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Abstract. Wegivearelativelysimple(self-contained)proofthateveryreal-valuedLipschitz
functionon � 2 (ormoregenerallyonanAsplundspace)haspointsof Fréchetdifferentiability.
Somewhat moregenerally, we show that a real-valuedLipschitz function on a separable
Banachspacehaspointsof Fréchetdifferentiabilityprovidedthatthe ��� closureof theset
of its pointsof Gâteauxdifferentiabilityis normseparable.

1. Intr oduction

Thepurposeof this paperis to give a simpler(self-contained)proof of the
mainresultof [4], namelythataLipschitzfunctionfrom � 2 (or moregener-
ally fromanAsplundspaceX) into haspointsof Fréchetdifferentiability.

Theproof in [4] usedaniterative methodfor findingapointof differen-
tiability. Eachstageof theiterationprocedureinvolvedanew renormingof
thespace.The fact that X is Asplundwasusedto ensuretheexistenceof
suitablegoodrenormings.In this paperwe alsouseaniterative procedure
but thefactthat X is Asplundis usedvia slicingpropertiesof boundedsets
in X � .

Beforeweproceedwerecallsomebackgroundmaterial(for adiscussion
of it andfurtherreferencessee,e.g.,Phelps[3]).

A function f from anopensetin a BanachspaceX to Y is saidto be
Gâteauxdifferentiableatx0 if thereis aboundedlinearoperatorT � X � Y
sothatfor everye 	 X

lim
t 
 0

�
f
�
x0 � te�� f

�
x0 ��� t � Te�

If the limit above existsuniformly in e in theunit sphereof X we saythat
f is Fréchetdifferentiableatx0. Alternatively, f is Fréchetdifferentiableat
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x0 if andonly if

f
�
x0 � y�� f

�
x0  � Ty � o

���
y
�  as

�
y
� � 0 �

If Y is therealline wedenotetheGâteauxderivative T of f at thepoint x0

by f � � x0 �	 X � .
A BanachspaceX is called an Asplund spaceif every (real valued)

continuousconvex functionon X is Fréchetdifferentiableon a denseset.
A spaceX is Asplund if and only if every separablesubspaceof X has
aseparabledual.If X isnotAsplundthereisanequivalentnormon X which
is nowhereFréchetdifferentiableandthusin particulartheassumptionthat
X is Asplundin thetheoremof [4] quotedabove cannotbeweakened.If A
is a boundedsetin X � a � � -slice Sof A is a setof theform S ��� x � 	 A �
x � � x������� "! for somex 	 X,  $# 0andwhere�$� sup� x � � x�� x � 	 A! .
Wesayin suchasituationthatS is a � � -slicedefinedby thevectorx (to be
sureSdependsalsoon  ).

We shall considerheremainly separableBanachspacesX. It is well
known (see,e.g.,[2]) that if f is a Lipschitz functionfrom anopensetG
in a separableX into then f is Gâteauxdifferentiablein a subsetD of
G so that G % D is a Gaussnull set.We shallwork with the set A & X �
of Gâteauxderivativesof f at thepointsof D. This setis clearlybounded
in normby theLipschitzconstantof f . In very crudetermsour strategy is
to find a decreasingsequence� Sn !�'n( 1 of � � -slicesof subsetsof A whose
diameterstendto 0 andfind pointsxn with f � � xn )	 Sn sothatxn � x for
somevectorx (thisis easyto achieve)andsothat f is Fréchetdifferentiable
at x with f � � x*� limn f � � xn  (this is delicate).What the proof gives in
particularis thatstartingwith any nonemptysliceSof A wefind apoint x
of Fréchetdifferentiabilitywith f � � x+	 S. This alsoprovesthat themean
valuetheoremholdsfor Fréchetderivatives.

Theprecisestatementof theresultweprove hereis

Theorem. Let X bea separableBanach spaceand f a Lipschitz function
from an opensubsetG in X into . Let D & G be the seton which f
is Gâteauxdifferentiableand let A �,� f � � x-� x 	 D ! . Assumethat the
� � closure of A is norm separable. ThenG containsa point of Fréchet
differentiabilityof f .

Moreover, for everysegment. u /10324& G andfor everym 5 f
� 067� f

�
u

there is a point x of Fréchetdifferentiabilityof f sothat f � � x � 08� u�# m.

By theseparationtheorem(andthedefinitionof Gâteauxderivatives)an
obviousequivalentway to statethetheoremabove is thefollowing

Corollary. With thenotationsandassumptionsasabovewehavethat

� � � cl conv � f � � x9� x 	 D !:�;� � � cl conv � f � � x<� x 	�=D !
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where =D is the subsetof D consistingof all pointsat which f is Fréchet
differentiable.

It shouldbe pointedout that also the nonseparablecaseof the main
resultof [4] follows from thetheoremstatedabove. This will beshown in
Proposition2 in thenext section.

Besidesbeingsimplerthantheproof of [4] (andthis is themainpoint)
andgiving asomewhatmoregeneralresult(for separableX) therearealso
somedrawbacksto theproof presentedhere.In particularit doesnot seem
that the methodof proof of this paperyields the following result (which
wasobtainedin [4] asa by-product):Thereis a subsetN of theplane 2

with Lebesguemeasure0 sothatevery Lipschitz functionfrom 2 into
is differentiableatsomepointof N.

