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Abstract. Thisworkis concernedvith asymptotigropertieof multi-dimensionatandom
walksin randomenvironment.UnderKalikow’s condition,we shav a centrallimit theorem
for randomwalksin randomenvironmenton Z9, whend > 2. We alsoderie tail estimates
on the probability of slovdowns. Theselatter estimatesare of specialinterestdueto the
naturalinterplay betweenslowdowvns and the presenceof trapsin the medium. The tail
behaior of therenaval time constructedn [25] playsanimportantrolein theinvestigation
of bothproblemsThisarticlealsoimprovesthepreviouswork of theauthor{24], concerning
estimate®f probabilitiesof slowdownsfor walkswhich areneutralor biasedo theright.

0. Introduction

Randomwalk in a d-dimensionakandomervironmentis a basicexample
of stochastianotionin a randommedium.Yet, its asymptoticbehaior is
sofar ratherpoorly understoodespeciallywhend is biggerthanone.The
conceptof the “environmentviewed from the particle”, which hasbeen
so powerful in theinvestigationof several examplesof stochastianotions
in a randomervironment, cf. Kipnis-Varadhan[13], S.M. Kozlov [14],
Olla [18], Papanicolaou-aradhar{19], hashaduntil now little success$n
the studyof multidimensionatandomwalksin randomernvironment.This
factis relatedto the genuinelynon-reversiblecharacteiof the model,and
to thedifficulty to applyary emgodictheorem.

In SznitmanandZerner[25], it is shavn thatanassumptiorpreviously
introducedby Kalikow [9], seealso(1.7) belaw, implies a stronglaw of
large numbersfor the walk, with a non-dgeneratdimiting velocity. The
objectof the presentarticle is to investigateunderthe abore assumption,
thetail behaior of probabilitiesof slovdown of the walk, andconditions
ensuringa centrallimit theoremThewishto derive acentrallimit theorem
is very naturalandthereis little needto further dwell on its motivation.
Let us however commenton the incentive to study the tail behaior of
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the probability of slovdowns, that is to obtain large deviation estimates
on the probability that the walk moves slower than predictedby the law
of large numbersThis topic hasrecentlybeenthe objectof severalworks
mainlyin aone-dimensionaetting cf. Dembo-Peres-Zeitouf], Gantert-
Zeitouni[7], Pisztora-Peel-Zeitouni[21], Pisztora-Pweel [20], with theex-
ceptionof Sznitman24], wherea multi-dimensionakituationis analyzed.
One groundfor this suige of interestis the profoundinterplay between
probabilitiesof slovdown of thewalk, andthe natureof “traps” which can
occurin themedium.Looselyspeakinghetrapsareatypicalpoclketsof the
mediumwherethe walk may spenda long time with relatively large prob-
ability. The desireto elucidatethe role of suchobjectsin thetail behaior
of probabilityof slovndovnscanbeviewedaspartof abroadelissuein the
theory of randommedia.Indeedover the recentyears,several important
exampleshave emeged,where“atypical pocketsof low local eigewvalues”
play a predominantole. Suchexamplescanfor instancebe foundin the
context of stochastiadynamicsof spin systemswith randominteraction,
cf. Sect.7 of Martinelli [16], of modelsof intermitteng, cf. Chap.lll of
Molchanw [17], andof BrownianmotionamongPoissoniarobstaclesef.
Sznitmarj23]. Oneof theaspiration®f thepresentvorkisto studywhether
trapsplay a predominentole in slovdowns.

Letusnow presenthemodelmoreprecisely Therandomervironment
is given by a collection of i.i.d. (2d)-dimensionalvectorswhich specify
the jump probabilitiesof the walk at eachsite of Z¢. We assumehat for
asuitablex in (0, 51,

thecommonlaw p of thevectorsis supportednthe setP,
of (2d)-vectors(p(€)) ¢—1,eczd. With p(e) € [«,1] for eache,
and Z pe) =1.

le=1

(0.1)

The randomernvironmentis an elementw = (w(X, -))yezd Of Q = PKZd,
whichis tacitly endaved with theproducto-algebraandthe productmeas-
urelP = M®Zd. Therandomwalk in the randomervironmentow, is then
the canonicalMarkov chain (X,)n=0 on (Z9)N, with statespaceZ?, and
“quenchedaw” P, , startingfrom x e Z9, suchthat:

Px »-a.s.
PeolXnpr = Xn + €[ Xo, ..., Xal "= o(Xp, €),

(0.2)
forn>0,andle| =1, Py,[Xo=x]=1.

Onealsodefinesghe“annealedaws” Py, x € Z9, on 2 x (Z9N via

(0.3) Pi=Px Py, xeZ.
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Throughouthisarticle, thewalkswe considemwill alwaysfulfill Kalikow's
conditionrelativeto someunit vedor ¢ of RY. Wereferto (1.7)for thepredse
definition. As mentionedabore, it is shavn in Sznitman-Zernej25], that
this conditionimpliesastronglaw of large numbeynamely:

(0.4) Po-a.s ? S,

wherethe limiting velocity v, cf. (1.21),is deterministicandv - £ > 0. To
highlightthe natureof Kalikow’s condition,let us mentionthatin the one-
dimensionalsituation,under(0.1), a stronglaw of large numbersalways
holds for randomwalks in randomervironment, but the limit velocity
possiblyvanishesgf. Solomon[22]. Thefulfillment of Kalikow’s condition
with respecto ¢ = 1, or £ = —1, preciselycharacterizethe caseof anon-
vanishinglimit velocity, cf. Remark2.5 of [25]. Unfortunatelythe higher
dimensionakituationis lessclear sofar.

Comingbackto the main objectivesof the presentrticle, let usdefine
foru e R:
(0.5 Tyo=inf{(n >0, X, -£>u},

thefirst time atwhich thewalk comesabore level u in thedirectiont. The
stronglaw of large numberss easilyseento imply that:

(0.6) Po-a.s, % S (-0Y asu— 0.

The centralobjectof the presentwork is to investigatethe asymptoticsof
thelargely deviantannealegrobabilitiesof slovdown:

(0.7 Po[Ty > cu], asu — oo, withc > (v-£)~1,
aswell astheoccurrencef afunctionalcentrallimit theorentfor:

0.8) B{‘:w,tzq when n — oo .

A powerful tool to analyzethesequestionsis provided by the renaval
structureconstructedn [25], which generalizego a multi-dimensional
contt the work of Kesten[11]. In particulara key role is played by
a certainrenaval time 1, see(1.18) below. Both asymptoticsn (0.7) and
(0.8) areefficiently controlledby thetail behaior of z;:

(0.9 Polty > U], asu— oo.

For instanceafinite secondnmomentof 7; impliesafunctionalcentrallimit
theorenfor B", cf. Theoremd.1,andcertainboundson thetail of z; imply
analogou®oundsonthequantityin (0.7),cf. Lemmab.1, Theorenb.3and
Theorenb.7.1t follows from TheorenB.5,thatr; hasfinite P-momentof
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arbitraryorder whend > 2, andthecentrallimit theorenfor B" follows, cf.
Corollary4.2.Thisis in contrastwith the one-dimensionadituationwhere
sucha centrallimit theoremneednot always hold, cf. Kesten-Kzlov-
Spitzer[12]. Incidentally a centrallimit theoremfor multi-dimensional
randomwalksin randomervironmentwasalreadyderived by Lawler [15],
seealsoS.M.Kozlov [14], whenthewalk hasnull local drift, cf. (0.11),and
by Bricmont-Kupiainen[2], whend > 3, thelaw u is isotropic,(i.e. invari-
antunderrotationspreservingZ?), andconcentratedn smallperturbations
of the transitionprobability of the simplerandomwalk. The situationwe
considerhereis quitedifferentsinceaneffective velocity exists.

The quantity in (0.9) has somesimilarities with S(u), the annealed
survival probability up to time u, which one considersin the contet of
Brownian motionamongPoissoniarobstaclescf. Sznitman23], Chap 4.
Thisqualitative analogycanbesensednceonerealizeghata naturalower
boundon (0.9)is obtainedoy writing

(010) P()[‘L']_ > U] > P()[TU > U, Xu = O] s

for u aneveninteger (for parity reasons)l anarbitrarysubsebf Z9 con-
taining0, Ty theexit time of (X,)n=0 from U, andthenpickingafavorable,
trap-like ervironmenton U. This hasof coursevery muchtheflavor of the
type of lower boundsone appliesto S(u), whenoneconstraindBrownian
motionnotto exit alarge opensetU receving no obstaclesyp to time u,
cf. [23].

In both casesupperboundstendto be of a substantiallymore deli-
catenaturethanlower bounds.In the contet of Brownian motionamong
Poissoniambstaclesypperboundson S(u) arevery efficiently derived by
meansof certainlarge deviation estimaten principal Dirichlet eigerval-
ues,cf. [23]. However spectrakconsideratiorare muchlessquantitatve in
thetruly non-selfadjointsettingof randomwalksin randomervironment.
Insteadan importantrole in the dervation of upperboundson (0.9), is
playedby certainlarge deviation estimateson the P-probability that the
exit distribution of alarge slab{z € Z94, |z- ¢| < L}, under Py, gives
“little mass”to the “upper boundary”,wherez - ¢ > L, cf. (2.15)and
Proposition3.1.

A fascinatindeatureof bothtail behaiorsin (0.7)and(0.9)is theirpro-
foundlink with thenatureof possiblerapswhich canoccurin themedium.
In particularif d(x, w) denoteghelocaldrift atx in the ervironmentw:

(0.11) d(X, w) = Exu[X1 — Xol = ) w(X, e e,
lel=1

adecisveroleis playedby
(0.12 K, the corvex hull of the supportof thelaw of d(0, w) .
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Dependingopn whetherthewalk is

i) non-nestlingj.e. 0 doesnotbelongto K,
(theterminologyis dueto Zerner[26]) ,

013 ii) manginal nestling,i.e. 0 belonggo dK,,

i) plainnestling,i.e. 0 belonggo theinterior of K, ,

oneobtainsbothin (0.7) and(0.9) qualitatively distincttail behaiors with
respecto suitabledirectionst. Incidentallyoneinterestof Kalikow’s con-
dition is thatit is generalenoughto accommodatexamplesof the above
threedifferentclassesin casei) for directions¢ separating and K,, the
decayof Py[r; > u] is exponential.In caseiii), it is plausibleto expect
atypical behaior like exp{—c(logu)?}. We canonly shav a lower bound
of this type, cf. Theorem2.7, andobtainwhend > 2 anupperboundof
thetypeexp{—c(logu)“}, with « smallerthanl + d3;d1 cf. Theorem3.5.1n
caseii), no universaldecayshouldbe expectedcf. Remark2.6.,although
the situationis shavn to be in an adequatesensdantermediatebetween)
andiii). Oneimportantexampleof typeii) correspondso walkswhichare
neutralor biasedto the right, cf. after (2.37),in which casePy[r; > u]

decaydike exp{—cuai—2 }, seeTheorem2.5. This examplewasin factthe
mainfocusof our previous work [24]. Let us mentionthat the resultswe
obtainin this specialexampleimprove our previousresultsandin particular
enableto studytail behaiors like (0.7) for c arbitrarily closeto thecritical
value (v - £)71, cf. Theoremb.8. Parentheticallythe techniquewe employ
herebypassetherenormalizatioomethodwe usedin [24].

Letusnow turnto the organizationof the presenarticle.

Sectionl describe&alikow’s conditionandthereneval structurenhich
can be attachedto the walk when the condition holds. It also develops
certainestimatesvhichareroutinelyusedn thesubsequergections\Wein
particularshav in Propositionl.4 thatsup,.,-,, |Xnsy; | @wayshassome
finite exponentialmomentunder Py, (in contrastto z; in case(0.13) i)
andiii)). We alsoprovide controlson the sizeof trans\ersalfluctuationsof
thepath,cf. Corollary1.5.

Sectionll discussesomefirst tail estimate®n thevariabler;. Among
otherthingsit is shawvn thatthe threesubcasesf (0.13),leadfor suitable
directionst to distincttail behaiors. The specialcaseof walks which are
neutralor biasedto the right is treatedin a quite satishctory fashionin
Theorenm2.5.

