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Abstract. We definea C1 distancebetweensubmanifoldsof a riemannianmanifold M
andshow that, if a compactsubmanifoldN is not moved too muchunderthe isometric
action of a compactgroup G, there is a G-invariant submanifoldC1-close to N. The
proof involvesa procedureof averagingnearbysubmanifoldsof riemannianmanifoldsin
asymmetricway. Theprocedurecombinesaveragingtechniquesof Cartan,Grove/Karcher,
anddela Harpe/Karoubiwith Whitney’s ideaof realizingsubmanifoldsaszerosof sections
of extendednormalbundles.

1. Intr oduction

A compact(not necessarilyconnected)Lie groupG carriesa (unique)bi-
invariantprobabilitymeasure.Usingthismeasure,onecanaverageorbitsof
actionsof G onaffine convex setsto obtainfixedpoints.In particular, if G
actsonamanifoldM, G leavesinvariantariemannianmetricon M, andthis
metriccansometimesbeusedto obtainfixedpointsfor thenonlinearaction
of G on M itself. By thismethod,Élie Cartanprovedthatacompactgroup
G actingby isometrieson a simply-connectedmanifold M of nonpositive
sectionalcurvaturealwayshasa fixedpoint.1 Cartan’s resultwasextended
by GroveandKarcher[14] to arbitrarymanifoldsundertheassumptionthat
the G-actionhasanorbit which is sufficiently small relative to a distance
scaleprovidedby thegeometryof M.

In this paper, we developa methodfor averagingnearbysubmanifolds
in a riemannianmanifold. This enablesus to extend the Grove-Karcher
theoremfrom points to submanifolds;i.e. we establishthat, if a rieman-
nian G-manifold hasa compactsubmanifoldN whoseimagesunderthe
G-actionaresufficiently C1-closeto oneanother, relative to thegeometry
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of thepair � M � N� , thenthereis aG-invariantsubmanifoldnearN. Extend-
ing theCartan-Grove-Karchernonlinearaveragingmethodto submanifolds
requiresnew estimatesonthegeometryof tubularneighborhoods.Ourcon-
structionis basedin anessentialway on Whitney’s idea2 [31] of realizing
submanifoldsaszerosof sectionsof vectorbundles.

Our resultfits nicely into the“stability” framework promotedby Ulam
(seefor examplepage584 of [28], aswell asAnderson’s interestingdis-
cussionusingnonstandardanalysisin [3]). Ulamaskswhenamathematical
objectwhich “almost solves” a certainproblemcanbe shown to be near
an exact solution.In fact, our interestin the invariantsubmanifoldprob-
lemwasmotivatedby somecasesof thefollowing “almost-homomorphism
problem”: given a map ��� G � H betweengroupssuchthat �	� gh� is
closein somesenseto �
� g���	� h � for all g andh in G, canoneconclude
that thereis a homomorphismnear � ? This problemwasposedby Ulam
andsolvedby Hyers[17] for G � H � . It wassolved for compactLie
groupsG andH, with effectiveestimates,by Grove,Karcher, andRuh[15]
usingtheGrove-Karcherfixed-pointtheorem.WhenG is compactand H
is the unitary groupof a Hilbert space,it wassolved by de la Harpeand
Karoubi[9].

Our invariantsubmanifoldtheoremimplies an almost-homomorphism
theoremwhenG is finite andH is thegroupof diffeomorphismsof acom-
pactmanifold. Our ultimateaim is to extend the almost-homomorphism
theoremto caseswhereG is acompactgroupandH is thegroupof smooth
bisectionsof aLie groupoid.(See[6].) Suchanextensionwouldimply very
strongstructuretheoremsfor certaingroupoids.Wereferto thelecture[30]
for an overview of thesepotentialapplicationsandtheir connectionwith
symplecticgeometry. Detailsof theseapplicationswill appearin subsequent
papers.

An importantstepin ourproofrequiresaveragingin aGrassmannmani-
fold. ThiscanbeaccomplishedbyCartan-Grove-Karcheraveraging,but we
get estimatesbettersuitedto our purposesby identifying subspaceswith
projectionsand averagingthe projections.The averagingof projections
hasalreadybeentreated,in finite and infinite dimensions,by a number
of authorsover severaldecades,includingde la HarpeandKaroubi in the
papercited above. We review someof this work andderive the estimates
weneedin anAppendix.

Thebodyof thepaperis organizedasfollows.In Sect.2,wedefineaC1-
distancebetweensubmanifoldsof a riemannianmanifoldand,in termsof
this distance,stateour maintheoremon invariantmanifolds,Theorem2.2,
which follows immediately from the averaging theorem,Theorem2.3.

2 SeeChap.V of thecitedarticle.After finishingthispaper, I lookedagainatthisreference
anddiscoveredthatWhitney usedacenterof massconstruction,too!
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Section3 develops estimateson geometricobjectsin tubular neighbor-
hoods;thereadermaywishto skimthissectionandreturnto it afterreading
Sect.4, wherewe first outlinetheproof of theaveragingtheoremandthen
fill in thedetails.In Sect.5,wediscusssomealternateapproachesto theav-
eragingof submanifoldswhichmaybeinterestingin theirownright,though
we have not yet succeededin implementingany of them.We concludein
Sect.6 with adiscussionpossibleextensionsof ourresults,andtherelation
of ourwork to otherareas.

In view of potentialapplicationstoalmost actionsof compactLie groups,
we note that mostof our work extendswithout modificationto the case
where M is a Hilbert manifold, thoughthe submanifoldN must remain
finite-dimensional.Thereis justoneissue,theapplicationof degreetheory,
whichnow restrictsourmainresultto finite-dimensionalM.

We have not tried to find optimalvaluesfor themany constantsin the
estimatesin Sects.3 and4. Ratherthandenotingtheseconstantsby letters,
though,we have chosennumericalvalueswhich arevalid andwhich may
be recognizedwhen they reappear. The resultingconstantsin the main
theoremsarethereforevery far from optimal.Thereaderis invited to find
betterones.

A word on notation:we will write d ����� � to denoteall of the many
distancefunctionsusedin this paper, decoratingit with subscriptsonly
whennecessaryto avoid ambiguity. Wewill usebars���� for lengthsof paths
andvectors,anddoublebars ���� for operatornorms.

Many peoplehaveofferedusefulsuggestionsin thecourseof thiswork.
I would particularly like to thank David Aldous, EugenioCalabi, Marc
Chamberland,JostEschenburg, RobertGreene,Mikhail Gromov, Karsten
Grove,HermannKarcher, Yi Ma, YoshiakiMaeda,andJamieSethian.

2. Boundedgeometryand distancebetweensubmanifolds

Let N beaclosedsubmanifoldof theriemannianmanifoldM. Thenormal
bundle � N � TM consistsof thosetangentvectorsalong N which are
orthogonalto TN. Theopenball bundleof radiusr in � N will bedenoted
by � r N.

Wedefinethenormal exponentialmap expN to betherestrictionto � N
of theexponentialmapexp � TM � M � (If M is not complete,expN, like
exp, is definedonly on a properopenneighborhoodof the zerosection.)
Thenormal injectivity radius i N of N is

sup� r � expN (is definedand)is anembeddingon � r N ���
(WhenN is a point, its normalinjectivity radiusis just theusualinjectiv-
ity radiusof M at that point.) The restrictionof expN to � iN N is still an
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embedding;we call its image � N the tubular neighborhoodof N. For any
r ��� 0 � i N � , theset

� r N � � x � M � d � x � M�"! r �	� exp �#� r N�
will becalledther -tube aboutN.

Thebundleretractionin � N is transferredby expN to a retraction$ N �� N � N which mapseachpoint of � N to the nearestpoint in N. The
fibresof $ N will becalledthenormal slicesfor N.

2.1. TheGrassmannbundle

Wewill denotebyGM theGrassmannbundleoverM,whosefibreovereach
pointx is the(disconnected)manifoldof all finite-codimensionalsubspaces
of thetangentspaceTxM. We give eachfibre theFinslermetricdescribed
in theAppendix.

Thesefibremetricsdefineasupremumdistanceonthespaceof sections
of GM over any subsetof M.

The Gaussmap of a submanifoldN is definedasthe sectionof GM
over N whosevalueat eachpoint is the normalspaceto N. This section
extendsin a naturalway to a section% N �&� N � GM definedover the
tubular neighborhoodof N: we take the normalspacesto N andparallel
translatethemalongall thegeodesicsnormalto N. Theimageof % N, when
thoughtof asa vectorbundleover thetubular neighborhood,will becalled
thevertical bundle andits orthogonalcomplement(obtainedby translating
thetangentspacesof N) thehorizontal bundle.

Theverticalbundlecontainsthetangentvectorsto thenormalgeodesics
but doesnot in generalcoincidewith thetangentbundlealongthenormal
slices.We will refer to the latter as the quasi-vertical bundle. (The two
bundlesare comparedin Sect.3.3.) The orthogonalcomplementto the
quasi-verticalbundlewill becalledthequasi-horizontal bundle.

2.2. BoundedgeometryandC1 distance

To definea geometricallymeaningfulC1 distancebetweensubmanifolds,
weshouldmeasuredistancesandanglesin thesameunits.Sinceanglesare
dimensionless,wedothisby choosingapositivenumberc whichfunctions
asa “unit of inverselength.” Givenc, we saythata pair � M � N� consisting
of a manifold M andits submanifoldN hasgeometrybounded by c if:
(i) i N ' 1( c; (ii) thesectionalcurvaturesof M in the1( c-tubeaboutN are
boundedin absolutevalueby c2; (iii) theinjectivity radiusof eachpoint in
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thetubeis at least1( c. If N is compact,� M � N� necessarily3 hasgeometry
boundedby somec.

By rescalingthemetric,wecanalwaysconvert geometry boundedbyc to
geometryboundedby 1. (Notethatrescalingthemetricdoesnotchangethe
metricontheGrassmannmanifold.)Wewill thereforerestrictthestatement
of our resultsto this case,leaving it to the readerwho so desiresto put
thec’s backin. A pair � M � N� with geometryboundedby 1 will becalled
agentlepair.

Remark2.1 Condition(iii) in thedefinitionof boundedgeometryis usedin
only a coupleof placesbelow. Perhapsour resultscanbeobtainedwithout
this condition.Oneexamplewheretheconditionis violatedis a geodesic
circle N in a very thin cylinder M.

