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Abstract. Wegivearelatively simple(self-containedproofthateveryreal-valuedLipschitz
functionon¢, (ormoregenerallyonanAsplundspacehaspointsof Fréchetifferentiability
Somevhat more generally we shav that a real-valuedLipschitz function on a separable
Banachspacehaspointsof Frécheifferentiability provided thatthe w* closureof the set
of its pointsof Gateauxdifferentiabilityis normseparable.

1. Intr oduction

The purposeof this paperis to give a simpler(self-containedproof of the
mainresultof [4], namelythataLipschitzfunctionfrom £, (or moregener
ally from anAsplundspaceX) into R haspointsof Fréchetifferentiability

Theproofin [4] usedaniterative methodfor finding a point of differen-
tiability. Eachstageof theiterationproceduranvolved a new renormingof
the spaceThefactthat X is Asplundwasusedto ensurethe existenceof
suitablegoodrenormingsin this paperwe alsouseaniterative procedure
but thefactthat X is Asplundis usedvia slicing propertief boundedsets
in X*.

Beforeweproceedverecallsomebackgroundanaterial(for adiscussion
of it andfurtherreferencesee e.g.,Phelpgq3]).

A function f from anopensetin a BanachspaceX to Y is saidto be
Géateauxdifferentiableatx, if thereis aboundedinearoperatofT: X — Y
sothatfor everye € X

!imo( f(xo + te) — f(xg))/t = Te.

If thelimit abore existsuniformly in e in the unit sphereof X we saythat
f is Fréchedifferentiableat xo. Alternatively, f is Fréchedifferentiableat
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Xp if andonly if
f(Xo +y) = f(Xo) + Ty +o(|lyl) as|lyll — O.

If Y is therealline we denotethe Gateauxderivative T of f atthepointxg
by f'(xg) € X*.

A BanachspaceX is called an Asplund spaceif every (real valued)
continuouscorvex functionon X is Fréchetdifferentiableon a denseset.
A spaceX is Asplundif andonly if every separablesubspacef X has
aseparabldual.If X isnotAsplundthereis anequivalenthormon X which
is nowvhereFréchetifferentiableandthusin particulartheassumptiorthat
X is Asplundin thetheorenof [4] quotedabore cannotbewealened.If A
is aboundedsetin X* aw*-slice Sof Ais asetof theform S= {x* € A:
X*(X) > o —a} forsomex € X, a > 0andwheres = sup{x*(x) : x* € A}.
We sayin suchasituationthat Sis a w*-slice definedby thevectorx (to be
sureSdependsilsoona).

We shall considerheremainly separabléBanachspacesxX. It is well
known (see,e.qg.,[2]) thatif f isa Lipschitzfunctionfrom anopensetG
in aseparableX into R then f is Gateauxdifferentiablein a subsetD of
G sothatG \ D is a Gaussnull set.We shallwork with theset A C X*
of Gateauxderiativesof f atthepointsof D. This setis clearlybounded
in normby the Lipschitzconstanbf f. In very crudetermsour stratgy is
to find a decreasingequencég§,}o° , of w*-slicesof subsetf A whose
diametergendto 0 andfind pointsx, with f’'(x,) € §, sothatx, — x for
somevectorx (thisis easyto achiere) andsothat f is Fréchedifferentiable
at x with f'(x) = lim, f'(xn) (this is delicate).What the proof givesin
particularis thatstartingwith any nonemptyslice Sof A we find a pointx
of Fréchetdifferentiabilitywith f’(x) € S. Thisalsoprovesthatthe mean
valuetheoremholdsfor Fréchetdervatives.

The precisestatemenbf theresultwe prove hereis

Theorem. Let X bea sepaable Banad spaceand f a Lipsditz function
from an opensubsetG in X into R. Let D ¢ G be the seton which f
is Gateauxdifferentiableandlet A = {f’(X) : x € D}. Assumehat the
w* closue of A is norm sepaable ThenG containsa point of Fréchet
differentiability of f.

Moreover, for everysegment[u, v] C G andfor everym < f(v) — f(u)
thereis a pointx of Fréchetdifferentiability of f sothat f'(X)(v — u) > m.

By theseparatiortheoremandthedefinitionof Gateauderivatives)an
olviousequialentway to statethetheoremabove is the following

Corollary. Wth the notationsandassumptionssabose we havethat

w* — cl conv{f'(x) : x € D} = w* — cl conv{ f'(x) : x € D}
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whee D is the subsebf D consistingof all pointsat which f is Fréchet
differentiable

It shouldbe pointedout that also the nonseparableaseof the main
resultof [4] follows from the theoremstatedabove. Thiswill be shavn in
Propositior2 in the next section.

Besidedeingsimplerthanthe proof of [4] (andthis is the main point)
andgiving a somevhatmoregenerakesult(for separableX) therearealso
somedravbacksto the proof presentedhere.In particularit doesnotseem
that the methodof proof of this paperyields the following result (which
wasobtainedin [4] asa by-product):Thereis a subsetN of the planeR?
with Lebesgueneasure) sothatevery Lipschitzfunctionfrom R? into R
is differentiableat somepoint of N.