Sectionlll developsapriori upperboundsonthetail of r, whend > 2,
with aspeciakimattheplainnestlingsituation.Ourmainresultis provided
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in TheorenB.5.Unfortunatelytheupperboundsve derive donotmatchthe
(natural)lowerboundwe obtainin Theoren?.7,(roughlyfollowing (0.10)).

SectionV applieghepreviouslyobtainedail estimateso thederivation
of acentrallimit theoremfor B", cf. Corollary4.2.

SectionV developsthe application®of thetail estimategor (0.9),to the
controlof probabilitiesof slovdown. As mentionedabore, wein particular
drasticallyimprove our previousresultsof [24], cf. Theorenb.8.Our main
focusin this sectionconcernsannealecestimatesAt the end of the sec-
tion we briefly discusssomequenchedestimatesandwhathappensn the
casewhereonereplacesslowdown” by “acceleration”cf. Remarks.9.For
nestlingwalks satisfyingKalikow’s condition,we also provide in Propo-
sition 5.10the descriptionof the null setof the rate function enteringthe
guenchedarge deviation principle of Zerner[26].

I. Further notationsand some preliminary estimates

In this sectionwe shallintroducesomefurther notationsyecall Kalikow’'s

conditionandthe basicstepsin the constructionof the renaval structure
introducedn [9]. We shallthenprove severalestimatesvhichwill beused
in thesubsequergectionsWe beagin with somenotationsWe respectiely

denoteby | - | and|| - || theEuclidearandthe¢;-distanceonRY, (d > 1), so

that:

(1.1) lw| < [lw]| < vVd|w|, for weR?.
For U asubsebf Z9, welet U standfor theboundaryof U:
(1.2 U ={xezZN\U, IyeUl, |y—x| =1},

andwe denoteby Ty andHy therespeciie exit time andentrancdime of
X, inU:
(1.3 Ty =inf{n >0, X, ¢ U}, Hy =inf{n>0, X, e U}.
WhenU = {x}, we shallwrite Hy insteadof Hy,, for simplicity. We now
introducea collectionof auxiliary Markov chainswhichwill berepeatedly
usedin thesequelandalsoenterthedefinitionof Kalikow’'s condition.For
U a connectedstrict subsetof Z4, containing0, we considerthe Markov
chainwith statespaceJ U dU andtransitionprobability:

Pux, X+ €) =

Tu Tu

(1.4)  E[Eoo[ ) 1{Xn=x}]ex &)]/E[Eou[ Y X, =x}]].
0 0

forxeU, =1, Pu(x,x) =1, x €U .
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Thanksto (0.1) andthe connectednessf U, the expectationsentering
(1.4) arereadily seento be finite and positve. The law of the canonical
Markov chainattachedo RuG, o), andstartingfrom x € U U dU is denoted
by Pxu. Its localdrift atsitex € U U dU is:

(15) du () = ExulX1— Xol .

Theimportanceof theseauxiliary Markov chainsstemsrom thefollowing
factprovenin Propositionl of Kalikow [9]:

if /F\)07u[TU < oo] =1,thenPy[Ty < o] =1, and

1.6 —
(1.5 X1, hassamedistribution underPy y and Py .

For ¢ aunitvectorof RY, Kalikow’s conditionrelative to ¢ istherequirement
that:

(1.7) e, )L inf dyx-£>0,
U,xeU

whereU runsover all possibleconnectedtrict subset®f Z9, containing.

Notethatfor a given n, the setof ¢ where(1.7) holds,is an opensubset
of S™-1. Examplesvhere(1.7) holdscanbefoundin Sect.ll, aswell asin

Kalikow [9] andSznitman-Zernej25]. Let ussimply mentionthat(1.7)is

generalenoughand canaccommodatexamplesof distributions . in the

threedifferentclasse®f (0.13).

From now on, we shall only considersituationswhere¢ and w fulfill
(1.7).We denoteby C theclosedcorvex cone

(18) Cz{we]Rd, |w—w-w|5§w-z}.

As adirectconsequencef (1.7), we seethatfor ary U asin (1.7):

(1.9 dy(x) eC, forxe UU U .

If (Fa)nso stand/gfor the canonicafiltration of (X,)n=0, & very usefulrole
is playedby the Py y-martingalesfor x € U U 9U:

n-1 _
(1.10) MY = Xp— Xo— Y dy(Xy) .
0

Thesemartingaleshave incrementsoundedin | - |-norm by 2, andfrom
Azumas inequality cf. Alon-Spenceierdos[1], p. 85,

A2

(111 Bu[MY-w > A] < exp{ o

}, for A>0,n>0,|w=1.

Obserealsothat Y5 dy (Xy) € C, foralln > 0, P y-a.s..
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We now turn to the renaval structureattachedo the randomwalk in
randomervironment. It can in fact be constructedunder more general
assumptionghan (1.7), we refer on this to [25]. If one introducesthe
stoppingtime

(112 D=inf(n>0, £-X, <?{-Xg},
it canbeshawn, cf. Propositionl.2 of [25] that:
(113 Po[D=0c0]>0.

We shall in fact provide a quantitatve lower boundon Py[D = o0] in
Lemmal.l belov. The definition of the key randomvariable r; further
depend®nthechoiceof anumbera > 0. To getrid of thea dependencin
theestimatesit will becorvenientandsuficientfor our purposeo assume
that

(1.14) 0<a<10Vd,

althoughnothingspecialhappensvhena > 10v/d. We denoteby (6n)n=0,
thecanonicakhifton (Z9)N (or sometimesn (U UaU)Y). Following Sect.l
of [25], we introducetwo sequencesf (Fy)-stoppingtimes,S,, k > 0, Ry,
k > 1,andthesequencef successie maximain thedirectiont, My, k > O:

S =0 Mg=¢-Xp,
S =Tmpra<00, Ri=Dobs + S <00,
(recall(0.5) for the notation)
(1.15) M1 =supt-X,, 0=n <Ry} < o0,
andby inductionwhenk > 1:
Sit1 = Twera <00, Repr = Dofg,; + Sa1 < 00,

Mii1 = supl- Xn, 0<n < R4} .
We thenhave:
0=9<S<R=<S§=<---<00,

andthe above inequalitiesare strict whenthe left memberis finite. If we
introduce

(1.16) K=inflk>1, & < o0, R =0oc},
it is shavn in Propositionl.2.of [25] that:

(1.17) Po-a.s, K < 00
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Onethendefinesthe positive variable (which is easily seennot to be an
(Fn)-stoppingtime):

(1.18) =5

Incidentallyobsere thatthelower bound(0.10)immediatelyfollows from
the above definition. Onethenfurtherintroducesthe successie times zy,
k > 2, (usinghopefullyobvious notations):

2 = 11(X) + n(Xpp4. — Xpy)
(12 is definedas+o0, whent, = o), andfor k > 2,
Tkr1 = T1(X) + t(Xgyg . — X))
It is shavn in Theoreml.4 of [25] that

Pi-as, 0<ti<m<---<1%<..., and

under POs ((X‘L']_/\-)’ Tl)a ((X(‘I,’]_-i--)/\‘[z - X‘L'l)’ 2 — T]_), FE)

((Xge)rmer — Xa)s Tkl — W), - -, areindependent
(1.19) variablesfurthermorethe (X491, — Xpy), T2 — 7)), - - -,
((Xget9)rme1 — Xa)s Thel — W), - - -, aredistributed

like ((X¢;4.), 1) under P[-| D = o0] .

Theabove renaval propertywill besufiicientfor thepurposeof thepresent
article,but moreis known, se€[25]. It isthenshavn in Theoren®.30f [25],
that:

(1.20) Eolt1| D =o0] < 0,

aswell asthe stronglaw of large numbers:

e Xn def Eo[Xq, | D = oo] _
(1.22) Py-a.s, = Eolr1|D =00l ’ andv-£>0.

We arenow readyto begin the derivation of someauxiliary estimates.

Lemma 1.1. Thee existsé(e) > 0O, sud that for any connectedJ & 79,
containing0, andx € U U dU,

(1.22) exp{—6 Xn - £} is an (F,)-supermartingaleinderP, .
Thee existsci(e) > 0, sud that:

(1.23 Po[D=o0]>c¢; .
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Proof. We begin with theproofof (1.22).We canfind anumericalconstant
y > 0, suchthatfor 6 € [0, 1], |u|] < 1:

(1.24) e —1+6u| <.
Thenforn > 0,U asaboeandx € U:
Exulexp{—6 Xni1 - £} | Fnl = exp{—0Xn - £} (1{Xn € U}
+ 1{Xn € U} Ex,uleXp(—0(X1 = Xo) - £}, Pru-as.
In view of Kalikow’s condition(1.7),for y € U,
Eyulep{—0(X1 — Xo) - )] < 1—0dy () - L+ * < 1,
if & < 6(¢). As aresultwhené < 6(e),
Exulexp{—0 Xns1 - £} | Fnl < exp{—0X, - £}, forn > 0, P, y-as,
andour claim (1.22)readilyfollows. We shallnow write 6 for 6(¢).
We now turnto theproofof (1.23).We consideM > 2./d, andthestrip
(1.25) Su=1{xeZ¥ 0<x-<M}.

This setis connecteaseasilyfollows from thefact(provenby connected-
ness)hatthecollectionof verticesof closedunit cubesz + [0, 119, z € Z9,
intersectinga real line of RY is a connectedsubsetof Z9. Moreover Ts,,
is finite Po sy-a.s.;indeedX, - £ is the sumof a martingalewith bounded
incrementswhich corvergesto afinite limit or oscillateshetweert-oo and
—oo on a setof full measureseeDurrett [5], p. 207, and an increasing
processwhichtendsto infinity on{Ts,, = oo}, in view of (1.7),(1.10).We
canthusapply(1.6),andfind:

(1.26) Po[Xts,, - £ > M] = Pos,[Xts, - £ > M].

The proof of (1.23) now involves a minor difficulty, which preventsthe
directuseof (1.22).Namelyfor certain¢ the valuesof ¢ - x, with x € Z¢
suchthatx - £ < 0, may accumulatein 0. This fact is however easily
overcome Applying (1.22)andthe stoppingtheoremwe seethat:

EosM[xl €= 5, ep(—6%y- 4}
(1.27) M[exp{ OXrg, - £}, X1+ £ > 5]
z|3 Xq- 0> g X1, ¢ <O], andtherefore
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ﬁo,sM[xl-zzg, Xrg, - £ > M]

(1.28) O .
2 (1-ew{-65}) Posu[ X1 02 5]
Applying to (X; - £), theinequality

1 1 E[X]?
(1.29) P[X > E[X]] 23 o

valid for X a non-n@ative randomvariable with finite positve second
momentandusing(1.7),wefind:

(1.30) Posu[ X ez 5]z 7€

andthereforein view of (1.28),

v

(1.31) PRD=o0]= I\/III—r>noo PolXtg,, - € > M]
proving (1.23). O

Thenext lemmashavsthat X;, - £ hassomefinite exponentiaimoment
underP,.

Lemma 1.2. Thele exist positiveconstant,(d, €), cs(d, €), sud that:
(1.32 Eolexp{cz X, - £}] < C3..
Proof. Forc > 0, thanksto (1.18):

Eolexp{c X,, - £}] = >_ Eolexp{c Xg, - £}, & <00, Dobg = o],
k>1

andusingthe strongMarkov property whenk > 1,

Eo[eXp{CXSk . E}, S( <oo, Do 93( =o0] =
(1.33) Y E[Eg.lexp{cXs - £}, S < 00, Xg = X] Pyo[D = 00]].

xezZd

Thetermsundertheabove E-expectatiorarerespectiely o(w(y, -); £ -y <
£ -xX) ando(w(y, -); £ -y > £ - X)-measurableandthusP-independentAs
aresulttheabore expressiorequals

Eolexp{c Xg, - £}, & < o0] Py[D = o0] ,
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andwe seethat

Eolexp{c X, - £}] = kZ Eolexp{c Xg, - £}, S < 00] Ry[D = o]
>1

(134) "7y EglexpicXs,, - £}, Sea < oo,

k>1
exp {C(a/ + My_1 — Xskil . E)}, Do 93(71 < 00] Pg[D = o],

wherewe usethe definitionbelon (1.15),the tacit corventionthat for an
eventA, “, A’ or“, A" insideanexpectatiorstanddor theindicatorfunction
of A, andthenotation

(1.14)
(1.35) a®ar12" 141044,

Usingasimilaramgumentasafter(1.33),theabove equals:

(€% + X EolexpleXs,, - 01, St < oc] Eofexple(@ + M), D < o)

X Po[D = OO] .
providedwe define

(1.36) M =supX,-¢, 0<n<D}.