Although the proof given hereis definitely simpler than that of [4] it
is still quite involved. The inherentreasonfor the difficulty of the proof
is that it providesanalgorithmfor producinga sequenceof points � xn !�'n( 1
whichconvergeto a pointof Fréchetdifferentiability. Suchanalgorithmis
apparentlynotsimpleto findevenin theclassicalcaseof mapsfromtheline
into itself.Theusual(veryshortandelegant)proofsof Lebesgue’s theorem
on the line prove automaticallythat the function is differentiableoutside
a setof measure0. Unfortunately, we arenot awareof any definition of
anontrivial � -ideal(or evenjustanideal)of setsin aninfinite dimensional
spaceX (even if X �>� 2 so that every Lipschitz function from X to
is Fréchetdifferentiableoutsidethis � -ideal (resp.ideal).Several natural
candidatesfor sucha � -idealcanbeprovednotto besuitable.Thestrongest
tool for proving thisaretheresultsof [6]. For example,it is nottruethatthe
collectionof Gaussnull setsis sucha � -ideal.For thisspecific� -idealthere
is now anevenmorestriking counterexample.TheHilbert space� 2 canbe
renormedso that the new norm (which is of coursea convex function) is
Fréchetdifferentiableonly on a Gaussnull set[1]. Thusif our algorithm
is appliedto this specificnormin � 2 we invariablyendup in a fixedGauss
null set.

Thefact thatno “almosteverywhere”versionof thetheoremis known
leadsto anothercomplication.It is notknown, for example,if two Lipschitz
functions f / g �?� 2 � have a commonpoint of Fréchetdifferentiability,
or equivalently, whethera Lipschitz function from � 2 to the plane has
a point of Fréchetdifferentiability. The secondexamplein [6] shows that
the methodusedhereto prove the theorem(i.e. via slices in the set of
Gâteauxderivatives)doesnotgeneralizein anobviouswayto mapsinto k

with k # 1. In [6] it is shown thatthereis aLipschitzmapping f from � 2 to
3 sothat

f �1 � x � e1  � f �2 � x � e2  � f �3 � x � e3 �� 0
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at every point of Fréchetdifferentiability of f , but so that f is Gâteaux
differentiableat theorigin and

f �1 � 0 � e1  � f �2 � 0 � e2  � f �3 � 0 � e3 �� 1 �
(Here � ei ! 3i ( 1 aresomevectorsin � 2 and f �i � x is the i ’ th componentof the
derivativeof f whichis,bydefinition,alinearmapfrom � 2 to 3). A similar
exampleis givenin [6] for mappingsfrom � p into 2 if 1 5 p 5 2.

(We mention here that in [6] there is a bad misprint which, unless
corrected,makes the proof unreadable.On page227 in the statementof
Lemma3 andin many placesin pages228and229thereis a meaningless
symbolg @ in the formulas.This symbolshouldbe replacedeverywhere
by g ACB mz Arm

.)
Theorganizationof thispaperis asfollows:
In Sect.2 weprovesomepreliminaryfunctionalanalyticresultsneeded

to show the generalform of our theorem.For the particularcaseof sep-
arableAsplundspaceoneneedsProposition1 andRemark1 only underthe
additionalassumptionthat X � is separable;underthis assumptionasimple
proof is providedby Remark2.

In Sect.3 we presenttheproof of a rathertechnicallemmaconcerning
Lipschitzfunctionsfrom 2 to .

In Sect.4 we presentthe algorithmfor finding the promisedpoint of
Fréchetdifferentiabilityof f .

In Sect.5 we prove (using the result of Sect.3) that the algorithm
presentedin Sect.4 reallyworks.

2. Functional analytic preliminaries

Thefirst resultin thissectionshowshow theassumptionin thestatementof
thetheorem,that A hasa normseparable� � closure,will beapplied.This
result is relatedto several known resultsconcerningthe Radon-Nikodým
property, but we are not aware of a referencein which the sameresult
is proved. In any case,in order to make the proof of the theoremhere
self-contained,weprove thepropositionin detail.

Proposition1. Let A a be a nonemptyboundedsubsetof X � so that the
� � closure of A is normseparable. Thenfor every x D� 0 in X andevery
0 5FEG5 � x � there is a � � sliceof A which is determinedbya vectory with�

y � x
�+H E andhasa diameterat mostE .

Proof. Assumethattheassertionis falsefor somex and0 5IEJ5 � x � and
assumealsothat A is containedin theunit ball of X � .

Let �K� sup� f
�
xL� f 	 A! , let M��NEO� 2, PL�QMRES� 3 andput S �N� f 	

A � f
�
xT�I�U�UPV� 2 MO! . By our assumptionthereareg1 / gW 1 	X� f 	 A �
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f
�
x<#Y�$�ZPR! sothat

�
g1 � gW 1

� #FE ; i.e. thereis au in theunit sphereof
X sothatg1

�
u[� gW 1

�
u<#\E .

Considernext the set � f 	 A � f
�
x � M u]#;�Y�FP � M g1

�
u�! . This

set is non empty (it containsg1) and is containedin S (since f
�
x\#

�^�ZP � M � g1 � f  � u<���^�ZP�� 2 M ). Also, for f in thisset

� � M f
�
u9� f

�
x � M u9#Y�Z�^P � M g1

�
u

andhence
f
�
u9# g1

�
u[�ZP_�`M9� g1

�
u[�ZES� 3 �

Let now � 1 � sup� f
�
x � M u�� f 	 A! , let P 1 and M 1 besuchthat M 1 5YEO� 4,

M 1 � 3P 1 �aE , and

� 1 �^P 1 � 2 M 1 #F�Z�^P � M g1
�
uR/

andput
S1 �b� f 	 A � f

�
x � M u���� 1 �ZP 1 � 2 M 1 !O�

Fromthediscussionabove it follows that the � � slice S1 satisfiesS1 & S
andfor f 	 S1 wehave f

�
u9# g1

�
u[�^EO� 3.

