-connected if it is 0-connected, nonorientable, has funda-
mental group Z=2 and the universal cover does not admit a spin structure.

Theorem 2.3 (Cobordism theorem). Let .Mi ; `i / be two �-manifolds of dimension d � 5
and assume that ŒM0; `0� D ŒM1; `1� 2 �

�

d
.

(1) If RC.M0/ ¤ ; and .M1; `1/ is relatively 2-connected, then RC.M1/ ¤ ;.

(2) If both .M0; `0/ and .M1; `1/ are relatively 2-connected, there is a weak homotopy
equivalence

RC.M0/ ' RC.M1/:

This is a consequence of Theorem 2.1 and handle cancellation theory. The first part
is due to Gromov and Lawson in the cases B D BSpin and B D BSO [20]; the general
version appears in [23, Theorem 2.1.1]. The second part in the case B D BSpin was done
in [51, Corollary 4.2]; the general case requires slightly more elaborate arguments and is
carried out in [14, Theorem 1.5].
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2.2. Admissible splittings

We now head towards a method which can be used to compare RC.M0/ and RC.M1/

whenM0 andM1 are not cobordant. For the formulation, we shall make use of the notions
of right stable and left stable psc metrics which were defined in [15, Definition 1.2.1].
To recall the definition, we have to introduce some notation and terminology. If W is
a compact manifold with (collared) boundary M , we denote by RC.W / the space of
all psc metrics on W which are of product form near M . There is a restriction map
res W RC.W /! RC.M/ that takes the boundary metric, and for h 2 RC.M/, we let
RC.W /h WD res�1.h/.

If W W M0 Ý M1 is a cobordism and hi 2 RC.Mi /, we let RC.W /h0;h1 WD

RC.W /h0qh1 . For each g 2 RC.W /h0;h1 , each cobordism V W M1 Ý M2 and each
h2 2 RC.M2/, there is a gluing map

�.g; _/ W RC.V /h1;h2 ! RC.W [ V /h0;h2 ; �.g; h/ WD g [ h;

and we say that g is right stable if �.g; _/ is a weak equivalence for all such V and h2.
Left stability is defined using the analogous gluing map �._; g/ defined for cobordisms
with outgoing boundary M0. A metric is stable if it is both left and right stable. We
remark that g is right stable if and only if it is left stable when considered as a metric on
the reversed cobordism. As an example, consider N �Dk W ;ÝN � Sk�1 for k � 3. If
gN and gktor are as in Theorem 2.1, that result might be restated by saying that gN ˚ gktor 2

RC.N �Dk/gN˚g0 is right stable.

Definition 2.4. LetM be a closed d -manifold. An admissible splitting ofM is a decom-
position of M as the concatenation of two cobordisms

;
M0Ý N

M1Ý ;

such that the following conditions hold:

(1) there are psc metrics hi 2RC.N / and gi 2RC.Mi /hi such that h0 and h1 lie in the
same path component of RC.N /,

(2) g0 is right stable and g1 is left stable,

(3) the inclusion maps N !Mi are 2-connected.

It is often more convenient to write such a splitting as M D M0 [N M1. We remark
that ifM has an admissible splitting, it automatically admits a psc metric (because we can
find a psc metric in RC.N � Œ0; 1�/h0;h1 if h0 and h1 lie in the same path component).

Examples 2.5. (1) The splitting Sd D Dd [Sd�1 D
d is admissible when d � 3: take

g0 D g1 D g
d
tor.

(2) The standard splitting Sd D .Sk�1 �Dd�kC1/[Sk�1�Sd�k .D
k � Sd�k/ is admis-

sible if 3 � k � d � 2: take g0 D gSk�1 ˚ g
d�kC1
tor and g1 D gktor ˚ gSd�k .

(3) Let P be a d -manifold, d � 6, such that @P ! P is 2-connected. Then by [15,
Theorem D], there is g@P 2RC.@P / and a right stable gP 2RC.P /g@P . The decom-
position dP D P [@P P op of the double of P is admissible.
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All these examples are nullbordant; and in fact the key point of this work is to con-
struct admissible splittings of manifolds which are not nullbordant. Let us first see how
admissible splittings are helpful for proving our main theorems.

Theorem 2.6. Let d � 5 and let � W B ! BO be a fibration. Let x 2 ��
d

be a cobordism
class which contains a representativeM that has an admissible splitting. LetK and L be
relatively 2-connected �-manifolds such that

ŒL� D ŒK�C x 2 �
�

d
:

Then there is a weak equivalence

RC.L/ ' RC.K/:

It is obvious that the set of cobordism classes x 2 ��
d

which contain a representative
with an admissible splitting is an additive subgroup. For the proof of Theorem 2.6, we
need a lemma.

Lemma 2.7. Let M W ;Ý N be a cobordism, let g0 2 RC.M/ be right stable and put
h0 WD g0jN . Let h1 2RC.N / be any other psc metric in the path component of h0. Then
there is a right stable g1 2 RC.M/ with g1jN D h1.

Proof. The restriction map res W RC.M/! RC.N / is a Serre fibration by [14, Theo-
rem 1.1] (which is an improvement of the main result of [9]). Therefore, we can lift any
path t 7! ht connecting h0 and h1 in RC.N / to a path t 7! gt in RC.M/, starting at g0.
By [16, Lemma 2.3.4], g1 is right stable.

Proof of Theorem 2.6. Because of Lemma 2.7, we may assume that h0 D h1 DW h.
Without loss of generality, B is of type .F2/; otherwise, the proposition holds vac-

uously. Let M D M0 [N M1 be an admissible splitting of M , with psc metrics g0 2
RC.M0/h and g1 2 RC.M1/h as in Definition 2.4. Denote by M 00 the disjoint union
of K with M0. Since B is of type .F2/, we can turn M 00 by a sequence of �-surgeries
of index � 2 in its interior to a relatively 2-connected �-manifold M 000 with boundary N .
The �-manifold M 0 WDM 000 [N M1 lies in the cobordism class x C ŒK�, and is therefore
�-cobordant to L.

We show below that M 0 is relatively 2-connected. Taking this for granted, Theorem
2.3 shows that there is a weak equivalence

RC.L/ ' RC.M 0/: (2.8)

Let further M 00 WD M 000 [N M
op
0 . Since g1 and gop

0 are left stable, there are homotopy
equivalences

RC.M 0/
�._;g1/
�����! RC.M 000 /h

�._;gop
0
/

�����! RC.M 00/; (2.9)

given by gluing in g1 and gop
0 respectively. On the other hand,

ŒM 00� D ŒK # .M0 [N M
op
0 /� D ŒK� 2 �

�

d
I

the second equality holds since the double of M0 is nullbordant.
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We show below that M 00 is relatively 2-connected. Taking this for granted, Theo-
rem 2.3 shows that there is a weak equivalence

RC.M 00/ ' RC.K/; (2.10)

and combining (2.8)–(2.10) will finish the proof.
It remains to show that M 0 and M 00 are relatively 2-connected. Consider the commu-

tative diagram

M 000
a //

b

��

M 0

`M 0

��

M 00
`M 00 // B

The map `M 00
0
D `M 0 ı a D `M 00 ı b is 2-connected. Furthermore, since N ! Mi is

2-connected, it follows by excision (or general position) that a and b are 2-connected.
Therefore `M 0 and `M 00 are 2-connected as well.

Remark 2.11. Let M be an arbitrary closed d -manifold with d � 5. Using Morse the-

ory, we can write M as a composition ;
M0Ý N

M1Ý ;, where both inclusions N ! Mi

are 2-connected. Using [15, Theorem D], there are h0; h1 2 RC.N /, a right stable
g0 2RC.M0/h0 and a left stable g1 2RC.M1/h1 . IfM admits a psc metric, the metrics
h0; h1 are concordant. If we could infer from that information that h0 and h1 are isotopic
(i.e. in the same path component), we would get an admissible splitting.

In other words, an affirmative solution of the concordance–implies–isotopy conjecture
(which is wide open of course) would immediately imply the truth of Conjecture C.

On the other hand, this observation means that when constructing admissible split-
tings, the key point is always to ensure that h0 and h1 are in the same path component.

3. Admissible splittings of projective bundles

To apply Theorem 2.6, we need a sufficient supply of manifolds which have admissible
splittings (note that all of the examples listed in Examples 2.5 are nullbordant). The fore-
most goal of this section is the following result.

Theorem 3.1. Let E ! B be a smooth fibre bundle with fibre KPmCn�1 over a closed
manifold B .here K D R;C or H/. Then E has an admissible splitting in each of the
following cases:

(1) K D R, m; n � 3, and the structure group is

P.O.m/ �O.n// D .O.m/ �O.n//=¹˙1º:

(2) K D C, m; n � 2, and the structure group is U.m/ � U.n/.

(3) KDC,mC n� 1� 3, and the structure group is C2, acting by complex conjugation.

(4) K D H, m; n � 1, and the structure group is

P.Sp.m/ � Sp.n// D .Sp.m/ � Sp.n//=¹˙1º:
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This goal is achieved in §3.4, where we also introduce more uniform notation (the
real case is not needed, but does not require any additional effort). The key to this result
is a generalization of the surgery theorem to embeddings with nontrivial normal bundle,
which was proven by Kordaß [30]. Precise statements are crucial, and to that end, we need
to review some basic material from Riemannian geometry.

3.1. Connection metrics

Assumption 3.2. Let G be a Lie group with Lie algebra g and let p W P ! M be a
smooth G-principal bundle, equipped with a connection � . Assume further that F is a
manifold with a left G-action. Finally, let gM be a Riemannian metric on M and let gF
be a G-invariant Riemannian metric on F .

Out of these data, we produce a Riemannian metric gM ˚� gF on the Borel construc-
tion P �G F . The construction is as follows.