Using inductionseparatelyon eachterm of the abore serieswe thus see
that:
Eolexp{c Xy, - £}] <

(1.37) € Py[D = o0] 3 Eglexp{c(@ + M)}, D < oo]< L.
k>1

The claim (1.32) will follow oncewe shaw that for c;(d,¢) > 0,0 <
cs(d,e) < 1,

(1.38) 21410V Erewpic, M}, D < ool <1—c¢4.
Obsenre thatfor ¢ > 0,

Eolexp{cM}, D < o0] <
(1.39) T 2™ p2m < M < 2™ D < o0]
m>0
+eP0<M<1 D<o0].
Denoteby Op, and O, the sets

Om=1{xeZ% t-x<2", On=1{xeZ% |£-x <2},
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sothat O, is connectedor m > 0, and Oy, is connecteavhen2./d < 2™,
seebelav (1.25).Introducein analogywith (0.5),

~

(1.40 Tu=inf{(n>0, X,-£<u}, forueR.
We canthenproceedasin (2.16)—(2.25pf [25], andwrite for m > O,

_ 2m+1
Po[2" < M < 2™1 D < ool < PO[ Xy — 270] > T]

(1.41) o

+ c(d) <—)d Po[T_om < Tom] .

€

Moreover, ontheevent{|Xr,, — 2™¢| > %ﬂ}, we seethatfor m > 1,

m+l
(1.42) Toy, > ZT Po.o,-a.S.

Using(1.6),it follows thatfor m > 1,

m 2m+l ~ 2m+l
P0[|XT2m -2 > T} < Po,om[Tom > ]

€
andsinceon{Tp , > %ﬂ}, Kalikow’s condition[{ll.7)mpliesthat:
o'
NES

we find in view of Azumasinequality(1.11),thatfor m > 1:

< —2"fe<—2m1,

m+1 .
Pof X — 271 2 2] = R0, [MPmyay £ = =27 1]

(22

< exp{—e 2™} .

(1.43

Moreover, observinghatPo-a.s.,{'f_zm < Tom} = {XTﬁm-E < —2M,wesee

thatwhen2y/d < 2™, the stoppingtheoremappliedto the supermartingale
in (1.22)and(1.6)imply that:

(122

(1.44) PolT o < Ton] = Py, [Xrg - €= —2"] = exp{—(e) 2" .

However sincein view of (1.23),Py[D < oo] < 1 — cy1(¢), (1.39)together
with the upperboundg$1.43), (1.44) on the termsenteringthe right hand
sideof (1.41),easilyshav (1.38).This provesour claim. O
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The next lemmawill be recurrentlyusedwhenderiving upperbounds
onthetail of 7 in Sect.ll andlll. Wefirst needsomenotations\We denote
by (&)icr1.q;, the canonicabasisof RY, andchoosesomerotation R of RY
suchthat:

(1.45) R(e) = ¢.
For L > 0,wedenoteby C, thecube:

_ 2L 2L\d-1 d
(1.46) CL_R<(_L’ L)X<_?’ ?) )HZ’
(recalle is definedin (1.7)).

Lemma 1.3. Thee existscs(d, €) > 0, sud that for any functionu —
L(u) > O, with limy_, o L(U) = oo,
Polty > u] < PolTc , =TLw > Ul + g stW,

(2.47)
for large u, (see(0.5) for the notation).

Proof. Keepingin mind (1.32),for L (-) asabove, we find asanapplication
of Chebyshe inequality:

Polts > U] < Po[t1 > U, Xy, - £ < L(u)] + e 2-WEq[e2%nt]

By thevery constructiorof 7y, cf. (1.15)—(1.18)z1 = Tx,, ¢, andthusfor
largeu,

C
(1.48 Polty > u] < Po[T @ > Ul + eXp{ - 32 L(U)} .
Moreover,
(149 Po[TLw) > ul = PolTc,, = TLw > Ul + PolTLw) > Te ] -

If C denotesheconnectedomponenof 0in C, ), thendC C 3Cy ), and
using(1.6),

PolTLw > Ter] = Pog[Xme - € < LWw)] <
(150 , R ,
Poc[Te > 2 LW |+ Pog[Te = 2L, Xr -t <L)

IntroducingN = [% L (w], asafter(1.42),for largeu,

ﬁo,é[TE: > é L(U)] =< ﬁoya[MS-E < —L(u) —i—e]

(lél) o |_2(u)
= p{ "~ 16N } '

(1.51)
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By thesameargumentasafter(1.42),

IADO’C[Tg < § L(u), X - € < L(u)] < PoglXrs - £ < —L(W)]
(1.52)

(122
< exp{—6(e) L(W}.

Thereforecombining(1.51)and(1.52),we seethatfor largeu,

L2(u)

159 PolTiw > Teuy ] sep{ — S

| +ep(—oe Ly ,
andcomingbackto (1.48),(1.49),our claim follows. O
We shallnow prove areinforcemenbf Lemmal.2, whichwill playan
importantrole in the control of fluctuationsof the walk transwersalto the
directionof thelimiting velocity. Thiswill in particularcomeinto play in

Sect.lll, whenderiing upperboundsonthetail of z1, for d > 2. We first
define

(1.54) Xe =suf [Xn— Xol, 0<n<1}.

Proposition 1.4. Thek exist positiveconstantss(d, €), ¢7(d, €) sud that
(1.55 Eolexp{cs X.}1 < c7 .
Proof. In view of Lemmal.2,it suficesto prove a statemenéanalogougo
(1.55)with X, replacedby

Xi(U) = sug(Xn — Xo) - U, 0<n =<1},

withu = —¢,oru = R(+€), 2 <i < d, in thenotationof (1.45).
Thecaseof u = —¢ is easilytakencareof, with thehelpof theestimate

(1.56) Pol[T_om < 00] < exp{—6()2™}, m >0,

asfollows from (1.6)and(1.22),justasin (1.44).Onethensimply useshe
inequality:

Eolexp{cX.(—£)}] < €4 €2 Ry[T_om < 00, T_pmi1 = o0], forc > 0,

m>0

andconcludedrom (1.56)thattheleft handsideis finite for smallc(e).



108 Alain-Sol Sznitman

We thus supposdrom now onthatu = R(xg), with i € [2,d]. For
c > 0,wehave:

Eo[ expleX. (W), Xu() > X, ] < &

q

2m +1

2

< X*(U)] < e«

157 + X Eo epleX, ), Xy - € <27,

m=>0
c2m
€

+1 2m ,
+ Y et PO[X*(U) > 2, Xq ot <2m].

m>m'>0

If wenow introducefor0 <m’ < m;
d 2m /
U={er; XU < —, x-£<2m},

anddenoteby U the connecteccomponenbf 0 in U, sothatdU < aU,
usingthefactthatz; = Tx, ., we segjustasin (1.50)thatfor 0 < m" < m:

m /
Po[ Xt = 2, Xy, £ < 2] <
€

~ ] m
(158  Po[Tg < Tow] = Po’g[XTG <2V Xr U ZT] <

~ m ~ m m
Poo|To = = |+ Pog[To < = Xy -uz 2]

€

Thenby asimilaragumentasafter(1.42),therightmosttermvanishesand
2m+1

settingN = [=—], wefind thattheabove expressioris smallerthan:

ep| - 7(2m781N’ 1)2} .

As aresult,we seethatfor ¢ > 0,

Eolexp(c X, ()] = Eo| &xp { £ Xy, - £} ] + ¥+

(159) com+1 (2m—1 _ 1)2
me ¢ exp{ — ———"1.
z -5
Ourclaim (1.55)now easilyfollows. O

We shallnow spellout someconsequenceast the above propositionin
thenext

Corollary 1.5. For y € (3, 1] andp > 0,

(1.60) uﬁ ul=2 log Po[ sup |m(Xp)| > pu?’]1 <0,

0<n<Ly
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whee L, = supgn > 0, X, - £ < u}, standsfor the last visit of X, to
{x e Z9,¢-x < u},andn(z) = z—lzv'—l"2 v, denotesheorthagonalprojection
ontheorthogonal subspacef v. Moreover, if z ¢ R, v(= {Av, A > 0}),

(1.61) Tim % log Po[Hynzy < 0] < 0,

whee [nz] denotesa closesipointin Z9 to nz.

Proof. We begin with the proof of (1.60). Obsenre that without loss of
generalitywe canreplace|r(X,)| in (1.60) by X, - w, wherew € RY is
suchthatw - v = 0. Letusdefinefor n > 1,

(1.62 Khn=supk>0, x < n},

(seehenotatiorbelow (1.18). SincePy-a.s.fork > 1, Xiy-£ > X, -£ > Ka,
for m > 7, we seethat

(1.63 Py-a.s.foru > 0,0 < n < L, implieskK, <

| c

Thusfor w asin (1.60),we seethat Py-a.s..forn > 1,
Xn-w=Xg -w+ (Xn— Xgy,) - w =< Xy, - w+ Xy 06, .

Asaresult,for p > 0,y € (3, 1] andu > 0:

Pol sup Xp-w > pu”] < Y Po[Xq -w+ X060, > pu”]

O<n<Ly O<k<3d

> PO[X* 0 > 2 uy]

O<k<4

+ 3 (PO[X,l cw > g Uy] + Po[(xrk — Xo) - w > g Uy]) :

u
1§k55

Using now (1.19),togetherwith Chebyshe's inequality we seethat for
A > 0,theabore is smallerthan

exp{ B %0 uy}(<2_; + 1) Eo [exp{A X,}] Po[D = oo] 1+

Y Eglexp{iXy - w}| D = oo]k—l) .

1<k<Y
Introducefor |A| < Cg, theconvex function
(1.64) H(}) = log Eolexp{A X, - w}| D = oc] .
SinceEp[X;, - u| D = oo] = 0, we seethat

H(0) =0, H'(0) = 0, H(-) > 0 for A > 0, andH(%) = O()A?), asi — O.
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Moreover, theabore shavs thatfor A € (0, cg) andu > O:

(1.65) POl Sup Fnw = P < (3 +1) ep{ -5 o]
(Eo[exp{kx*}] Po[D = oo] 1 + exp{g H(A)}) .

Wheny = 1, choosing. € (0, cs) smallenoughsothat H(1) < % pa,
we thuscompletethe proof of (1.60).In the casey ¢ (%, 1), we instead
choosefor a sufiiciently smallv > 0, 1 = (vu”~1) A ¢, andconcludein
asimilarfashion.

Letusnow turnto theproofof (1.61).Whenz = —Av, A > 0, theclaim
easilyfollows from (1.56),andwe only needconsidetthe case

(1.66) z¢Rv.
Obsere that
(1.67) Pp-a.8.,0n{Hjny < 00}, Hing < Legn, Wherecg = |z- £ ++/d .

With the help of (1.66)we canchoosea unit vectorw with w - v = 0, and
w -z > 0.Wethushaveforn > 1:

(168  Pp-a.5.0n {Hpg < oo}, sup |w(Xw)| > nz-w—~/d

O<k< Lr:gn

sothattheclaim (1.61)follows from (1.60). ]

Theabaove corollaryhasadirectconsequencenthestructureof thenull
setof the 0-th (quenchejlLyapuna coeficient of Zerner[26]. It is shavn
in TheoremA of [26], thatunderassumptionsvhich areimplied by (0.1),
onasetof full P-measure,

for all Z9-valuedsequencegy,)n-o tendingto infinity,

1.69 .
(169 im - (log Po,,[Hy, < ool + ao(yn) = 0.

wherexg(+) is adeterministicnon-ngative, convex, homogeneoufsinction
of degreel, onRY, (whichis in particularcontinuous) The structureof the
null setof ag(+) is in generalpoorly understoodhowever in our present
setting,we have

Proposition 1.6. Under(0.1)and(1.7),

(1.70) aww) =0 welR,v.
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Proof. Froma Borel-Cantellitype agumentand(1.61),we seethatwhen
wé¢ Ry v

P-a.s, lim
n

=R

|Og PO,w[H[nw] < OO] <0 s

andasaresultof (1.69),aq(w) > 0. Ontheotherhand,ao(w) mustvanish
for some|w| = 1, otherwisesettinga, = inf{ag(w), |w| = 1}, (1.69)
implies that P-a.s.,exceptfor finitely mary X, Py ,[Hx < oc] < e—a*z‘x‘,
which would imply that Py[sup, | Xn| < oo] = 1. Thusao(w) = O, for
somew = Av, with A > 0, andthusag(w) = 0, for w € R v, sincewy is

homogeneoud his completeghe proofof (1.70). O

Il. First tail estimateson therenewal time

In this sectionwe shallderive somefirst tail estimate®nthevariabler; in

the non-nestlingmaginal nestlingand plain nestlingsituation,cf. (0.13).