Although the proof given hereis definitely simplerthanthat of [4] it
is still quite involved. The inherentreasonfor the difficulty of the proof
is thatit providesanalgorithmfor producinga sequencef points{x,}a° ,
which convergeto a point of Fréchetdifferentiability Suchanalgorithmis
apparenthynotsimpleto find evenin theclassicabaseof mapsromtheline
into itself. Theusual(very shortandelegant)proofsof Lebesgues theorem
on the line prove automaticallythat the function is differentiableoutside
a setof measured. Unfortunately we are not aware of ary definition of
anontrivial o-ideal(or evenjustanideal)of setsin aninfinite dimensional
spaceX (evenif X = £,) sothatevery Lipschitz functionfrom X to R
is Fréchetdifferentiableoutsidethis o-ideal (resp.ideal). Several natural
candidate$or suchaos-idealcanbeprovednotto besuitable Thestrongest
tool for proving thisaretheresultsof [6]. For example,it is nottruethatthe
collectionof Gaussull setsis suchao-ideal.For this specifico-idealthere
is now anevenmorestriking countergample.The Hilbert spacel, canbe
renormedso that the new norm (which is of coursea convex function)is
Fréchetdifferentiableonly on a Gaussnull set[1]. Thusif our algorithm
is appliedto this specificnormin ¢, we invariablyendupin afixed Gauss
null set.

Thefactthatno “almosteverywhere”versionof thetheoremis known
leadsto anothercomplicationlt is notknown, for example|if two Lipschitz
functions f, g: £, — R have acommonpoint of Fréchetdifferentiability
or equialently whethera Lipschitz function from ¢, to the plane has
a point of Fréchetdifferentiability The secondexamplein [6] shaws that
the methodusedhereto prove the theorem(i.e. via slicesin the set of
Gateauxderiatives)doesnotgeneralizén anobviousway to mapsinto R
with k > 1.In [6] it is shawvn thatthereis a Lipschitzmappingf from ¢; to
R3 sothat

fix)(e) + f3(¥) (&) + F4(X)(e3) =0
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at every point of Fréchetdifferentiability of f, but sothat f is Gateaux
differentiableatthe origin and

f1(0)(e)) + f1(0)(e2) + f3(0) (&) = 1.

(Here{g }?:l aresomevectorsin £, and f/(x) is thei’th componenbf the
deriative of f whichis, by definition,alinearmapfrom ¢, to R3). A similar
exampleis givenin [6] for mappingsrom £, into R?if 1< p< 2.

(We mention herethat in [6] thereis a bad misprint which, unless
corrected makes the proof unreadableOn page227 in the statemenbf
Lemma3 andin mary placesin page228and229thereis a meaningless
symbolg ~ in the formulas.This symbolshouldbe replacedeverywhere
by 9(*2).)

Theorganizationof this paperis asfollows:

In Sect.2 we prove somepreliminaryfunctionalanalyticresultsneeded
to shav the generalform of our theorem.For the particularcaseof sep-
arableAsplundspaceoneneedsPropositionl andRemarkl only underthe
additionalassumptiorthat X* is separableyinderthis assumptiora simple
proofis providedby Remark2.

In Sect.3 we presenthe proof of a rathertechnicallemmaconcerning
Lipschitzfunctionsfrom R? to R.

In Sect.4 we presenthe algorithmfor finding the promisedpoint of
Fréchedifferentiabilityof f.

In Sect.5 we prove (using the result of Sect.3) that the algorithm
presentedn Sect.4 really works.

2. Functional analytic preliminaries

Thefirst resultin this sectionshavs how theassumptiorin the statemenof
thetheoremthat A hasanormseparablev* closurewill beapplied.This
resultis relatedto several known resultsconcerningthe Radon-Nilodym
property but we are not aware of a referencein which the sameresult
is proved. In ary case,in orderto make the proof of the theoremhere
self-containedye prove the propositionin detail.

Proposition1. Let A a be a nonemptyboundedsubsetof X* sothat the
w* closue of A is normsepanble Thenfor everyx # 0in X andevery
0 < ¢ < ||X] thereis a w* sliceof Awhidchis determinedy a vectory with
Ily — X|| < ¢ andhasa diameterat moste.

Proof Assumethattheassertiornis falsefor somex andO < ¢ < ||x|| and
assumalsothat A is containedn the unit ball of X*.

Leto =supf(x) : f € A}, letn =¢/2,5 = ng/3andputS= {f €
A: f(X) > o0 — § — 2n}. By our assumptiorthereareg;, g 1 € {f € A:
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f(X) > o — 8} sothat| g, — g_1]| > ¢; i.e.thereis au in theunit sphereof
X sothatgi(u) — g 1(U) > e.

