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Abstract. In this paperwe dramaticallyexpand the domain of known stably ergodic,
partially hyperbolicdynamicalsystems.For example,all partially hyperbolicaffine dif-
feomorphismsof compacthomogeneousspaceswhich have the accessibilitypropertyare
stablyergodic.Our main tools arethenew concepts– juliennedensitypoint andjulienne
quasi-conformalityof the stableandunstableholonomymaps.Juliennequasi-conformal
holonomymapspreserve all juliennedensitypoints.

1. Intr oduction

Let M beacompactdifferentiablemanifoldwithoutboundaryandlet m be
asmoothprobabilitymeasureon M. WeconsiderthespaceDiff2

m
�
M� of C2

diffeomorphismsof M which aremeasurepreserving(we alsosayvolume
preserving)with respectto themeasurem. If thereis aneighborhood� of
f in Diff2

m
�
M � consistingentirelyof m-ergodicdiffeomorphisms,then f is

stably ergodic.
The persistenceof positive measuresetsof invariant tori due to Kol-

mogorov, Arnold, Moser, Hermanandothers(seeHerman[13] andYoc-
coz [27]) shows that stableergodicity cannotin generalbe an openand
densepropertyin Diff2

m
�
M � .

Theseinvariant tori have no hyperbolicbehavior at all. In contrast,
a uniformly hyperbolicdiffeomorphism f � Diff2

m
�
M � is stablyergodic.

SeeAnosov’s thesis[2]. In a seriesof papers,[12,20–23],we have been
investigatingthemixedsituationwhich is partiallyhyperbolic.

Recall that f � M � M is partially hyperbolic if it is non-trivially
normally hyperbolicin the following sense.The tangentbundle of M is
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a Tf -invariantdirectsum

TM � Eu 	 Ec 	 Es 

thestableandunstablebundlesEs andEu arenon-zero,andTf contracts
and expandsthem more sharplythan it doesthe centerbundle Ec. That
is, thereis a Riemannstructureon TM suchthat Tu f expandsEu, Ts f
contractsEs, and

sup
p

Ts
p f � inf

p
m
�
Tc

p f � and sup
p

Tc
p f � inf

p
m
�
Tu

p f � 


whereTu f 
 Tc f 
 Ts f arethe restrictionsof Tf to Eu 
 Ec 
 Es, andm
�
T �

refersto theconormof T, inf ��
 T��
���
���
�� 1� . Thecenterbundleispermitted
to bezero,in whichcasef is anAnosov diffeomorphism.

Thecenterbolicity of f is theratio

b �
�
Tc f

�
m
�
Tc f ���

Wesaythat f iscenterbunchedif b iscloseto1.In atypicalcase,b � 1 � 09
suffices.SeeSect.4 for details.Theexamplesto whichourstableergodicity
theoryappliesmostreadilyareperturbationsof caseswhereb � 1, sowe
find centerbunchinga reasonablehypothesis.

Ourmainthemeis:A little hyperbolicitygoesalongwayin guaranteeing
stablyergodicbehavior. In [21] wehave stated

Conjecture 1. Stablyergodicdiffeomorphismsareopenanddenseamong
thepartiallyhyperbolicC2 volumepreservingdiffeomorphismsof M.

An approachto this conjecturebreaksit down into two parts,usingthe
notionof accessibility.

Given x 
 y � M andgiven the splitting TM � Eu 	 Ec 	 Es for f ,
we saythat y is us-accessiblefrom x if thereis a piecewisedifferentiable
pathjoining x to y alwaystangenteitherto Eu or Es. Clearly, accessibility
is an equivalencerelation. If there is only one equivalenceclass(every
y is accessiblefrom every x) we say that the splitting Eu 	 Es (or the
diffeomorphism f ) has the accessibility property. If every g in some
neighborhoodof f hastheaccessibilityproperty, f is stably accessible. If
theonlymeasurablesetswhicharesaturatedbytheaccessibili ty equivalence
relationhavemeasurezeroor one,wesaythat Eu 	 Es, or f , hastheessential
accessibilityproperty. Obviously, stableaccessibilityimpliesaccessibility
impliesessentialaccessibility.

Conjecture 2. StableaccessibilityisanopenanddensepropertyamongC2

partiallyhyperbolicdiffeomorphisms,volumepreservingor not.Openness
is obvious.
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Conjecture 3. PartiallyhyperbolicC2 volumepreservingdiffeomorphisms
with theessentialaccessibilitypropertyareergodic.

As Anosov pointedout, much progressin dynamicalsystemstheory
relieson an improvementin our understandingof thepropertiesof of the
(un)stablemanifold foliations. In this paperwe introducenew concepts–
juliennedensitypointandjuliennequasi-conformality. Weprove,usingour
centerbunchingconditions,thattheholonomymapsof strong(un)stablefo-
liationsarejuliennequasi-conformalandhencepreserveall juliennedensity
points.With this resultwe areableto dramaticallyweaken theadditional
hypotheseswhichweusedin [21] to proveConjecture3.As aconsequence,
we markedly expandthe classof known stablyergodic diffeomorphisms.
For example,accordingto TheoremC, below, all affine diffeomorphisms
of compacthomogeneousspaceswith theaccessibilitypropertyare stably
ergodic.

Recall that Eu and Es aretangentto uniquefoliations � u and � s

whichhaveC1 leaves,but thatsincethebundlesEu andEs areonly Hölder
continuous,thefoliationsmayfail tobesmooth.If Eu 	 Ec, Ec, andEc 	 Es

arealsotangentto continuousfoliations with C1 leaves � cu, � c, and
� cs andif � c and � u subfoliate� cu, while � c and � s subfoliate
� cs, thenwesaythat f is dynamically coherent.

Theorem A. If f � Diff 2
m
�
M � isacenterbunched,partially hyperbolic,dy-

namicallycoherentdiffeomorphismwith theessentialaccessibilityproperty
then f is ergodic.

As aconsequenceweget

Corollary a. Centerbunchedpartially hyperbolicdiffeomorphismswhich
are stablydynamicallycoherentandstablyaccessibleare stablyergodic.

Proof. According to [21], small perturbationspreserve the propertiesof
partialhyperbolicityandcenterbunching.Therefore,everyperturbationof
f in Diff2

m
�
M� satisfiesthehypothesesof TheoremA andis ergodic. ��

We make two remarks.The first concernsthe hypothesisin Corol-
lary a that the diffeomorphismbe stably dynamicallycoherent.Perhaps
dynamicalcoherenceis itself stableunderperturbationsof thediffeomor-
phism;we do not know. A general,stableconditionthat implies stability
of dynamicalcoherenceis plaqueexpansivity of the centerfoliation. For,
aswe showedin [14], a plaqueexpansive, normallyhyperbolicfoliation is
structurallystableasa foliation, andthis impliesthatdynamicalcoherence
is unaffectedby perturbationsof the diffeomorphism.Also, if the center
foliation happensto beC1, or if thediffeomorphismactsisometricallyon
thecenterleaves,thenplaqueexpansivity is automatic.
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Second,the hypothesisof partial hyperbolicity in TheoremA canbe
weakenedsomewhat. It is only necessaryto assumethat one of the two
bundlesEu 
 Es is non-zero.This happensif thespectrumof Tf splits into
just two parts,say an unstablepart that representsthe strongexpanding
behavior of f , anda remaining,indecomposablepart that representsthe
weakexpanding,neutral,andcontractingbehavior of f . Thus,Tf leaves
invarianta splitting TM � Eu 	 Ec. SinceM is compact,theremustbe
sometrue contractionto balancethe expansionin Eu. Somevectorsin
Ec get contractedby Tf , but thereneednot exist in this pseudo-center
subbundle Ec a continuous,invariant,purely contractingsubbundle.The
proof of TheoremA in this specialcase,however, is quite simple.Since
Es � 0, a us-path lies wholly in an unstableleaf. That is, accessibility
equivalenceclassesaresingleunstableleaves.Now supposethat f fails
to be ergodic. Then thereis an invariant set A of intermediatemeasure,
0 � m

�
A��� 1, andby theusualuseof theBirkhoff ErgodicTheorem,it

consists,exceptfor a zeroset,of almostwholeunstableleaves.According
to [19], theunstablefoliation is absolutelycontinuous,evenwhenEs � 0.
Thus,when we form the unstablesaturateof A, Satu

�
A� , by taking the

unionof all unstableleavesthatmeetA in setsof positive leafmeasure,we
seethat A differs from Satu

�
A� by a zeroset.By constructionSatu

�
A� is

saturatedby theaccessibilityequivalencerelation,andthis contradictsthe
hypothesisin TheoremA of essentialaccessibility.

The proof of TheoremA, proceedsby a careful examinationof the
measuretheoreticregularity propertiesof theunstableholonomymaphu,
which is definedby sliding alongthe leavesof the unstablefoliation. See
Sect.4. Also, of course,we have correspondingpropertiesof the stable
holonomymaphs. Two factsarealreadyknown abouthu.

(a) hu is abi-Hölderhomeomorphism,but is not in generalLipschitz.
(b) hu hasa continuous,positive RadonNikodymderivative with respect

to Lebesguemeasure.

Thesefactswereoriginally proved by Anosov in [2], (b) beinghis main
technicaltool to establishergodicity. It implies that hu is absolutelycon-
tinuous.Seealso [19]. To give it a namewe say that a homeomorphism
satisfying(b) is RN-regular. Automatically, the inverseof an RN-regular
homeomorphismis RN-regular.

At issueis how theholonomymaphu affectsdensitypoints.(Recallthat
p isaLebesguedensitypoint of asetS if themeasuretheoreticconcentration
of S in theball of radiusr at p convergesto 1 asr � 0. SeealsoSect.2.)
In low dimensionsor whenthehyperbolicspectrumis tightly bunched,we
showed in [12,21] that hu is density point preserving: hu carriesevery
Lebesguedensitypoint of a measurablesetS to a Lebesguedensitypoint
of h

�
S� . It is elementarythatan RN-regular homeomorphismh preserves
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almostall densitypoints.In ourproofof stableergodicity, however, “almost
all” is not enough.We need“all”, andaswe showed by examplein [12],
“all” is not impliedby RN-regularity.

It isnaturaltoaskwhether hu satisfiessomestandard,additional property
that implies it is densitypoint preserving.For example,oneeasilychecks
that a bi-Lipschitz homeomorphismpreserves density points. However,
accordingto (a), above, holonomymapsarenot in generalbi-Lipschitz.
A differentcriterionisquasi-conformality. In [11] GehringandKelley prove
that a bi-quasi-conformalhomeomorphismis densitypoint preserving.It
turnsout, though,that

bi-RN � bi-quasi-conformal � bi-Lipschitz

sowe cannot hopethattheGehring-Kelley Theoremappliesto holonomy
mapsin general.(This implication is a nice exercisein pictorial measure
theory.)

At present,weareunableto saywhetherholonomypreservesLebesgue
densitypointsin general.Rather, usingshapescalledjuliennesin placeof
roundballs(seeSect.4), we re-definethedensitypoint conceptandprove
threethings.

(a) Almost every Lebesguedensitypoint is a juliennedensitypoint, and
vice versa.

(b) Theholonomymapsarequasi-conformalwith respectto juliennes.
(c) Theholonomymapspreserve (all) juliennedensitypoints.

In fact, (b) implies (c), which is a generalizationof the Gehring-Kelley
Theorem.SeeSect.8. Fromall this,wedraw theconclusionthat

Juliennesare thenatural shapesto use
whenanalyzingholonomymaps.

We beganstudyingjuliennesin [12] andcontinuedto investigatetheir
propertiesin [21]. Thedifferencein ourcurrentapproachis thatwecontrol
the shapeof the juliennesdynamicallyrather than only throughHölder
estimateson the Eu andEs bundles.This is carriedout in Sects.4 and6.

In somewaysit seemsa shameto give up theinfinitesimalinformation
embodiedin Eu andEs andto rely onmoreadhocgeometricconstructions.
Anosov (pages127–129and167of [2]) voicesasimilarsentimentregarding
the existenceanduniquenessof stableandunstablemanifolds:insteadof
ad hoc dynamicalarguments,he imaginesthereshouldbe a construction
thatusesnon-differentiableFrobeniusintegrability conditions,andavoids
iteration.

It canbe shown that the holonomymapshave a kind of flag differen-
tiability. Perhapsjuliennequasi-conformalitycanbederiveddirectly from
this infinitesimalproperty.
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Oncewehaveproventhedensitypointpreservationpropertiesfor stable
andunstableholonomymaps,theproof of TheoremA proceedsasin [12,21]
alongclassicallinesdatingfrom Hopf [15], Anosov [2], andothers,using
us-accessibilityandtheessential� u and � s saturationof invariantsets.
Thereare,however, somesubtletiesto this proof,oneof which we discuss
now.

Thecenterfoliation, whenit exists,integratesthecenterplanefield Ec.
It is evenlessregularthanthestableandunstablefoliations,which always
exist. As hasbeenshown by A. Katok in anexamplewritten up by J.Mil-
nor [16], the centerfoliation for a smoothsystemcanhave the following
measuretheoreticallysingularproperty:for somemeasurablesetSof full
measure,eachcenterleaf meetsS in at mostonepoint. This phenomenon
hasbeenreferredto as “Fubini’s nightmare”,or, by Milnor, as “Fubini
Foiled”. Even thoughthe centerleaves aresmooth,and the centerplane
field is Höldercontinuous,thecenterfoliation is unavoidablypathological.