In a similar way we define�`W 1 � sup� f
�
x �IM uL� f 	 A! andchoose

positive P W 1 and M W 1 sothat M W 1 5FEO� 4 /1M W 1 � 3P W 1 �aE ,
� W 1 �ZP W 1 � 2 M W 1 #Y�Z�ZP��IM gW 1

�
uO/

andput
SW 1 �c� f 	 A � f

�
x �\M u��U� W 1 �ZP W 1 � 2 M W 1 !R�

Then SW 1 & S and for f 	 SW 1, f
�
ud5 gW 1

�
u � EO� 3. In particularif

f 	 S1 and =f 	 SW 1 then f
�
ue� =f � u9#FEO� 3.

Since
�
x � M u � x

� �fM<�bEO� 2 5FE it followsfromourassumptionsthat
thereareg1g 1 andg1g W 1 in Asothatg1g 1 � x � M uO/ g1g W 1

�
x � M u�#F� 1 �TP 1 and

g1g 1 � u1 h� g1g W 1
�
u1 <#YE for somevectoru1 in theunitsphereof X.Similarly,

we choosegW 1g 1, andgW 1g W 1 in A anduW 1 in the unit sphereof X so that
gW 1g 1 � x �iM uO/ gW 1g W 1

�
x �iM u�#Y�jW 1 �+P_W 1 andgW 1g 1 � uW 1 k� gW 1g W 1

�
uW 1 ?#*E .

Wecontinuein anobviouswayanddefinefor every k-tuple l 1 /3l 2 / �R�R� /3l k

of signs
�
k � 1 / 2 / �R�R�  elementsgm 1 gon n npg m k 	 A, vectorsum 1 gqn n nrg m k in theunit

sphereof X, numbers0 5bMOm 1 gqn n nrg m k 5 2W k E and � � slicesSm 1gqn n nrg m k sothat

(i) gm 1 gqn n npg m k 	 Sm 1 gqn n nrg m ks 1,
(ii) Sm 1gon n npg m kt 1 & Sm 1 gqn n npg m k,
(iii) the slice Sm 1 gqn n nrg m k is determinedby the vectorx � l 1 M u � l 2 MRm 1um 1 ��R�R� � l k MRm 1 gon n npg m ks 1um 1 gqn n npg m ks 1,
(iv) f 	 Sm 1gon n npg m k g 1, =f 	 Sm 1 gqn n nrg m k g W 1 u f

�
um 1 gqn n nrg m k [�v=f � um 1 gon n npg m k 9#FES� 3.
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Notethat thedistanceof thevectorappearingin (iii) from x is smaller
than E . For every infinite sequenceof signs ��l i ! 'i ( 1 �wl let gm be any � �
limit point of thesequence� gm 1 gon n npg m i ! 'i ( 1. If lxD� =l i.e. if l i � =l i for i

H
k

and l ky 1 D� =l ky 1 then
�
gmz� g{m � #c| � gm4� g{m  � um 1 gqn n npg m k O|}�xEO� 3

andthiscontradictstheseparabilityof the � � closureof A.

Remark1. If the � � closureof A is separablethe sameclearly holdsfor
everysubsetof A. It followsthatany subsetof A has � � slicesof arbitrarily
small diameterwhich are determinedby vectorsarbitrarily closeto any
given vector. This assertionis exactly what is usedconcerningA in the
proofof thetheorembelow.

Remark2. If we make the strongerassumptionthat X � itself is separ-
able thenthe proof of Proposition1 becomesmuchsimpler. Let p

�
xG�

sup� f
�
x<� f 	 A! . This is acontinuousconvex functionandif X � is separ-

able,it isFréchetdifferentiableatadensesetof vectorsx. It is trivial tocheck
thatwhenever p is Fréchetdifferentiableatsomepoint x, thenthis x deter-
mines � � slicesof A of arbitrarilysmalldiameter(cf. [3, Lemma2.18]).

Thesecondpropositionwe presentin this sectionis a tool for reducing
differentiability problemsto the separablecase.In particular, it implies
immediatelythemainresultof [4] in thenonseparablecase,onceweknow
the theoremstatedin Sect.1. This reductionresultappearsalreadyin [5,
Theorem1]. Wereproducehereits proof for thesake of completeness.

Proposition2. Let X and Y be Banach spaces,G an openset in X and
f � G � Y a Lipschitz function.Thenfor everyseparablesubspaceV of X
there is a separablesubspaceW of X containingV which hasthefollowing
property:If f ~G � W is Fréchetdifferentiableat somex 	 G � W then f itself
if Fréchetdifferentiableat thesamepoint.

Proof. We notefirst that f is Fréchetdifferentiableat x if (andobviously
only if) for every EJ# 0 thereis a PG# 0 suchthatwhenever u /10G	 X with�
u
� � � 0 � � 1 andwhenever s andt satisfy0 5b| s|�/1| t |"5FP then

�
f
�
x � t

�
u � 0���� f

�
x��� t

� � f � x � su�� f
�
x��� s � � f � x � s06�� f

�
x��� s H E�� ( � )

Indeed,by takingu �f0 we deducethatTu � limt 
 0
�
f
�
x � tu8� f

�
x��� t

exists.It alsofollows from ( � ) thatT is linearandbounded.Using( � ) again
for u ��0 , fixeds andt � 0 weget

�
Tu � � f � x � su�� f

�
x��� s�+H EO� 2
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for all u with thenorm1 and | s|}5FP . ThusT is theFréchetderivative of f
at x.

