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Abstract. We definea C! distancebetweensubmanifoldsof a riemannianmanifold M
andshaw that, if a compactsubmanifoldN is not moved too much underthe isometric
action of a compactgroup G, thereis a G-invariant submanifoldC1-closeto N. The
proofinvolvesa procedureof averagingnearbysubmanifoldsof riemannianmanifoldsin
asymmetriovay. Theprocedure&eombinesaveragingtechnique®f Cartan,Grove/Karcher
anddela Harpe/Karoubwith Whitney'sideaof realizingsubmanifoldsiszerosof sections
of extendedhormalbundles.

1. Intr oduction

A compact(not necessarilyconnected).ie group G carriesa (unique)bi-

invariantprobabilitymeasureUsingthismeasurepnecanaverageorbitsof

actionsof G onaffine corvex setsto obtainfixedpoints.In particularif G

actsonamanifoldM, G leavesinvariantariemanniammetricon M, andthis

metriccansometimedeusedo obtainfixedpointsfor thenonlinearaction
of G on M itself. By this method Elie Cartanprovedthata compacigroup
G actingby isometrieson a simply-connecteananifold M of nonpositve

sectionakunaturealwayshasa fixedpoint! Cartans resultwasextended
by Grove andKarcher{14] to arbitrarymanifoldsundertheassumptiorthat
the G-actionhasan orbit which is sufficiently smallrelative to a distance
scaleprovided by thegeometryof M.

In this papey we develop a methodfor averagingnearbysubmanifolds
in a riemannianmanifold. This enablesus to extend the Grove-Karcher
theoremfrom pointsto submanifoldsj.e. we establishthat, if a rieman-
nian G-manifold hasa compactsubmanifoldN whoseimagesunderthe
G-actionaresuficiently C!-closeto oneanotheyrelative to the geometry
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of thepair (M, N), thenthereis a G-invariantsubmanifolchearN. Extend-

ing the Cartan-Grge-Karchemonlinearaveragingmethodio submanifolds
requiresnew estimate®nthegeometryof tubularneighborhood<Ourcon-

structionis basedn an essentiatvay on Whitney's ide& [31] of realizing

submanifoldsaszerosof sectionsof vectorbundles.

Our resultfits nicely into the “stability” framewvork promotedby Ulam
(seefor examplepage584 of [28], aswell as Andersons interestingdis-
cussiorusingnonstandardnalysidn [3]). Ulamaskswhenamathematical
objectwhich “almost solves” a certainproblemcanbe shavn to be near
an exact solution. In fact, our interestin the invariant submanifoldprob-
lemwasmotivatedby somecase®f thefollowing “almost-homomorphism
problem”:. givenamap¢ : G — H betweengroupssuchthat ¢(gh) is
closein somesenseto ¢(g)¢(h) for all g andh in G, canoneconclude
thatthereis a homomorphismmear¢? This problemwas posedby Ulam
andsolvedby Hyers[17] for G = H = R. It wassolvedfor compactLie
groupsG andH, with effective estimateshy Grove, KarcherandRuh[15]
usingthe Grove-Karcherfixed-pointtheorem WhenG is compactand H
is the unitary group of a Hilbert spacejt wassolved by dela Harpeand
Karoubi[9].

Our invariantsubmanifoldtheoremimplies an almost-homomorphism
theoremwhenG is finite andH is thegroupof diffeomorphism®f acom-
pact manifold. Our ultimate aim is to extend the almost-homomorphism
theoremo casesvhereG is acompacgroupandH is thegroupof smooth
bisectionsf aLie groupoid.(Seg[6].) Suchanextensiorwouldimply very
strongstructureheoremdor certaingroupoidsWe referto thelecture[30]
for an overview of thesepotentialapplicationsandtheir connectionwith
symplectigeometryDetailsof theseapplicationsvill appeain subsequent
papers.

An importantstepin our proofrequiresaveragingn aGrassmanmani-
fold. Thiscanbeaccomplishethy Cartan-Grage-Karchemveraging put we
get estimatedettersuitedto our purposedy identifying subspacesvith
projectionsand averagingthe projections.The averagingof projections
hasalreadybeentreated,in finite and infinite dimensionspy a number
of authorsover several decadesincluding de la HarpeandKaroubiin the
papercited abore. We review someof this work andderive the estimates
we needin anAppendix.

Thebodyof thepapeiis organizedasfollows. In Sect.2, we defineaC*-
distancebetweersubmanifoldf a riemanniarmanifold and,in termsof
this distancestateour maintheoremon invariantmanifolds, Theorem2.2,
which follows immediately from the averagingtheorem,Theorem?2.3.

2 SeeChapV of thecitedarticle.After finishingthispaper! lookedagainatthisreference
anddiscoveredthatWhitney useda centerof massconstructiontoo!
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Section3 develops estimateson geometricobjectsin tubular neighbor

hoodsthereademaywishto skimthissectionandreturnto it afterreading
Sect.4, wherewe first outlinethe proof of the averagingtheoremandthen
fill in thedetails.In Sect5, we discussomealternateapproacheto theav-

eragingof submanifoldsvhichmaybeinterestingn theirown right, though
we have not yet succeedeth implementingary of them.We concludein

Sect.6 with adiscussiorpossibleextensionf ourresultsandtherelation
of ourwork to otherareas.

In view of potentiakpplicatimsto almog acionsof compatLie groups,
we note that mostof our work extendswithout modificationto the case
where M is a Hilbert manifold, thoughthe submanifoldN mustremain
finite-dimensionalThereis justoneissue theapplicationof degreetheory
which now restrictsour mainresultto finite-dimensionaM.

We have not tried to find optimal valuesfor the mary constantsn the
estimatesn Sects.3 and4. Ratherthandenotingtheseconstantdy letters,
though,we have chosemumericalvalueswhich arevalid andwhich may
be recognizedwhen they reappearThe resulting constantsn the main
theoremsarethereforevery far from optimal. The readetis invited to find
betterones.

A word on notation: we will write d(-, -) to denoteall of the mary
distancefunctionsusedin this paper decoratingit with subscriptsonly
whennecessarto avoid ambiguity We will usebars| - | for lengthsof paths
andvectors,anddoublebars| - || for operatomorms.

Mary peoplehave offeredusefulsuggestion the courseof thiswork.
| would particularly like to thank David Aldous, EugenioCalabi, Marc
ChamberlandjostEschenhbrg, RobertGreene Mikhail Gromov, Karsten
Grove, HermanrKarcher Yi Ma, YoshiakiMaeda,andJamieSethian.

2. Boundedgeometryand distancebetweensubmanifolds

Let N beaclosedsubmanifoldof theriemanniarmanifold M. Thenormal
bundle vN c TM consistsof thosetangentvectorsalong N which are
orthogonalto TN. The openball bundleof radiusr in vN will be denoted
by v'N.

We definethenormal exponentialmap expy, to betherestrictionto vN
of the exponentialmapexp : TM — M. (If M is notcompletegexpy, like
exp, is definedonly on a properopenneighborhoof the zerosection.)
Thenormal injectivity radius iy of N is

supr| expy (is definedand)is anembeddingn v' N}.

(WhenN is a point, its normalinjectivity radiusis just the usualinjectiv-
ity radiusof M at that point.) The restrictionof exp, to v'NN is still an
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embeddingwe call its image7 N thetubular neighborhooaf N. For ary
r € (0,iy], theset

T'N = {x € M|d(x, M) <1} =exp(v'N)

will becalledther-tube aboutN.

Thebundleretractionin vN is transferredy expy to aretractionry :
TN — N which mapseachpoint of 7N to the nearespointin N. The
fibresof 7 will becalledthenormal slicesfor N.

2.1. TheGrassmanrbundle

Wewill denoteby GM theGrassmanbundleover M, whosefibre overeach
pointx is the(disconnectednanifoldof all finite-codimensionaubspaces
of thetangentspacel,M. We give eachfibre the Finslermetric described
in the Appendix.

Thesdfibre metricsdefinea supremuntdistanceonthespaceof sections
of GM overary subsebf M.

The Gaussmap of a submanifoldN is definedasthe sectionof GM
over N whosevalue at eachpoint is the normalspaceto N. This section
extendsin a naturalway to a sectionT'y : TN — GM definedover the
tubular neighborhoof N: we take the normalspaceso N andparallel
translatehemalongall thegeodesiceiormalto N. Theimageof 'y, when
thoughtof asa vectorbundleover thetubular neighborhoodwill becalled
thevertical bundle andits orthogonatomplementobtainedoy translating
thetangenspace®f N) thehorizontal bundle.

Theverticalbundlecontainghetangent/ectorsto thenormalgeodesics
but doesnotin generalcoincidewith the tangentoundlealongthe normal
slices.We will referto the latter asthe quasi-vertical bundle. (The two
bundlesare comparedin Sect.3.3.) The orthogonalcomplementto the
guasi-erticalbundlewill be calledthe quasi-horizontal bundle.

2.2. Boundedyeometryand C* distance

To definea geometricallymeaningfulC! distancebetweensubmanifolds,
we shouldmeasuraistanceandanglesn the sameunits.Sinceanglesare
dimensionlessye dothis by choosinga positive numberc whichfunctions
asa “unit of inverselength’ Givenc, we saythata pair (M, N) consisting
of a manifold M andits submanifoldN hasgeometry bounded by c if:

() in > 1/c; (ii) thesectionakunaturesof M in the1/c-tubeaboutN are
boundedn absolutevalueby ¢?; (iii) theinjectivity radiusof eachpointin
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thetubeis atleastl/c. If N is compact(M, N) necessariffhasgeometry
boundedby somec.