TheoremA allows us to deduceC2 stableergodicity for many affine
diffeomorphismsof compacthomogeneousspaces,aswenow explain.See
alsoSect.10.Wemake thefollowing

StandingLie Group Hypothesis.
(a) G is aconnectedLie groupandB � G is aproper, closedsubgroup.
(b) G � B is compact.
(c) Haarmeasureprojectsto a finite measurem on G � B, invariantunder

left translation,xB  � gxB.
(d) f � G � B � G � B is an affine diffeomorphism. That is, it is part of

acommutative diagram

G

!
f � Lg " A#$#�#%#�#�#�#�#�#�#%#�#�#�#�# � G

& &

G � B
f#�#�#%#�#�#�#�#�#�#%#�#�#�#�# � G� B

whereA isanautomorphismof G, Lg is leftmultiplicationbysomefixed
elementg � G, and,to make theprojectionwell defined,A

�
B�'� B.

A simpleexampleis G � m andB � m. ThenG� B is thetorus m.
ThemapLg is anaffine translationof m to itself, A is anm ( m integer
matrixwith determinant) 1,and f sendsthecoset* x + to thecoset* g � Ax + .

Thehypothesesof TheoremA for ageneralaffinediffeomorphismf are
easilychecked at theLie algebralevel. TheLie algebraof G is ,-� TeG,
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wheree is theidentity elementof G. Theadjointactionof g on , is given
by thederivative at theidentityof g-conjugation,

Ad
�
g�.��,/�0,

X  � TgRg1 1 " TeLg
�
X � 


whereRg1 1 is right multiplicationby g2 1, Rg1 1 � h  � hg2 1. Inducedby
!
f

is aLie algebraautomorphism

3 � !f �4� Ad
�
g� " TeA �

It determineswhenwecanapplyTheoremA to f asfollows.Split ,5� TeG
accordingto thegeneralizedeigenspacesof 3 � !f � ,

,6�7, u 	 , c 	 , s 


where the eigenvaluesof 3 � !f � on , u, , c, , s have modulus 8 1, � 1,
and � 1 respectively. As we show in Sect.10, theseeigenspacesareLie
subalgebras.Seealso[21]. Thehyperbolic subalgebraof

!
f is thesmallest

Lie subalgebra9 suchthat , u : , s �;9<�=, . It is anidealin , . See[21].
Let > betheLie algebraof B, >/�?, .
Theorem B. Supposethat f is an affine diffeomorphismof the compact
homogeneousspaceG � B. Then

(a) f is partially hyperbolicif andonly if 9@��A> .
(b) If f is partially hyperbolicthenit is centerbunchedanddynamically

coherent.
(c) f hastheaccessibilitypropertyif andonly if ,/�B>C�D9 .

Wededuce

Theorem C. Theaffinediffeomorphismf � G � B � G � B isstablyergodic
amongC2 m-preservingdiffeomorphismsof G� B if (merely)thehyperbolic
Lie subalgebra 9 is large enoughthat ,/�B>C�D9 .

Herearesomespecialcasesof TheoremC. For their proofsandthatof
TheoremC, seeSect.10.

Corollary b. Supposethat G is a simpleLie group(its Lie algebra hasno
non-trivial ideals),B is auniformdiscretesubgroupof G, thehomogeneous
spaceG� B is compact,andg � G is given.Left translationby g on G� B
is stablyergodicamongC2 volumepreservingdiffeomorphismsif andonly
if Ad

�
g� hasat leastoneeigenvalueof modulusdifferentfrom1.
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Corollary c. Let B be a uniform discrete subgroup of SL
�
n 
 � and let

M � SL
�
n 
 � begiven.Left multiplicationby M is stablyergodicamong

C2 volumepreservingdiffeomorphismsof SL
�
n 
 �E� B if andonly if M has

at leastoneeigenvalueof modulusdifferentthan1.

Thesecorollariesprovideexamplesof what wemeanbyali ttlehyperbol-
icity goingalongwaytowardguaranteeingstableergodicity.Thehyperbolic
part of M canbe low dimensional,the centerpart high dimensional,and
neverthelesswegetstableergodicity.

See[21] for moreequivalentconditionstostableergodicityfor SL
�
n 
 �

andsemi-simpleLie groups.
Thefirst caseof Corollaryc not coveredby [21] is givenby SL

�
3 
 �

andamatrix M with two eigenvaluesof modulusdifferentthanoneandthe
third equalto one.In this casethehyperbolicbunchingconditionsof [21]
areviolated.

To our knowledgeergodicity in thecontext of partialhyperbolicityand
accessibilitywasfirst consideredby Brin andPesin[6]. Brin in [5] goes
further in this direction.It seemsquite likely that the openanddenseset
of skew productsheconsidersin [5] which arestablyergodicamongskew
productsarealsostablyergodic in Diff2

m, but we have not verified it. The
preprintof BurnsandWilkinson [8] is relevanthere.Furtherwork onskew
productsis containedin papersby Adler, Kitchens,andShub[1], Fieldand
Parry [10], andParry andPollicott [18]. For stableergodicity of time one
mapsof geodesicflowsseethethepapersof GraysonPughandShub[12],
Wilkinson [26], andBurns,Pugh,andWilkinson [7].

WethankDennisSullivanfor severalhelpfulconversationsaboutdensity
points.It wasin his seminarat CUNY thatwe first becameaccustomedto
suchconceptsasboundeddistortionandquasi-conformalityin relationto
densitypoints.

2. Densitypoints

Thetechnicalbasisfor ourmaintheoremsis differentiationof integrals.See
M. deGuzmán’s book,Differentiationof integrals in n, [9] andChapt.1
of E. Stein’sbook,HarmonicAnalysis[25]. In thissectionwereview some
of theideasinvolved.

Let X be a locally compactmetric spaceandlet m be a regular, non-
atomic,locally finite, Borel measureon it. The measureof a measurable
set S � X is the infimum of the measuresof opensetsthat contain S.
Pointshave zeromeasure.Compactsetshave finite measure.For example,
m could be a smoothmeasureon a manifold. A family F � F p,
indexed by p � X, is a Vitali basis if each F p is non-empty, the sets
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V �4F p aremeasurablewith non-zeromeasure(hencenon-zerodiameter),
eachcontainsp, andthereexist in F p setsof arbitrarily small diameter.
Thesimplestgoodexampleis thefamily G of all n-dimensionalballs,of
all radii, centeredat all pointsof n.

The concentration, or conditionalmeasure,of a measurableset A in
ameasurablesetV of non-zeromeasure,is theratio

* A � V +H� m
�
A I V �

m
�
V � �

Fix aVitali basis F . A point p � X is a F -densitypoint of A if

lim * A � V +J� 1 

thelimit beingtakenasV �KF p shrinksto p. Thebasicfactaboutdensity
pointsis the

Lebesgue-Vitali Theorem. With respectto theVitali basisG of n-balls,
almosteverypoint p of a measurablesetA � n is a densitypointof A.

In thispaperweneedto generalizetheLebesgue-Vitali theoremto Vitali
basesmoredynamicallynaturalthanG . Wemustwork notwith balls,but
with juliennes,small setsthat are long and thin. They look like slivered
vegetables.At smallerandsmallerscales,our juliennesbecomelessround,
thinner, and moreelongated.SeeSect.4 in this paper. Oneof our main
resultsis that despitethe juliennes’strangeshape,almostevery point of
aLebesguemeasurablesetis a juliennedensitypoint.SeeTheorem8.4.

TheVitali basisF differentiatesthe integral of anintegrablefunctionL � X � if, for almostall pointsp � X,

L �
p�M� lim

1

m
�
V � V

L �
x� dx �

The limit is taken asthe set V �NF p shrinksto p; i.e., diamV � 0. If
F differentiatestheintegral of every

L
in someset O of locally integrable

functions,wesaythat F is a O -differentiation basis.
The Lebesgue-Vitali Theoremcanbe restatedasthe fact that G is aP -differentiationbasis,where P is the set of characteristicfunctionsof

measurablesubsetsof n

� For

* A � V +H� 1

m
�
V � V

P
A
�
x� dx �

In fact more is true. As Lebesgueshowed, G is an Q 1
loc-differentiation

basis.
If F is a P -differentiationbasis,it is calledadensitybasis. A resultof

BusemannandFellershowsthatbeingadensitybasisis equivalentto being
an QSRloc-differentiationbasis.See[9], page72.
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Thegeometriccharacterizationof densitybasesin n is a centralpoint
in muchof analysis(see[25]), andhasa longhistory(see[9]).

Whenballsarereplacedby cubes(whoseedgesneednot beparallelto
thecoordinateaxes),thesameresultholds:ThecubicVitali basisisadensity
basis.But even whencubesarereplacedby n-dimensionalrectanglesthe
situationbecomessubtleandis notcompletelyunderstood.Thereis atrade-
off betweenthe eccentricityof the rectanglesand how much their edge
directionsvary.

First considerthecasein which theedgedirectionsdo not vary at all.
TheVitali basisT a of n-dimensionalrectangleswhoseedgesareaxispar-
allel is a densitybasis,but it is not an Q 1

loc-differentiationbasis.See[9],
pages74 and96. To refine T a so that it becomesan Q 1

loc-differentiation
basiswe imposea restrictionon the eccentricityof the rectangles.A suf-
ficient conditionis that for someconstantK 8 0 andall rectanglesR of
diameterU 1,

eccentricityR U � diameterR� 2 K

�
For this type of condition implies the “doubling property” of Stein [25],
page8, or the“volumetricengulfingproperty”discussedin Sect.3 below.

It is easyto seethattheparticularchoiceof coordinateaxesis irrelevant.
If T aV is theVitali basisof rectangleswhoseedgesarealwaysparallelto
somefixed,finite setof directionsin n thenT aV is a densitybasis,andif
theeccentricitiesof its rectanglesareboundedby a fixed,negative power
of their diameterthenT aV becomesan Q 1

loc-differentiationbasis.
On the otherhand,whenthe edgedirectionsof rectanglesin a Vitali

basisaredrawn from aninfinite set,thesituationis subtler. As is shown by
Nikodym’s “paradoxicalset” [17], theVitali basisT of all n-dimensional
rectanglesis not a densitybasis.Nor doesT becomea densitybasisif
oneimposesacontinuityrestrictionontheedgedirections.SeeChapt.5 of
deGuzmán’s book[9].

TheVitali basesdiscussedsofararelinear. Rectanglesarelinearimages
of thecube.Aswestatedbefore,however, theVitali basesthatarisenaturally
in non-lineardynamicsconsistof juliennes– non-linearrectangloidswith
varying edgedirections.Despitethe obstaclesdescribedabove, juliennes
turnout to besatisfactoryVitali basesdue,it seems,to threefactors.

(a) The elongationaxes of a julienne are Hölder controlled,not merely
continuouslycontrolled.

(b) The eccentricityof a julienne and its diameterare both exponential
functionsof acommonnumbern, thenumberof dynamicaliterations.

(c) Thenon-linearity, nesting,andshape-scalingpropertiesof thejulienne
aregovernedby afixed,smoothdynamicalsystem.

Onemighthopeto getanabstractgeometriccharacterizationof density
bases,sayfor a basis F of rectanglesin 2, in thesesortsof terms.If the
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eccentricityof rectanglesin F is no greaterthana fixed negative power# K of thediameter, if theedgedirectionsof rectanglesin F x area W -Hölder
functionof x, andif thereis somefavorablerelationbetweenK and W (say
K
�
1 # WX�Y� 1), doesit follow that F is adensitybasis?

We concludethis sectionby discussinga transformationpropertyof
densitypoints.

Let
�
X 
 m� and

�
X Z 
 mZ[� be measurespacesof the type we have been

considering(locally compact,etc.)andlet F 
 F Z beVitali basesonthem.
Let h � X � X Z be a homeomorphism.If h bijects F to F<Z , and has
a positive, continuousRadonNikodymderivative it is easyto seethat F -
densitypointsbiject to F\Z -densitypoints.Weneedaslightly betterversion
of thisresult.Wesaythatthehomeomorphismh isK-quasi-conformal with
respectto F 
 F Z if for all smallV �]F p, therearesmallV Z 
 V Z[Z �^F Zh_ p̀
suchthat

V Z � h
�
V �a� V ZbZ and

mZ � V ZbZ �
mZ � V Z � U K �

Ordinaryquasi-conformalityin n is thesameasquasi-conformalitywith
respectto theVitali basisof roundballsandLebesguemeasure.

Proposition2.1. Assumethat h andh 2 1 are quasi-conformalwith respect
to theVitali basesF 
 F Z . If h hasa continuous,positiveRadonNikodym
derivativethenit bijects F -densitypointsto F<Z -densitypoints.

Proof. Supposethat p � X is notadensitypointof A � X. Then,for somec 8 0 andsomeV �KF p with arbitrarilysmalldiameter, * A � V +CU 1 # c .
By continuityof theRadonNikodymderivativeandsmallnessof V, * h � A�.�
h
�
V �E+dU 1 # c � 2. Sinceh

�
V � occupiesat leasta portion1� K of V ZbZ , the

concentrationof h
�
A� in V Z[Z is boundedaway from 1. That is, h

�
p� is not

adensitypointof h
�
A� .

We have shown thath carriesnon-densitypointsto non-densitypoints.
Thesameis truefor h 2 1. Henceh andh 2 1 alsobijectdensitypoints. ��

3. Volumetric engulfing

In this sectionwe prove a versionof the Lebesgue-Vitali densitypoint
theorem.Wewill applytheresultto juliennesin Sect.8.

As in theprevioussection,let X bea locally compact,metricmeasure
space,andlet m bea regular, non-atomic,locally finite, Borel measureon
it. Let F beaVitali basison X. Wealsoassumethat F is filteredby arank
function

rank �%F � 
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compatiblewith diameterin the sensethat rank
�
V �d� e if andonly if

diam
�
V �M� 0. That is, given c 8 0, thereis an integer N suchthat if

rank
�
V �gf N thendiam

�
V �h� c , andconversely, given N � thereis anc 8 0 suchthatif diam

�
V �a� c thenrank

�
V �af N.

Definition. F is volumetrically engulfing if for someconstantL, andfor
eachV �iF thereis ameasurablesetV containingV suchthat

(a) m
�
V �@U L m

�
V � .