For every x 	 G we choosea countablesubsetA
�
x with the fol-

lowing property:Whenever s and t are non zero rational numberswith
2max

� | s|�/1| t |��5 dist
�
x / X % G  thereareu /10L	 A

�
x sothat

�
u
� � � 0 � � 1

and

�
f
�
x � t

�
u � 06�[� f

�
x��� t

� � f � x � su�� f
�
x��� s � � f � x � s06�� f

�
x��� s

���L| s| � sup
�
f
�
x � t

�
z � �e�[� f

�
x��� t � � f � x � sz[� f

�
x��� s

� � f � x � s�[�� f
�
x��� s � z/1��	 X / � z� � � � � � 1 �

We now defineinductively an increasingsequenceof separablesub-
spacesof X.PutV0 � V.OnceVn hasbeendefinedletCn beadensesequence
in it andlet Vny 1 betheclosedlinearspanof Cn � � A � x)� x 	 Cn � G ! .
We claim thatW � '

r ( 0 Vn hasthedesiredproperty. Let x 	 G � W and
assumethat f ~W is Fréchetdifferentiableat x with =T asits derivative there.
Thenfor every E-# 0 thereis a 0 5�P � EOL5 min

� E�/ dist
�
x / X % G� sothat

for every z 	 W with
�
z � x

� 5FP � ES
�

f
�
z[� f

�
xe��=T � z � x � 5YE � z � x

� � 28�
If f is not Fréchetdifferentiableat x it would follow from theobservation
in thebeginningof theproof that thereareu /10-	 X of norm1, an EX# 0
andrationals/ t, with 0 5f| s|�/1| t |e5�P � EO�� 4 so that ( � ) fails to hold. From
thedefinitionof W it follows thatthereis a y 	 '

n( 1 Cn sothat

�
y � x

� 5 min
� | s|�/1| t |��5FP � ES�� 4 /�

1��| t | � 2�`| s|  � y � x
�L� =T � 5FEO� 4 /�

1�`| t | � 2��| s|� � f
�
y[� f

�
x � 5FEO� 4

and

�1�
f
�
y� t

�
u � 06�S� f

�
y��� t � � f � y� suS� f

�
y��� s � � f

�
y� s06S� f

�
y��� s� #FE��

SinceA
�
y�& W andby thedefinitionof A

�
y , thereareu� /10 � 	 W of norm

1 sothat

�
f
�
y � t

�
u� � 0 � �[� f

�
y��� t � � f � y � su� [� f

�
y��� s

� � f � y � s0 � [� f
�
y��� s #FET�\| s|?# 3EO� 4 �

On the otherhandthe left-handsideof the precedinginequalitydoesnot
exceed
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�
f
�
y � t

�
u� � 0 � �[� f

�
x��� t � � f � y � su� �� f

�
x��� s

� � f � y � s0 � [� f
�
x��� s � � 1��| t | � 2�`| s|  f

�
y�� f

�
x

5 � =T ��� y � t
�
u� � 0 � [� x�� t � � y � su� � x�� s � � y � s0 � � x�� s �

� E � y � t
�
u� � 0 � [� x

� � 28| t |
� E ��� y � su� � x

� � � y � s0 � � x
� �� 28| s| � EO� 4

5 � 1��| t | � 2�`| s|  � y � x
�e� =T � � E � 4 � � y � x

� �`| t | � 2
�
y � x

� �`| s| �� 28

� EO� 4 5 3EO� 4 �
Thusweareled to acontradictionandthepropositionis proved.

3. Measure theoretic lemmas

Thepurposeof this sectionis to prove Lemma3 below. We startwith the
well known resultthatthesocalledHardy-Littlewoodmaximaloperatoris
of weaktype(1,1).Wewill denoteby m theLebesguemeasureon theline.

Lemma 1. Let g 	 L1
�  thenfor every �d# 0

m� t � Mg
�
t9����! H 2�a� | g � tO| dt

where

Mg
�
te� sup

I
| g � sO| ds � m � I  W 1 � I is an intervalcontainingt �

Consequently, if | g � tR| H 1 for everyt thenFubini’sTheoremandthebound
0
H

Mg
�
t H 1 give

Mg
�
t 2dt � 1

0
m� t � Mg

�
t 2 # s! ds � 1

0
m� t � Mg

�
t�#Y� s! ds

H 1

0
2� � s | g � tO| dtds � 4 | g � tO| dt �

Thenext lemmais a slight variantof a lemmausedalreadyin [4, Lem-
ma3.3].

Lemma 2. Supposea 5 b arerealnumbersandh ��. a / b2�� a Lipschitz
functionwhoseLipschitzconstantis

H
1. Assumethat

b

a
| h � � tR| dt � 2 | h � b[� h

�
aO|��

Thenthere is a measurablesubsetA & � a / b sothat
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(i) m
�
A�� 1

16
b
a | h � � tO| dt,

(ii) h � � s<� b
a | h � � tR| dt� 8 � b � a for everys 	 A,

(iii) | h � te� h
�
sR| H 8� h � � sO| t � s| for everys 	 A andt 	�. a / b2 .

Proof. Let g
�
ti� h � � t whenever the derivative exists (and take it as 0

otherwise).Putgy � max
�
g / 0 and

D � t 	�. a / b2z� g � t�# b

a
| g � uO| du� 8 � b � a

B �c� t 	 D � g � t�5 � Mg
�
t� 2 � 64!

