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Abstract. We prove that the maximal infinite step pro-nilfactor X, of a minimal dynamical sys-
tem (X, T) is the topological characteristic factor in a certain sense. Namely, we show that by an
almost one-to-one modification of 7 : X — X0, the induced open extension 7* : X* — X;‘O has
the following property: for x in a dense Gg subset of X *, the orbit closure Ly = O((x, ..., x),
T xT?x--xT% is (7*)D-saturated, ie., Ly = (7*) @)~ (x*)@(L,). Using results
derived from the above fact, we are able to answer several open questions: (1) if (X, Tk ) is min-
imal for some k > 2, then for any d € N and any 0 < j < k there is a sequence {n;} of Z with
n; = j (mod k) such that T"% x — x, T?"ix — x,..., T9% x — x for x in a dense Gg subset of X;
(2) if (X, T) is totally minimal, then {T”zx :n € Z}is dense in X for x in a dense G5 subset of X ;
(3) for any d € N and any minimal t.d.s. which is an open extension of its maximal distal factor,
RPL?] = API4] where the former is the regionally proximal relation of order d and the latter is the
regionally proximal relation of order d along arithmetic progressions.

Keywords. Multiple recurrence, maximal equicontinuous factor

1. Introduction

In this introductory section we will provide some background related to the notion of
a characteristic factor of a topological dynamical system, present some open questions,
state our main results, and finally explain the main ideas of the proofs. In the paper, Z is
the set of integers and N = {1, 2, ...} is the set of positive integers.
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1.1. Backgrounds

1.1.1. Characteristic factors. A connection between ergodic theory and additive combi-
natorics was established in the 1970’s with Furstenberg’s elegant proof of Szemerédi’s
theorem via ergodic theory. Furstenberg [18] proved Szemerédi’s theorem by means of
the following theorem: Let 7' be a measure preserving transformation (m.p.t. for short)
on the Borel probability space (X, X, ). Then for every d > 1 and A € X with positive
measure,

N-1

1
liminf — " u(ANT"ANT"AN---N T~ 4) > 0. 1.1
}vnilélozvn_oﬂ( )>0 (1.1)

In view of this theorem it is natural to ask about the convergence of these averages; or
more generally, about the convergence, either in L2(X, 1) or pointwise, of the multiple
ergodic averages

N-1
1
~ 2 ST fa(T4), (1.2)
n=0
where f1,..., fu € L°°(X, n). After nearly 30 years’ efforts of many researchers, this

problem (for L? convergence) was finally solved in [28,43].

In the study of the averages (1.2), the idea of characteristic factors plays an important
role. For the origin of these ideas and this terminology, see [18,21]. To be more precise,
let (X, X, u, T') be a measure preserving system (m.p.s.) and (¥, ¥, v, T') be a factor of X.
Ford > 1, we say that Y is a characteristic factor of X if forall fi,..., fz € L°(X, n),

1 N-1 1 N—-1
~ 2 @) fa (M) = = 3 E(AIY)(T"x) -+ E(fal Y)(T"x) = 0
n=0 n=0

in L2(X, ).

Finding a good characteristic factor for certain schemes of averages often yields a
useful reduction of the problem of evaluating their limit behavior. For example, Fursten-
berg [18] proved that for each d > 2, the (d — 1)-step measurable distal factor (in the
structure theorem of an ergodic m.p.s.) is a characteristic factor for (1.2). The result in
[28, 43] improves the result of Furstenberg significantly, i.e., they show that for each
d > 2,a(d — 1)-step pro-nilsystem is a characteristic factor for (1.2).

By a topological dynamical system (X, T) (t.d.s. for short) we mean a homeomor-
phism 7 from a compact metric space X to itself. A counterpart of the notion of char-
acteristic factors in a t.d.s. was first studied in 1994 by Glasner [23]. There, the author
studied the characteristic factors for the transformation t; = T x T2 x -+-- x T% in the
sense of saturation: Let w : X — Y be a map between two sets X and Y. A subset L of X
is called w-saturated if {x € L : n~ Y (w(x)) € L} = L, ie., L = 7~ (n(L)). Given a
factormap zw : (X,T) — (Y,T)and d > 2, the t.d.s. (Y, T) is said to be a d -step topolog-
ical characteristic factor (for tq) of (X, T) if there exists a dense G subset 2 of X such
that for each x €  the orbit closure Ly = O((x, ..., X), 7g) is 7 X --- x 7 (d times)
saturated.
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In [23], it was shown that for minimal systems, up to a canonically defined proximal
extension, a characteristic family for 7, is the family of canonical PI flows of class d — 1.
In particular, if (X, T') is distal, then its largest class d — 1 distal factor (in the structure
theorem of Furstenberg [17]) is its topological characteristic factor for ;. Moreover, if
(X, T) is weakly mixing, then the trivial system is its topological characteristic factor.

As in the ergodic situation, in topological dynamics one expects that the largest class
of d — 1 distal factor can be replaced by the (d — 1)-step pro-nilfactor. So, based on
the result of [23] and the parallelism between ergodic theory and topological dynamical
systems, one naturally asks:

Question 1. Assume that (X, T) is a minimal t.d.s. and d > 2. Is it true that its maximal
(d — 1)-step pro-nilfactor is a topological characteristic factor for tg?

1.1.2. Odd recurrence. 1t is easy to see that one consequence of (1.1) is the following
multiple ergodic recurrence theorem (MERT for short): if (X, X, u, T) is a m.p.s., then
foreachd > 1 and A € X with u(A) > 0 there is n € N such that

p(ANT™AN---NT™"4) > 0. (1.3)

As an immediate application of MERT, if (X, T') is minimal then for each d > 1 and each
non-empty open subset U of X, there is n € N such that

UNT™"UN---NnT™"U £ 0. (1.4)

We will refer to this property as the topological multiple recurrence theorem (TMRT, for
short). For topological proofs of the TMRT see [2,4, 19, 20]. It is easy to see that TMRT
is equivalent to the following statement: if (X, 7") is minimal and d > 1, then there is a
dense Gg subset Q2 of X such that for each x € Q there is an increasing sequence {n;}
in N with

Tlix —x, Tix—>x, ..., Ty x. (1.5)

We note that TMRT, or (1.5), is also equivalent to the well known van der Waerden
theorem: if » > 1 and N = N; U --- U N, then one of the sets N; contains arbitrarily long
arithmetic progressions.

There are several ways in which one can generalize (1.3) and (1.4). The first one is to
extend these properties to nilpotent group actions (there are counterexamples for solvable
groups [3]). For this type of results we refer to [2,33,34] and the references therein.

Another way is to restrict  to a particular congruence class: n = j (mod k) for a given
k>2and 0 < j < k; or to other subsets of N, for example to the set of primes. Host and
Kra [27] (for d < 3) and Frantzikinakis [14, Corollary 6.5] (for the general d) showed
that if (X, X, u, T) is a m.p.s. and T* is ergodic for some k > 2, then for any d > 1, any
A € X with u(A) > 0andany 0 < j <k, wehave u(ANT"AN---NT~9"4) >0
for some n = j (mod k).

In view of the results of Host, Kra and Frantzikinakis the following well known ques-
tion has been open till now.
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Question 2. Let (X, T*) be minimal for some k > 2 and let d > 1. Is it true that for any
non-empty open subset U of X and 0 < j < k one has

UNT"UN---NT™"U £ 0 (1.6)
for somen = j (mod k)?

Since the fact that (X, T%) is minimal for some k > 2 does not imply that there is
a Borel invariant probability measure p with (X, X, T, u) ergodic, Question 2 cannot
be answered by using ergodic results. We remark that if (X, 7') is minimal and weakly
mixing then Question 2 has an affirmative answer [23,32].

1.1.3. Density problems. In ergodic theory there are many results stating that the time
averages are equal to the spatial averages under various ergodicity assumptions. For exam-
ple, the von Neumann mean ergodic theorem tells us that if (X, X, u, T) is ergodic, then
for each f € L?(X, i), one has % Zf‘l\/:l f(T"x) — [ fdpin L>(X, ) as N — oo.
The corresponding topological statement is the following: if (X, T') is a transitive t.d.s.,
then there is a dense G4 subset 2 of X such that each x € 2 has a dense orbit.

Furstenberg [19] (for L?) and Bourgain [6] (pointwise for general p) have shown
that if (X, X, u, T') is totally ergodic, then for each f € L?(X, n) with p > 1 and each
non-constant integral polynomial P (n), we have

N
%Zf(TP("))x - /fdu in LP (X, ). (1.7)
n=1

As not every minimal t.d.s. admits a totally ergodic measure, the following question
is natural.

Question 3. Let (X, T) be totally minimal and P (n) be a non-constant integral polyno-
mial. Is it true that {TP®x : n € 7} is dense in X for x in a dense Gg subset of X ?

We note that the total minimality assumption is necessary for the above question. Let
X be a periodic orbit of period 3; then (X, T'?) is minimal but it is easy to check that
{T"zx :n € Z}is not dense in X for any x € X.

A more challenging problem is whether one can replace the polynomial times by the
set of primes in the above question. A convergence similar to (1.7) has been proved to be
true in ergodic theory due to Vinogradov [41]: under the total ergodicity assumption, for
all £ € L2(X, ),

> = [ fau e,

N )
~oo 7(N) P=N, pprime

where 7 (N) denotes the number of primes less than or equal to N. See [5, 15] for more
information.

1.1.4. Regionally proximal relations of higher order. Finally, we proceed to give the
background of the last problem.
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The notion of the regionally proximal relation RP! is an important tool in the study
of a t.d.s. For a minimal t.d.s., when the acting group is amenable, it is known that it is a
closed equivalence relation and that X/ RP!" is the maximal equicontinuous factor [35].
In [28] Host and Kra introduced very useful new tools, like the so-called Gowers—Host—
Kra seminorms, the €[] actions (d > 1) etc., to construct a (pro-nilsystem) factor Z4_1,
and to show that it is the characteristic factor for the averages (1.2).

To get the corresponding factors in a t.d.s., in the pioneering work [29] Host, Kra
and Maass introduced the notion of the regionally proximal relation of order d (d > 1),
denoted by RP and proved that for a minimal distal Z-system, RP!“ is an equivalence
relation and X/ RP is a pro-nilsystem of order d. Later, Shao and Ye [37] showed that
RP“! is an equivalence relation for arbitrary minimal systems of abelian groups. See
Glasner, Gutman and Ye [25] for the case of general group actions.

In [29] the authors study RP!] through the so-called dynamical parallelepiped of
dimension d, Q[d'H](X ). Since the average in (1.2) is only related to t , it is natural
to define a kind of regionally proximal relation of higher order, by using 74 directly. In
[26] the authors followed this direction by introducing a notion, called regionally prox-
imal relation of order d along arithmetic progressions, denoted by AP, Among other
things, the authors proved that under some additional assumptions, for a uniquely ergodic
minimal distal system, one has RP4] = AP for every d > 1. They posed the following
conjecture:

Conjecture 1.1 of [26]. Let (X, T) be a minimal distal system. Then RP141 = AP for
d=>1.

1.2. The main results

In this subsection we state our main results. For a minimal t.d.s. (X, 7T) and d > 1 we use
RP!“! to denote the regionally proximal relation of order d, and set RP!™] = a1 RP!,
Let Xg = X /RP[d] for d € N U {co}. Then X; is the maximal equicontinuous factor
of X.

The following theorem says that for a minimal t.d.s. and d > 2, up to almost one-
to-one extensions, its maximal (d — 1)-step pro-nilfactor is a topological characteristic
factor for 4.

Theorem A. Let (X, T) be a minimal t.d.s. and X o, be the maximal oo-step pro-nilfactor
of X, and let v : X — X be the factor map. Then there are minimal t.d.s. X* and X3,
which are almost one-to-one extensions of X and Xoo respectively, and a commuting
diagram below such that X%, is a d-step topological characteristic factor of X* for all
d>2

x <2 x*

bl

T

Xoo —— X%
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Using Theorem A, we can show that if a minimal t.d.s. (X, T') is an open extension
of its maximal distal factor, then for each d > 2, the d-step topological characteristic
factor of X is Xy = X/ RP~Y (Theorem 4.3). This fact emphasizes the analogy
with the ergodic situation. We point out that the number d — 1 is the sharp result, since
Thix — x,...,T@ Dty 5 x and T9" x — y for some y implies (x, y) € Rpl4-1]
(see Lemma 2.9).

Moreover, Theorem A answers Question 1 in the best possible way. This is so because
in structure theorems of a general minimal t.d.s. (X, T') there may appear proximal exten-
sions (in one sense or another), Theorem A is the best result we can expect, meaning that
the almost one-to-one modifications are actually needed. One may find an example of a
minimal t.d.s. (X, T') which is an almost one-to-one extension of an equicontinuous t.d.s.
(Z,T), and yet (Z, T) is not a characteristic factor for 7' x T2 [23,42].

Assume that (X, T') is minimal and x € X. The orbit closure of (x, ..., x) under the
action (o4, 74) is denoted by Ny (X, T, x), where

(M) =T xT?*x---xT? and o4(T)=TPD =Tx---xT.

It is easy to see that Ny (X, T, x) is independent of x, so Ny (X, T, x) will be denoted by
Ng(X,T) or Ng(T) or Ng(X). A basic result proved by Glasner [23] is that N (X) is
minimal under the (o4, t7) action. We note that the minimality of N4 (X) implies van der
Waerden’s theorem; see [24, Theorem 1.56].

We further investigate the dynamical properties of Ny (X), and one consequence of
this study, Theorem C, will be used in proving Theorems D and E.

Theorem B. Let (X, T) be a minimal t.d.s. and d > 1. Then the maximal equicontinu-
ous factor of (Ng(X,T), (04,74)) is (Ng(X1,T), {04, t4)), where as above X1 is the
maximal equicontinuous factor of (X, T).