Considemext theset{f € A: f(x+ nu) > o — § + ngi(uw)}. This
setis non empty (it containsg;) andis containedin S (since f(x) >
oc—68+n(g— f)(u) >0 — 85— 2n). Also, for f in thisset

o+nfu) = f(xX+nu) > o — 8+ ng(U)

andhence
f(u) > qu(u) —8/n =g (u) — /3.

Letnow o1 = sug f(x+nu) : f € A}, lets; andn, besuchthatn; < /4,
n = 351/8, and

01— 01— 2n1 >0 — 8§+ ndi(u),

andput
S ={feA: f(xX+nu) > 01— 38 — 2n}.

Fromthediscussiorabore it follows thatthe w* slice §; satisfiesS;, ¢ S
andfor f € § wehave f(u) > gi(u) —&/3.

In asimilar way we defines 1 = sug f(x — nu) : f € A} andchoose
positve §_, andn_; sothatn_1 < ¢/4,n_1 = 38_1/¢,

0_1—06-1—2n_1 >0 —56—ng-1(U),

andput
S;,={feA: f(X—ﬂU) >0_1—8_1—2n_1}.

ThenS ; ¢ Sandfor f € S 4, f(u) < g 1(u) + ¢/3. In particularif
feSandf e S;thenf(u) — f(u) > ¢/3.

Since||x+nu—X| = n = ¢/2 < ¢ it followsfrom ourassumptionthat
thereareg; ; andg;, 1 in Asothatg; 1 (X+nu), g1 —1(X+ nu) > o3—38; and
01.1(U1)—01,-1(up) > eforsomevectoru, intheunitspheeof X. Similarly,
we chooseg_1 1, andg_; ;1 in A andu_; in the unit sphereof X sothat
g-11(X—=nUu), g1 _1(X—nU) > o_1—8_sandg_11(U_1)—0-1 _1(U_1) > €.

Wecontinugn anobviouswayanddefinefor every k-tuple 61, 05, - - - , 6k
of signs(k = 1,2, ---) elementyyy, .. o, € A, Vectorsuy, ... 4 in theunit
sphereof X, number < n, ... g, < 27 ¢ andw* slicesS,, ... 4, sothat

(') Ooy,- .06 € 891,---,9k711
(”) 591,"',9k+1 C %1,---,910
(iii) theslice S, ... ¢ is determinedoy the vectorx + 61nu + 621y, Uy, +

cee 4 9kn91,"',9k:1u91,'“,9k—1’ y
(IV) f e Sg'lr--ﬂk,l’ f e 891,---,9k,—1 = f(UgL...’gk) — f(u91,---,9k) > 8/3.
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Note thatthe distanceof the vectorappearingn (iii) from x is smaller
thane. For every infinite sequencef signs{6;}>°, = 6 let g, be ary w*
limit point of the sequenceg, .. 4}2,. If 6 # @ i.e.if 6, = 6 fori < k
andfi1 # G.q then

190 — G5l > (s — %) (Ugy,.. 6| = €/3
andthis contradictghe separabilityof the w* closureof A.

Remarkl. If the w* closureof A is separabléhe sameclearly holdsfor
everysubsebf A. It followsthatary subsebf A hasw* slicesof arbitrarily
small diameterwhich are determinedby vectorsarbitrarily closeto ary
given vector This assertionis exactly what is usedconcerningA in the
proof of thetheorembelow.

Remark2. If we make the strongerassumptionthat X* itself is separ-
able thenthe proof of Propositionl becomeanuchsimpler Let p(x) =

sup f(x) : f € A}. Thisisacontinuousorvex functionandif X* is separ-
able |t isFréchetifferentiabbatadensesetof vectasx. It istrivial tocheck
thatwheneer p is Fréchedifferentiableat somepoint x, thenthis x deter

minesw* slicesof A of arbitrarily smalldiameter(cf. [3, Lemma2.18]).

The secondoropositionwe presenin this sectionis atool for reducing
differentiability problemsto the separablecase.In particulay it implies
immediatelythe mainresultof [4] in thenonseparablease pncewe know
the theoremstatedin Sect.1. This reductionresultappearsalreadyin [5,
Theoreml]. We reproducéhereits prooffor the sale of completeness.

Proposition2. Let X andY be Banad spacesG an opensetin X and
f: G — Y alLipsditzfunction.Thenfor everysepaablesubspacé/ of X
theris a sepanblesubspac#V of X containingV which hasthefollowing
property:If fignw is Fréchetdifferentiableat somex € GN W then f itself
if Fréchetdifferentiableat the samepoint.

Proof. We notefirst that f is Fréchetdifferentiableat x if (andobviously
only if) for everye > Othereisaé > 0 suchthatwheneeru, v € X with
lul = |lv]l = 1 andwheneers andt satisfy0 < |g], |t| < § then

[(Fx 4+ tu+ v)) — f(x))/t 0
— (f(x+su) — f(x)/s— (f(x +sv) — f(x))/s| < e.