If N andN ) aresubmanifoldsof M suchthat N ) lies in � N andis the
imageunderexpN of a section*+� N � N ) � of � N, we definetheir (nonsym-
metric! but seeRemark3.18)C1-distanced � N � N )�� asfollows. We assign
two numbersto eachto eachx ) � N ) : the lengthof thegeodesicsegment, from x ) to thenearestpoint x on N andthedistancebetweenTx - N ) and
theparalleltranslateof TxN along , . TheC1-distanced � N � N )�� is defined
asthesupremumof all thesenumbersasx ) rangesover N ) . Sincethedis-
tancebetweentwo subspacesequalsthedistancebetweentheir orthogonal
complements(CorollaryA.6), wecanusenormalspacesinsteadof tangent
spacesandinterpretd � N � N )�� asthe maximumof the supremumnorm of
*+� N � N ) � and the distancebetweenthe extendedGaussmap % N and the
Gaussmap % N- assectionsof GM over N ) .

We will occasionallyusea C0 distanceaswell, definedsimply of the
maximumover N ) of thedistanceto thenearestpointof N. Thisdistanceis
definedfor any pairof compactsubsetsof ametricspace.

Wecannow statethemainresultof thispaper.

Theorem 2.2 Let M bea riemannianG-manifoldfor a compactgroupG,
andlet � M � N� bea gentlepair. If d � N � gN�.!0/1! 1

20000 for all g � G, then
there is a G-invariant submanifoldN with d � N � N �2! 1363 / .

Thistheoremfollows immediatelyfrom amoregeneralstatement,anal-
ogousto Grove andKarcher’s centerof massconstruction[14] for points.

Theorem 2.3 Let M bea riemannianmanifoldand � Ng � a family of com-
pact submanifoldsof M parametrizedin a measurable way4 by elements

3 Evenif M hasinfinite dimension!
4 We will not attemptto give a precisedefinition of this notion, which shouldinvolve

measurabledependenceof derivativeson parametersto permittheexchangeof integration
anddifferentiation.In theapplicationswe have in mind, theparameterspaceis a manifold
andthedependenceis smooth.
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g of a probability spaceG, such that all the pairs � M � Ng � are gentle. If
d � Ng � Nh �4!5/6! 1

20000 for all g andh in G, there is a well definedcenter
of masssubmanifoldN with d � Ng � N �2! 1363 / for all g in G. Thecenter
of massconstructionis equivariantwith respectto isometriesof M and
measure preservingautomorphismsof G.

Remark2.4 WhenG consistsof two pointswith equalmasses,we obtain
a naturalmidpoint constructionfor pairsof nearbysubmanifoldsin a rie-
mannianmanifold.We know of no simplerconstruction,even for pairsof
embeddedcirclesin euclideanspace.

The numbers20000and 136 in the theoremsabove can certainly be
reducedif morecareis taken in themany estimatesusedin theproof. On
theotherhand,it is not at clearwhetherthe factor 3 / canbereplacedby
a multipleof / itself. Ourproof doesshow thattheC0 distancefrom N (or
Ng) to N is boundedby 100/ , but we do not seehow to get an estimate
linearin / for thederivative. (SeeRemark3.14.)

3. Geometry in tubular neighborhoods

In this section,we will establishsomegeometricestimatesneededfor
proving themaintheorem.

3.1. Estimateon thesecondfundamentalform

Recall that the secondfundamentalform B of N is definedfor a normal
vector 7 andtangentvectors8 i at p � N by

B9���8 1 ��8 2�
�;:=<>7?� D@ 1W2 A �
whereW2 is avectorfield tangentto N with W2 � p�B�C8 2, D is therieman-
nianconnection,and <+� A is theriemannianinnerproduct.5 Thenorm � B �
is thendefinedasthesupremumof � B9 ��8D��8B��� as 7 and 8 rangeover unit
normalandtangentvectorsrespectively, andtheirbasepointrangesover N.

Sincefocalpointsalonggeodesicsnormaltoasubmanifoldcannotoccur
within the normalinjectivity radius,gentlenessof � M � N� implies that all
focal pointsto N occurat a distancegreaterthan1 from N. This factand

5 Wefollow thesignconventionusedbyWarner[29] (following [4]) andEschenburg [10].
Thisconventionis consistentwith theinterpretationof thesecondfundamentalform asthe
“first variationof the metric,” but mostauthorsusethe oppositesign,consistentwith the
directionof principal curvaturevectorsof curves in a submanifold.Lang [21] introduces
secondfundamentalformswith bothsignsastheoff-diagonalentriesin asingle2 E 2 block
matrix.
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Proposition3.1below will imply aboundfor thesecondfundamentalform
of N (Corollary3.2).

Proposition3.1 Let 7 and 8 be unit normal and tangent vectors respec-
tively at p � N. Supposethat B9 ��8D��8B�.�F: b for someb ' 0 and that
thesectionalcurvaturesof M areboundedaboveby : 1. Thenthegeodesic
segmentG with initial velocity 7 and lengthL containsat leastonefocal
point to N aslongasb H 1( L I L ( 2.

Proof. Weusea standardargumentto show thattheindex form of G (with
appropriateboundaryconditions)is notpositive definite.

Using parallel translationanda slight abuseof notation,we represent
any vectorfield X along G by a function X �KJ 0 � L � � TpM. The index
form on thespaceof suchX with X � t�"� TpN andX � L �B� 0 is definedby
theintegral:

I � X � X �B� B9 � X � 0��� X � 0���LI L

0
< X ) � t��� X ) � t� A :5< R� t� X � t��� X � t� A dt �

whereR� t� is theoperatorgivenvia theRiemanncurvaturetensoras

X M � RNPO t Q �RG ) � t��� X ��G ) � t���
For the“linearly decreasing”vectorfield X � t�
�C� 1 : t( L ��8 ,

I � X � X �
� B9 ��8"��8B�SI L

0
��� 1( L2�T:U� 1 : t( L ��< R� t��8"��8 A � dt

�V: b I 1( L : L

0
� 1 : t( L ��< R� t��8"��8 A dt �

Sincethesectionalcurvaturesareat least : 1,

I � X � X �"WX: b I 1( L I L

0
� 1 : t( L � dt �;: b I 1( L I L ( 2 �

Whenb H 1( L I L ( 2, I � X � X �YW 0, so theremustbe at leastonefocal
pointon G . Z

Corollary 3.2 If � M � N� is a gentlepair, thenthesecondfundamentalform
of N satisfiesthebound � B �.W 3

2.

Proof. Thedistancefrom N toany focalpointisatleast1. If � B9 ��8"��8B��� ' 3
2

for someunit vectors 7 and 8 , we canchangethesignof 7 if necessaryto
assurethat B9 ��8"��8T�2![: 3

2, andProposition3.1 leadsto acontradiction.Z
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3.2. Comparisonof curvesonandnear N

The following lemmashows that the retraction$ N �\� N � N doesnot
increaselengthstoomuch.

Lemma 3.3 Let � M � N� bea gentlepair. Let * beapathin ther -tubeabout
N for somer ! 1

2. Then

� cosr : 3
2 sinr �]�^$ N _ *`�aWX�^*`�b� (1)

(The function in parenthesesdecreaseswith r and takes the values1 at
r � 0, � 59 �]�]� at r � 1

4, and � 15 �]�]� at r � 1
2.)

Proof. Assumethat * is definedontheinterval J 0 � 1� andconstructa“rect-
angle” c �dJ 0 � 1�de J 0 � 1� � M asfollows: for eachs �fJ 0 � 1� , s M � cg� s� 1�
is theminimizinggeodesicfrom $ N �#*+� s��� to *+� s� , parametrizedproportion-
ally to arclength.Correspondingtangentvectorsto * and $ N _ * arethus
the terminalandinitial valuesof N-Jacobifieldsalongnormalgeodesics.
By Warner’s generalizationof theRauchcomparisontheorem([29], Theo-
rem 4.3(b)),using the upperbound1 for the sectionalcurvatureand the
boundBh - O 0Q Hi: 3

2 I (Corollary3.2)on thesecondfundamentalform of N,
we obtainthe inequality �^* ) � s���
Hj� cosr : 3

2 sinr ���b�R$ N _ *k� ) � s��� for all s,
whichgives(1). Z

Corollary 3.4 Let � M � N� be a gentlepair, x and y pointsof the 1
4-tube

aboutN such thatd � x � y�"! 1
2. Then

d �R$ N � x�]�l$ N � y����! 7d � x � y���
Proof. A path of length less than 1

2 from x to y remainsin the 1
2-tube

aboutN. Lemma3.3givesthedesiredinequalitysince1(k� 15 ! 7. Z

A similarargumentgives:

Corollary 3.5 For a gentlepair � M � N� , let x and y be pointsof N such
thatdM � x � y�
�[mn! 1

2. Then

dM � x � y��W dN � x � y�"W 1

cos1
2 mo: 3

2 sin 1
2 m dM � x � y�"W 7dM � x � y�]�

Remark3.6 This estimateandtheonesto follow cansurelybesharpened,
but theversionswhichwegive suffice for ourpurposes.
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3.3. Vertical andquasi-verticalbundles

The quasi-vertical bundle, tangentto the normal slices for N � M, is
generallynot parallelalongnormalgeodesicsandthusdoesnot coincide
with the vertical bundle.We will estimatethe distancebetweenthe two
bundlesby estimatingthecovariantderivative of thequasi-vertical bundle
alongnormalgeodesics.

Proposition3.7 For x �p� N, thedistancebetweenthequasi-verticaland
vertical spacesis at most1

4d � x � N� 2. Thedistancebetweentheprojections
on thisspacesis at most1

5d � x � N� 2 �
Proof. Tangentvectorsto normalslicesarethevaluesof thoseJacobifields
alongnormalgeodesicsvanishingon N andwith derivativetherein � N � Let
X � t� besuchafieldalongthegeodesicGq� t� , parametrizedbyarclength.The
initial derivative X ) � 0� belongsto � NPO 0Q N; for conveniencewe take it to be
aunit vector. As in theproofof Proposition3.1,we identify all thetangent
spacesalong G with TNPO 0Q M by paralleltranslation.

SinceX � 0�B� 0,wewrite X � t�T� tX )r� 0�sI Z � t� .ThenZ � 0�K� Z )R� 0�
� 0,
and Z ) ) � t�t� X ) ) � t�Y�u: R� t� X � t� by the Jacobiequation.The curvature
estimate � R� t���5W 1 gives first of all the estimate � X � t���UW sinht, so
� Z ) )R� t���=W sinht. Integrationgives � Z )R� t�]�1W cosht : 1 andthen � Z � t���=W
sinht : t W t3 ( 6. Then � X � t��( t : X ) � 0���.W t2 ( 6 and � X � t��( t �1H 1 : t2 ( 6.

