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Abstract. Thiswork is concernedwith asymptoticpropertiesof multi-dimensionalrandom
walksin randomenvironment.UnderKalikow’scondition,weshow acentrallimit theorem
for randomwalksin randomenvironmenton � d, whend � 2. Wealsoderive tail estimates
on the probability of slowdowns. Theselatter estimatesareof specialinterestdueto the
natural interplay betweenslowdowns and the presenceof trapsin the medium.The tail
behavior of therenewal timeconstructedin [25] playsanimportantrole in theinvestigation
of bothproblems.Thisarticlealsoimprovesthepreviouswork of theauthor[24], concerning
estimatesof probabilitiesof slowdownsfor walkswhichareneutralor biasedto theright.

0. Introduction

Randomwalk in a d-dimensionalrandomenvironmentis a basicexample
of stochasticmotion in a randommedium.Yet, its asymptoticbehavior is
sofar ratherpoorly understood,especiallywhend is biggerthanone.The
conceptof the “environmentviewed from the particle”, which hasbeen
sopowerful in the investigationof several examplesof stochasticmotions
in a randomenvironment,cf. Kipnis-Varadhan[13], S.M. Kozlov [14],
Olla [18], Papanicolaou-Varadhan[19], hashaduntil now little successin
thestudyof multidimensionalrandomwalksin randomenvironment.This
fact is relatedto the genuinelynon-reversiblecharacterof the model,and
to thedifficulty to applyany ergodictheorem.

In SznitmanandZerner[25], it is shown thatanassumptionpreviously
introducedby Kalikow [9], seealso(1.7) below, implies a stronglaw of
large numbersfor the walk, with a non-degeneratelimiting velocity. The
objectof the presentarticle is to investigateunderthe above assumption,
the tail behavior of probabilitiesof slowdown of the walk, andconditions
ensuringacentrallimit theorem.Thewishto derive acentrallimit theorem
is very naturaland thereis little needto further dwell on its motivation.
Let us however commenton the incentive to study the tail behavior of
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the probability of slowdowns, that is to obtain large deviation estimates
on the probability that the walk moves slower thanpredictedby the law
of largenumbers.This topic hasrecentlybeentheobjectof severalworks
mainlyin aone-dimensionalsetting,cf. Dembo-Peres-Zeitouni[4], Gantert-
Zeitouni[7], Pisztora-Povel-Zeitouni[21], Pisztora-Povel [20], with theex-
ceptionof Sznitman[24], wherea multi-dimensionalsituationis analyzed.
One groundfor this surge of interestis the profoundinterplay between
probabilitiesof slowdown of thewalk, andthenatureof “traps” which can
occurin themedium.Looselyspeakingthetrapsareatypicalpocketsof the
mediumwherethewalk mayspenda long time with relatively largeprob-
ability. Thedesireto elucidatetherole of suchobjectsin thetail behavior
of probabilityof slowdownscanbeviewedaspartof abroaderissuein the
theoryof randommedia.Indeedover the recentyears,several important
exampleshave emerged,where“atypicalpocketsof low localeigenvalues”
play a predominantrole. Suchexamplescanfor instancebe found in the
context of stochasticdynamicsof spin systemswith randominteraction,
cf. Sect.7 of Martinelli [16], of modelsof intermittency, cf. Chap.III of
Molchanov [17], andof BrownianmotionamongPoissonianobstacles,cf.
Sznitman[23]. Oneof theaspirationsof thepresentwork is tostudywhether
trapsplay a predominentrole in slowdowns.

Let usnow presentthemodelmoreprecisely. Therandomenvironment
is given by a collection of i.i.d. � 2d � -dimensionalvectorswhich specify
the jump probabilitiesof the walk at eachsite of d. We assumethat for
a suitable� in � 0 � 1

2d � ,
thecommonlaw � of thevectorsis supportedon theset	�

of � 2d � -vectors� p � e����
 e
 � 1� e��� d � with p � e��������� 1� for eache�
and 
 e
 � 1

p � e��� 1 �(0.1)

The randomenvironment is an element ��������� x �! ��� x ��� d of "#�$	 � d
 ,
which is tacitly endowedwith theproduct% -algebraandtheproductmeas-
ure �&�(' � d

. The randomwalk in the randomenvironment � , is then
the canonicalMarkov chain � Xn � n) 0 on � d �+* , with statespace d, and
“quenchedlaw” Px�-, startingfrom x � d, suchthat:

Px�-, � Xn. 1 � Xn / e 0 X0 �!�1�1�1� Xn � Px 2 3 -a.s.� ��� Xn � e� ,
for n 4 0, and 0 e0!� 1 � Px�5, � X0 � x � � 1 �(0.2)

Onealsodefinesthe“annealedlaws” Px, x � d, on "76$� d �+* via

� 0 � 3� Px � 6 Px�-, � x � d �
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Throughoutthisarticle,thewalksweconsiderwill alwaysfulfill Kalikow’s
conditionrelativetosomeunit vector 8 of d . Wereferto(1.7)for theprecise
definition.As mentionedabove, it is shown in Sznitman-Zerner[25], that
this conditionimpliesa stronglaw of largenumber, namely:

� 0 � 4� P0-a.s� Xn

n 9 : �
wherethe limiting velocity : , cf. (1.21),is deterministicand :  18<; 0. To
highlight thenatureof Kalikow’s condition,let usmentionthatin theone-
dimensionalsituation,under(0.1), a stronglaw of large numbersalways
holds for randomwalks in randomenvironment, but the limit velocity
possiblyvanishes,cf. Solomon[22]. Thefulfillment of Kalikow’scondition
with respectto 8=� 1, or 8>�@? 1, preciselycharacterizesthecaseof anon-
vanishinglimit velocity, cf. Remark2.5 of [25]. Unfortunatelythe higher
dimensionalsituationis lessclear, sofar.

Comingbackto themainobjectivesof thepresentarticle,let usdefine
for u � :

� 0 � 5� Tu � inf A n 4 0 � Xn  B8C4 uDE�
thefirst time at which thewalk comesabove level u in thedirection 8 . The
stronglaw of largenumbersis easilyseento imply that:

� 0 � 6� P0-a.s.� Tu

u 9 � :  F8G��H 1 � as u 9 I �
The centralobjectof thepresentwork is to investigatetheasymptoticsof
thelargely deviant annealedprobabilitiesof slowdown:

� 0 � 7� P0 � Tu ; cu� , asu 9JI , with c ;K� :  B8L� H 1 �
aswell astheoccurrenceof a functionalcentrallimit theoremfor:

� 0 � 8� Bn
t � X M tnNPOCQ tnRTSU

n
� t 4 0 � when n 9JI �

A powerful tool to analyzethesequestionsis provided by the renewal
structureconstructedin [25], which generalizesto a multi-dimensional
context the work of Kesten[11]. In particular a key role is played by
a certainrenewal time V 1, see(1.18)below. Both asymptoticsin (0.7) and
(0.8)areefficiently controlledby thetail behavior of V 1:

� 0 � 9� P0 ��V 1 ; u� � as u 9JI �
For instance,afinite secondmomentof V 1 impliesafunctionalcentrallimit
theoremfor BnW , cf. Theorem4.1,andcertainboundson thetail of V 1 imply
analogousboundsonthequantityin (0.7),cf. Lemma5.1,Theorem5.3and
Theorem5.7.It followsfrom Theorem3.5,that V 1 hasfinite P0-momentsof
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arbitraryorder, whend 4 2,andthecentrallimit theoremfor BnW follows,cf.
Corollary4.2.This is in contrastwith theone-dimensionalsituationwhere
such a central limit theoremneednot always hold, cf. Kesten-Kozlov-
Spitzer [12]. Incidentally a central limit theoremfor multi-dimensional
randomwalksin randomenvironmentwasalreadyderivedby Lawler [15],
seealsoS.M.Kozlov [14], whenthewalk hasnull localdrift, cf. (0.11),and
by Bricmont-Kupiainen[2], whend 4 3, thelaw � is isotropic,(i.e. invari-
antunderrotationspreserving d), andconcentratedonsmallperturbations
of the transitionprobability of the simplerandomwalk. The situationwe
considerhereis quitedifferentsinceaneffective velocityexists.

The quantity in (0.9) has somesimilarities with S� u� , the annealed
survival probability up to time u, which one considersin the context of
BrownianmotionamongPoissonianobstacles,cf. Sznitman[23], Chap.4.
Thisqualitativeanalogycanbesensedonceonerealizesthatanaturallower
boundon (0.9) is obtainedby writing

� 0 � 10� P0 ��V 1 ; u� 4 P0 � TU ; u � Xu � 0� �
for u aneveninteger(for parity reasons),U anarbitrarysubsetof d con-
taining0, TU theexit timeof � Xn � n) 0 from U, andthenpickingafavorable,
trap-like environmenton U. This hasof coursevery muchtheflavor of the
type of lower boundsoneappliesto S� u� , whenoneconstrainsBrownian
motionnot to exit a largeopensetU receiving no obstacles,up to time u,
cf. [23].

In both casesupperboundstend to be of a substantiallymore deli-
catenaturethanlower bounds.In the context of Brownian motionamong
Poissonianobstacles,upperboundson S� u� arevery efficiently derivedby
meansof certainlarge deviation estimateson principalDirichlet eigenval-
ues,cf. [23]. However spectralconsiderationaremuchlessquantitative in
thetruly non-selfadjointsettingof randomwalksin randomenvironment.
Insteadan importantrole in the derivation of upperboundson (0.9), is
playedby certainlarge deviation estimateson the -probability that the
exit distribution of a large slab A z � d, 0 z  !8X0ZY L D , under P0�-, , gives
“little mass” to the “upper boundary”,where z  P8[; L, cf. (2.15) and
Proposition3.1.

A fascinatingfeatureof bothtail behaviors in (0.7)and(0.9)is theirpro-
foundlink with thenatureof possibletrapswhichcanoccurin themedium.
In particularif d � x �B�\� denotesthelocal drift at x in theenvironment� :

� 0 � 11� d � x �B�\�\� Ex�-, � X1 ? X0 � � 
 e
 � 1
��� x � e� e �

a decisive role is playedby

� 0 � 12� Ko theconvex hull of thesupportof thelaw of d � 0 �B�\���
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Dependingon whetherthewalk is

� 0 � 13�
i) non-nestling,i.e.0 doesnot belongto Ko

(theterminologyis dueto Zerner[26]) �
ii) marginal nestling,i.e. 0 belongsto ] Ko �
iii) plainnestling,i.e. 0 belongsto theinterior of Ko �

oneobtainsbothin (0.7)and(0.9)qualitatively distincttail behaviors with
respectto suitabledirections8 . Incidentallyoneinterestof Kalikow’s con-
dition is that it is generalenoughto accommodateexamplesof the above
threedifferentclasses.In casei) for directions8 separating0 and Ko, the
decayof P0 ��V 1 ; u� is exponential.In caseiii), it is plausibleto expect
a typical behavior like expA�? c � logu� d D . We canonly show a lower bound
of this type,cf. Theorem2.7, andobtainwhend 4 2 an upperboundof
thetypeexpA�? c � logu��^�D , with _ smallerthan1 / dH 1

3d , cf. Theorem3.5.In
caseii), no universaldecayshouldbeexpected,cf. Remark2.6.,although
the situationis shown to be in an adequatesenseintermediatebetweeni)
andiii). Oneimportantexampleof typeii) correspondsto walkswhich are
neutralor biasedto the right, cf. after (2.37), in which caseP0 ��V 1 ; u�
decayslike expA�? cu

d
d̀ 2 D , seeTheorem2.5. This examplewasin fact the

main focusof our previous work [24]. Let us mentionthat the resultswe
obtainin thisspecialexampleimproveourpreviousresultsandin particular
enableto studytail behaviors like (0.7) for c arbitrarily closeto thecritical
value � :  F8L� H 1, cf. Theorem5.8.Parenthetically, thetechniquewe employ
herebypassestherenormalizationmethodweusedin [24].

Let usnow turn to theorganizationof thepresentarticle.

SectionI describesKalikow’sconditionandtherenewal structurewhich
can be attachedto the walk when the condition holds. It also develops
certainestimateswhichareroutinelyusedin thesubsequentsections.Wein
particularshow in Proposition1.4 thatsup0a nacb 1 0 Xndeb 1 0 alwayshassome
finite exponentialmomentunder P0, (in contrastto V 1 in case(0.13) ii)
andiii)). We alsoprovide controlson thesizeof transversalfluctuationsof
thepath,cf. Corollary1.5.

SectionII discussessomefirst tail estimateson thevariableV 1. Among
otherthingsit is shown that the threesubcasesof (0.13),leadfor suitable
directions8 to distinct tail behaviors. Thespecialcaseof walkswhich are
neutralor biasedto the right is treatedin a quite satisfactory fashionin
Theorem2.5.

SectionIII developsapriori upperboundsonthetail of V 1, whend 4 2,
with aspecialaimattheplainnestlingsituation.Ourmainresultis provided
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in Theorem3.5.Unfortunatelytheupperboundswederivedonotmatchthe
(natural)lowerboundweobtainin Theorem2.7,(roughlyfollowing (0.10)).

SectionIV appliesthepreviouslyobtainedtail estimatesto thederivation
of a centrallimit theoremfor BnW , cf. Corollary4.2.

SectionV developstheapplicationsof thetail estimatesfor (0.9),to the
controlof probabilitiesof slowdown. As mentionedabove,wein particular
drasticallyimprove ourpreviousresultsof [24], cf. Theorem5.8.Ourmain
focus in this sectionconcernsannealedestimates.At the end of the sec-
tion we briefly discusssomequenchedestimates,andwhathappensin the
casewhereonereplaces“slowdown” by “acceleration”,cf. Remark5.9.For
nestlingwalks satisfyingKalikow’s condition,we alsoprovide in Propo-
sition 5.10the descriptionof the null setof the ratefunction enteringthe
quenchedlargedeviation principleof Zerner[26].