Indeed by takingu = v we deduceahatTu = lim¢_,o( f(X + tu) — f(x))/t
exists. It alsofollows from () thatT is linearandboundedUsing(}) again
for u = v, fixedsandt — 0 weget

[Tu— (f(x+su) — f(x))/sll <¢&/2
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for all u with thenorm1 and|s| < 8. ThusT is the Fréchetderivative of f
atx.

For every x € G we choosea countablesubsetA(x) with the fol-
lowing property: Wheneer s andt are non zero rational numberswith
2max(s|, [t]) < dist(x, X\ G) thereareu, v € A(X) sothat|u|| = |v|]| =1
and

[ (Fx 4 tu + ) — f0)/t
—(f(x+su — f(x)/s— (f(x+sv) — f(x)/s|
> —Is| + sup{ || (f(x + t(z+ w)) — f())/t — (f(x+s2) — f(X))/s
—(f(x+sw) — f(x))/s]| : z w e X, |Iz|| = |wll = 1}.

We now defineinductively an increasingsequencenf separablesub-
spacesf X. PutVy =V. OnceV, hasheerdefinedetC,, beadenseequence
in it andlet V,,,; betheclosedlinearspanof C, U [ J{A(X) : x € C, N G}.
We claimthatW = | 2, Vi, hasthe desiredproperty Let x € G N’ W and
assumehat fy is Fréchedifferentiableat x with T asits derivative there.

Thenfor every ¢ > Othereisa0 < 8(¢) < min(e, dist(x, X \ G)) sothat
for everyz € W with ||z — X|| < 8(e)

1f(2) — fx) — T(z— x| <ellz— x| /28

If f is notFréchetifferentiableat x it would follow from the obseration
in the beginning of the proof thatthereareu, v € X of norm1,ane > 0
andrationals, t, with 0 < |g], |t| < 8(¢)/4 sothat(}) fails to hold. From
thedefinitionof W it follows thatthereis ay € | .- ; C, sothat

Ily = XII < min(s|. |t]) < 8(e)/4,
A/1t+2/IshIly = X[ T < &/4,
/1t 4+ 2/1sh I f(y) — 01l < e/4

and
| (f(y+t(u+v))— f(y) /t—(F(y+sw— f(y))/s—(f(y+sv)— f(y))/s|| > e.

SinceA(y) ¢ W andby thedefinitionof A(y), thereareu’, v' € W of norm
1 sothat

[CfCy + ' + ') — f(y)/t — (fiy+su) — f(y)/s
— (fly+sv) = f(y)/s| > e —Is| > 3¢/4.

On the otherhandthe left-handside of the precedingnequalitydoesnot
exceed
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[CFCy + " + ) — f0)/t — (f(y +sU) — f(x))/s
— (fly+ ') — f0)/s] + @/1tl + 2/1sD | f(y) — 0|
< ITAY+tW +v) =X/t = (y+sU —x)/s— (y+ ' —%)/9)]
+elly +t(u' + v') — x[|/28]t|
+e(|ly+su —x|| + [ly+sv' —x|)/28s| + ¢/4
< (/11 +2/IsDlly = X[ ITI + &4+ lly — xII/1t] + 2y — X1 /Isl) /28
+ /4 < 3e/4.

Thuswe areled to a contradictiorandthe propositionis proved.

3. Measuretheoretic lemmas
The purposeof this sectionis to prove Lemma3 belov. We startwith the

well known resultthatthe so calledHardy-Littlewood maximaloperatoiis
of weaktype(1,1). We will denoteby m thelLebesgueneasurentheline.

Lemmal. Letg € L1(R) thenfor everyir > 0
m{t : Mg(t) > A} < 2/)»/ lg(t|dt
whee
Mg(t) = sup{[|g(s)|ds- mh~t:1is anintervalcontainingt}.

Consequent)yf |g(t)| < 1for everyt thenFubini’'s Theoemandthebound
0 < Mg(t) < 1give

1 1
/Mg(t)zdt:/ mit : Mg(t)? > s}ds:/ mit : Mg(t) > +/s}ds
0 0

1
s/'wV%/ﬁmowws=4/ﬁmUMt
0

Thenext lemmais a slight variantof alemmausedalreadyin [4, Lem-
ma3.3].

Lemma 2. Suppos@ < barerealnumbesandh: [a, b] — R aLipscitz
functionwhoselipscitz constanis < 1. Assumehat

b
f|mmmzamm—maL

Thenther is a measuable subsetA C (a, b) sothat
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i) mA =L PNt
(i) h'(s) > f; [h’(t)|dt/8(b — a) for everys € A,
(ii) |h(t) — h(s)| < 8 /N (9|t — s| for everys € Aandt € [a, b].

Proof Let g(t) = h’(t) wheneer the derivative exists (andtake it as0
otherwise) Putg™ = max(g, 0) and

b
D={teabl:gn > / ow)ldu/8b —a)|

B={te D:gt < (Mg(t)?/64}
A= D\ B.