The datum of � can be given by a certain 1-form � 2A1.P Ig/, or more geometrically
by one of the following equivalent gadgets:

(1) a G-equivariant left inverse V of the inclusion map VP WD ker.dp/ ! TP of the
vertical tangent bundle, or

(2) a G-invariant complementary subbundle HP � TP to VP , the horizontal tangent
bundle.

Given V , one puts HP WD ker.V / (this is the same as ker.�/). Given a decomposition
TP D VP ˚HP , one lets V be the projection onto the first summand. There is also the
horizontal projection H W TP ! HP ; both V and H are G-equivariant. The differential
of p induces a G-equivariant isomorphism HP Š p

�TM .
Let q W P � F ! P �G F be the quotient map, and let � W P �G F ! M be the

projection. The subbundle HP � 0 � T .P � F / projects to a subbundle

q�.HP � 0/ DW HP�GF � T .P �G F /:

Furthermore, d� restricts to a bundle isomorphism

HP�GF ! ��TM;

and the kernel of d� is the vertical tangent bundle VP�GF D P �G TF . Together, we
obtain an isomorphism

��TM ˚ VP�GF Š T .P �G F /; (3.3)

which only depends on � .

Definition 3.4. Let G, P , M , F , � , gM and gF be as in Assumption 3.2. The connec-
tion metric gM ˚� gF is the Riemannian metric on P �G F which under the isomor-
phism (3.3) corresponds to the direct sum of ��gM and the bundle metric on VP�GF D

P �G TF induced from the G-invariant metric gF .
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Lemma 3.5 ([19, Proposition 2.7.1]). The map

� W .P �G F; gM ˚� gF /! .M; gM /

is a Riemannian submersion with totally geodesic fibres.

The most common case arises from a rank r Riemannian vector bundle V !M with
a metric connection ! and an O.r/-invariant metric gr on Rr : the metric connection
induces a connection on the O.r/-principal bundle Fr.V / of orthonormal frames of V .

Let us record an obvious, but useful naturality property of connection metrics.

Lemma 3.6. Let G, P , M , F , � , gM and gF be as in Assumption 3.2.

(1) Let H be a further Lie group which acts on the left on P and M , and the action is
compatible with the G-action on P , the map p, the Riemannian metric gM and the
connection � . Then the connection metric gM ˚� gF is H -invariant.

(2) Let K be a Lie group that acts on F so that the action commutes with the G-action
and leaves gF invariant. Then gM ˚� gF is K-invariant.

Assume the situation of (1), and let q WQ! N be a smooth H -principal bundle with
a connection !. In this situation, we can form the associated bundle

Q �H .P �G F / D .Q �H P / �G F ! N

with fibre P �G F . Note that Q �H P is a G-principal bundle over Q �H M , and
it has an induced connection Q �H � , given by the following recipe. The subbundle
HQ ˚HP � T .P �Q/ is H � G-invariant and projects to an G-invariant subbundle
HQ�HP � T .Q �H P / which is complementary to VQ�HP .

Lemma 3.7. In the situation just described, the two metrics .gN ˚! gM / ˚Q�H � gF
and gN ˚! .gM ˚� gF / on .Q �H P / �G F agree.

Proof. Let r WQ�P �F !Z WDQ�H P �G F be the quotient map. It inducesG �H -
equivariant isomorphisms

q�TN � p�TM � TF Š HQ �HP � TF Š r
�TZ:

Under this isomorphism, both connection metrics onZ correspond to gN ˚ gM ˚ gF .

3.2. The curvature of connection metrics

We assume the notation introduced in §3.1, and compute the scalar curvature of the con-
nection metric gM ˚� gF with the aid of O’Neill’s formulas [38] (see also [6, Chapter 9]).
For a general Riemannian submersion � W E ! M , O’Neill defines two tensor fields
A;T 2 �.E;T �E˝2˝ TE/. Because the fibres of � are totally geodesic in our situation,
the tensor field T vanishes [6, §9.26] and can be ignored. The A-tensor is defined by the
formula (here e; f are vector fields on E)

Aef D V rHe.Hf /CHrHe.Vf /:



Homotopy type of psc spaces 11

Lemma 3.8. (1) If x; y are horizontal, then

Axy D
1
2
V Œx; y�:

In particular, if E D P �G F , then Axy only depends on the connection � and not
on the metrics involved.

(2) If x is horizontal and v is vertical, then Axv is horizontal.

(3) If x; y are horizontal and v is vertical, we have

hAxv; yi C hv;Axyi D 0: (3.9)

Proof. The first formula is [38, Lemma 2], and item (2) is clear. The third item follows
from

hAxv; yi C hv;Axyi D hH.rxv/; yi C hv; V .rxy/i

D hrxv; yi C hv;rxyi

D xhv; yi D 0:

For two horizontal vectors, we can express Axy in terms of the curvature of � , as
follows. For X 2 g, let �.X/ be the vector field on F given by differentiating the G-
action, and let � 2 A2.P I g/ be the curvature form of the connection � . For q 2 F , let
' W P ! P �G F be the map p 7! Œ.p; q/�.

Let x; y 2 TŒ.p;q/�.P �G F / be two horizontal vectors. By the definition of the hor-
izontal distribution, we find (unique) horizontal tangent vectors x�; y� 2 TpP such that
.T '/x� D x and .T '/y� D y.

Using the formula of [13, p. 51] for the evaluation of � on horizontal vectors, and
[38, Lemma 2], we obtain the formula

Axy D ��.�.x�; y�//q : (3.10)

Now let secM , secF and sec be the sectional curvatures of gM , gF and gM ˚� gF ,
respectively. If v;w are orthonormal vertical vectors and x; y are orthonormal horizontal
vectors, we have the following identities, by [38, Corollary 1]:

sec.v; w/ D secF .v; w/;

sec.x; v/ D kAxvk2;

sec.x; y/ D secM .x; y/ � 3kAxyk2: (3.11)

Now we can calculate the scalar curvature of gM ˚� gF . Let .xi / be an orthonormal basis
for the horizontal vectors, and .fj / an orthonormal basis for the vertical vectors, both at
a fixed point of P �G F . Then at this point

scal.gM ˚� gF / D 2
X
i<j

sec.xi ; xj /C 2
X
i;j

sec.xi ; fj /C 2
X
i<j

sec.fi ; fj /

D scal.gM / � 6
X
i<j

kAxixj k
2
C 2

X
i;j

kAxifj k
2
C scal.gF /:
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Since Axifj is horizontal, its norm square is the same asX
i;j

kAxifj k
2
D

X
i;j;k

hAxifj ; xki
2

D

X
i;j;k

hfj ; Axixki
2 (by (3.9))

D

X
i;k

kAxixkk
2 (since Axixj is vertical)

D 2
X
i<k

kAxixkk
2 (by Lemma 3.8 (1)).

Altogether, we obtain

scal.gM ˚� gF / D scal.gM /C scal.gF / � jAj2; (3.12)

where we denote
jAj2 WD 2

X
i<j

kAxixj k
2
� 0:

For t > 0, we can scale the metric gF to tgF . This does not change the orthonormal basis
.xi /, since gM is unchanged; so Axixj is left unchanged, but its norm square gets scaled
by t . Moreover, scal.tgF / D 1

t
scal.gF /. Altogether, we get

scal.gM ˚� tgF / D scal.gM /C
1

t
scal.gF / � t jAj2: (3.13)

More generally, with an additional scaling parameter, we have

scal.sgM ˚� tgF / D
1

s
scal

�
gM ˚�

t

s
gF

�
D
1

s
scal.gM /C

1

t
scal.gF / �

t

s2
jAj2: (3.14)

3.3. The generalized Gromov–Lawson–Chernysh theorem

We can now state the generalized Gromov–Lawson–Chernysh surgery theorem [30, The-
orem 3.1] (see [43, Theorem 3] for a precursor). Using the notion of right stability, the
result might be stated as follows.

Theorem 3.15 ([30, Theorem 3.1]). Let V ! N be a Riemannian vector bundle of rank
r � 3 over a closed manifold N with unit disc bundle D.V / and unit sphere bundle
S.V /, let ! be a metric connection on V and let h be a Riemannian metric on N . If the
connection metric g D h˚! grtor has positive scalar curvature, where grtor is a torpedo
metric, then g is right stable on D.V / W ;Ý S.V /.

The following consequence of Theorem 3.15 is our main tool to construct admissible
splittings.
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Proposition 3.16. Assume that

(1) Vi ! Ni , i D 0; 1, are Riemannian vector bundles over closed manifolds, of rank
ri WD rank.Vi / � 3,

(2)  W S.V0/ Š S.V1/ is a diffeomorphism of the sphere bundles, and M WD D.V0/[ 
D.V1/

op,

(3) G is a Lie group which acts smoothly on Ni , and on Vi by bundle isometries, such
that  is G-equivariant .hence G acts on M/,

(4) !i , i D 0; 1, are G-equivariant metric connections on Vi and hi are G-invariant
Riemannian metric onNi , and the .G-invariant/ connection metrics gi WD hi ˚!i g

ri
tor

have positive scalar curvature . for suitable torpedo metrics gritor/.

(5)  �g1jS.V1/ and g0jS.V0/ lie in the same path component of RC.S.V0//
G , the space

of G-invariant psc metrics on S.V0/,

(6) P ! B is a smooth G-principal bundle over a closed manifold.

Then the manifold P �G M has an admissible splitting.

Proof. We can write

P �G M D .P �G D.V0// [P�G .P �G D.V1/
op/: (3.17)

The inclusions S.Vi / ,! D.Vi / are 2-connected because ri � 3, and hence so are the
inclusions P �G S.Vi /! P �G D.Vi /.