Thiswill in particularhighlight the differencedetweerthesethreecases.
Themainresultof this sectionhowever concernghetail behaior of r; for

walkswhichareneutralor biasedo theright, (amaginal nestlingcase)Let

usrecallthatKalikow's conditionrelative to a suitable¢ € S™1, i.e. (1.7),

will holdin all exampleswe considerWe begin with the simplercaseof

A) Non-nestlingvalks

As in the introduction,we denoteby K, the corvex hull of the supportof
the law of d(0, w) (a compactsubseif RY). We only considert e $1,
suchthat:

2.1) inf w-¢%&y>0,

wekKq
in view of the non-nestlingassumptioncf. (0.13) i), such¢ exists, and
Proposition2.4 of [25] impliesthat Kalikow’s condition(1.7) holds, (it is
also a simple matterto check(1.7) directly, using (1.4)). In the present
setting,aswe shallnow see,r; hasanexponentialtail:

Theorem 2.1. (d > 1)

(22) —oo < lim é log Po[r1 > u] < lim % log Po[ry > u] <O.
Uu—o00

U—00

Proof Thelower estimates immediatesincein view of the definition of
71 in (1.18),for u aneveninteger,
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Polt1 > u] > Po[X, = 0]

. u 0.1 u
> Po[X2j+1=el, X2j+2=0,0=<| < E] > kY

(seeabore (1.45)for thenotatione,).

As for the upperbound,in view of Lemmal.3, we seethatfor large u
andn asin (2.1):

(2.3) Polr1 > u] < exp{ —CsU E} + Po[Tc,, >u],
2 us
andfor largeu andP-a.e.w:
[ul-1 u n2
Pow[Te,, > U] < Po,w[x[u]'ﬁ— > d(Xk, w)-€ < —775] < exp{—7—2u},
2 k=0

usingAzumas inequality cf. [1], p. 85, in thelaststep.Our claim follows.
O

We shall now turn to the maginal nestling and then plain nestling
situation.In both casesthe nestlingpropertyholds (i.e. 0 € K), andin
view of Proposition8 (I) of Zerner[26], it impliesthatregardlessof ¢, in
subsectioB) andC) below:

(2.4) @ u?tlogPylr; > u] > Il[]n n tlog Po[X, =0] =0,

in contrasto (2.2).

B) Marginal nestlingcase

We assumeiow that0 € 9K, £ € S*1is suchthat(1.7) holdsand
Ko C{weRY w-¢>0}.

With the help of Proposition2.4 of [25], theseassumptiongreequvalent
to:

(25) 0e Ko C{weR% w-£ >0}, andKoN{w € RY, w-¢ > 0} # 0.
It is corvenientto introduce

(2.6) Q. ={weQ: ¥xeZ dx w) >0},

which hasfull P-measureThefollowing lemmawill be helpful.

Lemma2.2. (d > 1). Theeexistscyg(x) > Osudithat,forL > 1, w € Q,
x € 79,

2.7) Ex,w[exp{zg TUL}] <2, whee
(2.8) U ={yezZ% |y-¢ <L}.
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Proof. By a classicalagumentof Khas'minskii, see[10] for the original
referenceandfor instanceLemmal.l of [24] for the presentstatementit
sufficesto shawv thatfor somepositive constant;g(k):

(2.9 ExolTu l <Cio() L% for L>1, we Qy, xeZ.

Weassumdrom now onthatw € Q2. Considethenon-decreasingrocess

n—1
Av=Y dXqw)-€ n=0,
0

andthe Py ,-martingale:

n-1

(2.10) My = Xn— Xo— 3 d(Xg, @), n>0.
0

Thestoppingtheoremappliedto M, - ¢ impliesthat
(2.11) Ex,w[ATUL] <2(L+1) <4L, for L>1xeZ% we Q.
Moreover the process

Ma = (Xa - 0% = (Xo - &)

n—1
-3 Y o(Xk, & [(Xk- £+ e-0)% — (X 0)F]

k=0 |e|=1
2.12
G102 -0
n—-1
— > [2Xk - d(Xi, ) - £+ Y- (X, e)(e- £)?]
k=0 le|l=1

alsodefinesa Py ,-martingale.

A secondapplicationof the stoppingtheoremtogethemith (2.11),and
theinequalities

Tul_—l 0.1) Tul_—l

Y oXkne)eh)? = «Ty, | Y 22X £d(Xk, w)-£] < 2L Ay,
0 le=1 0

implies(2.9).Our claim follows. O

We shallfirstinfer asimpleupperboundonthetail of z; in thefollowing

Proposition 2.3. (d > 1). Under(0.1)and (2.5),

(2.13) im u3logPy[r1 > u] <O.
u—o0
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Proof. ChoosingL (u) = u%?3, in Lemmal.3, it suficesto prove that

(2.14) lim u™3log Py[T¢,,, > Ul <O.
u

However, whenL (u) > 1, usingChebyshe's inequality

@0 >
PolTe,,, > Ul < PolTy,, > Ul < a(p{—L(lcj“;zu}Z = 2exp {—2cou™3},

proving (2.14). O

Theabove simpleupperboundwill in particulardistinguishthe present
situationfrom the strongly-nestlingasein C). It will alsoensuresuficient
integrability of r; to infer a centrallimit theoremfor B", cf. Sect.IV. The
next resultwill highlighttheimportanceof certainlargedeviationestimates
ontheexit distribution of alarge slabU,, (see(2.8)).

Theorem 2.4. (d > 1). Assumg0.1), (2.5) and supposethat for some
Po € (0, 3) anda € (1, 00),

(2.15) Lﬁ L~ log P[Po[ X7, - € <—L1> pol <O, then

(2.16) uﬁ u~a2 logPo[r; > U] <O.

Proof. We introduceforu > 1,

(2.17) L(u) = um2 N(u), with N(u) = [us2] .

As aconsequencef Lemmal.3,our claimwill follow from:

(2.18) fim u”a2 log Po[TLw = Toy,, > Ul < 0.
Considetthe stoppingtime

(2.19 S =inf{n>0, [Xq-f—Xo-€| >um2},

aswell asits iteratesS,, k > 0, suchthat

(2.20) =0, Sqy1=So060g+S, for k>1.

We cannow define

(221) T1=3y, whereV =inf{k>0, Xg -£— Xo-£ > umz}.

Note thatwhenw € Q, for ary x € Z9, lim, X, - £ = oo, Py,-a.s..
Indeed X, - ¢ is the sum of a martingalewith boundedincrementsand
a non-decreasingrocessmorewer it doesnot have a finite limit, sothat
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theclaimfollows from Durrett[5], p. 207 (seealsoafter(1.25)).As aresult
whenw € Q_, V isfinite P ,-a.s. for ary x € Z9. We cannow definethe
iteratesof T1:

(2.22) To=0 Tja=Tio6r +Tj, j=1.
Obsere alsothatin the notationof (0.5),

Tl < T 1 ,
Xo-0+2ua+2 +1
(2.23 Po-a.s., TLwy) < Tnw < TaLw) »

sothat

andin view of (1.53),

(2.24) u@o u=a2 log Po[TsLw) = Ty ] <0
Ourclaim (2.18)will thenfollow if we shav that

(2.25) U@O u=a2 log Polu < T < Teg ] < 0.
Thenconsiderfor u > 1, theevent

(226 £=loec, sup Pu[Xg-€<x-€-usz] < pol,

XeCaL (u)

where pg appearsn (2.15).In view of the polynomialgrowth of |Ca ()l
in u, we seethat:

(2.27) im u &2 log P[E°] <O,

U—o0

and(2.25)will thusfollow oncewe shaw that

(2.28) lim u @2 log sup Po,lUu < Trnw < Teywl <O
Uu—o0 weg

NowforA >0,we &, u>1,

PoolU < Tnw < Tegwl <

N—-1
@29 op [ = w2 ) Egu[exp [z 3 T1o065 ). T < Teu |
i=0

writing for simplicity N andL in placeof N(u), L (u). Applying thestrong
Markov property we find:

N-1
Eow[eXp {)\ l.liWZZ Z Tloéfi}, TN < TC4|_] <

o

=z
N

(2.30 EO,w[ exp {)L U7W22 . Tl o Gfi }, TN—l < Tey

\N I
Nl o

EXTNil,w[exp{A u=2 Sy}, Sy < Te, ]] -
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An applicationof Lemmaz2.2 andJensers inequalityimpliesthatfor w €
Q. u>1,xeZ% xe(02c),

Evo[@p{ru7a? § —y()}] <1,

(2.31) with ¥(-) : (0, 2c9) — R, SuChthatlimO Y(x) =0.

Asaresultexp{i u-z S—ky(L)}is an(Fg )-supermartingalenderP ,,,
andthestoppingtheorenmmpliesthatfor w, u, X, asabore,andx € (0, ¢g):

(2.32) Exo[&p{2nua S —yp@)Vv]] <1.

Applying Cauchy-Scharz's inequality we seethatforu > 1, w € &,
X € Cy, A € (0, Cy):

Exo[ep{iuaz ), S < Te, | <
Exo[&p{v@0V), Sy < Te, 2.

Furthermorewhenx € Cy, for k1, k2 > 0, andk > 0, the strongMarkov
propertyimpliesthat:

(2.33

_1 —
Ex.o[ep{kil(k+1) AV]—kpu™ «+2 X3k+1>Av 2}, Skrpav < Ty ] =

= 1
(2.34) Exolk=V, Sav < Tey, epleakAV) —u™ @2 Xg - €}]+
. Ex,w[k<V, _S</\V < Ty » eXp{Klk—/czu_ﬁ X@'E}’
1
Exjck,w[@(p{’(l — U *2 (Xg — Xo) - e}] -

Sincew € &, ontheevent(S, < T¢,, }, theinnerexpectatiorof therightmog
termis smallerthan

exp {1 + k2 U™ 72} (Po €2 + (L — po)€™?) < 1,

providedwechooser, > 0,small,make«; suficiently smallandu suitably
large. Keepingsuchchoicesfrom now on, we seethatthe left memberof
(2.34)is smallerthan:

1 —
Exol&Xp{ki(kAV) —kou™#2 Xg £}, Suv < Teu |,
sothatby inductionit is smallerthan:
exp { U x-t}.

As aresultletting k tendto oo, we seethat for large u, arbitraryw € &,
X € Cy,

(2.35) ExoleXplci V), Sy < Te, 1 < exp{2c,)



Slowdown estimatesandcentrallimit theorem 117

Comingbackto (2.30),(2.33),we seeby inductionthatfor largeu, w € &,
andA smallenoughsothaty(21) < k1,

(2.36) Eo.[ exp {2 Uz Tn}s Tn < Teu | < explea N} .
Thisand(2.29)proves(2.28),andconcludegheproofof Theorem2.4. O

We cannow apply the abore theoremto walks which areneutralor point
to theright, i.e. to the situationwhered > 1, (0.1) holds,andfor suitable
v>0,§ >0:

1 —v
(2.37) P[w(0, &) = = foralllef=1]=¢e",

1

(we call neutrala sitewherew (0, €) = 55, for all |g] = 1),

(2.38) d(0, w) - e, > §, P-a.s.,ontheevent{0is notneutra} .