(b) If V
 V Zj�kF have non-emptyintersectionandrank
�
V �lU rank

�
V Zb�

thenV Za� V.
(c) If m

�
V �.� 0 thenrank

�
V �a� e . That is, given N � thereexistsm 8 0 suchthatm

�
V �Y� m impliesrank

�
V �Yf N.

SeeFig. 1.
F is closedif every V �iF x �4F is aclosedsubsetof X.

Fig. 1. ThesetV engulfsall V ZonCp thatmeetV but arenotmuchlargerthanV

Theorem 3.1. If F is a volumetricallyengulfingclosedVitali basisof X
andSis a measurablesubsetof X thenalmosteverypointof Sis a density
pointof Swith respectto F . In otherwords, F is a densitybasis.

Proof. For eachqi� 1 considertheset

B � Brs� � x � S � lim inf * S � V +t�uqJ� �
Theliminf is takenasV �^F p shrinksto p. We claim that B hasmeasure
zero.Fromthisthetheoremfollows,for wecantakeasequenceq n � 1 # 1� n
that tendsto 1. Almost every point of S belongsto SZ � S v Br n, and
every x � SZ is adensitypointof S.

Let c 8 0 begiven.It is enoughto show that B hasmeasure� c . Cover
B by anopensetU suchthat

m
�
U �w� m

�
B�.�

c � 1 # q��
q �
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DefineaVitali coveringof B by

� �x� V �4F � V � U 
 diam
�
V �YU 1 
 and * S � V +t�yqJ� �

SinceB � S,
* B � V +MUz* S � V + �

Apply the standardmethodof proof of the Lebesgue-Vitali Theorem.
Firstchoosea V1 �4� with minimumrank.All V �4� have rank

�
V �Yf

rank
�
V1� . Thenchoosea V2 �i� with minimumrankamongthosemem-

bersof � thatdo not meetV1. Continueinductively. This producesa se-
quenceof disjoint setsVn containedin U. Their total measureis no more
thanthe measureof U. In eachVn, the concentrationof B is �{q . There
maybesomepointsof B which fail to becoveredby thesetsVn. Call this
not-coveredset

BZ � B v Vn �
We claim that BZ hasoutermeasurezero.(We arestill in the processof
showing that B hasmeasure� c .) Sincethe series m

�
Vn � converges,

its tail, n | N m
�
Vn � , tendsto zero as N � e . To prove that BZ has

outermeasurezero, then, it is enoughto show that for eachN � , BZ
is containedin n | N Vn. For since F is volumetrically engulfing,the
series n | N m

�
Vn � is no greaterthanL n | N m

�
Vn � , which tendsto 0 as

N �}e .
Since m

�
Vn � converges,its termstendto zero.Accordingto (c) in the

definitionof volumetricengulfing,rank
�
Vn �~�}e .

Fix an N andconsidera point x � BZ . Sincex �� N
n� 1 Vn, sincethe

setsVn areclosed,andsincethesetsin F x have arbitrarilysmalldiameter,
thereis a setV ��� which containsx andis disjoint from V1



�X�X�

 VN.

ThesetV wasavailablefor choice,but wasneverchosen.It hasfinite rank.
Thereforethe reasonit wasnever chosenis that for somefirst Vi , i 8 N,
Vi I V ��B� . Sincewe alwayschoosea setwith minimumrank,andsince
V wasavailableto bechosen,weseethatrank

�
Vi �aU rank

�
V � . BecauseF

is volumetricallyengulfing,thesetVi engulfsV. Thatis,

BZ �
n | N

Vn



andit follows that BZ hasoutermeasurezero.
Exceptfor thezeroset BZ , B is coveredby thedisjoint setsVn, andin

eachits concentrationis atmost q . Thus

m
�
B� � m

�
Vn I B�-U�q m

�
Vn �

U q m
�
U �-�yq m

�
B���

c � 1 # q��
q

� q m
�
B��� c � 1 # q�� �
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Therefore,
�
1 # q�� m � B�-� c � 1 # q�� andm

�
B�w� c . Sincec is arbitrary, it

follows that B hasmeasurezero,andasobservedat theoutset,this implies
thatalmosteverypointof S is adensitypointwith respectto F . ��
Corollary 3.2. If F is a volumetricallyengulfingclosedVitali basisof
X and S � X is measurable, then for almost every point x � X, the
concentrationof Sin V convergesto thecharacteristicfunctionof Sat x as
V �4F x shrinksto x,

lim * S � V +�� 1 if x � S

0 if x �� S�
Proof. Theorem3.1appliesequallyto Sandto its complementSc � X v S.
Thus,for almosteverypoint x � X,

if x � S then * S � V +J� 1 asV �iF x shrinksto x �
if x � Sc then * Sc � V +J� 1 asV ��F x shrinksto x �

Measurabilityimpliesthat * S � V +��K* Sc � V +J� 1,andthecorollaryfollows.
��

It is easyto phrasethe volumetrically engulfingconceptin termsof
diameter, not rank.Namely, for someL 
 K ,

(a) m
�
V �sU L m

�
V � .

(bZ ) If V
 V Z �4F havenon-emptyintersectionanddiam
�
V Z �YU K diam

�
V �

thenV Z�� V.
(cZ ) If m

�
V �'� 0 thendiam

�
V �'� 0.

Thus, our volumetric engulfingcondition is the sameas assumption
(i,ii)* of [25], page8. ThismakesTheorem3.1aconsequenceof thecorol-
lary of [25], page13.Theproofgiventhereinvolvesmaximalfunctions.

4. Juliennes

Juliennesarefoliation productsetsconstructedasfollows.Let � u, � cu,
� c, � cs, � s be dynamicallycoherentfoliations.At p � M we will
choose

X � Wu
loc
�
p� D � Wc

loc
�
p� Y � Ws

loc
�
p�

with carefully estimatedsmall sizes.Thenthe center unstable julienne,
thecenterstablejulienne, andthesolid julienne are

Jcu � Wc� u � X : D�
Jcs � Wc� s � D : Y �
Jsolid � Wu� s � Jcu : Jcs� 
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wherethe notationWa� b � C� refersto the setof all intersectionpointsof
locala-manifoldsandlocalb-manifoldsthatpassthroughC. Thatis,

Wa� b � C�'�k� z � for somec 
 cZ � C 
 z � Wa
loc
�
c�JI Wb

loc
�
cZ �E� �

Equivalently,
Wa� b � C�'� Wa

loc
�
C�HI Wb

loc
�
C� �

SeeFigs.2 and3. We refer to Wa� b � C� asthe(local) aI b-saturate of C.
Thepermittedvauesof a 
 b areu 
 c 
 s, andweassumethata �� b. Also, we
assumethatthelocalleaveshavesmallenoughradiusr sothatif diamC U r
andc 
 cZ�� C then

Wa � c 
 r �JI Wb � cZ 
 r �~� Wa � c 
 2r �JI Wb � cZ 
 2r � �
(Since � a 
 � b are non-tangential,theseintersectionsare both empty
or both a single point.) From this it follows that local ab-saturationis
idempotent:if C hassmalldiameterthen

Wa� b � Wa� b � C�E��� Wa� b � C� �

∩�

Fig. 2. Wa� b � C� fills outC by thelocal foliations � a � � b

Wecall J I Wa
loc
�
z� thea-fiber of thejuliennethroughthepoint z � J.

In particular, if z � D, the unstablefiber of Jcu throughz is denotedas
X
�
z� , while thestablefiber of Jcs is Y

�
z� . If z � p then X

�
z�Y� X is the

main unstablefiber of Jcu while Y
�
z��� Y is themain stablefiber of Jcs.

Wecall thecenterfiber D thecentercore of thejulienne.
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Fig. 3. Thesolid julienneis theu � s-saturateof Jcu � Jcs

Proposition4.1. Juliennesarenatural in threeways.They arelocallymax-
imal, they iteratenaturally under f , andthey behavecorrectlyunderholon-
omy.

Proof. Juliennesareof theform

J � Wa� b � C�
for ab � cu andC � X : D, ab � cs andC � D : Y, or ab � us and
C � Jcu : Jcs. By localmaximalitywemeanthat

J � Wa� b � J � 
(1)

which is thestatementthatlocalab-saturationis idempotent.
By naturalityunder f iterationwemeanthatfor J � Wa� b � C� , wehave

f
�
J �'� Wa� b � f � C�E� 
(2)

a factthatis clearfrom invarianceof thea- andb-foliations.
Naturalityunderholonomyappliesprimarily to thecenterunstableand

centerstablejuliennes.We assertthat thesejuliennesareproductsin the
following sense.

(a) Thecenterholonomygivesa homeomorphismY
�
z��� Y

�
zZ � between

any two stablefibersof Jcs. It alsogivesa homeomorphismX
�
z�a�

X
�
zZ[� betweenany two unstablefibersof Jcu.

(b) Theunstableholonomygivesahomeomorphismbetweenany two cen-
ter fibersof Jcu, while the stableholonomygivesa homeomorphism
betweenany two centerfibersof Jcs.

Theseholonomyfactsareadirectconsequenceof ourdynamicalcoherence
assumption:theunstableandcenterfoliationssub-foliatethecenterunstable
foliation, while thecenterandstablefoliationssub-foliatethecenterstable
foliation. ��
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Our choice X 
 D 
 Y involves several estimateson Hölder exponents,
contractionrates,etc.Westartby defining

� � min� m � Tf � 
 m � Tf 2 1 �E�(3)
� � max� Ts f 
 Tu f 2 1 �(4)
� � min� m � Tc f � 
 m � Tc f 2 1�E� �(5)

Theassumptionof partialhyperbolicityimplies

0 � � U � � � U 1 �
Thebehavior of f in thestabledirectionis a contractionwhosestrengthis
between� and� , thebehavior of f in theunstabledirectionis anexpansion
whosestrengthis between1� � and1� � , andthebehavior of f in thecenter
directionis anisometryup to a factorbetween� and1� � .

The Fiber ContractionTheoremof [14], pages30 and 81, and [24],
page45, converts this expansion/contraction information into regularity
statements.Forexample,toestimatetheHölderexponentof Ecu weproceed
asfollows.Let L bethevectorbundleover M whosefiberat p � M is the
spaceof linearmapsS � Ecu

p � Es
p,

Lp � L
�
Ecu

p

 Es

p � �
ThegraphtransformsendsS � Lp to

�
Tf � #S � L f _ p̀ where

graph
�E�

Tf � #S��� � Tf � � graph
�
S�E� �

Thisgivesabundlemap

L

�
Tf � ##�#�#�#�#�#%#�#�#�#�# � L

& &

M
f#�#�#�#%#�#�#�# � M

in which the fiber is contractedmore sharplythan ��� 2 1, while the base
contractionis at worst � . (We usethe operatornorm on fibers and the
Riemannmetricon thebase.)Thezerosectionof L is its uniqueinvariant
section,and it is W -Hölder if the fiber contractionW -dominatesthe base
contractionin thesensethat

��� 2 1 � 2�� � 1 �(6)

(In theactualproofof this,to avoid circularreasoningwesmoothlyapprox-
imate Ecu 
 Es by bundlesEcu 
 Es, we replaceL by L � L

�
Ecu 
 Es� , and

werestrictthegraphtransformto theunit discbundleof L.)
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Sinceour expansion/contraction hypothesesare symmetric,the same
estimateis valid for theHölderexponentof Ecs, andhencefor thecenter
bundleEc � Ecu I Ecs. In facttheestimateholdsalsofor theunstableand
stablebundles,and,manipulating(6),weseethat all fivebundlesEu 


�X�X�

 Es

are W -Hölderif

W�� log
� ��� 2 1�

log � �(7)

Fromnow on, W will denotetheHölderexponentof Ec, 0 ��W-U 1. It is
nosmallerthanthe W estimatedin (7),but bygoodfortune(for instance,if f
is affine) it mightbelarger. In termsof this W wewill assumethefollowing
centerbunching condition

� � � 2� 2  � �(8)

Thus,� is sonear1 thatevenapotentiallyhighpowerof it remainsgreater
than� . Centerbunchingmeansthathyperbolicbehavior stronglydominates
centerbehavior.

Perturbationsof theaffine diffeomorphismsdiscussedin Sect.1 satisfy
thecenterbunchinghypothesis.SeeSect.10.

It maybeof interestto expressthecenterbunchingconditionin a way
thatdependsonly on � 
 � .
Proposition. If � � � r , r f 1, then sufficient for the centerbunching
condition(8) is that � is socloseto 1 that

log �
log � � 3 � 2r # �

3 � 2r � 2 # 8

4 �
Theproof is left to the reader. Interpretingthis inequalitynumerically

shows thatour currentcenterbunchingconditionis modestin comparison
to thebunchingconditionsin [21]. For example,whenthehyperbolicpart
of thespectrumis quarterpinched

� � � 2 � 1

4

thenasatisfactory � is � f � 91�
In particularthe dimensionsof the stableandunstablebundlesno longer
arepartof theestimates.

Next, wesharpen(8). Choose¡�� � and0 ��q¢�AW sothat

� �£¡ 2� 2  r
�(9)
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Thenset

¤ �
�
¡ �(10)

Therefore� � ��¤ andwecanchoose¥ betweenthem,

� �A¥d� ��¤ �(11)

From(9) and(11) wededuce
¤
�

1� r �£¥u�
¤
� �(12)

For
¤
�

1� r � � � r
� ¡ � � 1� r � � � r

¡ 2� 2r � � �¦¥§� ��¤ �
¤
� �

SeeFig. 4 which summarizestherelationsamongtheconstantsandexpo-
nents.