We can write

P �G Vi D P �G .Fr.Vi / �O.ri / Rri / D .P �G Fr.Vi // �O.ri / Rri :

Choose a Riemannian metric gB on B and a connection � on P ! B . We consider the
metrics

mi;u WD .gB ˚� uhi /˚P��!i ug
ri
tor

3.7
D gB ˚� .uhi ˚!i ug

ri
tor/ D gB ˚� ugi (3.18)

on P �G Vi for a scaling parameter u > 0. By the scaling identity (3.13), there is u0 such
that for all 0 < u � u0, scal.mi;u/ > 0 (look at the right hand side of (3.13)).

For such u, mi;u lies in the same path component of RC.P �G D.Vi // as

1

u
mi;u D

�
1

u
gB ˚� hi

�
˚P��!i g

ri
tor;

which is right stable by Theorem 3.15 (where P �G D.V / is viewed as a cobordism from
; to P �G S.V /). Using [16, Lemma 2.3.4], it follows that mi;u is right stable.

Let ki WD gi jS.Vi / and let  W Œ0;1�!RC.S.V0//
G be a path connecting k0 and �k1.

Without loss of generality, we can assume that u0 is small enough so that scal.gB ˚�
u.t// > 0 for all 0 < u � u0 and t 2 Œ0; 1�.

For such a choice of u, we have a right stable metric m0;u on Q0 WD P �G D.V0/, a
left stable metricmop

1;u onQ1 WDP �G D.V1/op and a path  0 W Œ0;1�!RC.P �G S.V0//

from m0;ujP�GS.V0/ to .P �G  /�m1;u. This completes the proof.
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3.4. Contruction of the splittings

In this subsection, we finish the proof of Theorem 3.1. Let us first introduce uniform
notation for the real, complex and quaternionic cases.

(1) K is either R, C or H, and k WD dimR.K/. We denote by =.K/ � K the imaginary
part, which we identify with the Lie algebra of the group Sk�1 � K�.

(2) We consider Kn as a right K-vector space, equipped with the standard inner product.
The group Sk�1 acts on Kn and on S.Kn/ D Skn�1 by right multiplication; let Rz
denote right multiplication by z 2 Sk�1.

(3) We denote by
G.n/ WD NO.kn/.S

k�1/

the normalizer subgroup of Sk�1 in O.kn/. The centralizer

H.n/ WD CO.kn/.S
k�1/ � G.n/

is equal to O.n/; U.n/;Sp.n/, depending on the case at hand. The action of H.n/ on
Kn by left matrix multiplication commutes with the Sk�1-action, and we let LA be
left multiplication by A 2 H.n/.

(4) The quotient map p W Skn�1! KPn�1 WD Skn�1=Sk�1 to the projective space is an
Sk�1-principal bundle. The projective space has an induced action of the normalizer
G.n/, and the kernel of that G.n/-action is Sk�1, so that the group

PG.n/ WD G.n/=Sk�1

acts (faithfully) on KPn�1.

(5) More generally, we consider the subgroup O.kn/ � O.km/ � O.k.m C n//, and
define

G.n;m/ WD NO.kn/�O.km/.S
k�1/ D G.nCm/ \ .O.kn/ �O.km//;

H.n;m/ WD CO.kn/�O.km/.S
k�1/ D H.n/ �H.m/ � G.n;m/;

PG.n;m/ WD G.n;m/=Sk�1 � PG.nCm/:

(6) The action ofG.n/ on Skn�1 is effective and transitive with stabilizer StabG.n/.en/D
G.n � 1/. The action of PG.n/ on KPn�1 is transitive, and the stabilizer of Œen� 2
KPn�1 is equal to PG.n � 1; 1/.

(7) The structure of the group G.n/ is determined as follows. There is an exact sequence

1! H.n/! G.n/! Aut.Sk�1/! 1

in each case. It follows that G.n/ D O.n/ if K D R, that G.n/ D C2 Ë U.n/ in
the complex case, where the cyclic group C2 acts by complex conjugation, and that
in the quaternionic case G.n/ D Sp.n/ �˙1 Sp.1/, where .A; z/ act by LARz . The
quotient groups are PG.n/D O.n/=˙1 in the real case, PG.n/D C2 ËU.n/=S1 in
the complex case and PG.n/ D Sp.n/=˙1 D P Sp.n/ in the quaternionic case.
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The goal of this section is the proof of the following result.

Proposition 3.19. Let E ! B be a smooth fibre bundle with fibre KPmCn�1 and struc-
ture group PG.n; m/ over a closed manifold B . Then E has an admissible splitting in
each of the following cases:

(1) K D R, n;m � 3,

(2) K D C, n;m � 2,

(3) K D H, n;m � 1.

Proposition 3.19 implies Theorem 3.1, because each of the structure groups mentioned
in that theorem acts through its image in PG.n;m/.

We start the proof of Proposition 3.19 with a suitable decomposition of KPnCm�1

into disc bundles which is invariant under PG.n;m/. Let

L0 WD ¹.v;w/2S.K
n
�Km/ j kvk� kwkº; L1 WD ¹.v;w/2S.K

n
�Km/ j kvk� kwkº

with intersection

L01 WD L0 \ L1 D ¹.v; w/ j kvk
2
D kwk2 D 1=2º Š S.Kn/ � S.Km/:

The decomposition SknCkm�1 D L0 [ L1 is invariant under the action of O.kn/ �
O.km/ and of Sk�1, and hence in particular under G.n; m/. It therefore induces a
decomposition KPnCm�1DP0 [P01 P1, wherePi WDLi=Sk�1, which is invariant under
PG.n;m/. The map

'0 W S.K
n/ �Sk�1 D.K

m/! KPnCm�1; Œv; w� 7!

�
1
p
2
.v; w/

�
;

is a diffeomorphism onto P0, and there is a similar diffeomorphism

'1 W S.K
m/ �Sk�1 D.K

n/ Š P1:

The diffeomorphisms 'i are PG.n; m/-equivariant. Altogether, we have found a
PG.n;m/-invariant decomposition

KPnCm�1 D D.S.Kn/ �Sk�1 Km/ ['�1
1
ı'0

D.S.Km/ �Sk�1 Kn/ (3.20)

into disc bundles. If n and m are as in Proposition 3.19, these disc bundles have rank at
least 3. The action of PG.n;m/ on the sphere bundle S.S.Kn/ �Sk�1 Km/ is transitive.
This sphere bundle is more conveniently written as

Mk;n;m WD S
kn�1

�Sk�1 S
km�1:

Note that Mk;n;m is both an Skm�1-bundle over KPn�1 and an Skn�1-bundle over
KPm�1. The action of the group PG.n;m/ onMk;n;m is transitive, because the action of
H.n;m/ on Skn�1 � Skm�1 is already transitive.

Let gSkn�1 be the round metric on Skn�1. The action of O.kn/ and hence of G.n/ is
by isometries. The action of the subgroup Sk�1 � G.n/ is geodesic in the sense that the
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orbits of 1-parameter subgroups of Sk�1 are geodesics in Skn�1. We let VSkn�1 be the
.k � 1/-dimensional distribution of tangent vectors to orbits. The distribution VSkn�1 is
preserved by G.n/, and so is its orthogonal complement HSkn�1 WD .VSkn�1/

?. More-
over, HSkn�1 is the horizontal distribution for a principal connection !n on the Sk�1-
principal bundle p W Skn�1 ! KPn�1. In fact, !n is G.n/-equivariant, and it is the only
connection with this property.

The Fubini–Study metric on KPn�1 is the quotient metric gKPn�1 of the round metric.
The map � W .Skn�1; gSkn�1/ ! .KPn�1; gKPn�1/ is a Riemannian submersion with
totally geodesic fibres, and gSkn�1 can be identified with the connection metric

gSkn�1 D gKPn�1 ˚!n gSk�1

(since both vertical and horizontal distributions are orthogonal for both metrics, and both
metrics agree on horizontal and on vertical vectors).

The metric gKPn�1 ˚!n tg
km
tor on Skn�1 �Sk�1 D

km D P0 is PG.n; m/-invariant,
and so is the metric gKPm�1 ˚!m sg

kn
tor on Skm�1 �Sk�1 D

kn D P1. For t; s sufficiently
small, these have positive scalar curvature (provided n and m are as in Proposition 3.19).
By Proposition 3.16, the proof of Proposition 3.19 will be complete once we show that
for suitable s and t , the two metrics

gKPn�1 ˚!n tgSkm�1 ; gKPm�1 ˚!m sgSkn�1 2 RC.Mk;n;m/
PG.n;m/

can be connected by a path of PG.n;m/-invariant psc metrics. Therefore, all that remains
to be shown is

Lemma 3.21. The space of PG.n;m/-invariant psc metrics on Mk;n;m is contractible if
k D 1 and m; n � 3, or k D 2 and m; n � 2, or k D 4 and m; n � 1.

The proof of Lemma 3.21 will be quite direct, but a bit lengthy, and we begin with
some preliminaries.

Definition 3.22. The Berger metric gk;ns;t on Skn�1 with parameters s; t > 0 is

g
k;n
s;t WD sgKPn�1 ˚!n tgSk�1 :

The Berger metrics are G.n/-invariant, and are the only such metrics (we shall not
need this fact explicitly). The metric

sgKPn�1 ˚!n g
k;m
u;t

on Mk;n;m is PG.n;m/-invariant, and so is

sgKPm�1 ˚!m g
k;n
u;t :

In fact, it is not hard to see that

sgKPn�1 ˚!n g
k;m
u;t D ugKPm�1 ˚!m g

k;n
s;t ;

but we do not make use of this fact.
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Lemma 3.23. All PG.n; m/-invariant metrics on Mk;n;m are of the form sgKPn�1

˚!n g
k;m
u;t .