Apart from the additionalassumption(0.1), this is preciselythe setting
of [24]. Choosingt = e, we seethat(2.5) holds,morewer:

Theorem 2.5. Undertheabove assumptions,

(2.39) —oo< lim u—at log Po[7; > u]< lim TRE log Py[7; > u] <O.
u—o00

U—o0

Proof. Theupperboundfollows from Theorem2.4 above andthefactthat
(2.15) holdswith o = d, asprovenin Proposition3.1 of [24]. As for the

lower bound,introducefor integeru > 1,U = [—[uﬂi], [uai_Z]]d,we have
in view of thedefinitionof z;:

Po[t1 > U] > Po[Xy - €1 < 0] >

E [ all sitesof U areneutral Py ,[Ty > u— d[quZ], Xy-e <0]] >

exp{—v|U|} Qo[TU >Uu— d[uﬁ]](gd)fd[ua%z] ’

usingthe Markov propertyandselectinga nearesneighborpathin U of
length d[uai*Z], joining X P to somepoint with non-positie first
u_

ud+2]

componentanddenotingby Qg thelaw of thesimplerandomwalk starting
attheorigin. It is classicakhat:

(2.40) liminf u=2 log Qo[Ty > U] > —o0 ,
u—oc

andthelowerboundin (2.39)follows. O
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Remark2.6. 1) Unlike what happensn the non-nestlingcase,cf. Theo-
rem2.1,thereis no “universaltail behaior of r;” in themamginal nestling
case.

Toillustratethe point, considetthe casewherel = e, andobsere that
for L > 1, whenw € Q is suchthatd(x, ) - 1 > % for all x € 79,
(pXme1),-o is asupermartingalanderpP; ,, provided p = ijt Usingthe
stoppingtheoremjt theneasilyfollows that:

B 1-pb _1-e7? 1
PO,w[XTUL ‘€ =< I—] = ,O_L 710'_ Ljo)o p= m (S (O, 5) .

If we definepy = % (¢

5 G+ P <3 andD = {x ez x-ef <L,
Ix-g| < L3i=2,...,d}, with thehelpof (2.7),it is easyto deducethat

for largelL,

{weQy, PoolXr, - <—L1>po} <

241
(24D {a)eQ+, for somex € D, d(x,a))-e1<%}.

But for arbitraryc > 1, it is asimplematterto constructu for which (0.1)
togethemwith (2.5),relative to ¢ = e, holdand

(2.42) lim s° log P[d(0, w) -€; < S] <O.
s—0

Thisand(2.41)shavs thatin this case(2.15)holdswith « = c. As aresult
of Theorem2.4, one seesthat for arbitraryc > 0, one hasexamplesof
mamginal nestlingwalksfor which

(2.43 uﬁ u~° log Po[r; > u] <O.

2) It is asimplematterto adaptthe proof of Theorenm2.4in thecasewhere
(2.15)is replacedy the assumptiorhat

(244 lim (L) " log P[Py ,[Xry £ <—L]> po] <0,

whereg() : Ry — R, is nondecreasingndsuchthatlim £ = co.

Theconclusion(2.16)is thenreplacedy:

(2.45) lim ®(u) ! log Py[r1 > u] <0, where
u—oc

(2.46) ®(U) = sup min ((p(L), %) (= o(U)) .

L>0
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Theroleof u=+ istaken by ®(u), andthatof usz istakenby somefunction

L1(u) suchthatep(L1(u)) A thju)z > % ®(u). Thechoiceof ¢(-) is easily

seertoimply thatu3 = o(®(u)), andLq(u) = o(u%). O

We now turnto the

C) Plain nestlingcase

We assumenow that0 belongsto the interior of K, and¢ € S is such
that(1.7)holds.Ourmainobjectin theremaindenf this sectionis theproof
of a lower boundon the tail of r; which highlightsthe differenceof the
presensituationwith casesA\) andB).

Theorem 2.7. (d > 1). Under(0.1)andtheabove

(2.47) lim (logu)~® log Py[r1 > U] > —00 .

u—o0

Proof. Sincewe arein theplainnestlingcasea continuityagumentshavs
that

(248) 201,(d ) € inf | E[©(0, @) - w)-]> 0,

we

andfrom (1.29),
(2.49 P[(d(0, ®) - w)_ >cCy] >, for we Sy 1.
Defineforr > 1,

(2.50) B ={xeZ% |x|<r}, and

(2.51) & = {a): Vx € B\{0}, d(X, o) - % < —cn} :

aswe shallseethis eventwill definea“trap” on B, for thewalk, cf. (2.54)
below.

Lemma 2.8. Ther existscyo(d, n), ¢13(d, u) > 0, sud thatwhenr > c;»
forw e &,

(252 Exu,[f(X1)] < f(x), forx e By\Bg,,, with f(x) = exp{ci3 x|} .

Proof. Wepickc > 0,r > 1, andobsere thatfor x £ 0, andw € 2,

(2.53) Exolexp{c|X1]}] = exp{c|x|} HZ_:lw(X, €) exp{c(|x + €| —|x])} .
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However, if X = |—§|

| > w(x, ) exp{c(x + € — [x])} — 1 —cd(x, w) - X| <

le=1
sup|exp oo 1o ¢ <
csu p‘|xzfreﬁ‘lx‘ ; ‘+ O(cz) —CO( >+ O(c?),

lel=
(|x| large,c small)
Thereforefor w € &, ¢1» < |X| <r andc < Cy3,
Ex.olexp{c|Xi|}] < exp{c|x|},
andthelemmafollows. O

Theabove lemmaimpliesthatwhenr > ¢, forci, < [X| <1, w € &,
f(Xn/\HBclz/\TBr) is a supermartingaleinder Py, andit follows from the

stoppingtheorenthat:
(2.54) PeolTe, < He,,1 < exp{cia(x| — 1)} .

Next obsere thatfor largeu € N, for a pathstartingin 0, onewayto reach
O aftertimeu isto successely exit B\ B;,, throughBc,,, u times,andthen
goto 0. As aresult,whenuislarge,w € &, withr = 323 logu,

Po,o[t1 > U] > Py ,[Ho 0 Oy < 00]

u «/aclz
(2.55) 2 (o ProlTer > Heg, D™ -

1\ Y _
> K‘fclz(l - —) — o Vdeizg 1 asu — oo.

u

Ontheotherhand
(2.56) lim (logu)™ log P[€ 2 4q,] > —00 ,
u—00 €13
andour claim (2.47)follows from theabose and(2.55). O

Remark2.9. If indeed“traps” governthe tail behaior of 74, it is natural
to expectin the presensettingof C) that Theorem2.7 in factcaptureghe
true decayof thetail of 71, in the sensethatlim (logu)~® log Py[r1 > u]
< 0. In the one-dimensionasetting,suchan upperboundeasily follows
from Lemmal.3,andTheoreml.1of Dembo-Peres-Zeitouf]. The next
sectionwill presentresultsin the directionof suchanupperboundin the
higherdimensionaketting. O



Slowdown estimatesandcentrallimit theorem 121

1. A priori tail estimatesfor therenewal times

Throughoutthis sectionwe assumehat the dimensiond > 2, and(0.1)
togetherwith (1.7) hold. The main objective hereis to derive an upper
boundon the tail of 7; underP,, cf. Theorem3.5. In particularfor plain
nestlingwalks,thispartlycomplementthelowerestimatesf Theoren?.7.

We begin with a propositionwhich presentsan estimaten the spirit of
(2.15).Recallthedefinitionof U in (2.8).

Proposition 3.1. (d > 2). For 8 € [0, 1] andc > 0,

(3.1 LW L—¢ Iog]P{Po,w[XTUL L>1L]< e‘CL'S] <0, whee

(32 ¢=d,if =1, andeitherc =1,0or¢<dB3s—2),ifg<1.

Proof. We bggin with the simpleobsenrationthat(3.1) holdswith ¢ = 1,
regardlesf thevalueof 8 € [0, 1] andc > 0. Indeedwith the notations
of (0.5)and(1.40),

lim L? logP[Pou[ X, -£>L]l<e*]=
(3.3) im L~ logP[Py,[T_L <TLl>1—e° <
lim L% log((1— et R[T_L < TL]) <O,

usingasimilar estimateasin (1.44).

As aresultwe needonly consideffrom now on 8 € [0, 1], largeenough
sothat:

(3.4) d3s—-2) > 1.

Theideaof theproofis to constructunderappropriateequiremententhe
ervironment,stratgiesfor thewalk, which ensurehatit exits U, through
the part 3, U of its boundarywhere{x - £ > L}. We then prove that
it is unlikely thatthe ernvironmentdoesnot fulfill theserequirementsThe
constructiorof thesestratgieswill involve suitablenotionsof “goodboxes”
and“bad boxes”.

We now turn to the definition of good and bad blocks. We first need
somefurthernotationsWe choosea rotation R of RY, suchthat
v

(3.5 R(e) = —

[v]
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We considery ¢ (2,1) and Lo suchthat L} > 2/d, and define for
ze€ LoZ9, thez-blocks:

Bi(2) = R(z+ [0, Lol?) N Z4 (# ¥, sincelo > +/d)

36
9 B = R(z+ (— L}, Lo+ L)) nze

(letusstresshat[0, Lol and(—L}, Lo + L§) denotesolid blocksof RY,
andnottheirrestrictionto Z¢). We alsodefinethe“top boundary’of Bz(z)

(3.7 3+ Bo(@ = 3B N {x: x- Reey) = Lo+ L3} .

We shallsaythatz e Lo Z% is Lo-good when

(3.8 SUP Peu[Xry , ¢ 9+ Ba(2)] <

1
XE Bl(z) 2

andL o-badotherwiseWethenhavethefollowing controlontheprobability

thataboxis Lg-bad:

Lemma3.2. If y € (3, 1), then

(3.9) I|m Ls? sup logP[zis Lo-bad < 0.

zeloZd

Proof Forze LoZd,

> 1
Plzis Lobad = P[ sup Pyu[Xr,,, ¢ 04 B2@)] > 5]
xeBl(z)
<2[Bu@| sup Py[Xry, ¢ 3+ B2@)].

Xe Bl(z)

Obsere thatfor x € By(2), Bx(2) is includedin the closedEuclideanball
centeredat x of radius3+/d Lo, sothat

Px-a.S., TEZ(Z) =< Tx-€+3«/a Lo -

Further P-a.s.ontheevent{Xr, . ¢ d; Bx(2)},

-
N|OV

Y
v I—o
enher(XTE @ =X ol =—— or |7T(XT§2(2> - X)| >

’

wheren(-) in the notationsof Corollary 1.5 standgor the orthogonalpro-
jectionontheorthogonacomplemenbf v. We thusseethat
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P[zis Lo-bad < c(d) Ld (Po[ sup  |7(Xn)| > % Lg]

OsnsT?»ﬁLo
L . LY
+ P sup X < UT LZ,  inf Xn-— < ,70])
(3.10) 0=n=T; 41, 0=n=Ts /4, |v]

4
=cdL(P| sup  fw(Xn)| = o=

L]+ RolT oy <o0]).
OS”STsJaLO —

TO v-L
wherewe usedthefactthat X, - £ < (X, - ﬁ)(ﬁ) + |7m(Xn)|, andjv| < 1,
to obtaintherightmosttermof thelastline in (3.10).Theclaimnow follows
from (1.56)and(1.60). O

We shallnow pile up boxesin thedirectionwv, to form columnsandthen
gathercolumnsto form tubes morepreciselyfor L > 0 (asin (3.2)),and
Lo asabove (therelationof Ly to L appearsn (3.21)below), we attachto
eachz € LyZ9, thecolumn

Col(z) ={Z € LoZ% 3j €[0,J], Z=2z+ jLoe}, where

3.11
.19 J isthesmallestintegersuchthatJ Lg ﬁ -£>3L.

ChoosingL; > 0, someintegermultiple of L, we definethetubeattached
toze LoZ%:

Tubgz) =

(3.12) { L

Z e LoZY, Eljz,...,jde[O, To 1], Z=Z+§; Ji Loa},

(recall(g) denoteghe canonicabasisof RY, seeabove (1.45)).