In fact, we will show more: see Theorems 5.7 and 5.8. Namely, it is proved that for
each d, k € N, the maximal k-step pro-nilfactor of Ny (X) is the same as the one of
Ng(Xoo), and that there is a dense G set 2 C X such that for each x € €2, the maximal
k-step pro-nilfactor of @(x@, ;) is the same as the one of O((7eox)@, 74), where
oo - X = X is the canonical factor map. Applying Theorem B we obtain

Theorem C. Let (X, T) be a minimal t.d.s. and k > 2. Then (X, T*) is minimal if and
onlyif Ng(X,T) = Ng(X, T¥) for each d > 1.

As applications of these results we get an affirmative answer to Question 2 and state
it in its equivalent form:

Theorem D. Let (X, TX) be minimal for some k > 2. Then for any d > 1 and any 0 <
J <k there is a sequence {n;} € Z withn; = j (mod k) such that T" x — x, T?" x — x,
... T x — x for x in a dense Gg subset of X.

It is shown in [18] that if r € N and N = Ny U --- U N,, then there is i such that
N; contains a piecewise syndetic set. Then the orbit closure of the characteristic function
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1y, €40, 1}N contains a point @ which is not (0,0, . . .), and such that each word appearing
in w appears syndetically. If in addition there is some k > 2 such that each word appearing
in w also appears in position nk + 1 for some n € N, then we say that the partition
N = Ny U---U N, is irreducible of type k.

Using this terminology Theorem D can be restated as follows:

If N = N; U---U N, is an irreducible partition of type k, then there is an i such that
foreach/ € N and 0 < j < k there are a,b € N witha,a + b,...,a + Ib € N; and
b = j (mod k).

The following is an affirmative answer to Question 3 for polynomials of degree 2.

Theorem E. Let (X, T) be a totally minimal t.d.s., and P(n) = an® + bn + ¢ be an
integral polynomial with a # 0. Then there is a dense Gg subset Q of X such that for
every x € Q, the set {T*™W(x) :n € Z) is dense in X.

We note that Theorems D and E cannot be obtained by using ergodic results, since
(X, T*) minimal for some k > 2 does not imply that there is a Borel invariant probability
measure u with (X, X, T*, i) ergodic.

Finally, we confirm Conjecture 1.1 of [26]. In fact, we show more:

Theorem F. Let (X, T) be a minimal t.d.s. which is an open extension of its maximal
distal factor. Then for any d > 1, APl — Rpl9].

We remark that Theorem F is sharp in some sense; see Conjecture 4 in the last section.

1.3. The main ideas of the proofs

We start from the proof of Theorem A. In a deep sense Theorem A is similar to the
ergodic case: one wants to reduce questions regarding the tz-action from a general system
(meaning ergodic m.p.s. or minimal t.d.s.) to the same questions in a pro-nilsystem.

Now unlike the ergodic situation where the structure theorem for ergodic systems
involves only two kinds of extensions, namely isometric and weakly mixing extensions,
in the structure theorem of the general minimal t.d.s. [11,40], proximal extensions (which
in general need not be open) necessarily appear. This fact causes great difficulties when
one wants to apply this structure theorem. To overcome these difficulties, we slightly
modify the structure by introducing various kinds of auxiliary extensions. If all we need
is openness of the maps then the price we pay is the introduction of an auxiliary almost
one-to-one modification of the original extension. Fortunately, such a modification exists
in a canonical way by the classical construction called the O-diagram.

The second difficulty we face is more essential: there are no tools like Gowers—Host—
Kra seminorms or the van der Corput lemma in topological dynamics, whereas these tools
are frequently used in [28]. The two main ingredients we use instead are: a simplified
version of a construction used by Glasner [23], and the characterizations of the region-
ally proximal relation of order d obtained by Huang, Shao and Ye [30], which involves
Poincaré and Birkhoff sets, introduced by Furstenberg [18], and their higher order ver-
sions by Frantzikinakis, Lesigne and Wierdl [16].
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Once we have these tools, the real difficulty is in checking one specific condition in
the construction. Namely, we need to verify that if O is a relatively open subset of Ny (X),
then the orbit closure of O under the tz-action is “saturated” in the sense that if it contains
some point in a fiber, then it already contains the full fiber (see Lemma 4.1). In trying to do
this for a while, we realized that this can be done only when all the generators of the group
(t4.04) are used. For example, when d = 3 and (03, 73) = (T x T x T, T x T? x T3),
in the proof we have to use the generators

{idx T xT? 03}, {TxidxT ' 03}, {T?>xT xid, o3}.

In previous works we never expected that the last two generators may become useful. The
idea to use all the generators is crucial in the current paper, and we also believe that this
phenomenon will become useful in other settings as well.

Now we turn to the proof of Theorem B. By Theorem A, it is relatively easy to see
that the maximal equicontinuous factor of N;(X) is the same as the one of Nj(Xoo).
So, it remains to show this for the higher order pro-nilsystems. This is done by using
Glasner’s result (Lemma 3.4), a recent result proved by Qiu and Zhao (Lemma 2.10), and
Lemma 2.9.

Theorem C is obtained as an application of Theorem B, together with a result for
equicontinuous systems (Proposition 5.10), and a discussion of the decomposition for
minimal t.d.s. under the iterations of 7.

With the preparations we have outlined so far it is not hard to get Theorems D-F,
except that we need to develop a tool in order to switch results for Ny (X) under the
(tq4,04) action to Nz (X) under the t; action. We provide such a tool in Lemma 6.1.

To finish, we note that Theorem A opens a window for the possibility to explore some
further natural questions which we will discuss in the last section of this paper.

1.4. The organization of the paper

In Section 2, we present some preliminaries. In Section 3 we provide the two main tools
for the proof of Theorem A. Section 4 is devoted to proving Theorem A. The proofs for
Theorems B and C are expounded in Section 5. In Section 6 we give some applications of
Theorems B and C; more specifically, we prove Theorems D-F there. Some open ques-
tions are discussed in the final section.

2. Preliminaries

In this section we give some necessary notions and some known facts which we will use
later.

2.1. General topological dynamics

A topological dynamical system (t.d.s. for short) is a triple X = (X, T, IT), where X is a
compact Hausdorff space, I' is a Hausdorff topological groupand IT: I' x X — X isa
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continuous map such that I1(e, x) = x and TI(s, T1(¢, x)) = I1(st, x), where e is the unit
of I', s, € I'and x € X. We shall fix I' and suppress the action symbol. Thus for x € X
and t € I', write tx for I1(z, x).

We always assume that X is a compact metric space with metric p(-,-), and T is a
discrete countable group. When I' = 7, we will write the t.d.s. as (X, T') with T being a
homeomorphism on X. So in this notation I' = {T" : n € Z}.

Let (X,I")beatd.ss.and x € X. Then O(x,I") = {gx : g € I'} denotes the orbit of x,
which is also denoted by I'x. We usually denote the closure of @ (x, ") by @(x,T'), or T'x.
For A C X, the orbit of A is given by O(A, ") = {tx : x € A,t € T'}, and@(A,F) =
O(A,T).

A subset A C X is called invariant (or I'-invariant) if ga C Aforalla €e Aand g € T'.
When Y C X is a closed and invariant subset of the system (X, I'), we say that the system
(Y, T) is a subsystem of (X,I"). If (X, T") and (Y, I") are two t.d.s., their product system is
the system (X x Y, T"), where g(x, y) = (gx,gy) forany g € 'and x, y € X.

A td.s. (X, T) is called minimal if X contains no proper non-empty closed invariant
subsets. It is easy to verify that a t.d.s. is minimal if and only if every orbit is dense. In a
general system (X, I') we say that a point x € X is minimal if (@(x, T"), T") is minimal.

A factor map w : X — Y between the t.d.s. (X, ') and (Y, T") is a continuous onto
map which intertwines the actions; we say that (Y, ') is a factor of (X, ') and that (X, T")
is an extension of (Y, T"). The systems are said to be isomorphic if 7 is bijective. Let
7 :(X, ') > (Y,T) be a factor map. Then

Ry = {(x1,x2) : m(x1) = m(x2)}

is a closed invariant equivalence relation, and Y = X/R,,.
Let X, Y be compact metric spaces and T : X — Y be a map. For n > 2 let

TW =T x...xT: X" > Y",
N’

n times

Thus we write (X", T ™) for the n-fold product system (X x --- x X, T x --- x T). The
diagonal of X7 is
Ap(X)={(x,....,x) e X" :x € X}.

When n = 2 we write A(X) = A(X).

2.2. Proximal, distal and regionally proximal relations

Let (X, T) be a t.d.s. Fix (x, y) € X2. Itis a proximal pair if liminfger p(gx, gy) = 0; it
is a distal pair if it is not proximal. Denote by P(X, I') the set of proximal pairs of (X, ).
It is also called the proximal relation. A well known theorem of Auslander—Ellis states
that for a t.d.s. (X, T'), any x € X is proximal to some minimal point y in O(x, T') (see
e.g. [19, Theorem 8.7]).

A tds. (X, I') is equicontinuous if for every & > 0 there exists § > 0 such that
p(x,y) < & implies p(gx, gy) < € for every g € I'. It is distal if P(X,T) = A(X).
Any equicontinuous system is distal.
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Let Sgistal (respectively Seq) be the smallest closed invariant equivalence relation S
on X for which the factor X/S is a distal (respectively equicontinuous) system. The
equivalence relation Sgigar (resp. Seq) is called the distal (resp. equicontinuous) structure
relation of X. It is well known that Sgis is the smallest closed invariant equivalence
relation on X which includes P(X) and X /Sgix is the largest distal factor of X (see e.g.
[9, Chapter V, (1.5)]).

In the study of t.d.s., one of the first problems was to characterize Seq. A natural can-
didate for Sq is the so-called regionally proximal relation RP(X) introduced by Ellis
and Gottschalk [12]. Let (X, ") be a minimal t.d.s. The regionally proximal relation
RP(X,I') is defined as: (x, y) € RP(X, ) if for any ¢ > 0 and for any neighborhood
U x V of (x, y) there are (x’, ") € U x V and g € T such that p(gx’, gy’) < e. It is well
known that RP(X, I') is an invariant closed relation and this relation defines the maximal
equicontinuous factor Xeq = X /Seq of (X, ") (see e.g. [9, Chapter V, (1.6)]).

It is a difficult problem to find conditions under which RP(X) is an equivalence rela-
tion (i.e., RP(X) = Sq). Starting with Veech [38], various authors, including Peterson,
Ellis—Keynes [13], McMahon [35] and Bronstein [7], came up with various sufficient con-
ditions for RP(X) to be an equivalence relation. What we will use is the following result
(see e.g. [9, Chapter V, (1.17), (2.12)]).

Theorem 2.1. Let (X, ") be a minimal t.d.s., where T is an amenable group. Then we
have the following statements:

(1) RP(X) is an invariant closed equivalence relation which induces the maximal equi-
continuous factor Xeq.

(2) If (Y,T) is afactor of (X,T') andwe let w : X — Y be a factor map, then
7 x r(RP(X,T)) = RP(Y, I).

An extension 7 : X — Y is said to be proximal if R, € P(X). The following lemma
is well known (see e.g. [9, Chapter V, (1.17), (2.9)]).

Lemma 2.2. Let 7; : (X;, ) — (Y;, ') be proximal extensions for 1 <i <n. Then
n n n
Hm =T X+ X Ty - (HX,-,F) — (HY,-,F)
i=1 i=1 i=1

is proximal.

2.3. RP gnd APl
Ifn= (n,....,ng) € Z% and € € {0, 1}, we define
d
n-e = Zl’liei.
i=1

For a t.d.s. (X, T), Host, Kra and Maass [29] introduced the following definition.
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Definition 2.3. Let (X, T) be a t.d.s. and let d € N. The points x, y € X are said to
be regionally proximal of order d if for any 6§ > 0, there exist x’, y’ € X and a vector
n=ny,...,ng) € Z% such that p(x, x’) < 8, p(y,y’) < 8, and

o(T™ex', T™y') < § foranye € {0,1}9\ {0},

where 0 = (0,...,0) € {0,1}%. The set of regionally proximal pairs of order d is denoted
by RP“! (or by RPI(X, T) in case of ambiguity), and is called the regionally proximal
relation of order d.

Similarly we can define RP[d](X ,I') for a system (X, I') with abelian group I". We
note that RPIY) = RP. The regionally proximal relation of order d was introduced by
Host, Kra and Maass [29]. It is easy to see that RP?! s a closed and invariant relation.
Observe that

P(X) C--- c RPUTU c Rpl C ... c RPP?! c RPIY = RP.

Definition 2.4. Let G be a group. For A, B € G, we write [A, B] for the subgroup spanned
by {[a,b] = aba"'b~':a € A,b € B}. The commutator subgroups G;, j > 1, are defined
inductively by setting G; = G and G;+1 = [G;, G]. Letd > 1 be an integer. We say that
G is d-step nilpotent if G441 is the trivial subgroup.

Let G be a d-step nilpotent Lie group and A be a discrete cocompact subgroup of G.
The compact manifold X = G/A is called a d-step nilmanifold. The group G acts on X
by left translations and we write this action as (g, x) — gx. The Haar measure pu of X
is the unique probability measure on X invariant under this action. Let t € G and T be
the transformation x — tx of X. Then (X, u, T') is called a d -step nilsystem. An inverse
limit of d -step nilsystems is called a d -step pro-nilsystem or a system of order d .

Host, Kra and Maass [29] showed that if a t.d.s. (X, T') is minimal and distal then
RP“] is an equivalence relation, and a very deep result stating that (X/ RP T) is the
maximal d -step pro-nilfactor of the system. Shao and Ye [37] showed that all these results
in fact hold for arbitrarily minimal t.d.s. of abelian group actions. See Glasner, Gutman
and Ye [25] for similar results regarding general group actions.

The following theorems proved in [29] (for minimal distal systems) and in [37] (for
general minimal t.d.s.) give us conditions under which the pair (x, y) belongs to RP]
and the relation between RP4! and d -step pro-nilsystems. We state them for Z-actions
and they hold for minimal t.d.s. under abelian group actions.

Theorem 2.5. Let (X, T) be a minimal t.d.s. and let d > 1 be an integer. Then
(D RPY s an equivalence relation.
(2) (X, T) is a d-step pro-nilsystem if and only ifRP[d] = A(X).

