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Abstract. In this paperwe dramatically expandthe domain of knowvn stably ergodic,
partially hyperbolicdynamicalsystemsFor example,all partially hyperbolicaffine dif-
feomorphismof compacthomogeneouspaceswvhich have the accessibilitypropertyare
stablyergodic. Our maintools arethe new concepts- juliennedensitypoint andjulienne
quasi-conformalityof the stableand unstableholonomymaps.Juliennequasi-conformal
holonomymapspresere all juliennedensitypoints.

1. Intr oduction

Let M beacompacdifferentiablemanifoldwithoutboundaryandlet m be
asmoothprobabilitymeasuren M. We considerthespacd)iffﬁ](M) of C?
diffeomorphism®f M which aremeasurereservingwe alsosayvolume
preservingwith respecto themeasuren. If thereis aneighborhood’Z of
fin Diffé(M) consistingentirelyof m-ergodicdiffeomorphismsthen f is
stably ergodic.

The persistencef positve measuresetsof invarianttori dueto Kol-
mogora, Arnold, Moser Hermanand others(seeHerman[13] and Yoc-
coz [27]) shaws that stableemodicity cannotin generalbe an openand
densepropertyin Diff2 (M).

Theseinvariant tori have no hyperbolicbehaior at all. In contrast,
a uniformly hyperbolicdiffeomorphismf e Diff2 (M) is stably ergodic.
SeeAnosor's thesis[2]. In a seriesof papers[12,20-23],we have been
investigatingthe mixed situationwhich is partially hyperbolic.

Recallthat f : M — M is partially hyperbolic if it is non-triially
normally hyperbolicin the following senseThe tangentbundle of M is
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aTf-invariantdirectsum
™ = E" ¢ E°@ ES,

the stableandunstablebundlesES and EY arenon-zeroand Tf contracts
and expandsthem more sharplythanit doesthe centerbundle E°. That
is, thereis a Riemannstructureon TM suchthat TYf expandsEY, TSf
contractsES, and

sup||Tof| < ir;fm(Tgf) and sup|Tof| < ir;fm(T[‘;f),
p p

whereTYf, T¢f, TSf aretherestrictionsof Tf to EY, E¢, ES, andm(T)

referstotheconormof T, inf{|Tv| : |v| = 1}. Thecentebundleis permitted

to bezero,in which casef is anAnosos diffeomorphism.
Thecenterbolicity of f istheratio

_Tefy

om(Tef)
Wesaythat f is centerbunchedif biscloseto 1.In atypicalcaseb < 1.09
sufiices.SeeSect4 for details.Theexamplego whichour stableergodicity
theoryappliesmostreadily are perturbation®f casesvhereb = 1, sowe
find centerbunchingareasonabléypothesis.

Ourmainthemaeis: A little hyperbolicitygoesalongwayin guaranteeing
stablyemgodicbehaior. In [21] we have stated

Conjecture 1. Stablyemyodicdiffeomorphisma&areopenanddenseamong
the partially hyperbolicC? volumepreservingdiffeomorphismsf M.

An approactto this conjecturebreaksit down into two parts,usingthe
notionof accessibility

Givenx, y € M andgiven the splitting TM = EY & E° @ ES for f,
we saythaty is us-accessibldrom x if thereis a pieceavise differentiable
pathjoining x to y alwaystangenteitherto E" or ES. Clearly accessibility
is an equivalencerelation. If thereis only one equivalenceclass(every
y is accessibldrom every x) we say that the splitting EY & ES (or the
diffeomorphism f) hasthe accessibility property. If every g in some
neighborhooaf f hastheaccessibilityproperty f is stably accessiblelf
theonlymeasurablseswhich aresaurated by theaccesibili ty equivalence
relationhavemeasurgeroor one,wesaytha EY @ ES, or f, hastheessential
accessibilityproperty. Obviously, stableaccessibilitympliesaccessibility
impliesessentiahccessibility

Conjecture 2. Stableaccessibilitys anopenanddensegropertyamongC?
partially hyperbolicdiffeomorphismsyolumepreservingr not. Openness
is obvious.
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Conjecture 3. Partially hyperbolioC? volumepreservingliffeomorphisms
with the essentiahccessibilitypropertyareergodic.

As Anosor pointedout, much progressin dynamicalsystemstheory
relieson animprovementin our understandin@f the propertiesof of the
(un)stablemanifold foliations. In this paperwe introducenewn concepts-
juliennedensitypointandjuliennequasi-conformalityWWe prove, usingour
centerbunchingconditionsthattheholonomymapsof strong(un)stabldo-
liationsarejuliennequasi-conformadndhencepresereall juliennedensity
points.With this resultwe areableto dramaticallywealen the additional
hypothesewhichwe usedn [21] to prove Conjecture8. As aconsequence,
we markedly expandthe classof known stably ergodic diffeomorphisms.
For example,accordingto TheoremC, below, all affine diffeomorphisms
of compacthomaeneousspaceswith the accessibilitypropertyare stably
ergodic.

Recallthat EY and E® aretangentto uniquefoliations 7™ and 77>
whichhave C! leaves,but thatsincethebundlesE" and ES areonly Holder
continuousthefoliationsmayfail to besmoothlf EY® E®, E¢, andE*® E®
arealsotangentto continuousfoliations with C! leaves 774, 77°¢, and
777% andif 777¢ and77™" subfoliate7Z7™, while 77"© and 77 subfoliate
77, thenwe saythat f is dynamically coherent.

TheoremA. If f € Diffn%(M) isacenterbunded,partially hyperbolic dy-
namicallycoheentdiffeomorphisnwith theessentiahccessibilityproperty
then f is ergodic.

As aconsequencee get

Corollary a. Centerbunchedpartially hyperbolicdiffeomorphismsvhich
are stablydynamicallycoheentandstablyaccessiblare stablyergodic.

Proof. Accordingto [21], small perturbationgresere the propertiesof
partialhyperbolicityandcenterbunching.Therefore gvery perturbatiorof
fin Diffzm(M) satisfiegshe hypothesesf TheoremA andis egodic. O

We malke two remarks.The first concernsthe hypothesisin Corol-
lary a that the diffeomorphismbe stably dynamically coherent.Perhaps
dynamicalcoherencas itself stableunderperturbationf the diffeomor
phism;we do not know. A general,stableconditionthatimplies stability
of dynamicalcoherences plaqueexpansvity of the centerfoliation. For,
aswe shavedin [14], a plagueexpansive, normally hyperbolicfoliation is
structurallystableasafoliation, andthis impliesthatdynamicalcoherence
is unafectedby perturbationsof the diffeomorphism Also, if the center
foliation happensgo be C?, or if the diffeomorphismactsisometricallyon
the centereaves,thenplaqueexpansvity is automatic.
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Second the hypothesisof partial hyperbolicityin TheoremA canbe
wealenedsomevhat. It is only necessaryo assumehat one of the two
bundlesEY, ES is non-zero.This happensf the spectrumof Tf splitsinto
just two parts,say an unstablepart that representshe strongexpanding
behaior of f, anda remaining,indecomposableart that representshe
weakexpanding,neutral,and contractingbehaior of f. Thus,Tf leaves
invarianta splitting TM = EY @ E°. SinceM is compacttheremustbe
sometrue contractionto balancethe expansionin EY. Somevectorsin
E° get contractedby Tf, but thereneednot exist in this pseudo-center
sublundle E° a continuous,nvariant, purely contractingsublundle. The
proof of TheoremA in this specialcase however, is quite simple. Since
E® = 0, aus-pathlies wholly in an unstableleaf. Thatis, accessibility
equivalenceclassesare single unstableleaves. Now supposehat f fails
to be emodic. Thenthereis an invariantset A of intermediatemeasure,
0 < m(A) < 1, andby the usualuseof the Birkhoff Ergodic Theoremi|t
consistsexceptfor azeroset,of almostwhole unstabldeaves.According
to [19], the unstablé&oliation is absolutelycontinuousgvenwhenES = 0.
Thus, when we form the unstablesaturateof A, Sat'(A), by taking the
unionof all unstabldeavesthatmeetA in setsof positive leaf measureywe
seethat A differs from Sat'(A) by a zeroset.By constructionSat'(A) is
saturatedy the accessibilityequivalencerelation,andthis contradictshe
hypothesisn TheoremA of essentiahccessibility

The proof of TheoremA, proceedshy a careful examinationof the
measurdgheoreticregularity propertiesof the unstablenolonomymaph,,
which is definedby sliding alongthe leaves of the unstablefoliation. See
Sect.4. Also, of course,we have correspondingpropertiesof the stable
holonomymaphs. Two factsarealreadyknown abouth,,.

(a) hy isabi-Hélderhomeomorphismiut is notin generaLipschitz.
(b) hy hasa continuouspositve RadonNikodym derivative with respect
to Lebesgueneasure.

Thesefactswere originally proved by Anosor in [2], (b) beinghis main
technicaltool to establishergodicity It impliesthath, is absolutelycon-
tinuous.Seealso[19]. To give it a namewe saythata homeomorphism
satisfying(b) is RN-regular. Automatically theinverseof an RN-regular
homeomorphisns RN-regular

At issueis how theholonomymaph, affectsdensitypoints.(Recallthat
pisalLebesguéensitypoint of asetSif themeasur¢heoreticconcentation
of Sin theball of radiusr at p corvergesto 1 asr — 0. SeealsoSect.2.)
In low dimensionr whenthe hyperbolicspectrunis tightly bunchedwe
shaved in [12,21] that h, is density point presewing: h, carriesevery
Lebesgualensitypoint of a measurableset Sto a Lebesgualensitypoint
of h(9). It is elementarythatan RN-regular homeomorphisni preseres
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almostall densitypoints.In our proofof stableergodicity, however, “almost
all” is not enoughWe need“all”, andaswe shaved by examplein [12],
“all” is notimplied by RN-regularity.

It isnaturato askwhethe h,, satisfiesomestandardaddtiond propety
thatimpliesit is densitypoint preservingFor example,oneeasilychecks
that a bi-Lipschitz homeomorphisnpreseres density points. However,
accordingto (a), abore, holonomymapsare not in generalbi-Lipschitz.
A differentcriterionis quasi-conformalityin [11] GehringandKelley prove
that a bi-quasi-conformahomeomorphisnis densitypoint preserving It
turnsout, though,that

bi-RN + bi-quasi-conformal =  bi-Lipschitz

sowe cannot hopethatthe Gehring-kelley Theoremappliesto holonomy
mapsin general,(This implicationis a nice exercisein pictorial measure
theory)

At presentwe areunableto saywhethemolonomypreseresLebesgue
densitypointsin general Rather usingshapesalledjuliennesin placeof
roundballs (seeSect.4), we re-definethe densitypoint conceptandprove
threethings.

(a) Almost every Lebesguealensitypoint is a julienne densitypoint, and
vice versa.

(b) The holonomymapsarequasi-conformalvith respecto juliennes.

(c) Theholonomymapspresere (all) juliennedensitypoints.

In fact, (b) implies (c), which is a generalizatiorof the Gehring-kelley
Theorem SeeSect.8. Fromall this, we drav theconclusiorthat

Juliennesare the natural shapego use
whenanalyzingholonomymaps.

We begganstudyingjuliennesin [12] and continuedto investigatetheir
propertiesn [21]. Thedifferencein our currentapproachs thatwe control
the shapeof the juliennesdynamically ratherthan only throughHdélder
estimate®nthe EY and ES bundles.Thisis carriedoutin Sects4 and6.

In somewaysit seemsa shameto give up theinfinitesimalinformation
embodiedn EY andE® andto rely onmoreadhocgeometricconstructions.
Anosor (pagesl27-12%9nd1670f [2]) voicesasimilarsentimentegarding
the existenceand uniquenes®f stableand unstablemanifolds:insteadof
ad hoc dynamicalaguments he imaginesthereshouldbe a construction
thatusesnon-diferentiableFrobeniusintegrability conditions,andavoids
iteration.