Theroughideabehindthesedefinitions,is thatoneway for thewalk to
exit U, istomaoveto oneof the"bottomblocks”in Tubg0) of anappropriate
columncontainingmary Lg-goodblocks,andessentiallymove alongthis
columnupto its top. With the choicesof Lo, L1 we latermale, cf. (3.27),
thiswill indeedensureexiting U, throughd, U, (= dU_ N{x: x-£ > L}).
We now definethetop of a tubeas:

(3.13) top) = | J 8:BaAZ + JLoer), z€ LoZC,
Z €Tubg2)

aswell astheneighborhoodf a tube

314 V(2 ={xez'3aye |J BuZ+ jLoey. [x -yl < 3dLy}.

Z eTubg2),
0=<j=J
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To derve a lower boundon the P ,-probability of reachingthe top of
thetubeattachedo 0, beforeexiting its neighborhoodit is corvenientto
introducethe minimum numberof Lg-bad boxes containedin a column
amongcolumnswithin atube:

J
(3.15) n(z, w) = Z/e%l&z) (Jgo 1{Z + Lo jeris Lo-bad) .

Lemma 3.3. Thek existscy4(d), sud thatfor anytubeandany sitewithin
atubg i.e. foranyz e Lo Z% andany

def

X € U Bi(Z + jLoe) = D2,

(3.16) Z€Tubgz),0<j<J

y 1\J+1
Pxo[Heopz) < Tuz] = x@4(battotn@e) L°)< 2) :

Proof. Inview of (1.1),ary paintin D(z) canbejoined by anearestneighbor
pathof lengthat mostd L ; to someX in someB,(Z+ j Loey), j € [0, J]
andz € Tubgz) suchthat:

Nz, w) = .

]

1z+ jLoe is Lo-bad .
0

J
Obsere alsothatary point of 8+fl§g(z +j Loey) is within | - |-distanceat
most3v/d L} from somepointin By(z+ (j + 1)Loey), andcanthusbe
joined by a nearesnheighborpathto this point with lengthat most3d L.
Thus,if Z+ j Lo e is Lg-good,usingthestrongMarkov property (3.8)and
(0.12):

1
(317 PeolHey e Gntoen < Tvial = 5 ¢ Lo .
Ontheotherhand,if z+ ]_ Loe is Lg-bad,X is within | - |-distanceLg + d
of somepointin B;(z+ (j + 1) Lo e1), andby asimilaragument:

(318 PeolHE 21 optoen < Tval = #2170

UsingthestrongMarkov propertyrepeatedlandestimatess(3.17),(3.18),
we obtain(3.16). O

In view of Lemma3.2,we now choosey with 1 > y > % suchthat:

(3.19) xdzefg<,3§1,

sucha choiceindeedpossiblethanksto (3.4). We thenchoose

(3.20 v>1l—vy,
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andintroducefor large L:
(3.21) Lo=p1L*, Li=[p2LP *]Lo, No=[psLP "],
wheretheconstantg;,i = 1, 2, 3,possiblydeerdond, cin(3.2),v, ¢, «, €,
andareselectedsothatfor large L:

c1adL} ci4l1 c14NoLo 1‘ I+ {_ c ﬂ}
(3.22) KOG peoala e (2) >epl - L,
(e2 D

Lo
ary nearesnelghborpathW|th|n V(0), betweerD andTop(0),
first exits U, througha, U, .

(3.23 > (J+1) and

(3.24)

To seethat sucha choiceis possibleobsenre thatit suficesto choosep;
large enoughand p, = p3 = ¢(10p; cl4log%)*l, then(3.22),(3.24) hold
for large L. As for (3.23),when 8 < 1, it follows from the inequality
B— x> 1— (1+v)yx, ontheotherhandwhenp = 1, (3.23)is alsoseen
to holdif p, islarge.

Note that the events{z is Lo-good, wherez runs over the collection
of (ky Lo, ..., Kg Lo), whereeachky, ..., ky hasa fixed parity, arejointly
independentTherefore:

P[N(0, ®) > No] <

d-1
(3.25) sup P[Zl{z + j Loeiis Lo-bad > NO])[ZLI] )
Z eTubg0) 0

ObserethatwhenZ isaBernoullivariablewith succesgprobabilitysmaller
thanL,"”, E[exp{2Z}] < 1+ (€# — 1)L;". Thusrestrictingj to even or
odd integers, we concludefrom Chebyshe inequality with the help of
Lemma3.2,choosingo; suficiently largewheng = 1, andthechoiceof v
in (3.20),thatfor large L

supIP[Zl{z + j Loeiis Lo-bad > No]

7z

e 1) J+1

(3.26) < 2exp(— N0}<1+
0

- l)} o2 exp{fNo} .

=2ep|{ - No+(J+1) o

Thusfor large L,

(327 PN, ) > NoJ < ep| ~ 0 [ 11177
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whereantheevent{n(0, w) < Np}:

(3.249 (3.16)—(3.220
(328 Pou[Xt, -£=L] = PoulHropo < Twogl > € oL

Therefore

L@o L9600 log P[Py o[ X7, - ¢ > L] < e "] <0.
Letting y vary accordingto (3.19)completeghe proof of Proposition3.1.
Let usaddacommentlt is possibleto take (superficially)fuller advantage
of the estimatg3.9),ascanbe suspectedrom thefactthatv in (3.20)can
be chosenarbitrarily large. This leadsto aterm (2y — 1)y + d(B8 — ) in
placeof d(8 — yx) in thelastinequalityabove. Optimizingover y, onestill
choosey closeto % sothatnoadditionaladvantageesultsfrom thisfuller
useof Lemma3.2. O

Remark3.4. Let usmentionthatin the plain nestlingcase(under(0.1) and
(1.7)),theestimatg(3.1),wheng = 1, andc is small,is reasonablysharp.
Indeedonecanusea “trap” of the type describedn (2.51),with r of the
order% L andcentercloseto —(c;2 + L)¢, to seewith the help of (2.54),
thatfor smallc:

lim L% log P[Py,[X, -£>L1<e]> —oc.

L—o0

Of coursefor large ¢, the probability underthe logarithmequals0, dueto
assumptiorf0.1),andtheestimatg3.1) with g = 1, cannotbesharpin this
case. 0

We nowv cometo the mainresultof this sectionhamely

Theorem 3.5. (d > 2). Assumd0.1)and(1.7),thenfora < 1+ %,
(3.29 uﬁ (logu)™ log Py[r; > u] <0,

(in particular ; hasfinite P,-moment®f arbitrary order).

Proof Choosex € (1,1+ d3;d1) anddefinefor largeu
1 1
.30 AW = % andL (u) = N(u) A(u),

whereN(u) = [(logu)*~1].

For simplicity we shalldrop u from the notationin whatfollows. In view
of Lemmal.3,(3.29)will follow from
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(3.31) @ (logu) ™ log Po[T¢, > u] <O.
Notethatfor largeu,
Po[Te, > u] <

u 1
32 E[forall xeCu Pu[Te = ot = 5. PoalTe, > ull

u 1
+ P[for somex; € Cy, le,w[TCL > (Iogu)“] > 5] .

Using the simple Markov property the first termin the right handside of
(3.32)is smallerthan:

(3.33) (%)[('og”)a] .

As for the secondtermin the right handside of (3.32), noticethat when
le,w[TCL > m] = %1

1 u Py; w[Hx < T, 1
< Exl,a)[TCL]: Z poltix = 161

3.34 r_u t
(339 2 Togue — & PralP> Tod

’

usingin thelaststepa standardarkov chaincalculationanddenotingby
H (x) thehitting time of {x}:

(3.35) He =inf{n>1, X, =X} .
As aresultfor somex, € C,,

~ 2(logu)®
(3.36) Pe.olFhg > Te 1 = 29999 1,

u

Obsere alsothatwhenu is suficiently large,for arbitraryw € ,y € C,

x € 29 with ||y — x|| < & % (in particularwhen(ly — x| < 2A + d)),

~ O 13
(3.37) PyolHy > T 1 > u PeowlHy > Tc 1.
Introducenow thenotation
(3.38) G =0{zeZ% z-t <iA), forieZ,

it follows from (3.36)and(3.37),(with x; in the placeof y), thatfor large
u ontheevent:

def u 1
R = U {a) le,w[TCL > —(Iogu)“] > 5} ,
X1€CL

wecanfindip € [-N + 2, N — 1] andxg € C. N Gi,, sothat

(339  PyolTina > To 1 < with the notationof (1.40)).

1
Ju’
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We now introducefori € Z,

Xi=—1lo inf P w:r'_ -~ T Lif CLNG g
340 9 lihg T * [Ti-na > Ti+nal LNGi #
=0 L CLnGi =9.

Thenext inequalityis obviouswheni = N, andfollows by inductionand
thestrongMarkov propertyfori € [N + 1, N], X € G;:

M=

(3.41) PeolTi-na > To ] = exp{ - 3 X} .

J
Thisand(3.39)shavs thatfor large u:
N logu logu
(342 P[R] < P[_NZ+1 X; > T] <2N swp P[x. > W] .

Moreoverfor v > 0 andi € Z, in thenotationof (3.1) or (2.8),

(3.43 P[Xi > v] < [C| P[Poo[ Xy, €= Al <€"].
Thusfor large u:

11 [dogu)®]
(3.44) Po[Te, > U] < (5) 4 P[R] .

andasaresultof (3.42),for large u:

logu

11 [dogu)]
) J+ofzon = 2]

(345 PolTe, > ul=(5 +P[Zex; = 2

- 4
where X and X, respectiely denotethe sumover even andodd i in
[N+ 1, N]. ThevariablesX;, i even,areindependentandthesameholds
for the variablesX;, i odd. Thusfor § > 0, andlarge u, with hopefully
ohviousnotations:

< exp{ — 7 (log U)““} [1e Eolexp{(logu)® Xi}],
(349 and sup Eolexp{(logu)® X;}1

ieZ
(343 o ~
s / (loguy? €199 |C, P[Py [Ton > Tal < € *1du ,
0

wherethe above integral is in factconcentratedasaresultof (0.1),on the
intenal [0, c15(d, k) A]. If weintroducefor M > 1,

i, 0<j<M,
M

(3.47) Bi =
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we see by breaking the above integral over the intenals [(Ci5A)Pi,
(c15A)Pi+1], 0 < j < M, thatfor suitablecyg(d, ), ¢17(d, k) > 0,8 > O,
andlarge u:

sup Eqlexp{(logu)’ X;}] <
1+ cisAdogu)’ [CL| Y exp{cus(logu)®*Fitir)
j=0

P[Po,a)[cl\-;A > TA] < e*017(|09u)’31] )
Using(3.1), we seethat:

lim (logu)—* log supEg[exp{(logu)’ X;}] < 0, if
u—oo ieZ

(348 p> sup [5+pj+ i 5+ fy + o > max(l, d3p; — D)},
0<j<M

(this supremumis understoo@sO if the setis empty)

Letting M tendto infinity, we seethat(3.48)holdsif

“sups 4 4:0< f =15+ f = maxL.d3p - D)),

(349 P m=>" . ; .
(with theconventionps = 0, if theabove setis empty)

Comingbackto (3.46),we find

lim (logu)~®+9 IogP[ZeXi > loﬂ] <0,

u—00 4
whenl+ 6§ > o — 1+ p;s,

(3.50)

and a similar inequality holds with X, X; in place of X¢ X;. Choosing
§=a—1< %L wefind ps = 0,andthusl + 8 > o — 1+ ps, sothatour
claim (3.29)follows from (3.45),(3.50)andits analogudor X, X;. O

Remarl3.6.1) If oneonly usegherightmostexpressiorof (3.42)to bound
P[R], one obtainsa wealer boundin (3.29), where« is restrictedto be
d—1 _ 4d-1

smallerthan#jrl (whichis smallerthanl + = = T whend > 2).

2) Obsere thatin theone-dimensionatasejn the plain nestlingsituation,
i.,e. whenP[w(0,1) > w(0,—1)] andP[w(0,1) < w(0,—1)] are both
positve, t; alwayshassomedivergentmomentcf. Theorenm.7.

3) It is naturalto wonderwhether(3.29) matterof factly holdswith « = d
(= 2) andmatcheghelowerboundof Theoren?2.7. O
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IV. Central limit theorem

In this sectionwe shall develop someapplicationsof the tail estimatesf
theprevioussectionsto thederivationof afunctionalcentrallimit theorem
for theprocess

1
Jn

introducedn (0.8).Wedenoteby D(R.,, RY) thesetof RY-valuedfunctions
on R, which areright-continuousand possesgeft limits. We endav this
setwith the Skorohodtopologyandits Borel o-field, sothat B" definesa
D(R., RY)-valuedrandomvariable.lt will be corvenientin this sectionto
restricttheparametea > 0, enteringthedefinitionof z,, seeafter(1.13),to
valueslarge enoughsothatthestrip {x € Z4, 0 < x - £ < a}, is connected.
In view of thediscussiorbelow (1.25),it suficesto choosea > 2./d, and
keepingin mind (1.14),we assume:

(4.1 B'= (Xim — [tnJv), t >0,

(4.2) 2J/d <a<10vd.