By rescalinghemetric,we canalwayscornvert geomety boundedby cto
geometnboundedy 1. (Notethatrescalinghe metricdoesnotchangehe
metricontheGrassmanmanifold.)Wewill thereforerestrictthestatement
of our resultsto this case,leaving it to the readerwho so desiresto put
thec’s backin. A pair (M, N) with geometryboundedby 1 will be called
agentlepair.

Remark2.1 Condition(iii) in thedefinitionof boundedyeometnyis usedn
only acoupleof placesbelon. Perhap®ur resultscanbe obtainedwithout
this condition.One examplewherethe conditionis violatedis a geodesic
circle N in averythin cylinder M.

If N andN’" aresubmanifoldof M suchthat N’ liesin 7N andis the
imageunderexpy of asectiono(N, N') of vN, we definetheir (nonsym-
metric! but seeRemark3.18) C!-distanced(N, N’) asfollows. We assign
two numbergo eachto eachx’ € N’: thelengthof the geodesicsegment
7 from X’ to the nearespoint x on N andthe distancebetweenT,, N’ and
the paralleltranslateof T,N alongr. The C!-distanced(N, N') is defined
asthe supremunof all thesenumbersasx’ rangesover N'. Sincethedis-
tancebetweertwo subspacesqualsthe distancebetweertheir orthogonal
complementgCorollaryA.6), we canusenormalspacesnsteadof tangent
spacesandinterpretd(N, N’) asthe maximumof the supremurmmorm of
o(N, N) andthe distancebetweenthe extendedGaussmap 'y andthe
GausanapI'y assectionf GM over N'.

We will occasionallyusea C° distanceaswell, definedsimply of the
maximumover N’ of thedistancdo thenearespointof N. Thisdistancés
definedfor ary pair of compactsubset®f ametricspace.

We cannow statethe mainresultof this paper

Theorem 2.2 Let M bea riemannianG-manifoldfor a compactgroup G,
andlet (M, N) beagentlepair. If d(N, gN) < € < 5= forall g € G, then

ther is a G-invariant submanifoldN with d(N, N) < 136,/.

Thistheorenfollows immediatelyfrom amoregeneraktatementanal-
ogousto Grove andKarchers centerof massconstructior{14] for points.

Theorem 2.3 Let M bea riemannianmanifoldand{Ng} a family of com-
pact submanifoldsof M parametrizedin a measuable way* by elements

3 Evenif M hasinfinite dimension!

4 We will not attemptto give a precisedefinition of this notion, which shouldinvolve
measurablelependencef derivativeson parameterso permitthe exchangeof integration
anddifferentiation.In the applicationsve have in mind, the parametespaces a manifold
andthedependencis smooth.
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g of a probability spaceG, sud that all the pairs (M, Ny) are gentle If

d(Ng. N) < € < e, for all gandh in G, there is a well definedcenter

of masssubmanifoldN with d(Ng, N) < 136,/¢ for all gin G. Thecenter
of massconstructionis equivariantwith respectto isometriesof M and
measue preservingautomorphismsf G.

Remark2.4 WhenG consistsof two pointswith equalmasseswe obtain
a naturalmidpoint constructiorfor pairsof nearbysubmanifoldsn arie-
mannianmanifold. We know of no simplerconstructiongven for pairsof
embeddedirclesin euclidearspace.

The numbers20000and 136 in the theoremsabove can certainly be
reducedf morecareis takenin the mary estimatesaisedin the proof. On
the otherhand,it is not at clearwhetherthe factor /e canbereplacedby
amultiple of € itself. Our proof doesshaw thatthe C° distancefrom N (or
Ng) to N is boundedby 10Q, but we do not seehow to getan estimate
linearin ¢ for thederivative. (SeeRemark3.14.)

3. Geometryin tubular neighborhoods

In this section,we will establishsome geometricestimatesneededfor
proving themaintheorem.

3.1. Estimateonthe secondundamentaform

Recallthat the secondfundamentaform B of N is definedfor a normal
vectorv andtangentvectorsw; atp € N by

BU(U)]_, wZ) = —<U, leW2>,

whereW; is avectorfield tangento N with W>(p) = w,, D is therieman-
nianconnectionand( , ) is theriemanniarinnerproduct® Thenorm| B||
is thendefinedasthe supremunof |B,(w, w)| asv andw rangeover unit
normalandtangentectorsrespectiely, andtheirbasepointangesover N.

Sincefocalpointsalonggeodesicaormalto asubmanifolccannoioccur
within the normalinjectivity radius,gentlenes®f (M, N) impliesthatall
focal pointsto N occurat a distancegreaterthan1 from N. This factand

5 Wefollow thesignconventionusedby Warner29] (following [4]) andEschenhbrg [10].
This conventionis consistentvith theinterpretatiorof the secondundamentaform asthe
“first variationof the metric} but mostauthorsusethe oppositesign, consistenwith the
directionof principal cunaturevectorsof curvesin a submanifold.Lang [21] introduces
secondundamentaformswith bothsignsasthe off-diagonalentriesin asingle2 x 2 block
matrix.
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Proposition3.1belov will imply aboundfor thesecondundamentaform
of N (Corollary3.2).

Proposition3.1 Let v and w be unit normal and tangent vectos respec-
tively at p € N. Supposehat B,(w, w) = —b for someb > 0 and that
thesectionalcurvatuesof M are boundedabove by —1. Thenthegeodesic
sgmenty with initial velocityv andlengthL containsat leastonefocal
pointto N aslongasb > 1/L + L /2.

Proof We usea standardagumentto shawv thattheindex form of ¢ (with
appropriatdboundaryconditions)is not positive definite.

Using paralleltranslationanda slight abuse of notation,we represent
ary vectorfield X alongy by afunction X : [0, L] — T,M. Theindex
form onthespaceof suchX with X(t) € T,N andX(L) = O is definedby
theintegral:

L
(X, X) = B,(X(0), X(O))+/0 (X', X'()) — (ROX(D), X(®))) dt,
whereR(t) is the operatomivenvia the Riemanncunaturetensoras

X= Ry ('), X)y'(1).
For the“linearly decreasing¥ectorfield X(t) = (1 —t/L)w,

L
(X, X) = By(w, w) —I—/ ((1/L?) — (1 —t/L)(Rtw, w))dt
0

L
= —b+1/L —f (1 —t/L)(Ryw, w)dt.
0

Sincethe sectionakunaturesareatleast—1,
L
(X, X) < —b+1/L +/ (1-t/Lydt= —b+1/L +L/2
0

Whenb > 1/L + L /2, I(X, X) < 0, sotheremustbe at leastonefocal
pointony.
U

Corollary 3.2 If (M, N) is a gentlepair, thenthesecondundamentatorm
of N satisfieghebound| B|| < 3.
Proof Thedistancdrom N toary focalpointisatleastl. If |B, (w, w)| > g
for someunit vectorsv andw, we canchangethe signof v if necessaryo
assurdhatB,(w, w) < —g, andProposition3.1 leadsto a contradiction.

O
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3.2. Comparisorof curvesonandnear N

The following lemmashaws thatthe retractionzy : 7N — N doesnot
increasdengthstoo much.

Lemma 3.3 Let(M, N) beagentlepair. Leto beapathin ther -tubeabout
N for somer < 3. Then

(cosr — Zsinr)|zy o o] <ol (1)

(Thefunctionin parenthesesleceaseswith r and takes the valuesl at
r=0,.59... atr = ;,and.15... atr = 1)

Proof Assumehato is definedontheinterval [0, 1] andconstruct “rect-
angle”X : [0, 1] x [0, 1] — M asfollows: for eachs € [0, 1], s+— X(s, 1)
istheminimizinggeodesidrom mr\ (o()) to o(S), parametrizegroportion-
ally to arclength.Correspondingangentvectorsto o andmy o o arethus
theterminalandinitial valuesof N-Jacobifields alongnormalgeodesics.
By Warners generalizatiorof the Rauchcomparisortheorem([29], Theo-
rem 4.3(b)), usingthe upperbound1 for the sectionalcunatureandthe
boundB, ) > —%I (Corollary3.2) onthesecondundamentaform of N,
we obtainthe inequality|o’(s)| > (cosr — gsinr)|(nN o o) (9)] for all s,
which gives(1).
]

Corollary 3.4 Let (M, N) be a gentle pair, x and y points of the %-tube
aboutN sud thatd(x, y) < 3. Then

d(@n(X), Tn(Y)) < 7d(X, Y).

Proof A pathof lengthlessthan 3 from x to y remainsin the 3-tube
aboutN. Lemma3.3givesthedesirednequalitysincel/.15 < 7.

O
A similaragumentgives:

Corollary 3.5 For a gentlepair (M, N), let x and y be pointsof N sudt
thatdw (X, y) = a < 3. Then

dv(X, y) < dn(x, y) < 3 1adM(X, y) < 7dm(X, y).

cosia — 2sini
Remarlk3.6 This estimateandthe onesto follow cansurelybe sharpened,

but theversionswhich we give sufiice for our purposes.
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3.3. \ertical andquasi-verticalbundles

The quasi-ertical bundle, tangentto the normal slicesfor N ¢ M, is
generallynot parallelalong normalgeodesicaind thus doesnot coincide
with the vertical bundle. We will estimatethe distancebetweenthe two
bundlesby estimatingthe covariantderiative of the quasi-ertical bundle
alongnormalgeodesics.

Proposition 3.7 For x € TN, thedistancebetweerthe quasi-verticaland
vertical spacegs at most%d(x, N)2. Thedistancebetweerthe projections
onthis spacess at most%d(x, N)2.