A � D % B �
It is evident thatevery s 	 D (andthuss 	 A) satisfies(ii). For s 	 A

andt 	d. a / b2
| h � t[� h

�
sO|�� �

t g s� g
�
u du

H
Mg
�
sO| t � s| H 8 h � � sS| t � s|

andthusalso(iii) holds.It remainsto verify (i),
b

a
| g � tO| dt � 2

b

a
gy � t dt � b

a
g
�
t dt � 2

b

a
gy � t dt � � h � b[� h

�
a�

H
2

b

a
gy � t dt � 1

2

b

a
| g � tR| dt �

Thus
b

a
| g � tO| dt

H
4

b

a
gy � t dt � 4

D
g
�
t dt � 4 �

ag b�q� D gy � t dt

H
4

D
g
�
t dt � 1

2

b

a
| g � tO| dt

andconsequently
b

a
| g � tR| dt

H
8

D
g
�
t dt �

In view of Lemma1,

B
g
�
t dt

H
B

Mg
�
t 2dt� 64

H b

a
| g � tR| dt� 16

andhence
b

a
| g � tO| dt

H
8

A
g
�
t dt � 8

B
g
�
t dt

H
8

A
g
�
t dt � 1

2

b

a
| g � tO| dt

or
b

a
| g � tO| dt

H
16

A
g
�
t dt

H
16m

�
AO�
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Wecomenow to thelemmawhich is thepurposeof thepresentsection.
The lemmahasa ratherspecialandquite involved statement.It is tailor-
madeto its applicationin Sect.5. Theproof of the lemmais however not
verycomplicated.It usesjusttheprevioustwo lemmasandFubini’stheorem
in theplane.

Lemma 3. Let0 5F��/1M�/3��5 1 with MG�U� , let r / s # 0 with s
H

10W 6 ��MO� r .
Let g ��.�� 2r / 2r 2��\. 0 / s27� bea Lipschitz functionwhich satisfies

| g � 0 / sR|}#F� s and | g � u / 0O| H � s� 32 for all u 	d.�� 2r / 2r 2
and is such that both partial derivativesg�1 � u /10� and g�2 � u /106 are a.e. of
absolutevalue at most1. Finally, let N &�.�� r / r 2���. 0 / s2 be a set of
(Lebesgue)measure 0.

Thenthere is a
�
u /106�	d.�� r / r 2��I. 0 / s2?% N sothat

(i) g�1 � u /106�#b�z�
(ii) g�1 � u /106�#FE 1 �b� s� 128r or | g�2 � u /106O|�#FE 2 �c�1� 16
(iii) | g � u � t /106[� g

�
u /106O| H�� M � 8 g�1 � u /106 y R| t | , if | t | H r .

Proof. We mayclearlyassumethat N containsall pointsof nondifferen-
tiability of g in .�� r / r 2:�\. 0 / s2 . Notethatby theassumptionson g

| g � u /106O| H 2s for all
�
u /1069	$.�� 2r / 2r 2:�\. 0 / s2��

Let I be the setof all 0^	c. 0 / s2 for which N�-��� u � � u /106d	 N ! has
measure0, let C1 � 4��M andk � 32. If rW r | g�1 � u /10�O| du # kC1s for some
0X	 I thenby Lemma2 thereis a u 	I.�� r � C1s/ r � C1s2�% N� so that
g�1 � u /106�� C1s� r (which is clearly #\E 1 and

| g � u � t /106�� g
�
u /106O| H 8 g�1 � u /10�S| t | whenever | u � t | H r �

If | t | H r but | u � t |}� r thenby thechoiceof u, | t |�� C1s and

| g � u � t /106�� g
�
u /106O| H 4s

H
4 | t | � C1

H M�| t |
andthereforethepoint

�
u /106 wefoundhasthedesiredproperties.Thuswe

mayassumefrom now on that

r

W r
| g�1 � u /106R| du

H
kC1s for all 0�	 I �

Let M bethesetof points
�
u /10�V	�.�� r / r 2�� I suchthatat leastoneof the

following happens

(a) g�1 � u /10� H �z� ,
(b) Thereis a t with | t | H r sothat | g � t /106�� g

�
u /106O|�#bM�| t � u | .
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By Lemma1 andChebyshev’s inequalityfor every 0+	 I ,

m� u � � u /1069	 M ! H kC1s�a� � 2kC1s�`M�� C2s�
By Fubini’s theoremthere is an r0 	 r

4 / r
2 so that the set I1 of those

0+	 I suchthat
�
r0 /1069	 M � N or

� � r0 /1069	 M � N hasmeasureatmost
c2s � 8C2s2 � r . Notethatby thedefinitionof C2 andtheassumptionon s
in thestatementof thelemmac2 5YE 2 � 2.

Every
�
u /106V	 D ��.�� r0 / r0 2:��. 0 / s2�% � M � N  clearlysatisfies(i) in

thestatementof theLemma.It alsosatisfies(iii), evenin thestrongerform

| g � u � t /106�� g
�
u /106O| H M�| t | if | t | H r � (� )

Indeed,this is clearby the definition of M if | u � t | H r . If | t | H r and
| u � t |�# r thensince | u | H r0

H
r � 2 wededucethat | t |�# r � 2. But then

| g � u � t /106�� g
�
u /10�O| H 4s

H �
8s� r  � r � 2 H M�| t |

asdesired.Consequently, if for some
�
u /106)	 D, | g�2 � u /106O|�#\E 2 this point

will satisfyall therequirementsin thelemmaandtheproofwill befinished.
We canthusassumethat | g�2 � u /106O| H E 2 for all

�
u /106G	 D. Hence,in

particular, for all 0+	d. 0 / s2 ,
| g �r¡ r0 /106O| H | g �r¡ r0 / 0O| �

s

0
| g�2 �p¡ r0 / tO| dt

H � s� 32 �
I1

| g�2 �r¡ r0 / tO| dt � �
0g s�o� I1 | g�2

�r¡
r0 / tO| dt

H � s� 32 � c2s � E 2s
H

2E 2s�
Sincem

�
I1 H c2s thereis a 0+	 � I % I1 ��¢. � 1 � 2c2  s/ s2 whichwefix from

now on.Wehave

� s 5b| g � 0 / sO| H | g � 0 /106O| � 2c2s
H | g � r0 /106O| �

r0

W r0

| g�1 � t /106R| dt � 2c2s

H r0

W r0

| g�1 � t /106O| dt � 2
� E 2 � c2  s

H r0

W r0

| g�1 � t /106O| dt � � s� 2 �

Hence r0W r0
| g�1 � t /106O| dt #Y� s� 2. Sincealso

| g � r0 /106[� g
� � r0 /106O| H 4E 2s

H � s� 4
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wededucefromLemma2thatthereisau 	d.�� r0 / r0 2£% N� sothatg�1 � u /106�#� s� � 32r0 9�UE 1 and

| g � u � t /10��� g
�
u /106R| H 8 g�1 � u /106S| t |�/ whenever u � t 	d.�� r0 / r0 2��

In orderto verify thatfor this choiceof
�
u /106 assertion(iii) alsoholds,we

have to consideronly points t with | t | H r and | u � t |8# r0. Let =t be of
the samesign as t so that | u � =t |:� r0. Since 0Z	 I % I1 it follows that�
u � =t /106�	 D andhence,using(� ),
| g � u � t /106�� g

�
u /106O| H | g � u � t /106¤� g

�
u � =t /106O| � | g � u � =t /106¤� g

�
u /106O|

H M�| t � =t | � 8 g�1 � u /106S| =t | H�� M � 8 g�1 � u /106�R| t |��

4. The algorithm

In this sectionwe describethe algorithmwe usefor proving the theorem
statedin the introduction.We usethe notationappearingin thestatement
of the theorem.We just addnow for conveniencethe assumptionthat the
Lipschitz constantof f is at most 1

2 (and thusalso
�

f � � x �xH 1
2 for all

x 	 D).
We denotee0 � � 0*� u�� � 0*� u

�
, � 0 � sup� f � � x � e0 F� x 	 D ! ,

� 0 � � � 0 � m� � u �c0 � �� 3 and c0 �¥� 0 � 2� 0. Since f is Gâteauxdif-
ferentiableoutsidea set of Gaussianmeasure0 we can replacethe seg-
ment . u /1032 by a very closeparallelsegment . u�r/103�o2 so that f is Gâteaux
differentiablea.e.on . u� /10 � 2 and infer that there is an ¦x 	 D suchthat
f � � ¦x  � e0 *# m� � u �§0 � . Hence� 0 # 0 andwe may find x0 	 D so that
f � � x0  � e0 �#b� 0 � 10W 10� 0. We let 0 5§P 0 5 1 besuchthat theopenball
B
�
x0 /3P 0  (with centerx0 andradiusP 0) belongsto G. We let

D0 � x � x 	 D � B x0 /3P 2
0 and f � � x � e0 <# c0 �

All thefurtherpointswechoosewill bein D0 andnotethat � f � � x�� x 	 D0!
is asubsetof asliceof A definedby thevectore0.

We let � k � 2W k for k � 0 / 1 / 2 /1�R�R� and will defineinductively (in
thisorder)numbers k /3¨ k /1M k, unit vectorsek, numbers� k / ck /3� k, pointsxk,
numbers© k /3P k andsetsDk. We will do this choicesothat in particularthe
following hold:

x j 	 D j andD j & D j W 1 for all j � 0 /(1)

2� j
H

f � � x j  � ej e� c j for j � 0 /(2)

for every x 	 D j thereis ª«�bª � x / j 95Y j suchthat
| f � x � tej [� f

�
xe� t f � � x j  � ej O|�5Yª�| t | for all | t |}5FP j �(3)
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For k � 0 we definethe valueswe have not definedasyet by  0 � 2,
© 0 � 1� 2 and ¨ 0 �,M 0 � 1. Obviously, (1) and(2) hold for j � 0 (where
D W 1 meansD), and(3) is satisfiedwith ª«� 3� 2.

Let k � 1 andassumethat all the above have beendefinedfor values
smallerthank. Weput

 k � 10
W 8 min � 2

kW 1 � kW 1 M kW 1 /3 kW 1(4)

¨ k � 10
W 8 min � kW 1 /3 2

k /3¨ kW 1(5)

M k � 10
W 8 min

� � k /3 k O�(6)

By Proposition1 thereis a unit vectorek 	 X with
�
ek � ekW 1

� 5�¨ k

whichdefinesasliceof theset � f � � x9� x 	 DkW 1 ! of diameterlessthan M k.
Put

� k � sup� f � � x � ek 9� x 	 DkW 1 !O�
Since

�
f � � x �+H 1� 2 for all x 	 D,

� k
H � kW 1 � � ek � ekW 1

� � 2(7)

and,sincexkW 1 	 DkW 1 ((1) for j � k � 1),

� k � f � � xkW 1  � ek �� f � � xkW 1  � ekW 1 [� � ek � ekW 1
� � 2 �(8)

By (2) (for j � k � 1) and(5),
�
ek � ekW 1

� 5Y¨ k
H � kW 1 5 f � � xkW 1  � ekW 1 [� ckW 1

andthus(8) implies that � k # � f � � xkW 1  � ekW 1  � ckW 1 �� 2. Hencewe may
chooseck sothat

� k # ck # � f � � xkW 1  � ekW 1  � ckW 1 �� 2 /(9)

� k � ck 5 10W 3  2
k /(10)

andsothat

thediameterof � f � � x�� x 	 DkW 1 / f � � x � ek 9# ck ! is at most M k �(11)

For futurereferencewerecordthatby (9) andby (2) (for j � k � 1
ck � ckW 1 # � f � � xkW 1  � ekW 1 [� ckW 1 �� 2 �U� kW 1 �(12)

Wenow take � k � min
��� � k � ck �� 4 /1M k  andapoint xk 	 DkW 1 suchthat

f � � xk  � ek 9# max � k � 10
W 10� 2

k � k M k / � � k � ck �� 2 �(13)
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Thesetwo choicesensurein particularthat(2) holdsfor j � k. Combining
(13)with (7) and(8), we infer that

| f � � xk  � ek e� f � � xkW 1  � ekW 1 R|�5 10
W 9 � 2

kW 1 � kW 1 M kW 1 �(14)