It canbe shawvn thatthe holonomymapshave a kind of flag differen-
tiability. Perhapguliennequasi-conformalitycanbe derived directly from
thisinfinitesimalproperty
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Oncewe have proventhedensitypoint preserationpropertiedor stable
andunstabldolonomymays,theproof of TheaemA proceedsasin [12,21]
alongclassicalinesdatingfrom Hopf [15], Anosor [2], andothers,using
us-accessibilityandtheessentialZZ™ and 77 saturatiorof invariantsets.
Thereare,howvever, somesubtletiego this proof, oneof which we discuss
Now.
Thecenterfoliation, whenit exists,integratesthe centerplanefield E°.
It is evenlessregularthanthe stableandunstabldoliations, which always
exist. As hasbeenshavn by A. Katok in anexamplewritten up by J. Mil-
nor [16], the centerfoliation for a smoothsystemcan have the following
measurdgheoreticallysingularproperty:for somemeasurablset S of full
measureeachcenterleaf meetsSin at mostonepoint. This phenomenon
hasbeenreferredto as “Fubini’s nightmare”,or, by Milnor, as “Fubini
Foiled”. Even thoughthe centerleaves are smooth,and the centerplane
field is Holdercontinuousthe centerfoliation is unavoidably pathological.

TheoremA allows us to deduceC? stableergodicity for mary affine
diffeomorphism®f compachomogeneouspacesaswe now explain. See
alsoSect.10. We male thefollowing

StandingLie Group Hypothesis.

(a) Gisaconnected.ie groupandB c G is aproper closedsubgroup.

(b) G/B is compact.

(c) Haarmeasureprojectsto a finite measurem on G/B, invariantunder
left translationxB — gxB.

(d) f: G/B — G/B is anaffine diffeomorphism. Thatis, it is part of
acommutatie diagram

f=LgoA
G G
x| |=
G/B f G/B

whereAisanautomorpismof G, L 4 isleft multiplicationby somefixed
elementg € G, and,to make the projectionwell defined,A(B) = B.

A simpleexampleis G = R™ andB = Z™. ThenG/B is thetorusT™.
ThemapL, is anaffine translationof R™ to itself, A is anm x m integer
matrixwith determinantt1, and f sendghecosefx] tothecosefg+ Ax].

Thehypothesesf TheoremA for agenerahffine diffeomorphismf are
easilychecled atthe Lie algebraevel. TheLie algebraof G is g = TG,
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wheree is theidentity elementof G. The adjointactionof g on g is given
by thederivative attheidentity of g-conjugation,

Ad@:g—g
X > TgRy-1 0 TeLg(X),

whereRy-1 is right multiplicationby g™, Ry-1 : h — hg~*. Inducedby f
is aLie algebraautomorphism

a(f) = Ad(g) o TLA.

It determinesvhenwe canapply TheoremA to f asfollows. Splitg = T.G
accordingo thegeneralizeaigenspacesf a( f),

g=g9g"0g°d¢°

where the eigevaluesof a(f) on g¥, g% g° have modulus> 1, = 1,

and < 1 respectrely. As we shaw in Sect.10, theseeigenspaceareLie

subalgebrasSeealso[21]. Thehyperbolic subalgebraof f isthesmallest
Lie subalgebrd suchthatg" Ug® C h C g.Itisanidealin g. See[21].

Let b betheLie algebraof B, b C g.

TheoremB. Supposedhat f is an affine diffeomorphisnof the compact
homaeneouspaceG/B. Then

(@) f is partially hyperbolicif andonlyif h ¢ b.

(b) If f is partially hyperbolicthenit is centerbuncdhedand dynamically
coheent.

(c) f hastheaccessibilitypropertyif andonlyif g = b + b.

We deduce

Theorem C. Theaffinediffeomorphisnt : G/B — G/B s stablyergodic
amongC? m-preservingliffeomorphismsf G/ B if (mekely) thehyperbolic
Lie subalgebra § is large enoughthatg = b + h.

Herearesomespecialcasesf TheoremC. For their proofsandthat of
TheoremC, seeSect.10.

Corollary b. Supposehat G is a simpleLie group (its Lie algebra hasno
non-trivialideals),B is auniformdiscretesubgoupof G, thehomaeneous
spaceG/B is compactandg € G is given.Lefttranslationby g on G/B
is stablyergodicamongC? volumepreservingdiffeomorphism# andonly
if Ad(g) hasat leastoneeigervalueof moduludifferentfrom1.
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Corollary c. Let B be a uniform discrete subgoup of SL(n, R) and let
M e SL(n, R) begiven.Leftmultiplicationby M is stablyergodicamong
C? volumepreservingdiffeomorphismsf SL (n, R)/B if andonlyif M has
atleastoneeigervalue of moduludifferentthanl.

Thesecorollarieprovideexamgdesof wha wemearby ali ttle hyperbol-
icity goingalongwaytowardguaraneeingstalie egodicity. Thehypehbdlic
partof M canbe low dimensionalthe centerpart high dimensionaland
neverthelessve getstableergodicity.

Sed?21] for moreequivalentconditiongto stableergodicityfor SL (n, R)
andsemi-simpleLie groups.

Thefirst caseof Corollary ¢ not coveredby [21] is givenby SL(3, R)
andamatrix M with two eigemwaluesof modulusdifferentthanoneandthe
third equalto one.In this casethe hyperbolicbunchingconditionsof [21]
areviolated.

To our knowvledgeemodicity in the context of partialhyperbolicityand
accessibilitywasfirst consideredby Brin and Pesin[6]. Brin in [5] goes
furtherin this direction.It seemguite likely that the openand denseset
of skew productshe considersn [5] which arestablyergodicamongskew
productsarealsostablyergodicin Diff2, but we have not verifiedit. The
preprintof BurnsandWilkinson [8] is relevanthere.Furtherwork on skew
productds containedn paperdy Adler, Kitchens,andShub[1], Fieldand
Parry [10], andParry andPollicott [18]. For stableergodicity of time one
mapsof geodesidlows seethethe papersof GraysonPughandShub[12],
Wilkinson[26], andBurns,Pugh,andWilkinson[7].

WethankDennisSullivanfor severalhelpfulcorversationgboutdensity
points.It wasin his seminarat CUNY thatwe first becameaccustomedo
suchconceptsashboundeddistortionand quasi-conformalityin relationto
densitypoints.

2. Density points

Thetechnicabasisfor ourmaintheoremss differentiationof integrals.See
M. de Guzmans book, Differentiationof integrals in R", [9] andChapt.1
of E. Steins book,HarmonicAnalysig25]. In this sectionwe review some
of theideasinvolved.

Let X be alocally compactmetric spaceandlet m be a regular, hon-
atomic, locally finite, Borel measureon it. The measureof a measurable
setS ¢ X is the infimum of the measure®f opensetsthat contain S.
Pointshave zeromeasureCompacisetshave finite measurekor example,
m could be a smoothmeasureon a manifold. A family 7° = |J 7,
indexed by p € X, is a Vitali basisif each?7, is non-empty the sets
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V e 7, aremeasurablavith non-zeraneasurg¢hencenon-zeradiameter),
eachcontainsp, andthereexist in 7/, setsof arbitrarily small diameter
The simplestgoodexampleis thefamily . 2 of all n-dimensionaballs, of
all radii, centerecht all pointsof R".
The concentration, or conditionalmeasurepf a measurableet A in

ameasurablsetV of non-zerameasureis theratio
m(AN V)

m(V)
Fix aVitali basis7". A point p € X isa 7 -density point of A if

lim[A:V]=1,

[A:V]=

thelimit beingtakenasV e 7/, shrinksto p. Thebasicfactaboutdensity
pointsis the

Lebesgue-\tali Theorem. With respecto the Vitali basis.Z of n-balls,
almosteverypoint p of a measuableset A C R" is a densitypoint of A.

In this papemwe needo generalizéhelLebesgue-Wali theorento Vitali
basesnoredynamicallynaturalthan. 2. We mustwork notwith balls, but
with juliennes,small setsthat are long andthin. They look like slivered
vegetablesAt smallerandsmallerscalespurjuliennesbecomdessround,
thinner and more elongated.SeeSect.4 in this paper One of our main
resultsis that despitethe juliennes’ strangeshape almostevery point of
alLebesguaneasurablsetis ajuliennedensitypoint. SeeTheorenB.4.

TheVitali basis7 differ entiatesthe integral of anintegrablefunction
¢ : X — Rif, for almostall pointsp € X,

o) = tim —— [ 40 cx
m(V) Jyv '
Thelimit is taken asthe setV e 7, shrinksto p; i.e., diamV — 0. If
7" differentiategheintegral of every ¢ in someset® of locally integrable
functions,we saythat 7" is a ®-differ entiation basis
The Lebesgue-¥ali Theoremcanbe restatedasthe factthat. 7 is a
x-differentiationbasis,where yx is the setof characteristidunctions of
measurablsubset®f R". For

1
[A . V] = W /V XA(X) dX.

In fact moreis true. As Lebesgueshaved, .7 is an ¥, -differentiation
basis.

If 7" is a x-differentiationbasis,t is calleda density basis A resultof
BusemanmandFellershavsthatbeingadensitybasiss equivalentto being
an % -differentiationbasis See[9], page72.
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Thegeometriccharacterizationf densitybasesn R" is a centralpoint
in muchof analysigsee[25]), andhasa long history (se€[9]).

Whenballsarereplacedy cubes(whoseedgeseednot be parallelto
thecoordinateaxes) thesameesultholds: ThecubicVitali basidssadensity
basis.But even whencubesarereplacedy n-dimensionakectangleghe
situationbecomesubtleandis notcompletelyunderstoodT hereis atrade-
off betweenthe eccentricityof the rectanglesand how muchtheir edge
directionsvary.

First considerthe casein which the edgedirectionsdo not vary at all.
TheVitali basis 72, of n-dimensionatectanglesvhoseedgesareaxispar
allel is a densitybasis,but it is not an ¥} -differentiationbasis.See[9],
pages74 and96. To refine./2, sothatit becomesan 2 -differentiation
basiswe imposea restrictionon the eccentricityof the rectanglesA suf-
ficient conditionis that for someconstantK > 0 andall rectanglesR of
diameter< 1,

eccentricityR < (diameterR) K.
For this type of conditionimplies the “doubling property” of Stein[25],
page8, or the“volumetricengulfingproperty”discussedn Sect.3 below.

It is easyto seethattheparticularchoiceof coordinateaxesis irrelevant.
If .24 is the Vitali basisof rectanglesvhoseedgesarealways parallelto
somefixed,finite setof directionsin R" then.#2 is a densitybasis andif
the eccentricitiesf its rectanglesareboundedby a fixed, negative power
of their diametetthen. 2y becomesn %} -differentiationbasis.

On the otherhand,whenthe edgedirectionsof rectanglesn a Vitali
basisaredravn from aninfinite set,thesituationis subtler As is shavn by
Nikodym’s “paradoxicalset”[17], theVitali basis #2 of all n-dimensional
rectangleds not a densitybasis.Nor does.#2 becomea densitybasisif
oneimposesa continuityrestrictiononthe edgedirections SeeChapt.5 of
de Guzmans book[9].

TheVitali basegliscussedofararelinear Rectanglearelinearimages
of thecube Aswe sstatedefore however, the Vitali basesthatarisenaurdly
in non-lineardynamicsconsistof juliennes— non-linearrectangloidswith
varying edgedirections.Despitethe obstacleslescribedabove, juliennes
turn outto be satishctoryVitali baseslue,it seemsto threefactors.

(&) The elongationaxes of a julienne are Holder controlled,not merely
continuouslycontrolled.

(b) The eccentricityof a julienne and its diameterare both exponential
functionsof acommonnumbem, thenumberof dynamicaliterations.

(c) Thenon-linearity nesting,andshape-scalingropertiesof thejulienne
aregovernedby afixed,smoothdynamicalsystem.

Onemight hopeto getanabstracgeometriacharacterizationof density
basessayfor abasisZ " of rectanglesn R?, in thesesortsof terms.If the
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eccentricityof rectanglesn 7" is no greaterthana fixed negative power
—K of thediameteyif theedgedirectionsof rectanglesn % area6-Holder
functionof x, andif thereis somefavorablerelationbetweerkK andé (say
K(1 - 6) < 1), doesit follow thatZ" is adensitybasis?

We concludethis sectionby discussinga transformationproperty of
densitypoints.