Proof. The map
q WMk;n;m ! KPn�1 �KPm�1

is an Sk�1-principal bundle and is PG.n;m/-equivariant. The tangent bundle of Mk;n;m

can be decomposed into three summands:

TMk;n;m D VMk;n;m ˚ q
�.TKPn�1 ˚ 0/˚ q�.0˚ TKPm�1/;

and this decomposition is PG.n;m/-equivariant. We shall now argue that any PG.n;m/-
invariant symmetric bilinear form on TMk;n;m is the direct sum of invariant bilinear forms
on the three summands, and each summand carries a unique (up to scalar multiple) such
invariant symmetric bilinear form. From this, the claim follows by counting parameters
(for that, note that the construction of sgKPn�1 ˚!n g

k;m
u;t can be carried out for arbitrary

real s; u; t and gives an invariant bilinear form).
For that goal, pick the basepoint Œen; em�2Mk;n;m and letK.n;m/�PG.n;m/ be the

stabilizer subgroup at Œen; em�. Because the action of PG.n;m/ on Mk;n;m is transitive,
PG.n;m/-invariant bilinear forms onMk;n;m correspond bijectively toK.n;m/-invariant
bilinear forms on the tangent space TŒen;em�Mk;n;m. The stabilizer K.n;m/ is equal to

¹.A; z; B; z/ 2 O.n � 1/ �O.1/ �O.m � 1/ �O.1/º=¹˙1º; K D R;

C2 Ë ¹.A; z; B; z/ 2 U.n � 1/ � U.1/ � U.m � 1/ � U.1/º=U.1/; K D C;

¹.A; z; B; z/ 2 Sp.n � 1/ � Sp.1/ � Sp.m � 1/ � Sp.1/º=¹˙1º; K D H:

The tangent space T.en;em/.S
kn�1 � Skm�1/ can be identified with

Kn�1
˚=.K/˚Km�1

˚=.K/;

and similarly we have

TŒen;em�.S
kn�1

�Sk�1 S
km�1/ D Kn�1

˚Km�1
˚=.K/: (3.24)

This identification is K.n; m/-equivariant, where the action on the right hand side is as
follows.

(1) If K D R, we have

TŒen;em�.S
n�1
�S0 S

m�1/ D Rn�1 ˚Rm�1;

and the action of ŒA; z; B; z� 2 K.n; m/ is by LARz in the first summand, and by
LBRz in the second one. The two summands are irreducible inequivalent representa-
tions of O.n � 1/ � 1 �O.m � 1/ � 1 � K.n;m/.

(2) If K D C, we have

TŒen;em�.S
2n�1

�S1 S
2m�1/ D Cn�1

˚Cm�1
˚=.C/:
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The action of ŒA; z;B;z� 2K.n;m/ is byLARz in the first summand, byLBRz in the
second one, and by the identity in the third. The action of the complex conjugation
� 2 K.n; m/ is by complex conjugation in all three summands. Again, the decom-
position (3.24) is a decomposition into irreducible, pairwise inequivalent K.n; m/-
representations.

(3) If K D H, we have

TŒen;em�.S
4n�1

�S3 S
4m�1/ D Hn�1

˚Hm�1
˚=.H/:

The action of ŒA; z; B; z� 2 K.n;m/ is by LARz in the first summand, by LBRz in
the second summand, and by Ad.z/ in the third one. Again, this is a decomposition
into pairwise inequivalent representations.

Since the summands in the decomposition (3.24) are irreducible and inequivalent
K.n; m/-representations, it follows that all invariant bilinear forms are given by direct
sums of invariant forms on the three summands, and the forms on the summands are
unique up to scalar multiplication. Hence the (real) dimension dk;n;m of the space of
PG.n;m/-invariant bilinear forms on Mk;n;m is equal to

dk;n;m D

8̂̂̂̂
ˆ̂̂̂̂<̂
ˆ̂̂̂̂̂̂
:̂

0; K D R; n D m D 1

1; K D R; either n D 1 or m D 1;

2; K D R; n;m � 2;

1; K D C;H; n D m D 1;

2; K D C;H; eithern D 1 or m D 1;

3; K D C;H; n;m � 2:

A parameter count shows that this is the same as the number of parameters in sgKPn�1

˚!n g
k;m
u;t .

What remains to be proven is that

¹.s; u; t/ 2 .0;1/3 j scal.sgKPn�1 ˚!n g
k;m
u;t / > 0º � R3

is contractible. To write down a formula for scal.sgKPn�1 ˚!n g
k;m
u;t /, we fix some more

notation. We define
cn WD scal.gSn�1/ D .n � 1/.n � 2/ (3.25)

and

bk;n WD scal.gKPn�1/ D

8̂̂<̂
:̂
cn; K D R;

4n.n � 1/; K D C;

16.n2 � 1/; K D H

(3.26)

(for the last one, see [18]). Furthermore, we let ak;n be the (constant) value of
the quantity jAj2 (see (3.12)) for the Riemannian submersion .Skn�1; gSkn�1/ !

.KPn�1; gKPn�1/. Using (3.12), we find

ckn D scal.gSkn�1/ D scal.gKPn�1 ˚!n gSk�1/ D bk;n C ck � ak;n;
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from which we may evaluate

ak;n D

8̂̂<̂
:̂
0; K D R;

2.n � 1/; K D C;

12.n � 1/; K D H:

(3.27)

Lemma 3.28. With these notations, we have

scal.gk;ns;t / D
1

s
bk;n C

1

t
ck �

t

s2
ak;n

and

scal.sgKPn�1 ˚!n g
k;m
u;t / D

1

s
bk;n C

1

u
bk;m C

1

t
ck �

t

u2
ak;m �

t

s2
ak;n:

Proof. The formula for the scalar curvature of the Berger metric is a straightforward con-
sequence of (3.14). To get the second formula, let ak;n;m;u;t be the (constant) value of jAj2

for the connection metric gKPn�1 ˚!n g
k;m
u;t . This can be computed with the aid of for-

mula (3.10). Because the action vector field of the Sk�1-action on Skm�1 lies in the
vertical tangent bundle VSkm�1 which is scaled by the factor t , the quantity ak;n;m;u;t
does not depend on u; the dependence on t is expressed by the formula

ak;n;m;u;t D tak;n;m;1;1:

Moreover, if Skm�1 carries the round metric, the norm of the action vector field by an
element in the Lie algebra =.K/ of Sk�1 agrees with the norm of the action vector field
on Sk�1 (for p 2 Skm�1 and X 2 =.K/, the curve t 7! p exp.tX/ is a closed geodesic
with length independent of m). Therefore, ak;n;m;1;1 does not depend on m and is given
by ak;n;m;1;1 D ak;n. This shows

ak;n;m;u;t D tak;n;

and we conclude

scal.gKPn�1 ˚!n g
k;m
u;t / D bk;n C

1

u
bk;m C

1

t
ck �

t

u2
ak;m � tak;n:

By global scaling with 1
s

, we obtain the formula for scal.sgKPn�1 ˚!n g
k;m
u;t /,

using (3.14).

Proof of Lemma 3.21. Each PG.n; m/-invariant metric can be written as sgKPn�1 ˚!n

g
k;m
u;t , by Lemma 3.23. By global scaling and Lemma 3.28, the space of invariant psc

metrics is homotopy equivalent to the space of all .s; u/ 2 .0;1/2 such that

1

s
bk;n C

1

u
bk;m C ck �

1

u2
ak;m �

1

s2
ak;n > 0: (3.29)

In the cases excluded in the statement of the lemma, the left hand side of (3.29) is
always 0. If K D R, we have c1 D a1;n D 0, and hence the left hand side of (3.29) is
equal to 1

s
bk;n C

1
u
bk;m, which is always positive.
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For the remaining cases, change coordinates to x WD 1
s

and y WD 1
u

, and let

q.x; y/ WD ak;nx
2
C ak;my

2;

c WD ck � 0;

`.x; y/ WD bk;nx C bk;my:

We have to look at the set of all .x; y/ 2 .0;1/2 such that

q.x; y/ � `.x; y/ < c: (3.30)

Now q is a positive semidefinite quadratic form and ` is a linear form. Hence q � ` is
a convex function, and so the set of solutions to (3.30) is convex. It is also nonempty: if
K D H, then c > 0 and so (3.30) is satisfied for sufficiently small .x; y/. If K D C, then
c D 0, and we find solutions of (3.30) provided that one of bk;n, bk;m is positive, which
is the case unless n D m D 1.

This concludes the proof of Proposition 3.19.

4. The computation in the spin case

4.1. The simply connected case

In this section, we finish the proof of Theorem A.

Proposition 4.1. The map � W BP.Sp.2/� Sp.1//! BPSp.3/ induces a surjective map

�� W �
Spin
� .BP.Sp.2/ � Sp.1///! �

Spin
� .BPSp.3//:

Let us postpone the proof for a moment.

Proof of Theorem A assuming Proposition 4.1. We first have to recall some aspects of the
proof of Stolz’ theorem [44] (that a simply connected spin manifold of dimension d � 5
admits a psc metric if Oa.M/ D 0). The Atiyah–Bott–Shapiro orientation of spin vector
bundles gives rise to a map

Oa W MSpin! ko

of ring spectra, from the spin cobordism spectrum to the connective real K-theory spec-
trum. On the level of homotopy groups, Oa induces

�
Spin
d
! kod

which assigns to a spin manifold the index of the spin Dirac operator, by the Atiyah–
Singer index theorem. The Lichnerowicz formula implies that Oa.M/ D 0 is a necessary
condition for the existence of a psc metric on M . Now let

T W �
Spin
d�8

.BPSp.3//! �
Spin
d
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be the map that assigns to a map f W B ! PSp.3/ the total space of the HP2-bundle
classified by f . The composition Oa ı T is zero, since the total spaces of HP2-bundles
admit psc metrics. The key result of [44] is that the sequence

�
Spin
d�8

.BPSp.3//
T

! �
Spin
d

Oa

! kod (4.2)

is exact (it is not part of a long exact sequence). To give credits properly, Stolz [44,
Theorem 1.2] proved exactness of (4.2) after localization at the prime 2. After inverting 2
this was shown later by Kreck and Stolz [31, Proposition 3.3].