By (3) (for j � 1 /1�R�R�O/ k � 1 thereis a © k # 0 sothat

| f � xk � tej [� f
�
xk [� t f � � x j  � ej O| H��  j �Z© k R| t |

for all 1
H

j
H

k � 1 and | t | H P j �(15)

Next we chooseP k # 0 so that P k 5 min
� © k � 4 /3P 2

kW 1  , B
�
xk / 2P 2

k Z&
B
�
xkW 1 /3P 2

kW 1  and

| f � xk � tek �� f
�
xk [� t f � � xk  � ek O| H 10

W 3  k | t | for | t | H P k �(16)

Finally we let Dk be thosepoints x in DkW 1 � B
�
xk /3P 2

k  which satisfy
f � � x � ek G# ck andfor which thereis a ªU�fª � x / k with 0 5cª\5� k so
that

| f � x � tek [� f
�
x[� t f � � xk  � ek O| H ª�| t | if | t | H P k �

Clearly xk 	 Dk so that (1) holdsalsofor j � k. By thedefinitionof Dk

also(3) holdsfor j � k. Moreover, (11) impliesthat

thediameterof � f � � x�� x 	 Dk ! is atmost M k �(17)

Note that we do not claim at this stagethat the set Dk is in any sense
large.It mayverywell consistjustof onepointxk. Still ourinductivechoice
of all parametersworks.Of courseoncea setD j reducesto a singlepoint
x j thenxk � x j for k � j andall the setsDk with k � j consistof the
singlepoint xk.

SinceP k � 0 ask �¬ it is clearthatx � limk
 ' xk exists.To prove
thatthis point hasthedesiredpropertywe shallprove (in thenext section)
thefollowing lemma.

Lemma 4. There are numbers � j # 0 and ® j # 0 for j � 0 / 1 / 2 /1�R�R�
with � j � 0 sothat for everyk # j � 0

| f � xk � y�� f
�
xk [� f � � x j  � yR| H � j

�
y
�

whenever
�
y
�+H ® j(18)

where the � xk ! are thepointsconstructedabove.

Letusshow now thesimplefactthatLemma4 impliesthetheorem.First
notethat it follows from (18) that for any two positive integers j1 and j2,�

f � � x j1 <� f � � x j2  �dH � j1 � � j2 andhencex � � lim j f � � x j  exists and�
x � � f � � x j  �LH � j . Consequently, | f � xk � y¯� f

�
xk �� x � � yO| H 2 � j

�
y
�

whenever
�
y
�-H ® j andk # j . Keeping j fixedandletting k � ¬ , we

infer that

| f � x � ye� f
�
x[� x � � yO| H 2 � j

�
y
�

if
�
y
�+H ® j �
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Thus f is Fréchetdifferentiableatx and f � � xe� x � . Sinceall thepointsx j

belongtothesetD0 wegetthat f � � x:� lim j f � � x j  satisfiesf � � x � e0 <� c0,
hencef � � x � 09� u9# m asdesired.

5. The proof of Lemma 4

In this sectionwe prove Lemma4 andthis will concludetheproof of the
theorem.Wekeepthenotationof theprevioussectionandclaimthatsuitable
� j and ® j ( j � 0 / 1 /1�R�R� ) for which (18)holdsaregivenby

� j � 103 � � j �  j 
® j � 10

W 9 � j � j M j P j y 1 © j y 1 �
Indeed,assumethat(18) is falsefor somek # j � 0. Since � 0 � 1 it is

clearthat j � 1. Let y 	 X with
�
y
�+H ® j besuchthat

| f � xk � y[� f
�
xk [� f � � x j  � yO|�#b� j

�
y
� �

By moving y slightly we may assumethat at almostevery point of the
intersectionof G andtheaffinespanof xk / xk � y / xk � ej thefunction f is
Gâteauxdifferentiable.

Wenext passinto asettingwherewecanapplyLemma3. Let s � �
y
�
,

e � y� s, r � 106s�a� j � j M j anddefineg ��.�� 2r / 2r 2��I. 0 / s2¯� by

g
�
u /106e� f

�
xk � uej � 0 e�� f

�
xk [� f � � x j  � uej � 0 eO�

Weintendto applyLemma3 with thegivenchoicesof r / s/ g, with �°�b� j /�*�c� j /1M)�fM j andN thesetof
�
u /106 suchthat f is not Gâteauxdifferen-

tiableat xk � uej � 0 e. Wecheckfirst thatall theassumptionsof Lemma3
aresatisfied.

To estimateg
�
u / 0 we cannotuse(3) directly sincethis would give an

estimatein termsof r andnot in termsof s. Wethereforeuse(14)to replace
f � � x j  � ej  by f � � x j y 1 � ej y 1 . Weproceedasfollows:

Since

2r � 2 � 106s�h� j � j M j
H

2 � 106 ® j �h� j � j M j
H P j y 1

wededuce,using(3), (4), (5) and(14), thatfor | u | H 2r

| g � u / 0O| H | f � xk � uej y 1[� f
�
xk [� f � � x j y 1  � uej y 1 O|

� ��� ej y 1 � ej
� � 2 � | f � � x j y 1 � ej y 1[� f � � x j  � ej R|�R| u |H  j y 1 � ¨ j y 1� 2 � 10

W 9 � 2
j � j M j | u |H

2r 10
W 8 � 2

j � j M j � 2 � 10
W 9 � 2

j � j M j

� 2s
�
10
W 2 � 2 � 10

W 3 �� j
H � j s� 32�
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It remainsto notethat

| g � 0 / sO|1�;| f � xk � y�� f
�
xk [� f � � x j  � yR|�#b� j

�
y
� ��� j s�

Having verifiedthatall theassumptionsof Lemma3 holdwe useit to find
apoint

�
u /106�	�.�� r / r 2��I. 0 / s2 sothat

f is Gâteauxdifferentiableat x � xk � uej � 0 e(19)

g�1 � u /106�#b�z� j(20)

g�1 � u /106�#F� j s� 128r or | g�2 � u /106O|�#F� j � 16(21)

| g � u � t /106�� g
�
u /106O| H�� M j � 8 g�1 � u /106 y O| t | for | t | H r �(22)

Wenow make thefollowing

Claim. x 	 D j W 1 and f � � x � ej �# c j .