The typical quasi-vertical unit vector � X � t��( t��(v� X � t��( t � is thuswithin
distance

t2 ( 6
1 : t2 ( 6 W

t2

5

of theverticalvectorX ) � 0��(v� X � t��( t � , from whichit follows(for t W 1) that
thedistancebetweentheverticalandquasi-verticalspacesat x �wGq� t� is at
most

sinx 1 � t2 ( 5�"W t2 ( 4 � d � x � N� 2 ( 4 �
while the differencebetweenthe projectionson thesespacesis at most
1
5d � x � N� 2. Z

An estimatefor the covariant derivative of the quasi-vertical bundle
in non-vertical directionswould simplify our later considerations,but we
have not beenableto find suchanestimate.6 Instead,we will estimatethe
covariantderivativesof theverticalbundleandthenuseProposition3.7 to
shuttlebetweenthetwo bundles.

6 Thedifficulty seemsto berelatedto thefact thata boundon curvaturedoesnot imply
a boundon the derivativesof Christoffel symbolsin normalcoordinates;seethe example
onp.34of [18].
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Proposition3.8 Let � M � N� bea gentlepair, % N its extendedGaussmap,
and y N the field of orthogonal projectionsonto the image of % N (the
verticalbundle).Thenthecovariant derivativeD y N � a fieldof mapsfrom
TM to End TM, hasoperator norm boundedpointwiseby 11 on the tube
� 1

2 N �
Proof. We estimateD y N along N in termsof the secondfundamental
form of N, thenwe extendthe estimateinto the tubular neighborhoodby
differentiatingalongthenormalgeodesics.

Along N, D9 y N is zeroif 7 is vertical, by the definition of % N. If 8
is horizontal,D@ y N is a symmetricoperatorwhich exchangeshorizon-
tal and vertical spaces.For vertical 7 and horizontalh, it follows easily
from thedefinitionof thesecondfundamentalform that <�� D @ y N �]��7z��� h A �
B9 ��8D� h ��� Along N, then, � D y N �6�{� B � , which is at most 3

2 by Corol-
lary 3.2.

ToestimateD y N atapointx �|� N � welet G betheunit speedgeodesic
segmentfrom $ N � x� to x andestimateD N - O sQ D y N � Let Y bea unit length
vectorfield on a neighborhoodof G suchthat G is an integral curve of Y.
For any unit vector 71� TxM, we canfind a vectorfield Z nearG suchthat
J Y� Z � � 0 andZ � x�B�V7 .

Now DYDZ y N � DZDY y N I}J R� Y� Z ��� y N � � But DY y N � 0 �
� Y �~� 1, and � y N �`� 1, so � DYDZ y N �.W 2 � R�g� Z � , andhence

� D9 y N �1W 3
2 I d � x � N�~ 2 � R� sup

0� s� dO x� NQ � Z �RGq� s�������
Sincethesectionalcurvaturesareboundedin absolutevalueby1, � R�LW

4
3 (see§6.1in [5]), soit remainsonly to estimatethesizeof Z along G . For
thispurpose,weconstructaparticularchoiceof Z by formingtherectangle
(asusedin Lemma3.3)consistingof minimizing geodesicsfrom N to the
pointson the geodesicwith initial vector Z � x����7 and letting Z be the
variationalvectorfield. Z is an N-Jacobifield along G , sowe canestimate
it usingWarner’scomparisontheorem[29]. As in Lemma3.3,weconclude
fromWarner’stheoremthat � Z �RGq� s�����=H5� coss : 3

2 sins��� Z �RGq� 0����� for all s.
Settings � d � x � N� , weget: � Z �#G�� 0�����1Wi� cosd � x � N�`: 3

2 sind � x � N��� x 1 �
which is lessthan7 if d � x � N�4! 1

2.
Now themaximumof � Z �RGq� s����� mightoccurataninteriorpoint G�� s0 � of

thesegment.If thathappens,we musthave D N - O s0 Q Z � Z � s0 � . In thatcase,
we canuseWarner’s theoremagain,comparingwith the situationwhere
the initial manifold is totally geodesic,to getanestimateevenbetterthan
before.

Our conclusionis thatsup0� s� dO x� NQ � Z �RGq� s������W 7, so that � D y N ��W
3
2 I 1

2  2  4
3  7 ! 11� Z
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3.4. Thepotentialfunctionof a submanifold

On thetubular neighborhood� N, thedistancefunctionfrom N, � N � x�`�
d � x �l$ N � x���K��� expx 1

N � x����� is singularalongN, but PN � 1
2 � 2

N is smooth
andhasN asanondegeneratecriticalmanifold(of absoluteminima).Wecall
PN thepotential function of N, thinkingof N astheattractingmanifoldof
a“linear” attractingforcefield.Thepointsof N canalsoberecoveredfrom
PN asthenondegenerateminimumpointsof its restrictionsto thenormal
slices,to eachnormalslice,or equivalently asthe zerosof the projection
of the gradient� PN into the quasi-vertical bundle.This descriptionof N
will bemostusefulto us,sincetheprojectedgradientis transverseto the
zerosectionin thequasi-vertical bundle.We will beproving Theorem2.3
by identifying the invariantsubmanifoldN asthe zerosetof an invariant
objectobtainedby averaging� PN over G andprojectinginto anaveraged
verticalbundle.

We will needestimateson the hessianHN � D � PN, a field of sym-
metricbilinearformson thetangentspacesof � N definedby HN � X � Y�
�< DX � PN � YA � Estimatesfor this hessianwhenN is a point aregivenin [5]
(Proposition6.4.6)andplay animportantrole in applicationsof thecenter
of massconstruction.Whendim N H 1, the estimatesaremorecompli-
cated,sincethehessianbehavesquitedifferently in horizontalandvertical
directions.

To calculatethe hessianof PN, we adaptthe methodof Gray [13],
who useda Riccati equationto study the secondfundamentalforms of
the boundariesof the r -tubes,i.e. of the level hypersurfacesof PN. His
analysisusedthegradientUN of thefunction � N, whichhasthesamelevel
hypersurfaces.SinceUN is theunit outwardnormalto thesehypersurfaces,
the hessianSN � DUN gives the secondfundamentalform of the tube
boundaries.The covariant derivative of the tensorfield SN in the radial
directionsatisfiestheRiccatiequation

DUN SN � S2
N I RN �

where RN is the field of operatorsobtained(as one doesfor the Jacobi
equation)by contractingthe radial vector field twice with the Riemann
curvaturetensorRof M; i.e. RN � X �
� R� UN � X � UN � TheRiccatiequation
determinesSN in the tubular neighborhoodoncewe know its behavior
along N. But SN, like UN, is not even definedalong N, so this initial
behavior mustbe describedasymptotically. This point is dealtwith only
briefly by Gray, sowe paraphraseherethefollowing resultof Eschenburg
([10], §6.1).

Proposition3.9 AlongaunitspeedgeodesicG emanatingnormallyfromN,
the solution SN of the Riccati equation has the asymptoticexpansion
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SN �RGq� t���\� t x 1Sx 1 I S0 I O � t� , where Sx 1 andS0 are in block matrix form
with respectto thedecompositioninto horizontalandverticalsubspacesas
follows:

Sx 1 � I 0
0 0

S0 � 0 0
0 BN - O 0Q �

Unfortunately, theproofof this Propositionseemsto belongto folklore
ratherthanliterature.Nevertheless,we will not write a proof here,either.
(The proof is a nice exercisein the useof Fermi coordinatesor Fermi
frames[13].)

Wereturnnow to thehessianHN � D � PN. Differentiatingtherelation
� PN �[� N �.� N yields

HN � UN � UN IU� NSN �
whereUN � UN is theoperatorof orthogonalprojectionontotheunit vector
field UN. As the hessianof a smoothfunction, HN is definedthroughout
thetubularneighborhood,andits valuesalongN arequiteeasyto compute.
In fact,sincePN is critical at all pointsof N, we cancomputethehessian
at any suchpoint asthesecondderivative matrix in any coordinatesystem
for which the coordinatevectorfields form an orthonormalbasisat that
point.Fromthisobservation,it is easyto check(seebelow) thatHN is block
diagonalwith respectto thenormal–tangentsplitting of TM along N. On
the tangentbundleTN, HN is zero,while it equalsthe riemannianmetric
on thenormalbundle � N.

Sinceit is not HN but ratherthesingularfield

SN �V� 1(�� N ��� HN : UN � UN �
whichsatisfiestheRiccatiequation,theinitial conditionsrequiredfor deter-
miningor estimatinga solutionalsoincludethenormal(covariant)deriva-
tive of HN along N. It is here that the secondfundamentalform of N
appears,as we saw in Proposition3.9 and one may easily checkin the
simpleexamplewhereN is acircle in theeuclideanplane.

3.5. Estimatesfor thehessian

Wewill usethefollowing estimateof Eschenburg andHeintze[11] onsolu-
tionsof Riccatiequationsto estimatethehessianof thepotentialfunction.

Theorem 3.10(Eschenburg–Heintze[11]) Let S1 � t� and S2 � t� be maxi-
malsolutionsof theRiccatiequations

S) j � S2
j I Rj

definedfor 0 ! t ! t j with valuesin symmetricmatricessuch that:
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(1) U := S2 : S1 hasa continuousextensionto t � 0 with U � 0�2H 0;
(2) Rj � t� is a smoothfunctionwith R2 � t��H R1 � t� for all t H 0.

Thent1 W t2, andS1 W S2 on � 0 � t1 � .
Werecallthataninequalityof theform P W Q betweensymmetricmatrices
meansthatthedifferenceQ : P is positivesemidefinite.It impliesthatthe
maximal eigenvalue of P is lessthan that of Q. As a consequence,the
inequality : cI W P W cI for a positive numberc implies the bound
� P �=W c on theoperatornormof P.

Wewill useTheorem3.10to estimatethehessianof thepotentialfunc-
tion for a gentlepair, by comparisonwith manifoldsof constantcurvature�

1.Ourfirststepwill betoexamineandestimatethesolutionsof theRiccati
equationwhenR� t� is aconstantmultipleof theidentitymatrix.

It sufficesto considerthescalarcase,i.e. theequations

s) � s2 � 1

for areal-valuedfunctions� t� definedfor t ' 0.Wemustconsidertwokinds
of boundaryconditions,correspondingto theverticalandhorizontalcases
in thegeometricsituation.