I. Further notations and some preliminary estimates

In this sectionwe shall introducesomefurthernotations,recallKalikow’s
conditionandthe basicstepsin the constructionof the renewal structure
introducedin [9]. Weshallthenprove severalestimateswhichwill beused
in thesubsequentsections.We begin with somenotations.We respectively
denoteby 0� �0 and f� �f theEuclideanandthe 8 1-distanceon d, � d 4 1� , so
that:

� 1 � 1� 0hg�0�Y[f!g>fiYkj d 0hg>0h� for g$� d �
For U a subsetof d, we let ] U standfor theboundaryof U:

� 1 � 2� ] U �lA x � d m U �on y � U �p0 y ? x 0e� 1DE�
andwe denoteby TU andHU therespective exit time andentrancetime of
X W in U:

� 1 � 3� TU � inf A n 4 0 � Xn q� U D�� HU � inf A n 4 0 � Xn � U DZ�
WhenU �rA x D , we shallwrite Hx insteadof Hs x t , for simplicity. We now
introducea collectionof auxiliaryMarkov chainswhich will berepeatedly
usedin thesequel,andalsoenterthedefinitionof Kalikow’scondition.For
U a connectedstrict subsetof d, containing0, we considerthe Markov
chainwith statespaceU uv] U andtransitionprobability:

PU � x � x / e�\�
E0�5,

TU

0

1A Xn � x D ��� x � e� q E0�-,
TU

0

1A Xn � x D �
for x � U �p0 e0e� 1 � PU � x � x�\� 1 � x �C] U �

(1.4)
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Thanksto (0.1) andtheconnectednessof U, the expectationsentering
(1.4) are readily seento be finite and positive. The law of the canonical
Markov chainattachedto PU �w x�! � , andstartingfrom x � U uC] U is denoted
by Px� U . Its localdrift at sitex � U uv] U is:

� 1 � 5� dU � x�\� Ex� U � X1 ? X0 � �
Theimportanceof theseauxiliaryMarkov chainsstemsfrom thefollowing
factprovenin Proposition1 of Kalikow [9]:

� 1 � 6� if P0� U � TU y I � � 1, thenP0 � TU y I � � 1, and

XTU hassamedistribution underP0� U andP0 �
For 8 aunitvectorof d, Kalikow’sconditionrelativeto 8 is therequirement
that:

� 1 � 7� z{��8|�B�(� def� inf
U� x� U

dU � x�� F8C; 0 �
whereU runsoverall possibleconnectedstrictsubsetsof d, containing0.
Note that for a given � , the setof 8 where(1.7) holds,is an opensubset
of Sd H 1. Exampleswhere(1.7)holdscanbefoundin Sect.II, aswell asin
Kalikow [9] andSznitman-Zerner[25]. Let ussimply mentionthat(1.7) is
generalenoughandcanaccommodateexamplesof distributions � in the
threedifferentclassesof (0.13).

From now on, we shall only considersituationswhere 8 and � fulfill
(1.7).Wedenoteby C theclosedconvex cone

� 1 � 8� C � g$� d �p0hg}?~g� B8�8X0�Y 1� g� 18 �
As a directconsequenceof (1.7),we seethatfor any U asin (1.7):

� 1 � 9� dU � x��� C � for x � U u�] U �
If ��� n � n) 0 standsfor thecanonicalfiltration of � Xn � n) 0, a very usefulrole
is playedby the Px� U -martingales,for x � U uv] U:

� 1 � 10� MU
n � Xn ? X0 ? nH 1

0
dU � Xk �E�

Thesemartingaleshave incrementsboundedin 0� X0 -norm by 2, andfrom
Azuma’s inequality, cf. Alon-Spencer-Erdös[1], p. 85,

� 1 � 11� Px� U MU
n  Gg�; A Y exp ? A2

8n
� for A ; 0 � n 4 0 �!0hg�0e� 1 �

Observe alsothat nH 1
0 dU � Xk �E� C, for all n 4 0, Px� U -a.s..
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We now turn to the renewal structureattachedto the randomwalk in
randomenvironment. It can in fact be constructedunder more general
assumptionsthan (1.7), we refer on this to [25]. If one introducesthe
stoppingtime

� 1 � 12� D � inf A n 4 0 ��8p Xn y 8� X0DE�
it canbeshown, cf. Proposition1.2of [25] that:

� 1 � 13� P0 � D � I � ; 0 �
We shall in fact provide a quantitative lower boundon P0 � D � I � in
Lemma1.1 below. The definition of the key randomvariable V 1 further
dependsonthechoiceof anumbera ; 0. To getrid of thea dependencein
theestimates,it will beconvenientandsufficient for ourpurposeto assume
that

� 1 � 14� 0 y a Y 10j d �
althoughnothingspecialhappenswhena ; 10j d. We denoteby ��� n � n) 0,
thecanonicalshifton � d �+* (or sometimeson � U u�] U�+* ). FollowingSect.I
of [25], we introducetwo sequencesof ��� n � -stoppingtimes,Sk, k 4 0, Rk,
k 4 1,andthesequenceof successivemaximain thedirection8 , Mk, k 4 0:

S0 � 0 � M0 �l8p X0 �
S1 � TM0 . a Y I � R1 � D �Z� S1 / S1 Y I �

(recall(0.5) for thenotation)�
M1 � supA�8= Xn � 0 Y n Y R1 DEY I �

andby inductionwhenk 4 1:

Sk. 1 � TMk . a Y I � Rk. 1 � D �Z� Sk̀ 1 / Sk. 1 Y I �
Mk. 1 � supAw8� Xn � 0 Y n Y Rk. 1 DE�

(1.15)

We thenhave:

0 � S0 Y S1 Y R1 Y S2 Y� 1 1 �Y I �
andthe above inequalitiesarestrict whenthe left memberis finite. If we
introduce

� 1 � 16� K � inf A k 4 1 � Sk y I � Rk � I DE�
it is shown in Proposition1.2.of [25] that:

� 1 � 17� P0-a.s.� K y I �
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One thendefinesthe positive variable(which is easilyseennot to be an��� n � -stoppingtime):

� 1 � 18� V 1 � SK �
Incidentallyobserve thatthelower bound(0.10)immediatelyfollows from
the above definition.Onethenfurther introducesthe successive times V k,
k 4 2, (usinghopefullyobviousnotations):

V 2 �lV 1 � X � / V 1 � X b 1 .\� ? X b 1 �E�
��V 2 is definedas / I , when V 1 � I ), andfor k 4 2,

V k. 1 �lV 1 � X � / V k � X b 1 .\� ? X b 1 ���
It is shown in Theorem1.4of [25] that

P0-a.s.� 0 y V 1 y V 2 y  1 1 y V k y �1�1��� and

under P0 �p�w� X b 1 de� ���BV 1 ���p��� X � b 1 .c� ��deb 2 ? X b 1 ����V 2 ?�V 1 ���!�1�1������ X � b k .c� ��deb k̀ 1 ? X b k ����V k. 1 ?�V k �1�!�1�1��� areindependent

variables,furthermorethe ��� X � b 1 .|� ��deb 2 ? X b 1 ����V 2 ?�V 1 �1�!�1�1�1���� X � b k .c� ��deb k̀ 1 ? X b k ����V k. 1 ?�V k �1�!�1�1��� aredistributed

like ��� X b 1 de� ���BV 1 � under P0 �! 10 D � I � �
(1.19)

Theaboverenewal propertywill besufficient for thepurposeof thepresent
article,but moreis known,see[25]. It is thenshown in Theorem2.3of [25],
that:

� 1 � 20� E0 ��V 1 0 D � I � y I �
aswell asthestronglaw of largenumbers:

� 1 � 21� P0-a.s.� Xn

n 9 : def� E0 Q X b 1 � D ����R
E0 Q � 1 � D ����R � and :  F8�; 0 �

We arenow readyto begin thederivationof someauxiliaryestimates.

Lemma 1.1. There exists �{��z1��; 0, such that for anyconnectedU d,
containing0, andx � U u�] U,

� 1 � 22� expA�?�� Xn  B8LD is an ��� n � -supermartingaleunderPx� U �
Thereexistsc1 ��z1�E; 0, such that:

� 1 � 23� P0 � D � I � 4 c1 �
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Proof. Webegin with theproofof (1.22).Wecanfind anumericalconstant� ; 0, suchthatfor �<��� 0 � 1� , 0 u 0�Y 1:

� 1 � 24� 0 eH|� u ? 1 / � u 0>Y � � 2 �
Thenfor n 4 0, U asabove andx � U:

Ex� U � expA�?�� Xn. 1  B8LD�0 � n � � expA�?�� Xn  B8GD�� 1A Xn �¡] U D
/ 1A Xn � U D EXn � U � expA�?��{� X1 ? X0�� F8LD � ��� Px� U -a.s. �

In view of Kalikow’s condition(1.7),for y � U,

Ey� U � expA�?��{� X1 ? X0 �� F8GD � Y 1 ?�� dU � y�\ F8 / � � 2 Y 1 �
if �<Yk�{��z1� . As a resultwhen �¢Yk�{��z1� ,

Ex� U � expA�?�� Xn. 1  F8LD�0 � n � Y expA�?�� Xn  B8LD1� for n 4 0, Px� U -a.s.�
andour claim (1.22)readilyfollows.We shallnow write � for �{��z1� .

Wenow turnto theproofof (1.23).WeconsiderM 4 2j d, andthestrip

� 1 � 25� £ M �KA x � d � 0 Y x  B8CY M DE�
This setis connectedaseasilyfollows from thefact(provenby connected-
ness)thatthecollectionof verticesof closedunit cubesz / � 0 � 1� d, z � d,
intersectinga real line of d is a connectedsubsetof d. Moreover T¤ M

is finite P0� ¤ M -a.s.;indeedXn  �8 is thesumof a martingalewith bounded
increments,whichconvergesto afinite limit or oscillatesbetween/ I and? I on a set of full measure,seeDurrett [5], p. 207, and an increasing
processwhich tendsto infinity on A T¤ M � I D , in view of (1.7),(1.10).We
canthusapply(1.6),andfind:

� 1 � 26� P0 � XT¥ M
 18¦; M � � P0� ¤ M � XT¥ M

 F8C; M � �
The proof of (1.23) now involves a minor difficulty, which preventsthe
directuseof (1.22).Namelyfor certain 8 the valuesof 8� x, with x � d

such that x  P8 y 0, may accumulatein 0. This fact is however easily
overcome.Applying (1.22)andthestoppingtheorem,we seethat:

E0� ¤ M X1  B8C4
�
2
� expA�?�� X1  F8LD

4 E0� ¤ M expA�?�� XT¥ M
 B8LD1� X1  18�4

�
2

4 P0� ¤ M X1  B8C4
�
2
� XT¥ M

 18 y 0 � andtherefore�
(1.27)
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P0� ¤ M X1  18¦4
�
2
� XT¥ M

 B8¦; M

4 1 ? exp ?��
�
2

P0� ¤ M X1  B8C4
�
2
�(1.28)

Applying to � X1  B8G� . theinequality

� 1 � 29� P X 4 1

2
E � X � 4 1

4

E Q X R 2
E Q X2 R �

valid for X a non-negative randomvariable with finite positive second
moment,andusing(1.7),we find:

� 1 � 30� P0� ¤ M X1  B8C4
�
2
4 1

4
z 2 �

andthereforein view of (1.28),

� 1 � 31� P0 � D � I � � lim
M §�¨ P0 � XT¥ M

 F8�; M � 4 1

4
z 2 1 ? eH|�ª©2 �

proving (1.23). «¬
Thenext lemmashows that X b 1  B8 hassomefinite exponentialmoment

underP0.

Lemma 1.2. Thereexist positiveconstantsc2 � d �Bz1� , c3 � d �Bz1� , such that:

� 1 � 32� E0 � expA c2 X b 1  B8LD � y c3 �
Proof. For c ; 0, thanksto (1.18):

E0 � expA c X b 1  F8LD � �
k) 1

E0 � expA c XSk  F8LD1� Sk y I � D �Z� Sk � I � �
andusingthestrongMarkov property, whenk 4 1,

E0 � expA c XSk  F8LD1� Sk y I � D �E� Sk � I � �
x ��� d

� E0�-, � expA c XSk  B8LD�� Sk y I � XSk � x � Px�-, � D � I �­� �(1.33)

Thetermsundertheabove -expectationarerespectively %������ y �! � ; 8E y y8i x� and %������ y �! � ; 8i y 4#8i x� -measurable,andthus -independent.As
a resulttheabove expressionequals

E0 � expA c XSk  F8LD1� Sk y I � P0 � D � I � �
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andwe seethat

E0 � expA c X b 1  B8GD � �
k) 1

E0 � expA c XSk  B8LD�� Sk y I � P0 � D � I �� 1® 15�Y
k) 1

E0 � expA c XSk̄ 1  B8LD�� SkH 1 y I �
exp c � a° / MkH 1 ? XSk̄ 1  B8L� � D �E� Sk̄ 1 y I � P0 � D � I � �

(1.34)

wherewe usethe definition below (1.15),the tacit conventionthat for an
eventA, “, A” or “, A,” insideanexpectationstandsfor theindicatorfunction
of A, andthenotation

� 1 � 35� a° def� a / 1
� 1® 14�Y 1 / 10j d �

Usinga similar argumentasafter(1.33),theabove equals:

eca± /
k) 2

E0 � expA c XSk̄ 1  B8LD�� SkH 1 y I � E0 � expA c � a° / M ��D�� D y I �
6 P0 � D � I � �

providedwedefine

� 1 � 36� M � supA Xn  B8X� 0 Y n Y D DE�
Using inductionseparatelyon eachterm of the above series,we thussee
that:

E0 � expA c X b 1  18GD � Y
eca± P0 � D � I � k) 1

E0 � expA c � a° / M ��D�� D y I � kH 1 �(1.37)

The claim (1.32) will follow oncewe show that for c2 � d �Bz1��; 0, 0 y
c4 � d �Bz1� y 1,

� 1 � 38� ec2 � 1. 10² d � E0 � expA c2 M D�� D y I � y 1 ? c4 �
Observe thatfor c ; 0,

E0 � expA cM D1� D y I � Y
m) 0

ec2m̀ 1
P0 � 2m Y M y 2m. 1 � D y I �

/ ec P0 � 0 Y M y 1 � D y I � �
(1.39)

Denoteby Om andOm thesets

Om �lA x � d ��8= x y 2m D1� Om �lA x � d �i0 8= x 0 y 2m DE�
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sothat Om is connectedfor m 4 0, andOm is connectedwhen2j d y 2m,
seebelow (1.25).Introducein analogywith (0.5),

� 1 � 40� Tu � inf A n 4 0 � Xn  B8CY uD1� for u � �
We canthenproceedasin (2.16)–(2.25)of [25], andwrite for m 4 0,

� 1 � 41� P0 � 2m Y M y 2m. 1 � D y I � Y P0 0 XT2m ? 2m 8|0�4 2m. 1�
/ c � d � 2m. 1� d

P0 � TH 2m y T2m � �
Moreover, on theevent A�0 XT2m ? 2m 8X0�4 2m̀ 1³ D , we seethatfor m 4 1,

