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Abstract. This is the last of a seriesof threepaperswherewe computethe unramified
cohomologyof quadricsin degreeup to 4. Completeresultswere obtainedin the two

previous papersfor quadricsof dimension< 4 and> 11.Herewe dealwith theremaining
dimensionshetween5 and 10. We also prove that the unramifiedcohomologyof Pfister
quadricswith divisible coeficientsalwayscomesfrom the groundfield, andthatthe same
holdsfor their unramifiedWitt rings. We apply theseresultsto real quadrics.For mostof

the paperwe have to assumethat the groundfield hascharacteristid®, becauseve use
Voevodsky’'s motivic conomology

Intr oduction

This paperis thefinal partof our projectof computatiorof the low-degree
unramifiedcohomologyof quadrics.Unramifiedcohomologygroupsare
stablebirationalinvariantsof smoothprojective varieties.They wereorigi-
nally introducedn relationwith theso-calledNoethemproblem(seg5], [4]
for more details). Theseare subtleinvariants,relatedto otherinteresting
oneslike Chav groups;they have beencompletelyunderstoodonly for
very few varieties.For varietiesover afield F stablybirationalto P", they
are determinedby the Galois cohomologygroupsof F. After varieties
birationalto P", the next simplestcaseis thatof anisotropicquadrics.Yet
anothemotivationfor studyingthesegroupsstheconjecturen [15], which
predictsthat low rank unramifiedquadraticforms over function fields of
quadricsover a field F (of characteristidifferent from 2), are actually
definedover thegroundfield F.

Throughoutthis paper we assumehat the groundfield F is of char
acteristicdifferentfrom 2. In the later partsof the paper we needF to
be of characteristizeroaswe useVoevodsk/’s motivic cohomology[32].
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Let X be a smoothprojectve quadric definedover F and F(X) be its
function field. For n > 0, recall that the n-th unramifiedcohomology
groupof the extensionF(X)/F with coeficientsin Q/Z(n — 1), denoted
HN(F(X)/F, Q/Z(n — 1)), is definedby (see[4])

HR(F(X)/F, Q/Z(n— 1)) =
KerH"(F(X), Q/Z(n— 1)) — € H" ™ (F(.Q/Z(n - 2)))

xe XD

wherethe cohomologygroupsare Galoiscohomologygroups,F(x) is the
residuefield at a codimensioronepointx € XY andthemapcomesfrom
the residuehomomorphismsfor n = 0, the mapis trivial. The natural
restrictionmapin factinducesamap

H(F, Q/Z(n — 1)) — Hu(F(X)/F,Q/Z(n — 1))

which we denoteby »% asin our previous papers[17] and[18], or just

by n", whenthereis no ambiguity on X. The principal resultsin these
earlierpapersareasfollows. Firstly, we provedthatKern" is generatedby

symbolsfor n < 4andary X (thisis conjecturedo hold withoutrestriction
onn). Secondlywe computedCoker ® for ary X andCokern* (assuming
charF = 0) for ary X of dimension< 4. We shaved that Cokerz?® is

alwaysO0, exceptwhen X is of dimension4 anddefinedby an anisotropic
Albert form, in which casethis group hasorder 2. As for Cokern?, we

foundthatit is O for dim X < 3. When X is 4-dimensionali.e. defined
by a 6-dimensionalform q), Cokern* is again0, exceptwhen g is an
Albert form or a “virtual Albert form”. In thesetwo caseswe found an
interstingdescriptionof this groupin termsof invariantsattachedo the
orthogonalgroup of g. We also obtainedsomeinformation on Cokern*

whendim X > 4: this groupis canonicallya subgroupf ,CH?3(X), which

isatmostZ /2 andis 0 for dim X > 10 by resultsof Karpenlo.

The contentsof the presentpaperare as follows. First, we get more
preciseinformation on Cokern* whendim X > 4 in casecharF = 0.
Secondwe prove (still in characteristi®) thatCokern§ = 0for all n when
X is definedby a Pfisterneighbour(Theorem3 in Sect.3). It follows that,
for X definedby a Pfisterneighbourthemap

W(F) — Whr(F(X)/F)

is surjective(Theorem4 in the samesection). The proof of this result
makesfull useof the techniquesf Voevodsky in his proof of the Milnor
conjecturg33]; however, we dont usethe Milnor conjectureitself. Third
andlast,we give somecomputatiorof the 7{-cohomologyof realquadrics.
We now describeour resultsprecisely Let X be a (smoothprojective)
quadricof dimension> 4. By [17, Th. 6 (1)], thereis anexactsequence
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0 — Cokern* — CH3(X)iors — H3(F, 2) @ H5(F, 3).