Theorem 2.6. Let w : (X, T) — (Y, S) be a factor map between minimal t.d.s. and let
d > 1 be an integer. Then:

(1) 7 x x(RP (X, T)) = RPI (Y, $).
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(2) (Y, T) is a d-step pro-nilsystem if and only if RP[d](X, T) C R,.

In particular, the quotient of (X, T') under RP[d](X , T) is the maximal d -step pro-nilfac-
tor of X (i.e., the maximal factor which is a d-step pro-nilsystem).

Let X; = X/RP(X, T) and g : (X, T) — (X4, T) be the factor map. The sys-
tem X is the trivial system and the system X is the maximal equicontinuous factor Xeg.
The following lemma is an easy consequence of the definition.

Lemma 2.7. Let (X,T) be atd.s. andd € N. Then
RPY (X, T) = RPI(X, T"), VneN.

Proof. Let d,n € N. It is clear that RP[d](X, T C RP[d](X, T). Now we show the
opposite inclusion.

Let (x,y) € RP(X, T) and § > 0. There is §’ > 0 such that if p(x1, x2) < & then
o(T7 x1, T/ x) < §forall j €{l,...,dn}. Now since (x,y) € RPI](x, T'), there exist
x’,y" € X and a vectorn’ = (n,...,n;) € 74 such that p(x, x"), p(y, ") < &', and

o(TY X', T"¢y')y < 8’ forany e € {0,1}% \ {0}.
Thus by the choice of §’, one has
p(T™ ¢ x' TY"¢+7 'y < § forany e € {0,1}¢ \ {0} and 1 < j < dn.
Letng = n;c + jx =0 (mod n), where 0 < jr <n—1fork =1,...,d. Note that
n-e<n-e<n-e+dn.

It follows that
o(T™x', T™y") < § forany e € {0, 1} \ {0}.
Since ny = 0 (mod n) forallk = 1,...,d, we have (x, y) € RP[d](X, T"). |
Now we give the definition of AP,

Definition 2.8. Let (X, T) beat.d.s. and d € N. We say that (x, y) € X x X is a region-
ally proximal pair of order d along arithmetic progressions if for each § > 0 there exist
x',y" € X and n € Z such that p(x, x’), p(y, y’) < § and

o(T"x', T'"y'y <8 foreachl <i <d.
The set of all such pairs is denoted by AP (X, T)or APl] (X) and called the region-
ally proximal relation of order d along arithmetic progressions.

It follows easily that AP[d](X ,T) C RP[d](X , T) for each d € N. The following
simple observation will be used in the sequel. Let (X, T) be at.d.s., x € X, and d € N.
Set x@ = (x,....,x) € X4,
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Lemma 2.9. Let (X, T) be a minimal t.d.s. Then for each d > 3, (x™D,y) € Ny(X)
for some x,y € X implies that

(x,y) € AP¢=2(x, ) c RPY~2 (X, T).

Moreover, for d >3 and x € X, the conditions T" x — x, . .., TE@=Dni x s x Tdnix 5 v
for some y imply that (x, y) € AP[d_ll(X, T)C RP[d_I](X, T).

2.4. oco-step nilsystems

For any minimal t.d.s. (X, T), RP® = No~; RP!! s a closed invariant equivalence
relation (we write RP[> (X, T) in case of ambiguity). The following notion first appeared
in [10].

A minimal t.d.s. (X, T) is an oco-step pro-nilsystem, or a system of order oo, if the
equivalence relation RP> g trivial, i.e., coincides with the diagonal. Similarly, one can
show that the quotient of a minimal t.d.s. (X, T') under RP™! is the maximal oo-step
pro-nilfactor of (X, T).

Let (X, T) be a minimal t.d.s. It is easy to see that if (X, T') is an inverse limit of
minimal nilsystems, then (X, T') is an oco-step pro-nilsystem. Conversely, if (X, T) is a
minimal co-step pro-nilsystem, i.e., RP~! = A(X),then (X, T) = l(y_n (X4,T)gen since
A(X) = RP[>! = MNa>1 RP4] In fact, a minimal t.d.s. is an oo-step pro-nilsystem if and
only if it is an inverse limit of minimal nilsystems [10].

Since minimal pro-nilsystems are uniquely ergodic, it is easy to see that minimal co-
step pro-nilsystems are also uniquely ergodic.

2.5. Furstenberg’s tower for minimal distal systems

Let 7 : (X,T') — (Y, T') be a factor map. We define the notion of regionally proximal
relation relative to m (denoted by RP, (X) or RP,) as follows: (x, y) € RP, if for any
neighborhood U x V of (x, y) and any ¢ > 0 there are (x’, y') € U x V with 7(x’) =
7(y")and g € T such that p(gx’, gy’) < e. Thus for (Y, T") the trivial one-point system, we
retrieve the regionally proximal relation. We say that  is an equicontinuous or isometric
extension if for any & > 0 there exists § > 0 such that 7 (x1) = 7(x3) and p(x1, x2) < &
imply p(gx1,gx2) < ¢ forany g € I'. A factor map = is equicontinuous if and only if
RP,(X) = A(X).

Furstenberg’s structure theorem for minimal distal systems [17] says that any minimal
distal system can be constructed by equicontinuous extensions. Furstenberg showed that if
7 : X — Y is afactor map with (X, I') minimal and distal, then RP,, is a closed invariant
equivalence relation and X /RP;, the largest equicontinuous extension of Y within X.
This gives a structure theorem for minimal distal systems: For every minimal distal system
(X, T') there is an ordinal 1 (which is countable when X is metrizable) and a family
{(Fy.,T)}n<n of systems such that

(i) Fpy is a one-point trivial system,
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(ii) for every n < n there exists a homomorphism ¢, 4+ : F,4+1 — F, which is equicon-
tinuous,

(iii) for a limit ordinal v < 7 the system F), is the inverse limit of the systems {F, },<,,
(iv) F, =X.
Altogether, we have

b
IR 2 F o F =X 2.1)

(2.1) is referred to as the Furstenberg tower. Note that in (2.1) for each n < 1, the system
(Fy+1,T) can be chosen to be the largest equicontinuous extension of F;, within X. That
is, if we let ¥, : X — F}, be the factor map, then Fj,4; = F,,/RPy,, for n < n, and we

have
141 \

i
¢n+1
n+1

We call F, the largest distal factor of order n.
An interesting result proved by Qiu and Zhao [36, Section 6] is that F,, = X,, =
X /RP™ for pro-nilsystems.

Lemma 2.10. Let k,d € N withk < d and (X, T) be a minimal d-step pro-nilsystem.
Then X = X/RP[k] coincides with Fy for 1 <k <d.

By Lemma 2.10, we have

Lemma 2.11. Let (X, T) be a minimal t.d.s. and n > 1. Then X, 41 is an equicontinuous
extension of X,,.

We remark that a simple argument shows the following result.

Proposition 2.12. Let (X, T) be a minimal t.d.s. and n € N. Then X, = X/RP™ is g
factor of F,, the largest distal factor of order n.

Proof. We use induction on n € N. When n = 1, we have RP[I](X) =RP(X)and X; =
X/RP[I](X) = X/RP(X) = F;. Now we assume that X, is a factor of F}, forn € N.
Letyy, : X — F, and 7, : X — X, be the corresponding factor maps:

N\
Frp————— X,

This induces the factor map

¢ Fui1 = X/RPy, (X) > X, | = X/RP,, (X).
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Note X, is the largest equicontinuous extension of X, within X. As X, is an
equicontinuous extension of X, within X, it follows that X}, +; is a factor of X ,’l +1- Thus
Xyn+1 is a factor of F, 1. The proof is complete. [

2.6. Some properties of Ng(X, T)
Let(X,T)beatd.s.,andletx € X,AC X andd € N. Set x@ = (x,...,x) € X4 and
Ag(A) = A9 = (xD = (x,... x):x € A} C X¢,
04 =0(T)=TD =T x-.-x T (d times),
rd:td(T):Txsz'nde.

Note that Ay (X) is the diagonal of X¥. Let §; = (04, t4), the group generated by oy
and tg. Let 7, = t/,(T) =id x T x --- x 791 = id x t4_,. Note that §; = (04, 14) =
(04.7;), which will be frequently used in this paper.
Let X, Y be sets, and let w : X — Y be a map. A subset L of X is called mw-saturated
if
(xeL:n'(n(x))cLy=L,
ie, L =n"1(x(L)).

Definition 2.13 ([23]). Let = : (X, T) — (Y, T) be a factor map of t.d.s. and d € N.
Then (Y, T') is said to be a d -step topological characteristic factor (for tg) or topological
characteristic factor of order d if there exists a dense Gg subset Xy of X such that for

each x € X the orbit closure
Ly =0(xY, 1g)

is 7@ = 7 x --- x 7 (d times) saturated. That is, (x1,...,xq) € Ly if and only if
(x],....x};) € Ly whenever m(x;) = m(x]) foralli € {1,...,d}.

Theorem 2.14 ([23]). If (X, T) is a distal minimal t.d.s. and d > 2, then Fy_; its largest
distal factor of order d — 1, is a topological characteristic factor of order d.

The following result follows from Theorem 2.14 and Lemma 2.10.

Theorem 2.15. Let (X, T) be a d-step nilsystem for some d € N. Then for each 1 <i <
d — 1, X; is an (i + 1)-step topological characteristic factor of X.

Let (X,T)beatds.andd € N. Let
Na(X.T) = Ng(X) = O(Ag(X), 70).

If (X, T) is transitive and x € X is a transitive point, then Ng(X) = O(x@D, (04, 14)).
We want to emphasize that Ny (X, T') also plays a key role in the study of the point-

wise convergence of (1.2) for ergodic distal m.p.s. In particular, it is shown in [31] that

each ergodic m.p.s. admits a uniquely ergodic minimal model (X, T') such that Z; = Xy
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ford € N and (Ny4(X), (64, 74)) is minimal and uniquely ergodic, where Z; is the mea-
surable pro-nilfactor defined in [28].

The next theorem is fundamental for the analysis carried throughout our work (for a
short enveloping semigroup proof see [24, Proposition 1.55]):

Theorem 2.16 (Glasner [23]). Let (X, T) be a minimal t.d.s. and d € N. Then the system
(N4 (X), (04, t4)) is minimal and the t4-minimal points are dense in Ny (X).

By the same proof of Theorem 2.16, we have

Theorem 2.17. Let (X, T) be a minimal t.d.s. and a,, . . .,aq be distinct integer numbers,
where d € N. Let
t=T% x...x T%,

Then the system (O(Aqg(X), 1), (04, 1)) is minimal and the t-minimal points are dense
inO(Aq(X), 7).

The following two lemmas follow from [23].

Lemma 2.18. Let (X, T) be a minimal t.d.s. and d € N. Let U C X be a non-empty open
subset and let UD = Ay(U) = {x@ : x € U}. Then

intNd(X) E(U(d), tq) # 0.

Proof. Since (X, T) is minimal, there is some K € N such that X = U,le TkU. 1t
follows that Ag(X) = f_,(T@)* U@ Thus

K K
Na(X) = 0(8a(X). 7a) = O(| T D) FU D, ) = [ JTO)FOWUD, 7).
k=1 k=1
Therefore inty, (x) OUD, 1,) # 0. [ ]

2.7. Open extensions

Let (X,7T) and (Y, S) be t.d.s. and let 7 : X — Y be a factor map. One says that
(1) 7 is an open extension if it is open as a map;
(2) m is an almost one-to-one extension if there exists a dense Gg set  C X such that
7 Y ({m(x)}) = {x} for any x € Q.
We will often use the following construction which is originally due to Veech (see
[39, Theorem 3.1])

Theorem 2.19. Given a factormap 7w : X — Y between minimal t.d.s. (X,T) and (Y, S),
there exists a commutative diagram of factor maps (called O-diagram)
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such that

(a) o™ and t* are almost one-to-one extensions;

(b) 7™ is an open extension;

(¢c) X™* is the unique minimal set in Ry = {(x,y) € X xY* : n(x) = t*(y)}, and

o™ and * are the restrictions to X* of the projections of X x Y* onto X and Y*
respectively.

We note that this diagram is canonical. In particular, when the map = is open, we have
X*=X.

2.8. Some subsets of 7.

A subset S of Z is syndetic if it has a bounded gap, i.e., there is N € N such that
{i,i+1,...,i4+N}NS #@foreveryi € Z. A subset S C Z is thick if it contains
arbitrarily long runs of integers, i.e., for every n € N there exists some a, € Z such that
lan,an +1,...,a, +n} C S.

A subset S of Z is piecewise syndetic if it is the intersection of a syndetic set with a
thick set; and it is thickly syndetic if for each n € N there is a syndetic subset {w, w5, ...}
of S such that {w, w! + 1,...,w} +n} € § foreach i € N. Denote by F;, the family
of all thickly syndetic sets. It is clear that if Fy, F, € Fys then sois F; N F5. That is, Fi
is a filter.

3. Some tools used in proving Theorem A

In this section we will introduce some tools that will be used in proving Theorem A. We
start with the saturation theorem.

3.1. A saturation theorem

In [23] Glasner proved an auxiliary theorem in order to prove saturation with respect to
the Furstenberg tower. By simplifying the assumptions of this theorem, we find that it
applies to a more general setup. We will discuss this theorem, and other lemmas related
to saturation properties.

Lemma 3.1 ([22, Lemma 2.1]). Let¢ : X — Y be an open map of compact metric spaces.
Let’V ={V C X : V open and ¢(V) = Y }. Then there exists a countable subset {V;}$2
of 'V such that every element of 'V contains some V;.

Proof. First we show that for each V' € V, there exists a closed subset Ly C V' with
¢(Ly)=Y.LetV e V.If V¢ = @, thenset Ly = V.If V¢ # @, then for ¢ > 0 denote

Ve={xeV:d(x,V°) > ¢}



E. Glasner, W. Huang, S. Shao, B. Weiss, X. Ye 18

If foreveryn € N, ¢(V1/,) # Y, then there exists y, € Y \ ¢(V1/,). Letlim, 500 yu =y
without loss of generality. By assumption there exists x € V with ¢(x) = y. Let § =
d(x, V¢). By our assumption, § > 0. Since ¢ is open we can find x,, € X with ¢ (x,) = yp
such that lim, . X, = x. But then x, is eventually in Vs, and y, € ¢(V5/2), a contra-
diction. Thus we have proved that for every V € 'V there exists a closed subset Ly € V
withg¢(Ly) =Y.