� 1 � 42� TOm 4 2m. 1� � P0� Om-a.s.�
Using(1.6),it follows thatfor m 4 1,

P0 0 XT2m ? 2m 8X0�4 2m. 1� Y P0� Om TOm 4 2m. 1�

andsinceon A TOm 4 2m̀ 1³ D , Kalikow’s condition (1.7)impliesthat:

MOm

2m̀ 1

©
 B8CY[? 2m / z�Y�? 2mH 1 �

we find in view of Azuma’s inequality(1.11),thatfor m 4 1:

� 1 � 43� P0 0 XT2m ? 2m 8X0�4 2m. 1� Y P0� Om MOm

2m̀ 1

©
 F8¦Y[? 2mH 1

Y expA�?�z 2mH 6 DE�
Moreover, observingthatP0-a.s.,A TH 2m y T2m D��´A XTµOm

 ¶8¦Y�? 2m D , wesee

thatwhen2j d y 2m, thestoppingtheoremappliedto thesupermartingale
in (1.22)and(1.6) imply that:

� 1 � 44� P0 � TH 2m y T2m � � P0�¸·Om
XTµOm

 F8¦Y[? 2m
� 1® 22�Y expA�?��{��z1� 2m DZ�

However sincein view of (1.23),P0 � D y I � Y 1 ? c1 ��z1� , (1.39)together
with the upperbounds(1.43), (1.44) on the termsenteringthe right hand
sideof (1.41),easilyshow (1.38).This provesour claim. «¬
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The next lemmawill be recurrentlyusedwhenderiving upperbounds
on thetail of V 1 in Sect.II andIII. Wefirst needsomenotations.Wedenote
by � ei � i � M 1� dN , thecanonicalbasisof d, andchoosesomerotationR of d

suchthat:

� 1 � 45� R� e1 �¹�K8¦�
For L ; 0, wedenoteby CL thecube:

CL � R ��? L � L ��6 ? 2L� � 2L� dH 1 º
d �

(recall z is definedin (1.7)) �(1.46)

Lemma 1.3. There exists c5 � d �Bz1��; 0, such that for any functionu 9
L � u�E; 0, with limu§�¨ L � u�¹� I ,

P0 ��V 1 ; u� Y P0 � TCL » u ¼ � TL � u� ; u� / eH c5L � u� �
for large u, (see(0.5) for thenotation) �(1.47)

Proof. Keepingin mind(1.32),for L �� � asabove,wefind asanapplication
of Chebyshev inequality:

P0 ��V 1 ; u� Y P0 ��V 1 ; u � X b 1  18¦Y L � u� � / eH c2L � u� E0 � ec2 X ½ 1 � ¾ � �
By thevery constructionof V 1, cf. (1.15)–(1.18),V 1 � TX ½ 1 � ¾ , andthusfor
largeu,

� 1 � 48� P0 ��V 1 ; u� Y P0 � TL � u� ; u� / exp ? c2

2
L � u� �

Moreover,

� 1 � 49� P0 � TL � u� ; u� � P0 � TCL » u ¼ � TL � u� ; u� / P0 � TL � u� ; TCL » u ¼ � �
If C denotestheconnectedcomponentof 0 in CL � u� , then] C ¿7] CL � u� , and
using(1.6),

� 1 � 50� P0 � TL � u� ; TCL » u ¼ � � P0�x·C XTµC  F8 y L � u� Y
P0� ·C T·C ; 2�

L � u� / P0� ·C T·C Y 2�
L � u��� XTµC  B8 y L � u� �

IntroducingN �À� 2³ L � u� � , asafter(1.42),for largeu,

P0� ·C T·C 4 2�
L � u� Y P0� ·C M ·CN  18¦Y�? L � u� / z� 1® 11�Y exp ? L2 Á uÂ

16N
�(1.51)
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By thesameargumentasafter(1.42),

� 1 � 52� P0� ·C T·C y 2�
L � u�1� XTµC  B8 y L � u� Y P0� ·C � XTµC  B8¦Y�? L � u� �� 1® 22�Y expA�?��{��z1� L � u��D��

Thereforecombining(1.51)and(1.52),we seethatfor largeu,

� 1 � 53� P0 � TL � u� ; TCL » u ¼ � Y exp ? L2 Á uÂ
16N / expA�?��{��z1� L � u��D��

andcomingbackto (1.48),(1.49),our claim follows. «¬
We shallnow prove a reinforcementof Lemma1.2,which will play an

importantrole in the control of fluctuationsof the walk transversalto the
directionof the limiting velocity. This will in particularcomeinto play in
Sect.III, whenderiving upperboundson thetail of V 1, for d 4 2. We first
define

� 1 � 54� X Ã(� supA�0 Xn ? X0 0h� 0 Y n YkV 1 DE�
Proposition 1.4. Thereexist positiveconstantsc6 � d �Bz1� , c7 � d �Bz1� such that

� 1 � 55� E0 � expA c6 X Ã D � Y c7 �
Proof. In view of Lemma1.2,it sufficesto prove a statementanalogousto
(1.55)with X Ã replacedby

X Ãe� u�\� supA�� Xn ? X0 �� u � 0 Y n YkV 1 DE�
with u �@?�8 , or u � R��Ä ei � , 2 Y i Y d, in thenotationof (1.45).

Thecaseof u �À?�8 is easilytakencareof, with thehelpof theestimate

� 1 � 56� P0 � TH 2m y I � Y expA�?��{��z1� 2mD�� m 4 0 �
asfollows from (1.6)and(1.22),justasin (1.44).Onethensimplyusesthe
inequality:

E0 � expA cX ÃL��?�8L��D � Y ec /
m) 0

ec2m̀ 1
P0 � TH 2m y I � TH 2m̀ 1 � I � � for c ; 0 �

andconcludesfrom (1.56)thattheleft handsideis finite for smallc ��z1� .
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We thussupposefrom now on that u � R��Ä ei � , with i ��� 2 � d� . For
c ; 0, wehave:

� 1 � 57�
E0 expA c X Ã � u��D�� X Ã � u�E; 4�

X b 1  B8 Y e
2c©

/
m± ) 0

E0 expA c X Ã � u��D�� X b 1  B8 y 2m± � 2m± . 1� Y X Ã � u� Y e
2c©

/
m Å m± ) 0

e
c2m̀ 1

© P0 X Ã � u��4 2m� � X b 1  B8 y 2m± �
If we now introducefor 0 Y m° y m:

U � x � d Æ x  u y 2m� � x  B8 y 2m± �
anddenoteby U the connectedcomponentof 0 in U, so that ] U ¿r] U,
usingthefactthat V 1 � TX ½ 1 � ¾ , weseejustasin (1.50)thatfor 0 Y m° y m:

� 1 � 58�
P0 X Ã � u�E4 2m� � X b 1  F8 y 2m± Y
P0 � T·U y T2m± � � P0� ·U XTµU  B8 y 2m± � XTµU  u 4 2m� Y
P0� ·U T·U 4 2m� / P0� ·U T·U y 2m� � XTµU  u 4 2m� �

Thenby asimilarargumentasafter(1.42),therightmosttermvanishes,and
settingN �@� 2m̀ 1³ � , wefind thattheabove expressionis smallerthan:

exp ? Á 2mH 1 O 1Â 2
8N

�
As a result,we seethatfor c ; 0,

� 1 � 59� E0 � expA c X Ã � u��D � Y E0 exp
4c�

X b 1  F8 / e
2c© /

m) 1
me

c2m̀ 1

© exp ? Á 2mH 1 O 1Â 2
8N

�
Our claim (1.55)now easilyfollows. «¬

We shallnow spellout someconsequencesof theabove propositionin
thenext

Corollary 1.5. For � �Ç� 1
2 � 1� and ÈÉ; 0,

� 1 � 60� lim
u§�¨ u1H 2Ê log P0 � sup

0a na Lu

0 ËÌ� Xn �10�;#È uÊ � y 0 �
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where Lu � supA n 4 0 � Xn  !8�Y uD , standsfor the last visit of Xn toA x � d �B8Í x Y uD , and ËÌ� z�Í� z ? z� Î
 Î 
 2 : , denotestheorthogonalprojection
on theorthogonalsubspaceof : . Moreover, if z q� . : ���KAwÏ : �BÏÉ4 0D�� ,
� 1 � 61� lim

n§�¨ 1

n
log P0 � HM nzNÍy I � y 0 �

where � nz� denotesa closestpoint in d to nz.

Proof. We begin with the proof of (1.60). Observe that without loss of
generalitywe canreplace 0 ËÌ� Xn �10 in (1.60) by Xn  Xg , where g�� d is
suchthat gk : � 0. Let usdefinefor n 4 1,

� 1 � 62� Kn � supA k 4 0 ��V k y nDE�
(seethenotationbelow (1.18)).SinceP0-a.s.,for k 4 1, Xm  8�4 X b k  8C4 ka,
for m 4kV k, weseethat

� 1 � 63� P0-a.s.,for u ; 0, 0 Y n Y Lu, implies Kn Y u

a
�

Thusfor g asin (1.60),we seethat P0-a.s.,for n 4 1,

Xn  !g�� X b Kn
 !g / � Xn ? X b Kn

�� Ðg�Y X b Kn
 Ðg / X Ã �E� b Kn

�
As a result,for ÈÉ; 0, � �É� 1

2 � 1� andu ; 0:

P0 � sup
0a na Lu

Xn  !g[;#È uÊ � Y
0a ka u

a

P0 � X b k  !g / X Ã �E� b k ;#È uÊ �
Y

0a ka u
a

P0 X Ã �Z� b k ;ÒÑ
3

uÊ
/

1a ka u
a

P0 X b 1  !g�;rÑ
3

uÊ / P0 � X b k ? X b 1 �\ !g[;ÒÑ
3

uÊ �
Using now (1.19), togetherwith Chebyshev’s inequality, we seethat forÏÉ; 0, theabove is smallerthan

exp ?�Ó�Ñ
3

uÊ 2u

a / 1 E0 � expA�Ï X Ã D � P0 � D � I � H 1 /
1a ka u

a

E0 � expA�Ï X b 1  !g\D�0 D � I � kH 1 �
Introducefor 0 ÏÔ0 y c6, theconvex function

� 1 � 64� H ��ÏX�¹� log E0 � expA�Ï X b 1  !g\D�0 D � I � �
SinceE0 � X b 1  u 0 D � I � � 0, we seethat

H � 0�¹� 0 � H °Õ� 0�¹� 0 � H �w �E4 0 for ÏÉ4 0 � andH ��ÏX�¹� O ��Ï 2��� asÏ 9 0 �
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Moreover, theabove shows thatfor ÏÉ�É� 0 � c6 � andu ; 0:

� 1 � 65� P0 � sup
0a na Lu

Xn  !g�;7È uÊ � Y 2u

a / 1 exp ?�Ó
3
È uÊ

E0 � expAwÏ X Ã D � P0 � D � I � H 1 / exp
u

a
H ��ÏX� �

When � � 1, choosingÏ���� 0 � c6 � smallenoughsothat H ��ÏX� y×Ö3 È a,
we thuscompletethe proof of (1.60). In the case� �[� 1

2 � 1� , we instead
choosefor a sufficiently small Ø�; 0, Ï��Ù��Ø uÊ H 1 �ÍÚ c6, andconcludein
a similar fashion.

Let usnow turn to theproofof (1.61).Whenz �@?�Ï : , ÏÉ; 0, theclaim
easilyfollows from (1.56),andweonly needconsiderthecase

� 1 � 66� z q� : �
Observe that

� 1 � 67� P0-a.s.,on A HM nzNÍy I D�� HM nzN Y Lc8n, wherec8 �@0 z  F8X0 / j d �
With thehelpof (1.66)we canchoosea unit vector g with gk : � 0, andg� z ; 0. Wethushave for n 4 1:

� 1 � 68� P0-a.s.,on A HM nzNÔy I D�� sup
0a ka Lc8n

0 ËÌ� Xk ��0�4 nz  !gk? j d

sothattheclaim (1.61)follows from (1.60). «¬
Theabovecorollaryhasadirectconsequenceonthestructureof thenull

setof the0-th (quenched) Lyapunov coefficient of Zerner[26]. It is shown
in TheoremA of [26], thatunderassumptionswhich areimplied by (0.1),
on a setof full -measure,

� 1 � 69� for all d-valuedsequences� yn � n) 0 tendingto infinity �
lim

n

1

� yn � � log P0�5, � Hyn y I � / _ 0 � yn ���¹� 0 �
where_ 0 �� � is adeterministic,non-negative,convex, homogeneousfunction
of degree1, on d, (which is in particularcontinuous).Thestructureof the
null set of _ 0 �� � is in generalpoorly understood,however in our present
setting,we have

Proposition 1.6. Under(0.1)and(1.7),

� 1 � 70� _ 0 ��g\�¹� 0 Û�ÜJg[� . : �
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Proof. Froma Borel-Cantellitypeargumentand(1.61),we seethatwheng q� . : :
-a.s.� lim

n

1

n
log P0�5, � HM nÝÐN y I � y 0 �

andasa resultof (1.69), _ 0 ��g\�E; 0. On theotherhand,_ 0 �wg�� mustvanish
for some 0hg�0(� 1, otherwisesetting _ Ã � inf Aw_ 0 ��g\� , 0�g�0(� 1D , (1.69)
implies that -a.s.,except for finitely many x, P0�5, � Hx y I � Y eH\Þ�ßáà x à2 ,
which would imply that P0 � supn 0 Xn 0 y I � � 1. Thus _ 0 ��g���� 0, for
some g7�rÏ : , with Ï�; 0, andthus _ 0 ��g\��� 0, for �â� . : , since_ 0 is
homogeneous.This completestheproof of (1.70). «¬

II. First tail estimates on the renewal time

In this sectionwe shallderive somefirst tail estimateson thevariableV 1 in
thenon-nestling,marginal nestlingandplain nestlingsituation,cf. (0.13).
This will in particularhighlight thedifferencesbetweenthesethreecases.
Themainresultof this sectionhowever concernsthetail behavior of V 1 for
walkswhichareneutralor biasedto theright,(amarginalnestlingcase).Let
usrecall thatKalikow’s conditionrelative to a suitable8�� Sd H 1, i.e. (1.7),
will hold in all exampleswe consider. Webegin with thesimplercaseof

A) Non-nestlingwalks

As in the introduction,we denoteby Ko theconvex hull of thesupportof
the law of d � 0 �B�\� (a compactsubsetof d). We only consider8�� SdH 1,
suchthat:

� 2 � 1� infÝÐ� Ko
gk B8 def�Ùã�; 0 �

in view of the non-nestlingassumption,cf. (0.13) i), such 8 exists, and
Proposition2.4 of [25] implies that Kalikow’s condition(1.7) holds,(it is
also a simple matter to check(1.7) directly, using (1.4)). In the present
setting,aswe shallnow see,V 1 hasanexponentialtail:

Theorem 2.1. � d 4 1�
� 2 � 2�ä? I y lim

u§�¨
1

u
log P0 ��V 1 ; u� Y lim

u §=¨ 1

u
log P0 ��V 1 ; u� y 0 �

Proof. The lower estimateis immediatesincein view of the definitionofV 1 in (1.18),for u aneveninteger,



112 Alain-Sol Sznitman

P0 ��V 1 ; u� 4 P0 � Xu � 0�
4 P0 X2 j . 1 � e1 � X2 j . 2 � 0 � 0 Y j y u

2

� 0® 1�4å� u �
(seeabove (1.45)for thenotatione1).