Now let M d be a spin manifold which admits a psc metric, d � 5. Then Oa.M/ D 0,
and so by the exactness of (4.2), ŒM � 2 �

Spin
d

contains the total space of an HP2-bundle
with structure group PSp.3/. By Proposition 4.1, ŒM � contains the total space of an HP2-
bundle with structure group P.Sp.2/ � Sp.1//. By Theorems 3.1 and 2.6, it follows that
RC.M/ ' RC.Sd /, as claimed, if in addition M is simply connected.

Proof of Proposition 4.1. We shall prove separately that �� ˝ Z.2/ and �� ˝ ZŒ1
2
� are

surjective. We first turn to the 2-local case. Because

HP2 D PSp.3/=P.Sp.2/ � Sp.1//; (4.3)

� is homotopy equivalent to a smooth fibre bundle with fibre HP2. In this situation,
Becker and Gottlieb [5] constructed a transfer map

trf� W †1BPSp.3/C ! †1BP.Sp.2/ � Sp.1//C

on the level of suspension spectra, and they showed that � ı trf� W †1BPSp.3/C
! †1BPSp.3/C induces multiplication by the Euler number �.HP2/ D 3 2 Z�

.2/
on

(ordinary) homology. IfA� is a generalized homology theory whose coefficient groups are
Z.2/-modules, a straightforward argument with the Atiyah–Hirzebruch spectral sequence
then proves that �� WA�.BP.Sp.2/� Sp.1///!A�.BPSp.3// is (split) surjective. Apply
that statement to A� WD�

Spin
� ._/˝Z.2/. There was nothing special about spin cobordism

in this argument.
For the consideration after inverting 2, some more ingredients are needed. Firstly,

the map BSp.3/ ! BPSp.3/ induces an isomorphism in homology with coefficients
in ZŒ1

2
�, and hence also in spin bordism tensored with ZŒ1

2
�. The same argument applies

to B.Sp.2/ � Sp.1//! BP.Sp.2/ � Sp.1//. Therefore, we only need to prove that

�
Spin
� .B.Sp.2/ � Sp.1///˝ Z

�
1
2

�
! �

Spin
� .BSp.3//˝ Z

�
1
2

�
(4.4)

is surjective. It is well-known that the integral homology of BSp.n/ is torsionfree and
concentrated in degrees divisible by 4; see e.g. [37, Theorem III.5.6]. Moreover, the
map B.Sp.2/ � Sp.1//! BSp.3/ induces an epimorphism in homology with arbitrary
coefficients. This is because the homotopy fibre is HP2; hence the Leray–Serre spectral
sequence collapses (for degree reasons) at the E2-page.

We also need to know a fact about spin cobordism from Anderson, Brown and
Peterson’s work [2]. Namely, Theorem 2.2 of that paper implies that �Spin

� ˝ ZŒ1
2
� is
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concentrated in degrees divisible by 4 (this can also be deduced from the structure
of �SO

� described in Theorem 6.4 below, together with the fact that the forgetful map
�

Spin
� ˝ZŒ1

2
�!�SO

� ˝ZŒ1
2
� is an isomorphism, which follows from Serre class theory).

Therefore, the Atiyah–Hirzebruch spectral sequence

E2p;q D Hp
�
BSp.3/I�Spin

q ˝ Z
�
1
2

��
) �

Spin
pCq.BSp.3//˝ Z

�
1
2

�
and its analogue NE2p;q for B.Sp.2/ � Sp.1// collapse at the E2-page. We have argued
that the comparison map NE2p;q ! E2p;q is surjective, and since the spectral sequences
collapse, surjectivity on the E1-page follows. Finally, an argument with the 5-lemma
proves that (4.4) is surjective, as claimed.

4.2. Generalization to some nontrivial fundamental groups

If one tries to carry over the above argument for Theorem A to the case of spin manifolds
with a given fundamental group � , one runs into formidable difficulties. These difficul-
ties are very similar to those in studying the Gromov–Lawson–Rosenberg conjecture,
which has counterexamples for rather innocent groups [41]. But at least in some interest-
ing cases, our argument goes through. We have not attempted a more systematic study,
though.

Theorem 4.5. Let � be a finitely presented torsion-free group, and assume that

(1) the classifying space B� splits stably as a wedge of sphere spectra, in other words,
†1B�C '

W
i2I †

niS,

(2) � satisfies the real strong Novikov conjecture, in other words, the assembly map � W
KO�.B�/! KO�.C�r .�// is injective.

If M0;M1 are two closed spin manifolds of dimension d � 5 with fundamental group �
and RC.Mi / ¤ ;,

RC.M0/ ' RC.M1/:

Examples 4.6. (1) The free abelian group Zn satisfies all requirements. The stable split-
ting condition is clear, and free abelian groups even satisfy the Baum–Connes conjec-
ture (in the complex case), which implies the real strong Novikov conjecture by [42].

(2) Similarly, the free group Fn satisfies the hypotheses of the Theorem (free groups sat-
isfy the Baum–Connes conjecture by [24] because they have the Haagerup property).

Proof of Theorem 4.5. We have to prove that the cobordism class ŒMi � 2 �
Spin
d
.B�/

contains a representative which is an HP2-bundle with structure group H WD

P.Sp.2/ � Sp.1//.
The hypothesis that †1B�C '

W
i2I †

niS has the effect that

Ak.B�/ D
M
i2I

Ak�ni .�/



Homotopy type of psc spaces 23

for each homology theory A�, and this sum decomposition is natural in A�. Kreck–Stolz’
sequence (4.2), together with Proposition 4.1 and the (obvious) injectivity of ko�!KO�,
yields an exact sequence

�
Spin
��8.BP.Sp.2/ � Sp.1///! �

Spin
� ! KO�

whose maps are induced by maps of spectra. The induced sequence

�
Spin
��8.BP.Sp.2/ � Sp.1// � B�/! �

Spin
� .B�/! KO�.B�/

is therefore exact, by the above observation. Assuming that � satisfies the real strong
Novikov conjecture gives an exact sequence

�
Spin
��8.BP.Sp.2/ � Sp.1// � B�/

T

�! �
Spin
� .B�/

ind�
��! KO�.C �r .�//: (4.7)

The map T again takes the total space of the classified HP2-bundle, and ind� associates to
a cobordism class .M; f / the index of the Rosenberg–Dirac operator. The Lichnerowicz
vanishing argument carries over to this case and shows that ifM admits a psc metric, then
ind�.M; f / D 0. Using the exactness of (4.7), we conclude that .M; f / is cobordant to
the total space of an HP2-bundle with structure group P.Sp.2/ � Sp.1//.

5. Two further geometric ingredients for the non-spin case

For the proof of Theorem A that we just gave, Theorem 3.1 provided enough examples
of admissible splittings. For the proof of Theorem B, these do not quite suffice, and we
need some more geometric ingredients, which will be developed in this section. The main
results are Propositions 5.1, 5.2 and 5.8.

5.1. Stability of product metrics

The goal of this subsection is the proof of the following two propositions.

Proposition 5.1. Let x 2 �SO
� be a cobordism class which can be written as x D yz,

with y of dimension at least 6 and z of positive dimension. Then x contains a representa-
tive with an admissible splitting.

Proposition 5.2. Let Vi ! Ni be vector bundles of rank ri � 3, let  W S.V0/ Š S.V1/
be a diffeomorphism and letM WDD.V0/[ D.V1/op. Let P be a closed manifold which
admits a psc metric. Then M � P has an admissible splitting.

An important step in the proof of Proposition 5.1 is the following result.

Lemma 5.3. Let W W M0 ÝM1 be a cobordism such that dim.W / D d � 6 and both
inclusions Mi ! W are 2-connected. Let .N; gN / be a closed psc manifold, and let gW
be a Riemannian metric onW with product form near the boundary such that the product
metric gW ˚ gN on W �N has positive scalar curvature. Then gW ˚ gN is stable.
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The proof of Lemma 5.3 begins with two lemmas.

Lemma 5.4. LetW be a compact manifold with boundary. Then for each � > 0, the space

R>��.W / WD ¹h 2 R.W / j inf scal.h/ > ��º

is .weakly/ contractible. If .N; gN / is a closed psc manifold, the space of product psc
metrics .that is, psc metrics of the form gW ˚ gN / on W �N is contractible.

Proof. The space R>��.W / is nonempty: if h 2R.W /, then th 2R>��.W / if t is suffi-
ciently large. Pick h0 2R>��.W /. LetX be a compact space and let h W X !R>��.W /

be a map. Let

H W K � I ! R.W /; H.x; t/ WD .1 � t /h.x/C th0;

and
� WD inf

.x;t/2K�Œ0;1�
scal.H.x; t//:

Choose a � 1 such that 1
a
� > ��, and define a homotopy P WK � Œ0; 3�!R>��.W / by

P.x; t/ WD

8̂̂<̂
:̂
.1 � t C ta/h.x/; t 2 Œ0; 1�;

.2 � t /ah.x/C .t � 1/ah0; t 2 Œ1; 2�;

..3 � t /aC .t � 2//h0; t 2 Œ2; 3�:

Hence R>��.W / ' �. The second claim of the lemma follows from the first and the
observation that

scal.gW ˚ gN / > 0 ” inf scal.gW / > � inf scal.gN /:

Lemma 5.5. Let N be a closed manifold which admits a psc metric, let W d WM0 ÝM1

be a cobordism, and assume that each product psc metric on W � N is right stable. Let
' W Sk�1 �Dd�kC1 ! W be a surgery datum in the interior of W with 3 � k � d � 2,
and let W' be the result of performing a surgery along '. Then each product psc metric
on W' �N is right stable. The same is true for left stable metrics.