Weshow first thatthiswill concludetheproof.Indeed,by (13)and(21)
wehave either

� j � f � � x � ej �� f � � x j  � ej  � g�1 � u /106
� f � � x j  � ej  � � j s� 128r � f � � x j  � ej  � 10

W 6 � 2
j � j M j � 128 #Y� j

which is acontradiction,or by (11),(13)and(21)

� j � 16 5c| g�2 � u /106O| H�� f � � x j [� f � � x �LH M j

andthisagainis acontradictionin view of (6).
It remainsto provetheclaim.Notefirst thatby (2), f � � x j  � ej 9# c j � � j

andby(5)and(12), ¨ i
H � i W 1

H
ci � ci W 1 for all i � 1.Hence,for 0

H
i
H

j

f � � x � ei 9� f � � x � ej e� � ei � ej
� � f � � x j  � ej  � g�1 � u /106�� � ei � ej

�

� f � � x j  � ej ��Z� j �
j W 1

k( i

¨ ky 1 � f � � x j  � ej e�^� j � c j � ci # ci �

This provesthesecondassertionin theclaim andalsothat x 	 D0, since�
x � xk

�LH
r � s

H P j y 1 / � xk � x j
� 5YP 2

j andB
�
x j / 2P 2

j 9& B
�
x0 /3P 2

0  .
It remainsto prove that x 	 Di for i � 1 / 2 /1�R�R�h/ j � 1 andwe do this

by inductionon i . Let i
H

j � 1 andassumethatx 	 Di W 1. Whathasto be
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shown in orderto ensurethatx 	 Di is thatthereis a ª i 5F i sothat

| f � x � tei [� f
�
x�� t f � � xi  � ei O| H ª i | t | for all | t | H P i �

Weshallverify thisby treatingseparatelythreedifferentrangesof t.

CaseI, | t | H r . Sincex 	 Di W 1 andsince f � � x j  � ej �# c j # ci (by (2) and
(12))wehave

g�1 � u /106�� f � � x � ej �� f � � x j  � ej  H f � � x � ei e� f � � x j  � ej  � 1

2
�
ej � ei

�

H � i � ci � 1

2

j

k( i y 1

¨ i 5F� i � ci � ¨ i y 1 �

Hence,usingthatxi / x j 	 Di andso(17)impliesthat
�

f � � x j R� f � � xi  �LH M i ,
we infer from (22) that

| f � x � tei [� f
�
x�� t f � � xi  � ei O|H]���

ej � ei
� � � f � � x j [� f � � xi  � O| t | � | f � x � tej [� f

�
x[� t f � � x j  � ej R|H

2̈ i y 1 � M i � M j � 8 g�1 � u /106 y | t |H
2̈ i y 1 � 2 M i � 8� ¨ i y 1 � � i � ci | t |

In view of (4), (5), (6) and(10) thenumberin front of | t | is strictly smaller
than  i .

CaseII , r 5b| t | H P j y 1� 2. In thiscase,sincexk 	 D j y 1 /1|p01| H sand | u | H r
weget

| f � x � tei [� f
�
x[� t f � � xi  � ei O|H§���

ej � ei
� � � f � � xi [� f � � x j y 1 �

� | f � x � tej [� f
�
x�� t f � � x j y 1 � ej O| O| t |H§�

2̈ i y 1 � M i O| t | � | f � xk � � t � u ej ¤� f
�
xk � uej ¤� t f � � x j y 1  � ej R| � sH§�

4̈ i y 1 � M i O| t |
� | f � xk � � t � u ej y 1 e� f

�
xk � uej y 1�� t f � � x j y 1 � ej y 1O| � sH§�

4̈ i y 1 � M i O| t |
� | f � xk � � t � u ej y 1 e� f

�
xk �� � t � u f � � x j y 1  � ej y 1O|

� | f � xk � uej y 1 e� f
�
xk [� u f � � x j y 1 � ej y 1O| � sH§�

4̈ i y 1 � M i � 3 j y 1 � s� r O| t |
� � 4̈ i y 1 � M i � 3 j y 1 � 10

W 6 � j � j M j R| t |
andagainthenumberin front of | t | is strictly lessthan  i .
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CaseIII , P j y 1 � 2 5�| t | H P i . By (15) (in whichk is replacedby j � 1 and j
by i ),

| f � x � tei e� f
�
x�� t f � � xi  � ei R|H | f � x � tei �� f

�
x j y 1 � tei O| � | f � x�� f

�
x j y 1O|

� | f � x j y 1 � tei e� f
�
x j y 1 [� t f � � xi  � ei O|H �

x � x j y 1
� � �  i �Z© j y 1O| t |H �

x � xk
� � � xk � x j y 1

� � �  i �Z© j y 1 R| t |H
2 2r � P 2

j y 1 �aP j y 1 �  i �Z© j y 1 | t |��
Sincer

H
106 ® j �h� j � j M j it follows from thedefinitionsof ® j andP j y 1 that

alsoherethenumberin front of | t | is strictly lessthan  i .
This,finally, finishestheproofof Lemma4 andthusof thetheorem.
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