As for theupperbound,in view of Lemma1.3,we seethat for largeu
and ã asin (2.1):

P0 ��V 1 ; u� Y exp ? c5 u æ
2 / P0 TCu ç2 ; u �(2.3)

andfor largeu and -a.e.� :

P0�-, TCu ç2 ; u Y P0�-, X M uN  -8�? M uN H 1

k� 0
d � Xk �B�\�e -8CY�?iã u

3
Y exp ? æ 2

72
u �

usingAzuma’s inequality, cf. [1], p. 85, in thelaststep.Our claim follows.«¬
We shall now turn to the marginal nestling and then plain nestling

situation.In both casesthe nestlingpropertyholds (i.e. 0 � K ), and in
view of Proposition8 (I) of Zerner[26], it implies that regardlessof 8 , in
subsectionB) andC) below:

� 2 � 4� lim
u

uH 1 log P0 ��V 1 ; u� 4 lim
n

nH 1 log P0 � Xn � 0� � 0 �
in contrastto (2.2).

B) Marginal nestlingcase

We assumenow that0 �C] Ko, 8C� SdH 1 is suchthat(1.7)holdsand

Ko ¿7A1g$� d �pgk F8¦4 0DE�
With thehelpof Proposition2.4 of [25], theseassumptionsareequivalent
to:

� 2 � 5� 0 � Ko ¿#A�g�� d �!gÉ w8�4 0D�� andKo

º A�g~� d �!gÉ w8C; 0DEè�léÍ�
It is convenientto introduce

� 2 � 6� " . �KAw����"lê�ë x � d � d � x �B�\�� F8C4 0DZ�
which hasfull -measure.Thefollowing lemmawill behelpful.

Lemma 2.2. � d 4 1� . Thereexistsc9 ���!�E; 0 such that,for L 4 1, ����" . ,
x � d,

� 2 � 7� Ex�-, exp 2
c9

L2
TUL Y 2 � where

� 2 � 8� UL �lA y � d �i0 y  B8X0 y L DZ�
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Proof. By a classicalargumentof Khas’minskii,see[10] for the original
referenceandfor instanceLemma1.1 of [24] for thepresentstatement,it
sufficesto show thatfor somepositive constantc10 ���!� :
� 2 � 9� Ex�-, � TUL � Y c10 ���!� L2 � for L 4 1 �����Ç" . � x � d �
Weassumefrom now onthat ���É" . . Considerthenon-decreasingprocess

An � nH 1

0
d � Xk �B�\�� F8X� n 4 0 �

andthe Px�5, -martingale:

� 2 � 10� Mn � Xn ? X0 ? nH 1

0
d � Xk �B�\�1� n 4 0 �

Thestoppingtheoremappliedto Mn  F8 impliesthat

� 2 � 11� Ex�-, � ATUL � Y 2 � L / 1�EY 4L � for L 4 1 � x � d �B���Ç" . �
Moreover theprocess

Mn �@� Xn  B8L� 2 ?~� X0  B8G� 2
? nH 1

k� 0 
 e
 � 1
��� Xk � e���­� Xk  B8 / e  B8G� 2 ?�� Xk  F8L� 2 �

�@� Xn  B8L� 2 ?~� X0  B8G� 2
? nH 1

k� 0
2Xk  B8 d � Xk �B�\�� F8 / 
 e
 � 1

��� Xk � e��� e  F8L� 2
(2.12)

alsodefinesa Px�5, -martingale.

A secondapplicationof thestoppingtheoremtogetherwith (2.11),and
theinequalities

TUL H 1

0 
 e
 � 1
��� Xk � e��� e  �8L� 2 � 0® 1�4ì� TUL �

TUL H 1

0
2Xk  �8 d � Xk �B�\�X �8 Y 2L ATUL

�
implies(2.9).Our claim follows. «¬

Weshallfirst infer asimpleupperboundonthetail of V 1 in thefollowing

Proposition 2.3. � d 4 1� . Under(0.1)and(2.5),

� 2 � 13� lim
u §=¨ uH 1í 3 log P0 ��V 1 ; u� y 0 �



114 Alain-Sol Sznitman

Proof. ChoosingL � u��� u1í 3, in Lemma1.3,it sufficesto prove that

� 2 � 14� lim
u

uH 1í 3 log P0 � TCL » u ¼ ; u� y 0 �
However, whenL � u�E; 1, usingChebyshev’s inequality,

P0 � TCL » u ¼ ; u� Y P0 � TUL » u ¼ ; u� � 2® 7�Y exp ? 2c9

L Á uÂ 2u 2 � 2exp ? 2c9u1í 3 �
proving (2.14). «¬

Theabove simpleupperboundwill in particulardistinguishthepresent
situationfrom thestrongly-nestlingcasein C). It will alsoensuresufficient
integrability of V 1 to infer a centrallimit theoremfor BnW , cf. Sect.IV. The
next resultwill highlighttheimportanceof certainlargedeviationestimates
on theexit distribution of a largeslabUL , (see(2.8)).

Theorem 2.4. � d 4 1� . Assume(0.1), (2.5) and supposethat for some
p0 ��� 0 � 1

2 � and _���� 1 � I � ,
� 2 � 15� lim

L §=¨ L H ^ log � P0�5, � XTUL
 B8¦Y�? L � 4 p0 � y 0 � then

� 2 � 16� lim
u§�¨ uH ÞÞ ` 2 log P0 ��V 1 ; u� y 0 �

Proof. Weintroducefor u ; 1,

� 2 � 17� L � u�¹� u
1Þ ` 2 N � u��� with N � u��� u Þ ¯ 1Þ ` 2 �

As a consequenceof Lemma1.3,our claim will follow from:

� 2 � 18� lim
u §=¨ uH ÞÞ ` 2 log P0 � TL � u� � TCL » u ¼ ; u� y 0 �

Considerthestoppingtime

� 2 � 19� S1 � inf n 4 0 �l0 Xn  B8�? X0  F8|0�4 u
1Þ ` 2 �

aswell asits iteratesSk, k 4 0, suchthat

� 2 � 20� S0 � 0 � Sk. 1 � S1 �E� Sk / Sk � for k 4 1 �
We cannow define

� 2 � 21� T1 � SV � where V � inf k 4 0 � XSk
 18=? X0  F8C4 u

1Þ ` 2 �
Note that when �î�K" . , for any x � d, limn Xn  e8�� I , Px�-, -a.s..
IndeedXn  {8 is the sum of a martingalewith boundedincrementsand
a non-decreasingprocess,moreover it doesnot have a finite limit, so that
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theclaimfollowsfrom Durrett[5], p. 207(seealsoafter(1.25)).As aresult
when �$��" . , V is finite Px�5, -a.s.,for any x � d. We cannow definethe
iteratesof T1:

� 2 � 22� T0 � 0 � T j . 1 � T1 �E� T j / T j � j 4 1 �
Observe alsothatin thenotationof (0.5),

T1 y T
X0 � ¾­. 2u

1Þ ` 2 . 1
� sothat

� 2 � 23� P0-a.s., TL � u � Y TN� u � Y T3L � u� �
andin view of (1.53),

� 2 � 24� lim
u§�¨ uH ÞÞ ` 2 log P0 � T3L � u� 4 TC4L » u ¼ � y 0 �

Our claim (2.18)will thenfollow if weshow that

� 2 � 25� lim
u§�¨ uH ÞÞ ` 2 log P0 � u y TN� u� y TC4L » u ¼ � y 0 �

Thenconsiderfor u ; 1, theevent

� 2 � 26� ï�� ����" . � sup
x� C4L » u ¼ Px�5, XS1

 18�Y x  B8�? u
1Þ ` 2 Y p0 �

where p0 appearsin (2.15).In view of the polynomialgrowth of 0C4L � u � 0
in u, we seethat:

� 2 � 27� lim
u §=¨ uH ÞÞ ` 2 log �ðï c � y 0 �

and(2.25)will thusfollow oncewe show that

� 2 � 28� lim
u §=¨ uH ÞÞ ` 2 log sup,��Tñ P0�5, � u y TN� u �\y TC4L » u ¼ � y 0 �

Now for ÏÉ; 0, ����ï , u ; 1,

� 2 � 29�
P0�-, � u y TN� u��y TC4L » u ¼ � Y
exp ?�Ï u ÞÞ ` 2 E0�-, exp Ï uH 2Þ ` 2

N H 1

i � 0
T1 �Z� T i

� TN y TC4L �
writing for simplicity N andL in placeof N � u� , L � u� . Applying thestrong
Markov property, we find:

� 2 � 30�
E0�-, exp Ï uH 2Þ ` 2

N H 1

i � 0
T1 �Z� T i

� TN y TC4L Y
E0�-, exp Ï uH 2Þ ` 2

N H 2

i � 0
T1 �Z� T i

� TN H 1 y TC4L �
EXTN ¯ 1

�-, exp Ï uH 2Þ ` 2 SV � SV y TC4L �
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An applicationof Lemma2.2 andJensen’s inequalityimpliesthat for �l�" . , u ; 1, x � d, ÏÉ�É� 0 � 2c9 � ,
� 2 � 31� Ex�-, exp Ï uH 2Þ ` 2 S1 ?�òi��ÏX� Y 1 �

with òi�� ��êC� 0 � 2c9 � 9 . , suchthat limÖ § 0
òp��ÏX�¹� 0 �

AsaresultexpA�Ï uH 2Þ ` 2 Sk ? kòi��ÏX��D isan ��� Sk
� -supermartingaleunderPx�-, ,

andthestoppingtheoremimpliesthatfor ��� u � x, asabove,and ÏÉ�É� 0 � c9 � :
� 2 � 32� Ex�-, exp 2Ï uH 2Þ ` 2 SV ?�òi� 2ÏX� V Y 1 �
Applying Cauchy-Schwarz’s inequality, we seethat for u 4 1, �Ù�~ï ,
x � C4L , ÏÉ��� 0 � c9 � :
� 2 � 33� Ex�-, exp Ï uH 2Þ ` 2 SV � SV y TC4L Y

Ex�-, exp òi� 2ÏX� V D�� SV y TC4L

1í 2 �
Furthermore,whenx � C4L , for � 1 �B� 2 ; 0, andk 4 0, thestrongMarkov
propertyimpliesthat:

Ex�5, exp ó 1 Q Á k ô 1Â!õ V R O ó 2 uH 1Þ ` 2 XS» k̀ 1¼ ö V ÷ùø ú S� k. 1��d V û TC4L ü
Ex�5, k � Vú Skd V û TC4L ú exp ó 1

Á k õ V Â O ó 2 uH 1Þ ` 2 XSkö V ÷ùø ô
Ex�5, k û Vú Skd V û TC4L ú exp ó 1 k O ó 2 uH 1Þ ` 2 XSk ÷Tø ú
EXSk

�-, exp ó 1 O ó 2 uH 1Þ ` 2 Á XS1 O X0Â ÷ùø ý
(2.34)

Since�$�þï , ontheeventA Sk y TC4L D , theinnerexpectationof therightmost
termis smallerthan

exp � 1 / � 2 uH 1Þ ` 2 DE� p0 e

 2 / � 1 ? p0 � eH 
 2 �EY 1 �

providedwechoose� 2 ; 0,small,make � 1 sufficiently smallandu suitably
large.Keepingsuchchoicesfrom now on, we seethat the left memberof
(2.34)is smallerthan:

Ex�-, exp � 1 � k Ú V �\?�� 2 uH 1Þ ` 2 XSkö V
 F8 � Skd V y TC4L �

sothatby inductionit is smallerthan:

exp ?�� 2 uH 1Þ ` 2 x  F8 �
As a result letting k tendto I , we seethat for large u, arbitrary �×��ï ,
x � C4L ,

� 2 � 35� Ex�5, � expA�� 1 V D1� SV y TC4L � Y expA 2� 2DE�
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Comingbackto (2.30),(2.33),we seeby inductionthatfor largeu, �~�þï ,
and Ï smallenoughsothat òi� 2ÏX� y � 1,

� 2 � 36� E0�-, exp Ï uH 2Þ ` 2 TN � TN y TC4L Y expA�� 2 N D>�
This and(2.29)proves(2.28),andconcludestheproof of Theorem2.4. «¬
We cannow apply the above theoremto walks which areneutralor point
to theright, i.e. to thesituationwhered 4 1, (0.1) holds,andfor suitableØC; 0, ÿ�; 0:

� 2 � 37� ��� 0 � e�\� 1

2d
� for all 0 e0e� 1 � eH��=�

(we call neutrala sitewhere��� 0 � e�\� 1
2d , for all 0 e0e� 1),

� 2 � 38� d � 0 �B�\�Ì e1 4kÿ , -a.s.,on theevent A 0 is not neutralD>�
Apart from the additionalassumption(0.1), this is preciselythe setting
of [24]. Choosing8>� e1, we seethat(2.5)holds,moreover:

Theorem 2.5. Undertheaboveassumptions,

� 2 � 39�×? I y lim
u§�¨ uH d

d̀ 2 log P0 ��V 1 ; u� Y lim
u §=¨ uH d

d̀ 2 log P0 ��V 1 ; u� y 0 �
Proof. Theupperboundfollows from Theorem2.4above andthefactthat
(2.15)holdswith _�� d, asproven in Proposition3.1 of [24]. As for the
lowerbound,introducefor integeru 4 1,U �@�­?i� u 1

d̀ 2 � , � u 1
d̀ 2 �­� d, wehave

in view of thedefinitionof V 1:

P0 ��V 1 ; u� 4 P0 � Xu  e1 Y 0� 4
all sitesof U areneutral� P0�-, TU ; u ? d u

1
d̀ 2 � Xu  e1 Y 0 4

expA�?�Ø�0U 0 D Q0 TU ; u ? d u
1

d̀ 2 � 2d � H d M u 1
d̀ 2 N �

usingthe Markov propertyandselectinga nearestneighborpathin U of
length d � u 1

d̀ 2 � , joining X
uH dM u 1

d̀ 2 N to somepoint with non-positive first

component,anddenotingby Q0 thelaw of thesimplerandomwalk starting
at theorigin. It is classicalthat:

� 2 � 40� lim inf
u§�¨ uH d

d̀ 2 log Q0 � TU ; u� ;l? I �
andthelower boundin (2.39)follows. «¬
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Remark2.6. 1) Unlike what happensin the non-nestlingcase,cf. Theo-
rem2.1,thereis no “universaltail behavior of V 1” in themarginal nestling
case.