Let U = {U;}?2, be a countable basis for open sets on X. Then for each V' € 'V, one
can find a finite subset {U;, ..., U;, } that covers Ly and satisfies U;;l Ui; €V, which

implies that ¢(Uf:1 Ui;) = Y. Thus
k
Vo={v=U,: Uy, cUamdpy)=Y|
j=1

is the required countable collection of subsets. ]

Based on results in [23, Section 3], we derive the following useful theorem. For com-
pleteness, we include a proof.

Theorem 3.2 (Saturation theorem). Let I be some index set and for each § € I let o :
(Xe, ') — (Z¢,T') be an extension of t.d.s. (not necessarily minimal t.d.s.), where I is a
discrete countable group. Let

(X,T) = (gxg,r), (Z,T) = (;11 z;,r),

and let 0 : X — Z be the product homomorphism. Let Nz be a non-empty closed T'-
invariant subset of Z, and let Ny = o1 (Nz).
Let Q be a closed subset of Nx. Suppose that

(1) o is open, i.e., o¢ is open for each { € I;
(2) for every non-empty relatively open set U C Ny,

OWU.T) =0~ (o(OU,T)));

(3) 0(Q.T) = Ny;
(4) for every non-empty relatively open subset U of Q, inty, OU,T) #0.

Then there exists a dense Gg subset Q of Q such that x € Q implies that O(x, T) is
o-saturated.

Proof. Let S be a non-empty closed subset of Nz for which cl(inty, S) = S, and let
Qs ={xeQ:0(x,T)No ‘(inty, S) # 0}.

Then by (3), Qs is a non-empty open subset of Q.
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Claim. There exists a dense Gg subset Qs of Qs such that for each x € Qg, there exists
z € S with
ol z)C Ly =0(x,T).

Proof of the Claim. Let
V ={V C Ny :VNo L(S)is relatively open in 0~} (S) and o(V) D S}.

Since (U No~1(S)) = o (U) N S for each open set U of Ny, by openness of o it follows
that o|5—1(s) : o~ 1(S) — S is open. Therefore by Lemma 3.1 there exists a countable
subcollection {Vj}22 , of 'V such that each V' € 'V contains an element of {V}?2 .

Foreach k € N, V; N o~ 1(S) is relatively open in 6 ~1(S) and 6(V}) 2 S, so by the
fact that inty, S # @, we conclude that inty, Vi # 9. By condition (2) and cl(inty, S)
= § we get

O(inty, Vi, T) = 0 N0 (O(intyy, Vi, T))) 2 O(c~1(S),T). (3.1)
Foreach k € N, let
Ay ={x € Qs:0x,T)NV, # 0}

Let U be a non-empty open subset of Q5. Then U is a relatively open subset of Q (since
Qs is an open subset of Q), and by (4), inty, O(U,I'") # @. From this fact we find that

OWU,T)NOV,T) #0.
Foreachx € U € Qg, we have
Ox,T)No (inty, S) # 0.
Thus x € O(o~(inty, S),T), ie.,
U C 9@ inty, S),T).

By (3.1),
O(U,T) C O(c '(inty, S),T) C O(inty, Vi,T).

Since inty,, O(U,T) # @, we have
OWU,T)NOVi,T) # 0.

Hence O(U,T") NV} # @, and it follows that Ay is an open dense subset of Qg. The set

o0
Qg = ﬂ Ag
k=1

is therefore a dense Gs subset of Qg. In particular, for § = Nz, Qpu, is a dense Gs
subset of Q.
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Now for x € Qg we show that there exists z € S with o' (z) € Ly = O(x,T). Let
V = Nx \ L. Then V is an open I"-invariant subset of Ny, andif 6 (V) D S,then V € V
and V. C V for some k. Since then, however, x € E(Vk, I') € V, we get a contradiction.
Thus there exists z € S witho~1(z) NV =0, ie.,0(z) C L,.

The proof of the Claim is complete. ]

Let {Bo = Nz, Bi, B>, ...} be a basis for the topology of Nz. Define S; = B_J and,
inductively, we define dense G5 subsets 2; of O as follows. Let Qo = Qg, = Qn,. We
put

Qj1 = (2 N Qs ) U (2 N (0s;4,))-
Notice that this is a disjoint union. Finally, let 2 = ﬂ;’io Q.
Let x¢ €  and denote L = O (xy, I'). Put

Ly ={xeL:0 Yo(x)) C L)

Since o is open, L is closed and clearly L, is o-saturated. If L, = L, we are done.
Otherwise, let zg € 0(L) \ 0(Lg). Since Nz \ 0 (L) is open and {B; }{2,, is a basis of
the topology of Nz, there is some j such thatzg € B € S; € Nz \ 0(Ly).
Now
X0 €QC Q= (Q-1NQs,) U (-1 N(Q0s,)).

Since zg € (L) N Bj, we have
O(xo, ) No~'(B)) # 0,

and hence xo € Qs;. Therefore xo € 21 N Q2g; € Qg;. By the Claim there exists
z € S; with 0_1(2) C L, whence o_l(z) C Lg; this contradicts S; € Nz \ 0(Lg). To
sum up, for all xo € Q the set @(x¢, I') is o-saturated. The proof is complete. ]

The following lemma was implicitly proved in [23]; we give a proof for completeness.

Lemma3.3. Let v : (X, T) — (Y,T) be an open extension of minimal t.d.s. and d € N. If
Y is a d-step topological characteristic factor of X, then Ng1(X) is 1@+ saturated,
ie.,

(@Y TN 11 (Y)) = N1 (X).

Proof. By the hypothesis, there is a dense G subset 24 of X such that for any x € Qg ,
O(xD 1) is @D -saturated. It is clear that

Na41(X) € (9D Ny (V).

Now we prove the opposite inclusion. Let y € ¥ and x € 7~ (y). Since Qg is dense,
choose {x;}ien € 4 such that x; — x as i — oo. Let y; = 7(x;); then y; — y as
i — o0. Since {x; }ieN C 24, foreachi € N we have

O((x) D, 15) = (D)1 O D, 1a)).
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It follows that (recall here T"l, = id x 77)

xi) x (@O0 D, 10)) = {xih x O, 79)
a.(d . ar.(d
=0V idx 1) =01V L)
COAG+1(X). 1541) = O(Ag41(X), ta41).
In particular,
{xi} x (@713 D) € O(Ag41(X), Ta1).
Note that 7! is continuous as 7 is open, and we have
() x (@)@ = lim {6} x D)D) € O(Ag41(X). Ta41).
1 —>00
That is,
@)UY = 27 () x (@ D)D) S O(Ag1(X). ta 1)
Since y € Y is arbitrary, we have

(@ )T A1) € O(Ag11(X). ta41).

By the continuity of 77!, we have

(@9t TN (V) = (9D O(Ag41(Y). Tat1))
= O((@ ™) (Ags1 (V). ta41) € O(Ags1(X). Ta41) = Nag1(X).
The proof is complete. |

Lemma 3.4. Letd € N, (X, T) be a distal minimal t.d.s. and g : X — F; be the factor
map to its largest distal factor of order d. Then there is a dense Gg subset Q2 of X such
that if x € Q, then O(x@+V t4.1) is wt(id-’_l)-satumted and (w;d—’_z))_lNd_;_z(Fd) =
Na2(X).

Proof. The first part is from Theorem 2.14, and the second follows from Lemma 3.3. m
The following lemma is easy to verify, by the definitions.

Lemma 3.5. Let X, Y, Z be compact metric spaces. Let m : X — Y, ¢ : X — Z and
Y 1 Z — Y be continuous surjective maps such that m = o ¢:

X
\05/‘
7 Z
o
Y

(1) If A C X is w-saturated, then A is ¢-saturated.
(2) If A C X is ¢-saturated and ¢ (A) is ¥-saturated, then A is w-saturated.
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3.2. The connection of RP“) with recurrence sets

We now turn to the second tool we use in the proof of Theorem A. We need the notions of
Poincaré and Birkhoff recurrence sets of higher order [16, 18]. To define them we appeal
to the MERT and TMRT theorems stated in the introduction.

Let (X,T)beatds.,andletx € X and U C X. Set

Nr(x,U)={neZ:T"x € U}.

Definition 3.6. Letd € N.

(1) We say that S C Z is a set of d-recurrence if for every measure preserving system
(X, X, u, T) and for every A € X with u(A) > 0, there exists n € S such that

pw(ANT™AN---NT™"4) > 0.

(2) We say that S C Z is a set of d-topological recurrence if for every minimal t.d.s.
(X, T) and for every non-empty open subset U of X, there exists n € S such that

UNT"UN---NT9"U + 0.

(3) We say that S C Z is a Nil; Bohry-set if there are a d-step nilsystem (X, T), x € X
and a neighborhood U of x such that S O N7 (x,U).

Let Fpoi, (resp. Fgir,;, F4) be the family of sets of d-recurrence (resp. sets of d-
topological recurrence, Nil; Bohrg-sets). It is obvious from the definitions above that
Froiy S Firy -

The following result plays an important role in the proof of Theorem A.

Theorem 3.7 ([30, Theorem 7.2.7]). Let (X, T) be a minimal t.d.s., and let d € N and
x,y € X. Then the following statements are equivalent:

(1) (x,y) e RP9(X, T).

(2) N7 (x,U) € Fpoi, for each neighborhood U of y.

(3) Nr(x,U) € Fgir, for each neighborhood U of y.

4 Nr(x,U) € ¥}, ie, Nr(x,U)N A # 0 for each Nily Bohro-set A and each neigh-

borhood U of y.

Remark 3.8. Theorem 3.7 still holds if (X, T) is a t.d.s. consisting of finitely many
minimal subsystems. In fact, if one of the statements in Theorem 3.7 holds, then it is easy
to see that x, y are in the same minimal subsystem of (X, T'), and using Theorem 3.7 in
the minimal subsystem, we see that the rest of the statements hold. In particular, if (X, T')
is minimal and n € N, Theorem 3.7 holds for (X, T").

4. Proof of Theorem A

With the preparation in Section 3, we are in a position to show Theorem A.
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4.1. Proof of Theorem A assuming a key lemma

In this subsection we will give a very useful lemma, which allows us to reduce problems
related to general minimal t.d.s. to their nilfactors. Recall that X; = X/ RP“ ford e N
and 7y : (X, T) — (Xg4, T) is the corresponding factor map. For j < i, let

T,j - (Xi,T) — (Xj,T).

X
Trl,j

X — X,

Then we have

The following lemma plays a key role in the proof of Theorem A; the proof of the
lemma will be given in later subsections since it is very long. We remark that perhaps
the number d’ picked in the lemma is not sharp, but it is convenient for us to get all the
information we need.

Lemma4.1. Let v : (X, T) — (Y, T) be an extension of minimal t.d.s., and let d € N.

X
VJT[

¢
Xp 2y

If 7w is open and X4/ be a factor of Y with d’ > 2d\(d — 1)), then for every non-empty
relatively open subset O of Ng(X), one has

0(0,74) = (D) M (7D (0(0, wa))).

Now we prove Theorem A assuming Lemma 4.1. In fact, Theorem A follows from
the following theorem and the O-diagram construction.

Theorem 4.2. Let w : (X, T) — (Y, T) be an extension of minimal t.d.s. If 7 is open
and Xo is a factor of Y, then Y is a d-step topological characteristic factor of X for all

d € N.
7l
T
¢
Xog+—7Y

That is, for all d € N there exists a dense Gg subset Qg of X such that for each x € Qg4
the orbit closure Ly = O(x9, 1;) is 19 -saturated.

Proof of Theorem 4.2 assuming Lemma 4.1. We use induction on d. The case d = 1 is
trivial.
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Cased = 2. Inthiscase No(X) = X x X, N,(Y)=Y xY.Letn : (X,T) - (¥, T).
Then we also have 7 : (X, T?) — (Y, T?). Let

7@ (X x X, TxT? = (Y xY, T xT?).

We need to verify the following:
(1), 79 is open;

(2), for every non-empty relatively open subset O of N,(X),
90, T xT?) = (xP) ' 7P (O(0,T x T?)));

(3)2 O(AX), T x T?) = Nx(X) = (@) (N2(Y));
(4), for every non-empty open subset U of X, inty, (x) OUD, T xT?) # 0.

(1)5 is from our assumption; (3), is clear; by Lemma 2.18, we have (4); and (2),
follows from Lemma 4.1.

Then by the saturation theorem (Theorem 3.2) there exists a dense Gg subset 2, of X
such that x € ©, implies that O (x®, T x T?) is 7®-saturated. That is, Y is a 2-step
topological characteristic factor of X .

Case d + 1. We assume that the result holds for d > 2, and we show it for d + 1. We
will verify the conditions of the saturation theorem. That is, we will verify the following
conditions:

(Das1 7@+ is open;

(2)4+1 for every non-empty relatively open subset O of N 1(X),
0(0.7411) = (@)@ (O (0. ta41)):

(a1 OAgy1(X),tay1) = Nap1(X) = (r@HD) "1 (Ng 11(Y));
(4)g+1 for every non-empty open subset U of X, inty,  (x) OWUYtD 15.0) # 0.
Condition (1)441 follows from our assumption that 7 is open. (2)74+1 follows from

Lemma 4.1. By inductive hypothesis on d, Y is a d-step topological characteristic factor
of X; then by Lemma 3.3, Nj4(X) is 7@+ gaturated, i.e.,

(9T (Ng 11 (V) = Nas1(X).

Hence we have (3)441. By Lemma 2.18, we have (4)g41.

So by the saturation theorem (Theorem 3.2) there exists a dense Gg subset 2441
of X such that x € Q4. implies that O (x“@* D 15,,) is 7@+ saturated. That is, ¥ is
a d + 1-step topological characteristic factor of X . The proof is complete. ]

We are now ready to show how Theorem A follows from Theorem 4.2.