Proof. Tangentwectorsto normalslicesarethevaluesof thoselacobifields
alongnormalgeodesicsanishingon N andwith derivative therein vN. Let
X(t) besuchafield alongthegeodesig/(t), parametrizethy arclength.The
initial dervative X'(0) belongsto v, N; for conveniencewe take it to be
aunit vector As in the proof of Proposition3.1, we identify all thetangent
spaceslongy with T, M by paralleltranslation.

SinceX(0) = 0,wewrite X(t) = tX'(0)+Z(t). ThenZ(0) = Z'(0) = 0,
and Z"(t) = X’(t) = —R(t)X(t) by the Jacobiequation.The curvature
estimate||R(t)|| < 1 givesfirst of all the estimate|| X ()| < sinht, so
IZ"(®)|| < sinht. Integrationgives| Z'(t)|| < cosht — 1 andthen| Z(t)|| <
sinht —t < t3/6. Then| X(t)/t — X'(0)| < t?/6 and| X(t)/t|| > 1 —t?/6.

Thetypical quasi-ertical unit vector (X (t) /t) /|| X(t) /t|| is thuswithin
distance

t?/6 t?
- T < —
1-12/6 — 5
of theverticalvectorX’(0) /|| X(t) /t||, fromwhichit follows (for t < 1) that
thedistancebetweertheverticalandquasi-erticalspacest x = y(t) is at
most
sin~1(t?/5) < t?/4 = d(x, N)?/4,

while the differencebetweenthe projectionson thesespacess at most
zd(x, N)%.
]

An estimatefor the covariant derivative of the quasi-ertical bundle
in non-\ertical directionswould simplify our later considerationshut we
have not beenableto find suchanestimaté. Insteadwe will estimatethe
covariantderivatives of the vertical bundleandthenuseProposition3.7 to
shuttlebetweerthetwo bundles.

6 The difficulty seemdo berelatedto the factthata boundon cunaturedoesnotimply
a boundon the derivatives of Christofel symbolsin normalcoordinatesseethe example
onp.34o0f [18].
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Proposition3.8 Let (M, N) bea gentlepair, I'y its extendedGaussmap,
and Pr,, the field of orthagonal projectionsonto the image of I'y (the
vertical bundle). Thenthe covariant derivativeDPr,, a field of mapsfrom
Tl\l/l to End TM, hasopemtor norm boundedpointwiseby 11 on thetube
TzN.

Proof We estimateDPr, along N in termsof the secondfundamental
form of N, thenwe extendthe estimateinto the tubular neighborhoody
differentiatingalongthe normalgeodesics.

Along N, D,Pr,, is zeroif v is vertical, by the definitionof I'y. If w
is horizontal,D,,Pr, is a symmetricoperatorwhich exchangeshorizon-
tal and vertical spacesFor vertical v and horizontalh, it follows easily
from thedefinitionof thesecondundamentatormthat((D,,Pr, ) (v), h) =
B,(w, h). Along N, then, ||DPr, || = ||B||, which s at mostg by Corol-
lary 3.2.

ToestimateDPr,, atapointx € 7 N, welety betheunitspeedyeodesic
sggmentfrom my(X) to X andestimateD,, s DPr,. Let Y beaunit length
vectorfield on a neighborhoodf y suchthaty is anintegral curve of Y.
For ary unit vectorv € T4M, we canfind avectorfield Z neary suchthat
[Y,Z] =0andZ(x) = v.

Now DyszrN = DZDYPI‘N + [RY, Z),]P)I*N]. But Dy]P)I*N = 0,
Y]l = 1,and||Pr,| = 1,s0|IDyDzPr| < 2||R]|l |Z]|, andhence

ID,Pryll < 3 +dx N)- 2[RI sup [[Z(¥(s)].
0<s<d(x,N)

Sincethesectionaturvaturesareboundedn absolutevalueby 1, ||R| <
g‘ (see86.1in [5]), soit remainsonly to estimatehe sizeof Z alongy . For
this purposewe constructa particularchoiceof Z by formingtherectangle
(asusedin Lemma3.3) consistingof minimizing geodesicérom N to the
pointson the geodesiawith initial vector Z(x) = v andletting Z be the
variationalvectorfield. Z is an N-Jacobifield alongy, sowe canestimate
it usingWarners comparisortheoren29]. Asin Lemma3.3,we conclude
fromWarnerstheoremnthat| Z(y(s))| > (coss—%sins)HZ(y(O))H foralls.
Settings = d(x, N), weget: || Z(y(0))|| < (cosd(x, N) — %sind(x, N)) 1,
whichis lessthan7if d(x, N) < 3.

Now themaximumof || Z(y(s))|| mightoccurataninteriorpointy(sy) of
the sggment.If thathappenswe musthave D,y Z L Z(). In thatcase,
we canuseWarners theoremagain,comparingwith the situationwhere
theinitial manifoldis totally geodesicto getan estimatesven betterthan
before.

Our conclusionis that sugy_s- g 1Z(¥(9)]l < 7, sothat |DPr || <
$+i.2.4.7<11

O
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3.4. Thepotentialfunctionof a submanifold

Onthetubular neighborhood™ N, the distancefunctionfrom N, pn(X) =
d(x, Tn (X)) = || exp ()], is singularalongN, but Py = 13 is smooth
andhasN asanondgenerateritical manfold (of absoluteminima).Wecal
Pn thepotential function of N, thinkingof N astheattractingmanifoldof
a“linear” attractingforcefield. Thepointsof N canalsoberecoreredfrom
Pn asthe nondgenerateminimum pointsof its restrictionsto the normal
slices,to eachnormalslice, or equivalently asthe zerosof the projection
of the gradientV Py into the quasi-ertical bundle. This descriptionof N
will be mostusefulto us, sincethe projectedgradientis transerseto the
zerosectionin the quasi-\ertical bundle.We will be proving Theorem2.3
by identifying the invariantsubmanifoldN asthe zerosetof aninvariant
objectobtainedby averagingV Py over G andprojectinginto anaveraged
verticalbundle.

We will needestimateson the hessianHy = DV Py, afield of sym-
metricbilinearformsonthetangenspace®f 7N definedby Hy (X, Y) =
(DxV Py, Y). Estimatedor this hessiarwhenN is a pointaregivenin [5]
(Proposition6.4.6)andplay animportantrole in applicationsof the center
of massconstructionWhendimN > 1, the estimatesare more compli-
cated sincethe hessiarbehaesquite differentlyin horizontalandvertical
directions.

To calculatethe hessianof Py, we adaptthe methodof Gray [13],
who useda Riccati equationto study the secondfundamentalforms of
the boundariesof the r-tubes,i.e. of the level hypersuricesof Py. His
analysisusedthegradientUy of thefunction py, which hasthe sameevel
hypersurdces SinceUy is theunit outwardnormalto thesehypersuréces,
the hessianSy = DUy gives the secondfundamentalform of the tube
boundariesThe covariant derivative of the tensorfield Sy in the radial
directionsatisfiegshe Riccatiequation

DuySv = & + Ru,

where Ry is the field of operatorsobtained(as one doesfor the Jacobi
eguation)by contractingthe radial vector field twice with the Riemann
cunaturetensorR of M; i.e. Ry (X) = R(Uy, X)Uy. TheRiccatiequation
determinesSy in the tubular neighborhoodonce we know its behaior

along N. But Sy, like Uy, is not even definedalong N, so this initial

behaior mustbe describedasymptotically This point is dealtwith only
briefly by Gray, sowe paraphraséerethe following resultof Eschenbrg

([10], 86.1).

Proposition 3.9 Alongaunitspeedjeodesigz emanatingnormallyfromN,
the solution Sy of the Riccati equation has the asymptoticexpansion
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S\(y(t) =t71S 1 + S+ O(t), whee S_; and § are in blodk matrix form
with respecto thedecompositionto horizontalandvertical subspaceas

follows:
[0 0| O
S1= [0 0] = [0 By'(O)]

Unfortunatelythe proof of this Propositionseemso belongto folklore
ratherthanliterature.Neverthelessye will not write a proof here,either
(The proof is a nice exercisein the use of Fermi coordinatesor Fermi
frames[13].)

We returnnow to thehessiarHy = DV Py. Differentiatingtherelation
VPN = pnVon Yields

Hn = Uy ® Un + oSy,

whereUy ® Uy istheoperatoiof orthogonaprojectionontotheunit vector
field Uy. As the hessiarof a smoothfunction, Hy is definedthroughout
thetubular neighborhoodandits valuesalongN arequiteeasyto compute.
In fact, since Py is critical at all pointsof N, we cancomputethe hessian
atary suchpointasthe secondderivative matrixin ary coordinatesystem
for which the coordinatevector fields form an orthonormalbasisat that

point. Fromthis obsenration,it is easyto check(seebelow) thatHy is block

diagonalwith respecto the normal-tangensplitting of TM alongN. On

thetangentbundle TN, Hy is zero,while it equalsthe riemannianmetric

onthenormalbundlevN.

Sinceit is not Hy but ratherthe singularfield

Sv = (I/pn)(Hy — Un @ Un)

whichsatisfiegheRiccatiequationtheinitial conditionsrequiredfor deter
mining or estimatinga solutionalsoincludethe normal(covariant)deriva-
tive of Hy along N. It is herethat the secondfundamentaform of N
appearsaswe sav in Proposition3.9 and one may easily checkin the
simpleexamplewhereN is acircle in theeuclidearplane.

3.5. Estimatedor thehessian

Wewill usethefollowing estimateof Eschenbrg andHeintze[11] onsolu-
tionsof Riccatiequationdo estimatethe hessiarof the potentialfunction.

Theorem 3.10(Eschenlurg—Heintze[11]) Let S (t) and S;(t) be maxi-
mal solutionsof the Riccatiequations

S=S+R

definedor 0 < t < t; with valuesin symmetrianatricessud that:
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(1) U:= S — S hasacontinuousextensiontot = 0 with U(0) > 0;
(2) R;(t)isasmoothfunctionwith Ry(t) > Ry(t) forall t > 0.