To illustratethepoint,considerthecasewhere8=� e1, andobserve that
for L ; 1, when � � " is suchthat d � x �B�\�> e1 4 1

L , for all x � d,
��È Xn � e1 � n) 0 is asupermartingaleunderP0�5, , provided È<� 1H 1í L

1. 1í L . Usingthe
stoppingtheorem,it theneasilyfollows that:

P0�-, � XTUL
 e1 Y�? L � Y 1 O Ñ L

Ñ H L O Ñ L
? 9L §=¨ p � 1 O eH 2

e2 O eH 2
� 0 � 1

2
�

If we define p0 � 1
2 � 1

2 / p� y 1
2, and DL � A x � d �\0 x  e1 0 y L,0 x  ei 0�Y L3, i � 2 �!�1�1��� dD , with thehelpof (2.7),it is easyto deducethat

for large L,

� 2 � 41� ���É" . � P0�-, � XTUL
 e1 Y$? L � ; p0 ¿

���Ç" . � for somex � DL � d � x �B�\�Ì e1 y 1

L
�

But for arbitraryc ; 1, it is a simplematterto construct� for which (0.1)
togetherwith (2.5),relative to 8=� e1, hold and

� 2 � 42� lim
s§ 0

sc log � d � 0 �B�\�Ì e1 Y s� y 0 �
This and(2.41)shows thatin this case(2.15)holdswith _�� c. As a result
of Theorem2.4, one seesthat for arbitrary c ; 0, one hasexamplesof
marginal nestlingwalksfor which

� 2 � 43� lim
u§�¨ uH c log P0 ��V 1 ; u� y 0 �

2) It is a simplematterto adapttheproofof Theorem2.4in thecasewhere
(2.15)is replacedby theassumptionthat

� 2 � 44� lim
L §�¨ � � L � H 1 log � P0�-, � XTUL

 F8¦Y[? L � ; p0 � y 0 �
where� �� �Eê . 9 . is nondecreasingandsuchthatlim � � L �L � I .

Theconclusion(2.16)is thenreplacedby:

� 2 � 45� lim
u§�¨ � � u� H 1 log P0 ��V 1 ; u� y 0 � where

� 2 � 46� � � u�\� sup
L Å 0

min � � L ��� u

L2
��� o � u�����
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Theroleof u ÞÞ ` 2 is takenby
� � u� , andthatof u

1Þ ` 2 is takenby somefunction
L1 � u� suchthat � � L1 � u���ÔÚ u

L1 � u � 2 ; 1
2

� � u� . The choiceof � �� � is easily

seento imply thatu
1
3 � o � � � u��� , andL1 � u��� o � u 1

3 � . «¬
Wenow turn to the

C) Plain nestlingcase

We assumenow that 0 belongsto the interior of Ko and 8É� SdH 1 is such
that(1.7)holds.Ourmainobjectin theremainderof thissectionis theproof
of a lower boundon the tail of V 1 which highlights the differenceof the
presentsituationwith casesA) andB).

Theorem 2.7. � d 4 1� . Under(0.1)andtheabove,

� 2 � 47� lim
u§�¨ � logu��H d log P0 ��V 1 ; u� ;l? I �

Proof. Sincewearein theplainnestlingcase,acontinuityargumentshows
that

� 2 � 48� 2c11 � d �B�Ì� def� infÝÐ� Sd̄ 1
�­� d � 0 �B�\�Ì !g�� H � ; 0 �

andfrom (1.29),

� 2 � 49� �­� d � 0 �B�\�Ì !g\� H 4 c11� 4 c2
11 � for g[� SdH 1 �

Definefor r ; 1,

� 2 � 50� Br �lA x � d �i0 x 0�Y r D�� and

� 2 � 51� ï r � ��ê�ë x � Br
m A 0D�� d � x �B�\�� x

� x � Y�? c11 �
aswe shallseethis eventwill definea “trap” on Br for thewalk, cf. (2.54)
below.

Lemma 2.8. There existsc12 � d �B�Ì� , c13 � d �B�(��; 0, such that whenr ; c12

for ����ï r ,

� 2 � 52� Ex�-, � f � X1 � � Y f � x� , for x � Br
m Bc12, with f � x�\� expA c13 0 x 0 DE�

Proof. Wepick c ; 0, r ; 1, andobserve thatfor x è� 0, and ���É" ,

� 2 � 53� Ex�5, � expA c 0 X1 0 D � � expA c 0 x 0ðD 
 e
 � 1
��� x � e� expA c ��0 x / e0!?#0 x 0 ��DE�
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However, if �x � x
 x 
 ,

 e
 � 1

��� x � e� expA c �w0 x / e0P?~0 x 0 ��D�? 1 ? cd� x �B�\�Ì ��x Y
sup
 e
 � 1

exp c
2x ÷ e ô 1

� x ô e� ô � x � ? 1 ? c
x

� x �  e Y
c sup
 e
 � 1

2x ÷ e ô 1

� x ô e� ô � x � ?
x

� x �  e / O � c2 �¹� c O
1

� x � / O � c2 ���
( 0 x 0 large,c small)�

Therefore,for �7��ï r , c12 y 0 x 0�Y r andc Y c13,

Ex�-, � expA c 0 X1 0 D � Y expA c 0 x 0ðD��
andthelemmafollows. «¬

Theabove lemmaimpliesthatwhenr ; c12, for c12 y 0 x 0�Y r , ���þï r ,
f � Xnd HBc12

d TBr
� is a supermartingaleunder Px�-, and it follows from the

stoppingtheoremthat:

� 2 � 54� Px�-, � TBr y HBc12 � Y expA c13 ��0 x 0Ð? r ��DE�
Next observe thatfor largeu � , for apathstartingin 0, oneway to reach
0 aftertimeu is to successively exit Br

m Bc12 throughBc12, u times,andthen
go to 0. As a result,whenu is large, � �lï r , with r � 2

c13
logu,

P0�-, ��V 1 ; u� 4 P0�-, � H0 �E� u y I �4�� inf
x ��� Bc12

Px�-, � TBr ; HBc12 � � u  B� ² dc12

4k� ² d c12 1 ? 1

u

u

9 � ² dc12eH 1 � asu 9JI �
(2.55)

On theotherhand

� 2 � 56� lim
u§�¨ � logu� H d log ï 2

c13
logu ;l? I �

andour claim (2.47)follows from theabove and(2.55). «¬
Remark2.9. If indeed“traps” govern the tail behavior of V 1, it is natural
to expectin thepresentsettingof C) thatTheorem2.7 in factcapturesthe
truedecayof the tail of V 1, in thesensethat lim � logu� H d log P0 ��V 1 ; u�y 0. In the one-dimensionalsetting,suchan upperboundeasily follows
from Lemma1.3,andTheorem1.1of Dembo-Peres-Zeitouni[4]. Thenext
sectionwill presentresultsin the directionof suchan upperboundin the
higherdimensionalsetting. «¬
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III. A priori tail estimates for the renewal times

Throughoutthis sectionwe assumethat the dimensiond 4 2, and (0.1)
togetherwith (1.7) hold. The main objective here is to derive an upper
boundon the tail of V 1 underP0, cf. Theorem3.5. In particularfor plain
nestlingwalks,thispartlycomplementsthelowerestimatesof Theorem2.7.

We begin with a propositionwhich presentsanestimatein thespirit of
(2.15).Recallthedefinitionof UL in (2.8).

Proposition 3.1. � d 4 2� . For 	���� 0 � 1� andc ; 0,

� 3 � 1� lim
L §�¨ L H�
 log P0�5, � XTUL

 F8C4 L � Y eH cL � y 0 � where

� 3 � 2� �þ� d, if 	�� 1, andeither �þ� 1, or � y d � 3	�? 2� , if 	 y 1 �

Proof. We begin with thesimpleobservation that (3.1) holdswith ��� 1,
regardlessof thevalueof 	$�k� 0 � 1� andc ; 0. Indeedwith thenotations
of (0.5)and(1.40),

� 3 � 3�
lim L H 1 log � P0�-, � XTUL

 F8C4 L � Y eH c � �
lim L H 1 log � P0�-, � TH L y TL � 4 1 ? eH c � Y
lim L H 1 log �w� 1 ? eH c � H 1 P0 � TH L y TL � � y 0 �

usinga similar estimateasin (1.44).

As aresultweneedonly considerfrom now on 	��É� 0 � 1� , largeenough
sothat:

� 3 � 4� d � 3	�? 2�E; 1 �
Theideaof theproof is to construct,underappropriaterequirementsonthe
environment,strategiesfor thewalk, which ensurethat it exits UL through
the part ] . UL of its boundarywhere A x  P8�4 L D . We then prove that
it is unlikely that theenvironmentdoesnot fulfill theserequirements.The
constructionof thesestrategieswill involvesuitablenotionsof “goodboxes”
and“badboxes”.

We now turn to the definition of good and bad blocks.We first need
somefurthernotations.Wechoosea rotationR of d, suchthat

� 3 � 5� R� e1 �¹� S
� S � �
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We consider � ��� 1
2 � 1� , and L0 such that L Ê0 4 2j d, and define for

z � L0
d, thez-blocks:

� 3 � 6� B1 � z�Í� R z / � 0 � L0 � d º
d ��è�lé�� sinceL0 4 j d�

B2 � z�Í� R z / ? L Ê0 � L0 / L Ê0 d º
d �

(let usstressthat � 0 � L0 � d and ��? L Ê0 � L0 / L Ê0 � d denotesolidblocksof d,
andnottheirrestrictionto d � . Wealsodefinethe“top boundary”of B2 � z� :
� 3 � 7� ] . B2 � z���K] B2 � z� º x ê x  R� e1 �E4 L0 / L Ê0 �
We shallsaythatz � L0

d is L0-good, when

� 3 � 8� sup
x �L·B1� z� Px�-, XTµB2 » z¼ q�C] . B2 � z� Y 1

2
�

andL0-badotherwise.Wethenhavethefollowing controlontheprobability
thata box is L0-bad:

Lemma 3.2. If � ��� 1
2 � 1� , then

� 3 � 9� lim
L0 §=¨ L1H 2Ê

0 sup
z� L0 � d

log � z is L0-bad� y 0 �

Proof. For z � L0
d,

� z is L0-bad� � sup
x�e·B1� z� Px�-, XTµB2 » z¼ q�C] . B2 � z� ; 1

2

Y 2 0 B1 � z�10 sup
x� ·B1� z� Px XTµB2 » z¼ q��] . B2 � z� �

Observe that for x � B1 � z� , B2 � z� is includedin theclosedEuclideanball
centeredat x of radius3j d L0, sothat

Px-a.s., T·B2 � z� Y Tx� ¾­. 3² d L0
�

Further, Px-a.s.on theevent A XTµB2 » z¼ q�C] . B2 � z��D ,
either(XTµB2 » z¼ ? x�Ì S� S � Y�?

L
Ê
0

2
or 0 ËÌ� XTµB2 » z¼ ? x�10�4 L

Ê
0

2
�

whereËÌ�� � in thenotationsof Corollary1.5 standsfor theorthogonalpro-
jectionon theorthogonalcomplementof : . Wethusseethat
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 Q z is L0-badR ü c Á d Â Ld
0 P0 sup

0a na T3� d L0

� � Á Xn Â � � S ÷ùø4
L Ê0

ô P0 sup
0a na T3� d L0

� � Á Xn Â � û S ÷Tø4
L Ê0 ú inf

0a na T3� d L0

Xn ÷ S� S � ü O
L Ê0
2

ü c Á d Â Ld
0 P0 sup

0a na T3� d L0

� � Á Xn Â � � S ÷Tø4
L
Ê
0 ô P0 TH L �0

4 Î � ¾ û � ú
(3.10)

whereweusedthefactthat Xn  B8¦Y�� Xn  Î
 Î 
 ��� Î � ¾
 Î 
 � / 0 ËÌ� Xn ��0 , and 0 : 0�Y 1,
to obtaintherightmosttermof thelastline in (3.10).Theclaimnow follows
from (1.56)and(1.60). «¬

Weshallnow pile upboxesin thedirection : , to form columnsandthen
gathercolumnsto form tubes, moreprecisely, for L ; 0 (asin (3.2)),and
L0 asabove (therelationof L0 to L appearsin (3.21)below), we attachto
eachz � L0

d, thecolumn

� 3 � 11� Col � z���KA z° � L0
d �on j ��� 0 � J � � z° � z / j L0 e1 D�� where

J is thesmallestintegersuchthat J L0
Î
 Î 
  F8C4 3L �

ChoosingL1 ; 0, someintegermultipleof L0, wedefinethetubeattached
to z � L0

d:

Tube� z�¹�
z° � L0

d ��n j2 �!�1�1�1� jd � 0 � L1

L0
? 1 � z° � z / d

i � 2
j i L0 ei �(3.12)

(recall � ei � denotesthecanonicalbasisof d, seeabove (1.45)).