The proof of loc. cit., suitablyadaptedjn factyieldsin characteristic
zeroanexactsequence

0— Cokern® — CH3(X)ire > HE(X. Z(3)) 1)

(cf. also[16, diagramin 5.4]), whichis theonewe shallusehere.
Theoreml gives a generalresult on quadrics X of dimension> 6,
reducingthe computatiorof Cokern* to thatof ,CH3(X).

Theorem 1. Letq beananisotopic quadatic form of dimensiore 9 over

afield F of characteristicO; supposéhatq is notof theforms L (a) with

7 similar to a 3-fold Pfisterform. Let X bethe projectivequadric defined
byqg. Then

a) Theétalemotiviccyclemap
d®: CH3(X) — H(X, Z(3))

is trivial on CH3(X)ors.
b) Theris anisomorphism

Cokern® = ,CH3(X).

Corollary 1. Supposen additionto the hypothesiof Theoem 1 that F
containsall 2-primary roots of unity and that g is not a 4-fold Pfister
neighbourThen

Cokerns >~ ,CH3(X)

whee 75 : H4(F, Z/2) — HX(F(X)/F, Z/2) is the analayousmapwith
Z /2-coeficients.

Indeedin thiscasehemapCokern; — Cokern*isanisomorphisnl8,
Th. 1].

Theorem?2 collects somecasesin which we can actually determine
Cokern®.

Theorem 2. Letq bea quadratic form of dimensior> 7 over a field F of
characteristicO andd..q denotéits signeddiscriminant:

(i) Ifdimg= 7andindc(q) < 2, thenCokern* = 0.
(i) If dimqg = 8, thenCokern* = 0in thefollowing cases:
e dig=1.
e d = d.q # 1andqg s is similar to a Pfisterform (which is
automaticallynonzeo).
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(i) 1f dimq =9, thenCokern* = 0 in thefollowing cases:
e ( reptesentsts discriminant.
e ( containsan Albertformandindc(q) # 2.
(iv) If dimqg = 10, thenCokern* = 0in thefollowing cases:
e d =diq # 1, g g, is isotropic but (0r /g, )an is NOt similar to
a nonzeo Pfisterform.
e ( containsan Albertform,d.q = 1 andindc(q) # 2.
(v) If dimqg = 11, thenCokern* = 0in thefollowing cases:
e (X7 1 W, withdimt = 8 1€ I2F \ |3F, dlmxp = 3andr|:(¢)
is not similar to an anisotopic Pfisterform.
e g containsan Albertformandq L (—d.q) ¢ I°F.
(vi) If dimqg = 12, thenCokern* = 0in thefollowing cases:
e g~ 1 Ly, withdimr = 8,7 € I?F \ I3F, dimy = 4and gy,
is not similar to an anisotopic Pfisterform.
e g containsanAlbertformandq ¢ I3F.
(vii) If dimqg > 12 thenCokern* = 0.

Moreover, if g is a genericquadmtic form of dimensionl2 sud thatq €
I3F, thenCokern* # 0.

Theoremsl and 2 represenby no meansa completecomputationof
Cokern* for quadricsof dimension> 4, andwe felt happy to leave it to
othermathematicianto take up our work from wherewe hadleft it. While
we werecompletingthis paperwe learntthatOleg Izhboldinhaddonejust
this:in aremarkablgieceof work [12], hesupersedeBheorent (iii)—(vii)
by actuallycomputingCoker % for anyquadricX of dimension> 6. The
significanceof this factis thathe usesthe vanishingof this groupwhen X
is definedby suitabletypesof 9-dimensionatjuadraticformsto construct
thefirst knowvn exampleof afield of u-invariant9.