It is evidentthatevery s € D (andthuss € A) satisfieq(ii). Fors € A
andt € [a, b]

h®—h©l=| [ gwdd < Mgsit—s =8/t -
[t.s]
andthusalso(iii) holds.It remaingo verify (i),

b b b b
/ gdt = 2 / g (Hdt — f gitdt = 2 / g (®dt — (h(b) — h(@)

b 1 b
< 2/ g+(t)dt+ —/ [g(t)|dt.
a 2 Ja
Thus

b b
/ lg(t)|dt < 4/ gt (dt = 4/ g(t)dt+4/ gt (tydt
a a D [a,b]\D

1 b
< 4/ gbdt + 5/ (bt
D a

andconsequently
b
[ 1awidt <8 [ gt
a D

In view of Lemmal,
b
f gyt < f Mg(t2dt/64 < / gb|dy/16
B B a
andhence

b b
/ g(/dt < 8 f gvdt + 8 f gbdt < 8 / gt + = f (b
a A B A 2 a

or
b
/ lg(/dt < 16 / gibdt < 16m(A).
a A
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We comenow to thelemmawhichis thepurposeof thepresensection.
The lemmahasa ratherspecialand quite involved statementlt is tailor-
madeto its applicationin Sect.5. The proof of thelemmais however not
verycomplicatedlt usegusttheprevioustwo lemmasandFubini’'stheorem
in theplane.

Lemma3. Let0 < «, n, T < Lwithn > 7, letr, s > Owith s < 10 %nr.
Letg: [-2r, 2r] x [0, s] — R bea Lipsditz functionwhich satisfies

9(0,9)] >«xs and |g(u,0)] <«ks/32forallu e [-2r, 2r]

andis sud that both partial derivativesg; (u, v) and g;(u, v) are a.e of
absolutevalue at most1. Finally, let N C [—r,r] x [0, s] be a set of
(Lebesgueineasue 0.

Thentherisa (u, v) € [-r,r] x [0, s] \ N sothat

(i) giuv) >—1
(i) gi(u,v) > &1 = «ks/128 or|g5(u, v)| > €2 = k/16
(i) [gu+t,v) —g(u,v)| < (n+8y/gy(u, v)HIt], if [t] <.

Proof. We may clearlyassumeahat N containsall pointsof non differen-
tiability of gin [—r, r] x [0, s]. Notethatby theassumptionsng

lg(u, v)| < 2sforall (u, v) € [-2r,2r] x [0, s].

Let | bethesetof all v € [0, s] for which N, = {u : (u,v) € N} has
measuré, let C; = 4/n andk = 32.If fir |g;(u, v)|du > KC;s for some
v € | thenby Lemmaz2 thereisau € [—r + C;5,r — C3S] \ N, sothat
0;(u, v) > Cys/r (whichis clearly> ¢1) and

lg(u+t, v) — g(u, v)| < 8,/g;(u, v)|t| wheneer|u+t] <r.
If |t| <r but|u+ t| > r thenby thechoiceof u, |t| > C;sand
lg(u +t, v) — g(u, v)| < 4s < 4)t[/Cy < nt]
andthereforethe point (u, v) we foundhasthe desiredpropertiesThuswe

mayassumdrom now onthat

r
|97 (u, v)|du < kCysforallv € I.

—r
Let M bethesetof points(u, v) € [—r, r] x | suchthatatleastoneof the
following happens

(@) g1(u,v) < -1,
(b) Thereis at with |t] < r sothat|g(t, v) — g(u, v)| > n|t — u|.
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By Lemmal andChebyshe's inequalityfor everyv € I,
m{u : (U, v) € M} < kCys/t + 2kCyS/n = Cos.

By Fubini's theoremthereis anro € [£, 5] sothatthe setl; of those
v € | suchthat(rg, v) € MU N or (—rg, v) € M U N hasmeasureat most
s = 8C,s%/r. Notethatby the definition of C, andthe assumptioron s
in the statemenbf thelemmac, < ¢,/2.

Every (u,v) € D = [—rq, o] x [0, 8] \ (M U N) clearlysatisfieqi) in
thestatemenof theLemma.lt alsosatisfieqiii), evenin thestrongerform

|g(u +t, v) — g(u, v)| < nlt]if |t| <T. (*)

Indeed,this is clearby the definitionof M if ju +t] <r.If |t| <r and
|u+t| > r thensincelu|] < rg < r/2wededucehat|t| > r/2. Butthen

19U+t v) — g(u, v)| =4s < (8s/1)(r/2) < nlt|

asdesired Consequentlyif for some(u, v) € D, |g5(u, v)| > &; thispoint
will satisfyall therequirement# thelemmaandthe proofwill befinished.

We canthusassumehat |g,(u, v)| < &, for all (u, v) € D. Hence,in
particulay for all v € [0, 5],

S
19(£ro, v)| = [9(£r0, 0)] +f |95 (£ro, Dt
0

< w532+ [ grovidt+ [ g vl
1 [0,s]\I1

< kS/324 CoS+ £5S < 2¢5S.