Thent; <ty,andS; < S on(0,ty).

Werecallthataninequalityof theform P < Q betweersymmetrianatrices
meanghatthedifferenceQ — P is positive semidefinitelt impliesthatthe
maximal eigevalue of P is lessthanthat of Q. As a consequenceahe
inequality —cl < P < cl for a positve numberc implies the bound
IIP]l < contheoperatomormof P.

We will useTheorem3.10to estimatehe hessiarof the potentialfunc-
tion for a gentlepair, by comparisorwith manifoldsof constanturvature
+1.Qurfirststepwill beto examineandestimatahesolutionsof theRiccati
equatiorwhenR(t) is aconstanmultiple of theidentity matrix.

It sufiicesto considerthescalarcasej.e.theequations

§s=¢+1

for areal-\aluedfunctions(t) definedfort > 0. We mustconsidetwo kinds
of boundaryconditions,correspondingo the verticalandhorizontalcases
in thegeometricsituation.

For theverticalcaseg(directionsnormalto N andtheir paralleltranslates
alongnormalgeodesics)we choosethe solutionwith a pole at 0, namely
— cott whenthesignof thecunature+1 is positve and— cotht whenit is
negative. For conveniencewe will sometimesisethe notationcot, for cot
andcot_ for coth aswell ascot, to denotewhicherer is appropriatethus
thegenerakolutioncanbewritten as

Ser(t) = cot. t.

For the horizontalcase(directionstangento N andtheir paralleltrans-
lates along normal geodesics)we take the solution with initial value b
(which canbe positive or negative), whichis

tan.t+ b

) = ———.
Shor(D) 17 btan: t

We will now estimatethe function h(t) = ts(t) on the intenal [0, 1],
sinceit is this productratherthans(t) alonewhich givesthe hessiarof the
potentialfunction.

For the vertical direction, we have hy(t) = tcot.t (notice that the
pole hasdisappearedsit should).With positive curvature,h(t) decreases
from latt = Otocotl ~ .642... att = 1. With negative curvature,h(t)
increase$rom 1 att = Oto cothl ~ 1.313... att = 1. Thus,we have the
estimate

64 < hye(t) <132 for 0<t < 1.
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Noticethatthis estimatealsoappliesto the hessiarin the radialdirection,
whichis identically1, eventhoughtherelationbetweerthe hessiarandthe
Riccatisolutionis morecomplicatedn thatcase.

Forthehorizontaldirection wewill needonly anupperboundandthere
is no pole to worry about,so we can estimates,q, first and multiply by t
afterward. For positive cunature,

tant +b

= —
Shor(D 1 — btant

is monotonicallyincreasingn b, sowe cansetb = g by our estimateon
the secondundamentaform underthe assumptiorof boundedgeometry
This givesus

tant + 3

D < ——=.
|Shor( )| 1_ gtant

To keepthe denominatouundercontrol, we will requirethatgtant < %
i.e.tant < % which is satisfiedwhent < .321.... To keepthe numbers

simple,we will requirethatt < ;11, which leadsto the upperboundof 13,
which for simplicity we replaceby 3. This givesusthe estimate

Ihhor(®)| < 3t for O<t<7.

We areleft with the nggative case.But sincetanhgrows more slowvly
thantan the estimatdrom the positive casestill applies.

Summarizinghe estimatesbove andapplyingTheorem3.10,with the
initial conditionsgiven by Proposition3.9 givesthefollowing:

Proposition3.11 Let(M, N) beagentlepair. Ata pointof M with distance
r < %1 from N, the hessianHy whenexpressedn blodk matrix form with
respecto thedecompositiolinto verticaland horizontalparts satisfieghe

inequality:
641 0 1321| 0
[o —3r|]<HN<[ 0 3r|] o

Corollary 3.12 Onthe %-tubearoundN, IHnIl < 1.32

Proof. Thestatementollows fromthebound—.751 < Hy < 1.321.

O

Corollary 3.13 Ata pointof M with distance < ;11 fromN, for a horizon-
tal vectorv anda vertical vectorw, |Hy (v, w)| < 3JF ||lv]| [[w].
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Proof. We mayassumeéhatv andw areunit vectors.By Proposition3.11,
[Hn(v, v)] < 3r and.64 < Hy(w, w) < 1.32. In addition,for ary real
numbert, Hy (tv + w, tv + w) < 3rt? 4+ 1.32. Thusthe quadratidunction
t — t>(Hn(v, v) — 3r) 4 2tHn (v, w) + Hy(w, w) — 1.32is negative for
all t andhencaits discriminanis negative. So4Hy (v, w)? < 4(Hy (v, v) —
3r)(Hn(w, w) — 1.32) < 4. 6r - 0.68 Therefore,H3 (v, w) < 4.08, and
so|Hn (v, w)| < 34/r.
]

Remark3.14 Thesquareootin Corollary3.13is responsibldor the pres-
enceof /e ratherthane in the estimatesn the main theoremslt seems
plausiblethatthesquareootcouldberemaovedhere sincetheoff-diagonal
block of Hy is zeroalong N, andsoit mustgrow linearly with r on ary
particularmanifold. Becausef the singularnatureof therelationbetween
Sy and Hy, though,we have not beenableto geta linearboundwhich is
uniformfor all gentlepairs.

3.6. Geometryelativeto nearbysubmanifolds

In this sectionwe estimatehe differencebetweergeometricobjectsin the
tubular neighborhoodsf two nearbysubmanifoldsTo begin, we shav that
theretractiondo nearbysubmanifoldsirecloseto oneanother

Lemma 3.15 Let(M, N) and(M, N’) begentlepairssudthatd(N, N') < 1,
andletx € M withd(x, N) < . Thend(mrn(X), Ty (X)) < 14d(N, N')
andd(rrn (X), 5 (X)) < 15d(N, N').

Proof. Let w = nn(X), ¥ = v (X), andz = mn(Y). Let € be the unit
tangentectorat y to thegeodesiceggmentyx, let n bethe paralleltranslate
of &£ to zalongthegeodesicegmentyw, andlet ¢ bethenearestinit vector
to n in thenormalspacev,N. Letr ands be the endpointsof the geodesic
sgmentszr and zs with initial directionsny and¢ respectiely, eachwith
thesamdengthasyx. Wewill shav belaw thatd(x, r) andd(r, s) aresmall.
The resultingestimateon d(x, s), combinedwith Lemma3.3, will give us
anestimateond(w, z), whichwill leadto theresult.

Toestimatal(x, r), weobserethatx andr aretheendpoint®f geodesic
segmentsdepartingfrom y and z with initial tangentvectorsrelatedby
paralleltranslatioralongthegeodesigz. It followsthatd(x, r) < Ad(y, 2),
where is a boundon the growth of a Jacobifield with initial derivative
0 along a geodesicsggmentof lengthd(x, y), underthe assumptiorthat
sectionakcunaturesare> —1.

We write « for d(N, N’) and g for d(x, N). Sinced(x, y) < d(x, N) +
d(N, N) = B + a, we cantake , = coshB + «), andsinced(y, z) <
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d(N, N') = « we have
d(x,r) <acoshp + a).

For d(r, s), we usethe factthatr ands arethe endpointsof geodesic
sgmentswith the sameinitial point, length at mosta + 8, and initial
(unit) tangentvectorsmakinganangleof atmosta with oneanother(since
dT'n(2), 'v(2) < d(N, N') = «). TheusualJacobifield estimateusing
againthelower boundof —1 on curvature,gives

d(r,s) < asinh(B + a),
andhence
d(x, s) < a(coshp + a) + sinh(f + a)) = ae’™® < aed < 2a.

By Corollary 3.4, d(w, 2) < 14a. Sinced(y, 2) < «a, thetrianglein-
equalitygivestherequiredestimatefor d(mry (X), 7 (X)).
O

Next we estimatehedifferencebetweerthetangentvectorsfrom a point x
to the submanifoldsN andN’.

Lemma 3.16 Let(M, N) and(M, N’) begentlepairssud thatd(N, N') <
=, andletx € TN besud thatd(x, N) < 3. Thenthedifferencebetween
the initial tangent vectos &y(X) and &y (X) of the minimizinggeodesics

fromx to wn(X) andmy (X) respectivelys lessthan 475 d(N, N').

Proof Asin Lemma3.15,weleta = d(N, N’). Accordingto thatlemma,
we canconnectry (X) to n (X) by a pathe of lengthlessthan15x < 1—30.

Sincethedistancdrom x to N is Iessthan;ll, all the pointsof o arewithin
adistancel of x, sothatwe canlift o by theexponentialmapat x to apath
¢ in thetangentspaceTyM andtherebyproducea smoothfamily {ys} of
geodesicseggmentsjoining X to the pointsof . Note that5(0) anda (1)
equalén (X) andéy (X) respectiely.

We estimatahelengthratio |o| /|| by usingthe Jacobifieldsalongthe
segmentsys. Sincethesectionakunaturein M is boundedabove by 1, the
segmentshave lengthlessthanl, andsinx/x > % for 0 < x < 1,wehave

theestimate

lo1/16] > 3.
% <150 = 47501 is thereforeanupperboundfor thelengthof & andhencefor
thedifferencebetweerty (X) andéy (X).

O

Finally, we estimatethe distancebetweerthe extendedGausanapsof
nearbysubmanifolds.
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Proposition3.17 Let (M, N) and (M, N') be gentle pairs sud that
d(N, N) < % If x € T%N, thend(T'n(X), T (X)) < 25Qd(N, N').