Fig. 4. Constantsdenotedwith a bar are imposedby the diffeomorphism;thosedenoted
with adot arechosenafterward

Now wefix apoint p � M andspecifysequences

Xn � f 2 n � Wu � f n � p� 
 ¥ n �E� � Wu
loc
�
p�

Dn � Wc � p 
 ¤ n � � Wc
loc
�
p�

Yn � f n � Ws � f 2 n � p� 
 ¥ n �E� � Ws
loc
�
p� �

Accordingto thegeneraljuliennedefinitionwe getsequencesof juliennes
at p

Jcu
n � Wc� u � Xn

: Dn �
Jcs

n � Wc� s � Dn
: Yn �

Jsolid
n � Wu� s � Jcu

n
: Jcs

n � 
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We refer to this n asthe rank of the julienne,andto 1� n asits size. As
n �}e thejuliennesshrinkdown to p.

Thecollectionsof thesejuliennesaredenoted
¨ cs

p �©� Jcs
n � n � � ¨ cu

p �k� Jcu
n � n � � ¨

p �k� Jn � n � � �
Letting p rangeover M givesasolid julienne Vitali basis

¨ �
pª M

¨
p �

Similarly if q rangesoverWcs � p� or Wcu � p� wegetcenterstableandcenter
unstablejulienneVitali bases,

¨ cs �
qª Wcs_ p̀

¨ cs
q

¨ cu �
qª Wcu_ p̀

¨ cu
q

for theleavesWcs � p� 
 Wcu � p� .
Theorem 4.2.

¨
isvolumetricallyengulfingwithrespecttoRiemannmeas-

ure on M;
¨ cs and

¨ cu are volumetricallyengulfingwith respectto Rie-
mannmeasure on Wcs � p� andWcu � p� .
Corollary 4.3. The julienneVitali basesare densitybases:almostevery
pointof a measurablesetis a juliennedensitypoint.

Proof. This a directapplicationof Theorem3.1,which statesthata volu-
metricallyengulfingVitali basisis adensitybasis. ��
Theorem 4.4. Theunstableandstableholonomymapsare juliennequasi-
conformal: the unstableholonomyis quasi-conformalwith respectto the
Vitali basis̈ cs, whilethestableholonomyis quasi-conformalwith respect
to
¨ cu.

Theproofsof Theorems4.2and4.4appearin Sects.6, 7, and8.

5. Julienneshape

In thissectionwestudytheshapeof centerstablejuliennes.Everythingwe
sayhasits counterpartfor centerunstablejuliennes.A centerstablejulienne
is a foliation product

Jcs
n � Wc� s � Dn

: Yn �
where Dn is small rounddisc in Wc � p� and Yn is a small set in Ws � p� .
It is unclear, a priori, what a julienne looks like, beyond the fact that it
is small. For although f 2 n � Yn �t� Ws � f 2 n � p� 
 ¥ n � is round, thereis no
reasonto expect that its f n imageYn is roundor quasi-round.The same
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appliesto thepre-julienne f 2 n � Jcs
n � . It is the foliation productof a small

set f 2 n � Dn �«� Wc � f 2 n � p�E� anda rounddisc f 2 n � Yn �'� Ws � f 2 n � p� 
 ¥ n � .
Thejulienneandpre-julienneeachhaveoneroundfactorandonenon-round
factor.

A setthatcanbeexpressedas

T �
x ª B

Ws � x 
 r �

for someB � Wc
loc
�
p� andsomer 8 0 is acenterstabletube

T � Tcs � B 
 r �
with baseB andstableradius r . Thestablefibersof atubearebydefinition
round.Theshapeof its basecanbearbitrary. SeeFigs.5, 6.

Fig. 5. A centerstabletubewith onedimensionalstablefibersandtwo dimensionalbase

Fig. 6. A centerstabletubewith two dimensionalstablefibersandonedimensionalbase
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Proposition5.1. Thepre-julienne f 2 n � Jcs
n � is tube-like. It consistsof the

centercore f 2 n � Dn � , throughwhich passs-fibers.Thes-fibersareapproxi-
matelyrounddiscsof radius ¥ n. More precisely, given c 8 0, if n is large,
thenthe pre-julienneis brackettedbetweentubeswith base f 2 n � Dn � and
stableradii

�
1 ) c �E¥ n.

Theproof of this propositioninvolvesthecenterbunchingandHölder
assumptionsusedto choosethejulienneshape.Thenext lemmageneralizes
easilyto any foliation whosetangentbundleis W -Höldercontinuous,where
0 ��qi�AWlU 1.

Lemma 5.2. The centerholonomyh � Ws � p�-� Ws � q� , h
�
p�l� q, is

approximately isometricat small q -Hölder scalein the following sense.
Given c 8 0 there is a

m 8 0 such that if

r 1� r U?¬4U r � m(13)

and if q � Wc � p 
 r � , thenh carriesa rounddisc D of radius ¬ in Ws � p�
to a nearly rounddisch

�
D � of radius ¬ in Ws � q� . More precisely, if D �

Ws � p 
 ¬�� thenh
�
D� is brackettedbetweenrounddiscs

Ws � q 
 � 1 # c �E¬��­� h
�
D�­� Ws � q 
 � 1 � c �E¬�� �

Proof. Thepoint to notehereis that ¬ canbequiteabit smallerthanr , but
notarbitrarilysmaller;it canneverbelessthanr 2. Discswhoseradii aretoo
smallmaybegrosslydistortedin shapeby thecenterholonomymaph. See
Fig.7,whichindicatesthattheshapeandsizeof h

�
D� is undergoodcontrol

atonescale,but still maybepathologicalatasmallerscale.Werecapitulate

Fig. 7. At small ® -Hölderscaleh � D � is approximatelyround
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the proofsof Lemmas1 and2 in Sect.4 of [21]. In an exponentialchart
at p, thecenterleaf throughapoint z nearp is thegraphof a function

L
z � Ec

p
�
r �~� Es

p �
SeeFig. 8. Thefunction

L
z
�
x� is differentiablewith respectto x. Thenorm

Fig. 8. Locally, in exponentialcharts,leavesaregraphs

of its derivative ¯ L z ��¯ x is theslopeof theleaf in theexponentialchart.By
assumption̄

L
z��¯ x is W -Höldercontinuous,andat thepoint

�
z
 x�'� � p 
 0� ,

¯ L z��¯ x � 0. Thus
¯ L z

¯ x U Kr � 


where
�
z 
 x� varies in the r -neighborhoodof

�
p 
 0� . Geometrically, this

meansthatthecenterleavesarequiteflat, quitehorizontal.
Considerthe horizontalholonomy H. It is translationparallel to the

plane Ec
p. Continuity of Es implies that H has the following property.

Given c 8 0 thereis a
m 8 0 suchthatif ¬4U r � m then

H
�
D�A� Ws � Hp 
 � 1 � c � 2�E¬�� �

SeeFig. 9. No underboundfor ¬ is neededhere.
Over a distancer , the centerleaf diverges from the horizontalplane

parallelto Ec
p by atmost

Kr � r � Kr 1� � 

a quantitythat is negligible in comparisonto ¬ . For whenr is small, our
choicein (9) of q¢�AW and(13) imply that

r 1� �±° r 1� r U^¬ �
Hence,
 Hp # q 
 ° ¬ and

h
�
D�­� Ws � q 
 � 1 � c �E¬�� �
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Fig. 9. At smallscale,thehorizontalholonomyis approximatelyisometric

Applying thesamereasoningto h 2 1, weseethat

h 2 1 � Ws � q 
 � 1 # c �E¬��E��� D 

andit follows thath

�
D � is brackettedbetweentherounddiscs

Ws � q 
 � 1 ) c �²¬�� asclaimed. ��
Proof of Proposition5.1.Themainstablefiberof thepre-julienne

f 2 n � Jcs
n �'� Wc� s � f 2 n � Dn � : Ws � f 2 n � p� 
 ¥ n �E�

is the round disc Ws � f 2 n � p� 
 ¥ n � , while the centercore is f 2 n � Dn �w�
f 2 n � Wc � p 
 ¤ n �E� . Since

�
Tc f

� U � 2 1,

f 2 n � Wc � p 
 ¤ n �E�Y� Wc � f 2 n � p� 
 ¤ n � � n � �
We will apply Lemma5.2, with r � ¤ n � � n and ¬��³¥ n. We needto

check(13),namely, ¤ n

� n

1� r �£¥ n �
¤ n

� n



and by (12), this is true. Also, when n is large, r � ¤ n � � n is small.
Lemma5.2thencompletestheproof. ��

6. Juliennesunder unit holonomy

In this sectionwe study the unstableholonomyh � Wcs � p�t� Wcs � q� ,
q � h

�
p� , andhow it affectscenterstablejuliennes.Everythingwesayhas

its counterpartfor centerunstablejuliennes.We assumethroughoutthatq
lies in theunit unstablemanifoldof p,

q � Wu � p 
 1� �
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Theorem 6.1. h disruptsrankin a uniformlyboundedfashion:there is an
integer k such that for all p � M andall large n,

Jcs
n� k
�
q�a� h

�
Jcs

n
�
p�E�a� Jcs

n2 k
�
q� �(14)

Proof. The subtletyof the analysisis presentexactly here.The shapesof
thejuliennesmaybeawful, but in termsof holonomythey nest.

At theendof theproofweshow thatindex juggling reduces(14) to

h
�
Jcs

n� k
�
p�E�Y� Jcs

n
�
q� �(15)

Referringto Jcs
n� k
�
p� asthe small julienneat p andto Jcs

n
�
q� asthe large

julienneat q, (15) assertsthatholonomycarriesthesmall julienneinto the
largeone.

Firstwedeterminek. Theunstableholonomymaph sendscentermani-
foldsto centermanifolds,andits restrictionto eachindividualcentermani-
fold isof classC1 orbetter. SeeTheoremB of [23]. (Onthefull centerstable
manifoldh is of coursemuchlessregularthanLipschitz.)By compactness,
thesupremum,L

�
h �«f 1,of theLipschitzconstantsof all thelocalunstable

holonomymapsh � Wc � p�~� Wc � q� is finite. Choosek suchthat

¤ k U 1

6L
�
h ���(16)

ThecentercorediscDn� k
�
p� hasradius¤ n� k, andthush sendsit toasubset

of Wc � q� having radiusL
�
h� ¤ n� k, which by thechoiceof k in (16) is less

than ¤ n � 2. Thus

h
�
Dn� k

�
p�E�a� 1

2 Dn
�
q� 
(17)

where 1
2 Dn

�
q� is the half-sizedsub-discof Dn

�
q� . The inclusion (17) is

a step toward (15). We want to show that the holonomy imageof one
julienneis containedin anotherjulienne,and(17)shows thatat leastthis is
trueof theircentercores.

Sincetheunstableholonomyis definedby theinvariantfoliation � u,
it commuteswith f . Specifically, if wewrite

hn � Wcs � f 2 n � p�E�~� Wcs � f 2 n � q�²�
then

h � h0 � f n " hn " f 2 n

�
Thus,(15) is equivalentto

hn " f 2 n � Jcs
n� k
�
p�²�a� f 2 n � Jcs

n
�
q�E� �(18)

Think of theholonomymapastakinganobjectlocatedononecenterstable
manifold,and“pushingit across”to anothercenterstablemanifold.Then
(18)hastwo advantagesover (15).
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(a) The distancebetweenthe domainandtarget for hn (the “push across
distance”)is muchlessthanthatfor h.

(b) The domainand target of hn in (18) are more round in shapethan
thosethatconfronth in (15).For pre-juliennesarelesselongatedthan
juliennes.

To prove (18) it sufficesto find tubesTn

 T Zn suchthat

f 2 n � Jcs
n� k
�
p�E�a� Tn

hn
�
Tn �Y� T Zn � f 2 n � Jcs

n
�
q�²� �

(19)

Set
Bn � f 2 n � 1

2 Dn
�
q�E� BZn � f 2 n � Dn

�
q�E� �

By Proposition5.1 the pre-julienne f 2 n � Jcs
n
�
q�E� is tube like. It contains

a tubeT Zn with baseBZn andstableradius2¥ n � 3. Thedistancefrom 1
2 Dn

�
q�

to theboundaryof Dn
�
q� is ¤ n � 2. Under f 2 n thisdistancecandecreaseby

atworstthefactor � n. Thus,

x � Bn � d
�
x 
 ¯ BZn �Yf

� �´¤ � n
2 �(20)

SeeFig. 10.We do not assertthat Bn lies in themiddleof BZn, merelythat
its distanceto ¯ BZn decaysno fasterthana slow exponential.Theshapeof
thepair Bn � BZn canin principlebequitemessy.

By Proposition5.1 thepre-julienne f 2 _ n� k̀ � Jcs
n� k

�
p�E� is alsotube-like.

It is containedin a tubeTn� k,

f 2 _ n� k̀ � Jcs
n� k
�
p�E�a� Tn� k �

x ª f 1�µ n¶ k· _ Dn¶ k _ p̀¸`
Ws � x 
 2¥ n� k � �

Since
�
Ts f

� U � � ¤ , weseefrom (16) that

f 2 n � Jcs
n� k
�
p�E�a� f k � Tn� k �a�

xª f 1 n _ Dn¶ k _ p̀¸`
Ws � x 
 ¥ n � 3�~� Tn




a tubein Wcs � f 2 n � p�²� with basef 2 n � Dn� k
�
p�E� andstableradius¥ n � 3.

Weclaimthathn
�
Tn �a� T Zn.Takeapointx � Tn thatliesin f 2 n � Dn� k

�
p�E� .