Proof of Theorem A. Let (X, T) be a minimal t.d.s., and 7 : X — X be the factor map.
Then by the O-diagram (Theorem 2.19) there are minimal t.d.s. X* and X5 which are
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almost one-to-one extensions of X and X, respectively such that 7 * is open:

x <2 x*

e
Xoo < XX
By Theorem 4.2, X is a d -step topological characteristic factor of X * for all d > 2. The
proof is complete. u

As a corollary of Theorem 4.2, we have

Theorem 4.3. Let (X, T) be a minimal t.d.s. which is an open extension of its maximal
distal factor, and d € N. Then X4 is a (d + 1)-step topological characteristic factor
of X.

Proof. We want to show that X; is a d + 1-step topological characteristic factor of X.
Since X is a factor of the maximal distal factor, by our assumption 7o : X — Xoo
is open. By the proof of Theorem 4.2, there is some d such that X Fisad + l-step
topological characteristic factor of X:

Xq

By Theorem 2.15, X4 is a d + 1-step topological characteristic factor of X 7. By Lem-
ma 3.5, Xy isa d + 1-step topological characteristic factor of X. ]

We now proceed to the proof of Lemma 4.1.

4.2. Casesd =1, d = 2 for Lemma 4.1

In this subsection, to make the idea clear, we show the cases d = 1 and d = 2 of
Lemma 4.1, and we show the general case after that.
Let p be the metric of X and py the metric of X¢ defined by

pa(x,y) = max p(x;,y;),
1<j=<d
where X = (x1,....x3),y = (V1,....yq) € X4.Forx € X? and § > 0, let

Bs(x) = {y € X : pa(x.y) < §}.

Case d = 1. In this case , we take d’ = 1:

X
.
¢y

X +—
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It is easy to see that No(X) = X x X and No(Y) =Y xY.Letnw : (X,T) — (¥, T).
Note that R, < RPM(X). Let

7@ (X x X, TxT? = (Y xY, T xT?).
For any non-empty open set O € N> (X), we need to show that
N:=0(0,T xT? = (@) '(x®@(0,T x T?))).
To prove this, we first show the following claim:
Claim. Let (x1,x3) € O. Then 7~ (7 (x1)) x {x2} € N and {x;} x 7~ (7 (x2)) C N.

Let (x1,x2) € O. Let ¢ > 0 be such that B.(x1) x Bg(x2) € O. Let z; € X be such
that (x1,z1) € Ry € RPM(X).

Since (x1,z1) € Ry € RP[I](X), we know by Theorem 3.7 that N7 (x1, B:(z1))
€ Fgir, - By the definition of Fg;, , there is n € Z such that

T"(x1) € Beo(z1) and A = Bg(x2) N T 2" By(x2) # 0.
Pick x5 € A, and we have T"x; € B.(z;) and T?"x), € B.(x2). It is clear that
(xx1,x5) € Bg(x1) X Bg(x2) € O.
Thus
p2((21.22). O(0. T x T?) = pa((z1.%2). O((x1.3). T x T?)) < e.
Since ¢ is arbitrary, we see that (21, x2) € N = O(O, T x T?). This implies that
77 () x {x2} € N.

Now let z, € X with (x2,25) € R, € RPM(X). Since (x2,2,) € R CRPM (X, T) =
RP!! (X, T2), by Theorem 3.7 we have

Nr2(x2, Be(22)) € Fpiry -
Thus by the definition of Fg;,, there is some n such that
T?"x, € Bg(z2) and  Bg(x1) N T "By(x1) # 0.
Let x| € Bg(x1) N T7" Bg(x1). Then
T"x} € Be(x1), T?*"x5 € Be(22).

Thus p((T' x T?)"(x}, x2), (x1, 22)) < &. Note that (x], x2) € Bg(x1) X Be(x2) € O
C N. It follows that

p2((x1,22),0(0, T x T?)) < pz((xl,zz),a((xi,m), T x Tz)) <.
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Since ¢ is arbitrary, (x1,x5) € N = O(0,T x T?). Thus
{x1} x 771 (m(x2)) S N.
The proof of the Claim is complete. ]
Let (z1,22) € N = (0, 15). We will show that
(z1.25) € N whenever n(z;) = m(z}), i = 1,2.

First we show that (z], z;) € N. Since (z1,22) € N = O(0, 15), there are some
sequences {(x, x})}ien € O and {n;};eny < Z such that

o (X, xh) = (21,22), i — oo.
By the Claim and since (x}, x}) € O,
Jfl(n(x’i)) X {xé} C N.
Since 7 is open, it follows that
! (1 () x {xp)) = w7 (T ) x AT )
2% Y m(z1)) x {z2) € O(N, 1) = N.

Thus (z}, z2) € N. Similarly, (z],z5) € N.
Thus we have finished the case d = 1.

Case d = 2. For every non-empty relatively open set O € N3(X), we want to show that
N =0(0.13) = @)@ (0(0.13))).

where 73 = T x T? x T3.
In this case, we take d’ = 4:

X
v
T

? vy

Xy —
Let
7@ (X3 13) > (Y3, 13).
‘We have
(X3, 13)
3)
2
3

(X3.13) i (Y3, 13)
Lett3; =idx T xT?, 13, =T xidx T~ and 1353 = T? x T x id. It is easy to
see that
(13, TY) = (131, TY) = (132, T®) = (135, T®).
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Step 1. Let (x1,x2,x3) € O. If y € X and n(x1) = n(y), then (y,x2,x3) € N =
0(0. 13).

Since (x1,x2,x3) € O and O is a relatively open subset of N3(X), there is some § > 0
such that
Bs((x1,x2,x3)) N N3(X) € O.

By Theorem 2.17, (N3(X), (id x T x T2, T®)) is minimal and the id x T x T2-
minimal points in N3(X) are dense in N3(X).
Let & > 0 with & < §/2. Choose an id x T x T2?-minimal point (z1, z2, z3) € N3(X)
such that
3((z1. 22, 23). (X1, X2, x3)) < & < §/2.

By the openness of 7, we may assume that there is some y; € X such that
p(y1.y) <& and 7(z1) = m(y1).

Let
A= (9((21,22,23),id x T x T2)

Since (z1, z2,z3) isid x T X T2-minimal, (4,idx T x T?) is a minimal t.d.s. Note that
by the definition of A, for all (wy, wz, w3) € A, one has w; = z;.
Let
U = AN (Bes(z1) X Be(22) X Be(z23))

be a non-empty open subset of A4.
By the assumption (z1, y1) € R, € RP¥(X, T) = RP™¥(X, T2), we have

Nr2(z1, Be(y1)) € FBiry-
Thus, according to Theorem 3.7 there is some n € Z such that 72"z, € B(y;) and

B=UNGxTxT?>™UNGxT x T?)~2"U
NAAXTxTH™UNG X T x T?H U # 9.

Let (z1, 2. y3) € B. Then from (z1, 5. y3) € (id x T x T?)™*"U, we get T*"y, €
Be(z3), and from (zy, y2,y3) € (id x T x T?)™3"U we get T®" y3 € B¢(z3) (this explains
why we need to use RP“ instead of RP!?! for our method). Hence, we have

T?"zy € Be(y1), T*"ys € Be(22), T®"y3 € Bo(z3). 4.1)
Thus

p3(73" (21, 2. 3), (y1.22.23)) < &,
p3((1.22.23). O((z1, y2. ¥3). 13)) < &.

Since p3((z1, 22, 23), (X1, X2, x3)) < € and p(y1, y) < €, we have

p3((y19225 23)7 (y» X2, x3)) <Eé.
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Thus
p3((7, x2,x3), O((z1, y2, y3), 13)) < & + & = 2¢. 4.2)

Since (z1, y2, ¥3) € U and p3((z1, y2, ¥3), (21, 22, 23)) < &, it follows that

p3((21, YZ, YS),(XI,XZ,XS))
< p3((21, y2, ¥3), (21, 22, 23)) + pa (21, 22, 23), (X1, X2, X3)) < e+ & < 4.
Hence
(21, ¥2.¥3) € Bs((x1,x2,x3)) N N3(X) € O.
So 5((zl,y2, v3),13) C 5(0, 73), and we have

p3((y. x2.x3), 0(0,13)) < 2,
by (4.2). As ¢ is arbitrary, we see that indeed (y, x5, x3) € O(0, 13).
Step 2. Let (x1,x2,x3) € O.If y € X and w(x3) = n(y), then (x1,y,x3) € N.

Since (x1,x2,x3) € O and O is a relatively open subset of N3(X), there is some § > 0
such that
Bs((x1,x2,x3)) N N3(X) € O.
By Theorem 2.17, (N3(X), (T x id x T~', T®)) is minimal and the T x id x T~'-
minimal points in N3(X) are dense in N3(X).
Lete > 0 with e < §/2. Choose an T x id x T™~!-minimal point (zy, z, z3) € N3(X)
such that

p3((z1, 22, 23), (x1, X2, X3)) < & < §/2.

By the openness of 7, we may assume that there is some y, € X such that

p(y2,y) <& and m(z2) = m(y2).

Let
A=0(z1,22.23). T xid x T71).
Since (z1, 22, z3) is T x id x T~ !'-minimal, (4, T x id x T™!) is a minimal t.d.s. Note
that by the definition of T x id x T~!, for all (w;, w», w3) € A, one has w, = z5.
Let
U = AN (Be(z1) X Be(z2) X Be(23))

be a non-empty open subset of A.
By Theorem 3.7 and the assumption (z3, y2) € R, C RP¥ (X, T) = RPM (X, T?),
we have
NTZ (Zz, Bg(yz)) € \(FBir4~

Thus by the definition of #g;;, there is some n € Z such that T?"z, € Bg(y,) and

B=UNTxidxTH™UN(T xidx T~H)™2"U
N(T xidx T™H3"U N (T xid x T™H™"U +# 0.
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Let (y1, 22, y3) € B. Then we have
T"yy € Be(z1). T?"z3 € Be(ya). T3 € Be(z3). (4.3)

Thus

p3(75 (1,22, ¥3), (21, y2, 23)) <&,
PS((Zl»yz,ZS),E((YI,ZZa YS), ‘E3)) < é&.

Since p3((z1, 22, 23), (X1, X2, X3)) < € and p(y2, y) < &, we have

p3((z1. y2.23). (x1. y. X3)) < €.

Thus
p3((xla y7x3)»(9((yla Z7, y3)a T3)) <et+e= 2e. (44)

Since (y1, 22, ¥3) € U and p3((y1, 22, ¥3), (21, 22, 23)) < &, it follows that

p3((V1, 22, ¥3), (x1, X2, X3))
< p3((y1,22,¥3), (21, 22, 23)) + pa((21, 22, 23), (X1, X2,X3)) < & + & < 4.
Hence
V1,22, y3) € Bs((x1,x2,x3)) N N3(X) € O.
S0 O((y1, 22, ¥3), 13) € O(0, 13), and we have

p3((x1,y,x3),0(0, 13)) < 28,
by (4.4). As ¢ is arbitrary, we have (x;, y, x3) € O(0, 13).
Step 3. Let (x1,x2,x3) € O.If y € X and n(x3) = n(y), then (x1,x2,y) € N.

Since (x1,x2,x3) € O and O is arelatively open subset of N3(X), there is some § > 0
such that
Bs((x1,x2,x3)) N N3(X) € O.

By Theorem 2.17, (N3(X), (T? x T x id, T®)) is minimal and the 72 x T x id-
minimal points in N3(X) are dense in N3(X).

Let ¢ > 0 with & < §/2. Choose an T2 x T x id-minimal point (z1, z2, z3) € N3(X)
such that

03((z1, 22, 23), (x1, X2, X3)) < & < §/2.

By the openness of 7, we may assume that there is some y3 € X such that

p(ys,y) <e and m(z3) = n(y3).

Let
A=0z1,22.23), T?> x T xid).

Since (z1, 22, z3) is T? x T x id-minimal, (4, T? x T x id) is a minimal t.d.s. Note that
by the definition of T2 x T x id, for all (w1, ws, w3) € A, one has w3 = z3.



Topological characteristic factors and nilsystems 31

Let
U = AN (B(z1) x Bg(z2) X Be(z3))

be a non-empty open subset of A.
By Theorem 3.7 and the assumption (z3, y3) € R, € RP¥(X, T) = RPH¥ (X, T6),
we have
Nre(z3, Be(y3)) € FBiry -

Thus by the definition of Fg;, there is some n € Z such that T%"z3 € By(y3), and

B=UN(T?*xT xid)™U N(T? x T xid)>"U

N(T?x T xid)™"UN(T? x T xid)"™*"U # 9.

Let (y1, y2,2z3) € B. Then we have

Ty, € Be(z1), T*y; € Be(z2), T®"z3 € Bo(y3). (4.5)

Thus
p3(73" (1. y2.23), (z1. 22, y3)) < &,
p3((z1.22.¥3). O((y1. ¥2.23).13)) < &.
Since p3((z1, 22, 23), (X1, X2, x3)) < e and p(y3, y) < &, we have
p3((z1. 22, y3). (X1, X2, y)) < €.

Thus
p3(()€1,)€2, v),0((y1,y2,23), ‘173)) <&+¢e=2es (4.6)

Since (1, y2,23) € U and p3((y1, ¥2,23), (21, 22, 23)) < &, it follows that
p3((y1, y2,23), (x1, X2, X3))

< p3((y1,2.23). (21, 22, 23)) + pa((21, 22, 23), (X1, X2, X3)) < & + & < 4.

Hence
(¥1,y2,23) € Bs((x1,x2,x3)) N N3(X) € O.
So 5(()}1, ¥2,23),73) C 5(0, 73), and we have

p3((x1,x2, ), 0(0,13)) < 2,
by (4.6). As ¢ is arbitrary, we have (x;,x2, ) € O(0, 13).
Stepd. N = (@)~ 17z ON).
Let (21,22, 23) € N = O(0, t3). We will show that
(z1.25,23) € N whenever n(z;) = n(z]), i = 1,2,3.