Proof Lety = mn(X), w = n(X), andz = wn(y) = anan(X). The
polygonxyzwx is definedto consistof sggmentsvhicharegeodesicin M,
exceptfor zw, which is taken to be a geodesidn N. We lift the polygon
xyzwX to GM asfollows. Onthe sggmentsxy andyz, we take the parallel
section'\; notethat

d(T'n(2), Tn(2) < d(N, N') < a.

At this point, we jump to I'y(2), which we paralleltranslateto w along
thegeodesizw in N. Arriving atw, we have a spacevhosedistancerom
I'y(w) is Iessthang (our boundfor the secondundamentaform of N’)
timesthelength|zw|. Finally, wejumpto I'y (w) andparalleltranslatét to
x alongthe normalgeodesiavx to arrive at I'y (X). The distancebetween
the startingandendingvaluesof our sectionis boundedabore by the sum
of the sizesof the jumpsat z andw and 2-7 timesthe distancefrom the
identity to the operatorH of holonomyaroundxyzwx.

Let o = d(N, N). By Lemma3.15,d(z, w) < 1l4«; hence,|zw| <
7 - 14a < 10Qx by Corollary 3.5, andso the jump at w hassize at most
15Q. Thedistancal(l, H) fromtheidentityto # is boundedy theproduct
of the cunvature (< 1) andthe areaof a surface spanningthe polygon.
We build sucha surfacé with the minimizing geodesicdrom x to the
pointson the sgmentsyz and zw. All thesepointsarewithin a distance
dix, N) + 2o < % + 2o < 2 of x, andJacobifields alongthesegeodesic
segmentswith the valuezeroat x arealwaysincreasingn length(nofocal
points),sotheareaof the suriaceis at most

2(d(x, N) + 20)(lyz| + |zw]) < (3 + D(e + 10Qv) < 130
Addingthe estimatedor thejumpsandtheholonomywe concludethat

d(Cn(X), T (X)) < @ + 150y + 272 - 130y < 25Qx.
O
Remark3.18 We can derive from the results of this section a crude

“gquasisymmetry”estimatefor the C! distance:if d(N, N') < %1, then
d(N’, N) < 25Qd(N, N").

7 This is one of the placeswherewe use Condition (iii) in the definition of bounded
geometryseeRemark2.1.
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4. The main theorem

In thissectionwe will prove Theoren?.3,0f whichTheoren®.2is adirect
consequenceé-or cornveniencewe repeathe statemenof theformer:

Theorem 2.3 Let M be a riemannianmanifold and {Ng} a family of
compacsubmanifold®f M parametrizedn a measuablewayby elements
g of a probability spaceG, sud that all the pairs (M, Ny) are gentle If

d(Ng, Np) < € < ﬁooofor all gandh in G, there is a well definedcenter

of masssubmanifoldN with d(Ng, N) < 136/« for all gin G. Thecenter
of massconstructionis equivariantwith respectto isometriesof M and
measue preservingautomorphismsf G.

Proof. We bggin with anoutline of our proof andleave detailsto a series
of lemmaswhich follow.

For eachg in the parametespaceG, thepotentialfunction Py = Py, is
definedon the tubular neighborhood" Ny. On the intersection7” of these
neighborhoodgheaverageover g of thefunctionsPy is afunctionP whose
gradienis theaverageof theV Py. TheGaussnapsl'y = I'y, areall defined
on 7 aswell, andsincethe manifoldsN, areC* closeto oneanotherthe
averageof the I'y (by the constructionin the Appendix)is a well-defined
sectionl” of theGrassmaniundle.ThezerosetN of the projectionPV P
of VP into the averagedvertical bundle T(7") is obviously an invariant
subsebf M.

To seethatN is a smoothmanifoldwhichis C* closeto all the Ng, we
choosea basepointe in G andlook at the restrictionof PV P to eachof
the normalslicesfor Ne. To studytheserestrictionswe make PV P into
avectorfield alongthe normalslicesby applyingthe projectionPq, into
the quasi-wertical bundle (tangentgo the normalslices)for Ne. Sincethe
verticalandquasi-ertical bundlesareclose,by Proposition3.7,Pq, gives
anisomorphismbetweerthe two bundles,and N is againthe zerosetof
the vectorfield £ = Po PV P alongthe normalslices.(We notethat¢ is
neitherinvariantnor a gradient but thisis nota problem.)

Combiningseveral estimatedrom Sect.3, we will shav thatall the
zerosof Po PV P arenonsingulawith index +1 alongthe normalslices,
andthatPo P=V P pointsoutward alongthe sphereof radius100 in each
slice.As aresultthereis auniquezeroinsidethatsphereandthecollection
of all thesezerosformsamanifoldwhichis transerseto the normalslices
and,in fact,is C* closeto Ne. Sincee wasarbitrary we getC* closenessf
N to all the Ng, andwe aredone.

Remarkd.1 The agumentsin the precedingparagraplrequire M to be
finite dimensionalTo extendtheresultto theinfinite-dimensionatasewill
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requirefurther analytic estimatesn the projectedgradient,so that some
infinite-dimensionatiegreetheorycanbeapplied.

Wewill dividethedetailedproofinto aserieof stepsusingtheassump-
tion thatthe (M, Ny) aregentlepairswith d(Ng, Nn) < € for all g andh.
Wewill addrestrictionsone asnecessary.emmaswill beembeddedh the
proof; theendof the proof of alemmawill beindicatedby thesymbolA.

Stepl. To begin, we establisha region on which all the potentialfunctions
aredefined.

Lemmad4.2 For anyr suhthate < r < 1, 7" = Ngec7" Ny contains
T <N, for everyhin G.

Proof If x € 777¢Ny, thenthereisay € N, with d(x,y) < r — ¢. For
ary g, sinced(Ng, Np) < ¢, thereis azin Ng with d(z, y) < €. Then
d(x,2) <r,andsox € 7' Ng. Thus7" <N, is containedn each7™ N,.

A

We will leave r undeterminedor the momentand study geometryin the
G-invariantsubset7™.

Step2. TheGaussnapsl'y = I'Ng areall definedon7". Wewill shaw that,
whenr ande aresufiiciently small,they arecloseenoughto oneanotheiso
thattheirvaluescanbeaveragedy themethodof the Appendixto produce
anequiariantGaussmapr. This averagedGaussmapis closeto boththe
verticalandquasi-ertical bundlesof the N.

Lemma4.3 Ifr < 7 ande < 15, thentheaveliage T'(x) of thesubspaces

I'4(X) C TxM canbeconstructedy PropositionA.8for eadi x € 7', with
the Finsler distanced(I"(x), I'q(X)) < 100G for all g in G. Themapping
I : 7" — TM is smoothand G-equivariant,and the constructionof I
from the family {Ny} is equivariantwith respectto isometriesof M and
measue preservingautomorphismsf G.

Proof Sincex hasdistancelessthanA—l1 from eachNg, andd(Ng, Np) < e,
Proposition3.17 givesthe estimated(I'y(X), I'n(X)) < 250 < %1. Propo-
sition A.8 thenproducesn eachtangentspacelyM anaveragedsubspace
T'(x) with d(T'(x), [g(x)) < sin(3- 25Q) for all g. Sincesin™ x/x < 3
when0 < x < 2, we concludethatd(T'(x), T'g(x)) < 100G
Theequivariancepropertiesf I' andits constructiorfollow from theab-
senceof arbitrarychoicesin theconstructionThesmoothnessf I follows
from the correspondingssertiorin PropositionA.8 (usinglocaltrivializa-

tions).
A
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Lemma4.4 For eadh x in 7" and g in G, the distancefrom T'(x) to the
quasi-verticalspaceQq = kerTymy, is lessthan 100G + %rz.

Proof. Addtheestimatesn Propositions3.7andA.8.

Step3. Theaveragedpotentialfunction

G

is definedon 7. Sincethemetricis invariant,
VP = / V Py dg.
G

Lemma4.5 Ifr < &, e < &, andx € 7', then

— 45
IVP(X) — VPy(X)|| < ?e.

Proof By theusualaveragingagument,t sufficesto checkthat
45
IVPg — VB < ?e

forall gandhin g. Observinghat—V Py(X) is justtheinitial tangenvector
of the minimizing geodesidrom x to Ng, we getthe resultimmediately

from Lemma3.16.
A

Step4. As indicatedin our outlineof the proof, we defineN to bethesetof
zerosin 7" of the projectedgradientvectorfield PV P. It is obviously a
G-invariantsubsebf M. To studythis zeroset,wefix areferenceelemente
of G andreplacePrV P by its projectionPq PV P into the quasi-ertical
bundle Q¢ for Ne. Sincethis projectedfield is tangento the normalslices
for Ne, it will have atleastonezeroin eachnormalsliceif we canshaw that
it pointsoutward alongsomespherej.e. if it hasa positive inner product
with V P.. Aslongasthehypothesesf Lemma4.3aresatisfiedLemma4.4
impliesthatthe distancel|Pr — Pg,|| is lessthansin(1 + 1—16) < 1, sothe
projectionfrom the averagednormal bundle into the normalslicesis an
isomorphismandthe zerosetis not changedTo simply formulas,we will

denotethe “doubly projectedgradient” vector field Po PrVP(x) by the

symbolV.
Lemma4.6 If e < .22—150
(V, VPe(X)) is positive

and9% < d(x, Ne) < ;11, thentheinner product



Almostinvariantsubmanifolddor compacigroupactions 73

Proof. Let p = d(X, Ne). Underthe assumptionsf the Lemmai,it follows
from Lemmad.4andPropositiorA.4 that|| Po, —Prl| < sin(33R+1L) < 1,
andfrom Lemma3.16that||[VP — VPe|| < e < 13p.