Theroughideabehindthesedefinitions,is thatoneway for thewalk to
exit UL is tomovetooneof the“bottomblocks”in Tube� 0� of anappropriate
columncontainingmany L0-goodblocks,andessentiallymove alongthis
columnup to its top. With thechoicesof L0 � L1 we latermake, cf. (3.27),
thiswill indeedensureexiting UL through] . UL ���K] UL

º A x ê x  á8C4 L D�� .
We now definethetopof a tubeas:

� 3 � 13� top� z�¹�
z± � Tube� z� ] . B2 � z° / JL0e1 ��� z � L0

d �
aswell astheneighborhoodof a tube:

� 3 � 14� V� z�¹�lA x � d �Bn y �
z± � Tube» z¼-2

0� j � J

B1 � z° / jL0e1 ���!f x ? y fpY 3dL1 D��
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To derive a lower boundon the P0�-, -probability of reachingthe top of
the tubeattachedto 0, beforeexiting its neighborhood,it is convenientto
introducethe minimum numberof L0-bad boxes containedin a column
amongcolumnswithin a tube:

� 3 � 15� n � z �B�\��� min
z± � Tube� z�

J

j � 0
1A z° / L0 j e1 is L0-badD �

Lemma 3.3. There existsc14 � d � , such that for anytubeandanysitewithin
a tube, i.e. for anyz � L0

d andany

� 3 � 16� x �
z± � Tube� z��� 0a j a J

B1 � z° / j L0 e1 � def� D � z�E�
Px�-, � Htop� z� y TV� z� � 4k� c14� L1 . JL �0 . n� z�5,�� L0 � 1

2

J . 1 �
Proof. In view of (1.1),any point in D � z� canbejoinedbyanearestneighbor
pathof lengthat mostd L1 to some �x in someB1 ���z / � j L0 e1 � , � j ��� 0 � J �
and �z � Tube� z� suchthat:

n � z�B�\��� J

j � 0
1A��z / j L0 e1 is L0-badDE�

Observe alsothatany point of ] . B2 ���z / �j L0 e1 � is within 0P c0 -distanceat
most3j d L Ê0 from somepoint in B1 ���z / � � j / 1� L0 e1 � , andcanthusbe
joined by a nearestneighborpathto this point with lengthat most3d L Ê0 .
Thus,if �z / � j L0 e1 is L0-good,usingthestrongMarkov property, (3.8)and
(0.1):

� 3 � 17� P�x �-, � H ·B1 � �z. � �j . 1� L0 e1 � y TV� z� � 4 1

2
� 3d L �0 �

Ontheotherhand,if �z / � j L0 e1 is L0-bad, �x is within 0! L0 -distanceL0 / d
of somepoint in B1 ���z / � � j / 1� L0 e1 � , andby a similar argument:

� 3 � 18� P�x �-, � H ·B1 � �z. � �j . 1� L0 e1 � y TV� z� � 4�� 2d L0 �
UsingthestrongMarkov propertyrepeatedlyandestimatesas(3.17),(3.18),
we obtain(3.16). «¬

In view of Lemma3.2,we now choose� with 1 ; � ; 1
2 suchthat:

� 3 � 19� � def� 1 O��
1 O�� y 	�Y 1 �

sucha choiceindeedpossiblethanksto (3.4).We thenchoose

� 3 � 20� Ø�; 1 ? � �
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andintroducefor large L:

� 3 � 21� L0 �lÈ 1 L ��� L1 � È 2 L � H � L0 � N0 � È 3 L � H � �
wheretheconstantsÈ i , i � 1 � 2 � 3,possiblydependond � c in (3.1), : �B8X�B���Bz ,
andareselectedsothatfor large L:

� 3 � 22� � c14JL �0 ��� c14L1 �o� c14N0L0 � 1

2

J . 1 ; exp ? c

5
L � �

� 3 � 23� N0

3
;K� J / 1� Á e2 O 1Â

L �0
� and

� 3 � 24� any nearestneighborpathwithin V� 0� , between0 andTop� 0���
first exits UL through] . UL �

To seethat sucha choiceis possibleobserve that it sufficesto chooseÈ 1

large enoughand È 2 ��È 3 � c � 10È 1 c14 log 1
 � H 1, then(3.22),(3.24)hold
for large L. As for (3.23), when 	 y 1, it follows from the inequality
	�?��}; 1 ?[� 1 / ØG��� , on theotherhandwhen 	�� 1, (3.23)is alsoseen
to hold if È 1 is large.

Note that the events A z is L0-goodD , wherez runs over the collection
of � k1 L0 �!�1�1�1� kd L0 � , whereeachk1 �!�1�1��� kd hasa fixed parity, arejointly
independent.Therefore:

� n � 0 �B�\�E; N0 � Y
sup

z± � Tube� 0�
J

0
1A z° / j L0 e1is L0-badDZ; N0

L1
2L0

d̄ 1 �(3.25)

ObservethatwhenZ isaBernoullivariablewith successprobabilitysmaller
than L H��0 , E � expA 2Z D � Y 1 / � e2 ? 1� L H��0 . Thusrestricting j to even or
odd integers,we concludefrom Chebyshev inequality with the help of
Lemma3.2,choosingÈ 1 sufficiently largewhen 	�� 1, andthechoiceof Ø
in (3.20),thatfor large L

sup
z±

J

0
1A z° / j L0 e1is L0-badDE; N0

Y 2expA1? N0 D 1 / e2 O 1

L �0
J . 1

Y 2exp ? N0 / � J / 1� Á e2 O 1Â
L �0

� 3® 23�Y exp O N0

2
�

(3.26)

Thusfor large L,

� 3 � 27� � n � 0 �B�\�Z; N0 � Y exp ? N0

2

L1

2L0

dH 1 �
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whereason theevent A n � 0 �B�\�ZY N0 D :
� 3 � 28� P0�-, � XTUL

 B8¦4 L � � 3® 24�4 P0�-, � HTop� 0�¹y TV� 0� � � 3® 16� H � 3® 22�; eH cL � �
Therefore

lim
L §�¨ L H d� � H � � log P0�-, � XTUL

 B8C4 L � Y eH cL � y 0 �
Letting � vary accordingto (3.19)completestheproof of Proposition3.1.
Let usadda comment.It is possibleto take (superficially)fuller advantage
of theestimate(3.9),ascanbesuspectedfrom thefact that Ø in (3.20)can
be chosenarbitrarily large.This leadsto a term � 2� ? 1��� / d ��	�?���� in
placeof d ��	�? ��� in thelastinequalityabove.Optimizingover � , onestill
chooses� closeto 1

2, sothatnoadditionaladvantageresultsfrom thisfuller
useof Lemma3.2. «¬
Remark3.4.Let usmentionthatin theplain nestlingcase(under(0.1)and
(1.7)), theestimate(3.1),when 	�� 1, andc is small,is reasonablysharp.
Indeedonecanusea “trap” of the type describedin (2.51),with r of the
order 3

2 L andcentercloseto ?i� c12 / L ��8 , to seewith thehelpof (2.54),
thatfor smallc:

lim
L §�¨ L H d log P0�-, � XTUL

 B8C4 L � Y eH cL ;l? I �
Of coursefor large c, theprobabilityunderthe logarithmequals0, dueto
assumption(0.1),andtheestimate(3.1)with 	�� 1, cannotbesharpin this
case. «¬

Wenow cometo themainresultof this section,namely

Theorem 3.5. � d 4 2). Assume(0.1)and(1.7),thenfor _ y 1 / dH 1
3d ,

� 3 � 29� lim
u§�¨ � logu� H ^ log P0 ��V 1 ; u� y 0 �

(in particular V 1 hasfinite P0-momentsof arbitrary order).

Proof. Choose_���� 1 � 1 / dH 1
3d � anddefinefor largeu

! � u�¹� 1

10
U

d

logu

log 1
 andL � u�¹� N � u� ! � u� ,
whereN � u�\�À�­� logu��^ H 1 � �

(3.30)

For simplicity we shalldropu from thenotationin what follows. In view
of Lemma1.3,(3.29)will follow from
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lim
u ¨ � logu� H ^ log P0 � TCL ; u� y 0 �(3.31)

Notethatfor largeu,

P0 � TCL ; u� Y
for all x � CL � Px�-, TCL Y uÁ loguÂ ^ 4 1

2
� P0�-, � TCL ; u�

/ for somex1 � CL � Px1 �-, TCL ; uÁ loguÂ ^ 4 1

2
�

(3.32)

Using the simpleMarkov property, the first term in the right handsideof
(3.32)is smallerthan:

� 3 � 33� 1

2

M � logu� Þ N �
As for the secondterm in the right handsideof (3.32),noticethat when
Px1 �-, � TCL ; u� logu� Þ � 4 1

2,

� 3 � 34� 1

2

uÁ loguÂ ^ Y Ex1 �-, � TCL � �
x � CL

Px1 �-, Q Hx û TCL R
Px�-, Q Hx " TCL R �

usingin thelaststepa standardMarkov chaincalculationanddenotingby
H � x� thehitting time of A x D :
� 3 � 35� Hx � inf A n 4 1 � Xn � x DE�
As a resultfor somex2 � CL ,

� 3 � 36� Px2 �5, � Hx2 ; TCL � Y 2 Á loguÂ ^
u

0CL 0��
Observe alsothatwhenu is sufficiently large,for arbitrary ���É" , y � CL ,
x � d with f y ? x fiY 1

3
logu
log 1# , (in particularwhen ��0 y ? x 0�Y 2

! / d ��� ,
� 3 � 37� Py�-, � Hy ; TCL � � 0® 1�4 uH 1í 3 Px�-, � Hy ; TCL � �
Introducenow thenotation

� 3 � 38� $ i �l]{A z � d � z  F8 y i
! D�� for i � �

it follows from (3.36)and(3.37),(with x2 in theplaceof y), that for large
u on theevent:

% def�
x1 � CL

��ê Px1 �-, TCL ; uÁ loguÂ ^ 4 1

2
�

we canfind i0 ���­? N / 2 � N ? 1� andx0 � CL

º
$ i0, sothat

� 3 � 39� Px0 �-, � T� i0 H 1�'& ; TCL � Y 1U
u
� with thenotationof (1.40)) �
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We now introducefor i � ,

� 3 � 40� Xi �@? log inf
x � CL (�) i

Px�-, � T� i H 1�'& ; T� i . 1�'& � � if CL

º
$ i è�lé

� 0 � if CL

º
$ i �léÇ�

Thenext inequalityis obviouswheni � N, andfollows by inductionand
thestrongMarkov propertyfor i �É�­? N / 1 � N � , x �*$ i :

� 3 � 41� Px�-, � T� i H 1�'& ; TCL � 4 exp ? N

j � i
X j �

This and(3.39)shows thatfor largeu:

� 3 � 42� � % � Y N

H N . 1
Xi 4 logu

2
Y 2N supM H N . 1� N N Xi 4 logu

2N
�

Moreover for : ; 0 andi � , in thenotationof (3.1)or (2.8),

� 3 � 43� � Xi ; : � Y$0CL 0 � P0�-, � XTU +  B8¦4 ! � Y eH Î � �
Thusfor largeu:

� 3 � 44� P0 � TCL ; u� Y 1

2

M � logu� Þ N / � % � �
andasa resultof (3.42),for largeu:

� 3 � 45� P0 � TCL ; u� Y 1

2

M � logu� Þ N / , eXi 4 logu

4 / , oXi 4 logu

4
�

where , e and , o respectively denotethe sum over even and odd i in�­? N / 1 � N � . ThevariablesXi , i even,areindependent,andthesameholds
for the variablesXi , i odd. Thus for ÿ�; 0, and large u, with hopefully
obviousnotations:

� 3 � 46�
, e Xi 4 logu

4

Y exp ? 1

4
� logu� 1.�- e E0 � expA�� logu� - Xi D � �

and sup
i ��� E0 � expA1� logu� - Xi D �

� 3® 43�Y 1 / ¨
0

� logu� - e� logu�/.�Î 0CL 0 � P0�-, � TH & ; T& � Y eH Î � d : �
wheretheabove integral is in factconcentrated,asa resultof (0.1),on the
interval � 0 � c15 � d �B�!� ! � . If we introducefor M 4 1,

� 3 � 47� 	 j � j

M
� 0 Y j Y M �
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we see by breaking the above integral over the intervals �­� c15
! � � j ,� c15

! � � j ` 1 � , 0 Y j y M, that for suitablec16 � d �B�!� , c17 � d �B�!�þ; 0, ÿ¢; 0,
andlargeu:

sup
i ��� E0 � expA�� logu� - Xi D � Y

1 / c15
! � logu� - 0CL 0 M H 1

j � 0
exp c16 � logu� -Õ. � j . 1

M

P0�-, � TH & ; T& � Y eH c17� logu� � j �
Using(3.1),weseethat:

� 3 � 48�
lim

u§�¨ � logu� H10 logsup
i ��� E0 � expA�� logu� - Xi D � Y 0 � if

Èv; sup
0a j a M

ÿ / 	 j / 1

M
Æ ÿ / 	 j / 1

M
4 max� 1 � d � 3	 j ? 2��� �

(this supremumis understoodas0 if thesetis empty)�
Letting M tendto infinity, we seethat(3.48)holdsif

� 3 � 49� ÈÉ;¦È - def� supA�ÿ / 	 Æ 0 Y�	�Y 1 �Bÿ / 	}4 max� 1 � d � 3	�? 2���wD��
(with theconvention È - � 0, if theabove setis empty)�

Comingbackto (3.46),wefind

lim
u§�¨ � logu� H � 1.�-�� log , eXi 4 logu

4 y 0 �
when1 / ÿp;~_�? 1 / È - �(3.50)

and a similar inequality holds with , o Xi in place of , e Xi . ChoosingÿZ�l_�? 1 y dH 1
3d , wefind È - � 0, andthus1 / ÿ�;7_¢? 1 / È - , sothatour

claim (3.29)follows from (3.45),(3.50)andits analoguefor , o Xi . «¬
Remark3.6.1) If oneonly usestherightmostexpressionof (3.42)to bound� % � , one obtainsa weaker boundin (3.29),where _ is restrictedto be
smallerthan 4d

3d. 1 (which is smallerthan1 / dH 1
3d � 4dH 1

3d , whend 4 2).

2) Observe thatin theone-dimensionalcase,in theplain nestlingsituation,
i.e. when ����� 0 � 1�7; ��� 0 �!? 1� � and ����� 0 � 1� y ��� 0 �!? 1� � are both
positive, V 1 alwayshassomedivergentmoment,cf. Theorem2.7.

3) It is naturalto wonderwhether(3.29)matterof factly holdswith _�� d��4 2� andmatchesthelowerboundof Theorem2.7. «¬
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IV. Central limit theorem

In this sectionwe shall develop someapplicationsof the tail estimatesof
theprevioussections,to thederivationof afunctionalcentrallimit theorem
for theprocess

� 4 � 1� Bn
t � 1U

n
� X M tnN ?~� tn� : ��� t 4 0 �

introducedin (0.8).Wedenoteby D � . � d � thesetof d-valuedfunctions
on . , which areright-continuousandpossessleft limits. We endow this
setwith the Skorohodtopologyandits Borel % -field, so that BnW definesa
D � . � d � -valuedrandomvariable.It will beconvenientin this sectionto
restricttheparametera ; 0,enteringthedefinitionof V 1, seeafter(1.13),to
valueslargeenoughsothatthestrip A x � d � 0 Y x  B8 y aD , is connected.
In view of thediscussionbelow (1.25),it sufficesto choosea ; 2j d, and
keepingin mind (1.14),we assume:

� 4 � 2� 2j d y a Y 10 j d �
Theorem 4.1 � d 4 1� . Assume(0.1),(1.7),(4.2)and

� 4 � 3� E0 V 2
1 0 D � I y I �

then BnW converges in law under P0 to a non-degenerate d-dimensional
Brownianmotionwith covariancematrix

� 4 � 4� A � E0 � X b 1 ?�V 1 : � t � X b 1 ?�V 1 : ��0 D � I q E0 ��V 1 0 D � I � �
Proof. Definethe non-decreasingsequencekn, n 4 0, P0-a.s.tendingto/ I , suchthat: V kn Y n y V kn . 1, with theconvention V 0 � 0.