First we show that (z],z2,z3) € N. Since (21,22,23) € N = 5(0, 73), there are some
sequences {(x’i, xé, xé)}ieN C O and {n; }jen C Z such that

Tyl (xh, xh X)) = (21, 22,23), i — o0.
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By Step 1 and (x}, x}, x}) € O,
7 () x s} x (x5} € .
Since 7 is open, it follows that
3 (T e (xh)) x (b} x {xh)) = T (T X)) x AT xby < {T3" XL}
22 27 r(z) x {22} x {23} S O(N. 13) = N.

Thus we have
(z1,22,23) € N.

Similarly, using Step 2 we have
(z1,25,23) € N.

And then using Step 3 we have
(2.2, 25) € N.

Thus we have finished the proof for the case d = 2.

4.3. Proof of Lemma 4.1 in the general case

Recall that p is the metric of X and pg is the metric of X¢ defined by
pa(X,y) = max p(x;,y;),
1<j=d

where X = (x1,....x3).y = (V1.....yq) € X%.
Let O be a non-empty relatively open subset of Ny (X). First we show the following
claim.

Claim. Letx = (x1,...,x5) € Oand j €{1,...,d}. Thenforeachy € X withn(y) =
(x;), one has

(X150 s X2, Yo X410 ..., Xg) € O(0, 19).
Proof of the Claim. Since x € O and O is a relatively open subset of Ny (X), there is

some § > 0 such that
Bs(x) N Na(X) < O.

For j €{l,...,d}, let
S; =t ;M (TD)Y =TI VXTI 2% x Txidx T x-oox T7@=D . (47)

Note that
(ta, TD) = (8;, TY).

By Theorem 2.17, (N4 (X), (S;, 7@)) is minimal and the S;-minimal points in Ng(X)
are dense in Ny (X).
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Let ¢ > 0 with ¢ < §/2. Choose an S;-minimal pointz = (z1,...,z4) € Ng(X) such
that
pa(z,x) <e<§/2.

By the openness of 77, we may assume that there is some y; € X such that

p(yj,y) <e and 7(zj) =m(y;).

Let
A= (9(1, Sj).
Since z is §;-minimal, (A4, S;) is a minimal t.d.s. Note that by the definition of S;, for all
W= (Wi,...,wq) € A, one has w; = z;.
Let

U = AN (Bg(z1) X Bg(z2) X -+ X Be(zq))

be a non-empty open subset of A4.

Since X4 is a factor of Y, we have (z;,y;) € RP?] (X, T), where d’ = 2d'(d — 1)!.
By Lemma 2.7, Rp4’] (X, T) = Rpl’] (X, Tj(d_l)!). Consequently, by Theorem 3.7,
Nrja-1(z;, V) € Fpir,, for each neighborhood V' of y;. Together with the definition
of Fgir,,, there is some n € Z such that

T7@=0"2; € Be(y)). (48)

and

UnsS;"uns2"un---nS;9mu # 0. (4.9)
Let

- -2 —d’
welUNnS"unsS*"un---nS;“"U #0,
and )
w=(w,...,wg) = S;d Py e U.

Then by (4.9),

Sinw = s e U foralli with—d'/2 <i <d'/2.
That is, for all i with —d’/2 <i < d’/2, we have

TUDimp € Bo(z1),
T(j_z)inU)2 S Bs(Zz),
T"w;_1 € Be(zj—1),
w; = ZzZj,
T "wjt1 € Be(zj41),

P

T—@=Diny, 1 € Bu(zg). (4.10)
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Since d’ = 2d(d — 1)1, by (4.10) and (4.8) we have
7@-Dny ¢ B.(2)),
TUE-D2ny) € B,(z,),
TE@DU=Dny,. e Be(zj—1),
TE@-Dlny, e B.(y)).
TE=DIHDry) € Be(zj41),

ooy

7@y, € B.(z4).
It follows that
0d (ra(,d_l)!"w, (1o s Zjm 1, Vs Zjt 1 e - Zd)) <e,
and hence
pd((zl, NN TR ) 21 S U z4), O(w, rd)) <e.

Since pg(z,x) < € and p(y;, y) < &, we have

Pa((Z1s oo Zjm1a Yo Zjtts o oo Za) s (X1a o Xm0, Y X 1s e oo, Xg)) < .

Thus
Pa (X1, s Xjm1, Y Xj1, - Xa), O(W, 7g)) < &+ & = 2e. 4.11)

Since w € U and pg (W, z) < ¢, it follows that
Pd(W,X) < pg(W,z2) + pg(z,X) <e+e<§.

Hence w € Bs(x) N Ng(X) C O.
By (4.11), we have

Pa (X1, X1, Yo Xj1s -, Xa), O(0, 70)) < 2.
As ¢ is arbitrary, we have
(X15 e s X1, Yo Xjg1s. .., Xg) € 5(0, T4).
The proof of the Claim is complete. ]

Now we will use the Claim to show that the orbit closure L = O(0, tz) is 7@)-
saturated.
For j € {l,...,d}, let

2= (z1,....29) € L = 0(0, 13).
‘We show that

7 =(21,22,...,2j-1,2}, Zj+1,. .., Zq) € L whenever n(z}) = n(z;).
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Sincez = (z1,...,24) € L = O(0, 74). there are sequences {x = (xi,...,x))}ien
C 0, {n;}ieN such that
)X >z, i— o0

By the Claim we have
(x4 x o {xd_y x T () x {xd g} x e x {xh ) € L= 0(0, 7).

Since 7 is open, it follows that

r;li({xi} X oee X {xji'—l} X n—l(n(x}i-)) X {x;+1} X oee X {xfi})
= AT o (TOTM s (T )
X {T(j+1)nile:+1} N {Tdnixfj}

I (o e x gy} X TN () X Az} X e x {za )

COL,ty)=L.

To sumup, ifz = (z1,...,24) € L :5(O,td),thenforeachj e€{l,...,d} wehave

(z1,22,.. .,Zj_l,z_;,sz, ...,zq) € L whenever n(z}) = 71(zj).
Thus, (z1,...,z4) € L if and only if (z],...,z);) € L whenever 7(z;) = m(z]) for all
ie{l,....d}. Thatis, L = O(0,1q) is =D -saturated.
The proof is complete. ]

5. Proofs of Theorems B and C

In this section we prove Theorems B and C.

5.1. Proof of Theorem B for pro-nilsystems

For a t.d.s. (X, T) and subsets U, V of X, put Np(U, V) ={neZ :UNT"V # @}.
First recall two facts used in the proof of Lemma 5.2.

Lemma 5.1. (1) If (X, T) has a dense set of minimal points, so does (X x X, T x T).

Q) If (X, T) is a tds with dense minimal points and (x,y) € RP(X), then for
each neighborhood U of (x,y) and each neighborhood W of the diagonal A(X),
N7x7 (U, W) is thickly syndetic.

Proof. (1) Let U, V be open sets of X. It suffices to show that we can find a T x T-mini-
mal point in U x V. Since (X, T') has a dense set of minimal points, there are 7-minimal
points x; € U and x, € V. Let X| = @(xl, T)and X, = E(xz, T). Then (Xy,T) and
(X2, T) are minimal t.d.s. and (X; x X3) N (U x V) # @. Since any t.d.s. has a minimal
subsystem, let (z1, zz) be a T x T-minimal point of X; x X,. As (X1,7T) and (X2, T)
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are minimal, there are some n,n, € Z such that T"'z; € U and T"2z, € V. Hence
(T"1zy,T"2z5) € U x V and (T"'zy,T"2z5) is T x T-minimal. Thus (X x X, T x T)
has a dense set of minimal points.

(2) Let (x, y) € RP(X) and U be a neighborhood of (x, y). For a neighborhood W of
A(X), choose ¢ > 0 such that A.(X) = {(z,z") € X x X : p(z,z') < ¢} C W. For any
k € N there is some 0 < §; < & such that p(z,z’) < 8 implies that p(T/z,T/z') < ¢
for all j € {1,...,k}. By (1), T x T-minimal points are dense in X x X, and thus
by the definition of RP(X) there is some 7" x T-minimal point (xg, yx) € U such that
O((xe, yx). T xT)N As, (X) # 0. Since (xi, yx) is minimal, the set

Nrxr ((Xk, yi), As ) = An € Z: (T x T)" (xk, yi) € Ag,}

is syndetic. Let n € Nrur((Xk, k). As,). Then po(T"H xg, T" I yi) < e for every
j e{l,... k}, thatis,

{[n,n +k] ne NTXT((xkv yk)’ Aak)} - NTXT((xkuyk)v Aé‘) - NTXT(U7 W),

where [n,n + k] ={n,n+1,...,n + k}. Thus Nyx7 (U, W) is thickly syndetic. The
proof is complete. u

Lemma 5.2. Let (X, T) and (Y, S) be two minimal t.d.s. Then the maximal equicontin-
uous factor of (X X Y, T" x 8™) is Xeq X Yoq for any n,m € N, where Xoq = X1 and
Yeq = Y1 are the maximal equicontinuous factors of X and Y respectively.

Proof. Letm : (X, T) = (Xeq, T) and ¢ : (Y, S) — (Yeq, S) be the factor maps to the
maximal equicontinuous factors of (X, 7)) and (Y, §) respectively. Fix n, m € N. Since
by Lemma 2.7, RP(X, T) = RP(X, T") and RP(Y, S) = RP(Y, §), we find that 7 :
(X, T") = (Xeq, T™) and ¢ : (Y, S™) — (Yeq, S™) are the factor maps to the maximal
equicontinuous factors of (X, 7") and (Y, ™) respectively. Since (Xeq X Yeq, T" x §™)
is equicontinuous, it remains to show that R;x¢ S RP(T" x S™).

To this end, we assume that (x1, y1), (x2, y2) € X x Y with (x1, x2) € RP(X,T")
and (y1, y2) € RP(Y, §™). Then n(x1) = w(x2) and ¢(y1) = ¢(y2). Fix ¢ > 0. Let
U, x V7 and U, x V; be neighborhoods of (x1, y1) and (x5, y;) respectively. Moreover,
let W, and W, be the e-neighborhoods of A(X) and A(Y) respectively. Note that (X, T")
and (Y, S™) each have a dense set of minimal points. Consequently, by Lemma 5.1, both
Nrnxrn(Uy x Uy, Wy) and Ngmysm (V1 x Vo, Wy) are thickly syndetic. As the family
Fs of all thickly syndetic sets is a filter,

NT”xT” (U1 X Uz, Wl) n NSmxSm(Vl X Vz, Wz) ;é @

Pick k in this intersection. Then there are (x}, y) € Uy x V; and (x5, y5) € U, x V5 such
that
T*® s TR (X!, xh) € Wy, SK™ s S*m(y1 yh) e Ws.

Denote the metrics of X and Y by py and py, and let the metric of X x Y be

pxxy ((x1, 1), (X2, y2)) = max {px (x1, x2), py (¥1, y2)}.
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Then
procy (T x S™)F (e y). (T x 8™ (x5, )
< px (T"*x]. T"x) + py (S™ y1. ™ y3) < 2e.
As ¢ is arbitrary, we have
((x1,x2), (y1,y2)) € RP(X x ¥, T" x ™).
This ends the proof. ]

Lemma 5.3. Let 7 : (X,T) — (Y, ') be a factor map between two minimal t.d.s. and
k € N, where T is abelian. If =1 (y)? C RPK! (X) for some y € Y, then

R. € RPH(X).

Proof. Letz € Y and x1, x, € m~!(z). Then by the Auslander—Ellis Theorem, (x1, x5) is
proximal to some minimal point (y1, y») with 7(y;) = 7 (y2). Since (¥, I') is minimal,
it is easy to see that

0 # O((y1,y2). )N~ (y)? < RPFI(X).

As O((y1, y2), ') is minimal and RP¥] (X) is a I'-invariant closed subset of X x X, we
have
O((y1.y2).T) € RPH(X).

In particular, (y1, y2) € RP] (X). Since P(X) C RP* (X) we have
(x1,71), (%2, y2) € RPH ().

We conclude that (x, x3) € RP* (X) since RP* (X) is an equivalence relation by The-
orem 2.5. ]

Corollary 5.4. Let v : (X, T) — (Y, T) be a factor map between two minimal t.d.s. and
d,k € N. Then

7D (Ng(X), (04, a)) = (Na(Y), {04, 7a))
is a factor map. If for some x € X,
(xDy x () (x) @) € RPN, (X), (04, Ta)),

then
R,y € RPN, (X), (04, 74))-

Proof. Lety = m(x) and §; = (04, 74). Note that (Ng (X, T), §;) is minimal. By Lem-
ma 5.3, it suffices to show that

(@)~ @))? < RPN, (X). (0. 74).
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Letx,x' € (7 @)~1(y@D). Since x¥ € N;(X), by our assumption
@@ %), (¢ Dx) € (x @Dy x )T D) < RPF (NG (X), {04, 1a)).
Since RP¥ is an equivalence relation (Theorem 2.5),
(x.x) € RPN, (X), (04, 7a)).-

That is,
(D) (@) < RPN, (X), (04, 7a))-

The proof is complete. u
We will prove the following theorem, which is a special case of Theorem B.

Theorem 5.5. Let (X, T) be a minimal pro-nilsystem and d € N. Then the maximal
equicontinuous factor of (Ng(X), (04, 7a)) is (Ng(Xeq), (04, Ta)).

Proof. Letmy : X — X1 = X4 be the factor map to the maximal equicontinuous factor
andd € N. Let §; = (04, t4). Then 71 induces a factor map

d
7@ (Na(X), 8a) = (Na (X1). 5a).
Since (X1, T') is equicontinuous, so is (Ng(X1), §4). By Theorem 2.1 it follows that
RP((Na(X).%a)) € R .

To show that the maximal equicontinuous factor of (Ng(X), §y) is (Ng(X1), 9g), it
remains to show that
Rnid) C RP(N4(X), 8y). (5.1

For simplicity, we use
(xla'-'»xd)%(yl*"'vyd) and (xl’“"xd);;(yl""’yd)

todenote ((x1,...,X7),(V1,...,vq)) € RP(N;4(X),&;) and ((x1,...,x3),(V1,...,Va))
€ RP(Ny4(X), t4) respectively.
We prove (5.1) by induction on d.