Finally, hereareour preciseresultsfor Pfisterquadrics:

Theorem 3. Letgp beann-fold Pfisterformoverafield F of characteristicO,
Y aneighbourof ¢ and X theassociategrojectivequadric. Then for any
m > 0, themap

™t H™Y(F, Q/Z(m)) — HYH(F(X)/F, Q/Z(m))
is surjective

After proving this theorem,we learntfrom A. Vishik that a key step
of its proof, establisheindependentlywill alsoappeaiin theforthcoming

paper27].
Theorem4. Letg, X beasin Theoem3. Then,for anyn > 0, themap
I"F — I15(F(X)/F)

is surjective
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Theorem is all themorestriking as,in generalthe extensionF(X)/F
is notexcellent[11]. We think thatthis theoremshouldhave anelementary
proof,i.e. notusingthe Milnor conjectureor ary Galoiscohomology

We canusetheseresultsto computethe cohomologygroupsHP(Qyq,
HY(Z/2)) for real anisotropicquadricsQq (cf. § 4). For ary smoothvar-
iety X, the cohomologygroupsHP(X, %%(Z/2)) occurasthe ES9 terms
of the Bloch-Ogusspectralsequencdor mod 2 étalecohomology These
groupsare knowvn to be finite for real varietieswhenaer q > d, where
d = dim X (se€g30], forexamplg. However, for p+q < d, eventheirfinite-
nesds unknavn in generalln [17], thesegroupswerecomputedor all real
guadricsvhenp-+ q = 4. Herewe computehesegroupsfor p+q = 5and
prove theinjectivity of the cycle mapcl® : CH3(Qq)/2 — HE&(Qq, Z/2)
(cf. Theorem4.6).

1. Torsionin CH? of quadrics

We collect herea few resultson CH? of quadricsthat are usedin the
next section.If X is a smoothvariety over F, we denoteby G*Kg(X) the
associategradedof thetopologicalfiltration on Ko(X). For ary p thereis
asurjectire map

CHP(X) — GPKo(X) )

with kernelkilled by (p — 1)!; in particularit is bijective for p < 2. Recall
first

1.1. Lemma. [19, Cor. 4.5]If X is a quadric,the above mapis bijective
forp=3.

Let g be a quadraticform and X, the associategrojectve quadric.
Recallfrom [21] thatthe elementarypart of CHP(X,) is by definitionthe
subgroupgeneratedy hP, whereh is the classof a hyperplanesection.
ThequotientNEP(Xy) = CHP(Xy)/ < hP > isthenonelementarpart of
CHP(Xg). ThegroupCHP(X,) is elementaryf NEP(Xy) = 0. Thesame
definitionsapply to the associatedyradedG*Ko(Xq) of the topological
filtration on Ko(Xg) (notationNEK P(Xy) for thenon-elementarpart). We
have

1.2. Lemma. For p < 3, (2) inducesanisomorphism
NEP(X) > NEKP(X)

for anyquadric X.
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Proof. This follows easily from Lemma 1.1 and the remarkspreceding
it. O

If dim Xq > 2p,ordim Xq = 2p,d..q # 1,thenaturamapCH P (Xq)ors =
NEP(Xq) is anisomorphisn{19, (2.7)]. Ontheotherhand,NEP(Xy) # 0
if p> max(dim Xqy/2, dim Xq — i(Q)), wherei(q) is the Witt index of g,
orif p=dimXq/2,diq=1(cf. [17,Prop.1.1(c)and(d)]). Moreover, if
q =~ ¢ L H,thenNEP(Xq) ~ NEP~1(X,) for 0 < p < dim X,, asfollows
from theisomorphisnCHP(X,) >~ CHP=1(X,) [19, (2.2)].

Also recall that, for a quadraticform g, CH(X,) is torsion-free[19,
Prop. 2.4] and CH?(Xowrs # O if andonly if q is a neighbourof an
anisotropic3-fold Pfisterform, in which caseCH?(Xq)twrs =~ Z/2 [19,
Th. 6.1]. Thesefacts and the previous oneswill be usedin the sequel
without furthermention.

The following complicateddefinition will be justified by Lemmal.5,
Propositionl.6, Corollary1.7andTheoreml.8.

1.3. Definition. Letp > 0.

a)A quadratidormg is CH P-elementaryresp GPK -elementaryif CH (Xy)
(resp.G'Ko(X,)) is elementaryori < p.

b) The form ¢ is stably CHP-elementaryin codimensionri (resp.stably
GPK-elementaryin codimension) if it hasthe following property:for
ary extensionK/F andary quadraticform g over K containingey, with
dimq =dimg + i, q is CHP-elementanfresp.GPK-elementary).

c) It is stablyCH P-elementaryresp.stablyGPK -elementaryif it is stably
CHP-elementaryresp.stably GPK-elementaryjn codimensiori for ary
i > 0.

d) It is stablyCH P-elementaryn codimension- 0 (resp.stablyGPK-ele-
mentaryin codimension> 0) if it is stably CHP-elementary(resp.stably
GPK-elementary)n codimension foraryi > 0.