Let (X, m) and (X', m") be measurespacesf the type we have been
consideringlocally compactgtc.)andlet Z°, " beVitali base®nthem.
Leth : X — X' be a homeomorphismlf h bijects Z" to Z”, and has
apositve, continuousRadonNikodymderiative it is easyto seethat 7-
densitypointsbijectto Z”-densitypoints.We needaslightly betterversion
of thisresult.Wesaythatthehomeomorphisrh is K-quasi-conformal with
respecto 7, 7" if for all smallV e 7, therearesmall V', V" ¢ J/r;'(’p)
suchthat o
mvY)

m\) —
Ordinaryquasi-conformalityn R" is the sameasquasi-conformalitywvith
respecto theVitali basisof roundballsandLebesgueneasure.

V' chV)cV” and

Proposition2.1. Assumehath andh— are quasi-conformalvith respect
to the Vitali bases7”, Z”. If h hasa continuouspositiveRadonNikodym
derivativethenit bijects Z-densitypointsto Z”-densitypoints.

Proof Supposehatp € X is hotadensitypointof A C X. Then,for some
e > 0andsomeV e 7, with arbitrarily smalldiameter[A: V] < 1 —e.
By continuityof theRadonNikodymderivative andsmallnessf V, [h(A) :
h(V)] < 1 - ¢/2. Sinceh(V) occupiesat leasta portion1/K of V", the
concentratiorof h(A) in V” is boundedaway from 1. Thatis, h(p) is not
adensitypointof h(A).

We have shawvn thath carriesnon-densitypointsto non-densitypoints.
Thesameds truefor h—. Henceh andh~! alsobijectdensitypoints. O

3. Volumetric engulfing

In this sectionwe prove a versionof the Lebesgue-¥ali density point
theoremWe will applytheresultto juliennesin Sect.8.

As in the previous section,let X be alocally compactmetric measure
spaceandlet m be aregular, non-atomiclocally finite, Borel measuren
it. Let 7" beaVitali basison X. Wealsoassumé¢hat 7" is filteredby arank
function

rank: " — N,
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compatiblewith diameterin the sensethatrank(V) — oo if andonly if
diamV) — 0. Thatis, givene > 0, thereis aninteger N suchthat if
rank(V) > N thendiam(V) < ¢, andconversely given N € N thereis an
€ > O suchthatif diam(V) < e thenrank(V) > N.

Definition. 7" is volumetrically engulfingif for someconstant., andfor
eachV € 7 thereis ameasurablsetV containingV suchthat

(@ mV) < Lm(V).

(b) If V,V’" € Z" hare non-emptyintersectionandrank(V) < rank(V’)
thenV’ c V.

(c) If m(V) — OthenrankV) — oo. Thatis, given N € N thereexists
8 > O suchthatm(V) < § impliesrank(V) > N.

SeeFig. 1.
7" is closedif everyV € Z e 7" is aclosedsubsebf X.

Fig. 1. ThesetV engulfsall V/ € 7" thatmeetV but arenot muchlargerthanV

Theorem 3.1. If 7" is a volumetricallyengulfingclosed\itali basisof X
and Sis a measuable subsebf X thenalmosteverypointof Sis a density
pointof Swith respecto Z". In otherwords, 7" is a densitybasis.

Proof. Foreachp < 1 considettheset
B=Bs = {xeS:liminf[S: V] < B}.

Theliminf istakenasV € 7/, shrinksto p. We claimthat B hasmeasure
zero Fromthisthetheoremfollows,for we cantakeasequercefs, = 1-1/n
thattendsto 1. AiImost every point of Sbelongsto S = S\ | Bg,, and
everyx € S isadensitypointof S.

Lete > O begiven.lt is enoughto shawv that B hasmeasure< ¢. Cover
B by anopensetU suchthat

c1-p

U B) +
mU) < m(B) 5



Stableergodicity andjuliennequasi-conformality 13

Definea Vitali coveringof B by
7" ={VeZ :VcU, damV) <1, and[S: V] < B}.

SinceB C S
[B:V] < [S:V]

Apply the standardmethodof proof of the Lebesgue-Wali Theorem.
Firstchoosea V, € 77" with minimumrank.All V € 7" haverankV) >
rank(V;). Thenchoosea V, € 77~ with minimumrankamongthosemem-
bersof 77" thatdo not meetV;. Continueinductively. This producesa se-
guenceof disjoint setsV,, containedn U. Their total measurds no more
thanthe measureof U. In eachV,, the concentratiorof B is < 8. There
may be somepointsof B which fail to be coveredby the setsV,. Call this
not-coseredset

B'= B\ [ JVn

We claim that B’ hasoutermeasurezero. (We are still in the processof
shaving that B hasmeasure< ¢€.) Sincethe series)_ m(V,) converges,
its tail, > ",_\ M(Vn), tendsto zeroas N — oo. To prove that B’ has
outermeasurezero, then, it is enoughto shav that for eachN € N, B
is containedin | J,_y Vy. For since 7 is volumetrically engulfing, the
seriesy ,_ M(Vy) isnogreaterthanL ) ", m(V,), whichtendsto O as
N — oo.

Sinced  m(V,) converges,its termstendto zero.Accordingto (c) in the
definitionof volumetricengulfing,rank(V,) — oc.

Fix an N andconsidera point x € B'. Sincex ¢ U,’:':l Vy, sincethe
setsV, areclosed,andsincethe setsin Z have arbitrarily smalldiametey
thereis asetV € #” which containsx andis disjointfrom Vg, ..., V.
ThesetV wasavailablefor choice but wasnever chosenlt hasfinite rank.
Thereforethe reasont wasnever chosens thatfor somefirst Vi, i > N,
Vi NV # . Sincewe alwayschoosea setwith minimumrank,andsince
V wasavailableto bechosenwe seAethatranI(Vi) < rank(V). Becausez”
is volumetricallyengulfing thesetV; engulfsV. Thatis,

B c Vi,
n>N

andit follows that B’ hasoutermeasureero.
Exceptfor the zeroset B', B is coveredby the disjoint setsV,, andin
eachits concentratiornis atmostj. Thus

mB) = > mVanB) < B> m\Vy)
cl-p
< pmW) < p(m@ + =)

= Bm(B)+e(l-p.
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Therefore(1— B) m(B) < ¢ (1— B) andm(B) < e. Sincee is arbitrary it
follows that B hasmeasureero,andasobseredattheoutsetthisimplies
thatalmostevery pointof Sis a densitypointwith respecto 7. O

Corollary 3.2. If Z” is a volumetricallyengulfingclosedVitali basis of
X and S ¢ X is measuable then for almostevery point x € X, the
concentation of Sin V corvermgesto thecharacteristicfunctionof Sat x as
V € Z; shrinksto x,

1 ifxeS

im[S:V] = 0 ifx¢s

Proof Theorem3.1appliesequallyto Sandto its complemenss® = X\S.
Thus,for almostevery pointx € X,

if x € S then[S: V] — 1asV € Z, shrinksto x.

if Xx e Sthen[S: V] — 1asV e Z; shrinksto x.

Measurabilitympliesthat[S: V]+[S°: V] = 1, andthecorollaryfollows.
O

It is easyto phrasethe volumetrically engulfingconceptin termsof
diameternotrank.Namely for someL, K,

(@ mV) < LmV).

() IfV, V' € Z harenon-emptyntersedbnanddiam(V’) < K diam(V)
thenV’ c V.

() If m(V) — Othendiam(V) — O.

Thus, our volumetric engulfing condition is the sameas assumption
(i,ii)* of [25], page8. ThismakesTheorenB3.1aconsequencef thecorol-
lary of [25], pagel3. The proof giventhereinvolvesmaximalfunctions.

4. Juliennes

Juliennesrefoliation productsetsconstructe@sfollows. Let Z7™Y, 77V,
/¢, 7775, 77”5 be dynamicallycoherenffoliations. At p € M we will
choose

XCWoe(P)  DCWge(p) Y CWe(p)

with carefully estimatedsmall sizes.Thenthe center unstable julienne,
the center stablejulienne, andthesolid julienne are

JU = WM(XUD)
JCS — WCﬁS(D U Y)
Jsolid — Wuﬂs(qu U Jcs)’
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wherethe notationW2?(C) refersto the setof all intersectionpoints of
local a-manifoldsandlocal b-manifoldsthatpasshroughC. Thatis,

WaP(C) = {z: for somec, ¢ € C, z e WR.(c) N WP.(C))}.

Equialently
WAP(C) = WR.(C) N WE.(C).

loc

SeeFigs. 2 and3. We referto Wa°(C) asthe (local) anb-saturate of C.
Thepermittedvauesof a, b areu, c, s, andwe assumehata # b. Also, we
assumehatthelocalleaveshave smallenoughradiusr sothatif diamC <r
andc, ¢’ € C then

W2(c, r) N WP(C/, r) = Wa(c, 2r) N WP(C, 2r).

(Since Z73, 77" are non-tangentialtheseintersectionsare both empty
or both a single point.) From this it follows that local ab-saturationis
idempotentif C hassmalldiameterthen

Waﬂb (Waﬂb(C)) — Waﬁb (C) )

Fig. 2. Wab(C) fills out C by thelocal foliations 772, 77'P

We call J N W2.(2) thea-fiber of thejuliennethroughthepointz € J.
In particular if z € D, the unstablefiber of J® throughz is denotedas
X(2), while the stablefiber of Jis Y(2). If z= pthenX(z) = X is the
main unstablefiber of J® while Y(z) = Y is themain stablefiber of J°.

We call thecenterfiber D the center core of thejulienne.
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Fig. 3. Thesolidjulienneis theu N s-saturateof J°! U J©S

Proposition4.1. Juliennesare natural in threeways.They arelocally max-
imal, they iteratenaturally under f, andthey behavecorrectlyunderholon-
omy

Proof Juliennesareof theform
J=W¥"C)

forab=cuandC = XU D,ab=csandC = DUY, or ab = us and
C = J®U U J. By local maximalitywe meanthat

(1) J=Wa"(),

whichis the statementhatlocal ab-saturatioris idempotent.
By naturalityunderf iterationwe mearthatfor J = Wa°(C), we have

) f(J) = WAP(f(C)),

afactthatis clearfrom invarianceof the a- andb-foliations.

Naturalityunderholonomyappliesprimarily to the centerunstableand
centerstablejuliennes.We assertthat thesejuliennesare productsin the
following sense.

(&) Thecenterholonomygivesa homeomorphisnY(z) — Y(Z') between
ary two stablefibersof J. It alsogivesa homeomorphisnX(z) —
X(Z') betweerary two unstabldibersof J.

(b) Theunstableholonomygivesa homeomorphisrbetweerary two cen-
ter fibersof J®, while the stableholonomygivesa homeomorphism
betweerary two centeffibersof J.

Theseholonomyfactsareadirectconsequencef our dynamicakoherence
assumptiorntheunstableandcenteifoliationssub-foliatethecentemunstable
foliation, while the centerandstablefoliations sub-foliatethe centerstable

foliation. O
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Our choice X, D, Y involves several estimateson Holder exponents,
contractiorrates etc. We startby defining

(3) w = min{m(Tf), mTf 1))
(4) v o= max|[TSf|, [T}
(5) y = min{m(T¢f), m(T¢f b}

Theassumptiorof partialhyperbolicityimplies
O<u=<v<yc=<l

Thebehaior of f in thestabledirectionis a contractionrwhosestrengthis
between: andv, thebehaior of f in theunstablalirectionis anexpansion
whosestrengthis betweerl/v and1/u, andthebehaior of f inthecenter
directionis anisometryupto afactorbetweeny and1/y.