Step 1. Ford = litisclear. Ford = 2,6, is generated by 7' x T and id x T'. It is clear
that N»(X) = X x X and N>(X;) = X; x X;. By Lemma 5.2, if 711 (x1) = 71 (x2) and
m1(y1) = m1(y2) then ((x1, y1). (x2, y2)) is regionally proximal for 7 x T2, and thus
((x1, y1), (x2, y2)) € RP(N2(X), 82).

Step 2. Now we assume that (5.1) holds for d — 1, where d > 3. Let

P11 (Ng(X),9q) = (Ng—1(X), G4-1),  (X1.....X4-1.Xq) = (X1,....Xg—-1),
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be the projection to the first d — 1 coordinates. By Lemma 5.3, we need to show that for
some z € Xy,

(r D)1 @) ¢ (2 D)1 (@) € RPN (X), §0).
Let
(x1,....xq), V1s--.,Yd) € (”fd))il(z(d))'

Then via the mapping p1, the points (x1,...,X7—1), (¥1,...,Y4—1) are in Ng_;(X) and
in (nfd_l))_l(z(d_l)). By the inductive hypothesis, ((x1, ..., Xq—1), V1, ---» Ya—1))
€ RP(Ng—1(X), 94-1), i.e.,

(15 Xa-1) g~ (V15 Ya-1)-
By Theorem 2.1, there are x/;, y/; € X such that (xy,...,xg-1,%}), (V1,..., V-1, V) €
N4(X) with
/ !/
(x19~‘-9-xd—l’xd)g[(yla"'vyd—l’yd)'
If we can show that
(1, Xd—1,Xa) o (V15 Xa1, X)), (0150 ¥a—1, V) g (Voo Ya—1,Yg)s

then since RP is an equivalence relation, we have
(xls o 9xd—17-xd) % (yla e ,J’d—l»J’d)»

thatis, (5.1) holds for d. So we only need to show (x1, ... ,xd_l,xd)% (x1,... ,xd_l,x;,),

and similarly we will have (y1,..., Y41, Yaq) = D1seesYa—1.Y))-

Since (x1,...,xg—1,Xq) € Na(X), for a fixed x € 7 !(z) there is some sequence
{gi}ien C 4 such that

@

gi(xl,...,xd_l,xd)_)x 3 — OQ.

Without loss of generality, we assume that

(d-1)

gi(x1, ... xg—1,xy) = (x y), [ — oo,

for some y € X. Since (X, T) is a pro-nilsystem, it is distal and so is (Nz(X), §4).
In particulara ((xla o Xd—1, xd), (X], ey Xd—1, X;i)) is gLE’Z)‘minimal, where géz) —
{(g,8) : g € G4}. Hence

(¥, Xao1. Xa). (51, Xgor. X)) € O((x D, (x97D. y)). 9).
Now if x@) 5 (x“@=1D ), then by the ﬁ(gz)-invariance of RP(N4(X), $;) we find that

(X150, Xd—1,Xa) 5 (X1,...,X4-1, x(’i) Thus it is left to show that

d) d-1)
o (x . Y).
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By Lemma 2.9 and since (x4~ y) € Ny(X), we have (x, y) € RP4=2 (X, T).
Thus (x, y) € RP;, ,(X,T) by Lemma 2.10, where mz_3 : X — X;_3. Note that when
d = 3, X is the trivial system and RP,,(X,T) = RP(X, T).

We proceed to prove that

x@-n (d-2)

~ (x ).

Td—1

If d = 3, then by Step 1, (x, x) o2

Since (x,y) € RP;, ,(X,T) =RP
n € Z such that

(x,y).If d > 4, then we argue as follows. Let ¢ > 0.

wg_s(X, T471), there are x', ' € X, w € X4_3 and

p(x,x') <&, p(y,y) < &, ma—3(x") = ma_3(y)) = w, p(T@ Dy TE@Dnyry < ¢

By Lemma 3.4 we know that (n‘(id_;l))_lNd_l(Xd_g = Ng_1(X). Since w1V ¢
Ng—_1(X4-3), we deduce

()4t = @D T WD) € Ngoi(X).

This implies that (x")@~D ((x")4=2 y’) € Ny_(X). To sum up, for each & > 0, there
are (x") @D ((x")@~2 y") e Ny_{(X)and n € Z such that py_; (x@~V (x")@~D) <,
pa—-1((x“972, ), (x)@72),y)) < ¢ and

pa-1(th_ (D). g (DD ) <.
which implies that

x@D (@)
Ta—1

).

We continue our proof. For each & > 0, let U and V' be open neighborhoods of x (@)
and (x“@~V | y) in Ny (X) with diam(U), diam(V) < /2. Let

P2 (Ng(X),83) — (Ng—1(X), G4-1), (x1,X2,...,%q) = (x2,...,Xq),

be the projection to the last d — 1 coordinates. Then p,(U) and p, (V') are open neighbor-
hoods of x@~1 and (x(¢=2 | y) in Ny_;(X) respectively. Since x@~1) Sl (x9=2 y),
there arey € p2(U),y € p2(V) and n € Z such that

pa-1(tg_1(¥), 751 (¥)) <e.

There are y;, y| € X such that (y1.y) € U and (y1,y') € V. Asdiam(U). diam(V) < /2,
it follows that p(y1, y7) < e. This implies that

pa ((d x tj_ (y1.y), (d x Tf_, (y1.Y)) <e. (5.2)

This shows that
@) -1
x@ o (D),

since §,; is also generated by o and id x 77_;. The proof is complete. ]
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5.2. Proof of Theorem B for general systems
Actually, we will show more. First we need a lemma.

Lemma 5.6. Let v : (X, T") — (Y, T") be a factor map between minimal t.d.s. and d € N,
where T is abelian. If v is proximal, then the maximal d -step pro-nilfactor of (X, T) is
the same as the one of (Y, 1), i.e., X5(X) = X4(Y).

Proof. First we have the following commutative diagram:

x 24 x,0x)

:rrl J,ﬂ/
Yy 225 x,(v)

We need to show that Xz (X) = X4(Y). Otherwise there are x| # x} € X4(X) such
that 7/(x]) = 7' (x}) = z. Choose x1,x» € X such that 7z x (x1) =x] and g x (x2) =x3.
Let y; = 7(x1), y2 = w(x2). Since n’ o g x = 74,y o 7, we have 74y (y1) = 74,y (y2)
= z,ie., (y1,y2) € RPI4(Y).

By Theorem 2.6, there are (%1, %») € RP)(X) such that 7 x 7(%1, %2) = (y1, y2).
Since 7 is proximal, (X1, x1), (X2, x2) € P(X). Since P € RP!], by Theorem 2.5 we have

(x1.x2) € RPMI(X).
It follows that x] = 74 x (x1) = 74 x(x2) = x5, a contradiction. (]

Theorem 5.7. Let (X, T) be minimal and d € N. Then for each k € N the maximal
k-step pro-nilfactor of (Ng(X), (04, tq)) is the same as the one of (Ng(Xoo), (04, Ta))-
Moreover, the maximal equicontinuous factor of (N4 (X)), {(04,t4)) is (Ng(X1),{04,T4)),
where X1 = Xeq is the maximal equicontinuous factor of X.

Proof. Let X be the co-step pro-nilfactor of X. Then by Theorem A we have the dia-
gram

*

X <2 x*
S
Xoo < XX

where ¢*, T* are almost one-to-one and 7* is open, and there is a dense G subset 2
of X* such that for each x € Q and each [ € N the orbit closure of x) under 7; is
(r*)D-saturated.

The diagram above induces the commutative diagram

(@)@ .
(Na(X).%q) <—— (Na(X™), %)
T[ég) l(n*)(d)

Y@
(Na(Xoo). 9) <2 (N4(XE). Ga)
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where (6*)@, (t*)@) are almost one-to-one, §; = (04, 74). Note that an almost one-to-
one extension is proximal. By Lemma 5.6, for k € N, the maximal k-step pro-nilfactor
of (Nyg(X), &;) is the same as the one of (Ny(X™*), §,), and the maximal k-step pro-
nilfactor of (Ng(Xoo), §4) is the same as the one of (Ny(X%), 94). Thus, for k € N,
to show that the maximal k-step pro-nilfactor of (N;(X), §;) is the same as the one of
(Ng(Xo0), 84), it suffices to show that the maximal k-step pro-nilfactor of (Nz (X ™), %y)
is the same as the one of (Ng(X%), 54). To that end, it suffices to show that

R(peyar € RPFI(NG (X¥). 55).
By Corollary 5.4, we show that for some x € X*,
Dy (@) @)?T < RPN (X™). %),

Let x € Q and let (z1,...,z4) € ((@*) " (*(x)))?. We show (x @, (z1,...,z4)) €
RPHI(N (X 7). 50).
For each ¢ > 0, let U = B¢(x) and V; = B,(z;), 1 <i < d. We claim that there is
n € Z such that
x=(T"x,T*"x,....,T"x) e Ux U x---x U,
tj"j(x)ele'ude, 1<j<k+1
Since x € Q, for I = (k + 1)d? + d the orbit closure of x) under 7; is (x*)®)-

saturated. Note that foriy,ir € {1,...,d}and j, jo €{1,...,k + 1},if (i1, j1) # (i2, J2),
then (dj; + 1)i1 # (dj2 + 1)i. Now we define

W=W x--xW X' and w= (wy,...,w) € X!

as follows: forr € {1,...,[},
{V,- ifr=(ldj+Diforl <i <d,1<j<k+1,
W, =
U else,
w. — zi ifr=Wdj+Diforl<i<d,1<j<k+1,
"7 lx  else.

Thus W is an open neighborhood of w in X!, and note that

(wy,...,wq) =X(d),
(Wdj+1, W@dj+1)2s - - - » Wj+na) = (21, 22,....24), VI =<j<k+1

It is clear that (7*)D(w) = (x*)D(x®), and hence w € ((7*)O)~1((z*)D (xD)).
Since the orbit closure of x) under 7; is (n*)(l)—saturated, there is n € Z such that
rl” (x(l)) € W, thatis, T™"x € W,,1 <r <. In particular,

X=‘L':11(X(d)) eUx---xU,
andforl < j <k +1,

e (x) = (T@WHDn T@+D2ny @A) ¢y Wy x x V.
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Lety = rg" (x). We have
dnj dnj P
pa(ty "~ (x),7;°(y) <de forj=1,... k.

This implies that (x@), (z1,...,z4)) € RPK! (Ng(X™),8;) by definition. Thus we have
proved that the maximal k-step nilfactor factor of (Ng(X™*), ;) is the same as the max-
imal k-step nilfactor of (Ng(X2,), §4). It follows that the maximal k-step nilfactor of
(N4(X), §;) is the same as the maximal k-step nilfactor of (Ng(Xo), Ga)-

Moreover, the maximal equicontinuous factor of (Nz(X), §;) is the same as the
maximal equicontinuous factor of (Ngz(Xeo), §7). By Theorem 5.5, the latter factor is
(N4(X1),8;). The proof is complete. [

A similar proof yields the following result.

Theorem 5.8. Let (X, T) be a minimal t.d.s. with d,k € N. Then there is a dense Gg
subset Q of X such that for each x € S, the maximal k-step pro-nilfactor of O(x@, t;)
is the same as the one of O((msox) D, 74).

Proof. The proof is a modification of the previous one. Assume first we have the same
diagram as in the proof of Theorem 5.7. By Theorem 4.2 there is a dense G subset Q2*
of X* such that for each x € Q* and each / € N the orbit closure of x) under 7; is
(r*)Dsaturated. It is clear that there is a dense G set 2 of X such that for each x € Q,
(0*)~1(x) N Q* is not empty. By the same analysis as in the proof of Theorem 5.7, it
remains to show that for each x € Q*, the maximal k-step pro-nilfactor of @(x(d), T4) 18
the same as the one of O((r*x)@, 7).

The result is clear for d = 1. We now assume that d > 2. Assume that (xq, ..., xg),
V1.....¥a) € O(xD 1) with 7*(x;) = 7*(y;) for a given x € Q*. We will show that

(X1, x2). 01, oo oo va) € RPIO D 1), 1)

for each k € N.
To do this, for a given k € N and each ¢ > 0, let U; = B.(x;) and V; = B.(y;),
1 <i < d. Then by the argument in the proof of Theorem 5.7 there is n € Z such that

x=(T"x,....,T¥"x) e Uy x---x Uy,
M x)eVixxVy, 1<j<k+1
Lety = tj”(x). Theny = tj""’”(x(d)) € O(xD, ;) and
pd(rjnj(x),rjnj(y)) <de forj=1,...,k.

This implies that ((x1,...,Xg), (V1,...,Yd)) € RP* (O(x9, 14), 74) by definition of
RPK! The proof is complete. ]

We remark that in general O (x4), z;) is not minimal. Thus, to show Theorem 5.8 we
cannot use exactly the same arguments as for Theorem 5.7.
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5.3. Proof of Theorem C
First we have the following simple observation.

Lemma 5.9. Let (X, T) be a minimal t.d.s. We have:
(1) Ng(X,T) = Ng(X, T YYand Ny(X,T") € Ng(X,T) foranyn € Z \ {0}.
(2) Na(X,T) = Ukl 0hh Na(X, T").

The following proposition will be used in the proof of Theorem C.

Proposition 5.10. If (X, T) is a minimal equicontinuous system and (X, T") is minimal
for somen € N, then Nj(X,T) = Ngj(X,T") foranyd € N.

Proof. Letd € N.Itis clear that Ny (X, T") € N4(X, T). To show the opposite inclusion,
let x € X. It suffices to show that

0D (04, 74)) = O((x, ..., %), (04, 7a) S Na (X, T").

Since each point in @(x@, (64, 14)) has the form (T*+!x, Tk+2lx . Tk+dlx) for
some k, | € 7, we need to show that

(TF+x, T*+2 TRy e Ny(X, T™).

By the assumption that (X, 7") is minimal, there are sequences { p; }ieN, {¢i }ieN € Z
such that
T"Pix — Tkx, T"% > Tlx, | — oo

Let ¢ > 0. Since (X, T) is equicontinuous, there is § > 0 such that if p(x, y) < § then
o(Tix,T'y) < eforalli € Z.