Sincehn " f 2 n � f 2 n " h, (17) impliesthat

hn
�
x�Y� f 2 n � 1

2 Dn
�
q�E�~� Bn �

Take a point y � Tn that lies in Ws � x 
 ¥ n � 3� . The distancebetweenthe
centerstablemanifoldsthrough f 2 n � p� and f 2 n � q� is atmost� n sincetheir
original distanceapartis at most1, and Tu f 2 1 U � . Thepointsx 
 y lie
on theformerandhn

�
x� 
 hn

�
y� lie on thelatter. By thetriangleinequality,

d
�
hn
�
x� 
 hn

�
y�E�YU d

�
hn
�
x� 
 x�J� d

�
x 
 y�J� d

�
y 
 hn

�
y�E�«U 2� n �­¥ n � 3 �



Stableergodicityandjuliennequasi-conformality 27

Fig. 10.Thecentercoresof thejulienneandpre-julienneat q andat f 2 n � q�

Since� ��¥�� ��¤ , for largen wehave

d
�
hn
�
x� 
 hn

�
y�E�«U^¥ n � 2 ° dist

�
Bn

 ¯ BZn � �

Although potentially ugly themselves, the sets Bn, BZn are containedin
Wc � Wc

loc
�
f 2 n � q�E� , which is a rounddisc. The point hn

�
y� is not near

theboundaryof Wc becauseit muchnearerthepoint hn
�
x��� Bn thanthe

distancebetweenBn and ¯ BZn. The shortestdistancefrom hn
�
y� to Wc is

essentiallyachievedalongthe local stablemanifolds,so thedistancefrom
hn
�
y� to Wc is essentiallyU^¥ n � 2, andwegetanintersectionpoint

z � Ws � hn
�
y� 
 ¥ n � 2�HI Wc

�
Thend

�
z
 x�MUN¥ n ° dist

�
Bn

 ¯ BZn � implies that z � BZn. In otherwords,

hn
�
y�Y� Ws � BZn 
 ¥ n � 2� , which is containedin thetubeT Zn. SeeFig. 11.This

implies(19),hence(18),andhence(15).
It remainsto deduce(14) from (15). Sincethe latter is valid for all

largen, wecanreplacen with n # k. Thisgiveshalf of (14),

h
�
Jcs

n
�
p�E�a� Jcs

n2 k
�
q� �
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Fig. 11.Despiteits raggedends,hn
� Tn � is containedin T Zn

Interchangingp andq, andapplying(15) to h 2 1 insteadof to h, weget

h 2 1 � Jcs
n� k
�
q�E�Y� Jcs

n
�
p� �(21)

Applying h to bothsidesof (21),wegettheotherhalf of (14). ��

7. Juliennesengulf

In this sectionwe verify the geometricpart of the volumetric engulfing
property. In thenext sectionwework out themeasureratioestimate.

Theorem 7.1. Centerstablejulienneshavethefollowing engulfing prop-
erty. There is an ¹º� such that if two centerstablejuliennesJcs

n��» 
 Jcs
n��» Z

meetthen

Jcs
n��» Z � Jcs

n �
Proof. Recallthatn is therankof thejulienneJcs

n . Thetheoremassertsthat
a rankn juliennewill engulf a rankn �¼¹ julienne,if the lattermeetsthe
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rankn �­¹ sub-julienneof theformer. Write

Jcs
n � Wc� s � Dn

: Yn �
Jcs

n��» � Wc� s � Dn��» : Yn��» �
Jcs

n��» Z � Wc� s � D Zn��» : Y Zn��» � �
We refer to thesejuliennesasthebig julienne,thesmall julienne,andthe
neighboringjulienne,respectively. Accordingto Proposition5.1,thestable
fibers of a julienneof rank n are imagesby f n of approximatelyround
discsof radius ¥ n. Since

�
Ts f

� U � , these f n imagesare containedin
stablediscsof radius � n ¥ n � � n ¤ n, a numberthat is muchsmallerthan
the radius ¤ n of the coredisc Dn. Thus, the diameterof a centerstable
julienneis approximatelythediameterof its coredisc,andthediameterof
theneighboringjuliennethatwehopeto engulfis approximately¤ n�½» . We
choose¹ sothat

¤ » U 1

3 �
Thenthe the two intersectingjuliennesof rank n �k¹ have diameterless
than1� 3 of thediameterof thebig julienne,andoneof them,Jcs

n��» , includes
thepoint p. It follows thattheneighboringjulienne,Jcs

n�½» Z , is socloseto the
middleof thecentercorediscDn, of thebig juliennethatit projectsinto Dn

underthestableholonomymap.Thatis

Jcs
n��» Z � Ws

loc
�
Jcs

n � �
SeeFig. 12. All thes-fibersof theneighboringjuliennelie on local stable
manifoldspassingthroughthecoredisc Dn of thebig julienne.If we can
show that all the c-fibers of the neighboringjulienne lie on local center
manifoldspassingthroughthemainstablefiberYn of thebig julienne,then

Fig. 12.Theneighboringjulienneis containedin thelocalstablesaturateof Dn



30 CharlesPugh,MichaelShub

by thenaturalityof thejuliennedefinition,Proposition4.1,thebig julienne
engulfstheneighboringjulienne.

To understandthe centerfibers,we apply f 2 n to the picture.Accord-
ing to Proposition5.1 thebig juliennebecomestube-like. We refer to the
f 2 n imagesof the other two juliennesas the small pre-julienneand the
neighboringpre-julienne.Their s-fibers,beingthe f » -imagesof approxi-
matelyrounddiscsof radius¥ n��» , arecontainedin rounds-discsof radius� » ¥ n��» . Moreover, the centercoreof the small pre-julienne, f 2 n � Dn��» � ,
is containedin the centercore f 2 n � Dn � of the tube-like pre-julienne,and
its stablefibersarecontainedin discs,centeredat pointsof f 2 n � Dn � , that
have radius �N¥ n � 3. Oneof theses-fibersof thesmall pre-juliennemeets
an s-fiber of the neighboringpre-julienne.The latter s-fiber lies in a disc
of radius �\¥ n � 3. Two intersectingdiscsof thesesizesandpositionsare
containedin thes-discof radius¥ n. SeeFig. 13.

Fig. 13. If a small,centeredsub-discof a big discmeetsa secondsmalldisc,thebig disc
engulfsit

Hence,at leastone,specials-fiber of the neighboringpre-julienneis
containedin ans-fiberof thebig, tube-likepre-julienne.By theconstruction
of juliennesasfoliation products,all pointson ans-fiber of a juliennelie
on local centermanifoldsthat passthroughthe main stablefiber of the
julienne.SeeProposition4.1.Therefore,all pointsof thespecials-fiber of
the neighboringpre-juliennelie both on local centermanifoldsthat pass
throughthe main stablefiber of the big pre-julienne,andon local center
manifoldsthat passthroughthe main stablefiber of the neighboringpre-
julienne.Local centermanifoldsareunique.Therefore,all the c-fibersof
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theneighboringpre-juliennelie on local centermanifoldspassingthrough
themainstablefiber f 2 n � Yn � of thebig pre-julienne.Re-applying f n, we
concludethatthesameis trueof thejuliennesthemselves:all thec-fibersof
theneighboringjuliennelie on local centermanifoldspassingthroughthe
mainstablefiber Yn of thebig julienne.This implies that thebig julienne
engulfstheneighboringjulienne. ��
Theorem 7.2. Solidjulienneshavethesameengulfingproperty: thereexists
an integer L such that a rankn juliennewill engulfa rankn � L julienne,
if thelatter meetstherankn � L sub-julienneof theformer.

Lemma 7.3. If J
 J Z are solid juliennesand the local unstableand local
stablesaturatesof J contain the main centerstableand centerunstable
slicesof J Z ,

Wu
loc
�
J �£¾ JcsZ and Ws

loc
�
J �=¾ Jcu Z 


thenJ ¾ J Z .
Proof. Theproof is like thatof Proposition4.1.Take a point zZ � J Z . It is
theintersectionpoint for apairof localunstableandstablemanifolds,

zZ � Ws
loc
�
x Z �HI Wu

loc
�
yZ �

wherex Z � JcuZ 
 yZ � JcsZ . But by assumption,x Z lies on a local stable
manifold throughthe main centerunstableslice Jcu of J, and yZ lies on
a localunstablemanifoldthroughthemaincenterstableslice Jcs of J, say

x Z � Ws
loc
�
x� yZ � Wu

loc
�
y�

for somex � Jcu 
 y � Jcs. Sincelocal stableandunstablemanifoldsare
unique,weseethatzZ�� J. ��
Proof of Theorem7.2.Theorems6.1and7.1produceintegersk, ¹ . Thefirst
expressestherankdisruptioncausedby local holonomy, while thesecond
expressesthe centerstableandcenterunstablerank disruptioncausedby
neighborlyengulfing.Weclaimthat L � 2¹�� kexpressestherankdisruption
causedby solidneighborlyengulfing.

Supposethat Jn
�
p� 
 Jn

�
pZ¿� aretwo rankn solid juliennesthat meetat

a point z. By the julienneconstruction,z lies on a local unstablemani-
fold throughthe main centerstableslice Jcs

n of Jn, and also on a local
unstablemanifoldthroughthemaincenterstableslice Jcs

n Z of J Zn. Localun-
stablemanifoldsareunique,sothelocalunstablemanifoldthroughzpasses
throughboth Jcs

n and Jcs
n Z , sayat y and yZ . SeeFig. 14. Dually, the local

stablemanifoldthroughz passesthroughthemaincenterunstableslicesof
both Jn andJ Zn.
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Fig. 14. The centersarehorizontal,the stablesarevertical,andthe unstablesretreatinto
thepageobliquely. Thewhiterectanglesarecenterstablejuliennesat p andpZ . Theshaded
rectanglesarecenterstablejuliennesat y andyZ . Thedottedlatticeregion is theholonomy
imageof Jcs

n2 » 2 k
� y� . Thus

Jcs
n
� pZ �JÀ Jcs

n2 » � yZ �JÀ hu � Jcs
n2 » 2 k

� y�Á�HÀ Wu
loc
� Jcs

n2 2» 2 k
� p�Â�

WeapplyTheorem7.1to therankn centerstablejulienneJcs
n
�
yZb� at yZ .

Decreasingits rankby ¹ causesit to engulf Jcs
n
�
pZÃ� ,

Jcs
n2 »
�
yZ �Ä¾ Jcs

n
�
pZ � �(22)

Then we apply Theorem6.1 to the centerstablejulienne Jcs
n2 »
�
y� at y.

Decreasingits rank by k causesits unstableholonomyimageto engulf
Jcs

n2 »
�
yZÃ� ,

hu � Jcs
n2 » 2 k

�
y�²�­¾ Jcs

n2 »
�
yZ � �(23)

Finally, decreasingthe rank of the centerstablejulienne Jcs
n2 » 2 k

�
p� by

a further ¹ causesit to engulf Jcs
n2 » 2 k

�
y� ,

Jcs
n2 2» 2 k

�
p��¾ Jcs

n2 » 2 k
�
y� �(24)

Combining(22), (23), and(24),we seethat theunstableholonomyimage
of Jcs

n2 2» 2 k

�
p� engulfsJcs

n
�
pZÃ� . In termsof saturatesthismeans

Wu
loc
�
Jcs

n2 2» 2 k
�
p�²�Ä¾ Jcs

n
�
pZ � �
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Dually weseethat

Ws
loc
�
Jcu

n2 2» 2 k
�
p�E�Ä¾ Jcu

n
�
pZ � �

Then,accordingto Lemma7.3, J ¾ J Z . ��
Weconcludethissectionwith anextensionof Proposition5.1.A setthat

canbeexpressedas
T �

x ª B

Ws � x 
 r �

for someB � Wcu
loc
�
p� andsomer 8 0 is asolid tube

T � Tsolid � B 
 r �
with baseB andstableradiusr .

Theorem 7.4. LetL betherankdisruptionboundproducedin Theorem7.2.
A solidpre-juliennef 2 n � Jn

�
p�E� canbebrackettedbetweensolid tubes

Tn � f 2 n � Jn
�
p�E�Ä� T Zn

such that Tn hasbasef 2 n � Jcu
n� L � andstableradiusrn � � � ¥Å� L ¥ n, while T Zn

hasbasef 2 n � Jcu
n2 L � andstableradiusr Zn � � � ¥Å�E2 L ¥ n.

Proof. Theorem7.2impliesthatJn
�
p� engulfsJn� L

�
x� if x � Jcu

n� L

�
p� . The

main stable fiber of f 2 _ n� L ` � Jcs
n� L
�
x�E� is the round, stable disc

Ws � f 2 _ n� L ` � x� 
 ¥ n� L � . The f L imageof this disccontainsa round,stable
sub-discof radiusrn. Lettingx rangeover Jcu

n� L
�
p� , weseethat f 2 n � Jn

�
p�E�

containsthetubeTn. Theproof that f 2 n � Jn
�
p�E� is containedin thetubeT Zn

is similar. ��

8. Juliennemeasure

A Riemannstructureon TM thatexpressesthepartialhyperbolicityof our
diffeomorphismf is adaptedto f . Fix suchanadaptedRiemannstructure.
It inducesRiemannstructurestangentto the leavesof the foliations � u,
� cu, � c, � cs, � s. TheseinducedRiemannstructuresgive rise to
Riemannmeasuresm, mu 


�X�X�

 ms on M andon theleavesof thefoliations

� u 

�X�X�

 � s.

We needto estimatethe volume of discs and tubeswith respectto
thesemeasures.To do so, we first modify the exponentialchartsexpp �
TpM

� ¬���� M asfollows.(Everythingwill bedonelocally –i.e.,in amodest
sizedneighborhoodof the zerosection,sayof radius ¬ .) The exponential
pre-imageof thelocalcenterunstablemanifoldWcu

loc
�
p� is agraph,

exp2 1
p
�
Wcu

loc
�
p�²�~� graph

� L cu
p � 
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where
L cu

p � Ecu
p
� ¬���� Es

p
� ¬�� is a functionof at leastclassC1� Hölder. Write

x � Ecu
p
� ¬�� 
 y � Es

p
� ¬�� , anddefine

O cu
p
�
x 
 y�'� � x 
 y � L cu

p
�
x�E� �

O cu
p isadiffeomorphismof TpM

� ¬�� toanotherneighborhoodof theoriginof
TpM. At theoriginof Ecu

p ,
L cu

p anditsderivative D
L cu

p vanish.Thederivative
is takenwith respectto x � Ecu

p . Thus,at theorigin of TpM, D O cu
p � I , the

identitymap.
Theunionof all themaps O cu

p as p variesin M, is a homeomorphism
O cu from TM

� ¬�� to anotherneighborhoodof thezerosection.It andits fiber
derivative D O cu

p areHöldercontinuouson TM. Thecompositeexp " O cu is
apartiallyadaptedexponentialmap.It sendseachEcu

p
� ¬�� to Wcu

loc
�
p� .