The Fiber ContractionTheoremof [14], pages30 and 81, and [24],
page45, corverts this expansion/contraitin information into regularity
statementdzor example to estimateheHolderexponenof E®“ weproceed
asfollows. Let L bethevectorbundleover M whosefiberat p € M is the
spaceof linearmapssS: E‘,;u — Ef),

Lp = L(EY, ES).
ThegraphtransformsendsSe L, to (Tf);Se L ¢, where
graph(Tf)#S = (Tf)(graph9).
This givesa bundlemap

L (Tf)x L

4l | |7

M — M

in which the fiber is contractedmore sharplythan vy 1, while the base
contractionis at worst u. (We usethe operatornorm on fibers and the
Riemannmetricon the base.)The zerosectionof L is its uniqueinvariant
section,andit is 6-Holder if the fiber contractionf-dominatesthe base
contractionin the sensehat

(6) vy tu? <1

(In theactualproofof this, to avoid circularreasoningve smoothlyapprox-
imate E®, ES by bundlesE®, ES, we replacelL by L =~L(E°“, E®), and
we restrictthe graphtransformto the unit discbundleof L.)
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Since our expansion/contraitin hypothesesre symmetric,the same
estimateis valid for the Hélder exponentof E®S, andhencefor the center
bundleE® = E® N E®. In factthe estimateéholdsalsofor the unstableand
stablebundlesand,maripulating (6), weseetha all fivebundesE", ..., ES
ared-Holderif

log(vy ™)
logu -

Fromnow on, 0 will denoteheHdlderexponentof EC,0 < 0 < 1.ltis
nosmallerthanthed estimatedn (7), but by goodfortune(for instanceif f
is affine) it mightbelarger. In termsof this 6 we will assumehe following
center bunching condition

(7) 0 <

(8) Vv o< y2+2/9.

Thus,y is sonearl thatevenapotentiallyhigh power of it remainggreater
thanv. Centebunchingmeanghathyperbolichehaior stronglydominates
centerbehaior.

Perturbationsf theaffine diffeomorphismsliscussedn Sect.1 satisfy
the centerbunchinghypothesisSeeSect.10.

It maybe of interestto expressthe centerbunchingconditionin away
thatdependonly on u, v.

Proposition. If © = V", r > 1, then suficient for the centerbunding
condition(8) isthaty is socloseto 1 that

logy 3+2r — J/(B+2r)2-8
< .

logv 4

The proofis left to the reader Interpretingthis inequality numerically
shaws thatour currentcenterbunchingconditionis modesin comparison
to the bunchingconditionsin [21]. For example,whenthe hyperbolicpart
of the spectrunis quartempinched

thenasatishctoryy is
y > .91

In particularthe dimensionf the stableand unstablebundlesno longer
arepartof the estimates.
Next, we sharper(8). Chooser < y and0 < 8 < 6 sothat

9) v < o?t?B,
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Thenset

(10) o= —.

Thereforev < yo andwe canchooser betweerthem,
(11) V< T<yo.

From(9) and(11) we deduce

1+8
(12) (f) < T < g.
14 14
For
o\ 1+8 _ VP pB o
(;) = v(ay)1+/3 < va2+2ﬂ <V <T <Yy < —.

SeeFig. 4 which summarizeshe relationsamongthe constantandexpo-
nents.

Fig. 4. Constantdenotedwith a bar areimposedby the diffeomorphismithosedenoted
with adotarechoserafterward

Now we fix apoint p € M andspecifysequences

Xn = WU (p), ") € Wige(p)
Dn = Wc(pv Gn) C VVI((:)(;(p)
Yo = fTWA(FT(p), ") C Wee(p).

Accordingto the generajuliennedefinitionwe getsequencesf juliennes
atp

Je WU (X, U Dp)

Jr(;S = WCQS(Dn U Yn)

Jsolid — Wuﬂs(qu U Jc%
n n n /»



20 CharlesPugh,Michael Shub

We referto this n astherank of thejulienne,andto 1/n asits size As
n — oo thejuliennesshrinkdown to p.
Thecollectionsof thesguliennesaredenoted

7 ={(3:neN) 7¥={I:neN} Z,={h:neN.

Letting p rangeover M givesasolid julienne Vitali basis

7=U»

peM

Similarly if g rangesover W°(p) or W°(p) we getcenterstableandcenter
unstablgulienneVitali bases,

ch: U \chs \ZCUZ U ‘%cu

qeWs(p) gqeWeU(p)
for theleavesW®(p), W (p).

Theorem4.2. 7 isvolumetricallyengulfngwithrespgectto Riemanmeas-
ureon M; 7% and 7 are volumetricallyengulfingwith respecto Rie-
mannmeasue on W(p) andWe(p).

Corollary 4.3. Thejulienne Vitali basesare densitybases:almostevery
point of a measuable setis a juliennedensitypoint.

Proof. This adirectapplicationof Theorem3.1, which stateghata volu-
metricallyengulfingVitali basisis a densitybasis. O

Theorem4.4. Theunstableandstableholonomymapsare julienne quasi-
conformal: the unstableholonomyis quasi-conformatvith respecto the
Vitali basis 7, whilethestableholonomyis quasi-conformavith respect

to 7.
Theproofsof Theoremgt.2and4.4appeaiin Sects6, 7, and8.

5. Julienne shape

In this sectionwe studythe shapeof centerstablejuliennes Everythingwe
sayhasits counterparfor centerunstablguliennes A centerstablgulienne
is afoliation product

J% = WS(D, U Y,)

where D, is smallrounddiscin W¢(p) andY,, is a small setin W3(p).
It is unclear a priori, what a juliennelooks like, beyond the fact that it
is small. For although f ~"(Y,)) = W3(f~"(p), ") is round,thereis no
reasonto expectthatits f" imageY, is roundor quasi-roundThe same
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appliesto the pre-julienne f "(J%). It is the foliation productof a small
setf~"(Dn) € WE(f~"(p)) andarounddisc f ~"(Y,) = W3(f~"(p), ").
Thejulienneandpre-julienneeachhave oneroundfactorandonenon-round
factor

A setthatcanbeexpresseds

T=Jwex.n

xeB

for someB C Wg.(p) andsomer > 0is acenter stabletube
T =T%(B,r)

with baseB andstableradius r. Thestablefibersof atubeareby definition
round.Theshapeof its basecanbearbitrary SeeFigs.5, 6.

Fig. 5. A centerstabletubewith onedimensionaktablefibersandtwo dimensionabase

o
e

Fig. 6. A centerstabletubewith two dimensionaktablefibersandonedimensionabase



22 CharlesPugh,Michael Shub

Proposition5.1. Thepre-julienne f ~"(J$°) is tube-like. It consistsof the
centercore f ~"(D,), throughwhich passs-fibers. Thes-fibers are approxi-
matelyrounddiscsof radiusz". More precisely givene > 0, if n is large,
thenthe pre-julienneis bradettedbetweertubeswith base f —"(D,,) and
stableradii (1 £ ¢)1".

The proof of this propositioninvolvesthe centerbunchingand Hélder
assumptionssedio choosehejulienneshapeThenext lemmageneralizes
easilyto ary foliation whosetangenbundleis 6-Hdldercontinuouswhere
O<p<0<1.

Lemma5.2. The centerholonomyh : W3(p) — W=(q), h(p) = q, is
appraimately isometric at small g-Holder scalein the following sense
Givene > Otherisad > 0sud thatif

(13) it <p<r<$

andif g € WC¢(p, r), thenh carriesa rounddisc D of radiusp in W3(p)
to a nearlyrounddisch(D) of radiusp in W*(q). More preciselyif D =
W5(p, p) thenh(D) is bradkettedbetweerrounddiscs

W@, (1-e)p) C h(D) C W@, (1+6)p).

Proof. Thepointto notehereis thatp canbequiteabit smallerthanr, but
notarbitrarilysmaller;it cannever belessthanr 2. Discswhoseradii aretoo
smallmaybegrosslydistortedn shapdyy thecentetholonomymaph. See
Fig.7,whichindicateghattheshapendsizeof h(D) is undergoodcontrol
atonescale put still maybepathologicahtasmallerscale Werecapitulate

W5(q, (1-€)p) W(q, (1+£)p)

Fig. 7. At small g-Hélderscaleh(D) is approximatelyound
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the proofsof Lemmasl and2 in Sect.4 of [21]. In an exponentialchart
at p, the centerleafthrougha point z nearp is thegraphof afunction

¢z ES() — ES,.

SeeFig. 8. Thefunction¢,(x) is differentiablewith respecto x. Thenorm

WE(p, 1)
\ o N

Fig. 8. Locally, in exponentialcharts leavesaregraphs

of its derivative d¢,/dx is the slopeof theleafin the exponentialchart.By
assumptiord¢g,/ox is -Holdercontinuousandatthepoint (z, x) = (p, 0),
d¢,/0x = 0. Thus
¢,
X
where (z, x) variesin the r-neighborhoodof (p, 0). Geometrically this
meanghatthe centedeavesarequiteflat, quite horizontal.

Considerthe horizontalholonomy H. It is translationparallelto the
plane Eg. Continuity of ES implies that H hasthe following property
Givene > Othereisaéd > O suchthatif p <r < § then

H(D) ¢ WS(Hp, (1+¢€/2)p).

SeeFig. 9. No underboundor p is needechere.
Over a distancer, the centerleaf divergesfrom the horizontal plane
parallelto E} by atmost

< Krf

— ’

Krfr = Krit?,

a quantitythatis negligible in comparisorto p. For whenr is small, our
choicein (9) of 8 < 6 and(13) imply that

pIH0 148 < p.
Hence,|Hp — g| <« p and
h(D) c W(q, (1+ €)p).
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O | =)

W5(q, (1+€/2)p)

W(p) W(q)

Fig. 9. At smallscale the horizontalholonomyis approximatelyisometric

Applying the samereasoningo h—%, we seethat
h™ (W@, (1 - e)p)) C D,

andit follows thath(D) is braclettedbetweertherounddiscs
W5(q, (1 + €)p) asclaimed. O

Proof of Proposition5.1. Themainstablefiber of the pre-julienne
f7(35%) = WS(£7"(Dp) UWE(F"(p), 2"))

is the round disc W5(f~"(p), "), while the centercoreis f"(D,) =
f="(We(p, o™)). Since|| T¢f|| < y~1,

F(We(p, 0™) € We(F"(p), 0" /¥™.

We will apply Lemmab.2, withr = o"/y" andp = t". We needto
check(13),namely

o™\ 1+8 N on
(—) < " < —

" v
and by (12), this is true. Also, whenn is large,r = o"/y" is small.
Lemmab.2thencompleteshe proof. O

6. Juliennesunder unit holonomy

In this sectionwe study the unstableholonomyh : W(p) — W®(q),
g = h(p), andhow it affectscenterstablgjuliennes Everythingwe sayhas
its counterparfor centerunstablguliennes.We assumehroughouthatq
liesin theunit unstablemanifoldof p,

qe W' (p, 1.
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Theorem6.1. h disruptsrankin a uniformlyboundedashion:there is an
integer k sud thatfor all p € M andall large n,

(14) J3k(@ C h(J53(p) C I8, ().

Proof. The subtletyof the analysisis presentexactly here.The shapeof
thejuliennesmaybe awful, but in termsof holonomythey nest.
At theendof the proof we shaw thatindex jugglingreduceg14)to

(15) h(J53k(P) C JI(Q).

Referringto J53, (p) asthe smalljulienneat p andto J5%(g) asthe large
julienneat g, (15) assertgshatholonomycarriesthe smalljulienneinto the
largeone.

Firstwe determinek. Theunstablenolonomymaph sendsentemani-
foldsto centemmanifolds,andits restrictionto eachindividual centermani-
fold is of classC* or better SeeTheorenB of [23]. (Onthefull centerstable
manifoldh is of coursemuchlessregularthanLipschitz.)By compactness,
thesupremuml (h) > 1, of theLipschitzconstant®f all thelocalunstable
holonomymapsh : W¢(p) — W¢(q) is finite. Choosek suchthat

= 6L(h)

Thecentercoredisc Dy, (p) hasradiuso"™*, andthush sendst to asubset
of WS(q) having radiusL (h)e"™*%, which by the choiceof k in (16)is less
thano"/2. Thus

17) h(Dnik(P) C 3Dn (@),

where%Dn(q) is the half-sizedsub-discof D,(q). The inclusion(17) is
a steptoward (15). We want to shav that the holonomyimage of one
julienneis containedn anotheiljulienne,and(17) shavs thatatleastthisis
true of their centercores.

Sincethe unstableholonomyis definedby theinvariantfoliation 77,
it commuteswith f. Specificallyif we write

hn : WE(F(p) — WE(F (@)

(16)

then
h=hyg= f"oh,o f™".