Then

(V, VPe(X)) = (Po,PEVP(X), VPe(X)) = (VP(X), PEV Pe(X))
= (VPe(X) + (VP(X) — VPe(X)), [Pq, + (Pr — PQ,)| V Pe(X))
= (VPe(X), VPe(X)) + (VPe(X), (P — Pg.) V Pe(X))
+ (VP(X) — VPe(X)), V Pe(X))
+ (VP(X) — VPe(X)), (Pr — PQ,)V Pe(X))
> p*—[p- 3P+ 1050 P+ 108p - 3 - P] > 1p0° > 0.
A

Following Lemma4.6,we requiree < =, andsetr = 10C. Thentheset

N intersecteachnormalsliceatleastoncein 7.

Step5. We will shaw thateachzeroof V is nondgeneratevith degreel
whenrestrictedto a normalslice. It will follow that N is a smoothsection
of the retractionsy,, with the C° distancefrom Ne to N lessthan 10C.
Theestimateusedto establismondgenerag will alsogive usthedesired
boundon the C! distanced(N, Ng). For our considerationfn this section,
we requiree < sst5,

At eachpointx of N, the projectedgradient), beingzeroatthatpoint,
hasan intrinsic derivative DY which is a linear map from T,M to the
guasi-ertical spaceQ, at x. We will shav that DV is surjectie with
positive determinantvhenrestrictedto Q.. Fromthis, it will follow from
theimplicit functiontheorenthatN is asmootimanifoldwhichisthegraph
of asmoothsectionof theretractiorry,. By our constructiorin Step5, the
CO distancefrom N, to N lessthan10Ce. In fact, sinceary elementof G
couldhave beenchoserase, andthe definitionof N is independenof this
choice the C° distancefrom eachNg to N lessthan100e.

Sincethetangenspaceo N atx is thekernelof DV, we will beableto
estimatethe C! distanceby comparingthe sizesof the restrictionsof DY
to Qe andits orthogonakcomplementAlthough DV is definedonly at the
zerosof V, it agreegherewith anobjectdefinedthroughout7™, namelythe
covariantdervative DV, consideredasthe operatorv — D, ). (Although
thevaluesof DV do notgenerallyie in Qe, they dolie in thereatthe zeros
of V, aswe shallsee.)

To simplify notation,we will denotethe operationof averagingover G
by A. Then

DV = DPq,PrV.AP,
= (DPq,)PrAV Py + P (DPR).AV Py + Po PrDAVP, .
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We analyzethelastexpressiorabove termby term.

The first term, (DPq,)PrV.AP,, is zero alongthe zeroset N of the
projectedgradientPrV.APy = PrVP.

Fortheseconderm,wehave||Pq, (DPr). AV Py|| < [[DPr| supy IV Pyl
By Proposition3.8, this is boundedaborve by 11 timesthe distancefrom
Ng,i.e.by11-100 = 110G.

In the lastterm, P PFDAV Py = APq PrDV Py, thefactorDV Py is
the hessiarHy,, whichwe will denoteby Hq. Using Proposition3.11,we
will estimatethe expressionP . PrD, V Py by looking at the inner product
(Po PrD,V Py, w) = Hg(v, Prw), wherew is an arbitrary quasi-ertical
vector We analyzeseparatelyhe casesvherev is quasi-erticalandquasi-
horizontal.SinceProposition3.11 usesthe splitting into verticalandhori-
zontalspacesye have to estimateseseral“correctionterms:.

Lemma4.7 Foranyquasi-vertial vector v atanypointof N, (DV(v), v) >
89 2

00/l VII“

200

Proof. For v quasi-ertical,

Hg(v, Prw) = Hy(Po,v, Prw) ()
= Hg(Pr,v, Pryw) + Hg((Po, — Pry)v, Pryw)
+Hg(Pryv, (P — Pry)w)
+Hg((Pg, — Pry)v, (Pr — Prw).

WeestimatdirstthedifferencedetweerprojectionsBy Propositior8.7
andProposition3.17,

IPge — Prgll < IPge — Prell + IPr, — Pryll < £d(X, Ne)? + 250
1(.100 )2 250 1

5 (70000 + 76000 < 55 -

By Lemmad4.3, |Pr — Pry|| < 100G < 232 — L. Fromthis we have in
particularthat

250 49
[Prgvll = (1= [Pry — PrelD) fvll > (1 — 55550) vl > &llvll -

Applying Proposition3.11 now givesthe estimateHy(Pr v, Pr v) >
BAR)2v]I> > 2|v]2. Since,by 3.11,[|Hg|l < 1.32, theremainingthree
termsin thelastexpressiornin Eq.3 areboundediborein normby 1.32)|v||2
times &, %, and .55 respectiely, sothat Hy(v, Prv) > 3]jv|? for each
guasi-ertical vectoruv.

We returnnow to Eq. 3 to estimatethe deriative of V in the quasi-
vertical direction.From that equation,we know that, for quasi-wertical v,
(DV(v),v) = (D,V) is the sum of threeterms,the first of which van-
ishesand secondof which is boundedin absolutevalue by 110G v]|?
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along N. The third term is the averageover G of quantitieswhich we

have just shavn to be boundedbelov by 1 |v||2. Sincee < 55, We have
(DV(v), v) > 2 |v||? for all quasi-ertical v.
A

It follows from Lemmad4.7thatthederivative DV is invertibleonthequasi-
verticalspacesothatall thezerosof V arenondgeneratelongthenormal
slices.Moreoverthe positivity of (DV(v), v) shavs thatthe degreeof each
zerois 1, sothereis exactly onezeroalongeachsuchslice. Thus, N is the
imageof a smoothsectionof the normalbundleto N, i.e. of the tubular
neighborhoodetractionry,. To estimatehe derivative of this section,and
hencethe C! distancefrom N to N, we needto estimateD) whenapplied
to quasi-horizontalectors.

Lemma 4.8 For any quasi-horizontavectorv at any point of the zeo set
N of V, IDV()| < 60/ ||v].

Proof Wewill estimatgheinnerproduct{DV (v), w) = for quasi-horizon-
talv andquasi-erticalw. Sincewealreadyhavetheboundof 11Q0¢||v|| ||w]|
for what corresponddo the first two termsof Eq. 3, what remainsto
be estimateds Hy(v, Prw). For this we use Corollary 3.13, making the
usualslight adjustmentetweenhaorizontaland quasi-horizontalvectors,
analogougo Eq. 3.

Hg(v, Prw) = Hg(IP’Qév, Prw) 4)
= Hg(]P)FglU, Prow) + Hg((Pgs — Ppgl)v, Pryw)
+ Hg(IP]"é_v, (Pr — Pry)w)
+Hg(Pgy — Bry)v, (Pr — Pry)w).

We estimatethis expressionterm by term, asin the proof of Lemmad4.7,
using Corollary 3.13 (andthe duality of Corollary A.6): |Hg(v, Prw)| <
[3/F + 1.32(2r2 + 250 + 100Q + (gr? + 250:)100@)] ||v|| [lw]|. Using
the assumptions = 100 ande < %000 and somearithmeticwe get
Hg(v, Prw) < (30y/€ + 167G) [v]| [|w].

As with the previous lemma, we return to Eq. 3 which expresses
DV(v)(v) = D,(v) asa sumof threeterms,the first of which vanishes
andsecondf which is boundedn normby 110G ||v| alongN. Thethird
term is the averageover G of operatorswhich we have just shavn to
be boundedabaove in norm by (30,/€ + 167G)||v||. As a result,we find
DY) < (30(/€ + 277Q)|[v]| < 60/€]|v].

A

Combiningtheresultsof Lemmast.7and4.8,weconcludehattheoper
atorfrom Q. to Q. whosegraphis thetangenspacelyN hasnormatmost
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6022,/e < 135,/€. By Corollary A.5, d(TyN, Q) < tam’(135/¢) <

135,/e. Combiningthis estimatewith Proposition3.7, we find that the
Finslerdistancerom N to the paralleltranslate™s of thetangentspaceto

N, atthefoot of thenormalfrom x is lessthan136,/. ThisFinslerdistance
is oneof thetwo quantitiesenteringn thedefinitionof theC* distancedrom

Ne to N. Theotheris simplyd(x, Ne), whichby Step4 is boundedabove by

r = 10Q < ./e. Sincee could have beenary elementof G, we conclude
thatd(Ng, N) < 136,/ for all gin G, andTheoren?.3is proven.

O

5. Other waysof averaging submanifolds

Before (and while) obtainingthe presentproof of Theorem2.3, we tried
severalotherwaysto averagesubmanifoldsNoneof themhave succeeded
yet, but there may be meansof circumwenting the difficulties which we
found.In eachsubsectiofbelav, we will describeaproposedrocedurdor
averaginga pair of submanifoldsye leave it to thereaderto generaleach
oneto arbitraryweightedfamilies.

5.1. Pursuit

GivensubmanifoldsdN; and N,, we may move eachpointon N; half-way
alongthe geodesisaymentto the nearespoint on the othersubmanifold.
Theresultingtwo submanifoldshouldbe closertogetherthanthe original
pair, andwe maytheniteratethe processandhopethatthe pair corvemges
to asinglesubmanifold Variantson this methodwould involve goingonly
asmallfractionof theway from eachsubmanifoldo theotherat eachstep,
or letting eachsubmanifoldevolve continuouslyby the (time dependent)
vectorfield pointingtowardthe nearespointsontheotherone.

We did notsucceedn obtainingthea priori boundon derivativeswhich
would insurecorvemgencefor ary versionof this procedurelt might be
interestingo testtheideawith numericalexperiments.