For theverticalcase(directionsnormalto N andtheirparalleltranslates
alongnormalgeodesics),we choosethesolutionwith a poleat 0, namely
: cott whenthesignof thecurvature

�
1 is positive and : cotht whenit is

negative.For convenience,wewill sometimesusethenotationcot� for cot
andcotx for coth, aswell ascot� to denotewhichever is appropriate;thus
thegeneralsolutioncanbewrittenas

sver � t�
� cot� t �
For thehorizontalcase(directionstangentto N andtheirparalleltrans-

latesalong normal geodesics),we take the solution with initial value b
(whichcanbepositive or negative),which is

shor � t�
� tan� t I b

1 � b tan� t
�

We will now estimatethe function h � t�1� ts� t� on the interval J 0 � 1� ,
sinceit is this productratherthans� t� alonewhich givesthehessianof the
potentialfunction.

For the vertical direction,we have hver � t��� t cot� t (notice that the
polehasdisappeared,asit should).With positive curvature,h � t� decreases
from 1 at t � 0 to cot1 ��� 642 �]�]� at t � 1 � With negative curvature,h � t�
increasesfrom 1 at t � 0 to coth1 � 1 � 313 �]�]� at t � 1. Thus,wehave the
estimate

� 64 ! hver � t�"! 1 � 32 for 0 W t W 1 �
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Noticethat this estimatealsoappliesto thehessianin theradialdirection,
whichis identically1, eventhoughtherelationbetweenthehessianandthe
Riccatisolutionis morecomplicatedin thatcase.

For thehorizontaldirection,wewill needonlyanupperbound,andthere
is no pole to worry about,so we canestimateshor first andmultiply by t
afterward.For positive curvature,

shor � t�
� tant I b

1 : b tant

is monotonicallyincreasingin b, sowe cansetb � 3
2, by our estimateon

thesecondfundamentalform undertheassumptionof boundedgeometry.
Thisgivesus

� shor � t���d! tant I 3
2

1 : 3
2 tant

�

To keepthe denominatorundercontrol,we will requirethat 3
2 tant ! 1

2,
i.e. tant ! 1

3, which is satisfiedwhen t !�� 321 �]�]� . To keepthe numbers
simple,we will requirethat t ! 1

4, which leadsto the upperboundof 13
6 ,

which for simplicity we replaceby 3. Thisgivesustheestimate

� hhor � t���aW 3t for 0 W t W 1
4 �

We areleft with the negative case.But sincetanhgrows moreslowly
thantan, theestimatefrom thepositive casestill applies.

Summarizingtheestimatesabove andapplyingTheorem3.10,with the
initial conditionsgivenby Proposition3.9givesthefollowing:

Proposition3.11 Let � M � N� beagentlepair. At apointof M with distance
r W 1

4 from N, thehessianHN whenexpressedin block matrix form with
respectto thedecompositioninto verticalandhorizontalpartssatisfiesthe
inequality:

� 64I 0
0 : 3r I

! HN ! 1 � 32I 0
0 3r I

� (2)

Corollary 3.12 Onthe 1
4-tubearoundN, � HN �=W 1 � 32.

Proof. Thestatementfollows from thebound :1� 75I W HN W 1 � 32I . Z

Corollary 3.13 At a pointof M with distancer W 1
4 fromN, for a horizon-

tal vector 7 anda verticalvector 8 , � HN ��7���8T���aW 33 r ��7��4��8D���
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Proof. Wemayassumethat 7 and 8 areunit vectors.By Proposition3.11,
� HN ��7?��7z����! 3r and � 64 ! HN ��8D��8B��! 1 � 32. In addition,for any real
numbert, HN � t 7
I�8D� t 7
I�8T�"! 3rt2 I 1 � 32.Thusthequadraticfunction
t M � t2 � HN ��7���7z��: 3r �	I 2tHN ��7?��8B�\I HN ��8D��8B�`: 1 � 32 is negative for
all t andhenceits discriminantis negative.So4HN ��7?��8B� 2 ! 4 � HN ��7?��7z�L:
3r ��� HN ��8"��8T��: 1 � 32��W 4  6r  0 � 68� Therefore,H2

N ��7?��8T�.! 4 � 08r , and
so � HN ��7?��8B���a! 33 r . Z

Remark3.14 Thesquareroot in Corollary3.13is responsiblefor thepres-
enceof 3 / ratherthan / in the estimatesin the main theorems.It seems
plausiblethatthesquarerootcouldberemovedhere,sincetheoff-diagonal
block of HN is zeroalong N, andso it mustgrow linearly with r on any
particularmanifold.Becauseof thesingularnatureof therelationbetween
SN and HN, though,we have not beenableto geta linearboundwhich is
uniformfor all gentlepairs.

3.6. Geometryrelativeto nearbysubmanifolds

In thissection,weestimatethedifferencebetweengeometricobjectsin the
tubularneighborhoodsof two nearbysubmanifolds.To begin,weshow that
theretractionsto nearbysubmanifoldsarecloseto oneanother.

Lemma 3.15 Let � M � N� and � M � N ) � begentlepairssuchthatd � N � N ) �d! 1
2,

and let x � M with d � x � N�6! 1
4. Thend �R$ N � x���l$ N $ )N � x���=! 14d � N � N ) �

andd �R$ N � x�]�l$K)N � x���2! 15d � N � N )�� .
Proof. Let 8j�{$ N � x� , y ��$ N - � x� , and z ��$ N � y� . Let � be the unit
tangentvectorat y to thegeodesicsegmentyx, let � betheparalleltranslate
of � to z alongthegeodesicsegmenty 8 , andlet � bethenearestunit vector
to � in thenormalspace� zN. Let r ands betheendpointsof thegeodesic
segmentszr andzs with initial directions � and � respectively, eachwith
thesamelengthasyx. Wewill show below thatd � x � r � andd � r � s� aresmall.
Theresultingestimateon d � x � s� , combinedwith Lemma3.3,will give us
anestimateond ��8D� z� , whichwill leadto theresult.

Toestimated � x � r � , weobservethatx andr aretheendpointsof geodesic
segmentsdepartingfrom y and z with initial tangentvectorsrelatedby
paralleltranslationalongthegeodesicyz. It follows thatd � x � r �DW�� d � y � z� ,
where � is a boundon the growth of a Jacobifield with initial derivative
0 along a geodesicsegmentof lengthd � x � y� , underthe assumptionthat
sectionalcurvaturesare Hi: 1.

We write m for d � N � N )�� and � for d � x � N� . Sinced � x � y��W d � x � N�
I
d � N � N ) �t���pI�m , we can take �U� cosh�R�pIwmq� , and sinced � y � z�pW
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d � N � N ) �
�[m wehave

d � x � r �D!0m cosh�R�tIUma���
For d � r � s� , we usethe fact that r ands arethe endpointsof geodesic

segmentswith the sameinitial point, length at most mfI�� , and initial
(unit) tangentvectorsmakinganangleof atmost m with oneanother(since
d �R% N � z���l% N - � z���gW d � N � N )����jm ). TheusualJacobifield estimate,using
againthelowerboundof : 1 oncurvature,gives

d � r � s�D!0m sinh�R�tI�ma���
andhence

d � x � s�D! m	� cosh�R�tIUmq��I sinh�R�tIUma���
� m e¡ �k¢ !0m e1
3 ! 2m	�

By Corollary 3.4, d ��8D� z��! 14m . Sinced � y � z��W�m , the triangle in-
equalitygivestherequiredestimatefor d �R$ N � x���l$T)N � x��� . Z

Next weestimatethedifferencebetweenthetangentvectorsfrom apoint x
to thesubmanifoldsN andN ) .
Lemma 3.16 Let � M � N� and � M � N ) � begentlepairssuch thatd � N � N ) �2!
1
50, andlet x �p� N besuch that d � x � N�4! 1

4 � Thenthedifferencebetween
the initial tangent vectors � N � x� and � N- � x� of the minimizinggeodesics
fromx to $ N � x� and $ N - � x� respectivelyis lessthan 45

2 d � N � N ) � .
Proof. As in Lemma3.15,we let mo� d � N � N )£� . Accordingto thatlemma,
we canconnect$ N � x� to $ N - � x� by a path * of lengthlessthan15m�! 3

10.
Sincethedistancefrom x to N is lessthan 1

4, all thepointsof * arewithin
adistance1 of x, sothatwecanlift * by theexponentialmapat x to apath¤* in the tangentspaceTxM andtherebyproducea smoothfamily ��G s� of
geodesicsegmentsjoining x to the pointsof * . Note that

¤*`� 0� and
¤*`� 1�

equal� N � x� and � N - � x� respectively.
Weestimatethelengthratio � *�� (v� ¤*~� by usingtheJacobifieldsalongthe

segmentsG s. Sincethesectionalcurvaturein M is boundedabove by 1, the
segmentshave lengthlessthan1, andsinx( x ' 2

3 for 0 W x W 1, we have
theestimate

�^*`� (v� ¤*`� ' 2
3 �

3
2  15m|� 45

2 m is thereforeanupperboundfor thelengthof
¤* andhencefor

thedifferencebetween� N � x� and � N- � x��� Z

Finally, we estimatethedistancebetweentheextendedGaussmapsof
nearbysubmanifolds.
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Proposition3.17 Let � M � N� and � M � N ) � be gentle pairs such that
d � N � N )��dW 1

2. If x �|� 1
4
N, thend �#% N � x���l% N - � x���"! 250d � N � N )b���

Proof. Let y ��$ N- � x� , 8j��$ N � x� , and z ��$ N � y����$ N $ N - � x� . The
polygonxyz 8 x is definedto consistof segmentswhicharegeodesicsin M,
exceptfor z8 , which is taken to be a geodesicin N. We lift the polygon
xyz8 x to GM asfollows.On thesegmentsxy andyz, we take theparallel
section% N - ; notethat

d �R% N - � z�]�l% N � z����W d � N � N ) �2!0m
�
At this point, we jump to % N � z� , which we parallel translateto 8 along
thegeodesicz8 in N. Arriving at 8 , wehave aspacewhosedistancefrom
% N ��8B� is lessthan 3

2 (our boundfor the secondfundamentalform of N ) )
timesthelength � z8D� . Finally, wejumpto % N ��8B� andparalleltranslateit to
x alongthenormalgeodesic8 x to arrive at % N � x� . Thedistancebetween
thestartingandendingvaluesof our sectionis boundedabove by thesum
of the sizesof the jumpsat z and 8 and2x 1

2 timesthe distancefrom the
identity to theoperator¥ of holonomyaroundxyz8 x.