Sincem(l,) < cysthereisav € (I'\ 1) N[(1— 2cy)s, s] whichwefix from
now on.We have

ks < 19(0, )| < 19(0, v)| + 2czs
ro

< 19(ro, v)| +/ |07 (t, v)|dt + 2c,s

—ro

ro
< f (4, v)]dt + 2(e5 + Co)s

fo

ro
< / |0y (t, v)|dt 4+ kS/2.

fo
Hencefi?o |0, (t, v)|dt > ks/2. Sincealso

|9(ro, v) — g(—To, v)| < 4,8 < kS/4
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wededucdromLemma?2 thatthereisau € [—rg, o]\ N, sothatg; (u, v) >
kS/(32rg) > e, and

lg(u +t,v) — g(u, v)| < 8,/0;(u, v)|t|, whenaeru +t e [—rq, Io].

In orderto verify thatfor this choiceof (u, v) assertior(iii) alsoholds,we
have to consideronly pointst with |t| < r and|u + t| > rq. Let  be of
the samesign ast sothat |u + f| = ro. Sincev € | \ 14 it follows that
(u+1,v) e D andhenceusing(x),

lg(u +1t,v) — g(u, v)| < |gUu+t,v)—gu+T, v)|+|gu+T, v)—gu, v)|

< it =t +8,/g1(u, V)t < (n+8,/gy(u, v)]t].

4. The algorithm

In this sectionwe describethe algorithmwe usefor proving the theorem
statedin the introduction.We usethe notationappearingn the statement
of the theorem We just addnow for corveniencethe assumptiorthatthe
Lipschitz constantof f is at most% (andthusalso | f'(X)|| < % for all
x € D).

We denoteeg = (v — u)/|lv — ul|, oo = sUup f’'(X)(ey) : X € D},
70 = (0o — M/|Ju — v|])/3 andcy = og — 210. Since f is Gateauxdif-
ferentiableoutsidea set of Gaussiarmeasured we can replacethe sey-
ment[u, v] by a very closeparallelseggment[u’, v'] sothat f is Gateaux
differentiablea.e.on [U/, v'] and infer that thereis an X € D suchthat
f'(R)(eg) > m/||u — v||. Hencery > 0 andwe mayfind xo € D sothat
f'(Xo) (&) > 0o — 107%7. Welet 0 < 8y < 1 be suchthatthe openball
B(Xo, 80) (with centerxg andradiuség) belonggso G. We let

Do = {X: x € DN B(xo, 85) and f'(x)(&) > Co}.

All thefurtherpointswe choosewill bein Dy andnotethat{ f'(x) : x € Do}
is asubsenf asliceof A definedby thevectorey.

Weletky = 2% fork = 0,1,2, ... andwill defineinductively (in
thisorder)numbersxg, y«, 1k, Unitvectorse,, numberssy, Cx, Tk, POINtsSXy,
numbersz, 8« andsetsDy. We will do this choicesothatin particularthe
following hold:

(1) Xj € DjandD; c Dj_;forall j > 0,
2 2tj < f'(x;)(g) —c¢jfor j >0,

3) for everyx € Dj thereis 8 = B(X, j) < «; suchthat
| f(x 4 tey) — f(x) — tf'(xj)(g)| < BIt| for all |t| < 6.
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For k = 0 we definethe valueswe have not definedasyet by ag = 2,
Zo = 1/2andyy = no = 1. Obviously, (1) and(2) hold for j = 0 (where
D _; meansD), and(3) is satisfiedwith g = 3/2.

Let k > 1 andassumehatall the abore have beendefinedfor values
smallerthank. We put

@) ax = 1078 min (k_; Tee1mk-1, 0tk-1)
5) Y = 1078 min (t1, of, Y1)
(6) i = 107° minGie, o).

By Propositionl thereis a unit vectore, € X with |lec — a1l < %
whichdefinesasliceof theset{ f'(x) : x € Dy_1} of diameteldessthany.
Put

ok = sup f'(x)(&) : X € Dy_1}.
Since|| f'(x)|| < 1/2forall x € D,
(7) ok < ok-1+ [|& — &c1ll/2
and,sincexy_; € Dy_1 ((1)for j =k — 1),
(8 ok = () (@) = F'(X) (@) — e — acall/2
By (2) (for j = k — 1) and(5),
& — &1l < ik < T < F/(X-1)(Be1) — Gkt

andthus(8) impliesthatoy > (f'(Xk_1)(&x—1) + C_1)/2. Hencewe may
choosec, sothat

9) ok > C > (F'(x_1)(8k-1) + Ce1)/2,
(10) ok — Gk < 1032,
andsothat

(11) thediameterof {f'(x) : x € Dx_1, f'(X)(&) > Ck} is atmostny.
For futurereferencewe recordthatby (9) andby (2) (for j = k— 1)
(12) Ck — Ck1 > (F/ (K1) (B&-1) — Ck-1)/2 = Tha.