Since T"% x — T'x asi — oo, thereis N € N such thatif i > N then p(T™i x, Tlx)
< 6. This implies that forany 1 < j < d andi > N we have

p(Tj”qix, T(j—l)nqi-i-lx) <e.

p(T(j_l)nqi+lx, T(j—2)nqi+21x) <,
p(aniH.i*l)lx’ lex) <,
which implies that
o(T/Mix Tix) < je <de, V1<) <d.
Since ¢ is arbitrary,
(T"%ix, T"ix, ... T"x)y > (T'x, T%x,...., T%"x), i — .
It follows that there are p;, g} € Z with
(T”p§+"q§x, Tnp§+n2q,‘x’_ .. T”p§+”dq;x) — (Tk+lx, Th+20y Tk+dlx), i — 00.

Thus
(TKH o, T*+2lx TR x) e Ny(X, T™).

The proof is complete. u
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Theorem 5.11. Let G be an abelian group and T" be a subgroup of finite index. Let (X, G)
be a minimal t.d.s., and let w : (X, G) — (Xeq. G) be the factor map to its maximal
equicontinuous factor. Then (X, I') is minimal if and only if (Xeq, I') is minimal.

Proof. Since m : (X,I') = (Xeq, I') is a factor map, the minimality of (X, I') implies the
minimality of (X.q, I'). Now we show the converse.

Assume that (X.q, I') is minimal; we will show that (X, I') is minimal. Note that
7 : (X, G) = (Xeq, G) is the factor map to the maximal equicontinuous factor. Since
[G : T] < 0o, we have RP(X, G) = RP(X, I') by the same proof as that of Lemma 2.7. It
follows that 77 : (X,I") — (Xeq, I') is also the factor map to its maximal equicontinuous
factor. Thus any equicontinuous factor of (X, I') is also a factor of (X4, I'). In particular,
any equicontinuous factor of (X, I') is minimal as (X¢q, I") is minimal.

If (X, T') is not minimal, then there is a non-empty I"-minimal subset W of (X, I")
with W # X. Since [G : '] < oo, there are hy, ..., h, € G with m € N such that

m
G=|Jmr
i=1

Since (W, I") is minimal and G is abelian, (h; W, T") is also minimal for alli € {1,...,m}.
Note that | J/Z, #; W is G-invariant, and we have X = (J/~, h; W as (X, G) is minimal.
Since minimal subsets are either identical or disjoint, there is a subset {g1,...,g,} C

{h1,...,hm},2 <1 < m,such that

,
X=|]aw

i=1
where |_| means disjoint union. Now define
o:(X. )= ({1,....r},T), gWe{i},Vie{l,...,r}.

Since (g; W, T') is minimal fori € {1,...,r}, I =idon{l,...,r}. Asr > 2, we see that
({1,...,r},T) is a non-minimal equicontinuous factor of (X, I"), which is a contradiction.
Thus (X, I') is minimal. The proof is complete. |

Now we are ready to show Theorem C.

Proof of Theorem C. Let (X, T) be minimal and k > 2. It suffices to show that if (X, T%)
is minimal, then Ng(X,T) = N4 (X, T¥) for each d € N. This is an application of The-
orem B and some previous results.

Set €;4(T) = (04(T), 74 (T)). Then §4(T¥) is a subgroup of (T of finite index.
Since (X, T* ) is minimal, we infer that (X, Tk ) is minimal. Thus by Proposition 5.10,
Na (Xeqv T)=Ng4 (Xeqv Tk)’ and hence (Nyg (Xeqv T),ﬁd(Tk)) = (Ng (Xeqs Tk)’ L7} (Tk))
is minimal.

By Theorem B, the maximal equicontinuous factor of (Ng(X, T), §;(T)) is
(Ng(Xeq. T), 84(T)). As Gy (T*) is a subgroup of €;(T) of finite index, by Theo-
rem 5.11, the minimality of (Ng(Xeq, T), §4(T*)) implies that (Ng (X, T), §4(T*)) is
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minimal. Since (X, TX) is minimal, by Theorem 2.16, (N4 (X, T¥), 4(T*)) is mini-
mal. It follows that Ny (X, T) = Ng(X, T*) as Ngy(X,T*¥) € Ny(X, T). The proof is
complete. ]

6. Proofs of Theorems D-F

In this section we prove Theorems D-F. First we need a lemma.

6.1. A keylemma

To prove Theorem D we need Lemma 6.1 below. Given a compact metric space Z and a
sequence of non-empty closed subsets A, C Z, define

liminf A4, = {z €Z:3z, € Ay:z = lim zn},

n—o0 n—>00

limsup 4, = {Z € Z : for some subsequence {n;},3z; € A,,:z = lim zi}.
n—>oQ n—>0o0

When A4 := liminf, o Ay, = limsup,,_, o, An, we write A = lim, .o A, and call A the
limit of the sequence {A,},eN. In fact, in this case the set A4 is the limit of {A, },eN in
the space 22 of non-empty closed subsets of Z with the Hausdorff metric.

Lemma 6.1. Let (X, T) be a t.d.s. Assume that for some d,n € N,
Ngi1(X,T) = Ny (X, T").

Then the set
Qu={xeX 06D, (1) = 0D, r,(T"))}

is a dense Gg subset of X, where XD = (x,...,x) e X4, 14(T) =T xT? x---x T4,
Proof. Lett) (T) =idx T x T? x---x T9 = id x 74(T). Note that

Ng+1(T) = O(Ags1.7a+1(T)) = O(Aas1, 7y (7).
For x € X, let
Cx) = O, 7 (1) = {x) x O D, 14(T)),
D(x) = {(x,ur, ..., ug) 1 3 € X,ni € Zi (thy (T (7D = (voun, . ug)).
Then it is clear that C(x) € D(x) = Ng41(T) N ({x} x X9).

Claim 1. The map C : X — 2Na+1(T) | x s C(x), is lower semicontinuous, that is,
X; = x, i — oo implies that liminf;_, . C(x;) D C(x).

In fact, by definition it follows from x; — x and xi(dH) € C(x;) for all i that

x@*D ¢ liminf C(x;).
1—>00
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Now for each k € Z, since (r{’iH(T))k(xi(dH)) € C(x;) for all i, one has
(01 (T)F (T € liminf C(x;).
1—>00
Thus
OV ) (T)) C liminf C(x;).
1—>00

It follows that
O(“*V. 74 () C liminf C(x;)

as claimed.
The following claim is a direct consequence of the definition of the map D.

Claim 2. Foreveryx € X,
D(x) C U {hirggng(xi) DX —> x}.

Let X¢ C X be the set of C-continuity points. Then it is well known that X is a dense

G subset of X [8]. Now for x¢ € Xy, for every sequence x; — xo as i — oo, we have

liminf; 00 C(x;) = lim; o0 C(x;) = C(xp). It follows that D(xg) € C(x¢) € D(xp),
whence

D(xo) = C(xo). (6.1)

In the following discussion we consider both 41(T) and 1 £1(T™). We will use the
symbols C’é+1 (T)» Df[i+1(T)’ Df§1+1(T")’ and C’§+1 (Tn)» Whose meaning is clear.
By assumption,

Nas1(T) = | Na1(T) 0 ({x} x X9)

xeX
= Dy (X)) = U Dy, am(x) = Na1(T").
xeX xeX

and therefore DT&+1 ) (x) = Df&+1(T")(x) for all x € X. Now let Q4 be the intersection
of the sets of continuity points of the maps Cré+1(T) and Cr;H(T")- Then by (6.1), for
each x € Qy,

Co (X)) =Dy ()(x) = Dy em(x) = Coy, (7m)(¥).
Let 7 : X?+! — X9 be the projection on coordinates {2, ...,d + 1}, and we have
0
0D, 74(T) = nCy, ).
Hence for each x € Qg4,
O(xD, 7y(T)) = nCy ) =7Cy () = O(xD 74(T™)).

The proof is complete. u
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By Lemma 6.1 we have

Theorem 6.2. Let (X, T) be a minimal t.d.s. and n,d > 2. Then the following statements
are equivalent:

(1) Nd+l(X7 T) = Nd+l(Xv Tn)

(2) There is a dense Gg subset Xo of X such that for any |l € 7 and x € X, there is a
sequence {q;} C 7 with

TMix — Tly, T2y T2y . Ty 5 Ty

3) {x e X :0(xD, 15(T)) = OxD, 14(T™))} is a dense G subset of X.

6.2. Proof of Theorem D

Let (X, Tk) be minimal for some k > 2 and d € N. We show that for any d € N and
any 0 < j < k there exists a sequence {n;} with n; = j (mod k) such that T" x — x,
T2ix — x,..., T9ix — x asi — oo for x in a dense Gs subset of X.

By Theorem C and Lemma 6.1, there is a dense G subset X such that for any x € X,

E(x(d), Tg) = @(x(d), t‘];).
Now assume that 0 < j < k. Note that
(T_jx, T 2 x,..., T_djx) € 5(x(d), 74).

Thus there is a sequence m; ' oo such that

Thmix 5 77 x T2kmiy o 772y Tdkmiy  7=diy i 5 0,
1.e.,
Thkmitiy 5 x, T2kmi+2iy o dkmitdiy i 0.
Then n; = km; + j is what we need. The proof is complete. ]

6.3. Proof of Theorem E

Let U and V be non-empty open subsets of X. We are going to show that there is n € N
such that
UNnT P®y £g.

Since (X, T') is minimal, there is N € N such that
N
x=Jrv.
i=1

Let g(n) = an® + bn. By Bergelson—Leibman’s theorem [2, Theorem C] there are n € N
and x € V such that

TiWx ey, TICMycy . TIWDycy
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Thus there is an open neighborhood V; of x such that V; € V' with
TIWy, cy, Ty cv, ..., TNy V.

By Theorem C there are k;, [; € Z such that

(TZan X een X TZaNn)ki (TZan N T2an)l,~ (x,....x)

= (Tx,....,TNx) e TV; x---x TN V.

This implies that there are k, [ € Z such that

T2ank+2aln71 T4ank+2an172 T2aNnk+2anlfN

erl, erl, ey XGVl,

i.e.,
Tq(n)+2ank+2aln—1x ev, Tq(2n)+4ank+2anl—2x ev., ...,

Tq(Nn)+2aNnk+2anl—Nx eV

For j €{l,...,N},

q(jn) + 2jank +2anl — j
=a(jn)® + b(jn) + 2jank + 2anl — j
=a(jn+k)> +b(jn+k)+c— (ak? + bk +¢) + 2aln — j
= P(jn +k)— P(k)+2aln — j.

Let y = T—FP()+2alny Thep
TPUnT(T=iyy eV, Vje{l,...,N}.
Since X = |JN., T'U, there is some jo € {1...., N} such that T~/0y € U. Thus
T—joy c U N T PlUon+k)y,

In particular, U N T~PUon+K)y —£ ¢ Then a standard argument by considering the basis
of the topology of X and taking the intersection yields the conclusion of the theorem. The
proof is complete. |

As a corollary we have

Corollary 6.3. Let (X, T) be a totally minimal t.d.s., and let k > 2 and 0 < j < k. Let
P(n) = an? + bn + c witha,b,c € Z,a # 0 be an integral polynomial. Then there is
a dense Gg subset  of X such that for any x € Q, TP (x) — x for some sequence
{n;} withn; = j (mod k).

Proof. By putting Q(n) = P(kn + j) and using Theorem E we see that there is a
sequence {n;}; € N with n; = j (mod k) such that T¥®)x — x for x in a dense
Gs set. ]
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6.4. Proof of Theorem F

Let (X, T') be a minimal t.d.s. which is an open extension of its maximal distal factor. We
will prove that for any d € N, AP — RPI9! Since APW! C RP[d], it suffices to show
that RP4) ¢ AP,

Letd € N and 7y : X — Xy be the factor to X;. Since (X, T') is an open extension
of its maximal distal factor, 75 is open. By Theorem 4.3, there is a dense Gg subset 2
of X such that for each x € €, @(x(dﬂ), Tg+1) 1S nédH)-saturated.

Let x € Q and (x,y) € RP“). Then for each neighborhood U of y, there is n € Z
such that 77" x € U foreach 1 < j <d + 1, which implies that (x, y) € APl by taking
x’ = x and y’ = T"x in the definition of AP!?],

Now let (x, y) € RP!. In each neighborhood W of (x, y), there are (x/, y') € W
with x’ € Q and (x/, y') € RP! by the openness of ;. By what we have just proved,
(x'.y") € APl which implies that (x, y) € AP since AP is closed. This ends the
proof. ]

7. Some conjectures

With the help of Theorem A and its consequences we have been able to answer several
open questions. In fact, Theorem A also opens a window for exploring other natural ques-
tions, which we will discuss now.

Conjecture 1. Let (X, T') be a totally minimal t.d.s., and P (n) be a non-constant integral
polynomial. Then there is a dense G subset 2 of X such that for every x € Q, the set
{TP™(x):neZ}isdensein X.

Note that in Theorem E we have shown that this is true when P (n) = an? + bn + c.
Also, by [32], Conjecture 1 holds for minimal weakly mixing systems.

Conjecture 2. Let (X, T') be a totally minimal t.d.s., P be the set of prime numbers, and
P (n) be a non-constant integral polynomial. Then there is a dense G subset 2 of X such
that for every x € ©, the set {7 (x) : n € P} is dense in X.

In particular, there is some point x such that {7"x : n € P} is dense in X.

We think that it may be relatively easy to show that Theorem D holds for any finite
collection of non-constant integral polynomials P;(n) under the total minimality assump-
tion (see Corollary 6.3). But we believe that it needs a real work to verify the following
conjecture.

Conjecture 3. Let (X, 7%) be minimal for some k > 2 and d € N. Then for non-constant
integral polynomials Py, (n) with P,,(0) =0,1 <m <d,andany 0 < j < k, there is a
sequence {n; };eN such that

TPl(ni)x%x,".,TPd("i)x—>x, i — 00, (7.1)

where n; = j (mod k) and x is in a dense G4 subset of X.
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The last conjecture is related to the AP relation.

Conjecture 4. There is a minimal t.d.s. (X, T) with APPI(X, T) = Ay, yet (X, T) is
not distal.
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