Let m[� d � N � N )�� . By Lemma3.15, d � z ��8B�n! 14m ; hence, � z 8"�g!
7  14m[! 100m by Corollary 3.5, andso the jump at 8 hassizeat most
150m . Thedistanced � I �s¥p� fromtheidentityto ¥ isboundedby theproduct
of the curvature( W 1) and the areaof a surfacespanningthe polygon.
We build sucha surface7 with the minimizing geodesicsfrom x to the
pointson the segmentsyz andz 8 . All thesepointsarewithin a distance
d � x � N�
I 2m�! 1

4 I 2m�! 3
4 of x, andJacobifieldsalongthesegeodesic

segmentswith thevaluezeroat x arealwaysincreasingin length(no focal
points),sotheareaof thesurfaceis at most

1
2 � d � x � N�&I 2mq����� yz �lIw� z 8"� �2![� 14 I 1�]�Rm�I 100ma�4! 130m	�

Addingtheestimatesfor thejumpsandtheholonomy, weconcludethat

d �#% N � x���l% N- � x���2!0m�I 150mtI 2x 1
2  130m¦! 250m	� Z

Remark3.18 We can derive from the results of this section a crude
“quasisymmetry”estimatefor the C1 distance:if d � N � N ) � ! 1

4, then
d � N )§� N�4! 250d � N � N )b� .

7 This is one of the placeswherewe useCondition (iii) in the definition of bounded
geometry;seeRemark2.1.
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4. The main theorem

In thissection,wewill proveTheorem2.3,of whichTheorem2.2is adirect
consequence.For convenience,we repeatthestatementof theformer:

Theorem 2.3 Let M be a riemannianmanifold and � Ng � a family of
compactsubmanifoldsof M parametrizedin a measurablewaybyelements
g of a probability spaceG, such that all the pairs � M � Ng � are gentle. If
d � Ng � Nh �4!5/6! 1

20000 for all g andh in G, there is a well definedcenter
of masssubmanifoldN with d � Ng � N �2! 1363 / for all g in G. Thecenter
of massconstructionis equivariantwith respectto isometriesof M and
measure preservingautomorphismsof G.

Proof. We begin with anoutlineof our proof andleave detailsto a series
of lemmaswhich follow.

For eachg in theparameterspaceG, thepotentialfunction Pg � PNg is
definedon the tubular neighborhood� Ng. On the intersection� of these
neighborhoods,theaverageoverg of thefunctionsPg isafunctionP whose
gradientis theaverageof the� Pg. TheGaussmaps% g �[% Ng areall defined
on � aswell, andsincethemanifoldsNg areC1 closeto oneanother, the
averageof the % g (by the constructionin theAppendix)is a well-defined
section% of theGrassmannbundle.ThezerosetN of theprojection y � P
of � P into the averagedvertical bundle %2�§�.� is obviously an invariant
subsetof M.

To seethat N is a smoothmanifoldwhich is C1 closeto all the Ng, we
choosea basepoint e in G andlook at therestrictionof y � P to eachof
thenormalslicesfor Ne. To studytheserestrictions,we make y � P into
a vectorfield alongthenormalslicesby applyingthe projection Qe into
the quasi-vertical bundle(tangentsto the normalslices)for Ne. Sincethe
verticalandquasi-verticalbundlesareclose,by Proposition3.7, Qe gives
an isomorphismbetweenthe two bundles,and N is againthe zerosetof
thevectorfield �Y� Qe y � P alongthenormalslices.(We notethat � is
neitherinvariantnoragradient,but this is notaproblem.)

Combiningseveral estimatesfrom Sect.3, we will show that all the
zerosof Qe y � P arenonsingularwith index I 1 alongthenormalslices,
andthat Qe y � P pointsoutwardalongthesphereof radius100/ in each
slice.Asaresult,thereis auniquezeroinsidethatsphere,andthecollection
of all thesezerosformsamanifoldwhich is transverseto thenormalslices
and,in fact,is C1 closeto Ne. Sinceewasarbitrary, wegetC1 closenessof
N to all the Ng, andwearedone.

Remark4.1 The argumentsin the precedingparagraphrequire M to be
finite dimensional.To extendtheresultto theinfinite-dimensionalcasewill
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requirefurther analyticestimateson the projectedgradient,so that some
infinite-dimensionaldegreetheorycanbeapplied.

Wewill dividethedetailedproofintoaseriesof steps,usingtheassump-
tion that the � M � Ng � aregentlepairswith d � Ng � Nh ��!¨/ for all g andh.
Wewill addrestrictionson / asnecessary. Lemmaswill beembeddedin the
proof; theendof theproofof a lemmawill beindicatedby thesymbol © .

Step1. To begin, weestablisha region onwhich all thepotentialfunctions
aredefined.

Lemma 4.2 For any r such that /n! r ! 1, � r �}ª g« G � r Ng contains
� r xk¬ Nh for everyh in G.

Proof. If x �0� r xk¬ Nh, thenthereis a y � Nh with d � x � y�Y! r :/ . For
any g, sinced � Ng � Nh �®!¯/ , thereis a z in Ng with d � z � y�®!�/ . Then
d � x � z�"! r , andsox ��� r Ng. Thus � r xk¬ Nh is containedin each� r Ng.

©
We will leave r undeterminedfor the momentandstudygeometryin the
G-invariantsubset� r .

Step2.TheGaussmaps% g �[% Ng areall definedon � r . Wewill show that,
whenr and/ aresufficiently small,they arecloseenoughto oneanotherso
thattheirvaluescanbeaveragedby themethodof theAppendixto produce
anequivariantGaussmap % . This averagedGaussmapis closeto boththe
verticalandquasi-verticalbundlesof the Ng.

Lemma 4.3 If r ! 1
4 and /1! 1

1000, thentheaverage %"� x� of thesubspaces
% g � x�2� TxM canbeconstructedbyPropositionA.8for each x �o� r , with
theFinsler distanced � %"� x���l% g � x���1! 1000/ for all g in G. Themapping
%��T� r � TM is smoothand G-equivariant,and the constructionof %
from the family � Ng � is equivariantwith respectto isometriesof M and
measure preservingautomorphismsof G.

Proof. Sincex hasdistancelessthan 1
4 from eachNg, andd � Ng � Nh �D!�/ ,

Proposition3.17givesthe estimated �#% g � x�]�l% h � x���t! 250/�! 1
4. Propo-

sition A.8 thenproducesin eachtangentspaceTxM anaveragedsubspace
%2� x� with d � %"� x���l% g � x���.! sinx 1 � 3  250/]� for all g. Sincesinx 1 x( x ! 4

3

when0 ! x ! 3
4, weconcludethatd � %"� x���l% g � x���"! 1000/ .

Theequivariancepropertiesof % anditsconstructionfollow fromtheab-
senceof arbitrarychoicesin theconstruction.Thesmoothnessof % follows
from thecorrespondingassertionin PropositionA.8 (usinglocal trivializa-
tions). ©
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Lemma 4.4 For each x in � r and g in G, the distancefrom %"� x� to the
quasi-verticalspaceQg � kerTx $ Ng is lessthan1000/`I 1

4r 2.

Proof. Add theestimatesin Propositions3.7andA.8.
©

Step3. Theaveragedpotentialfunction

P �
G

Pg dg

is definedon � r . Sincethemetricis invariant,

� P �
G
� Pg dg �

Lemma 4.5 If r ! 7
10, /1! 1

50, andx ��� r , then

�l� P � x�T:n� Pg � x���=! 45

2
/°�

Proof. By theusualaveragingargument,it sufficesto checkthat

�l� Pg :n� Ph �.! 45

2
/

for all g andh in g. Observingthat :`� Pg � x� is justtheinitial tangentvector
of the minimizing geodesicfrom x to Ng, we get the result immediately
from Lemma3.16. ©
Step4. As indicatedin ouroutlineof theproof,wedefineN to bethesetof
zerosin � r of theprojectedgradientvectorfield y � P � It is obviously a
G-invariantsubsetof M. To studythiszeroset,wefix areferenceelemente
of G andreplace y � P by its projection Qe y � P into thequasi-vertical
bundleQe for Ne. Sincethis projectedfield is tangentto thenormalslices
for Ne, it will haveat leastonezeroin eachnormalsliceif wecanshow that
it pointsoutward alongsomesphere,i.e. if it hasa positive innerproduct
with � Pe. As longasthehypothesesof Lemma4.3aresatisfied,Lemma4.4
implies that thedistance� y : Qe � is lessthansin� 1 I 1

16 �6! 1, so the
projectionfrom the averagednormalbundle into the normal slicesis an
isomorphism,andthezerosetis not changed.To simply formulas,wewill
denotethe “doubly projectedgradient” vector field Qe y � P � x� by the
symbol ± .

Lemma 4.6 If /|! 1
2250 and99/�! d � x � Ne��! 1

4 � thenthe inner product
<§±2�l� Pe � x� A is positive.
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Proof. Let ��� d � x � Ne� . Undertheassumptionsof theLemma,it follows
fromLemma4.4andPropositionA.4 that � Qe : y �.! sin� 1000

2250 I 1
16 ��! 1

2 �
andfrom Lemma3.16that �l� P :n� Pe �=! 45

2 /1! 45
198�&�

Then²´³"µ·¶
Pe ¸ x¹Pº	» ²#¼ Qe

¼ ½°¶
P ¸ x¹ µz¶ Pe ¸ x¹Pº+» ²�¶ P ¸ x¹ µz¼ ½¾¶ Pe ¸ x¹Pº

» ²�¶ Pe ¸ x¹q¿ ¸ ¶ P ¸ x¹	À ¶ Pe ¸ x¹P¹ µ ¼ Qe ¿ ¸ ¼ ½ À ¼ Qe ¹ ¶ Pe ¸ x¹Pº
» ²�¶ Pe ¸ x¹ µ·¶ Pe ¸ x¹>ºd¿ ²b¶ Pe ¸ x¹ µ ¸ ¼ ½ À ¼ Qe ¹ ¶ Pe ¸ x¹>º
¿ ²�¶ P ¸ x¹	À ¶ Pe ¸ x¹>¹ µz¶ Pe ¸ x¹Pº
¿ ²�¶ P ¸ x¹	À ¶ Pe ¸ x¹>¹ µ ¸ ¼ ½ À ¼ Qe ¹ ¶ Pe ¸ x¹PºÁnÂ 2 À ÂYÃ 12 Â ¿ 45

198
ÂtÃ�Â ¿ 45

198
ÂYÃ 1

2
ÃzÂ Ä 1

10
Â 2 Ä 0 Å

©
Following Lemma4.6,we require/6! 1

2250 andsetr � 100/°� Thentheset
N intersectseachnormalsliceat leastoncein � r .