It follows from thestronglaw of largenumbersand(1.19),that

P0-a.s.,
kn

n
? 9 1

E0 Q � 1 � D ����R � as n 9JI �
andusingDini’s theorem:

� 4 � 5� P0-a.s.,for all T ; 0 � sup
0a t a T

kM tnN
n
? t

E0 Q � 1 � D ����R ? 9n§=¨ 0 �
Therandomvariables

� 4 � 6� Z j � X b j ` 1 ? X b j ?~��V j . 1 ?�V j � : � j 4 1 �
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in view of (1.19)andthedefinitionof : in (1.21),arei.i.d.,centeredunderP0,
andthanksto (4.3), squareintegrable.Let us denoteby , m, m 4 0, the
partialsums:

� 4 � 7� , m �
j a m

Z j � m 4 0 �
Observe that P0-a.s.,for any T ; 0:

� 4 � 8� sup
t a T

Bn
t ?

2
k3 tn4U
n

Y 2 � 1 / 0 : 0 � sup
0a ka k3 Tn4

� k. 1 O=� kU
n

�
Noticealsothat:

� 4 � 9� sup
0a ka k3 Tn4

� k. 1 O=� kU
n

? 9n§=¨ 0 � in P0-probability �
sincein view of (1.19),andtheinequalitykn Y n, for u ; 0:

P0 sup
0a ka k3 Tn4

� k. 1 O=� kU
n

; u

Y P0 ��V 1 ; j n u� / � nT / 1� P0 ��V 1 ; j n u 0 D � I �
Y P0 ��V 1 ; j n u� / Á nT ô 1Â

nu2
E0 V 2

1 ��V 1 ; j n u 0 D � I ? 9n§�¨ 0 �
using(4.3)andtheP0-a.s.finitenessof V 1 in thelaststep.ThustheSkorohod-
distance(seeEthier-Kurtz [6], p. 117) of BnW and 5 k3 6 n4² n

, tendsto 0 in P0-
probability, asn tendsto infinity. Proving the convergencein law of the
latter processto a Brownian motion with covariancematrix A, will thus
imply a similar statementfor BnW .

From Donsker’s invarianceprinciple, seefor instance[6], p. 278, we
know that

� 4 � 10�
2 � mU

m
convergesin law to a d-dimensionalBrownianmotionwith

covariancematrix E0 ��V 1 0 D � I � A �
provided , s, s 4 0, standsfor the linear interpolationof , m, m 4 0. It
thenfollows from (4.5) and(4.10) that the finite dimensionaldistribution
of 5 k3 6 n4² n

, convergeto thefinite dimensionaldistribution of a d-dimensional
Brownianmotionwith covariancematrix A. Moreover thetightnessof the
laws of 5 k3 6 n4² n

follows from (4.5), (4.10) andCorollary 7.4, p. 129 of [6].
This provestheassertedconvergencein law of BnW .

Thereonly remainsto prove thenondegeneracy of A. This is wherethe
assumption(4.2)will beconvenient.Considerg�� d with t g A g�� 0, so
that

� 4 � 11� P0 �­gk Ð� X b 1 ?�V 1 : �¹� 0 0 D � I � � 1 �
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Thecollectionof x � d with P0 � XS1 � x, S1 y D � ; 0, coincidesthanks
to theconnectednessof A x � d � 0 Y x  B8 y aD , with

� 4 � 12� H �l]�A z � d ��8� z y aD��
We shallnow seethat:

� 4 � 13� gk : � 0 and g� x � 0, for any x � H �
Indeedconsiderx � H, sothat P0 � XS1 � x � S1 y D � ; 0. Usinganearest
neighborloop of arbitrarylengthinside A z ê 0 YK8� z y aD , startingand
endingin 0, weseethatfor all n 4 0,

� 4 � 14� P0 � XS1 � x � n Y S1 y D � ; 0 �
Then as a result of the strong Markov property and the independence
under , for n 4 0, andx � H:

� 4 � 15�
P0 � X b 1 � x � n y V 1 � S1 � D � I �� 1® 18�� P0 � XS1 � x � n y S1 y D � D �E� S1 � I �� � P0�-, � XS1 � x � n y S1 y D � Px�-, � D � I �­�� P0 � XS1 � x � n y S1 y D � P0 � D � I � ; 0 �

Thusin view of (4.11),for arbitraryn 4 0 andx � H:

� 4 � 16� n 0hgk : 0�Y�0hgk x 0��
which implies g7 : � 0. Comingbackto (4.11),we now deduce(4.13).
Thentakinglimits of pointsin H, weseethat

� 4 � 17� gk y � 0, for any y � d, orthogonalto 8C�
Since :  18�; 0, (4.13)and(4.17)imply that g~� 0. This provesthat A is
non-degenerate. «¬

As animmediateconsequenceof Theorem3.5we find:

Corollary 4.2. � d 4 2� . Under(0.1)and(1.7),

� 4 � 18� BnW convergesin law to a Brownianmotionwith non-degenerate

covariancematrix A, see(4.4) �
Remark4.3. In theone-dimensionalcase,it is known that(0.1),(1.7)does
notnecessarilyensure(4.18), werefer onthistoKesten-Kozlov-Spitzer[12].«¬
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V. Slowdown estimates

Themainobjectof this sectionis to derive tail estimateson theprobability
that thewalk movesslower in a direction 8�� SdH 1, with respectto which
Kalikow’s condition(1.7) holds,thanpredictedby thestronglaw of large
numbers(1.21). We shall mainly be concernedwith estimatesunderthe
annealedprobability P0, but shallprovidesomecommentsat theendof the
sectiononhow annealedestimatescanbeusedtoderivequenchedestimates.
As mentionedin theintroduction,thereis aninterplaybetween“traps” and
“slowdown” of theprocess,andaverynaturalquestionof knowing whether
or not “traps” governtail estimatesof slowdown probabilities.Thepresent
sectionwill bringsomeelementsof answerto thisquestion;thekey roleof
thevariableV 1 will alsobeapparent.Weshallalsobriefly discussat theend
of thesectionwhathappenswhen“slowdown” isreplacedby“acceleration”.

We begin with a useful lemma.We considerfor u 4 0, the random
variables

� 5 � 1� Nu � inf A k 4 0 � X b k  F8�4 uDE�
Lemma 5.1. � d 4 1� . Assume(0.1)and(1.7).For È�; 0,

� 5 � 2� lim
u §=¨ uH 1 log P0

Nu

u
? 1

E0 Q X b 1 ÷ùø � D ����R 4kÈ y 0 �
Moreover, for large u andarbitrary c ; 0,

� 5 � 3� P0 � Tu ; cu� 4 P0 ��V 1 ; cu� ? eH c2
2 u �

Proof. We begin with the proof of (5.2). As an applicationof standard
Cramer-typeestimates,(1.19)and(1.32),

lim
k§�¨ 1

k
log P0 0 X b k  �8�? k E0 � X b 1  �8Z0 D � I � 4�È k y 0 � for ÈÉ; 0 �

Theclaim (5.2) thenfollows by routinearguments.

Wenow turn to theproofof (5.3).Observe thatfor u ; 0:

P0-a.s.,on A X b 1  F8CY uD1�oV 1 � TX ½ 1 � ¾ Y Tu �
sothatfor u ; 0 andc ; 0,

P0 ��V 1 ; cu� Y P0 � Tu ; cu� / P0 � X b 1  F8C; u� �
Theclaim (5.3)now follows from Lemma1.2. «¬
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Wefirstbeginwith thesimplersituationof annealedslowdownestimates
for non-nestlingwalks. Theone-dimensionalcaseiswell known,cf. Greven-
denHollander[8], or Dembo-Peres-Zeitouni[4].

Theorem 5.2. � d 4 1� . Assume(2.1),thenfor c ;l� :  8L� H 1, in thenotation
of (0.5),

� 5 � 4�´? I y lim
u§�¨ uH 1 log P0 � Tu ; cu� Y lim

u §=¨ uH 1 log P0 � Tu ; cu� y 0 �

Proof. The lower boundis trivial. Let us prove the upperbound.Given
c ;l� :  F8L� H 1, let uspick c suchthat

� E0 ��V 1 0 D � I � :  B8G� H 1 �
1

E0 Q X b 1 ÷Tø � D ����R y c y E0 ��V 1 0 D � I � H 1c �(5.5)

As a resultof Lemma5.1,weobtain:

� 5 � 6� lim
u§�¨ uH 1 log P0 � Nu 4 cu� y 0 �

andsinceNu y cu, implies V M ·cuN-. 1 4 Tu, our claim will follow oncewe
show:

� 5 � 7� lim
u§�¨ uH 1 log P0 ��V M ·cuN-. 1 ; cu� y 0 �

However since E0 ��V 1 0 D � I � c y c, the renewal property(1.19), to-
getherwith thefinitenessof someexponentialmomentof V 1 underP0, cf.
Theorem2.1,implies(5.7)by standardCramer-typeestimates. «¬

Thenext resultwill in particularapply to thesituationof Theorem3.5
andespeciallyto theplainnestlingsituation.

Theorem 5.3. � d 4 1� . Assume(0.1),(1.7)andthat for some_Ç; 0,

� 5 � 8� lim
u§�¨ � logu� H ^ log P0 ��V 1 ; u� y 0 � then

� 5 � 9� lim
u§�¨ � logu�wH ^ log P0 � Tu ; cu� y 0 � for c ;´� :  B8G��H 1 �

Proof. Let usfirst mentionthatwhend � 1, only thestatementwith _<� 1
hassomerelevance,cf. Remark5.6 1) below, andwhend 4 2, onecanin
fact assumethat (5.8) holdswith _�; 1, thanksto Theorem3.5. Keeping
thesecommentsin mind,let usbegin with theproofof (5.9).If wechoosec,
asin (5.5),a similar argumentshows that(5.9) follows from:
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� 5 � 10� lim
u§�¨ � logu� H ^ log P0 ��V M ·cu N-. 1 ; cu� y 0 �

Furthermore,in view of (1.19),(5.8)andtheinequality

E0 ��V 1 0 D � I � c y c �
it sufficesto show thatfor ÿi; 0,

� 5 � 11� lim
n§�¨ � logn��H ^ log P � V 1 /  1 1 / V n 4 n � m / ÿF� � y 0 �

when V i , i 4 1, under P are independent,all distributed like V 1 under
P0 �! 10 D � I � , and

� 5 � 12� m � E0 ��V 1 0 D � I � �
As a resultof Chebyshev inequalityandindependence,for n ; 1,

� 5 � 13� P � V 1 /  1 1 / V n 4 n � m / ÿF� � Y n P0 V 1 ; n � log n� H ^ H 1 /
P V 1 /  1 1 / V n 4 n � m / ÿF��� sup

1a i a n
V i Y n � logn� H ^ H 1 �

sothatwith thehelpof (5.8),for a suitable� ; 0, andlargen,

Y n exp ? � log
nÁ lognÂ ^ . 1

^ / exp ?�� logn� ^ � m / ÿF�
E exp

Á lognÂ ^
n

V 1 � V 1 Y nÁ lognÂ ^ . 1

n �
However, for largen,

E exp
Á lognÂ ^

n
V 1 � V 1 Y nÁ lognÂ ^ . 1

Y 1 /
n» logn ¼ Þ ` 1

0

Á lognÂ ^
n

exp
Á lognÂ ^

n
u P � V 1 ; u� du

Y 1 / e
� logn� ¯ 1 Á lognÂ ^

n

¨
0

P � V 1 ; u� du Y 1 / Á lognÂ ^
n

m/ 72 �
(5.14)

Comingbackto (5.13),weseethatfor largen:

P � V 1 /  1 1 / V n 4 n � m / ÿF� � Y
exp ? �

2
� logn� ^ / exp ?~� logn� ^ m / ÿ�? m ? 7

2
�

Theclaim (5.11)follows. «¬
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Collectingtheorems3.5and5.3,we obtain

Corollary 5.4. � d 4 2� . Under (0.1) and (1.7), for _ y 1 / dH 1
3d , and

c ;l� :  F8L� H 1,

� 5 � 15� lim
u§�¨ � logu� H ^ log P0 � Tu ; cu� y 0 �

In thecaseof plainnestlingwalks,wealsohavethefollowing lowerbound:

Theorem 5.5. � d 4 1� . When(0.1),(1.7)holdandthewalkisplainnestling,

� 5 � 16� lim
u§�¨ � logu��H d log P0 � Tu ; cu� ;l? I � when c ; 0 �

Proof. Wesimply apply(5.3) togetherwith Theorem2.7. «¬
Remark5.6.1) In theone-dimensionalplain nestlingsituation,when(1.7)
holds,it is shown in Theorem1.1of Dembo-Peres-Zeitouni[4] that

� 5 � 17� lim
u§�¨ � logu��H 1 log P0 � Tu ; cu� � 1 ? s y 0 � for c ;K� :  8G��H 1 �

wheres is theuniquezerobiggerthan1 of theconvex function

� 5 � 18� F � t�\� log 8
Á 0ú O ø Â
8
Á 0úTø Â

t �
2) It is naturalto wonderwhetherin Corollary5.4, (5.15)alsoholdswith_<� d.