Thus,(15)is equivalentto
(18) hn o F7(I55k(P) € F(I%@).

Think of theholonomymapastakinganobjectlocatedon onecenterstable
manifold,and“pushingit acrossto anothercenterstablemanifold. Then
(18) hastwo advantage®ver (15).
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(a) The distancebetweenthe domainandtametfor h, (the “push across
distance”)is muchlessthanthatfor h.

(b) The domainand tamet of h, in (18) are more roundin shapethan
thosethatconfronth in (15). For pre-juliennesarelesselongatedhan
juliennes.

To prove (18)it suficesto find tubesT,, T, suchthat

f(3R5(P) C Th

(19) ha(Tw) € T, C £-1(355(0)).

Set
By= f"3Dn(@) B, = f"(Dn(Q)).

By Proposition5.1 the pre-julienne f ~"(J$%(q)) is tubelike. It contains
atubeT; with baseB/, andstableradius2:" /3. Thedistancerom £ Dy ()

to theboundaryof D,(q) iso"/2. Under f ~" this distancecandecreaséy
atworstthefactory". Thus,

n
(20) X € By = d(x,9B;) > (yczr) .

SeeFig. 10. We do not asserthat B, liesin themiddle of B/, merelythat
its distanceto 9B;, decaysno fasterthana slow exponential.The shapeof
thepair B, C By, canin principlebequitemessy

By Proposition5.1 the pre-juliennef =" (3%, (p)) is alsotube-like.
It is containedn atubeT, ,

Fr IR (P) C Togw = U wex2e™).
xe =M+ (Dp k()
Since|| TSf|| < v < o, we seefrom (16) that
FrOSm C fMTw e | W t"/3) =T,
xe f~"(Dn+k(P))

atubein We(f~"(p)) with basef ~"(Dn,k(p)) andstableradiusz"/3.
Weclaimthath,(T,) C T,. Takeapointx € T, thatliesin f~"(Dn1«(p)).
Sincehpo f" = f~"oh, (17)impliesthat

hn(x) € f"(3Dn(Q)) = B

Take a pointy € T, thatlies in W3(x, t"/3). The distancebetweenthe
centerstablemanifoldsthrough f ~"(p) and f ~"(q) is atmostv" sincetheir
original distanceapartis atmost1, and | T¥f~*| < v. Thepointsx, y lie
ontheformerandh,(x), hn(y) lie onthelatter By thetriangleinequality

d(hn (), hn(y)) < d(ha(x), X) 4+ d(x, y) + d(y, ha(y)) < 20" +7"/3.
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h(Dy,4(p))

Fig. 10. Thecentercoresof thejulienneandpre-julienneat g andat f ~"(q)

Sincev < 1 < yo, for largen we have
d(hn(X), hn(y)) < "/2 < dist(By, 3By).

Although potentially ugly themseles, the sets B,, B;, are containedin
We = WE(f~"(q)), which is a rounddisc. The point h,(y) is not near
theboundaryof W€ becausét muchnearerthe pointh,(x) € B, thanthe
distancebetweenB, anddBy,. The shortestdistancefrom h,(y) to W° is
essentiallyachiered alongthe local stablemanifolds,so the distancefrom

hn(y) to WE is essentially< t"/2, andwe getanintersectiorpoint
z e We(hp(y), T"/2) N WE,

Thend(z, x) < " « dist(B,, dB},) impliesthatz € By,. In otherwords,
hn(y) € W3(B},, t"/2), whichis containedn thetubeT,. SeeFig. 11. This
implies(19), hence(18),andhence(15).

It remainsto deduce(14) from (15). Sincethe latter is valid for all
large n, we canreplacen with n — k. Thisgiveshalf of (14),

h(J5%(p) C I (0).



28 CharlesPugh,Michael Shub

(%)

WO(B,,T"2)

Fig. 11. Despiteits raggedends hn(Tn) is containedn T}

Interchangingp andq, andapplying(15) to h—! insteadof to h, we get

(21) h (38 (@) C I=(p).

Applying h to bothsidesof (21), we getthe otherhalf of (14). O

7. Juliennesengulf

In this sectionwe verify the geometricpart of the volumetric engulfing
property In the next sectionwe work outthe measuregatio estimate.

Theorem 7.1. Centerstablejulienneshavethefollowing engulfing prop-
erty. Theeis an¢ e N sud thatif two centerstablejuliennesJss,, 353,/
meetthen

cs 7/ cs
NS G R

Proof. Recallthatn is therankof thejulienne J$. Thetheoremassertshat
arankn juliennewill engulfarankn + ¢ julienne,if the latter meetsthe
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rankn + ¢ sub-julienneof the former Write

stl:s - WCQS(Dn U Yn)
3, = WS(Dpye U Yoy
Il = WES( Diye U Ynso)-

We referto thesegjuliennesasthe big julienne,the smalljulienne,andthe
neighboringulienne,respecirely. Accordingto Propositiorb.1,thestable
fibersof a julienne of rank n areimagesby f" of approximatelyround
discsof radiust". Since||TSf| < v, thesef" imagesare containedin
stablediscsof radiusv"t" < v"¢", a numberthatis much smallerthan
the radiuso" of the coredisc D,.. Thus,the diameterof a centerstable
julienneis approximatelythe diameterof its coredisc,andthe diameterof
the neighboringuliennethatwe hopeto engulfis approximatelys"*¢. We
choose’ sothat
ol < 1

=3
Thenthe the two intersectinguliennesof rank n + ¢ have diameterless
than1/3 of thediameteof thebig julienne,andoneof them,J% ,, includes

n+¢1
thepoint p. It follows thattheneighboringulienne,J$ /, is socloseto the

n+¢ 1
middleof thecentercoredisc D, of thebig juliennethatit projectsinto D,
underthe stableholonomymap.Thatis
38, € W9

SeeFig. 12. All the s-fibersof the neighboringuliennelie on local stable
manifoldspassingthroughthe coredisc D, of the big julienne.If we can
shawv that all the c-fibers of the neighboringjulienne lie on local center
manifoldspassinghroughthe mainstablefiberY,, of thebig julienne,then

Fig. 12. Theneighboringulienneis containedn thelocal stablesaturateof D
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by the naturalityof thejuliennedefinition,Propositior4.1,thebig julienne
engulfstheneighboringulienne.

To understandhe centerfibers,we apply f " to the picture. Accord-
ing to Proposition5.1 the big juliennebecomegube-like. We referto the
f~" imagesof the othertwo juliennesasthe small pre-julienneandthe
neighboringpre-julienne Their s-fibers, beingthe f¢-imagesof approxi-
matelyrounddiscsof radiusz"*¢, arecontainedn rounds-discsof radius
vttt Moreover, the centercore of the small pre-julienne, f =" (D),
is containedn the centercore f ~"(D,) of thetube-like pre-julienneand
its stablefibersarecontainedn discs,centeredat pointsof f (D), that
have radius< t"/3. Oneof theses-fibersof the small pre-juliennemeets
an s-fiber of the neighboringpre-julienne.The latter s-fiber lies in a disc
of radius < "/3. Two intersectingdiscsof thesesizesand positionsare
containedn thes-discof radiust". SeeFig. 13.

Fig. 13.1f a small,centeredsub-discof a big disc meetsa secondsmall disc, the big disc
engulfsit

Hence,at leastone, specials-fiber of the neighboringpre-julienneis
containedn ans-fiberof thebig, tube-like pre-julienneBy theconstruction
of juliennesasfoliation productsall pointson an s-fiber of ajuliennelie
on local centermanifoldsthat passthroughthe main stablefiber of the
julienne.SeePropositiord. 1. Thereforeall pointsof the specials-fiber of
the neighboringpre-juliennelie both on local centermanifoldsthat pass
throughthe main stablefiber of the big pre-julienne,andon local center
manifoldsthat passthroughthe main stablefiber of the neighboringpre-
julienne.Local centermanifoldsare unique.Therefore all the c-fibers of
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the neighboringpre-julienndie on local centermanifoldspassinghrough
the main stablefiber f ~"(Y,) of the big pre-julienne Re-applyingf", we
concludethatthesames trueof thejuliennesthemseles:all the c-fibersof
the neighboringuliennelie on local centermanifoldspassinghroughthe
main stablefiber Y, of the big julienne.This impliesthatthe big julienne
engulfstheneighboringulienne. O

Theorem 7.2. Solidjulienneshavethesameengulfingpropety: thereexists
aninteger L sud thata rankn juliennewill engulfarankn + L julienne
if thelatter meetgherankn + L sub-julienneof theformer

Lemma7.3. If J, J’ are solid juliennesand the local unstableand local
stablesaturatesof J containthe main centerstableand centerunstable
slicesof J’,

be(d) D JI¥ and WS .(J) D J%,

loc

thend o J'.

Proof. The proofis like thatof Propositiond.1. Take apointz € J'. It is
theintersectiompointfor a pair of local unstableandstablemanifolds,
Z' = Wige(X) N Wige(y)

loc

wherex’ € JV,y e J%. But by assumptionx’ lies on a local stable
manifold throughthe main centerunstableslice J® of J, andy’ lies on
alocal unstablamanifoldthroughthe maincenterstableslice J° of J, say

X e Wo.(x) Y € Wi(y)

for somex € J% y e J%. Sincelocal stableand unstablemanifoldsare
unique,we seethatz < J. O

Proof of Theoem?7.2. Theorem$.1and7.1producdntegersk, £. Thefirst
expresseshe rankdisruptioncausedy local holonomy while the second
expresseghe centerstableand centerunstablerank disruptioncausedy
neighborlyengulfingWeclaimtha L = 2¢+4-k expressetherankdisrupton
causedy solid neighborlyengulfing.

Supposehat J,(p), J.(p) aretwo rankn solid juliennesthat meetat
a point z. By the julienne construction,z lies on a local unstablemani-
fold throughthe main centerstableslice J° of J,, and alsoon a local
unstablemanifoldthroughthe maincenterstableslice J¢ of J;.. Localun-
stablemanifoldsareunique sothelocalunstablenanifoldthroughz passes
throughboth J$° and J$, sayat y andy'. SeeFig. 14. Dually, the local
stablemanifoldthroughz passeshroughthe maincenterunstableslicesof
both J, and J;,.
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we Wi(z)

Tno2ex(p)

J CS(P) *p
i 20y)

Tnek(y)

Fig. 14. The centersare horizontal,the stablesare vertical, and the unstablegetreatinto
the pageobliquely Thewhite rectanglesirecenterstablejuliennesat p and p’. Theshaded
rectanglesrecenterstablejuliennesat y andy’. The dottedlatticeregionis the holonomy
imageof JS°,_, (y). Thus

ISP € I, (y) chU(3E8, () € Wi (I8 5 (P)

We apply Theorem/.1to therankn centerstablejulienne J$3(y) aty'.
Decreasingts rankby ¢ causest to engulf J$°(p'),

(22) J2y) D I3(p).

Then we apply Theorem6.1 to the centerstablejulienne J$°,(y) aty.
Decreasingts rank by k causests unstableholonomyimageto engulf

NSHCSR
(23) hY(35%, . (¥) D JI°,(y).

Finally, decreasinghe rank of the centerstablejulienne J°,_, (p) by
afurther? causest to engulfJ$°,_, (y),

(24) I k(P D I, (Y.

Combining(22), (23), and(24), we seethatthe unstableholonomyimage
of J%°,,_(p) engulfsJS5(p). In termsof saturateshis means

Ioc(‘:l —20— k(p)) 2 Jcs(p)
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Dually we seethat
oc(Jn2e k(D) D I(P).
Then,accordingo Lemma7.3,J > J'. O

We concludehis sectionwith anextensionof Propositiorb.1.A setthat
canbeexpresseds

T=Jwx. 1
xeB
for someB c Wgi(p) andsomer > Ois asolid tube
T= TSOHd(B, r)

with baseB andstableradiusr.