Repeatingthis type of modificationfor the other invariant manifolds
leadsto a homeomorphismH from TM

� ¬�� to anotherneighborhoodof
the zerosectioncovering the identity mapon M suchthat the restriction
of H to TpM

� ¬�� is a C1� Hölder diffeomorphismwhich carriesthe discs
Eu

p
� ¬�� 
 Ecu

p
� ¬�� 
 Ec

p
� ¬�� 
 Ecs

p
� ¬�� 
 Es

p
� ¬�� to theexponentialpre-imagesof the

correspondinglocal invariantmanifolds.Thecomposite

e � exp " H

is the adapted exponential map. Its restrictionto TpM
� ¬�� is a C1� Hölder

local diffeomorphismep from TpM
� ¬�� to M sendingthediscsEu

p
� ¬�� 
 �X�X�



Es

p
� ¬�� to thecorrespondinginvariantmanifolds.Like theunadaptedexpo-

nential,thetangentto ep at theorigin is theidentity,

T0
�
ep �~� I �(25)

Using e, we lift all objectsin M to TpM, writing a bar over the lifted
object.For example,S � M lifts to

!
S � e2 1

p
�
S�l� TpM. Likewise, the

measurem on M lifts to ameasure
!
m � eÆp � m� in TpM, the

!
m-measureof

!
S

beingm
�
S� . Themeasure

!
m is not translationinvariantwith respectto the

linearstructureof TpM.
The adaptedRiemannstructureon TM gives eachtangentspacean

innerproduct,andthe innerproductinducesa second,natural,translation
invariantmeasure,theRiemannmeasuremp on TpM. Dueto (25),onecan
view mp asthelinearpartof

!
m at theorigin of TMp.

Theothermeasuresmu 

�X�X�

 ms lift to measures

!
mu 


�X�X�

 !ms onthesub-

spacesEu
p


�X�X�

 Es

p. On theselinearsubspaces,andon all affine subspaces
of TpM parallelto them,we alsohave theRiemannmeasuresmu

p


�X�X�

 ms

p
inducedby the inner product.Again, onecanview the latter measuresas
thelinearpartsof theformermeasures.
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Lemma 8.1. Thevolumeof a smalltubeis approximatelythevolumeof its
basetimesthevolumeof its fiber.

m
�
T �

mcu
�
B� ms

�
Ws
�
p 
 r �E�dÇ 1 �

Moreprecisely, for any c 0 8 0 there is a
m 8 0 such that if T is a solid tube

with baseB � Wcu � p 
 m � andstableradiusr � m then

m
�
T �

mcu
�
B� ms

�
Ws
�
p 
 r �E� # 1 � c

0 �(26)

Correspondingassertionsare true for centerunstabletubesand center
stabletubes.

Proof. Accordingto (25),whenT is small,

mp
� !
T �

m
�
T � Ç 1

mcu
p
� !
B�

mcu
�
B� Ç 1

ms
p
� !
Ws � p 
 r �E�

ms
�
Ws
�
p 
 r �E� Ç 1 �(27)

It is thereforefair in theproofof (26) to replacethetube,its base,its fiber,
andthevariousmeasuresby correspondingobjectsin TpM.

Sinceep is adaptedto theinvariantfoliationsof f , thebase
!
B of

!
T lies

in Ecu
p . Dueto (25),given c 8 0, it actuallylies in Ecu

p
�E�

1 � c � m � whenT is
small.

The main stablefiber of
!
T is e2 1

p
�
Ws � p 
 r �E�È� !

Ws � p 
 r � . Sinceep is
adaptedto theinvariantfoliationsof f ,

!
Ws � p 
 r � lies in Es

p. By (25),when
T is smallit is brackettedbetweenroundstablediscs

Es
p
�E�

1 # c � 2� r �a� !
Ws � p 
 r �²�g� Es

p
�²�

1 � c � 2� r � �
Let & s

p � TpM � Es
p be the projectionwith kernel Ecu

p . Since,when T
is small, the stablefibersof

!
T uniformly C1 approximatethe main stable

fiber, their & s
p-projectionsinto Es

p arebrackettedbetweendiscswith slightly
relaxedradii, sayYÉº� Es

p
�E�

1 ) c � r � . In particular,

Y2 �
!

Ws � p 
 r �.� Y� �
It alsofollows that

!
T is brackettedbetweenTÉ ,

T2 �
!
T � T� 


where
TÉ-�k� z � !Ws � x 
 2r �.� x � !B and & s

p
�
z�Y� YÉ�� �

SeeFig. 15.ThesetTÉ is slicedperfectlyby theaffinesubspacesEcu
p ( y,

y � YÉ . In fact the intersectionsof TÉ with theseaffine subspacesare
theholonomyimagesof thebase,

!
hy
� !
B� . Thestablefoliation is absolutely
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Fig. 15. Why Fubini’s Theoremappliesto TÉ but not directly to ÊT. Note that Êhy Ë ÊB Ì
Ecu

p Í y is thestableholonomymapthatsendsx to z

continuous,and so is its lift to TpM. The RadonNikodym derivative of
its transverseholonomy, RN

� !
hy � , is continuous.When y � 0,

!
hy is the

identity andtheRadonNikodymderivative is 1. By continuity, wheny is
small,RN

� !
hy � Ç 1. Thus,by Fubini’s Theorem

mp
�
TÉ��

mcu
p
� !
B� ms

p
�
YÉ�� �

1

ms
p
�
YÉ � yª YÎ

mcu
p
� !
hy
� !
B�E�

mcu
p
� !
B� dms

p Ç 1 
(28)

if T is small.SinceYÉ arerounddiscs,

ms
p
�
Y� �

ms
p
�
Y2 �

� 1 � c
1 # c

s

Ç 1 �(29)

SinceTÉ bracket
!
T andYÉ bracket

!
Ws � p 
 r � ,

mp
�
T2 �

mcu
p
� !
B� ms

p
�
Y� � U

mp
� !
T �

mcu
p
� !
B� ms

p
� !
Ws � p 
 r �E� U

mp
�
T� �

mcu
p
� !
B� ms

p
�
Y2 � �

Hence,(27), (28),(29) imply (26). ��
Next wegiveanestimateto controlvolumeof asmallsetalonganorbit

of our C2 diffeomorphismf � M � M. We assumethat E is a W -Hölder
continuous,integrable, T f -invariantk-dimensional subbundleof TM, WM8 0.
We denoteby U a smallk-dimensionaldisctangentto E with p � U, and
by mE theRiemannmeasureon sucha disc.Therestrictionof Tf to E is
TE f . We have in mind theexamplethatU is a smallcenterdisc,a small
centerstabledisc,or a small solid neighborhood.Then E � Ec 
 Ecs 
 TM
respectively.
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Theorem 8.2. The restriction of a high iterate of f to a small enough
disc tangent to E is approximately measuretheoretically conformal in
the following sense. Fix a constantÏA� 1. If the disc U is so small that
for i � 0 
 �X�X�


 n,
diam f iU U^Ï n 


then

mE
�
f iU �


 detTE
p f i 
 mE

�
U � Ç 1 �(30)

Proof. mE
�
f iU � is theintegralof theabsolutedeterminantof TE f i overU.

Thus,

mE
�
f iU �


 detTE
p f i 
 mE

�
U � � 1

mE
�
U � xª U

i 2 1

j � 0

detTE
f j x f

detTE
f j p

f
dmE




which, since E is W -Hölder and f is C2, is the averagevalue on U of
aproduct

�
1 � � c j

�
x�E� � � where


 c j
�
x��
�U C diam f j U U CÏ n

�
BecausenÏ n� � 0 asn �}e , theproductapproximates1. ��

We have chosenthe juliennesso that they remainexponentiallysmall
undern iteratesof f . According to Theorem8.2, then, the effect of f i ,

 i 
%U n, onthefibersof thejuliennesis approximatelymeasuretheoretically
conformal.Under f i thefibermeasuresgetmultipliedapproximatelyby the
appropriatedeterminant.See(30).

Theorem 8.3. Fix an integer ¹­f 1. (Eventually, ¹ is a rank disruption
boundfromTheorems6.1,7.1,or 7.2.)Thereexistsa constantc � c

� ¹��Y8 0
such that for all p � M andall large n,

c U mcs � Jcs
n��» � p�E�

mcs
�
Jcs

n
�
p�E� U 1 �

Thecorrespondingassertionshold for centerunstablejuliennesandsolid
juliennes.

Proof. The upperboundof 1 is trivial, sincejuliennesnestdown to p as
n �}e .

We first assume¹�� 1. Since the centercores Dn

 Dn� 1 of Jcs

n
�
p� ,

Jcs
n� 1
�
p� arerounddiscsof known radii ¤ n 
 ¤ n� 1, thereis aconstantc1 such

that

0 � c1 U mc � Dn� 1 �
mc
�
Dn � �
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Let Bn � f 2 n � Dn � and Bn� 1 � f 2 n � Dn� 1� . Clearly, Bn� 1 � Bn and
they areexponentiallysmall.Accordingto Theorem8.2,sincetheratio of
the centermeasuresof Dn


 Dn� 1 is uniformly controlled,so is the ratio
betweenthe centermeasuresof their iteratesBn


 Bn� 1. In fact,nearlythe
samecontrolconstantscanbeused.

Now consider the stable fibers Yn
�
x� 
 Yn� 1

�
x� of the pre-juliennes

f 2 n � Jcs
n � 
 f 2 n � Jcs

n� 1 � at x � Bn. By Proposition5.1, the former is ap-
proximatelyequalto a rounddisc,

Yn
�
x� Ç Ws � x 
 ¥ n � �

Thelatteris brackettedbetweenrounddiscs,

Ws � x 
 � ¥ n� 1 �«� Yn� 1
�
x�Y� Ws � x 
 � ¥ n� 1 � �

Thus,for someconstantsc2, wehave

0 � c2 U ms � Yn� 1
�
x�E�

ms
�
Yn
�
x�E� �

Applying Lemma8.1atthepoint f 2 n � p� with B � Bn, givesacomparison

0 � c3 U mcs � f 2 n � Jcs
n� 1
�
p�²�E�

mcs
�
f 2 n
�
Jcs

n
�
p�²�E� �

Iteratingby f n and applying Theorem8.2 again,we seethat the center
stablejuliennesJcs

n
�
p� 
 Jcs

n� 1
�
p� enjoy thesamecomparabilityof measure,

0 � c4 U mcs � Jcs
n� 1
�
p�E�

mcs
�
Jcs

n
�
p�E�




which completesthe proof when ¹l� 1. For general¹ the choicec � c»4
give

0 � c U mcs � Jcs
n�½» � p�E�

mcs
�
Jcs

n
�
p�E� �

Measurecomparabilityfor centerunstablejulienneshasa symmetric
proof.

Finally considersolid juliennesJn
�
p� andJn�½» � p� . Accordingto Theo-

rem7.4thereis asolid tube

Tn��» � f 2 _ n��»Ð` � Jn��» � p�²� 


whichhasbasef 2 _ n��»Ð` � Jcu
n�½» � p�E� andstablediscsof radius

� � ¥Å� L ¥ n��» . The
f » -imageof Tn�½» containsa solid tubeT Ñn with baseBÑn � f 2 n � Jcu

n��» � p�E�
andstablefiberof radius

� � ¥�� »Ð� L ¥ n.
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Likewisethereis asolid tubeT Zn with

f 2 n � Jn
�
p�E�a� T Zn 


which hasbaseBZn � f 2 n � Jcu
n
�
p�E� andstablediscsof radius

� � ¥Å�E2 L ¥ n.
Thus

T Ñn � f » � Tn��» �Y� f 2 n � Jn��» � p�E�a� f 2 n � Jn
�
p�E�a� T Zn �

We claim thatT Ñn andT Zn have comparablemeasures.Both aresolid tubes,
andtheirbasesnest

BÑn � BZn �
In fact f n � BÑn ��� Jcu

n��» � p� while f n � BZn ��� Jcu
n
�
p� . We have alreadyes-

tablishedmeasurecomparabilityfor thesecenterunstablejuliennesat p.
By Theorem8.2theirmeasuresremaincomparableunder f 2 n. Thatis, the
basesBÑn andBZn have compaarblemeasures.Sincetheradii of their stable
discshave rationo lessthan

� � ¥�� »Ð� 2L , themeasuresof T Ñn andT Zn arecom-
parable,andthesameis truefor thesetsthey bracket,namely f 2 n � Jn��» � p�E�
and f 2 n � Jn

�
p�E� . Applying Theorem8.2againgivesmeasurecomparability

of thesolid juliennesJn��» � p� andJn
�
p� . ��

Theorem 8.4. TheVitali bases̈ 
 ¨ cu, and
¨ cs are volumetricallyen-

gulfing, andhencearedensitybases.

Proof. Theassertionfor
¨

meansthatif S � M is measurablewith respect
to theRiemannmeasurem on M thenalmostevery point of S is a density
pointwith respectto

¨
. In Theorem7.2weshowedthatasolid julienneJn

is engulfedby J Zn2 L if Jn meetsJ Zn. In Theorem8.3weshowedthatthereis
a uniform boundon thevolumeratiobetweenengulferandengufee.Thus,
Theorem3.1appliesand̈ is adensitybasis.

The assertionfor
¨ cu meansthat if S � Wcu � p� is measurablewith

respecttoRiemannleafmeasuremcu thenalmosteverypointof S isadensity
pointwith respectto

¨ cu. Theproof is similar. ��
Theorem 8.5. Thestableandunstableholonomymapsare juliennequasi-
conformal,andhenceanyunstableholonomymappreservesall

¨ csdensity
points,whilea stableholonomymappreservesall

¨ cu densitypoints.