Proof. Let '0 W Sd�k �Dk ! W' be the dual surgery datum. We define

� WD ' � IdN W Sk�1 �Dd�kC1
�N ! W �N;

�0 WD '0 � IdN W Sd�k �Dk
! W' �N:

Then

W' �N D ..W �N/ n Im.�// [Sk�1�Sd�k�N .D
k
� Sd�k �N/:

Fix a psc metric gN onN and let RC.W �N;�/�RC.W �N/ be the subspace of those
metrics which are equal to gSk�1 ˚ g

d�k
tor ˚ gN on Im.�/, and define RC.W' �N;�

0/�

RC.W' �N/ in an analogous way. The inclusions

RC.W �N; �/! RC.W �N/; RC.W' �N; �
0/! RC.W' �N/
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are weak equivalences by Theorem 2.1 (or rather a variant of it for manifolds with bound-
ary which is covered by the proof in [14]). There is a homeomorphism

RC.W �N; �/ Š RC.W' �N; �
0/; (5.6)

and hence a weak equivalence

S W RC.W �N/ ' RC.W' �N/:

By the argument given in the proof of [7, Theorem 2.6], the path components which con-
tain a right stable metric correspond to each other under the bijection �0.S/. Furthermore,
the homeomorphism (5.6) and its inverse preserve product metrics. By Lemma 5.4, there
are unique components of RC.W �N/ and RC.W' �N/ which contain metrics of the
form gW ˚ gN , and so these two components correspond to each other under �0.S/.
Hence one is right stable if and only if the other one is.

Proof of Lemma 5.3. This is similar to the proof of [15, Theorem E = Theorem 3.1.2 (ii)],
and we refer to that paper for more details. First note that any psc metric of the form gM ˚

dt2˚ gN onM � Œ0;1��N is stable. Now letW be as in the statement of the proposition.
By the proof of the s-cobordism theorem [28, 49], W has a handlebody decomposition
(relative to M0) in which all handles have index in ¹3; : : : ; d � 2º. As explained in the
proof of [15, Theorem 3.1.2 (ii)], it follows thatW [W op andM0 � Œ0; 2� are related by a
sequence of surgeries of index in ¹3; : : : ; d � 2º. By Lemma 5.5, each product psc metric
on .W [W op/ � N is stable. Now let h 2 RC.W � N/ be a product psc metric. Then
h [ hop is a product psc metric, therefore stable. Thus the gluing map �._; h/ has a left
inverse in the homotopy category, namely �._; hop/.

The same argument can be applied with the roles ofW andW op reversed, and leads to
the conclusion that �._; hop/ also has a left inverse in the homotopy category. Therefore
�._; hop/ is a weak equivalence, and so is �._; h/. This means that h is left stable. By
[15, Theorem E], h is also right stable.

Proof of Proposition 5.1. Let M d be a representative for y which is relatively 3-con-
nected. In particular,M is simply connected,H2.M/IZ/ŠH2.BSOIZ/Š Z=2, andM
does not have a spin structure.

Let S2 ! M be an embedding which represents a generator of �2.M/ Š Z=2. The
normal bundle is the nontrivial vector bundle over S2, and so we obtain a 2-connected
embeddingP !M of the disc bundle of the nontrivial vector bundle over S2, which leads
to a decompositionM D P [@P .M nP /. By general position, the inclusion mapM nP
!M is d � 3 � 3-connected, and so the manifold M n P is relatively 3-connected.

The argument so far only used that M was relatively 3-connected and not that it was
closed. Hence we can apply the same argument to M n P . The result is a decomposition

M D P [W [ P op

whereW W @P Ý @P is a cobordism such that both inclusions @P ! W are 2-connected.
Let gP be a connection torpedo metric on P , and choose gW 2 R.W /g@P ;g@P , not nec-
essarily of positive scalar curvature.
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The cobordism class z 2 �SO
� contains a representative N which carries a psc met-

ric gN . This follows from the proof of [20, Corollary C] (a more elegant way to see this
is to invoke the main result of [17]). We can assume that scal.gW ˚ gN / > 0.

By Lemma 5.3, the metric gW ˚ gN is stable, and the metric gP ˚ gN is a connection
torpedo metric, so it is right stable by Theorem 3.15. Likewise, gop

P ˚ gN is left stable,
and we have found an admissible splitting

M �N D .P �N/ [@P�N ..W [ P
op/ �N/

with suitable psc metric .gP ˚ gN / [ ..gW [ g
op
P /˚ gN .

For the proof of Proposition 5.2, we need another lemma.

Lemma 5.7. Let .M; gM / and .N; gN / be two psc manifolds. Then the product map
� WRC.M/�RC.N /!RC.M �N/, .g0;g1/ 7! g0˚ g1, is homotopic to the constant
map.

Proof. We only show that the map is weakly homotopic, i.e. the restriction to a compact
subsetK �RC.M/�RC.N / is nullhomotopic. The technique to write down the homo-
topies is very similar to the proof of Lemma 5.4, hence we shall be very brief. The first
step is a homotopy from �jK to the map .g0; g1/ 7! gM ˚ g1, which is very similar to
the homotopy used in the proof of Lemma 5.4. The second step is a homotopy from that
map to the constant map gM ˚ gN .

Proof of Proposition 5.2. Pick Riemannian metrics hi on Ni such that hi ˚ gP is a psc
metric on Ni � P . Pick metric connections !i on Vi and suitable torpedo metrics gritor

on Rri such that hi ˚!i g
ri
tor is a psc metric on D.Vi /.

The product metrics .hi ˚!i g
ri
tor/˚ gP are connection torpedo metrics. Lemma 5.7

implies that the metrics .h0 ˚!0 g
r0
tor/jS.V0/ ˚ gP and . �.h1 ˚!1 g

r1
tor/jS.V1//˚ gP are

isotopic; this finishes the proof because of Proposition 3.16.

5.2. Splitting a certain 5-manifold

Here, we prove the following.

Proposition 5.8. There is a closed oriented 5-manifold M with the following properties:

(1) we can write M D W0 [W1 as a union of two disc bundles of rank 3 over S2,

(2) this is an admissible splitting, and

(3) ŒM � ¤ 0 2 �SO
5 .

Construction 5.9. Let

V WD S3 �S1 .C ˚R/! CP1;

where S1 acts on C by rotations and trivially on R. This is the unique nontrivial real vector
bundle of rank 3 on CP1, and V does not have a spin structure. We write W WD D.V /
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and N WD S.V / for the unit disc bundle and unit sphere bundle. Note that

N D S3 �S1 S
2

is the Hirzebruch surface; in [25], it is shown that N Š CP2 # CP2. Let us write

N D .S3 �S1 D
2/ [ .S3 � Œ0; 1�/ [' .S

3
�S1 D

2/; (5.10)

using the diffeomorphism ' W S3 �S1 S
1! S3 given by '.Œu;x�/ WD ux. We now define a

diffeomorphism F WN !N as follows. On the first copy of S3 �S1 D2, F is the identity.
On the second copy of S3 �S1 D2, F is given by complex conjugation Œu;x� 7! Œu;x�. Via
the gluing diffeomorphisms, these maps induce the identity on S3 � ¹0º and the complex
conjugation � on S3 � ¹1º. The complex conjugation on S3 � C2 lies in SO.4/, and
hence there is a path  W Œ0; 1�! SO.4/ with .0/ D 1 and .1/ D �. We furthermore
assume that  is constant near 0 and constant near 1. On the middle S3 � Œ0; 1�, we define
F by the formula F.t; u/ WD .t; .t/u/. Altogether, this defines F W N ! N . We now
define

M WD W [F W;

which is a closed 5-manifold which by construction is the union of two disc bundles of
rank 3, as claimed in Proposition 5.8. SinceW is simply connected andN is connected, it
follows that M is simply connected, by Seifert–van Kampen. Therefore, M is orientable,
and we choose an orientation on M .

Proof that M is not nullbordant. We will show that

Hk.M IZ/ D

8̂̂<̂
:̂

Z; k D 0; 5;

Z=2; k D 2;

0; k ¤ 0; 2; 5:

(5.11)

This will imply the lemma, by the following argument. It is enough to prove that
hw2.TM/w3.TM/; ŒM �i ¤ 0. To that end, recall that the semi-characteristic �.X IF/ 2
Z=2 of a closed .2mC 1/-manifold X with respect to a field F is defined as

�.X IF/ WD
mX
kD0

dimF .Hk.X IF// 2 Z=2:

Lusztig, Milnor and Peterson [33] showed that

�.X IQ/ � �.X IF2/ D hw2.TX/w2m�1.TX/; ŒX�i 2 Z=2:

Together with (5.11), this shows that hw2.TM/w3.TM/; ŒM �i ¤ 0.
It remains to compute H2.M I Z/; the other groups are determined by the simple

connectivity of M and by Poincaré duality. The S1-action on S2 � C ˚ R has the
two fixed points .0;˙1/. Those two fixed points determine sections s˙ of the bundle
N D S3 �S1 S

2 ! CP1 and hence elements b˙ D hur.s˙/ 2 H2.N IZ/. It is easily



J. Ebert, M. Wiemeler 28

verified (e.g. by the Mayer–Vietoris sequence for the decomposition (5.10)) that .bC; b�/
is a Z-basis of H2.N / Š Z2.