Theorem 7.4. LetL betherankdisruptian boundproducedin Theoem?7.2.
A solid pre-juliennef ~"(J,(p)) canbebradettedbetweersolid tubes

To € f7h(p) C Ty,

sud that T, hasbasef"(J5}, ) andstableradiusr, = (ut L¢", while T,
hasbasef "(J%, ) andstableradiusr;, = (ut) """

Proof Theorenv.2impliesthatJ,(p) engulfs,, (x) if x € I3, (p). The
main stable fiber of f~™b(J% (x)) is the round, stable disc
Ws(f~("+L(x), t"*L). The L imageof this disc containsa round,stable
sub-disoof radiusr,. Letting x rangeover J5!, (p), weseethat f ~"(J,(p))
containghetubeT,. Theproofthat f ™"(J,(p)) is containedn thetubeT/
is similar. O

8. Juliennemeasuse

A Riemannstructureon TM thatexpresseshe partialhyperbolicityof our
diffeomorphismf is adaptedto f. Fix suchanadaptedRiemanrstructure.
It inducesRiemannstructuregangento the leaves of the foliations 7™,
N, 7, 7775, 7775, TheseinducedRiemannstructuresgive rise to
Riemanmmeasures, mY, ..., m® on M andontheleavesof thefoliations
V/AA/ a4

We needto estimatethe volume of discsand tubeswith respectto
thesemeasuresTo do so, we first modify the exponentialchartsexp,, :
TpM(p) — M asfollows.(Everythingwill bedonelocally —i.e.,inamoded
sizedneighborhoodf the zerosection,sayof radiusp.) The exponential
pre-imageof thelocal centerunstablemanifold WS (p) is agraph,

exp, (Wi(p) = graphigy?),
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wheregS' : ES'(p) — E5(p) is afunctionof atleastclassCHoer, write
X € E%“(p), ye E‘?)(,o), anddefine

DR Y) = (X%, Y + (X))

d)%“ isadiffeomorphisnof T,M(p) to anotheneighborhooaf theorigin of
TpM. Attheoriginof E}, ¢ andits derivative D¢y vanish.Thederivative
is takenwith respecto x € E. Thus,attheoriginof T,M, D& = |, the
identity map.

Theunionof all the mapsd)‘,’)“ as p variesin M, is ahomeomorphism
@ from TM(p) to anothemneighborhooaf thezerosectionlt andits fiber
derivative DCI>‘,’Ju areHoldercontinuouson TM. Thecompositeexp o is
a partially adaptedexponentialmap.It send$achE‘,§“(p) to WL (p).

Repeatinghis type of modificationfor the otherinvariant manifolds
leadsto a homeomorphismH from TM(p) to anotherneighborhoodof
the zero sectioncovering the identity mapon M suchthat the restriction
of H to T,M(p) is a Ct*Helder diffeomorphismwhich carriesthe discs
Ep(0), E‘,’)“(,o), E‘,’J(p), E‘,’f(p), E%(,o) to the exponentialpre-imageof the
correspondindpcal invariantmanifolds.The composite

e = expoH

is the adapted exponential map. Its restrictionto T,M(p) is a C+Holder
local diffeomorphisme, from T,M(p) to M sendingthediscsE‘;(p), e
Ef)(,o) to the correspondingnvariantmanifolds.Lik e the unadaptedxpo-
nential,thetangento e, attheorigin is theidentity,

(25) To(ep) = I.

Using e, we lift all objectsin M to T,M, writing a bar over the lifted
object.For example,S ¢ M lifts to S = e;l(S) C TpM. Likewise, the
measuren on M lifts to ameasuren = e;(m) in ToM, them-measuref S
beingm(S). The measuran is not translationinvariantwith respecto the
linearstructureof T, M.

The adaptedRiemannstructureon TM gives eachtangentspacean
inner product,andthe inner productinducesa secondnatural,translation
invariantmeasurethe Riemannmeasurean, on T,M. Dueto (25),onecan
view m, asthelinearpartof m attheorigin of TM,.

Theothermeasures, . .., m°lift to measureg, ..., m® onthesub-
spacef‘;, e, Ef). Onthesdlinearsubspacesndon all affine subspaces
of T,M parallelto them,we alsohave the Riemanrmeasuresn‘,;, e mf)
inducedby the inner product.Again, one canview the latter measuress
thelinearpartsof theformermeasures.
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Lemma 8.1. Thevolumeof a smalltubeis approximatelythevolumeof its
basetimesthevolumeof its fiber

m(T) N
meU(B) ms(Ws(p,r))

More preciselyfor anyep > Otherisad > 0sud thatif T isasolidtube
with baseB c W (p, §) andstableradiusr < & then

m(T) L,
meu(B) me(WS(p, )

(26)

< €p.

Correspondingassertionsare true for centerunstabletubesand center
stabletubes.

Proof Accordingto (25),whenT is small,

T mSY(B mS (WS(p, r

(27) mp(M) ~1 ﬁ ~1 M ~
m(T) mev(B) mS(Ws(p, 1))

It is thereforefair in the proof of (26) to replacethetube,its base|ts fiber,
andthevariousmeasuredy correspondingbjectsin T,M.

Sincee, is adaptedo theinvariantfoliationsof f, thebaseB of T lies
in EZ'. Dueto (25),givene > 0, it actuallyliesin EJ'((1+ €)3) whenT is
small.

The main stablefiber of T is e, (WS(p,r)) = W*(p,r). Sincee, is
adaptedo theinvariantfoliationsof f, WS(p,r) liesin E}. By (25),when
T is smallit is braclettedbetweerroundstablediscs

ES((1—¢/2)r) € Wi(p, 1)) C E3((1+€¢/2)r).

Let 7y : To;M — Ej bethe projectionwith kernel EZY. Since,whenT
is small, the stablefibersof T uniformly C! approximatethe main stable

fiber, theirng-projectionsinto Ef) arebraclettedbetweerdiscswith slightly
relaxedradii, sayYy = E%((li e)r). In particular
Y_ c We(p, 1) C Yy,
It alsofollows that T is braclettedbetweerT ..,
T cTcT,,

where B .
T. = {ze W¥(x,2r) : x € Bandm,(2) € Yi}.

SeeFig. 15. ThesetT.. is slicedperfectlyby the affine subspaceE‘,@u XY,
y € Yi. In fact the intersectionsof T. with theseaffine subspacesire
the holonomyimagesof thebase hy(B). The stablefoliation is absolutely
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Fig. 15. Why Fubini’s Theoremappliesto T+ but not directly to T. Notethathy : B —
Ep' x yis thestableholonomymapthatsendsx to z

continuousandso is its lift to T,M. The RadonNikodym deriative of
its transerseholonomy RN(hy), is continuousWheny = 0, hy is the
identity andthe RadonNikodym dervative is 1. By continuity wheny is
small, RN(hy) ~ 1. Thus,by Fubini’s Theorem

mTe) 1 m&'(hy(B))
meu(B) my(Ya) — MB(Ye) Jyey, mMEN(B)
if T issmall.SinceY,. arerounddiscs,

my(Ye)  (14+€\°
(29) ms(Y-) (1— e) ~1

dny,

p

(28) ~ 1,

SinceT, braclet T andY.. braclet W5(p, r),
mp(™) __  my(M) - M)
mei(B) my(Yy) — mgi(B) my(Ws(p,r)) — mSi(B) my(Y-)
Hence(27),(28),(29) imply (26). O

Next we give anestimateo controlvolumeof a smallsetalonganorbit
of our C? diffeomorphismf : M — M. We assumehat E is a 6-Holder
continuousintegrable T f-invariantk-dimensiond sulbunde of TM, 6 > 0.
We denoteby U a smallk-dimensionabisctangentto E with p € U, and
by mg the Riemannmeasureon sucha disc. Therestrictionof Tf to E is
TEf. We have in mind the examplethatU is a smallcenterdisc, a small
centerstabledisc, or a small solid neighborhoodThenE = E¢, E®, TM
respectiely.
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Theorem 8.2. The restriction of a high iterate of f to a small enough
disc tangent to E is approkimately measuretheoretically conformal in
the following senseFix a constantc < 1. If the disc U is so small that
fori=0,...,n _
diamf'U < «",

then

me(f'U)
|detTEfi| meg(U)

(30)

Proof. mg(f'U)istheintegralof theabsolutedeterminanof TE f' overU.
Thus,

me(f1U) ~ 1 / ﬁdetTﬁxf
detTEf | me(U)  — meU) Jxey {_odetT f

which, since E is #-Holder and f is C?, is the averagevalue on U of
aproduct[ [(1+ (¢;(x))?) where

le;(x)| < CdiamflU < C«".
Becausaw" — 0asn — oo, theproductapproximated. O

We have chosenthe juliennesso that they remainexponentiallysmall
undern iteratesof f. Accordingto Theorem8.2, then, the effect of f',
li| < n,onthefibersof thejulienneds approximatelymeasure¢heoretically
conformalUnder f' thefibermeasuregetmultipliedapproximatelyoy the
appropriatedeterminantSee(30).

Theorem 8.3. Fix an integer ¢ > 1. (Eventually ¢ is a rank disruption
boundfromTheoems6.1,7.1,0r 7.2.) Thee existsa constant = c(¢) > 0
sud thatfor all p € M andall large n,

- M)
T meOR()

Thecorrespondingassertionshold for centerunstablejuliennesand solid
juliennes.

Proof. The upperboundof 1 is trivial, sincejuliennesnestdowvn to p as
n — oo.

We first assumet = 1. Sincethe centercores Dy, Dpy1 0f J53(p),
J5%1(p) arerounddiscsof known radii ", o"t1 thereis aconstant; such
that
m°®(Dn+1)

0 c < .
=" = "me(Dy)



38 CharlesPugh,Michael Shub

Let B, = f"(Dn) and By = f"(Dpy1). Clearly Bh,1 € Bp and
they areexponentiallysmall. Accordingto Theorem8.2, sincetheratio of
the centermeasure®f Dy, Dn,1 is uniformly controlled,so is the ratio
betweenhe centermeasure®f their iteratesBy,, B,1. In fact, nearlythe
samecontrolconstantganbeused.

Now considerthe stable fibers Y,(x), Y,.1(X) of the pre-juliennes

f="(35%), £7"(J53,) atx e By,. By Proposition5.1, the former is ap-

proximatelyequalto arounddisc,
Ya(X) &~ W3(X, T").
Thelatteris braclettedbetweerrounddiscs,
WE(X, £t™1) C Yo (X) © WS(X, vr™1).

Thus,for someconstantg,, we have

M*(Yn41(X))

%S 00

Applying Lemmas8.1atthepoint f ~"(p) with B = B,,, givesacomparison
M "(35%1(P))

mes(f-"(J$S(p))) -

Iteratingby f" andapplying Theorem8.2 again,we seethat the center
stablejuliennesJs>(p), J5%,(p) enjoy thesamecomparabilityof measure,
m*(J531(P)

mes(J§S(p)

which completesthe proof when¢ = 1. For general¢ the choicec = ¢
give

0<03§

0 <cy <

CS/ 1CS
0 <c < m (Jw(p)).
me(JIF3(p))
Measurecomparabilityfor centerunstablejulienneshasa symmetric
proof.

Finally considersolidjuliennesJ, (p) and J,..(p). Accordingto Theo-
rem7.4thereis asolid tube

Tose € 7900 10(p)),

whichhasbasef ~ ™9 (J%, (p)) andstablediscsof radius(u.7)- z"**. The
ft-imageof T, containsa solid tube T;* with baseB} = f"(J%,(p))
andstablefiber of radius(u )¢+t ",
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Likewisethereis asolidtube T, with

f"(h(p) C T,

which hasbaseB), = f "(J%(p)) andstablediscsof radius (ur) “z".
Thus

T C (T € F "Gnse(P) € £ "(G(p) C Ty

We claimthat T* andT,, have comparableneasuresBoth aresolid tubes,
andtheirbasesest
By C B).

In fact f"(B¥) = I, (p) while f"(B)) = JtU(p). We have alreadyes-
tablishedmeasurecomparabilityfor thesecenterunstablejuliennesat p.

By TheorenB.2their measuresemaincomparableinder f ~". Thatis, the
basesB* and B, hase compaarbleneasuresSincetheradii of their stable
discshave ratio nolessthan(u.t)+2-, themeasuresf T* and T/ arecom-
parableandthesamds truefor thesetsthey braclet,namelyf —"(Jn,¢(p))

and f ~"(J,(p)). Applying TheorenB.2againgivesmeasure&omparability
of thesolid juliennesJd,,.(p) and J,(p). O

Theorem8.4. The\itali bases 7, 7, and 7 are volumetricallyen-
gulfing andhenceare densitybases.