Proof. Accordingto Theorems6.1 and8.3, if q � Wu � p 
 1� thenthe un-
stableholonomymaph � Wcs

loc
�
p�~� Wcs

loc
�
q� satisfies

Jcs
n� k
�
q�«� h

�
Jcs

n
�
p�²�a� Jcs

n2 k
�
q� 


andthemeasureratio betweenJcs
n� k
�
q� and Jcs

n2 k
�
q� is boundedaway from

zero.That is, h is juliennequasi-conformal.Accordingto Proposition2.1,
h preservesall

¨ cs densitypoints.The dual statementshold for a stable
holonomymap. ��
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Next, werelatedensitypointsof asetto densitypointsof thestableprojec-
tion of thatsetontoa localcenterunstablemanifold.

Theorem 8.6. Assumethat A is measurableands-saturated.Thepoint p
is a densitypointof A with respectto thesolid juliennebasis̈ if andonly
if p is a densitypoint of A I Wcu � p� with respectto the centerunstable
juliennedensitybasis̈ cu.

Proof. Supposethat p is adensitypointof A with respectto
¨

. Then

* A � Jn
�
p�E+Ò� 1

asn �}e . Accordingto Theorem8.2, f 2 n � A� is alsohighly concentrated
in thepre-juliennef 2 n � Jn

�
p�E� ,

* f 2 n � A�a� f 2 n � Jn
�
p�E�E+Ó� 1 �

By Theorem7.4thereis atubeTn � f 2 n � Jn
�
p�E� whosevolumeratio in the

pre-julienneis boundedaway from zero.Hence

* f 2 n � A�a� Tn +Ó� 1 �
The baseof the tube is f 2 n � Jcu

n� L � and its stableradiusis rn. Since A is
s-saturated,sois f 2 n � A� . Thus f 2 n � A� consistsof wholestablemanifolds,
andits intersectionwith thetubeTn consistsof wholestablediscsof equal
radiusrn. We apply Lemma8.1 to two tubes:the tube Tn and the tube
Tn I f 2 n � A� . Thisgives

m
�
Tn I f 2 n � A�E�

mcu
�
f 2 n
�
Jcu

n� L �JI f 2 n
�
A�E� ms

�
Ws
�
f 2 n
�
p� 
 rn �E� Ç 1

while thevolumeof Tn itself satisfies

m
�
Tn �

mcu
�
f 2 n
�
Jcu

n� L �²� ms
�
Ws
�
f 2 n
�
p� 
 rn �E� Ç 1 �

Hence,theconcentrationof f 2 n � A� in thebasef 2 n � Jcu
n� L � musttendto 1.

Applying f n to thisconfigurationandusingTheorem8.2again,weseethat
theconcentrationof A in thecenterunstablejulienneJcu

n� L alsotendsto 1.
SinceL is fixed,this shows that p is a densitypoint of A I Wcu � p� with
respectto

¨ cu.
The converseis proved similarly, using the large tube T Zn from Theo-

rem7.4. ��
WecombineTheorems8.5and8.6asfollows.
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Theorem 8.7. If A � M is measurableandessentiallyu-saturatedthenits
setof

¨
densitypointsconsistsof wholeunstablemanifolds.

Proof. A setis essentiallyu-saturatedif it differsfrom au-saturatedsetby
azeroset.Alterationby azerosethasnoeffecton thesetof (solid)density
points,so it is fair to assumethat A is u-saturated.Let p bea

¨
density

point andlet q bea point in Wu � p� . We claim thatq is a
¨

densitypoint
of A.

Assumeat first that q lies in the local unstablemanifold of p. By
Theorem8.6, p is a densitypoint of A I Wcs � p� with respectto

¨ cs. By
Theorem8.5andthefact that A is u-saturated,q is a

¨ cs densitypoint of
A I Wcs � q� . By Theorem8.6, q is a

¨
densitypoint of A. Thus,the set

P of
¨

densitypointsconsistsof wholelocalunstablemanifolds.Because
(global)unstablemanifoldsareconnectedandconsistlocally of local un-
stablemanifolds,the set P of densitypoints actually consistsof whole
unstablemanifolds. ��

9. Proof of Theorem A

The proof of TheoremA follows the samepatternas in [2,12,21]. We
supposethat f is notergodicand,usingtheBirkhoff ErgodicTheorem,we
find a set A0 suchthat A0 is f -invariant,hasintermediatemeasure,andis
essentiallysaturatedby stableandunstablemanifolds.Let A bethesetof¨

densitypointsof A0 andlet B bethesetof
¨

densitypointsof M v A0.
AccordingtoTheorem8.4,almosteverypointof A0 isa

¨
densitypoint,so

A haspositivemeasure.LikewisethesetB haspositivemeasure.ThesetP
of all us-pathsoriginatingat pointsof A is, by definition,us-saturatedand
it containsA, so it formsa us-saturatedsetof positive measure.Essential
accessibilityimpliesthat P hasfull measure,andthereforeit meetsB. The
upshotis that therearepoints p � A, q � B anda us-pathfrom p to q.
Sincep is a

¨
densitypointof A0, Theorem8.7impliesthattheentirefirst

leg of thepathconsistsof
¨

densitypointsof A0. Thesameappliesto the
secondleg,andsoforth.Weconcludethatq is alsoa

¨
densitypointof A0

andthis is incompatiblewith it alsobeinga
¨

densitypointof M v A0. ��

10. Affine diffeomorphisms

In thissectionweproveTheoremsB,C,andCorollariesb,cfromSect.1.For
readersunfamiliarwith Lie groups,weincludesomestandardmaterial,see
also[21] wheresomeof this is workedout for thecaseof left translation.
We usethe standardnotationfrom differential topology that TxM is the
tangentspaceto M at x andthatTx f is thetangentto amap f at x.
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Recallwhatweassumedin Sect.1.

(a) G is aconnectedLie groupandB � G is aproper, closedsubgroup.
(b) G � B is compact.
(c) Haarmeasureprojectsto a finite measurem on G � B, invariantunder

left translation,xB  � gxB
(d) f � G � B � G � B is an affine diffeomorphism. That is, it is part of

acommutative diagram

G

!
f � Lg " A#$#�#%#�#�#�#�#�#�#%#�#�#�#�# � G

& &

G � B
f#�#�#%#�#�#�#�#�#�#%#�#�#�#�# � G� B

whereA isanautomorphismof G, Lg is leftmultiplicationbysomefixed
elementg � G, and,to make theprojectionwell defined,A

�
B�'� B.

Further,
!
f inducesaLie algebraautomorphismdefinedby

3 � !f �'� Ad
�
g� " TeA � TgRg1 1 " TeLg " TeA �

Givena linearsubspace
!
E of theLie algebra,l� TeG, we extendit to

a right invariantsubbundleR
� !
E �Y� TG whosefiberat x � G is
!
Ex � TeRx

� !
E� �

Right invarianceof R
� !
E � meansthat for all x 
 y � G, Tx Ry carries

!
Ex to!

Exy.

Proposition10.1. 3 � !f � -invarianceof
!
E is equivalentto T

!
f -invarianceof

R
� !
E � .

Proof. Observe first that

Te

!
f � TeRg " 3 �

!
f � �(31)

For
!
f
�
x�~� gA

�
x�Ô� Lg " A

�
x� impliesthat

TeRg " 3 �
!
f �'� TeRg " TgRg1 1 " TeLg " TeA � TeLg " TeA 


which is Te

!
f .

From(31)andright invarianceof R
� !
E � weinfer that

!
E is 3 � !f � -invariant

if andonly if Te

!
f sends

!
E � !

Ee to
!
Eg. It remainsto show that this T

!
f -

invarianceof R
� !
E � from e to

!
f
�
e�~� g impliesT

!
f -invarianceatthegeneral

point y � G.
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Commutativity of thediagram

G

!
f#E#�#�#%#�#�#�# � G

Ry RA_ ỳ

G

!
f#E#�#�#%#�#�#�# � G

is simpleto check:if x � G then

RA_ ỳ "
!
f
�
x�~� gA

�
x� A � y�C� gA

�
xy�Ô� !

f
�
xy�'� !

f
�
Ry
�
x�E� �

Takingthetangentmapsof thediagramat x � egives

TeG
Te

!
f#�#�#�#�#�#�#�#%# � TgG

TeRy TgRA_ ỳ

TyG
Ty

!
f#�#�#�#�#�#�#�#%# � T Õf _ ỳ G

Hence
Ty

!
f � TgRA_ ỳ " Te

!
f " � TeRy � 2 1

�
SinceR

� !
E � is TR-invariant,it is also

�
TR� 2 1-invariant,andT

!
f -invariance

of R
� !
E � from e to

!
f
�
e� propagatesto T

!
f -invarianceeverywhere. ��

BecauseB acts on the right, the bundle R
� !
E � projectsnaturally to

aquotientbundle,T& � R� !E�E�'� R
�
E�a� T

�
G� B� , whereE � T& � !E � ,

R
� !
E � T

!
f#X#�#�#�#�#�#%#�# � R

� !
E �

T& T&

R
�
E� Tf#Ö#�#�#�#�#�#%#�# � R

�
E� �

The fiber of R
�
E� at xB � G � B is Tx

& � !Ex � , which is isomorphicto!
Ex � � Tx

�
xB�ÔI !Ex � . Here,we think of xB both as a subsetof G and as

apoint in G � B.

Corollary 10.2. 3 � !f � -invarianceof
!
E impliesT f -invarianceof R

�
E� .

Proof. Fromcommutativity of thediagramsthis is clear. ��
Proposition10.3. Let ,½× bethesumof thegeneralizedeigenspacesof 3 � !f �
whoseeigenvalueshavemodulusU�¬ where 0 �¼¬AU 1. Then,½× is a Lie
subalgebra of , , notmerelya linear subspaceof TeG.
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Proof. The assertionis valid not only for 3 � !f � , but for any Lie algebra
automorphism3 ��,5�Ø, of acomplex,finitedimensional Lie algebra,andis
aconsequenceof thefollowinggeneralfact: thefactorsSandM in theJordan
Decomposition3 � SM, areautomaticallyLie algebraautomorphismsof , ,
not merelylineartransformationsTeG � TeG. As usualS is semi-simple
andM � I � N with N nilpotent.SeeChapt.I.4 of Borel’sbookaboutlinear
algebraicgroups[3] wherethis is discussed.Note that the automorphism
groupof , is a linearalgebraicgroup.

Supposefirst that 3 itself is semi-simple,3 � S. Thenthereisacomplete
eigenbasis��� 1 
 �X�X�


 � n � correspondingto eigenvalues�EÙ 1


�X�X�

 Ù n � . Since 3

is aLie algebraautomorphism,

S*Ð� i 
 � j +Ó��* S� i 
 S� j +Ó�kÙ i Ù j *Ð� i 
 � j + 

and*Ð� i 
 � j + isseentobeeitherthezerovectoror anS-eigenvector with eigen-
value Ù i Ù j . In particular, ,½× is closedunderLie bracket since 
bÙ i 
 
 
 Ù j 
~U
¬�U 1 impliesthat 
 Ù i Ù j 
�UK¬ 2 U?¬ .

Next assumethat 3 � SM with S semi-simple,M � I � N, and
N �� 0 nilpotent.SinceMS � SM, the S-eigenvaluesare identicalwith
the 3 -eigenvaluesandthe S-eigenspacesareidenticalwith thegeneralized3 -eigenspaces.The Lie bracket operationis definedindependentlyfrom3 
 S
 M, sotheconclusionsfor Sholdalsofor 3 .

TheLie algebraautomorphism3 � !f � in thestatementof theproposition
is real, not complex, but sinceeigenvalues,generalizedeigenspaces,and
bracketsactnaturallyundercomplexification,thecomplex caseimpliesthe
realone. ��

Asin Sect.1wesplit , and3 � !f � accordingtothegeneralizedeigenspaces
of with eigenvaluesof modulus8 1 
 � 1, and � 1 respectively,

3 � !f �}� 3 u � !f � 	 3 c � !f � 	 3 s � !f �
, � , u 	 , c 	 , s

�
By Proposition10.3theseareLie subalgebrasof , . Weextendthemto right
invariantbundles

!
Eu 
 !Ec 
 !Es over G. Accordingto Proposition10.1,these

bundlesareT
!
f -invariant.By Corollary10.2their projectionsto G � B, Eu,

Ec, andEs areTf -invariant,

!
Eu 	 !

Ec 	 !
Es T

!
f#Ú#�#�#�#�#�#�#%# � !

Eu 	 !
Ec 	 !

Es

T& T&

Eu 	 Ec 	 Es Tf#Ö#�#�#�#�#�#�#%# � Eu 	 Ec 	 Es

�
A priori, someof thesebundlesmaybezero.



Stableergodicityandjuliennequasi-conformality 45

Proposition10.4. There is a Riemannstructure onT
�
G� B� adaptedto T f

with respectto which Tf expandsEu sharply, T f is nearlyisometricon Ec,
andTf contractsEs sharply.