The two S1-fixed points .0;˙1/ can be connected by a path of fixed points in D3;
therefore, the two sections s˙ become homotopic in S3 �S1 D3 D W . Hence j�.b�/ D
j�.bC/ 2 H

2.W /, where j W N ! W denotes the inclusion map. Since N ! W is 2-
connected, j� is surjective on H2. Hence j�.b˙/ must be a generator u 2 H2.W / Š Z.

To compute the effect of the diffeomorphism F on homology, let us agree that the
signs are chosen in such a way that s� lies in the first part of the decomposition (5.10) and
sC in the third one. With these choices

F�.b�/ D b�; F�.bC/ D �bC:

The first is clear. For the second, consider the commutative diagram

S3

�

��

� // S3

�

��

CP1
q
// CP1

(q and � are the complex conjugation maps and � the Hopf map). Using deg.q/D�1, we
see that the complex conjugation induces �1 on H2.S3 �S1 0/ Š H2.S3 �S1 D2/. To
compute H2.M/, consider the piece of the Mayer–Vietoris sequence for the decomposi-
tion M D W [F W :

H2.N IZ/
.j�;j�ıF�/
�������! H2.W IZ/˚H2.W IZ/! H2.M IZ/! 0:

With respect to the bases .bC; b�/ and .u; u/, the first map is represented by the matrix�
1 1

�1 1

�
with determinant 2. It follows that H2.M/ Š Z=2, as claimed.

Remark 5.12. It follows from Barden’s classification theorem for simply connected 5-
manifolds [4] that the manifold M is diffeomorphic to SU.3/=SO.3/, the Wu manifold.

It remains to be proven that M D W [F W is an admissible splitting. This is accom-
plished by Lemmas 5.13 and 5.14 below. To prove them, we have to do some geometry.

Lemma 5.13. Let ! be the U.2/-invariant connection on the Hopf bundle � W S3! CP1

which was introduced in §3.4, and let g3tor be a torpedo metric on D3 of radius 1. Then
the metric

gCP1 ˚! g
3
tor

on S3 �S1 D
3 D W has positive scalar curvature and is right stable.

Proof. By Theorem 3.15, it is enough to verify that scal.gCP1 ˚! g
3
tor/ > 0. Using (3.12)

and (3.26), we get

scal.gCP1 ˚! g
3
tor/ D 8C scal.g3tor/ � jAg3tor

j
2:
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By definition of a torpedo metric, scal.g3tor/ � scal.gS2/ D 2. The closed orbits of the
S1-action on D3, in the torpedo metric g3tor, have length at most 2� and are therefore at
most as long as the orbits of the translation action of S1 on itself. It follows, using (3.10),
that

jAg3tor
j
2
� jAj2 D 2:

where jAj2 is the norm of the A-tensor for the translation action, which was computed
in (3.27).

Lemma 5.14. The psc metrics gCP1 ˚! gS2 and F �.gCP1 ˚! gS2/ lie in the same path
component of RC.N /.

For the proof, we need another auxiliary result:

Lemma 5.15. Let .N; g/ be a closed Riemannian manifold, scal.g/ > 0, and let  W
Œ0; 1�! Isom.N;g/ be a smooth path which is constant near 0 and 1. Let � WN � Œ0; 1�!
N � Œ0; 1� be the diffeomorphism .x; t/ 7! ..t/x; t/. Then the two metrics

g ˚ dt2; ��.g ˚ dt2/ 2 RC.N � Œ0; 1�/g;g

lie in the same path component.

Proof. Extend  to a smooth function  W R! Isom.N; g/, constant on .�1; 0� and on
Œ1;1/. For r > 0, let r .t/ WD .1r t / and define �r W N � R! N � R accordingly. It
will be enough to prove that for sufficiently large r , the metric

.1 � s/g ˚ dt2 C s��r .g ˚ dt
2/

on N � R has positive scalar curvature for all s 2 Œ0; 1�. Let Xr be the vector field on
N �R given by

Xr .p; t/ WD
d

du

ˇ̌̌̌
uD0

.r .t C u/p; t/:

Note that
Xr .p; t/ D

1

r
X1.p;

t

r
/:

Using that .t/ is an isometry, one calculates that the metric ��.g˚ dt2/ is given (using
the splitting T.p;t/.N �R/ D TpN ˚R) by the matrix�

g Xr
XTr 1C kXrk

2

�
:

For r !1, this converges uniformly to g˚ dt2, together with all derivatives. From that,
the claim follows.

Proof of Lemma 5.14. Let g2tor be a torpedo metric on D2 of radius 1. This does not have
positive scalar curvature, but at least we know that scal.g2tor/� 0. Let g2dtor be the metric on
D2 [ .S1 � Œ0; 1�/[D2 D S2 which is given by g2tor on the two discs and by gS1 ˚ dt2
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on the cylinder. There is a smooth path u 7! g.u/ of Riemannian metrics on S2 with
g.0/ D gS2 , g.1/ D g2dtor, such that each g.u/ is S1-invariant, has nonnegative scalar
curvature and the lengths of the S1-orbits for each g.u/ are at most 2� . This can be seen
from the formula for the scalar curvature of a warped product metric on S1 � R which
can be found in e.g. [50, §2.2].

Consider the metric gCP1 ˚! g.u/ on S3 �S1 S2 D N . It follows that

scal.gCP1 ˚! g.u// D 8C scal.g.u// � jAg.u/j2 � 8 � jAj2 D 6

for all u. Hence gCP1 ˚! gS2 and gCP1 ˚! g
2
dtor lie in the same path component of

RC.N /, and therefore it suffices for our aim to prove that

ŒgCP1 ˚! g
2
dtor� D ŒF

�.gCP1 ˚! g
2
dtor/� 2 �0.R

C.N //:

By the construction of F (and because the torpedo metric is O.2/-invariant), the metrics
F �.gCP1 ˚! g

2
dtor/ and gCP1 ˚! g

2
dtor agree on the two copies of S3 �S1 D2 inside N .

On the middle piece S3 � Œ0; 1�, we have

F �.gCP1 ˚! g
2
dtor/ D F

�.gCP1 ˚! .gS1 ˚ dx
2//

D F �.gS3 ˚ dx
2/ 2 RC.S3 � Œ0; 1�/g

S3
;g
S3
:

By Lemma 5.15, it is isotopic within RC.S3 � Œ0; 1�/g
S3
;g
S3

to the product metric. This
finishes the proof.

6. The computation in the non-spin case

The exact sequence (4.2) has an analogue for oriented cobordism, namely the exact
sequence

�SO
d�4.B.C2 Ë PU.3///

T

! �SO
d ! �d .HZ/;

where T takes the total space of CP2-bundles and the second map is given by the Thom
class (see [17]). Unfortunately, this is of no use for the proof of Theorem B, since CP2

has too small dimension. Therefore, we have to take a more pedestrian route and need
rather explicit generators for the oriented bordism ring �SO

� . The following summarizes
the information which is relevant for us; we show in §6.2 how to extract it from the
classical literature.

Theorem 6.1. The oriented cobordism ring �SO
� is .multiplicatively/ generated by ele-

ments of the following types:

(1) Classes v4k 2 �SO
4k

, one for each k � 2, and each v4k is a sum of classes which are
represented by CPn-bundles with structure group U.nC 1/ and n � 3,

(2) v4 WD ŒCP2�,

(3) an infinite set Z of classes in degrees � 9 which are represented by CPn-bundles
with structure group C2, n � 3,

(4) a single element z5 in degree 5.
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The low-dimensional cobordism groups are as follows:

(1) �SO
k
D 0 for k D 1; 2; 3; 6; 7,

(2) �SO
4 D Z, generated by v4 D ŒCP2�,

(3) �SO
5 Š Z=2, generated by z5,

(4) �SO
8 Š Z2, generated by v8 D ŒCP4� and v24 D ŒCP2�2, and the subgroup generated

by ŒCP4� and ŒHP2� has index 3.

6.1. Proof of Theorem B

Let us first show how to use Theorem 6.1 to finish the proof of Theorem B. Besides
Theorem 6.1, we need one more computation from homotopy theory.

Proposition 6.2. The map

�SO
� .BU.1/

n/! �SO
� .BU.n//; (6.3)

induced by the inclusion U.1/n ! U.n/ of a maximal torus, is surjective. Hence each
CPn�1-bundle E ! M over a closed oriented manifold with structure group U.n/ is
oriented cobordant to a CPn�1-bundle with structure group U.1/n.

Proof. The ring spectrum MSO is complex oriented; in fact, the forgetful map MU!
MSO defines a complex orientation, using [1, Lemma II.4.6]. By [29, Proposition 4.3.3]
or [1, Lemma II.4.1], surjectivity of (6.3) follows.

Proof of Theorem B. Let Ad � �SO
d

be the subgroup of cobordism classes which contain
a representative that has an admissible splitting. We first consider the case d ¤ 8, d � 5,
and have to prove that Ad D �SO

d
.

Let k � 2 and let v4k be the generator described in Theorem 6.1. For an arbitrary
x 2 �SO

� , the element xv4k can be represented by a CPn�1-bundle with structure group
U.2/ � U.n� 2/, and n � 4, by Proposition 6.2. Therefore, using Theorem 3.1, the ideal
.v8; v12; : : :/ � �

SO
� is contained in A�. An analogous argument shows that the ideal

.Z/ (Z as in Theorem 6.1) is contained in A�. The only additive generators of �SO
� in

dimensions � 5 which are missed by that argument are the elements of the form

za5v
b
4 ; 5aC 4b � 5:

The manifold M in Proposition 5.8 has an admissible splitting and since ŒM � ¤ 0 and
�SO
5 Š Z=2, we have ŒM � D z5 and so z5 2 A5.