Step5. We will show that eachzeroof ± is nondegeneratewith degree1
whenrestrictedto a normalslice.It will follow that N is a smoothsection
of the retraction$ Ne, with the C0 distancefrom Ne to N lessthan100/°�
Theestimateusedto establishnondegeneracy will alsogive usthedesired
boundon theC1 distanced � N � Ne� . For our considerationsin this section,
we require/1! 1

20000.
At eachpoint x of N, theprojectedgradient± , beingzeroat thatpoint,

hasan intrinsic derivative Æ�± which is a linear map from TxM to the
quasi-vertical spaceQe at x. We will show that Æ�± is surjective with
positive determinantwhenrestrictedto Qe. Fromthis, it will follow from
theimplicit functiontheoremthatN isasmoothmanifoldwhichis thegraph
of asmoothsectionof theretraction$ Ne. By ourconstructionin Step5, the
C0 distancefrom Ne to N lessthan100/°� In fact,sinceany elementof G
couldhave beenchosenase, andthedefinitionof N is independentof this
choice,theC0 distancefrom eachNg to N lessthan100/°�

Sincethetangentspaceto N at x is thekernelof Æ�± , wewill beableto
estimatetheC1 distanceby comparingthesizesof the restrictionsof Æo±
to Qe andits orthogonalcomplement.Although Æ�± is definedonly at the
zerosof ± , it agreestherewith anobjectdefinedthroughout� r , namelythe
covariantderivative D ± , consideredastheoperator7=M� D 9l± . (Although
thevaluesof D ± donotgenerallylie in Qe, they do lie in thereat thezeros
of ± , asweshallsee.)

To simplify notation,we will denotetheoperationof averagingover G
by Ç . Then

D ±n� D Qe y �"Ç Pg

�j� D Qe � y Ç�� Pg I Qe � D y �§Ç�� Pg I Qe y DÇ�� Pg �
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Weanalyzethelastexpressionabove termby term.
The first term, � D Qe � y �"Ç Pg � is zero along the zero set N of the

projectedgradient y �"Ç Pg � y � P �
Forthesecondterm,wehave � Qe � D y �ÈÇ�� Pg �.Wi� D y � supg �l� Pg ���

By Proposition3.8, this is boundedabove by 11 timesthe distancefrom
Ng, i.e.by 11  100/g� 1100/°�

In the last term, Qe y DÇY� Pg �ÉÇ Qe y D� Pg � the factorD� Pg is
thehessianHNg, which we will denoteby Hg. UsingProposition3.11,we
will estimatetheexpression Qe y D9 � Pg by looking at the innerproduct
< Qe y D 9 � Pg ��8 A � Hg ��7?� y 8B��� where 8 is an arbitraryquasi-vertical
vector. Weanalyzeseparatelythecaseswhere 7 is quasi-verticalandquasi-
horizontal.SinceProposition3.11usesthesplitting into verticalandhori-
zontalspaces,wehave to estimateseveral“correctionterms.”

Lemma 4.7 For anyquasi-vertical vector 7 atanypointof N, <´Æo±"��7z�]��7 A H
89
200 ��7�� 2 �
Proof. For 7 quasi-vertical,

Hg ��7?� y 8B�
� Hg � Qe 7?� y 8T� (3)

� Hg � y g 7�� y g 8B�SI Hg ��� Qe : y g �]7?� y g 8B�
I Hg � y g 7?��� y : y g ��8T�
I Hg ��� Qe : y g ��7?��� y : y g ��8B���

Weestimatefirst thedifferencesbetweenprojections.By Proposition3.7
andProposition3.17,

� Qe : y g ��Wi� Qe : y e �	IÉ� y e : y g �=! 1
5d � x � Ne� 2 I 250/

! 1
5

100
20000

2 I 250
20000 ! 1

50 �
By Lemma4.3, � y : y g ��! 1000/Y! 1000

20000 � 1
20 � Fromthis we have in

particularthat

� y g 7��.Hi� 1 :U� y g : y e �l�~��7�� ' 1 : 250
20000 ��7�� ' 49

50 ��7��4�
Applying Proposition3.11 now gives the estimateHg � y g 7?� y g 7z� '� 64� 49
50 � 2 ��7�� 2 ' 3

5 ��7�� 2 � Since,by 3.11, � Hg �t! 1 � 32� theremainingthree
termsin thelastexpressionin Eq.3 areboundedabovein normby1 � 32��7�� 2
times 1

50 � 1
20 � and 1

50
1
20 respectively, so that Hg ��7?� y 7z��H 1

2 ��7�� 2 for each
quasi-verticalvector 7 .

We returnnow to Eq. 3 to estimatethe derivative of ± in the quasi-
vertical direction.From that equation,we know that, for quasi-vertical 7 ,
<´Æo±"��7�����7 A �Ê< D 9 ± A is the sum of threeterms,the first of which van-
ishesand secondof which is boundedin absolutevalue by 1100/Ë��7�� 2
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along N. The third term is the averageover G of quantitieswhich we
have just shown to beboundedbelow by 1

2 ��7�� 2 � Since/t! 1
20000� we have

<´Æo±"��7�����7 A H 89
200 ��7�� 2 for all quasi-vertical 7 .

©
It followsfrom Lemma4.7thatthederivative Æo± is invertibleonthequasi-
verticalspace,sothatall thezerosof ± arenondegeneratealongthenormal
slices.Moreover thepositivity of <´Æo±"��7�����7 A shows thatthedegreeof each
zerois 1, sothereis exactly onezeroalongeachsuchslice.Thus,N is the
imageof a smoothsectionof the normalbundleto Ne, i.e. of the tubular
neighborhoodretraction$ Ne. To estimatethederivative of thissection,and
hencetheC1 distancefrom Ne to N, weneedto estimateÆ�± whenapplied
to quasi-horizontalvectors.

Lemma 4.8 For anyquasi-horizontalvector 7 at anypoint of thezero set
N of ± , �sÆo±"��7z�]�1W 603 /1��7�� .
Proof. Wewill estimatetheinnerproduct<ÌÆ�±"��7z����8 A � for quasi-horizon-
tal 7 andquasi-vertical 8 .Sincewealreadyhavetheboundof 1100/Ë��7��B��8D�
for what correspondsto the first two terms of Eq. 3, what remainsto
be estimatedis Hg ��7?� y 8T� . For this we useCorollary 3.13,making the
usualslight adjustmentbetweenhorizontaland quasi-horizontalvectors,
analogousto Eq.3.

Hg ��7?� y 8B�	� Hg � Q Íe 7?� y 8B� (4)

� Hg � y Íg 7?� y g 8B�SI Hg ��� Q Íe : y Íg ��7?� y g 8B�
I Hg � y Íg 7���� y : y g ��8B�
I Hg ��� Q Íe : y Íg ��7���� y : y g ��8B���

We estimatethis expressionterm by term,asin the proof of Lemma4.7,
usingCorollary 3.13 (andthe duality of Corollary A.6): � Hg ��7?� y 8B���KWJ 33 r I 1 � 32� 15r 2 I 250/�I 1000/�I � 15r 2 I 250/]� 1000/]� � ��7��D��8"��� Using
the assumptionsr � 100/ and /X! 1

20000 and somearithmeticwe get
Hg ��7?� y 8T�2WX� 303 /KI 1670/]����7��.��8D���

As with the previous lemma, we return to Eq. 3 which expresses
Æ�±2��7z����7z�t� D 9 ��7z� as a sumof threeterms,the first of which vanishes
andsecondof which is boundedin normby 1100/Ë��7�� alongN. Thethird
term is the averageover G of operatorswhich we have just shown to
be boundedabove in norm by � 303 /4I 1670/]����7�� . As a result,we find
�sÆ�±2��7z���=Wi� 303 /KI 2770/]�]��7���W 603 /k��7�� .

©
Combiningtheresultsof Lemmas4.7and4.8,weconcludethattheoper-

atorfrom Q Îe to Qe whosegraphis thetangentspaceTxN hasnormatmost
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60200
89 3 /! 1353 / . By Corollary A.5, d � TxN � QÎe �|! tanx 1 � 1353 /Ï�o!

1353 / . Combining this estimatewith Proposition3.7, we find that the
Finslerdistancefrom N to theparalleltranslate%
Îe of thetangentspaceto
Ne atthefoot of thenormalfrom x is lessthan1363 /k� ThisFinslerdistance
is oneof thetwo quantitiesenteringin thedefinitionof theC1 distancefrom
Ne to N. Theotheris simplyd � x � Ne � , whichby Step4 is boundedaboveby
r � 100/Ð!¨3 / . Sincee couldhave beenany elementof G, we conclude
thatd � Ng � N �2! 1363 / for all g in G, andTheorem2.3is proven. Z

5. Other waysof averagingsubmanifolds

Before(andwhile) obtainingthe presentproof of Theorem2.3, we tried
severalotherwaysto averagesubmanifolds.Noneof themhave succeeded
yet, but theremay be meansof circumventing the difficulties which we
found.In eachsubsectionbelow, wewill describeaproposedprocedurefor
averaginga pair of submanifolds;we leave it to thereaderto generaleach
oneto arbitraryweightedfamilies.

5.1. Pursuit

GivensubmanifoldsN1 andN2, we maymove eachpoint on Ni half-way
alongthegeodesicsegmentto thenearestpoint on theothersubmanifold.
Theresultingtwo submanifoldsshouldbeclosertogetherthantheoriginal
pair, andwe maytheniteratetheprocessandhopethat thepair converges
to a singlesubmanifold.Variantson thismethodwould involve goingonly
asmallfractionof thewayfrom eachsubmanifoldto theotherateachstep,
or letting eachsubmanifoldevolve continuouslyby the (time dependent)
vectorfield pointingtowardthenearestpointson theotherone.

Wedid notsucceedin obtainingtheapriori boundonderivativeswhich
would insureconvergencefor any versionof this procedure.It might be
interestingto testtheideawith numericalexperiments.