Examples.

la) A quadraticdorm ¢ of dimension> 3 is CH!-elementaryf andonly
if oneof thefollowing holds:
— dimg > 4
—dimg=4anddi¢ #1
— dimg = 3andg is anisotropic.
Thisfollows easilyfrom theremarksbeforeDefinition 1.3.

1b) A quadraticform ¢ of dimension> 3 is stably CH!-elementaryif
andonly if dimg > 4. Sufiiciency is clear by the remarksbefore
Definition 1.3. For necessitynotethatif dimy = 4 andd.¢ = 1,
theng is notelementaryandthatthis conditionis satisfiedaftersome
guadratioextension.
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2a) A quadratidorm ¢ of dimension> 3 is CH?-elementaryf andonly
if oneof thefollowing holds:

— dimg > 6 andg is notaneighbournf ananisotropic3-fold Pfister
form

— dimgp = 6,d.¢ # 1 andg is not a neighbourof an anisotropic
3-fold Pfisterform

— dimg = 5andg is notaneighbourf ananisotropic3-fold Pfister
form

— dimg =5andi(p) < 2

—dimgp =4andd.rp # 1

— dimg = 3 andg is anisotropic.

As in Examplel, this follows easilyfrom the remarksbeforeDefin-

ition 1.3.

2b) A quadratidorm ¢ of dimension> 3is stablyCH?2-elementaryf and
only if oneof thefollowing holds:
— dimgp > 8
— dimg = 8andy containsanAlbertform (i.e. ¢¢ /4. isisotropic)
— dimg = 7 andg containsanAlbertform (i.e. ¢ | < —di¢ > is

isotropic).

Suficiengy is clearby theremarksbefore Definition 1.3:theconditions
imply that ¢ is not a neighbourof a 3-fold Pfisterform, andthey are
clearlyinvariantunderbasefield extension Althoughwe dont really
neednecessityn thesequelwe prove it for thereaders pleasureWe
first notethatnoneof the conditionsin 2a)is stableunderbasefield
extensionif dimg < 6. For example,if dimg = 5, ¢ is anisotropic
and not a Pfisterneighbour then ¢ becomesan anisotropicPfister
neighbounver F(X,1 (—d.) (thisis theonly nonolviouscase)Also,
ary anisotropic7-dimensionaform which doesnot containan Albert
form is containedin an anisotropic8-dimensionaform of discrimi-
nantl. It is thereforesufiicientto shaw that,if dimg = 8 andg does
not containan Albert form, theng becomesimilar to ananisotropic
Pfisterform over someextensionof the basefield. Usinga quadratic
extensionwe canassumehatd.¢ = 1. To make ¢ similarto a Pfister
form, we passto the functionfield K of the Severi-Brauervariety of
C(¢). Thereremaingo seethatyy is anisotropiclf ind C(p) < 4,this
is [23, Th. 4], andif indC(¢) = 8, thisis[9, Th.9.1].

2¢) A quadraticform ¢ of dimension> 3 is stably CH?-elementaryin
codimensiorl if oneof thefollowing holds:
— dimg > 8
— dimg = 7 andg containsanAlbert form
— dimg = 6 andg is a (possiblyisotropic)Albert form.
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The proof is easy (Corversely one easily seesthat no form of di-
mension< 5 is stably CH2-elementaryin codimensionl andthat
the condition for 7-dimensionaforms is necessary Note that, by
Remarklb), all theseformsarealsostablyCH-elementary

1.4. Lemma. a) Let X bea smoothvarietyover F. Then,for any p > 0,
themapCHP(X) — CHP(Xgy) is bijective
b) If X is a quadric,thenNEP(X) — NEP(Xgy).

Proof. a) Surjectivityfollowsfromthe commutativaliagram
CH D(X XE AJIE)—»CH p(XF(t))
:T N
CHP(X)

wheee the vertical map is bijective by homotopyinvariance Injectivity
follows from a classical specialisationargument(using the existenceof
closedpoints of coprimedegreesin any opensubsetof At). b) follows
immediatelyfroma). O

Thefollowinglemmaandpropositionslightlyrefinethesubstancef[21,
Lemmab.2].