3) It is not hardto modify theargumentswe used,andshow thatunderthe
respective assumptionsof Theorem5.3or Corollary5.4,for 0 y : 1 y :  w8 ,
� 5 � 19� lim

n
� logn� H ^ log P0

Xn ÷Tø
n y : 1 y 0 �

with _ respectively asin Theorem5.3or Corollary5.4.Indeedobserve that
for 0 y : 1 y : 2 y :  B8 ,
� 5 � 20� P0 � Xn  18 y : 1 n� Y P0 � TÎ 2n ; n� /

P0 � TÎ 2 n Y n � TÎ 1 n �Z� T9 2 n y I � �
Usingessentiallytheargumentsbelow (1.41),see(1.43)and(1.44),wesee
that the secondterm of the right handside of (5.20) hasan exponential
decay. Theclaim (5.19)now follows from theapplicationof Theorem5.3
(respectively Corollary5.4)to thefirst termof theright memberof (5.20).
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4) It is alsonot hardto modify theargumentin theproof of Theorem5.5,
to show thatunderthesameassumptions,when0 y : 1 y : 2 y :  B8 ,
� 5 � 21� lim

n§�¨ � logn� H d log P0
Xn ÷Bø

n
�É� : 1 � : 2 � ;K? I �

Indeedkeepingthenotationsof Theorem5.5,onecanfind whenr 9 I ,
x0 remainingwithin boundeddistancefrom Br , with x0  18�; r , andusing
a similar argumentasin (2.55),and(0.1),show that for any 0 y c1 y c2,
for a suitabler � 0 � logn� ,
� 5 � 22� lim

n§�¨ � logn��H d log P0 � Tx0 � ¾ � Hx0 �É� c1 n � c2 n� � ;´? I �
Observe alsothat in view of thestronglaw of large numbers,andthefact
that 0 Xk. 1 ? Xk 0!� 1, P0-a.s.,

� 5 � 23� sup
0a ka n

Xk

n
? k

n : 9 0 � P0 �! x0 D � I � -a.s.,asn 9JI �
Thuschoosingc1 y c2, closeto c0 suchthat � :  �8L��� 1 ? c0 �E� Î 1 .|Î 2

2 , andÈÉ; 0, smallenough,for largen:

� 5 � 24� P0 � Xn  B8C� n � : 1 � : 2 � � 4 P0 � Tx0 � ¾ � Hx0 � n � c1 � c2 ���
D �Z� Hx0

� I � sup
0a ka n

0h� Xk. Hx0
? x0 �\? k : 0�YkÈ n� �

UsingthestrongMarkov property, independence,(5.22)and(5.23),wesee
that

lim
n§�¨ � logn� H d log P0 � Xn  F8¦� n � : 1 � : 2 � � 4
lim

n§�¨ � logn� H d log P0 � Tx0 � ¾ � Hx0 � n � c1 � c2 � � /
lim

n§�¨ � logn� H d log P0 D � I � sup
0a ka n

Xk

n
? k

n : Y�È ;K? I �
This proves(5.21). «¬

The next resultwill in particularenableto apply estimateslike (2.16)
to the derivation of upperboundson the probability of slowdowns, in the
marginal nestlingsituation.

Theorem 5.7. � d 4 1� . Assume(0.1),(1.7),andfor some_�4 1:

� 5 � 25� lim
u§�¨ uH ÞÞ ` 2 log P0 ��V 1 ; u� y 0 � then

� 5 � 26� lim
u §=¨ uH ÞÞ ` 2 log P0 � Tu ; cu� y 0 � for c ;l� :  B8G��H 1 �
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Proof. By thesamereasoningasin theproof of Theorem5.3,it sufficesto
show thatfor ÿ�; 0,

� 5 � 27� lim
n§=¨ nH ÞÞ ` 2 log P � V 1 /  1 1 / V n 4 n � m / ÿF� � y 0 �

whereV i areindependentunderP anddistributedlike V 1 underP0 �­ x0 D � I � .
Observethat(5.25)impliesin view of theproofof (5.11),thatfor any 	�; 1:

� 5 � 28� lim
n§=¨ � logn� H � log P � V 1 /  1 1 / V n 4 n � m / ÿF� � y 0 �

For largen, we divide A 1 �!�1�1��� nD into M Yâ� n

n
1Þ ` 2
� / 1 consecutive blocks,

B1 �!�1�1�1� BM of � n 1Þ ` 2 � integersexceptmay befor the“last one”. Pick now
some	Ç; 1. By a very roughcountingargument,thenumberof subsetsof

size n ÞÞ ` 2� logn� � def� an in A 1 �!�1�1��� M D grows like expA o � n ÞÞ ` 2 ��D . Moreover, if

� 5 � 29� An
def� M

j � 1
1

i � B j

V i ; m / 72 � n 1Þ ` 2 � 4 n ÞÞ ` 2Á lognÂ � �
on An onecanfindasubsetof sizean in A 1 �!�1�1��� M D , suchthatfor eachblock
with labelin thissubset,thecorrespondingsumof V i exceeds� m / -2 ��� n 1Þ ` 2 � .
As a result,

� 5 � 30� P� An �EY expA o � n ÞÞ ` 2 �wD P V 1 /  1 1 / V M n 1Þ ` 2 N ; m / 72 � n 1Þ ` 2 � an �
thelatterquantityin view of (5.28),for asuitable� ; 0, is smallerfor large
n than:

exp o � n ÞÞ ` 2 �\? � � log � n 1Þ ` 2 � � � an Y exp ? � ° n ÞÞ ` 2 � with � ° ; 0 �
Theclaim (5.27)will thereforefollow oncewe prove:

� 5 � 31� lim
n§�¨ nH ÞÞ ` 2 log P V 1 /  1 1 / V n ; n � m / ÿB��� Ac

n y 0 �
Denoteby : therandomsetof indicesj in A 1 �!�1�1��� M D of blocksB j suchthat

i � B j
V i ;l� m/ -2 ��� n 1Þ ` 2 � . Observethatfor largen, V 1 /  1 1 / V n ;l� m/ ÿB� n

impliesthat j �<; i � B j
V i ; -4 n. Moreover, by asimilarroughcounting

argumentasabove, the numberof subsetsof A 1 �!�1�1�1� M D with cardinality
smallerthann ÞÞ ` 2 � logn� H � growslikeexpA o � n ÞÞ ` 2 ��D . As aresultfor largen,

with bn
def� an � n 1Þ ` 2 � Y n Þ ` 1Þ ` 2 � logn� H � ,

P V 1 /  1 1 / V n ; n � m / ÿF�1� Ac
n Y

expA o � n ÞÞ ` 2 �wD P V 1 /  1 1 / V bn ;
7
4

n �(5.32)
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andfor ÏÉ; 0,

Y expA o � n ÞÞ ` 2 ��D n Þ ` 1Þ ` 2 � logn� H � P V 1 ; 74 n

/ exp ?�Ï 7
4

n ÞÞ ` 2 exp Ï nH 2Þ ` 2 V 1 D�� V 1 y 74 n
bn �

Observe alsothatin view of (5.25),for suitable� 1 � � 2 ; 0,

� 5 � 33� P � V 1 ; u� Y � 1 exp ? � 2 u ÞÞ ` 2 � for u 4 0 �
andasa result,for largen:

� 5 � 34�
E expA¹Ï nH 2Þ ` 2 V 1 D�� V 1 y 74 n

Y 1 / Ó
n

2Þ ` 2

.4n

0

�
1 exp Ó

n
2Þ ` 2

u ? � 2u ÞÞ ` 2 du

Y 1 / � 3 nH 2Þ ` 2 �
provided we chooseÏK; 0, small enough.Insertingthis estimatein the
rightmosthandsideof (5.32),we obtain(5.31).This finishesthe proof of
thetheorem. «¬

As an immediateapplicationof the theoremwe obtaina resultwhich
improvesour previousresultsof [24] on walkswhich areneutralor biased
to theright.

Theorem 5.8. � d 4 1� . In thecaseof a walk which is neutral or biasedto
theright (i.e. under(2.37),(2.38)),

� 5 � 35� ? I y lim
u§�¨ u H d

d̀ 2 log P0 � Tu ; cu� Y
lim

u§�¨ uH d
d̀ 2 log P0 � Tu ; cu� y 0 � for c ;v� :  �8 1 � H 1 �

Proof. Theupperboundis aconsequenceof Theorem5.7andTheorem2.5,
(onecanalsouseProposition2.3in placeof Theorem2.5whend � 1). As
for thelower bound,it is provenwith thehelpof (2.39)and(5.3). «¬

Let us closethis sectionwith a few remarks.In particularwe discuss
whathappenswhen“acceleration”replaces“slowdown”, and“quenched”
probabilitiesare consideredinsteadof “annealed”probabilities.We also
characterize,when(0.1) and(1.7) hold, the locationof the null setof the
ratefunctionenteringthequenchedlargedeviationprovenby Zernerin the
nestlingcase,cf. [26].

Remark5.9. 1) By similar argumentsasin the proof of (5.19)and(5.21),
weseethatundertheassumptionsof Theorem5.8,for 0 y : 1 y : 2 y :  �8 ,
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� 5 � 36� ? I y lim
n§�¨ nH d

d̀ 2 log P0
Xn ÷Tø

n
��� : 1 � : 2 � y 0 �

2) Tail estimateson theannealedprobabilityof accelerationof thewalk in
the direction 8 , when(0.1), (1.7) hold, do not displaythe samevariety as
in the caseof slowdowns. IndeedLemma5.1, togetherwith Cramer-type
estimatesanda simpletruncationargumentshows thatonealwayshas:

� 5 � 37� lim
u§�¨ uH 1 log P0 � Tu y cu� y 0 � for c y � :  B8L� H 1 �

This immediatelyimpliesthat

� 5 � 38� lim
n§=¨ 1

n
log P0

Xn ÷ùø
n

; : 1 y 0 � for : 1 ; :  B8C�
3) In the nestling case,if for instance(0.1) holds, M. Zerner [26], cf.
TheoremB, hasshown that:

� 5 � 39�
-a.s.,Xn

n satisfiesa largedeviationprincipleunderP0�-,
at raten with a deterministicconvex continuousrate

function I �� � : d 9 � 0 � I � , which canbeexpressed
as I �w �¹� sup

Ö ) 0
��_ Ö �w �Ì?�ÏX�F�

(_ Ö �� � aretheso-calledLyapunov coefficients).
The locationof the null setof I �w � is so far poorly understood.Let us

however mentionthat

Proposition 5.10. Assumethat (0.1), (1.7) hold and the walk is nestling,
then

� 5 � 40� A I �� �¹� 0D¹�lA�Ï : � 0 YkÏÉY 1DE�
Proof. Indeed_ 0 Y I , andtheinclusionof A I �� �¹� 0D in . : follows from
(1.70).Moreover from (5.38)anda Borel-Cantelliargument,weseethat:

-a.s.� lim
n§�¨ 1

n
log P0�5, Xn ÷ùø

n
; : 1 y 0 � for : 1 ; :  18��

Thisandtheabovementionedlargedeviationprincipleshowsthatinf A I � x� ;8p x ; : 1 DE; 0, for : 1 ;#8p : . Thus A I �� ��� 0D�¿#A�Ï : � 0 YkÏÉY 1D .
It is alsoa simplematter, usingthefactthat(cf. Proposition8 of [26]):

-a.s.� lim
n

1

n
log P0�-, � Xn � 0� � 0 �

to deducetheinclusion:

� 5 � 41� A u : � 0 Y u Y 1DE¿#A I �w �¹� 0D��
This concludestheproof of (5.40). «¬
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4) The resultsof this sectionhave direct applicationsto the derivation of
quenchedprobabilitiesof slowdown, essentiallyby adaptingtheproofused
in Sect.V of [24], (seealsoGantert-Zeitouni[7] for the one-dimensional
case).Tokeepareasonablelengthtothisalreadylongarticle,werefrain from
developpingherein detailsall thesequenchedestimates.Let us however
mention,that:

- in the non-nestlingsituation,i.e. under(0.1) and(2.1), on a setof full
-measure,for c ;l� :  B8G� H 1,

? I y lim
u§�¨ uH 1 log P0�-, � Tu ; cu�

Y lim
u§�¨ uH 1 log P0�-, � Tu ; cu� y 0 �(5.42)

- for walkswhichareneutralor biasedto theright, i.e.under(0.1),(2.37),
(2.38),on a setof full -measure,for c ;l� :  e1 � H 1

? I y lim
u §=¨

Á loguÂ 2
d

u
log P0�-, � Tu ; cu�
Y lim

u§�¨
Á loguÂ 2

d

u
log P0�5, � Tu ; cu� y 0 �

(5.43)

- for plain nestlingwalkssatisfying(0.1),(1.7), for a suitableA ; 0, on
a setof full -measure,for c ; 0

� 5 � 44� lim
u§�¨ uH 1 expA A � logu� 1

d D log P0�-, � Tu ; cu� ;l? I �
andundertheassumptionsof Theorem3.5, for eachc ; � :  18L� H 1, and_K�â� 1 � 1 / dH 1

3d � , thereexists B � c �B_��¢; 0, suchthat on a setof full
-measure:

� 5 � 45� lim
u§�¨ uH 1 expA B � logu� 1Þ D log P0�-, � Tu ; cu� y 0 �

Let us give somecommentson the proofs. The upper bound in (5.42)
follows from (5.2) by a Borel-Cantelliargument,andthe lower boundis
immediate.As for the proofsof (5.43)–(5.45),they aremerelyvariations
on the argumentsof Sect.V of [24], explaining how to infer quenched
statementsfrom annealedstatements.The lower boundsfollow by Borel-
Cantelliconsiderationsshowing for typical � theexistenceof “traps” (i.e.
neutral pockets or in the senseof (2.51)) with logarithmic size, within
distanceo � u� fromtheorigin.Asfor theupperbounds, onepicksc° ��� 1Îá� ¾ � c� ,
andslicesthespacealongthedirection 8 into “slabs”of sizeru suchthat:

� 5 � 46� lim
u§�¨ log P0 Q Tru " c° ru R

logu y ?i� 2 / d / 4c° �E�
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which leadsto a choiceru � const � logu� 1. 2
d , whenproving (5.43),ru �

expA const� logu� 1Þ D , whenproving (5.45).If oneintroduces

S1 � inf A n 4 0 �i0 Xn  F8=? X0  F8|0�4 ru D
T � inf A n 4 0 � Xn  F8�? X0  B8Ò4 ru DE�

thenBorel-Cantelliconsiderations,with thehelpof (1.44),(1.47)and(5.46)
show that

� 5 � 47�
-a.s.,for largeintegeru, for x � C4u �

Px�-, � T ; c° ru � Y uH 4c±
Px�-, � S è� T � Y uH 4c±
P0�-, � TC4u y T2u � Y � � u�

with � � u�â� expA�? const u� logu� 2
d
D , when proving (5.43), and � � u�l�

expA�? ueH const� logu� 1Þ D , when proving (5.45). This essentiallycorresponds
to theestimatesof Lemma5.1of [24]. Theproof thenproceedsasin [24],
with minor modifications. «¬
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their carefulreadingof theoriginal draftof this article.
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