We now take tx = min((ox — C«)/4, nk) andapointx, € Dy_; suchthat

(13) f/ (X (&) > max(okx — 107 PiZrink, (ok + €)/2).



212 J.Lindenstrausd). Preiss

Thesetwo choicesensurdn particularthat(2) holdsfor j = k. Combining
(23)with (7) and(8), we infer that

(14) /060 (80 — F/O-1) (@-1)| < 107Ky T a1
By (3)(forj =1,...,k—1) thereisa¢, > 0sothat

| fOu +tey) — f(x) =t (X (el =< (af — Gt

(15) forall 1< j <k— land|t| < 4.

Next we choosedx > 0 sothatéx < min(g/4, (Sﬁ_l), B(Xx, 28&) C
B(Xk_1, 85_,) and

(16) | f(xc +ta) — f(x) — tf (x)(@)] < 103at| for |t < 8.

Finally we let Dy be thosepoints X in Dy_; N B(X, 8&) which satisfy
f’'(X)(e&x) > ¢« andfor whichthereisa g = B(x,k) with 0 < 8 < ax SO
that

| f(x +te) — f() —tf' () (@)] < BIt] if [t] < &
Clearlyxx € Dy sothat(1) holdsalsofor j = k. By the definition of Dy
also(3) holdsfor j = k. Moreover, (11) impliesthat

a7 thediameterof { f'(X) : x € Dy} is at mostny.

Note that we do not claim at this stagethatthe set Dy is in ary sense
large.It mayverywell consisfjustof onepointx. Still ourinductive choice
of all parametersvorks. Of courseoncea setD; reducedo a singlepoint
Xj thenx, = x; for k > j andall the setsDy with k > | consistof the
singlepoint xy.

Sincedy — 0ask — «c it is clearthatx = limy_, o, Xx exists.To prove
thatthis point hasthe desiredpropertywe shall prove (in the next section)
thefollowing lemma.

Lemma4. Thee are numbes w; > 0andA; > Oforj =0,1,2, ...
with w; — Osothatfor everyk > j > 0

(18)  f(x+y) — f(x) — T/ (Y] < wjllyll wheneer [ly|| < A
wheke the {x} are the pointsconstructecabove

Letusshav now thesimplefactthatLemmad impliesthetheoremFirst
notethatit follows from (18) thatfor ary two positive integersj; and j»,
I f'(xj,) — (X))l < wj, + wj, andhencex* = lim; f'(x;) exists and
[x* — f'(xj)Il < wj. Consequently f(xc+y) — f(x) — X" (V)| < 2wj |yl
wheneer |ly] < Aj andk > |. Keepingj fixedandlettingk — oo, we
infer that

[T(X+y) — ) = X" (V)| < 2w;llyllif [yl < Aj.
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Thus f is Fréchedifferentiableatx and f'(x) = x*. Sinceall the pointsx;
belongtothesetDy wegetthat f/(x) = lim; f'(x;) satisfiesf’(x)(gy) > o,
hencef’(x)(v — u) > masdesired.

5. The proof of Lemma 4

In this sectionwe prove Lemma4 andthis will concludethe proof of the
theoremWekeepthenotationof theprevioussectiorandclaimthatsuitable
wj andA; (j =0, 1,...) for which (18) holdsaregivenby

wj = 103(Kj —i—O{j)
Aj = 10_9Kjfj77j8j+l§j+l-

Indeedassumehat(18)is falsefor somek > j > 0. Sincewp > litis
clearthatj > 1.Lety e X with ||y|| < A; besuchthat

[T 4+ y) — T — F'X)D (W] > wjllyll.

By maoving y slightly we may assumethat at almostevery point of the
intersectiorof G andtheaffine spanof xx, X« + Y, X« + €; thefunction f is
Gateauxdifferentiable.

We next passinto a settingwherewe canapplyLemma3. Lets = ||y,
e=y/s,r = 10Ps/kjtjn; anddefineg: [-2r, 2r] x [0, s] — R by

g(u, v) = f(x + uej + ve) — f(x) — f'(xj)(ug; + ve).

We intendto applyLemma3 with thegivenchoicesofr, s, g, with « = «;j,
T = 7, 71 = n; andN thesetof (u, v) suchthat f is not Gateauxdifferen-
tiableatx, + ue; + ve. We checkfirst thatall theassumptionsf Lemma3
aresatisfied.

To estimateg(u, 0) we cannotuse(3) directly sincethis would give an
estimatdn termsof r andnotin termsof s. Wethereforeuse(14)to replace
f’(xj)(g)) by f'(Xj+1)(€j+1). We proceechasfollows:

Since

=2 1063/KJ"L'J‘7]J‘ <2. 106Aj/lcjl'j77j <djs1
we deduceuysing(3), (4), (5) and(14),thatfor |u|] < 2r
19(u, 0)] < [f(X« + uej1) — f(x) — F'(Xj11)(U€j 1)
+ (lejr1 —&ll/2+ 1 F'(Xj10 (8 +1) — /(X)) (e)DIul
< (Olj+1 +¥yj+1/2+ 1(Tng2Tj77j)|U|
< 2r (10 %Ftjn; +2- 10 %5y n;)
= 25(107% +2- 103k < kjS/32
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It remaingo notethat

190, 9)| = [T+ y) — f(x) — /XY > wjllyll = «js.