Proof. Theassertiorior 7 meanghatif SC M is measurabl&ith respect
to the Riemannmeasuran on M thenalmostevery pointof Sis a density
pointwith respecto 7. In Theorem7.2we shavedthatasolidjulienneJ,
is engulfedby J/ | if J, meets];. In TheorenB.3we shavedthatthereis
auniform boundon the volumeratio betweerengulferandengufeeThus,
TheorenB.1appliesand 7 is adensitybasis.

The assertiorfor 7% meansthatif S ¢ W¢(p) is measurablavith
respecto Riemanreafmeasuren thenalmosteverypointof Sisadensity
pointwith respecto 7. Theproofis similar. O

Theorem 8.5. Thestableandunstableholonomymapsare juliennequasi-
conformalandhenceanyunstablenolonomymappreservesll 7 density
points,while a stableholonomymappreservesll 7 densitypoints.

Proof. Accordingto Theorems5.1and8.3,if g € WY(p, 1) thenthe un-
stableholonomymaph : WE.(p) — WE.(q) satisfies

loc loc
I3k(@ € h(J53(p) € I3, (@),

andthe measureatio betweenJs$, (q) and J5°, () is boundedaway from
zero.Thatis, h is juliennequasi-conformalAccordingto Proposition2.1,
h preseresall _7° densitypoints. The dual statementsold for a stable

holonomymap. O
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Next, we relatedensitypointsof asetto densitypointsof the stableprojec-
tion of thatsetontoalocal centerunstablamanifold.

Theorem 8.6. Assumdhat A is measuable and s-satuiated. Thepoint p
is a densitypointof A with respecto thesolidjuliennebasis 7 if andonly
if p is a densitypoint of A N W (p) with respecto the centerunstable
juliennedensitybasis 7.

Proof Supposeghat p is adensitypointof A with respecto 7. Then
[A:h(p]—1

ash — oc. Accordingto TheorenmB.2, f ~"(A) is alsohighly concentrated
in the pre-juliennef —"(J,(p)),

[F(A) : (A (p)] - L

By Theorenv.4thereis atubeT, C f~"(Jy(p)) whosevolumeratioin the
pre-juliennes boundedaway from zero.Hence

[(f"A):Th] — 1.

The baseof thetubeis f~"(J5}, ) andits stableradiusis r,. Since A is
s-saturatedsois f ~"(A). Thus f " (A) consistof wholestablemanifolds,
andits intersectiorwith thetubeT, consistf whole stablediscsof equal
radiusr,. We apply Lemma8.1 to two tubes:the tube T, andthe tube
T, N f7"(A). Thisgives

m(T, N £ "(A) 1
med(F=n(JE ) N F=N(A) mS(WS(F(p), o)

while thevolumeof T, itself satisfies

m(Ty) ~1
meU(f=n(JS ) mS(Ws(f="(p),rn))

Hence theconcentratiorof f~"(A) in thebasef ~"(J5}, ) musttendto 1.
Applying f" to this configuratiorandusingTheoren8.2againwe seethat
the concentratiorof A in the centerunstablgulienne J5!', alsotendsto 1.
Sincel is fixed, this shawvs that p is a densitypoint of A N W°¢(p) with
respecto 7.

The corverseis proved similarly, using the large tube T; from Theo-
rem7.4. O

We combineTheorems.5and8.6 asfollows.
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Theorem8.7. If A C M is measuableandessentiallyu-satuatedthenits
setof 7 densitypointsconsistof wholeunstablemanifolds.

Proof A setis essentiallyu-saturatedf it differsfrom a u-saturatedgetby
azeroset.Alterationby azerosethasno effect on the setof (solid) density
points,soit is fair to assumehat A is u-saturatedLet p bea 7 density
pointandlet g beapointin W"(p). We claimthatq is a_7 densitypoint
of A.

Assumeat first that g lies in the local unstablemanifold of p. By
Theorem8.6, p is adensitypoint of A N W®(p) with respecto 7. By
Theorem8.5andthefactthat A is u-saturatedq is a_7°® densitypoint of
AN W®(q). By Theorem8.6,q is a_7 densitypoint of A. Thus,the set
P of 7 densitypointsconsistf wholelocal unstablenanifolds.Because
(global) unstablemanifoldsare connectedand consistlocally of local un-
stablemanifolds, the set P of density points actually consistsof whole
unstablananifolds. O

9. Proof of TheoremA

The proof of TheoremA follows the samepatternasin [2,12,21]. We
supposehat f is notergodicand,usingthe Birkhoff Ergodic Theoremwe
find aset Ag suchthat Ag is f-invariant,hasintermediataneasureandis
essentiallysaturatedy stableandunstablemanifolds.Let A bethe setof
7 densitypointsof Ay andlet B bethesetof 7 densitypointsof M\ Ao.
Accordingto TheorenB.4,almosteverypointof Agisa_7 densitypoint,so
A haspositve measureLik ewisethesetB haspositve measureThesetP
of all us-pathsoriginatingat pointsof A is, by definition,us-saturatecand
it containsA, soit formsa us-saturatedetof positve measureEssential
accessibilityimpliesthat P hasfull measureandthereforet meetsB. The
upshotis thattherearepointsp € A, g € B anda us-pathfrom p to q.
Sincepisa_7 densitypointof Ay, TheorenB.7impliesthattheentirefirst
leg of the pathconsistf 7 densitypointsof Ay. Thesameappliesto the
secondeg, andsoforth. We concludehatq is alsoa_7 densitypointof Ag
andthisis incompatiblewith it alsobeinga 7 densitypointof M\ Ay. O

10. Affine diffeomorphisms

Inthissectionweprove TheoremsB, C,and Corollariesb, cfromSect.l. For

readersunfamiliar with Lie groupswe includesomestandardnaterial,see
also[21] wheresomeof this is worked out for the caseof left translation.
We usethe standardnotationfrom differential topology that TyM is the
tangentspaceao M atx andthatT, f is thetangentoamap f atx.
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Recallwhatwe assumedh Sect.1.

(a) Gisaconnected.ie groupandB c G is aproper closedsubgroup.

(b) G/B is compact.

(c) Haarmeasureprojectsto a finite measuran on G/B, invariantunder
left translationxB — gxB

(d) f: G/B — G/B is anaffine diffeomorphism. Thatis, it is part of
acommutatie diagram

f_=LgoA

G G
nl ln
G/B J G/B

whereAisanautomorpismof G, L 4 isleft multiplicationby somefixed
elementg € G, and,to make the projectionwell defined,A(B) = B.

Further f inducesaLie algebraautomorphisndefinedby
a(f) = Ad(g) o TeA = TyRy 1 0 TeLg 0 TeA.

Givena linearsubspacde of theLie algebrag = TG, we extendit to
arightinvariantsublundle R(E) ¢ TG whosefiberatx € G is

Ex = TeR«(E).

Right invarianceof R(E) meansthatfor all X, y € G, TRy carriesE, to
EXy-

Proposition 10.1. a( f)-invarianceof E is equivalento T f-invarianceof
R(E).

Proof Obsere firstthat
(31) Tof = TeRg o a( ).
For f(x) = gA(X) = Lgq o A(X) impliesthat

TeRy o a(f) = TeRy 0 TyRy1 0 TeLgo TeA = TeLgo TeA,

whichis T, f.

From(31)andrightinvarianceof R(E) weinferthatE is a( f)-invariant
if andonly if T.f sendsE = Ee to Eg. It remainsto shaw thatthis T f-
invarianceof R(E) frometo f(e) = gimpliesT f-invarianceatthegeneral
pointy € G.
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Commutatity of thediagram

G— G

Ryl lRAW)

G —— G
is simpleto check:if x € G then
Rawy o f(X) = gAX)A(Y) = gA(xy) = f(xy) = f(Ry(X)).

Takingthetangentmapsof thediagramatx = e gives

T.G —>Tef T.,G
€ g
Te Ryl ng Ray)
T, f

Hence ~ ~
Ty f = TyRay o Tef o (TeR) ™

SinceR( E)is TR-invariant,it is also (T_R)—l-invariant,andT f-invariance
of R(E) frometo f(e) propagateso T f-invarianceeverywhere. O

BecauseB actson the right, the bundle R(E) projects naturally to
aquotientbundle, Tr(R(E)) = R(E) C T(G/B), whereE = Trn(E),
_ Tf _
REE) ———— R(E)
Tnl lTn
Tf
R(E) ———— R(E).

The fiber of R(E) at xB € G/B is T.(Ey), which is isomorphicto
Ex/(Tx(xB) N Ey). Here,we think of xB both asa subsetof G and as
apointin G/B.

Corollary 10.2. a( f)-invarianceof E impliesT f -invarianceof R(E).
Proof. Fromcommutatity of thediagramghisis clear O

Proposition 10.3. Letg, bethesumofthegenealizedeigenspacesf a( f)
whoseeigervalueshavemodulus< p whee 0 < p < 1. Theng, is a Lie
subalgbra of g, notmeely a linear subspacef T.G.
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Proof The assertionis valid not only for a( f), but for ary Lie algebra
automorphism : g — gofacomple, finitedimensionbLie algebra,andis
aconsequenad thefollowing gereralfact: thefactorsSandM intheJordan
Decompositio = SM, areautomaticallyLie algebraautomorphismsf g,
not merelylineartransformation§.G — T.G. As usualSis semi-simple
andM = | + N with N nilpotent.SeeChapt.l.4 of Borel'sbookaboutinear
algebraicgroups[3] wherethis is discussedNote that the automorphism
groupof g is alinearalgebraiogroup.

Supposdirstthata itselfis semi-simpleg = S. Thenthereisacomplete
eigenbasisuvy, . .., vy} correspondindo eigewvalues{iy, ..., An}. Sincea
is aLie algebraautomorphism,

i, vj] = [Svi, Svj] = AiAjlvi, vjl,

and[v;, vj]isseertobeeitherthezerovecbror anS-eigevedor with eigen
value ;. In particular g, is closedunderLie braclet since|A;l, [Aj] <
p < limpliesthat|xiAj] < p? < p.

Next assumethat a = SM with S semi-simple,M = | + N, and
N # 0 nilpotent.Since MS = SM, the S-eigewaluesare identicalwith
the a-eigevaluesandthe S-eigenspaceareidenticalwith the generalized
a-eigenspaceslhe Lie braclet operationis definedindependentlyfrom
a, S M, sotheconclusiondor Shold alsofor a.

TheLie algebraautomorphismu( f) in the statemenbf the proposition
is real, not comple, but sinceeigewalues,generalizeceigenspacesand
bracletsactnaturallyundercompleification, thecomplex casempliesthe
realone. O

Asin Sect1wesplitg anda( f) accordingothegeneraliedeigerspaces
of with eigemwaluesof modulus> 1, = 1, and< 1 respeciiely,

a(fy = a%(f) @as(f) @ as(f)

g = g & g & g.

By Propositioril0.3theseareLie subalgebrasf g. We extendthemto right

invariantbundlesEY, E®, ES over G. Accordingto Proposition10.1,these
bundlesareT f-invariant.By Corollary10.2their projectionsto G/B, EY,

EC, andES areT f -invariant,

_ _ _ Tf _ _ _
EY®E°®ES —— E'YE‘pES

Tr | | T

Tf
EYOE°*®ES ———~ E'"®E°P ES.
A priori, someof thesebundlesmaybe zero.



Stableergodicity andjuliennequasi-conformality 45

Proposition10.4. Theris a Riemanrstructue on T(G/B) adaptedo Tf
with respecto which Tf expandsE" sharply Tf is nearlyisometricon E€,
andTf contracts E® sharply

Proof. Choosep, 0 < p < 1, suchthatthe moduli of the eigewaluesof

(aU(f))~t anda3(f) lie in the intenal (0, p). For ary € > O thereis an
innerproducton T.G whichis adaptedto a( f) in thesenseahatthenorms
of (a¥(f))~ andas(f) are < p, while the normsof (a(f))~* anda®( )

are< 1+ e. Righttranslatehisinnerproductto aright invariantRiemann
structureon TG. Right translationsbecomeisometries.By (31) andthe
proof of PropositionlO.l,Tef is isometricto Ty f for all x € G. Hence,
the Riemannstructureis adaptedo T f. Vectorsin EY areexpandedmore
sharplythanthefactorl/p, vectorsin ES arecontractednoresharplythan
thefactorp, andvectorsin E€ areaffectedisometrically upto factorsl — e

andl1 + e.