5.2. Thespaceof submanifolds

OnecouldconsiderN1 andN2 aspointsin thespaceof submanifolds,and
thenapplyGrove-Karcheraveragingthere.(For apairof submanifolds,this
would just meangoinghalf-way alongthegeodesicfrom onemanifold to
theother.) Theproblemhereis thatthereis no naturaldifferentiablestruc-
tureon a Banachmanifoldof unparametrizedsubmanifolds.In fact,if one
usesthe naturalcoordinatesystemsgiven by sectionsof normalbundles,
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the transitionmapsfail to be differentiableat points which do not have
extra smoothness.This difficulty is relatedto the fact that multiplication
andinversionarenot differentiablemapsfor any Banachmanifoldof dif-
feomorphisms.Perhapsthereisstill atractablevariationalproblemfor paths
in thespaceof submanifoldsfor which two nearbypointsareconnectedby
auniqueminimizer. (SeeSect.6.4for a relatedremark.)

5.3. Distribution theory

Theaverageof N1 andN2 is well definedasa deRhamcurrenton M, i.e.
asa continuouslinear functionalon thedifferentialformsof degreeequal
to the dimensionof the Ni (at least if the submanifoldsare orientable).
This currentis closedand is “approximatelya manifold” in somesense.
Perhapsthereis a theoremwhich allows oneto “condense”sucha current
to an honestmanifold. We don’t even know how to begin proving such
a theorem.

Alternatively,sincethesubmanifoldsinherit riemannianmetricsfrom M,
onecouldconsidertheir averageasa measureon N and,onceagain,try to
turnthismeasureintoonesupportedonasubmanifold.Thisideaseemseven
harderto implementthantheoneusingcurrents,sinceonedoesnot easily
readthedifferentiablestructureof thesubmanifoldsfrom themeasures.

6. Final remarks

6.1. Is theaverage gentle?

Unfortunately, our methodgivesno informationon theextrinsic curvature
of N, socannotestablishthat � M � N � is agentlepair. In particular, wehave
nowayto estimatetheoppositedistancesd � N � Ng � . It wouldbeinteresting
to know whetherthe averagingof gentlepairs(even gentlecurves in eu-
clidean3-space)couldproducea highly “wrinkled” submanifold.Perhaps
one of the alternative averagingmethodssuggestedin Sect.5 would be
preferablein this respect.

Wenotethat,for apairof hypersurfaceswith equalweights,ouraverag-
ing methodjust producesthehypersurfaceof pointswhich areequidistant
from theoriginal two. In this specialcase,thereis no “loss of regularity,”
becausetheaveragehypersurfacecanbefounddirectly from thepotential
functionsof theoriginal two, ratherthanfrom their gradients.

6.2. Possibleextensionsof thetheorem

Is there a more global version of Theorem2.2, which would subsume
Cartan’s fixed point theorem(seethe Introduction).In additionto the as-
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sumptionof nonpositive curvature,onewould presumablyneedto impose
conditionson thesubmanifoldN, for instancethat its normalexponential
mapbeadiffeomorphism.

It shouldbepossibletoextendourtheoremto thecasewheretheambient
manifold M is infinite-dimensional.This extensionwould beessentialfor
applicationsto almost-actionsof non-finitecompactLie groups.(Seethe
Introduction.)If M is a Hilbert manifold,theonly placewheremorework
needsto bedoneis in Steps4 and5 of theproofof theaveragingtheorem,
wheredegreetheoryis used.(SeeRemark4.1.) If M is a generalBanach
manifold,wewouldalsoneedto extendourstudyof theGrassmannmani-
folds to this case.This would be complicatedby the fact that orthogonal
projectionsareno longeravailable.

Thereshouldalsobeversionsof our theoremin symplecticgeometry,
e.g.for isotropic,lagrangian,or coisotropicsubmanifolds.If therearenot,
theobstructionsto solutionsshouldbeinteresting.

6.3. Morphing

JamieSethianpointedoutthatasolutionto ouraveragingproblemfor apair
N1 andN2 of submanifoldswould,onrepeatedapplication,giveafamily Nt

of submanifoldsdefinedfor all binaryfractionst ��J 1 � 2� . Presumably, this
couldbeextendedby continuity to all real t �0J 1 � 2� , thusgiving a defor-
mation,or “morphing”, betweenthe two submanifolds.(Alternatively, we
couldvary theweighton theparameterspace� 1 � 2� to move from onesub-
manifoldto theother.) Conversely, any “reversible”procedurefor morphing
onemanifoldinto anotherwouldgiveasolutionto theaveragingproblem.

6.4. Masstransport

If thetwo submanifoldsNi areparametrizedby thesamemanifold N, the
midpointproblembecomestrivial, sincewecansimply take themidpoints
of thegeodesicsegmentsjoining correspondinglyparametrizedpoints.(Of
course,someestimateswould still beneededto show thattheresultingset
of midpointsis amanifold.)Conversely, asolutionof themidpointproblem
gives a diffeomorphismbetweenN1 and N2, obtainedby projectingthe
averagemanifoldontobothof them.David Aldouspointedout to methat
thisproblemof findinga“distinguished”diffeomorphismbetweentwosub-
manifoldsmaybe thoughtof asa specialcaseof theMonge-Kantorovich
mass-transportproblem(see,for example,[12]), in which anoptimalcor-
respondenceis soughtbetweenthesupportsof two measureson thesame
space.Unfortunately, thecorrespondencesfound in mostknown solutions
of this problemaremultiple-valued.
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6.5. Evolutionof submanifolds

Therepresentationof submanifoldsaszerosof projectedgradientfunctions
maybeusefulfor describingtheevolutionof manifoldsunderflows,gener-
alizingthelevel setmethodfor hypersurfaces.Ruuthetal. [27] havestudied
suchevolutionsnumerically. On the otherhand,AmbrosioandSoner[2]
studytheseevolutionsby representinga submanifoldasthezerosetof its
distanceor potentialfunction.Althoughthey usea singlefunctionandnot
a sectionof a bundle, they must analyzethe derivatives of the potential
functionandthecurvatureof tubeboundariesjustaswedo.

A. Appendix: Finsler distanceand averaging in Grassmannmanifolds

We review in this sectionsomegeometryof Grassmannmanifolds.Spe-
cifically, we will describea center-of-massconstructionderived from the
averagingof projections,andwe will analyzethis constructionin termsof
a naturalFinslermetricon thegrassmannian.Many of theresultshereare
probablynot new, but thereseemsto beno convenientreferencefor them
in theform whichweneed.

We will work with finite dimensionalsubspacesof (possibly infinite
dimensional)Hilbert spaces.By duality, we will extendour resultsto sub-
spacesof finitecodimension(suchasthenormalspacestofinitedimensional
submanifolds),but thisisasfaraswecango.Thestudyof grassmanniansof
generalsubspacesis muchmoresubtle.(See,for example,Chap.7 of [25].)

For our purposes,a Finslermanifold will be a Banachmanifold with
acontinuousfield of normsonthetangentspaces.Thenormsshoulddefine
the topologybut neednot be smoothor strictly convex. Theseconditions
areenoughto definelengthof curvesandan inner metric (see[26], §16)
compatiblewith the topology, thoughnearbypointsmaybeconnectedby
many length-minimizingpaths,suchasin the caseof the L Ñ (“taxicab”)
metricon theplane.

A.1. TheGrassmannianandits metric

For a real Hilbert spaceE andk � 0 � 1 � 2 ���]�]� we denoteby Gk � E � the
Grassmannmanifold of k-dimensionalsubspacesof E, andby G � E � the
manifold having the Gk � E � ’s as its connectedcomponents.EachGk � E �
is a homogeneousspaceunderthe naturalactionof the orthogonalgroup
O � E � ; the isotropy of an elementF � E is the direct productO � F � e
O � F Î�� . EachtangentspaceTFG � E � is naturallyisomorphicto the space
Hom� F � F ÎS� of continuouslinearmapsfrom F to F Î .

EndowingeachtangentspaceHom� F � F Î � with theoperatornormgives
an O � E � -invariantFinslermetricon G � E � . We will usethis metric rather
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than the riemannianmetric (also O � E � -invariant) coming from the inner
products< Q1 � Q2 A � Tr � Q1Q�2 � onthetangentspaces.TheFinslerdistance
d � F � F ) � betweentwosubspacesisthendefinedastheinfimumof thelengths
of pathsjoining F to F ) .

WeembedG � E � into thespaceS� E � of self-adjointendomorphismsof
E by mappingeachF to theoperatorP� F �K� F of orthogonalprojection
onto F. The imageof Gk � E � underthis embeddingconsistsof the self-
adjoint projectionswith tracek. The tangentspaceto P� G � E ��� at P� F �
consistsof thoseq in S� E � suchthat Fq � q � I : F � . The imageof
Q � TFG � E � underthederivative TF P hastheblockdiagonalform

q � 0 Q�
Q 0

with respectto thedecompositionE � F Ò F Î .
TheHilbert norm 3 Tr � q� q� of q is 3 2 timesthatof Q, but theoperator

normsof q andQ areexactly thesame.ThusP is anisometricembedding
of theFinslermanifoldG � E � into theBanachspaceS� E � .8

Wewill alsomakeuseof theantisymmetricoperator

h � Q �
� 0 : Q�
Q 0

in the Lie algebra Ó°� E � of O � E � . We call it the horizontal lift of the
tangentvector Q, becausethe horizontallifts of all Q � TF � G � E ��� form
a complementto the isotropy subalgebraÓ°� F � e Ó°� F ÎS� of F. By right
translatingthe horizontalspacearoundO � E � , we obtaina connectionin
the principal bundle O � E �=� Gk � E � . Thus,eachpath � Ft � in G � E � has
ahorizontallift � gt � in O � E � suchthat Ft � gt � F0 � , anddFt ( dt anddgt ( dt
have thesamenorm.

It will beusefulto comparetheFinslerdistancewith someothernotions
of distancebetweensubspaces.Wehave thefollowing results.

PropositionA.1 If F and F ) are subspacesof thesame(finite) dimension
in E, thentheFinslerdistanced � F � F ) � is equalto theC0 distanced0 � F � F ) �
betweenthe unit spheresof F and F ) , considered as submanifoldsof the
unit sphere in E (with thestandard riemannianmetric).

Corollary A.2 TheFinslerdistancebetweenanytwoelementsof Gk � E � is
at most$L( 2.