1.5. Lemma. Lety beaquadratidormover F, CHP~-elementarystably
CH P-2-elementaryn codimensio® andstablyCH P-1-elementaryn codi-
mensionl. Let ¥ = (a, &), andsupposdhat g is CHP~1-elementary
whereE = F(/—a1a). Let K = F(t) andy = agt? + a, € K*. Then
thereis a naturalisomorphism

NEP(Xy1y) = NEP(X,, 1 (5,)-

Proof We proceedexactly asin [21]. Thereis anexactsequence
CHP (X, 1a) = CHP(Xy1(ar.a0) — CHP(U) — 0

whereU istheaffine quadricX, (s, a,) \ X¢1(a;)- Fromit andthedefinition
of NE*, we deduceanotherexactsequence

NEPL(X,1 () = NEP(X,. (a.a0) — CHP(U) — 0. ©)

Ontheotherhand projectiononthesecondtoordinatgivesamorphism
U — Al, henceanothemrxactsequence

[] CHP *(Uy) - CHP(U) — CHP(U,) - 0 (4)

1
a€AL



Motivic cohomologyandunramifiedcohomologyof quadrics 153

wheretheleft summatioris overall closedpointsof AL, andy isthegeneric
pointof AL.

Forall «, U, is theaffine quadricX,., 1x,) \ X, overtheresiduefield
F(), wherex, is the imageof a;t? 4+ a, in F(a). If X, # 0, the form
¢r@ L (X) is nondgeneratelf x, = 0 (let usdenotethe corresponding
pointa by ap), then F(ap) = E. By [21, Lemma5.3], CHP-1(U,,) gets
identified with Coker(CH P=2(X,,.) S cH P=1(X,e)). Finally, from (3)
and(4), we geta commutatre diagramwith exactrow andcolumns

]_[ NEP=2(Xgg, JONEP2(Xyp) NEP'(XgLiap)  NEPT'(Xgey))

aeAl X, #0

]_[ NEP™ (Xpp ) 1 e JONEP T (Xpg)  NEP(Xpiiaap))  NEP(X, ) 5)

aeAl X, #0

]_[ CHPL(Uy)®CHP1(Uy) —>  CHPU) —> CHPU,—0

aeAl %, #0

0 0 0

Let us now usethe assumption®n ¢. Sincey is CHP~1-elementary
Lemma 1.4 implies that NEP~*(X,,,) = 0. Sinceg is stably CHP~2-
elementaryn codimensior), thetop left termin thediagramis 0too. Since
¢ is stablyCH P~1-elementaryn codimensiori, thetop middletermis 0,
aswell asthe first summandof the middle left term. Finally, sincegg is
CHP~1-elementarythe secondsummandf the middle left termis O too.
Hencethe bottomleft termis 0 andthe diagramsimplifiesas

NEp(XwJ_(al,az)) NEp(X(PF(t)J—<'/~/))
CHP(U) = CHPWU,).

HenceLemmal.5. O

1.6. Proposition. Letg bequadiatic formover F, andletr > 2. Suppose
that is stablyCH P~2-elementaryCH P~ 1-elementaryandstablyCHP~1-
elementaryin codimensionri for all i € 10,r[. Lety = (ai,..., &) be
anotherform, and supposeinally that ¢r(x,,) is CH P-lelementaryLet
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K=F(t,...,t_1) andy = ayt? +...a_1t> | +a € K*. Thenthereis
a natural isomorphism

NEP(Xy1y) = NEP(X,, 1 5)-

Proof We proceedby inductiononr, the caser = 2 having beendealt
with in Lemmal.5.Let¢ = ¢ L (1) andy/’ = (a,, ..., &), sothaty L
¥ >~ ¢ L /. Theny' verifiesthefirst threeassumptionsf Propositionl.6
(relatively tor — 1 for thethird one).Therefore

NEp(X(pJJ/,) = NEp(Xq,/L,)/,/) =~ NEp(XQLL(IZ/))
with L = F(tp, ..., t_q) andy’ = at? +...a_1t> , + & € L*. Wehave

oL L (W) ~oL L (@, ¥).