Proposition 5.8, together with Proposition 5.1, implies that z5x 2 A� when x 2 �SO
�

is of positive dimension.
For b � 3, we write vb4 D ŒM � CP2� with dim.M/ � 6 and use Proposition 5.1 to

verify that vb4 2 A�.
These arguments cover all cases except d D 8. In that case, certainly ŒHP2�; ŒCP4�

2 A8, and therefore the index of A8 in �SO
8 divides 3, by Theorem 6.1. Hence if
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ŒM � 2 �SO
8 , then M is cobordant modulo A8 to either W 8, CP2 �CP2, or CP2 �CP2

with the reverse orientation, and so if M is simply connected and not spinnable, then
RC.M/ has the homotopy type of either RC.W 8/ or RC.CP2 �CP2/.

6.2. The structure of the oriented cobordism ring

This section is a guide through the literature on oriented cobordism. For a commutative
ring R, a class c 2 H�.BOIR/ and x 2 �SO

� , we denote by c.x/ 2 R the characteris-
tic number c.x/ D hc.TM/; ŒM �i 2 R, where ŒM � D x. Recall furthermore the classes
sn 2 H

4n.BOIZ/ from [36, §16], denoted sn.p/ there.

Theorem 6.4. Let T� � �SO
� be the ideal of torsion elements. Assume that v4k 2 �SO

4k
,

k � 1, are classes such that

sk.v4k/ D

´
1; 2k C 1 not a prime power;

p; 2k C 1 D ps; s > 0; p prime;
(6.5)

and let v4k 2 �SO
4k
=T4k be the residue class in the torsionfree quotient. Then

�SO
� =T� D ZŒv4kjk > 0�:

Furthermore, 2T� D 0.

The computation of �SO
� =T� is apparently due to Milnor (unpublished, but see [45,

p. 207] for an account). Milnor [35, Theorem 5] also proved that there is no odd primary
torsion in �SO

� , and Wall [47, Theorem 2] showed that there is no element of order 4.

Proposition 6.6. One can choose v4 D ŒCP2� and v8 D ŒCP4�. For k � 3, one can
choose v4k as a linear combination of the total spaces of CPn-bundles with structure
group U.nC 1/, with n � 3.

Proof. If 2k C 1 is a prime, we can take v4k D ŒCP2k �, because

sk.CP2k/ D 2k C 1

(see [26, p. 42]). This applies to k D 1; 2. If k � 3 and 2k C 1 is not a prime, we have to
use further manifolds, the Milnor manifolds. To define them, let i � j . The tautological
line bundle Li ! CP i embeds canonically into the trivial vector bundle CjC1, and we
let L?ij be the orthogonal complement of Li in CjC1. The Milnor manifold is

Hij WD P .L?ij /:

By construction, Hij is a CP j�1-bundle over CP i with structure group U.j /. Note that
H0j D CP j�1. The manifolds H1j are nullbordant. If i � 2 and i C j � 1 D 2k, we
have

sk.Hij / D �

�
i C j

i

�
D �

�
2k C 1

i

�
(see [26, p. 43]).
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For k � 3, CP2k as well asHij with i C j D 2kC 1, i � 2 and j � 4, are bundles of
projective spaces as asserted. Therefore, by taking a suitable linear combination of these
manifolds, we get a class v4k 2 �SO

4k
with

sk.v4k/ D gcd
²
2k C 1;

�
2k C 1

2k C 1 � j

� ˇ̌̌̌
4 � j � 2k � 1

³
:

If k � 3, this number is the same as

d2kC1 WD gcd
²�
2k C 1

n

� ˇ̌̌̌
1 � n � 2k

³
:

It is a rather unknown, but elementary fact [39] that

gcd
²�

n

j

� ˇ̌̌̌
1 � j � n � 1

³
D

´
1; n not a prime power;

p; n D ps; s > 0; p prime:

From that, the claim follows.

Wall also determined the structure of T� to which we turn now. We denote by
ŒM �O 2 �On the unoriented cobordism class of a closed n-manifold M . Following [47],
let W� � �

O
� be the set of all (unoriented) cobordism classes which have representatives

M such that the Stiefel–Whitney classw1.TM/ 2H 1.M IZ=2/ is the mod 2 reduction of
an integral class w 2 H 1.M IZ/ D ŒM IS1�. This is a subalgebra of �O� [47, Lemma 3],
and the forgetful map � W �SO

� ! �O� factors through W�.
Let u WM n! S1 be a smooth map representingw and pick a regular value a of u. The

manifold V WD u�1.a/ is orientable, and 2ŒV � D 0 2 �SO
n�1 [47, Lemma 1]. Theorem 3

of [47] says that the assignment M 7! V gives a well-defined map

@ WW� ! �SO
��1;

which is a derivation and fits into a long exact sequence

� � � ! �SO
n

2

! �SO
n

�

!Wn
@

! �SO
n�1 ! � � � :

This and the fact that 2T� D 0 implies T� D Im.@/. For the description of the structure
of W�, we need the following manifolds. Let P.m; n/ be the Dold manifold Sm �C2
CPn ! RPm, where C2 acts on CPn by complex conjugation. Furthermore, let A W
P.m; n/! P.m; n/ be the map induced by .x; z/ 7! .Rx; z/, where R is reflection in
a hyperplane. We define Q.m; n/ as the mapping torus of A; there is an obvious fibre
bundle u W Q.m; n/! S1 with fibre P.m; n/. If m is odd and n is even, then P.m; n/ is
orientable, and A reverses orientation, and u defines an integral lift of w1.TQ.m; n// in
this situation. Hence ŒP.m; n/�O and ŒQ.m; n/�O are elements of W� if m is odd and n
is even.

Theorem 6.7. If k is not a power of 2, write k D 2r�1.2s C 1/, s ¤ 0, and define

y2k�1 WD ŒP.2
r
� 1; 2rs/�O 2W2k�1; y2k WD ŒQ.2

r
� 1; 2rs/�O 2W2k :

Let furthermore y2r WD ŒCP2
r�1
�O 2W2r . Then W� is a polynomial algebra over F2,

with generators the elements y2k ; y2k�1 .k not a power of 2/ and y2r , r � 2.
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Short guide through the proof. This is shown in [47, §§5–6], but not explicitly stated
there, hence we recall the argument, following the streamlined version [3] of Wall’s
proof by Atiyah. Recall that Thom [46, Théorème IV.12] proved that �O� is a polyno-
mial algebra over F2, with one generator xi for each i which is not of the form 2r � 1

(see also [45, p. 96]). Combining Thom’s theorem with [12, Satz 3] and the proof of
[47, Lemma 6], we see that the elements in the theorem are algebraically independent,
and hence generate a polynomial subalgebra V� � W�. The Hilbert–Poincaré series
HSV�.t/ D

P1
nD0 dimF2.Vn/t

n 2 ZŒŒt �� is easily calculated.
Using [3, formula (9)] and the structure of �O� , one computes the Hilbert–Poincaré

series HSW�.t/ and verifies that both series agree, whence V� DW�.

The following finishes the description of the multiplicative generators of �SO
� .

Corollary 6.8. Let x 2 T� be a torsion element in �SO
� . Then x is a linear combination

of manifolds, which are either

(1) CPn-bundles with structure group C2 and n � 3, or

(2) products of P.1; 2/ with some other oriented manifold.

Proof. Since T� D Im.@/, it is enough to check that all monomials in the generators of
W� are mapped to cobordism classes of the claimed form under @.

Let k; r and s be as in Theorem 6.7. The elements yi introduced there have the preim-
ages

z2k�1 WD ŒP.2
r
� 1; 2rs/� 2 �SO

2k�1; z2r WD ŒCP2
r�1

� 2 �SO
2r

under � W �SO
� !W�. Therefore @.y2k�1/ D 0 and @.y2r / D 0.

Since @ WW� ! �SO
� is a derivation,

@
��Y

i

y
ai
2ki�1

��Y
i

y
bi
2ri

��Y
i

y
ci
2ki

��
D

�Y
i

y
ai
2ki�1

��Y
i

y
bi
2ri

�
@
�Y
i

y
ci
2ki

�
:

The Dold manifold P.2r � 1; 2rs/ is a CP2
r s-bundle, and 2rs � 2, with equality only if

r D s D 1, i.e. k D 3. The element z5 is represented by P.1; 2/. For all other values of k,
z2k�1 is represented by a bundle of complex projective spaces of dimension at least 3.

Furthermore, @.
Q
i y

ci
2ki
/ is represented by a manifold V of the following type. Take

a product Q.m1; n1/ � � � � �Q.mp; np/ ! .S1/i , which is a fibre bundle with fibre a
product of Dold manifolds, restrict this fibre bundle to the kernel � � .S1/i of the mul-
tiplication map � W .S1/p ! S1, and take the total space.

Now there is a fibre bundle Q.m; n/ ! Q.m; 0/ with fibre CPn and structure
group C2 (complex conjugation). This is compatible with the map to S1. Therefore, V is
the total space of a bundle of projective spaces with structure group C2. The complex
dimension of the fibre can be chosen to be at least 3, except in the case of yc6 . If c is even,
then @.yc6/ D 0, and furthermore

@.y2mC16 / D z5z
2m
6 :

The claim follows.
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From the description of the generators, it is also apparent that �SO
5 Š Z=2, �SO

6 D

�SO
7 D 0 and �SO

8 has the Z-basis ŒCP4� and ŒCP2 �CP2�. Moreover,

ŒHP2� D 3ŒCP2 �CP2� � 2ŒCP4�:

Indeed, both sides have the same signature; furthermore s2.ŒCP2 � CP2�/ D 0,
s2.ŒCP4�/ D 5 and s2.ŒHP2�/ D �10, which is easily derived from the computations
in [26, pp. 5ff.]. Therefore, ŒCP4� and ŒHP2� span a subgroup of index 3 in �SO

8 .
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