SinceB actson theright, andsincethe T f-adaptecRiemannstructure
is rightinvariant,it projectsby Tr : TG — T(G/B) to aRiemannstructure
on T(G/B). Underquotients,normsbecomeno larget Hence,| T3 f| <
[TSf| < p. Similarly, | Tef|| < || T°f]|, andif the bundlesarenon-zero
sotheinversesexist, [ TUf~| < [TYf~2| and|TUf-2| < [T f.
Hence,TYf expandsby at leastthe factorl/p, T3f contractshy at most
thefactorp, andsinceE® = E®“ N E®, T¢f is anisometryup to a factor
betweenl — € andl + €. O

Recallthath is thehyperbolicLie subalgebraf f andb is the Lie algebra
of B. Both aresubalgebrasf g.

Corollary 10.5. Theaffinediffeomorphismf is partially hyperbolicif and
onlyif h ¢ b.

Proof. We provetheequivalenceof theoppositeslf h ¢ bthenT(G/B) =
E° and f is completelycentral;it is not partially hyperbolic.On the other
hand,if f is notpartiallyhyperbolicthenatleastoneof EY, ES is zero,say

T(G/B) = E°@ E°.

Sincef preserestheprojectecdHaarmeasurethedeterminanof Tf is +1
everywherewhichimpliesthat ES = 0 also.ThusEY, E® C b, andh C b.
O

Proposition 10.6. The right invariant bundles EY, E®Y, E°, E®S, ES and
their projectionsto T(G/B) are tangent to smoothdynamicallycoheent
foliations;i.e., f and f are dynamicallycoheent.
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Proof Sinceg", g, g, g, g° areLie subalgebrasef g they aretangento

unigueconnectedlocally closedsubgroupsGY, G, G¢, G, G* respec-
tively. The orbits GUx of the left GY-actionare integral manifoldsof the

rightinvariantsublundleEV. Forif we considethegenerapointhx € G!x

thentheright multiplicationdiffeomorphismR,y : G — G sendsG" onto

G'%, sendsto hx, andhence

Thx(G"X) = (TeRnx) (TeG") = (Teth)(gu) = (Teth)(Eg) = Eﬁx

by right invarianceof EY. The correspondingactsaretrue for the other
subgroupsAlso, thesesubgroupscton G/B andtheir orbitsintegratethe
projectedbundlesthere. O

Recallthatthe smallestLie subalgebraf g containingg" andgs, b, is
anideal.lt is thereforghetangenspaceat e of auniqueconnectedlocally
closed,normal,Lie subgroupH of G.

Proposition10.7. Anelementy € G/B is us-accessibldromx € G/B if
andonlyistherisanh € H sud thaty = hx.

Proof Supposehat y is accessibldrom x. From the proof of Proposi-
tion 10.6it followsthatthereareelementsiy, ..., ux € GYands,, ..., S €
GS suchthat

Y = UgScUk—1S—1 . - - U1S1X.

SinceH containsG" andG3, theproductuy ... s, liesin H. Theconverse
canbeprovedsimilarly sinceb is generatedby g* andg®. O

Proof of TheoemB. Recallthatfor anaffinediffeomorphismf, TheorenB
asserts

(a) Partialhyperbolicityis equivalentto b ¢ b.
(b) Centerbunchinganddynamicalcoherencareautomatic.
(c) Accessibilityin G/B isequvalenttog = b + h.

Corollary10.5gives(a); Propositiorl0.4givescentetbunching;Propo-
sition 10.6givesdynamicalcoherence.

It remainsto prove (c). Considerthe connectedLie subgroupH of
G thatis tangentat e to the hyperbolicLie subalgebra). Accordingto
Propositionl0.7,accessibilityin G/B is equivalentto

HB = G,

which, sinceG is connectedis trueif andonlyif h + b = g. O
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Proof of Theoem C. Recallthat TheoremC assertghe stableemgodicity
of the affine diffeomorphismf if g = b + b. Accordingto TheoremB,
f satisfiesall the hypothese®f TheoremA (which implies it is stably
ergodic) except one: stable us-accessibility However, we know that the
unstablendstableoliationsaresmodh (sincethey areorbits of subgroups,
and, by TheoremB, they have the (a priori not stable)us-accessibility
property But, aswe shaved in [21], smoothaccessibilityimplies stable
accessibilityandTheoremA applies:f is stablyergodic. O

Proof of Corollary b. Recallthat Corollaryb givesa necessarandsufi-
cient conditionfor stableergodicity of a specialtype of affine diffeomor
phism f. Theassumptionare:

(a) Gissimple.

(b) Bisauniformdiscretesubgroumf G.

(c) f = Ly is left translationby somefixed g € G. (In the previous
notation,this meanghat A is theidentity automorphism.)

Underthesehypothesett is assertedhat

f is stablyemodicif andonly if Ad(g) hasatleastoneeigevaluewith
modulus# 1.

By Propositiorb.30f [21], h is anidealin g. If Ad(g) hasaneigevalue
with modulus# 1, b is non-trivial. Simplicity of G impliesthath = g.
TheoremsB andC shaw thatL 4 is stablyergodicamongC? m-preserving
diffeomorphism®f G/B. For the cornverse we know from [4], thatstable
ergodicity of L4, evenamongleft translationsimpliesthath = g. Henceh
is non-trivial and Ad(g) hasaneigemwaluewith modulus# 1. O

Proof of Corollary c. Recallthat Corollary c concernghe speciallinear
groupSL(n, R). Oneassumeshat

(a) Bisauniformdiscretesubgroupf G = SL(n, R).
(b) f:G/B — G/Bisleft multiplicationby somefixedmatrix M € G.

The assertionis that f is stably egodic amongC? volume preserving
diffeomorphism®f G/B if andonly if M hasatleastoneeigemwaluewith
modulus# 1.

TodeduceCorollaryc from Corollaryb wenotethat SL (n, R) is simple,
andasin Proposition5.6 of [21], Ad(M) hasan eigewvaluewith modulus
# 1if andonly if M does. O

11. An accessibilityexample

Let f bea partially hyperbolicdiffeomorphismof M with splitting EY &
E® & ES. It hasthe accessibilitypropertyif every pair of pointsp, q € M
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canbejoined by a us-path.If this remainstrue for all perturbationf f
then f (orthepair E", ES) hasthe stableaccessibilityproperty

Question1. Doesaccessibilitimply stableaccessibility?

WhenEY, ES areof classC! theanswelis “yes”, afactwe madeuseof in
the proof of TheoremC in Sect.10.In generalhowever, EY, ES have only
thefollowing regularity: they areHdlderanduniquelyintegrable.(Unique
integrability of a planefield E meansthat E is tangentto a foliation and
ary curwe everywheretangentto E liesin a leaf of the foliation. See[23]
for morediscussiorof this.)

In this sectionwe give an exampleindicatingthatthe answernto Ques-
tion 1 maybe“no”. Althoughnotdefinitive, it shawvsthelimits of toonaive
anapproach.

Let EY, E® ¢ TM befixed sublundles.We saythata pointg € M is
strongly accessiblérom p € M if thefollowing non-zeradegreecondition
holds.Therearecontinuouspniquelyintegrablevectorfields X1, . . ., X2
suchthat

(a) The vectorfields with odd index are subordinate¢o E", andthe ones
with evenindex aresubordinatéo ES.

(b) A concatenationf theflows ¢' = ¢! (x) generatedy the vectorfields
Xi joins p to g. Thatis, for sometime vectort* = (], ..., t3),

* k—
() = ¢ ogp L o-ogp(P) =4
(c) For someneighborhoodN of t* in R%* themap® : N — M,
Dt D),

is topologicallyessentialThatis, thereexistsadiscD ¢ N of thesame
dimensionasM, and

Degreg®|sp, q) # 0.

In particularq ¢ ®(aD).

It is aneasyapplicationof topologicaldegreetheoryto shaw thatstrong
accessibilityimplies stableaccessibility The converseis

Question2. Doesstableaccessibilitymply strongaccessibility?

Proposition11.1. Local 4-legged accessibilitydoes not imply local 4-
legged stableaccessibility
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Proof. Specificallythereis apairof uniquelyintegrablevectorfields X, Y
on a4-manifoldM suchthatfor somep € M, andsomenon-emptyopen
setU c M, everyqg € U is accessiblédrom p by a4-legged XY-path,

Dty to, ta, ta) = @ 0 9y 0 9 0 @ (P) =1,

wheret = (1, to, t3, t4) rangesn gorgeopenT c R#, but thereexist small,
uniquelyintegrableperturbationsX, Y of X, Y for which ®(T) is merelya
3-dimensionasubsedf U.

Theconstructiorof X, Y is local. It takesplacein onecoordinatechart,
saywith coordinates, y, z, w. The point p is the origin, p = (0, 0, 0, 0),
andthevectorfield Y is everywhereconstant,

0

Y=,
ay

Thetime setT is a neighborhoof t* = (1, 1, 1, 1). Ontheunit cube, X
is alsoconstant,
0

Thus, the first two legs of the XY-pathwith time vectort* are the unit
sgmentsalongthe x-axisandparallelto the y-axis,

[0,1]x0x0x0 and 1x[0,1] x0x0.

Let 8 : R — R, beasmoothfunctionwith supportin [4/3, 5/3], and

integral 1,
/ Bx)dx = 1.
R

Leto : R® — R, beasmoothfunctionwith compactupportsuchthat
o(y,z,w) = 1wheneer|y—1] <1,|z <1,and|w| < 1.

Lety : R — [—1, 1]?> be a Peanocurve with compactsupport[0, 2].
Thatis, y is continuouspnto,andy(y) = (0, 0) for y ¢ [0, 2]. Necessarily
y is notdifferentiable Write y in componentas

YY) = (&(y), @(y)).

Wethendefine

0 d 0
X=—+a—+b—,
8X+ 82+ ow

where

a=p(xo(y,zw)sy) and b= B(X) oy, z w)w(y).
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Although X is notsmoothwith respecto vy, its 9/dy components zero.
Thus, X isuniquelyintegrableandthe X-flow curveslie in planesy = const
Specificallyif t = (g, t,, t3, t4) and

(32) It —1] < % -1 <1 Its — 1| < %
then
(33) D) = (tp +t3, t2 + 14, ¢(t2), w(t2)).
Considetthetime setT definedby timest satisfying(32) and
Ity — 1| < 2.

Supposdhatq = (X, Y, z, w) satisfies

1
(34) X —2] < = ly—2 <1 |z <1 |lw| < 1.

6
Sincey is aPeanacune, thereexistst, € [0, 2] suchthat
y(t) = (z, w).
We thenset
tt = 1
tz = x-—-1
ty = y—1
whichmalest = (1, tp, t3, t4) € T. Therefored(t) is givenby (33)and
oM =q.

Thatis, eachq in the setU definedby (34) is the ® imageof somet € T,
or to putit in termsof accessibilityeachq € U is accessiblérom p.
Now let X, Y besmoothapproximationgo X, Y of aspecialtype:

- d d ~ 0 ~ 0
X=—+4+a—+b— d Y=Y=—,
X +a 0z + w an 0
where
A=) a(y, 2, w) Z(Y) b= B(X) o(y, z, w) B(y)

andy = (7, ®) is a smoothapproximationto y. The expression(33)
becomes

D) = (t +ta, to + ta, £ (1), D(t)).
The ® imageof T is braclettedas
[5/3,7/31 x [L3AIxPR) < &T) < R>x¥R),

andhencehasdimension3. O
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Besideghefactthatperturbationslestry accessibilityin the preceding
example,onecanseethatalthoughall pointsof U areaccessibldrom p,
no pointis stronglyaccessibléy 4-leggedpaths.Increasinghe numberof
legsin thepath well beyondthedimensiorof M, maybethewayto answer
Questiondl and?2 affirmatively.
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