The form ¢, is CHP!-elementaryby Lemma 1.4, stably CHP—2-
elementaryin codimension0 and stably CHP~1-elementaryin codimen-

sion 1. Moreover ¢g is CHP~1-elementarywhere E = L( —a11/~/’) =

F(Xy). Thereforethe triple (L, ¢., (a1, ¥')) satisfiesthe conditions of
Lemmal.5.Hencewe have

NEP(X,; 1 gy = NEP(X,, 1 5))

andtheproofis complete. O

1.7. Corollary. AformstablyCHP~-1-elementarandstablyCH P-elemen-
tary in codimensiori is stablyCH P-elementaryn codimension- 0. O

This corollary allows usto give a slightly strongervariantof Proposi-
tion 1.6:

1.8. Theorem. Let ¢ be stably CHP~2-elementary CHP~1-elementary
and stably CHP~1-elementaryin codimensionl. Let ¥ = (a;,..., &)
be anotherform, and supposethatwp(xw is CHP~l-elementarylLet K =
F(ty,....t—1) and ¢ = ayt? + ...a_4t> ; + & € K*. Thenther is
a natural isomorphism

NEP(Xp1y) = NEP(X,, 1 (5))-

Thisappliesnotablywith p = 3andg asin Example2c)afterDefirition 1.3.
O

We now obsere thattheproofof [21, Cor. 4.9]in factyieldsthefollow-
ing (cf. loc. cit.,, Lemma7.2):
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1.9. Proposition. Let ¢ be a quadmatic form over F and E/F a finite
extensionsud thatthenormmap

Ne/F @ Ko(Colpe)) — Ko(Co(p))

is surjective(e.g. E maybeanysubfieldofthedivisionalgebra derivedfrom
Co(e)). If, for somep, ¢g is GP~1K-elementarythenthemap

Ne/k @ NEK'(X,e) — NEK'(X,)
is surjectivefori < p. O

Proof. We sketchaprooffor thereaders corvenienceTheassumptiorthat
¢k is GP~1K -elementarympliesthat(cf. loc. cit., Lemma4.4)

NEK' (X ) = Coker(Ko(X,e)' ™ — Ko(Xye)/ < H >)

fori < p, where< H > denotesthe subgroupgeneratedy the elem-
entsh'. Wehaveacommutatiediagamwith surjedivehorizontalmapg21,

Th.4.2]
Ko(Colpe)) — Ko(Xge)/ < H >

NE/Fl NE/Fl

Ko(Co(p)) —— Ko(X,)/ < H>.

Thus the hypothesisthat the left vertical map is surjectve implies the
surjectvity of the right vertical arron. The propositionnow follows on
usingthis surjectvity (with i < p) in the following naturaldiagramwith
exactrows

Ko(Xge) 1tV ——— Ko(Xge)/ < H> —— NEK/(X,.) —— 0

! l |

Ko(X,)*Y —— Ko(X,)/ <H> —— NEK'(X,) —— 0.

O

Similarly, theproofof [21, Cor. 4.5]in factgives

1.10. Proposition. Lety be an odd-dimensionatjuadiatic form over F
andsetp = v L (—dyv). If, for somep, ¢ is GP~1K -elementarythenthe
pull-badk map

NEK'(X,) — NEK'(X,)

is surjectivefori < p. O
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1.11. Corollary. Letr e 12F sudthatr is GP~2K -elementarjor somep.
Letd € F*. Thenthepush-forwad map

NEK'1(X,) = NEK' (X, @)
is surjectivefori < p.

Proof Letg = L (—d) >~ L H.Fori < p— 1, wehave G'Ky(X,)
~ G'1Kqg(X,), henceyp is GP~1K-elementarylt remainsto seethatthe
composition

G Ko(X;) = G'Ko(X,) — G'Ko(Xy)

coincideswith the push-forvard map,which s clearfrom the construction
of thefirstisomorphism. 0

Also, theproofof [21, Cor. 4.7]in factgives

1.12. Proposition. Lett be an even-dimensionaduadiatic form of non-
trivial discriminantd. Supposehat r containsa 1-codimensionasubform
¢ sud thatthequadiatic extensionE = F(+/d) preservesnd Co(¢). If, for
somep, ¢ is GP~2K -elementarythenthe push-forwad map

NEK'=1(X,) — NEK'(X,)

is surjectivefori < p. O

Finally, thefollowing propositiorcaptureshesubstancef theargument
in theproofof [21, Prop.6.3].