5.2. Thespaceof submanifolds

OnecouldconsiderN; andN, aspointsin the spaceof submanifoldsand
thenapplyGrove-Karchemveragingthere (For apair of submanifoldsthis
would just meangoing half-way alongthe geodesidrom one manifoldto
the other) The problemhereis thatthereis no naturaldifferentiablestruc-
ture on a Banachmanifold of unparametrizedubmanifoldsin fact,if one
usesthe naturalcoordinatesystemsgiven by sectionsof normalbundles,
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the transitionmapsfail to be differentiableat points which do not have
extra smoothnessThis difficulty is relatedto the fact that multiplication
andinversionare not differentiablemapsfor ary Banachmanifold of dif-

feomorphismsPerhapshereis still atractablevariationalproblemfor paths
in the spaceof submanifold$or which two nearbypointsareconnectedy
auniqueminimizer (SeeSect.6.4for arelatedremark.)

5.3. Distribution theory

The averageof N; and N, is well definedasa de Rhamcurrenton M, i.e.

asa continuoudinear functionalon the differentialforms of degreeequal
to the dimensionof the N; (at leastif the submanifoldsare orientable).
This currentis closedandis “approximatelya manifold” in somesense.
Perhapghereis a theoremwhich allows oneto “condense’sucha current
to an honestmanifold. We dont even know how to begin proving such
atheorem.

Alternatively, sincethesubmanibldsinhelit riemannanmetricsfrom M,
onecouldconsidettheir averageasa measuren N and,onceagain,try to
turnthismeasurénto onesupportednasubmanifoldThisideaseem®ven
harderto implementthanthe oneusingcurrentssinceonedoesnot easily
readthe differentiablestructureof the submanifoldgrom the measures.

6. Final remarks
6.1. Istheaveiage gentle?

Unfortunately our methodgivesno informationon the extrinsic cunature
of N, socannotestablistthat(M, N) is agentlepair. In particular we have
noway to estimatethe oppositedistancesl(N, Ng). It would beinteresting
to know whetherthe averagingof gentlepairs (even gentlecuresin eu-
clidean3-space)ould producea highly “wrinkled” submanifold Perhaps
one of the alternatve averagingmethodssuggestedn Sect.5 would be
preferablen thisrespect.

We notethat,for apairof hypersurdceswith equalweights,ouraverag-
ing methodjust produceghe hypersuraceof pointswhich areequidistant
from the original two. In this specialcase thereis no “loss of regularity”
becausdhe averagehypersuricecanbe founddirectly from the potential
functionsof the original two, ratherthanfrom their gradients.

6.2. Possibleextensionf thetheoem

Is therea more global version of Theorem?2.2, which would subsume
Cartans fixed point theorem(seethe Introduction).In additionto the as-



78 Alan Weinstein

sumptionof nonpositve cunature,onewould presumablyneedto impose
conditionson the submanifoldN, for instancethatits normalexponential
mapbeadiffeomorphism.

It shouldbepossibleo extendourtheorento thecasevheretheambient
manifold M is infinite-dimensionalThis extensionwould be essentiafor
applicationsto almost-action®f non-finitecompactLie groups.(Seethe
Introduction.)If M is a Hilbert manifold, the only placewheremorework
needgo bedoneis in Steps4 and5 of the proof of the averagingtheorem,
wheredegreetheoryis used.(SeeRemark4.1.)If M is a generalBanach
manifold,we would alsoneedto extendour studyof the Grassmanmani-
folds to this case.This would be complicatedby the fact that orthogonal
projectionsareno longeravailable.

Thereshouldalsobe versionsof our theoremin symplecticgeometry
e.g.for isotropic,lagrangianpr coisotropicsubmanifoldslf therearenot,
the obstructiongo solutionsshouldbeinteresting.

6.3. Morphing

JamieSethiarpointedoutthatasolutionto ouraveragingproblemfor apair
N; andN, of submanifoldsvould,onrepeatedpplicationgive afamily N;
of submanifoldgiefinedfor all binaryfractionst € [1, 2]. Presumablythis
couldbe extendedby continuityto all realt € [1, 2], thusgiving a defor
mation,or “morphing”, betweerthe two submanifolds(Alternatively, we
couldvary theweightonthe parametespac€1, 2} to move from onesub-
manifoldto theother) Corverselyary “reversible”procedurdor morphing
onemanifoldinto anothemwould give a solutionto the averagingproblem.

6.4. Masstransport

If thetwo submanifolddN; areparametrizedby the samemanifold N, the
midpointproblembecomedrivial, sincewe cansimply take the midpoints
of thegeodesicegmentgoining correspondinglyparametrizegoints.(Of
course someestimatesvould still be neededo shawv thattheresultingset
of midpointsis amanifold.)Corversely asolutionof themidpointproblem
gives a diffeomorphismbetweenN; and N,, obtainedby projectingthe
averagemanifold onto both of them.David Aldous pointedoutto methat
this problemof findinga“distinguished’diffeomorphisrmbetweertwo sub-
manifoldsmay be thoughtof asa specialcaseof the Monge-Kantorwich
mass-transpogiroblem(see for example,[12]), in which an optimal cor
respondence soughtbetweerthe supportsof two measuresn the same
space Unfortunately the correspondencdsundin mostknown solutions
of this problemaremultiple-valued.
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6.5. Evolutionof submanifolds

Therepresentationf submanifoldsaszerosof projectedgradienfunctions
maybeusefulfor describingheevolution of manifoldsunderflows,gener
alizingthelevel setmethodfor hypersuricesRuuthetal. [27] have studied
suchevolutions numerically On the otherhand,Ambrosioand Soner[2]

studytheseevolutionsby representin@g submanifoldasthe zerosetof its
distanceor potentialfunction. Althoughthey usea singlefunctionandnot
a sectionof a bundle,they mustanalyzethe derivatives of the potential
functionandthe curvatureof tubeboundariegustaswe do.

A. Appendix: Finsler distanceand averagingin Grassmannmanifolds

We review in this sectionsomegeometryof Grassmanmanifolds.Spe-
cifically, we will describea centerof-massconstructionderived from the
averagingof projectionsandwe will analyzethis constructiorin termsof
a naturalFinslermetricon the grassmanniarMany of the resultshereare
probablynot new, but thereseemsgo be no corvenientreferenceor them
in theform whichwe need.

We will work with finite dimensionalsubspace®sf (possiblyinfinite
dimensionalHilbert spacesBy duality, we will extendour resultsto sub-
space®f finite codimensiorfsuchasthenormalspacesofinite dimensional
submanifolds)but thisis asfaraswe cango. Thestudyof grassmanniansf
generabubspaceis muchmoresubtle (See for example,Chap.7 of [25].)

For our purposesa Finsler manifold will be a Banachmanifold with
acontinuoudield of normsonthetangenspacesThenormsshoulddefine
the topology but neednot be smoothor strictly corvex. Theseconditions
areenoughto definelengthof curvesandaninner metric (see[26], §16)
compatiblewith the topology thoughnearbypointsmay be connectedy
mary length-minimizingpaths,suchasin the caseof the L*> (“taxicab”)
metricontheplane.

A.1. TheGrassmanniamandits metric

For a real Hilbert spaceE andk = 0, 1, 2,... we denoteby Gy(E) the
Grassmanmanifold of k-dimensionakubspacesf E, andby G(E) the
manifold having the G¢(E)’s asits connecteccomponentsEach G¢(E)
is a homogeneouspaceunderthe naturalactionof the orthogonalgroup
O(E); the isotropy of an elementF c E is the direct productO(F) x
O(F%). EachtangentspaceTrG(E) is naturallyisomorphicto the space
Hom(F, F1) of continuoudinearmapsfrom F to F+.

Endawing eachtangenspaceHom(F, F+) with theoperatonormgives
an O(E)-invariantFinslermetricon G(E). We will usethis metricrather
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thanthe riemannianmetric (also O(E)-invariant) coming from the inner
products(Q1, Q2) = Tr(Q1Q3) onthetangenspacesTheFinslerdistance
d(F, F) betweenwo subspacesthen definedastheinfimumof thelengths
of pathsjoining F to F'.

We embedG(E) into thespaceS(E) of self-adjointendomorphismef
E by mappingeachF to theoperatorP(F) = P of orthogonalrojection
onto F. Theimageof Gx(E) underthis embeddingconsistsof the self-
adjoint projectionswith tracek. The tangentspaceto P(G(E)) at P(F)
consistsof thoseq in S(E) suchthatPrq = q(I — Pg). The image of
Q € TeG(E) underthederivative Tg P hasthe block diagonalfform

_|0Q
= [Q 0 }
with respecto thedecompositiorE = F @ F*.
TheHilbert norm./Tr(g*q) of q is +/2 timesthatof Q, but theoperator
normsof q and Q areexactlythesame ThusP is anisometricembedding

of the Finslermanifold G(E) into the BanachspaceS(E).2
We will alsomake useof theantisymmetricperator

hQ) = [8 _(?*]

in the Lie algebrao(E) of O(E). We call it the horizontal lift of the
tangentvector Q, becausdhe horizontallifts of all Q € Te(G(E)) form
a complementto the isotropy subalgebras(F) x o(F1) of F. By right
translatingthe horizontalspacearound O(E), we obtaina connectionin
the principalbundle O(E) — Gk(E). Thus,eachpath{F} in G(E) has
ahorizontallift {g;} in O(E) suchthatF; = g;(Fg), anddF; /dt anddg; /dt
have thesamenorm.

It will beusefulto compargheFinslerdistancewnith someothernotions
of distancebetweersubspacesdNe have thefollowing results.

PropositionA.1 If F and F’ are subspacesf the same(finite) dimension
in E, thentheFinslerdistanced(F, F’) is equalto theC° distancedy(F, F’)

betweerthe unit spheesof F and F’, consideed as submanifoldof the
unit spheein E (with thestandad riemannianmetric).