Proof. Choose¬ 
 0 �N¬�� 1, suchthat themoduli of theeigenvaluesof� 3 u � !f �E�²2 1 and 3 s � !f � lie in the interval
�
0 
 ¬�� . For any c 8 0 thereis an

innerproducton TeG which is adaptedto 3 � !f � in thesensethatthenorms
of
� 3 u � !f �E� 2 1 and 3 s � !f � are �6¬ , while the normsof

� 3 c � !f �E� 2 1 and 3 c � !f �
are � 1 � c . Right translatethis innerproductto a right invariantRiemann
structureon TG. Right translationsbecomeisometries.By (31) and the
proof of Proposition10.1,Te

!
f is isometricto Tx

!
f for all x � G. Hence,

theRiemannstructureis adaptedto T
!
f . Vectorsin

!
Eu areexpandedmore

sharplythanthefactor1��¬ , vectorsin
!
Es arecontractedmoresharplythan

thefactor¬ , andvectorsin
!
Ec areaffectedisometrically, upto factors1 # c

and1 � c .
SinceB actson theright, andsincetheT

!
f -adaptedRiemannstructure

is right invariant,it projectsby T& � TG � T
�
G � B� to aRiemannstructure

on T
�
G � B� . Underquotients,normsbecomeno larger. Hence,

�
Ts f

� U
Ts
!
f ��¬ . Similarly,

�
Tcs f

� U Tcs
!
f , andif thebundlesarenon-zero

so the inversesexist, Tu f 2 1 U Tu
!
f 2 1 and Tcu f 2 1 U Tcu

!
f 2 1 .

Hence,Tu f expandsby at leastthe factor1��¬ , Ts f contractsby at most
the factor ¬ , andsinceEc � Ecu I Ecs, Tc f is an isometryup to a factor
between1 # c and1 � c . ��
Recallthat 9 is thehyperbolicLie subalgebraof

!
f and > is theLie algebra

of B. Botharesubalgebrasof , .
Corollary 10.5. Theaffinediffeomorphismf is partially hyperbolicif and
only if 9s��Ä> .
Proof. Weprove theequivalenceof theopposites.If 9t�Û> thenT

�
G � B���

Ec and f is completelycentral;it is not partially hyperbolic.On theother
hand,if f is notpartiallyhyperbolicthenat leastoneof Eu, Es is zero,say

T
�
G � B��� Ec 	 Es

�
Since f preservestheprojectedHaarmeasure,thedeterminantof Tf is ) 1
everywhere,which impliesthat Es � 0 also.Thus

!
Eu 
 !Es �Û> , and 9t�Û> .

��
Proposition10.6. The right invariant bundles

!
Eu 
 !Ecu 
 !Ec 
 !Ecs 
 !Es and

their projectionsto T
�
G � B� are tangent to smoothdynamicallycoherent

foliations; i.e.,
!
f and f are dynamicallycoherent.
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Proof. Since, u 
 , cu 
 , c 
 , cs 
 , s areLie subalgebrasof , they aretangentto
uniqueconnected,locally closedsubgroups,Gu 
 Gcu 
 Gc 
 Gcs 
 Gs respec-
tively. The orbits Gux of the left Gu-actionare integral manifoldsof the
right invariantsubbundle

!
Eu. For if weconsiderthegeneralpointhx � Gux

thentheright multiplicationdiffeomorphismRhx � G � G sendsGu onto
Gux, sendse to hx, andhence

Thx
�
Gux�~� � TeRhx � � TeG

u �'� � TeRhx � � , u �'� � TeRhx � �
!
Eu

e �'�
!
Eu

hx

by right invarianceof
!
Eu. The correspondingfactsare true for the other

subgroups.Also, thesesubgroupsacton G � B andtheir orbitsintegratethe
projectedbundlesthere. ��

Recallthat thesmallestLie subalgebraof , containing, u and , s, 9 , is
anideal.It is thereforethetangentspaceateof auniqueconnected,locally
closed,normal,Lie subgroupH of G.

Proposition10.7. An elementy � G� B is us-accessiblefromx � G� B if
andonly is there is anh � H such that y � hx.

Proof. Supposethat y is accessiblefrom x. From the proof of Proposi-
tion10.6it followsthatthereareelementsu1



�X�X�

 uk � Gu ands1



�X�X�

 sk �

Gs suchthat

y � ukskuk2 1sk2 1 �X�X� u1s1x �
SinceH containsGu andGs, theproductuk �X�X� s1 lies in H. Theconverse
canbeprovedsimilarly since 9 is generatedby , u and, s. ��
Proof of TheoremB.Recallthatfor anaffinediffeomorphismf , TheoremB
asserts

(a) Partialhyperbolicityis equivalentto 9s��­> .
(b) Centerbunchinganddynamicalcoherenceareautomatic.
(c) Accessibilityin G � B is equivalentto ,5�B>��D9 .

Corollary10.5gives(a);Proposition10.4givescenterbunching;Propo-
sition10.6givesdynamicalcoherence.

It remainsto prove (c). Considerthe connectedLie subgroupH of
G that is tangentat e to the hyperbolicLie subalgebra9 . According to
Proposition10.7,accessibilityin G � B is equivalentto

HB � G 


which,sinceG is connected,is trueif andonly if 9C�k>g�Û, . ��
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Proof of TheoremC. Recall that TheoremC assertsthe stableergodicity
of the affine diffeomorphism f if ,^�=9h�\> . Accordingto TheoremB,
f satisfiesall the hypothesesof TheoremA (which implies it is stably
ergodic) except one: stableus-accessibility. However, we know that the
unstableandstablefoliationsaresmooth(sincethey areorbitsof subgroups),
and, by TheoremB, they have the (a priori not stable)us-accessibility
property. But, as we showed in [21], smoothaccessibilityimplies stable
accessibility, andTheoremA applies: f is stablyergodic. ��
Proof of Corollary b. RecallthatCorollaryb givesa necessaryandsuffi-
cient conditionfor stableergodicity of a specialtypeof affine diffeomor-
phism f . Theassumptionsare:

(a) G is simple.
(b) B is auniformdiscretesubgroupof G.
(c) f � Lg is left translationby somefixed g � G. (In the previous

notation,thismeansthat A is theidentityautomorphism.)

Underthesehypothesesit is assertedthat

f is stablyergodicif andonly if Ad
�
g� hasat leastoneeigenvaluewith

modulus�� 1.

By Proposition5.3of [21], 9 is anidealin , . If Ad
�
g� hasaneigenvalue

with modulus �� 1, 9 is non-trivial. Simplicity of G implies that 9s�Ü, .
TheoremsB andC show that Lg is stablyergodicamongC2 m-preserving
diffeomorphismsof G � B. For theconverse,we know from [4], thatstable
ergodicityof Lg, evenamongleft translations,impliesthat 9.�Û, . Hence9
is non-trivial andAd

�
g� hasaneigenvaluewith modulus�� 1. ��

Proof of Corollary c. Recall that Corollary c concernsthe speciallinear
groupSL

�
n 
 � . Oneassumesthat

(a) B is auniformdiscretesubgroupof G � SL
�
n 
 � .

(b) f � G� B � G � B is left multiplicationby somefixedmatrix M � G.

The assertionis that f is stably ergodic amongC2 volume preserving
diffeomorphismsof G� B if andonly if M hasat leastoneeigenvaluewith
modulus�� 1.

TodeduceCorollaryc fromCorollaryb wenotethatSL
�
n 
 � is simple,

andasin Proposition5.6 of [21], Ad
�
M� hasaneigenvaluewith modulus

�� 1 if andonly if M does. ��

11. An accessibilityexample

Let f bea partially hyperbolicdiffeomorphismof M with splitting Eu 	
Ec 	 Es. It hastheaccessibilitypropertyif every pair of points p 
 q � M
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canbe joinedby a us-path.If this remainstrue for all perturbationsof f
then f (or thepair Eu 
 Es) hasthestableaccessibilityproperty.

Question1. Doesaccessibilityimply stableaccessibility?

WhenEu 
 Es areof classC1 theansweris “yes”, a factwe madeuseof in
theproofof TheoremC in Sect.10. In general,however, Eu 
 Es have only
thefollowing regularity: they areHölderanduniquelyintegrable.(Unique
integrability of a planefield E meansthat E is tangentto a foliation and
any curve everywheretangentto E lies in a leaf of the foliation. See[23]
for morediscussionof this.)

In this sectionwe give anexampleindicatingthat theanswerto Ques-
tion 1 maybe“no”. Althoughnotdefinitive, it shows thelimits of toonaive
anapproach.

Let Eu 
 Es � TM be fixed subbundles.We saythat a point q � M is
strongly accessiblefrom p � M if thefollowing non-zerodegreecondition
holds.Therearecontinuous,uniquelyintegrablevectorfields X1 


�X�X�

 X2k

suchthat

(a) The vectorfields with odd index aresubordinateto Eu, andthe ones
with evenindex aresubordinateto Es.

(b) A concatenationof theflows Ý i �©Ý i
t
�
x� generatedby thevectorfields

Xi joins p to q. Thatis, for sometimevectort Æ�� � t Æ1 
 �X�X�

 t Æ2k � ,

O � t Æ �~�kÝ 2k
t Þ2k
" Ý 2k2 1

t Þ2k1 1
" �X�X� " Ý 1

t Þ1
�
p�~� q �

(c) For someneighborhoodN of t Æ in 2k themap O©� N � M,

O6� t  � O � t� 


is topologicallyessential.Thatis, thereexistsadiscD � N of thesame
dimensionasM, and

Degree
� O�
 ß D 
 q�a�� 0 �

In particular, q ��¢O � ¯ D � .
It is aneasyapplicationof topologicaldegreetheoryto show thatstrong

accessibilityimpliesstableaccessibility. Theconverseis

Question2. Doesstableaccessibilityimply strongaccessibility?

Proposition11.1. Local 4-legged accessibilitydoesnot imply local 4-
leggedstableaccessibility.
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Proof. Specifically, thereis apairof uniquelyintegrablevectorfields X 
 Y
on a 4-manifoldM suchthat for somep � M, andsomenon-emptyopen
setU � M, everyq � U is accessiblefrom p by a4-leggedXY-path,

O � t1 
 t2 
 t3 
 t4 �'�kÝ Y
t4 " Ý X

t3 " Ý Y
t2 " Ý X

t1

�
p�~� q 


wheret � � t1 
 t2 
 t3 
 t4 � rangesin someopenT � 4, but thereexist small,
uniquelyintegrableperturbationsX 
 Y of X 
 Y for which O � T � is merelya
3-dimensionalsubsetof U.

Theconstructionof X 
 Y is local. It takesplacein onecoordinatechart,
saywith coordinatesx 
 y 
 z 
�à . Thepoint p is theorigin, p � �

0 
 0 
 0 
 0� ,
andthevectorfield Y is everywhereconstant,

Y � ¯
¯ y �

Thetime setT is a neighborhoodof t Æa� � 1 
 1 
 1 
 1� . On theunit cube,X
is alsoconstant,

X � ¯
¯ x �

Thus, the first two legs of the XY-path with time vector t Æ are the unit
segmentsalongthex-axisandparallelto the y-axis,

* 0 
 1+�( 0 ( 0 ( 0 and 1 (­* 0 
 1+�( 0 ( 0 �
Let qÄ� � � bea smoothfunctionwith supportin * 4� 3 
 5� 3+ , and

integral 1,

á q
�
x� dx � 1 �

Let ¤ � 3 � � beasmoothfunctionwith compactsupportsuchthat¤ � y 
 z 
�à ��� 1 whenever 
 y # 1 
�U 1, 
 z
�U 1, and 
 à 
�U 1.
Let � � � * # 1 
 1+ 2 be a Peanocurve with compactsupport * 0 
 2+ .

Thatis, � is continuous,onto,and � � y��� � 0 
 0� for y ��¢* 0 
 2+ . Necessarily� is notdifferentiable.Write � in componentsas

� � y��� �Ââ�� y� 
�ã � y�²� �
Wethendefine

X � ¯
¯ x � a

¯
¯ z � b

¯
¯ à



where

a �kq � x� ¤ � y 
 z 
�à � â�� y� and b �kq � x� ¤ � y 
 z 
�à � ã � y� �



50 CharlesPugh,MichaelShub

AlthoughX is notsmoothwith respectto y, its ¯Ú��¯ y componentis zero.
Thus,X isuniquelyintegrableandtheX-flow curveslie in planesy � const.
Specifically, if t � � t1 
 t2 
 t3 
 t4 � and


 t1 # 1 
�� 1

6

 t2 # 1 
�� 1 
 t3 # 1 
%� 1

6

(32)

then

O � t�~� � t1 � t3

 t2 � t4


 â�� t2 � 
�ã � t2 �E� �(33)

ConsiderthetimesetT definedby timest satisfying(32)and


 t4 # 1 
%� 2 �
Supposethatq � � x 
 y 
 z
�à � satisfies


 x # 2 
�� 1

6

 y # 2 
�� 1 
 z 
�� 1 
 à 
�� 1 �(34)

Since� is aPeanocurve, thereexistst2 �i* 0 
 2+ suchthat
� � t2�'� � z 
�à � �

Wethenset

t1 � 1

t3 � x # 1

t4 � y # t2



whichmakest � � t1 
 t2 
 t3 
 t4 �Y� T. ThereforeO � t� is givenby (33)and

O � t�'� q �
Thatis, eachq in thesetU definedby (34) is the O imageof somet � T,
or to put it in termsof accessibility, eachq � U is accessiblefrom p.

Now let X 
 Y besmoothapproximationsto X 
 Y of aspecialtype:

X � ¯
¯ x � a

¯
¯ z � b

¯
¯ à and Y � Y � ¯

¯ y



where

a �Nq � x� ¤ � y 
 z 
�à � â�� y� b �kq � x� ¤ � y 
 z 
�à � ã � y�
and � � � â 
 ã � is a smoothapproximationto � . The expression(33)
becomes

O � t�'� � t1 � t3

 t2 � t4


 âÓ� t2 � 
 ã � t2 �²� �
The O imageof T is brackettedas

* 5� 3 
 7� 3+�(Ä* 1 
 3+'( � � � � O � T � � 2 ( � � � 

andhencehasdimension3. ��
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Besidesthefactthatperturbationsdestroy accessibilityin thepreceding
example,onecanseethatalthoughall pointsof U areaccessiblefrom p,
nopoint is stronglyaccessibleby 4-leggedpaths.Increasingthenumberof
legsin thepath,well beyondthedimensionof M, maybethewayto answer
Questions1 and2 affirmatively.
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