1.13. Proposition. Letp beanodd-dimensiondbrmandyr anotherform.
Write Co(¢) = My (D), wheee D is a divisionalgebra. Assumehat (¢, 1)
verifiesthe conditionsof Proposition1.6 or Theoem 1.8 for p = 3 (for
instancethat ¢ is stablyCH?-elementary)andassumédurtherthatthere is
no F-algebra homomorphisnCy({(d+¢) L ¥) — D. Then

NE3(X,1y) = 0.
Proof. LetK, ¥ beasin Propositionl.6orin Theorendl.8.By this proposi-

tionortheorerrandLemmal.Z,itsutficestosh(wthatNEK3(X¢Kw~,)):O.
By Propositionl.12,thiswill bethecaseaf we canshaw thatind Co(¢k) =

indCo(wK(m)- But K ( di(pk L (&))) = F(X(dep)1y), SO
theresultfollows from theindex reductionTheorem24]. O

We arenow readyto refine[21, Th. 6.1] somevhat.
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1.14. Lemma. Lety € I?F \ | 3F bean8-dimensionaform,anda e F*.
Theng L < a > is CH3-elementary

Proof Sinceg ¢ I3F, it is CH?-elementarythe claim thenfollows from
Corollary1.11. O

1.15. Proposition. Lett € I2F \ I3F be an anisotopic 8-dimensional
form, v beanotherformof dimensior> 2andq = = L . Thenq is CH3-

elementaryexceptperhapsf zrx,,) is similarto ananisotopic Pfisterform.

Thelatter happensxactlyif c(r) = c(p) for someop € P,(F) — {0} and

() eithery is aneighbourof p;
(i) ory ~c(1, —a) with (1, —a) < p andzg s is anisotopic.

In particular, if eitherindc(r) > 4 or dimyr = 4, ¢ ¢ I2F, thenq is
CH3-elementary

Proof By Exampleslb) and 2c) after Definition 1.3, t is stably CH?-
elementanyandstably CH?-elementaryin codimensiorl. We wantto ap-
ply Theoreml.8; for this, we needrp(xw to be CH2-elementaryThis is
guaranteedy the assumptiongseeExample2a) after Definition 1.3). We
thengetanisomorphism

CHg(Xq)tors = CH3(XTL(¢))t0rS-

Sincethefield of definition L of ¢ is purelytranscendentaiver F, 7,
is notin 13L; by Lemmal.14,theright-hand-sidés 0.

Thereremainsto shav thatthe conditionof Propositionl.15happens
exactly in cases(i) and (ii). The condition c(7)rx,) = O implies that
indc(t) < 2, hence(sincer ¢ 12F) c(r) = (a, b) # 0 for somea, b. Let
p = <K & b>.Thenpgx, ~ 0, hencey is similarto a subformof p. If
¥ is aneighbourof p, thentg(x,,) is anisotropidy [23, Th. 4]. Otherwise,
dimy, = 2 andwe mustimposerg g, 7 0. Corversely it is clearthat
(i) or (ii) impliestheconditionof Propositionl.15. O

1.16. Corollary. Letq bean anisotopic form of dimensiorl0, withd =
d.q # 1, andlet E = F(+/d). Assumehat ge is isotropic, but that (0g)an
is notsimilar to a nonzeo Pfisterform.ThenCH3(Xq)tOrs =0.

Proof. Thefactthati(gg) > O impliesthatg >~ r L (a, —ad) for some
T € I?F anda € F*. Thenge ~ tg, andthe secondconditionis just
areformulationof the conditionin Propositionl.15. O
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1.17. Proposition. Let g be a form of dimension> 9 containing an
anisotopic Albertform. SupposeehatCH3(Xq)tOrs # 0. Then:

() dimg<12
(i) Ifdimg =12 thenq e I3F.
(iii) If dimq = 11, thenq L (—d.q) € I°F.
(iv) If dimg = 10, thentwo casesare possible:
e d.q # 1. Thengisoftheformi 1 ax 1 b(1, —d), withdima =4
andd = d.q = d.A.
e d.q =1 Thenindc(q) = 2.
(v) dimq=9. Thenindc(g) = 2.

Proof. Write g = ¢ L ¢, whereg containsan anisotropicAlbert form
anddimg = 7. By Example2b) after Definition 1.3, ¢ is stably CH?-
elementary

Let D bethedivision algebrasimilar Cy(¢): then D is a biquaternion
algebraBy Propositionl.13,if CH3(Xq)wrs # 0, thentheremustexist an
F-algebrahomomorphismA — D, wherewe setCq((d+¢) L 1) = A for
simplicity. Thisfirst givesa conditionondimq:

o If dim is even,then A is centralsimple.We thenmusthave dim A <
dim D, thatis, dimy < 4,i.e.dimqg < 11.

o If dimy is odd,then A is eithersimple with centre F(\/—d+ed. ),
or a productof two isomorphicsimplealgebrasandthen—d,pd., v is
asquareln thefirst casewe mustagainhave dimys < 4;in thesecond
one,we musthare dim < 5. In bothcasesthis givesdimq < 12.