Corollary A.2 TheFinslerdistancebetweeranytwo element®f Gy (E) is
at mostr/2.

Corollary A.3 TheCP distancedy(F, F") is symmetridn F andF’.

8 Themap P keepsthe lengthof cunesfixed, but it generallydecreasesistancessee
PropositiorA.4 below.
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PropositionA.4 If F and F’ are subspacesf the same(finite) dimension
in E, then||Pr — Pg/|| = sind(F, F).

Proof of Proposition A.1. To begin, we notethat, by an arbitrarily small
perturbatiorof F, we caninsurethat

FNF*={0}. (%)

It will sufiice, then,to prove our equality for pairs having property (x).
(Whenit is notsatisfieddo(F, F') = /2.)

We will shaw first thatd(F, F’) < dy(F, F’). By our assumption’x),
with respecto thedecompositiorE = F @ F*, F’ is thegraphof alinear
map¢ : F — F*. Thenon-ngative symmetricoperatorg*¢ on F hask
eigemwvalueswhichwe take to bethe squareof

A > > A >0

We denotean orthonormabasisof eigewvectorswith theseeigewvaluesby
e, ..., &, andwe call the anglest; = tan—lxj the canonical angle$
betweerthesubspace& andF'.
Since
(pej, pax) = (¢*de), &) = A58,

we getanorthonormabasisfor F’ by takingthevectors

& + ¢€; & + ¢€;
= = (cosYj)(ej + ¢e€)).
i+ Jittare, D&+ 98
We get an orthonormalsetin F+ by taking f; = (1/ij)¢e; wheneer

Aj # 0. For theremainingvaluesof j, weset f; = 0.
Ourbasiselementdor F’ cannow bewrittenascosd; e + sing; f;, and
we cannow connectF andF’ by thepath

Fr = cogqtd))e; +sin(to;) f;, O0<t<1

Thevelocity of this pathatt = Oisthemape; — 0; f;, whichhasnormés,
the largestcanonicalangle.Sincethe F; form a trajectorystartingat F;
for a 1-parametegroup of isometries(generatedy the skew-symmetric
transformationwhich takes e; to 6; f; andis zeroon (F & ¢F)*), the
speedof the pathis constantsoits lengthis 6;. Henced(F, F’) < 6,. But

9 Theseangleshave a long history going backto Jordan[19]. We referto [22] for an
extensve discussiorof this history andaddaswell the referenceg1] and[23]. Finally,
we notethat PortaandRecht[24] have quite explicitly studiedsomeaspect®f the Finsler
geometryof grassmannian3.hey represensubspaceby theinvolutions2Pg — |, sotheir
Finslermetricis twice ours.
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0, < do(F, F’) becaus#; is thedistancefrom coso,e; + sind, f; € F' to
theunit spheren F, sowe have proventhatd(F, F’) < do(F, F’).

For thereverseinequality we will shawv thatdy(F, F’) is boundedabove
by the lengthof ary pathfrom F to F’. Let {F} be sucha path,{g,} its
horizontallift totheorthogonabroup.Any unitvectorin F’ is g;v for some
unitvectorv in F; thedistancdrom g, v to theunit spherén F is estimated
by usingthe path{g;v}:

Y d 1 d 1 d
d(v, < — dt < — dt = —F dt| ,
v glv>_/0 () _/0 0 /0 R H
whichis thelengthof the path{F}.
O
Proof of Proposition A.4. Let 6, > ... > 6¢ be the canonicalangles

betweerl andF’. Accordingtothepreedingproposition, d(F, F') = 6;1.1n
anorthonormabasisbeginningwith theorthonormakete,, f, &, f,, ...
constructedn the proof above, the projectionPg is block diagonalwith
2 x 2 blocksof theform

cos6; cosdjsing;
costj sing; st o

followedby zeroblocks,while Pr hasthesameform with the6;’sreplaced
by 0. ThedifferencePr — P is built of diagonalblocks

1—cos6; —cosd;sing . sing; — cost
h(Q)_[—cos@jsian — Sir? 6 = sinf —cos; —sing; |’

eachof which hasnormsinéj, so

|Pr — Pe|| = sindy = sind(F, F').
O

Theidentificationof d(F, F’) with thelargestcanonicabnglealsoleads
immediatelyto thefollowing result.

Corollary A.5 If F’ is the graph of a linear map¢ from F to F+, then
d(F, F) =tan|¢].

It is easyto go backandforth betweensubspaceandtheir orthogonal
complements.

Corollary A.6 If F and F’ are element®f G¢(E), and E is finite dimen-
sional,thend(F, F') = d(F*, F'%).
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Proof. Notethatthe projectionson a subspacandits orthogonalcomple-

mentsumto theidentity operatorNow apply PropositiorA.4.
U

RemarkA.7 Thanksto Corollary A.6 (or simply usingPropositionA.4 as
adefinitionof the distance)we candefinethe distancebetweersubspaces
of finite codimensiorin a Hilbert spaceto be the distancebetweentheir
orthogonakomplements.

We alsonotethatour distancefunctionsareunafectedby rescalingof
theinnerproducton E.

A.2. Centerof massn the Grassmannian

Weturnnow to theaveragingof subspaced)singGrove-Karchemveraging
in the grassmanniamalesit moredifficult to obtainestimate®f thekind
we needsinceit is hardto controlthebehaior of theFinslerdistancealong
geodesicsinsteadwe averagethe orthogonabrojectionsassociatetb the
subspacesThis approachwas usedalreadyby de la Harpeand Karoubi
in [9], but their work is more complicatedand their estimatedesssharp
thanoursbecausé¢heir projectionsarenot necessarilprthogonal.

Supposethen, that we are given a family Fy of elementsof Gy(E)
parametrizedneasurablyby elementsg of a probability spaceG. If we
averagethe projectionsPr,, we obtaina self-adjointoperatowhichis not,
in general a projection.However, if the Fy aresuficiently closetogether
this operatoris an “almost projectior, and we will seethatit can be
approximatedn acanonicalvay by aself-adjointprojectionhaving rankk.
Hereis the preciseresult.

PropositionA.8 Let Fy be a family of elementsf Gy (E) parametrized
measuably by elementg) of a probability spaceG sud thatd(Fg, Fn) < €
for all gandhin G. Aslongase < % wecandefinean“average” element
F € Gk(E) sut thatd(Fg, F) < sin"t2¢ for all g in G. Thisavemging
constructionis equivariantwith respectto isometriesof E and measue
preservingautomorphismef G. If the Fy also dependsmoothlyon other
parametes p, theaveiage F alsodependsmoothlyon theseparametes.
Furthermoe, if € < 1, themagnitudeofthederivative% is at most8 times

the supemumover g of themagnitudesof the derivativesaa—';gl .

Proof. We notefirst of all that,by PropositionA.4, | Pr, — Pr, || < €. For

theaverage
P= / PFQ dg
G
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in thespaceof self-adjointoperator®n E, asimplecomputatiorshavs that
|P —Pg,ll < eforallginG.

We will now modify the approximateprojection P to male it into an
orthogonaprojection.T heestimateﬂﬁ—]P’FgH < etellsusthatthespectrum

of P is containedn intenals of radiuse aboutO and1. Sincee < % we
canapplyto P theholomorphicfunctionh, definedonthecomple A plane
with theline Rex = % removed, having the value0 to theleft of theline
and1 to the right. The operatorn(P) is a spectralprojectionof P which
canbewrittenasanintegralaroundacircle y of radius% —Ssaround: = 1,

wheres canbeanarbitrarily small positve number
h(P) = 1 f(u P)~ldr
- 27 v ’

Theapplicationof h to P amountdo moving thespectrunto 0 and1 while
keepingtheinvariantsubspacethesamesothat |h(P) — P|| < e.

Denotingoy F theimageof h(P), wehaveh(P) =P, and||Pg —Pg, || <
Ih(P) = P + [P —Pgll < e+€e = 2 < 1forall gin G. Since
IPe — Pryll < 1, the spaces and Fyq have the samedimension(see[20],
Theorem6.32),50F € Gk(E). By PropositionA.4, d(F, Fy) < sin! 2e.

Theequiarianceof our constructioris obvious,sinceall thestepsvere
canonical.To establishsmoothdependencand estimatederivatives with
respecto parametersye continueouranalysiof theoperatofunctionh by
observindfirst thatdifferentiationundertheintegral signgivessmoothness
(in fact analyticity) of h. To estimatethe derivative, we assumehat the
spectrumof anoperatorfamily P(u) liesin the union of discsof radiuse
around0 and1 andcompute:

oh(P(w)) 1 1
S Z/_(“ ~P)ldn

:_—f(AI—P( )~ 19 ( )(AI—P( )Nt

Hence,

H ah(P(w)) H 8P(/L) H

—(Iengthy)supH(M P(w) |

As theradiusof y approacheé, thelengthof y approaches, andso

H oh(P(w)) ” 1
( —€)?

3 P(M) H

3P(IL) H
1- 26)2
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Aslongase < 7, we have

H oh(P(w)) H H IP(w)

L}

andwe shall be contentwith this crudeestimate(thoughthe factor8 can
probablybe broughtcloseto unity ase becomesmall).
Wecannow finishtheproofof ourPropositionLetthespaced-q depend

smoothlyonu SincethemapF — P is a Finslerisometry ||3F9(’“‘)|| =

™% Averagingdoesnot increasenorms,so ||3P(”)|| < sup, 2 0 %1, By
3Fg

E o
oF 8PF
our previousestimate/| 3£ || = [| || < 8 sug I| 32

O
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