Theorem 4.1 (d > 1). Assum€0.1),(1.7),(4.2)and
(4.3) Eo[rlz |D = oo] < 00,

then B" corvemes in law under Py to a non-dgeneate d-dimensional
Brownianmotionwith covariancematrix

(44) A= Eq[(Xy, —11v) (X, —T1v) | D =00] / Eolr1| D = 00] .

Proof Definethe non-decreasingequence,, n > 0, Py-a.s.tendingto
+00, suchthat: 7y, < n < 7,41, with thecorventionzy = 0.

It follows from the stronglaw of large numbersand(1.19),that

Pras. 1 asno o
o-a. " Eo[‘L']_ID:OO]’ ,
andusingDini’s theorem:
(45) Pya.s.foral T>0, sup Kgg t 0
‘ o " 0<t<T n Eolt1 I D=0o0] | n»oo

Therandomvariables

(46) Zj =XTj+1_XTj —(Tj+1—Tj)v, j >1,
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inview of (1.19)andthedefinitionof v in (1.21) arei.i.d., centeredinderPy,
andthanksto (4.3), squareintegrable.Let us denoteby X,,, m > 0, the
partialsums:

4.7 Tm=Y Z;, m>0.

j=m

Obserethat Py-a.s.forany T > O:

kit Thyl — Tk
(4.8) sup | B" — 2K | <21 4 qu) sup LTk
tsTp t «/ﬁ Oskfkﬁnj \/ﬁ
Noticealsothat:
(4.9) sup Xt1— __, 0, in Py-probability,
0<k<kny N noeo

sincein view of (1.19),andtheinequalityk, < n, foru > O:

Po[ sup
0<k=<kiTn)

Polt1 > /Nul + (NT + 1) Po[r; > /Nu| D = 0]

Polt1 > /Nu] + (nTgl) Eo[rlz, 71 > /NU| D:oo] — 0,
nu n—oo

using(4.3)andthe Py-a.s finitenes®f z; in thelaststep. ThustheSkorohod-
distance(seeEthierKurtz [6], p. 117) of B" and Ejﬁ”', tendsto 0 in Py-
probability asn tendsto infinity. Proving the corvergencein law of the
latter procesgto a Brownian motion with covariancematrix A, will thus

imply asimilar statementor B" .

Tk+1 — Tk -~ U]
n

A

IA

From Donsler’s invarianceprinciple, seefor instance[6], p. 278, we
know that
=.m , . . . . .
~— cornvemgesin law to ad-dimensionaBrownianmotionwith
410 vm OV

covariancematrix Eg[7y | D = o0] A,

provided s, s > 0, standsfor the linear interpolationof X, m > 0. It
thenfollows from (4.5) and (4.10) that the finite dimensionaldistribution
of % converge to thefinite dimensionalistribution of a d-dimensional
Brownian motionwith covariancematrix A. Moreover thetightnessof the
laws of Z< follows from (4.5), (4.10) and Corollary 7.4, p. 129 of [6].

n
This provestheassertedorvergencein law of B" .

Thereonly remaingto prove the nondgenerag of A. Thisis wherethe
assumptiorg4.2)will beconvenient.Considens € RY with 'w Aw = 0, so
that

(4.11) Polw - (Xy — 110) =0|D =o00] = 1.
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Thecollectionof x € Z9 with Po[Xs, = X, § < D] > 0, coincidesthanks
to theconnectednessf {x € Z¢, 0 < x- ¢ < a}, with

(4.12) H=09{zeZ% ¢-z<a}.
We shallnow seethat:
(4.13 w-v=0andw- -x=0,foraryx e H .

Indeedconsiderx € H, sothatPy[Xs, = X, § < D] > 0.Usinganearest
neighborloop of arbitrarylengthinside{z : 0 < ¢ - z < a}, startingand
endingin 0, we seethatfor all n > 0,

(4.14) Po[Xg =X, N<S < D]>0.

Then as a result of the strong Markov property and the independence
underP, forn > 0, andx € H:

Po[Xy =X, N<11=8, D=o]
2% p[Xs, =% N < S < D, Do, = o]

= E[Py,[Xs =X, N < S < D]Py,[D = o0l]
= Po[Xg,=%X,n< 5 < D] P[D=00]>0.

(4.15)

Thusin view of (4.11),for arbitraryn > 0 andx € H:
(4.106) njw-v <|w-Xx|,

which impliesw - v = 0. Comingbackto (4.11),we now deduce(4.13).
Thentakinglimits of pointsin H, we seethat

(4.17) w-y=0,forary y € RY, orthogonato ¢ .

Sincev - ¢ > 0, (4.13)and(4.17)imply thatw = 0. This provesthat A is
non-dgenerate. O

As animmediateconsequencef Theorem3.5we find:

Corollary 4.2. (d > 2). Under(0.1)and(1.7),

B" corvergesin law to a Brownianmotionwith non-dgeneate

4.18 . .

418 covariancematrix A, see(4.4).

Remark4.3.1n the one-dimensionatase |t is known that(0.1),(1.7) does

notnecessarilgnsue(4.18), werefer onthistoKesenKozlov-Spikzer[12].
0
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V. Slowdown estimates

Themainobjectof this sectionis to derive tail estimate®n the probability
thatthe walk movesslower in a direction¢ € ', with respecto which
Kalikow’s condition(1.7) holds,thanpredictedby the stronglaw of large
numbers(1.21). We shall mainly be concernedvith estimatesunderthe
annealegbrobability Py, but shallprovide somecommentsttheendof the
sectioronhow anneale@stimatesanbeusedo derivequenche@stimates.
As mentionedn theintroduction thereis aninterplaybetweeritraps” and
“slowdown” of theprocessandavery naturalguestiorof knowing whether
or not“traps” governtail estimate®f slovdown probabilities.The present
sectionwill bringsomeelementof answelto this questionthekey role of
thevariabler; will alsobeapparentWe shallalsobriefly discussattheend
of thesectionwhathappensvhen‘slowdown” isreplacedby “aceleration”.

We begin with a usefullemma.We considerfor u > 0, the random
variables

(5.1) Ny = inf{k >0, X, -£>u}.

Lemmab.1. (d > 1). Assumg0.1)and(1.7).For p > O,

Ny 1
U Eg[Xg - £]D = oo

(5.2) m u log PO[ ( > ,0] <0.

Moreover, for large u andarbitrary ¢ > 0,

(5.3) Po[T, > cu] > Pyt > cu] — e 7Y .

Proof We begin with the proof of (5.2). As an applicationof standard
Cramertype estimates(1.19)and(1.32),

Tim % log Po[ | Xy - £ —KEg[Xs, - £| D = o0]| > pk] < 0, for p>0.
Theclaim (5.2)thenfollows by routinearguments.
We now turnto the proofof (5.3).Obsenre thatfor u > O:
Po-a.s.on{X; - £ <u}, 11 = Txrl.g <Ty,
sothatfor u > 0 andc > 0,
Polt1 > cu] < Py[Ty > cu] 4+ Po[ X, - £ > U] .

Theclaim (5.3) now follows from Lemmal.2. O



134 Alain-Sol Sznitman

Wefirstbegin with thesimplersituationof annealedlovdown estimates
for non-nestlingvalks. Theone-dimensonal caseiswell known, cf. Greven
denHollander[8], or Dembo-Peres-Zeitoufd].

Theorem 5.2. (d > 1). Assumg?2.1),thenfor ¢ > (v - £)~%, in thenotation
of (0.5),

(5.4) —oo < limutlogPo[T, > cu] < UW u tlog Py[Ty > cu] < 0.

u—o00

Proof. The lower boundis trivial. Let us prove the upperbound.Given
c> (v-£)71 letuspick € suchthat

(Eolt1|D = ooJv - £) 1 =
(5.5) )

< T < Eg[11|D = o0] tc.
Eo[Xz; - £/D = oo olz| ]

As aresultof Lemmab.1,we obtain:
(5.6) lim u!log Po[N, >Cu] <0,
u—oc

andsinceN, < Cu, implies tgy+1 > Ty, our claim will follow oncewe
show:
(5.7) lim u™! log Py[ry1 > cul < 0.
u—oc
However since Eg[r1 | D = o0]€ < c, the renaval property(1.19), to-

getherwith thefinitenessof someexponentialmomentof 7, underPy, cf.
Theorenm?.1,implies(5.7) by standardCramertype estimates. O

Thenext resultwill in particularapplyto the situationof Theorem3.5
andespeciallyto the plain nestlingsituation.

Theorem 5.3. (d > 1). Assumg0.1),(1.7) andthatfor somex > O,
(5.8) UW (logu) @ log Po[r; > u] <0, then

(5.9) uﬁ (logu)™ log Po[Ty > cu]l <0, for c> (v-£)7L.

Proof. Letusfirst mentionthatwhend = 1, only thestatemenwitha = 1
hassomerelevance cf. Remark5.6 1) belov, andwhend > 2, onecanin
factassumehat (5.8) holdswith o > 1, thanksto Theorem3.5. Keeping
thesecommentsn mind,let usbegin with theproofof (5.9).If we choosé&,
asin (5.5),asimilaragumentshavs that(5.9) follows from:
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(5.10) uﬁ (logu)™ log Po[tzyps1 > cu] < 0.

Furthermorein view of (1.19),(5.8) andtheinequality
Eo[t1 | D=o]C <,
it suficesto shaw thatfor § > 0,
(5.11) n@o (logn)™ logP[T1+---+ 7, > n(M+68)] <0,

when7, i > 1, under P areindependentall distributed like 7, under
Po[-| D = o0], and

As aresultof Chebyshe inequalityandindependencdor n > 1,

P[Ti+ -+ T = n(M+8)] < nPo[T1 > nlog n)* ] +
O3 pFH 4. 4% = n@+4), sup 7 <ndogn) Y],

1<i<n
sothatwith the helpof (5.8),for asuitabley > 0, andlargen,

n
(log n)01+1

)a} + exp{ — (logn)*(fM + 8)}
E[exp { (loin)a?l

fneXp{—y(log

~ n n
<—.
}’ = (log n)a+1]
However, for largen,

(logn)® ~ ~ n
E[E‘Xp{ n Tl}’ n= (Iogn)“+1:|

n
(logny @+1 (|og n)a

(5.14) < 1+f — exp{M u} P[z71 > u]du
0 n n

< 14 gloom * (oon” / PI7 > uldu < 1+ ©97° (fi4-3) .
0

n
Comingbackto (5.13),we seethatfor largen:
PlTi+ - +Th = n(M+ 8] <
o o 2 ~ 8
exp{ - % (logn) }+exp{ — (logn) <m+8— m— —)} .

Theclaim (5.11)follows. O
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Collectingtheorems3.5and5.3, we obtain

Corollary 5.4. (d > 2). Under (0.1) and (1.7),for o« < 1+ %, and
c> (v-0)71

(5.15) uﬁ (logu) ™ log Po[T, > cu] < 0.
In thecaseof plain nestlingwalks,we alsohave thefollowing lower bound:

Theorem 5.5. (d > 1). When(0.1),(1.7)holdandthewalkis plain nestling

(5.16) lim (logu)~® log Py[T, > cu] > —oo, whenc> 0.
u—o0
Proof We simply apply(5.3)togethemwith Theorem2.7. O

Remarks.6. 1) In the one-dimensiongplain nestlingsituation,when(1.7)
holds,it is shavn in Theoreml.1 of Dembo-Peres-Zeitoufd] that

(517 lim (log u)tlogPy[Ty>cul=1-s<0, for c> (v-£)71,

wheres is theuniguezerobiggerthanl of the corvex function

(5.18) F(t) = IogE[(wCE?(’);?)t] .

2) It is naturalto wonderwhetherin Corollary 5.4, (5.15)alsoholdswith
o =d.