Having verifiedthatall theassumptionsf Lemma3 hold we useit to find
apoint (u, v) € [—r, r] x [0, s] sothat

(29) f is Gateauxdifferentiableat x = xi + ue; + ve
(21) 01(u, v) > kjS/128& or|gy(u, v)| > «j/16

(22)  |gu+t,v) — g, v)| < (n; +8,/d; (U, v)N)|t| for [t] <.
We now malke thefollowing
Claim. x € Dj_y and f'(x)(g)) > c;.

We shaw first thatthiswill concludetheproof.Indeed by (13)and(21)
we have either

f'(x)(e) = f'(x;))(g) + g1(U, v)
f'(x;)(e)) + «js/12& = £'(x;)(g)) + 10 ®«frjn; /128> o

9]

vV v

whichis a contradictionor by (11),(13) and(21)
Ki/16 < 1gy(u, v)| < [ T/(x)) = T’ < n;

andthis againis a contradictionin view of (6).
It remaingo provetheclaim. Notefirstthatby (2), f'(x;)(ej) > ¢j + 7;
andby (5)and(12),yi < tj 1 < ¢ —¢ i foralli > 1.HenceforO<i < j
f'x@) > F'x)(g) — lle — gl = F'(x)(g) +gy(u, v) — [l& — g
j—1
> X)) =1 =D v = T (X)(€) — 7 — ¢+ G > G.
k=i

This provesthe secondassertiorin the claim andalsothatx € Dy, since
X = Xll <7 +5<8j41, X — Xj|| <85 andB(xj, 26%) C B(xo, 83).

It remainsto provethatx € D; fori = 1,2,..., ] — 1 andwe dothis
by inductiononi. Leti < j — 1 andassumehatx € D;_;. Whathasto be
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shawvn in orderto ensurghatx € D; is thatthereisa 8, < «; sothat
| f(x +te) — f(x) —tf'(x)(8)] < Bilt| for all |t| < .

We shallverify this by treatingseparatelyhreedifferentrangeof t.

Casel, |t| <r. Sincex € Dj_; andsince f'(x;)(g;) > ¢j > ¢ (by (2) and
(12))we have

/ / / / !/ 1
G (U, v) = T (x)(€) — T(x))(€) = T (x)(@) — T'(X))(€) + 7ll& — &l

1 J
Scri—ci+§k;lyi <01 — G + Vis1.

Henceusingthatx;, X; € D; andso(17)impliesthat|| f'(xj)— f'(x) | < i,
we infer from (22) that

[f(x+tg) — f(x) —tf'(xi)(e)]
<(lej —all+If'x) — F'e)IDItI+| f(x +te)) — f(x) —tf'(x))(e))]

< (2pi41+mi +nj + 8/ gL (U, v))t]

< (2vis1+ 20 +8VYiz1 +0i — ) It]

In view of (4), (5), (6) and(10) thenumberin front of |t| is strictly smaller
thanc;.

Casell, r < |t| < 8j41/2.Inthiscasesincexk € Dj41, [v] < sandju| <r
we get

|f(x+te) — f(x) —tf'(x) (&)
<l =&l +1f'x)— Xl
+ [ f(x +te) — f(x) — tf'(x;10) (gDt
< pipa+n) It T + (T4 u)ey) — F(x + uey) —t /(X 41)(€))[+S
< Wiy +m)lt|
+ | f(Xi + (t + wej1) — f(xi + uejy1) —tf'(Xj11)(€40)] + S
< Gy +m)lt|
+ [ fO 4 (T +wejy1) — T — (t+u) F/(Xj1)(€41)]
+ [ f(X¢ 4 ugj 1) — FOx) — uf'(Xj11)(412) + 8
< (AYig1+ ni + Bajp1 + /0L
= (4yi1+ m + Bajp1 + 10k rympIt]

andagainthenumberin front of |t| is strictly lessthane;.
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Caselll, §;11/2 < [t| < 6. By (15) (in whichk is replaceddy j + 1 and]
by i),

| f(x +te) — f(x) —tf'(x)(e)l
< |f(x+te) — f(Xjz1+te)| + | f(X) — f(Xj40)]
+ [ f(Xj41 +t6) — f(Xj41) —tF'(x)(8)]
< X = Xjqall + (@i — ¢4t
<X = Xkl + 1%k — Xjaall + (@i — ¢j1)t]
< (2(2r +85,) /841 + i — L) .

Sincer < 10PAj/k;tjn; it follows from thedefinitionsof A; ands; ., that
alsoherethenumberin front of |t] is strictly lessthane;.

This, finally, finishesthe proof of Lemma4 andthusof thetheorem.
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