Corollary A.3 TheC0 distanced0 � F � F ) � is symmetricin F and F ) .
8 Themap P keepsthe lengthof curvesfixed,but it generallydecreasesdistances;see

PropositionA.4 below.
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PropositionA.4 If F and F ) are subspacesof thesame(finite) dimension
in E, then � F : F - �~� sind � F � F )Ô���

Proof of Proposition A.1. To begin, we notethat,by an arbitrarily small
perturbationof F, wecaninsurethat

F ª F ) Î �[� 0��� �RÕ¾�
It will suffice, then, to prove our equality for pairs having property �RÕ¾� .
(Whenit is notsatisfied,d0 � F � F )Ô�B�[$L( 2.)

We will show first that d � F � F ) ��W d0 � F � F ) � . By our assumption�RÕ¾� ,
with respectto thedecompositionE � F Ò F Î , F ) is thegraphof a linear
map �5� F � F Î . Thenon-negative symmetricoperator�S�z� on F hask
eigenvalueswhichwe take to bethesquaresof

� 1 Hi�]�]�vH�� k H 0 �
We denoteanorthonormalbasisof eigenvectorswith theseeigenvaluesby
e1 ���]�]�+� ek, and we call the anglesÖ j � tanx 1 � j the canonical angles9

betweenthesubspacesF andF’.
Since

<#� ej �l� ek A �V<#� � � ej � ek A � � 2
j × jk �

wegetanorthonormalbasisfor F ) by takingthevectors

ej IU� ej

1 IU� 2
j

� ej IU� ej

1 I tan2 Ö j

�C� cosÖ j ��� ej IU� ej ���

We get an orthonormalset in F Î by taking f j �Ø� 1(�� j ��� ej whenever
� j Ù� 0. For theremainingvaluesof j , weset f j � 0.

Ourbasiselementsfor F ) cannow bewrittenascosÖ j ej I sin Ö j f j , and
wecannow connectF andF ) by thepath

Ft � cos� tÖ j � ej I sin� tÖ j � f j � 0 W t W 1 �
Thevelocityof thispathat t � 0 is themapej M �ÚÖ j f j , whichhasnorm Ö 1,
the largestcanonicalangle.Sincethe Ft form a trajectorystartingat F1

for a 1-parametergroupof isometries(generatedby the skew-symmetric
transformationwhich takes ej to Ö j f j and is zero on � F Òj� F � Î ), the
speedof thepathis constant,soits lengthis Ö 1. Henced � F � F ) �gW�Ö 1. But

9 Theseangleshave a long history, going backto Jordan[19]. We refer to [22] for an
extensive discussionof this history, andaddaswell the references[1] and[23]. Finally,
we notethatPortaandRecht[24] have quiteexplicitly studiedsomeaspectsof theFinsler
geometryof grassmannians.They representsubspacesby theinvolutions2Û F Ü I , sotheir
Finslermetricis twiceours.
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Ö 1 W d0 � F � F ) � becauseÖ 1 is thedistancefrom cosÖ 1e1 I sin Ö 1 f1 � F ) to
theunit spherein F, sowehave proventhatd � F � F )´�2W d0 � F � F )Ì� .

For thereverseinequality, wewill show thatd0 � F � F ) � is boundedabove
by the lengthof any pathfrom F to F ) . Let � Ft � be sucha path, � gt � its
horizontallift to theorthogonalgroup.Any unit vectorin F ) is g1 7 for some
unit vector 7 in F; thedistancefrom g1 7 to theunit spherein F is estimated
by usingthepath � gt 7l� :

d ��7?� g1 7��2W
1

0

d

dt
� gt 7z� dt W 1

0

d

dt
gt dt � 1

0

d

dt
Ft dt �

which is thelengthof thepath � Ft � . Z

Proof of Proposition A.4. Let Ö 1 H��]�]�1HÝÖ k be the canonicalangles
betweenF andF ) .Accordingtotheprecedingproposition,d � F � F )#�
� Ö 1. In
anorthonormalbasisbeginningwith theorthonormalsete1 � f1 � e2 � f2 ���]�]�
constructedin the proof above, the projection F - is block diagonalwith
2 e 2 blocksof theform

cos2 Ö j cosÖ j sin Ö j

cosÖ j sin Ö j sin2 Ö j

followedby zeroblocks,while F hasthesameform with the Ö j ’s replaced
by 0. Thedifference F : F - is built of diagonalblocks

h � Q�	� 1 : cos2 Ö j : cosÖ j sin Ö j: cosÖ j sin Ö j : sin2 Ö j
� sin Ö j

sin Ö j : cosÖ j: cosÖ j : sin Ö j
�

eachof whichhasnormsin Ö j , so

� F : F - �`� sin Ö 1 � sind � F � F ) ��� Z

Theidentificationof d � F � F ) � with thelargestcanonicalanglealsoleads
immediatelyto thefollowing result.

Corollary A.5 If F ) is the graph of a linear map � from F to F Î , then
d � F � F ) �
� tanx 1 �l�T���

It is easyto go backandforth betweensubspacesandtheir orthogonal
complements.

Corollary A.6 If F and F ) are elementsof Gk � E � , and E is finite dimen-
sional,thend � F � F ) �	� d � F ÎT� F ) Îq���
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Proof. Notethat theprojectionson a subspaceandits orthogonalcomple-
mentsumto theidentityoperator. Now applyPropositionA.4. Z

RemarkA.7 Thanksto CorollaryA.6 (or simply usingPropositionA.4 as
a definitionof thedistance),we candefinethedistancebetweensubspaces
of finite codimensionin a Hilbert spaceto be the distancebetweentheir
orthogonalcomplements.

We alsonotethatour distancefunctionsareunaffectedby rescalingof
theinnerproducton E.

A.2. Centerof massin theGrassmannian

Weturnnow to theaveragingof subspaces.UsingGrove-Karcheraveraging
in thegrassmannianmakesit moredifficult to obtainestimatesof thekind
weneed,sinceit is hardto controlthebehavior of theFinslerdistancealong
geodesics.Instead,weaveragetheorthogonalprojectionsassociatedto the
subspaces.This approachwasusedalreadyby de la Harpeand Karoubi
in [9], but their work is morecomplicatedand their estimateslesssharp
thanoursbecausetheirprojectionsarenotnecessarilyorthogonal.

Suppose,then, that we are given a family Fg of elementsof Gk � E �
parametrizedmeasurablyby elementsg of a probability spaceG. If we
averagetheprojections Fg, weobtainaself-adjointoperatorwhich is not,
in general,a projection.However, if the Fg aresufficiently closetogether,
this operatoris an “almost projection,” and we will seethat it can be
approximatedin acanonicalwayby aself-adjointprojectionhaving rankk.
Hereis thepreciseresult.

PropositionA.8 Let Fg be a family of elementsof Gk � E � parametrized
measurablybyelementsg of a probabilityspaceG such thatd � Fg � Fh �"! /
for all g andh in G. Aslongas /1! 1

2, wecandefinean“average” element
F � Gk � E � such that d � Fg � F ��! sinx 1 2/ for all g in G. Thisaveraging
constructionis equivariantwith respectto isometriesof E and measure
preservingautomorphismsof G. If the Fg alsodependsmoothlyon other
parameters Þ , theaverage F alsodependssmoothlyon theseparameters.
Furthermore, if /1! 1

4, themagnitudeof thederivative ß Fßáà is at most8 times

thesupremumover g of themagnitudesof thederivativesß Fg

ßrà .

Proof. We notefirst of all that,by PropositionA.4, � Fg : Fh ��!X/°� For
theaverage

P �
G

Fg dg
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in thespaceof self-adjointoperatorson E, asimplecomputationshowsthat
� P : Fg �=!0/ for all g in G.

We will now modify the approximateprojectionP to make it into an
orthogonalprojection.Theestimate� P : Fg �=!0/ tellsusthatthespectrum
of P is containedin intervals of radius / about0 and1. Since /|! 1

2 � we
canapplyto P theholomorphicfunctionh, definedonthecomplex � plane
with the line Re �p� 1

2 removed,having thevalue0 to the left of the line
and1 to the right. The operatorh � P� is a spectralprojectionof P which
canbewrittenasanintegralaroundacircle G of radius1

2 : × around�t� 1,
where× canbeanarbitrarilysmallpositive number.

h � P�
� 1

2$ i N �R� I : P��x 1 d�&�

Theapplicationof h to P amountsto moving thespectrumto 0 and1 while
keepingtheinvariantsubspacesthesame,sothat � h � P�T: P �=!0/°�

Denotingby F theimageof h � P� ,wehaveh � P� = F, and � F : Fg �.W� h � P�g: P �DI�� P : Fg �i!�/1I�/ � 2/¨! 1 for all g in G. Since
� F : Fg �6! 1, thespacesF andFg have thesamedimension(see[20],
Theorem6.32),soF � Gk � E � . By PropositionA.4, d � F � Fg �2! sinx 1 2/ .

Theequivarianceof ourconstructionis obvious,sinceall thestepswere
canonical.To establishsmoothdependenceandestimatederivativeswith
respecttoparameters,wecontinueouranalysisof theoperatorfunctionh by
observingfirst thatdifferentiationundertheintegral signgivessmoothness
(in fact analyticity) of h. To estimatethe derivative, we assumethat the
spectrumof anoperatorfamily P�RÞ�� lies in theunionof discsof radius /
around0 and1 andcompute:

â
h � P�RÞK���â Þ � 1

2$ i N
â
â Þ �R� I : P��x 1 d�

�V: 1

2$ i N �#� I : P�RÞK����x 1

â
P�RÞK�â Þ �R� I : P�RÞ�����x 1 d�&�

Hence,
â
h � P�RÞK���â Þ W 1

2$ � length G°� supã �R� I : P�RÞ�����x 1 2
â
P�RÞK�â Þ �

As theradiusof G approaches12, thelengthof G approaches$ , andso

â
h � P�#Þ����â Þ W 1

2$ $
1

� 12 :ä/]� 2
â
P�RÞK�â Þ W 2

� 1 : 2/]� 2
â
P�RÞK�â Þ �
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As longas /1! 1
4 � wehave

â
h � P�RÞ����â Þ W 8

â
P�RÞK�â Þ �

andwe shall be contentwith this crudeestimate(thoughthe factor8 can
probablybebroughtcloseto unity as / becomessmall).

Wecannow finishtheproofof ourProposition.Let thespacesFg depend
smoothlyon Þ . SincethemapF M � F is a Finslerisometry, � ß Fg O à Qßrà �=�� ßPå Fg

ßrà ��� Averagingdoesnot increasenorms,so � ß PO à Qßrà �ÐW supg � ß Fg

ßrà ��� By

ourpreviousestimate,�Ëß Fßrà �`�V� ß>å Fßáà �.W 8 supg � ß Fg

ßrà ��� Z
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