3) It is not hardto modify the agumentswve used,andshav thatunderthe
respectie assumptionsf Theorenb.3or Corollary5.4,for0 < vy < v- ¢,

(5.19) @ (logn)™ log Po[y < vl] <0,

with « respecirely asin Theorenb.3or Corollary5.4.Indeedobsere that
forO<vy <vy<v-¥,
Po[Xn - £ < vin] < Po[Ty,n > N] +

Po[Ty,n <N, Tvln ofr

vpn

(5.20)
< o0] .

Usingessentiallitheagumentdbelow (1.41),see(1.43)and(1.44),we see
that the secondterm of the right handside of (5.20) hasan exponential
decay Theclaim (5.19) now follows from the applicationof Theorem5.3
(respectiely Corollary5.4)to thefirst termof theright memberof (5.20).
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4) It is alsonot hardto modify the amgumentin the proof of Theorem5.5,
to shav thatunderthe sameassumptionsyhen0 < vy < vp < v - £,

Xn-2€
n

(5.21) lim (logn)~¢ log PO[

n—oo

€ (Ul, Uz)] > —00 .

Indeedkeepingthe notationsof Theorems.5, onecanfind whenr — oo,
Xo remainingwithin boundeddistancerom B,, with xg - £ > r, andusing
a similar agumentasin (2.55),and(0.1), shav thatfor ary 0 < ¢; < ¢,
for asuitabler = O(logn),

(5.22)  lim (logn)~® log Po[Ty,.c = Hx, € (C1N, C2N)] > —00.

n—o0

Obsere alsothatin view of the stronglaw of large numbersandthefact
that|Xk+1 — Xk| =1, Po-a.S.,

Xk

(5.23 sup |— — E v‘ — 0, Py[:|D = o0]-a.s.,ash — oo .

0<k=n

Thuschoosingc; < ¢, closeto ¢y suchthat (v - £)(1 — ¢g) = MZ"Z and
o > 0, smallenoughfor largen:

Po[Xh - £ € n(v1, v2)] > Po[Ty,.e = Hy, € N(Cy, C2),
.24 D 0 6,, = 00, SUP |(Xkth,, — Xo) — kv| < pn].

0<k=<n

Usingthe strongMarkov property independencés.22)and(5.23),we see
that

lim (logn)~® log Po[Xn - £ € N(v1, v2)] >

n—oo

lim  (logn)=@ log Po[Txy.c = Hx, € N(C1, C2)] +
n—oo
lim (logn)~¢ log PO[D =00, Sup X _k v) < ,0] > —00.
n— oo O<k<n ' N n
Thisproves(5.21). O

The next resultwill in particularenableto apply estimatedike (2.16)
to the derivation of upperboundson the probability of slowdowns, in the
maiginal nestlingsituation.

Theorem 5.7. (d > 1). Assum€0.1),(1.7),andfor somex > 1.
(5.25) uﬁ u @2 logPy[r1 > U] <0, then

(5.26) im u a2 logPy[T, > cu] <0, for c> (v-£)*.
u—o0
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Proof. By thesamereasoningsin theproofof Theorenb.3,it suficesto
shaw thatfor § > 0,

(5.27) nﬁ n~#2 logP[f + -+ T, > n(+8)] < 0.

wheret; areindependeninderP anddistributedlike 7; underPy[-|D = o0].
Obserethat(5.25)impliesin view of theproofof (5.11),thatforary g > 1:

(5.28) nﬁ (logn)™ log P[Ty +--- + T, > n(M+8)] < 0.

For largen, wedivide {1, ..., n} into M < [-°—] + 1 consecutie blocks,

na+2
By, ..., By of [nle] integersexceptmay befor the “last one”. Pick now

someg > 1. By averyroughcountingargumentthe numberof subset®of

(Ir(‘)‘;_*zmﬁ] d=9fan in{1,..., M} groNinkeexp{o(nﬁ)}. Moreover, if

size[

def [ M - 8\ . 1 naz
(529  AE {El 1{% 7> (M 3) ) = 2
on A, onecanfindasubsetfsizea, in {1, ..., M}, suchthatfor eachblock

with labelin thissubsetthecorrespondingumof 7; exceedg M+ %)[na_iZ].
As aresult,

1

a ~ ~ ~ S an
(5:30) P(Ay) < elo™)} P+ +F . > (fi+3) 2]

net2]

thelatterquantityin view of (5.28),for asuitabley > 0, is smallerfor large
n than:

exp {o(naz) — y(logn=21)? a,} < exp{ — y'naiz} , with y' > 0.
Theclaim (5.27)will thereforefollow oncewe prove:
(5.31) nﬁ n~az logP[TL + -+ + % > n(M+8), AS] <0.

Denoteby 7 therandonsetofindicesj in{1, ..., M} of blocksB; suchthat
Ziij T > (rT1+%) [nWlZ].Obserethatforlargen,?1+- -+7, > (M+8)Nn
impliesthatzjej Ziij T > % n. Moreover, by asimilarroughcounting
amgumentasabove, the numberof subsetof {1, ..., M} with cardinality

smallerthann=+z (logn)~# growslike exp{o(n=+2)}. As aresultfor largen,

with by, CI=e'can[nﬁ] < ng_ﬁ(log n)~#,

P[F+ - +% >n@+3), A<
(5.32)

eplo(n=®2)) P[4+ +%, > o 1]
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andfor » > 0,
< exp{o(nﬁ)}(n% (logn)—*# P[?l > % n}

5 @ 2~ o~ & P
+exp{ —Xy nm}E[exp{An w2, T < 3 n] ) )
Obsere alsothatin view of (5.25),for suitabley,, y» > 0,
(5.33 P71 > u] < y1 exp| — y2uaiz}, foru>0,

andasaresult,for largen:
E[exp{ A n‘ﬁz?l},%‘l < g n]

n
(5.39) <1+ AZ f ylexp{ )‘2 u—yzuf?}du
netz JO a+2

nao+2

ENET

§1+V3n7$,

provided we chooser > 0, small enough.Insertingthis estimatein the
rightmosthandsideof (5.32), we obtain (5.31). This finishesthe proof of
thetheorem. ]

As animmediateapplicationof the theoremwe obtaina resultwhich
improvesour previousresultsof [24] onwalkswhich areneutralor biased
to theright.

Theorem 5.8. (d > 1). In the caseof a walk which is neutial or biasedto
theright (i.e. under(2.37),(2.38)),

—o00 < lim u ~a% log Po[Ty > cu] <
(5.3 b=
lim u=&2 log Po[T, > cu] <0, forc> (v-£1)~L.
Uu—o0

Proof. Theuppermoundisaconsequencef Theorenb.7andTheorent.5,
(onecanalsousePropositior2.3in placeof Theorem2.5whend = 1). As
for thelower bound,it is provenwith the helpof (2.39)and(5.3). O

Let us closethis sectionwith a few remarks.In particularwe discuss
what happensavhen“accelerationreplaces'slowdown”, and“quenched”
probabilitiesare considerednsteadof “annealed’probabilities.We also
characterizewhen (0.1) and(1.7) hold, the location of the null setof the
ratefunctionenteringthequenchedarge deviation provenby Zernerin the
nestlingcasecf. [26].

Remark5.9. 1) By similar agumentsasin the proof of (5.19)and(5.21),
we seethatundertheassumptionsf Theorenb.8,for0 < vy < v, < v- ¢,
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(5.36) —o0 < im n-a log Po[y € (v, vz)] <0.

n—o0

2) Tail estimate®n theannealegrobability of acceleratiorof thewalk in
thedirection¢, when(0.1), (1.7) hold, do not displaythe samevariety as
in the caseof slowdowns. IndeedLemmab.1, togetherwith Cramertype
estimateganda simpletruncationargumentshavs thatonealwayshas:

(5.37) UW u~t log Po[Ty <cul <0, forc< (v-£)7t.

Thisimmediatelyimpliesthat

(5.38) im < log PO[
n—-oo N

3) In the nestling case,if for instance(0.1) holds, M. Zerner[26], cf.
TheoremB, hasshavn that:

Xn-t
n

>v1] <0, forvy>v-£.

P-a.s.,% satisfiesalarge deviation principleunderpPy,,
atraten with adeterministiacornvex continuousate

(5.39 functionl(-): RY — [0, oo], which canbe expressed

asl(-) = sup(a(-) — A),
220

(as(+) aretheso-called_yapunw coeficients).
Thelocationof the null setof 1(-) is sofar poorly understoodLet us
however mentionthat

Proposition 5.10. Assumehat (0.1), (1.7) hold and the walk is nestling
then

(5.40) (1) =0} ={rv, 0< A <1}.

Proof Indeedwg < I, andtheinclusionof {I(-) = 0} in R, v follows from
(1.70).Moreover from (5.38)anda Borel-Cantelliagument we seethat:

— 1 Xn - £
P-a.s, lim = log Py, [”— > vl] <0, forvy >v-¢.
n—-oc N n

Thisandtheabose mentionedarge deviation principleshavsthatinf{1(x);
£-X>wv}>0,forvy >£-v. Thus{l(-) =0} C {Av, 0 <X <1}

It is alsoa simplematter usingthefactthat(cf. Propositior8 of [26]):
P-a.s, @ % log Py[X,=0]=0,
to deduceheinclusion:
(5.41) {uy, 0O<u<1 C{I()=0}.
This concludegheproof of (5.40). O
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4) The resultsof this sectionhave direct applicationgto the derivation of
guenchegbrobabilitiesof slovdown, essentiallyby adaptinghe proofused
in Sect.V of [24], (seealso Gantert-Zeitoun[7] for the one-dimensional
case)Tokeepareasonabliengthtothisalreadylongarticle,werefrain from
developpingherein detailsall thesequenchedestimatesLet us howvever
mention that:

- in the non-nestlingsituation,i.e. under(0.1) and(2.1), on a setof full
P-measureforc > (v- €)%,

—o0 < lim u=tlog Py [T, > cu]
(5.42) u=oe _
< uI|m u=tlog Py[T, > cu] <O,

- for walkswhichareneutralor biasedo theright,i.e.under(0.1),(2.37),
(2.38),onasetof full P-measureforc > (v-e;)*

2
-0 < lim (logu)s log Po,,[Ty > cu]
(5.43) U= )
< lim (Ioguu)a log Po,,,[Ty > cu] < 0,
u—oo

- for plain nestlingwalks satisfying(0.1), (1.7), for asuitableA > 0, on
asetof full P-measureforc > 0

(5.44) lim u™! exp{Adog u)%} log Py [Ty > cu] > —oco ,
Uu—o00
andunderthe assumptionsf Theorem3.5, for eachc > (v - £)71, and
e (1,1+ ds;dl), thereexists B(c, «) > 0, suchthaton a setof full
P-measure:

(5.45) fim u! exp{B(logu)#} log Py [T, > cu] < 0.
Uu—o0

Let us give somecommentson the proofs. The upperboundin (5.42)
follows from (5.2) by a Borel-Cantelliagument,andthe lower boundis
immediate.As for the proofsof (5.43)—(5.45)they are merelyvariations
on the agumentsof Sect.V of [24], explaining how to infer quenched
statementérom annealedstatementsThe lower boundsfollow by Borel-
Cantelliconsiderationshaving for typical w the existenceof “traps” (i.e.
neutral pockets or in the senseof (2.51)) with logarithmic size, within
distancen(u) fromtheorigin. Asfor theupperbounds onepicksc’ € (U%, o),
andslicesthe spacealongthedirectiont into “slabs” of sizer, suchthat:

— log Po[Tr, > C'rul
(5.46) ull—>moo logu

<—Q2+d+4c),
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which leadsto a choicer, = const(log uyL+e, whenproving (5.43),r, =
exp{const(log u)al }, whenproving (5.45).1f oneintroduces

=inf{n >0, [Xy-€— Xo-£] >ry}
=inf(n>0, X,-£—Xg-£ >r1y},

-

thenBorel-Cantelliconsiderationsyith thehelpof (1.44),(1.47)and(5.46)
shaw that

P-a.s. for largeintegeru, for x € Cqy,
PeolT >Cry] <u™

PeolS# Tl <u™

Po.wlTcs, < Taul < @(U)

(5.47)

with ¢(u) = exp{—const—'—}, when proving (5.43), and ¢(u) =
(logu)d

exp{—ue*cons("’g“)% }, when proving (5.45). This essentiallycorresponds

to the estimate®f Lemmab.1 of [24]. The proofthenproceedssin [24],

with minor modifications. O
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