Let us now look at the extremecaseslt is usefulto notethatd.q =
(—1)9m¥d, pd.y andthatc(q) = c(g) + c(dep L ).

e If dimq = 12,thentheabove discussiorshavsthatd.q = 1; morewer,
D ~ A, whichgivesc(q) = 0. Henceq ¢ | 3F.

e If dimg=11,thenwe getsimilarly c(q) =0, hencec(q L (—d+q))=0
andqg L (—d.q) € I°F.

e If dmg = 10andd.q = d # 1, thenE = F(+/d) embedsinto
D and A is isomorphicto its commutant.Therefore,Dg ~ A and
c(ge) = 0.Writeg >~ y L p, wherey isananisotropicAlbertform and
dimp = 4. Thend.p = d andc(ye) = c(pg), henceyg is isotropic,
i.e.y ~ A L a(l, —d) for suitablex, a. But A and pg areconjugate
4-dimensionaformst, hencearesimilar by [10, Cor. 2.10]; a theorem
of Wadsworth[34, Th. 7] thenimpliesthatA andp aresimilar.

1 Recallthattwo forms ¢, ¥ areconjugateif ¢ L — is similar to a (possiblytrivial)
Pfisterform, cf. [22, Def. 8.7].
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Finally, let uslook at the casedimq = 10,d.q = 1 anddimqg = 9.
In the first case,A = B x B and B injectsinto D, henceindc(q) = 2.
In the secondcase, A is a quaternionalgebraandinjectsinto D, hence
indc(q) = 2too. O

1.18. Remarks.

1. Thefirst casein (iv) of Propositionl.17is a specialcaseof the excep-
tionalcasein Corollary1.16.

2. Weknow byKarpenlo[21] that infact,CH3(Xq)tors: Ofordimg > 12
whetherq containsananisotropicAlbert form or not.

2. Proof of Theorems1 and 2

In this sectionwe assuméhat F hascharacteristi®©.

2.1. Definition. An anisotropicquadraticform g of dimension> 7 is
exceptionalif

e (is aneighbourf a 3-fold Pfisterform, or
e writing grx,) =~ H L ', theform g is ananisotropicneighbourof a
3-fold Pfisterform.

2.2. Proposition. Letdimqg > 7and X = Xq.

a) ThemapH35(F, Q/Z(3)) > HE(F, Z(3)) — HE(X, Z(3)) isinjective
b) Assumeq is anisotopic and not exceptional.Thenthe cyclemapd® :
CH3(X) — H8(X, Z(3)) inducesa map

2CH3(X) = H%(F, Q/Z(3))
still denotedoy cl®.
Proof Recallfrom [16] thespectrakequence
Ey9=HI(F, CHY(Xs) ® Z(3)) = HP'd

with HP+9 mappingto HP*9(X, Z(3)) by anisomorphismf p+q < 6 and
aninjectionif p+ g = 7. It givesa (decreasingjiltration FIH®(X, Z(3))
on H8(X, Z(3)) in four stepswhoseassociatedradedaresubquotientsf
the E,-terms

ES® = H8(F, 2(3))

Ex' = H4F, CH(Xs) ® Z(2))
Ey* = H2(F, CH?(Xs) ® Z(1))
E>® = HO(F, CH3(Xy)).
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By Hilbert 90in weight 1, thethird E,-termis 0. Similarly, by Hilbert
90in weight2, onehasE,* = 0. Sothe only possiblynonzeradifferential
hitting E5° = ES° is

32 32 6.0
dy3°: E3° — E3.

But by [16, Prop.6.5a)], E>? = E32 provided the mapCH2(X) —
CH?(X,) is surjectve; thisisthecasewhendim X > 4,i.e.whendimq > 6
(cf. loc. cit., Remark6.6). This provesa).

Let now e beanelemenbf ,CH3(X), andleta = d3(e) beitsimagein
H8(X, Z(3)) underthecycle map.SinceCH3(X) istorsion-freejts image
via the edgehomomorphismH®(X, Z(3)) — CH?3(Xs)®F is 0. Hence
o € FTH8(X, Z(3)). Leta beitsimagein E>* = H4(F, CHY(Xs) ®Z(2)).
SincedimX > 2, CH(Xs) = Zh (whereh is a hyperplanesection)
andH*(F, CH(Xs) ® Z(2)) is canonicallyisomorphicto H4(F, Z(2)) <
H3(F, Q/Z(2)).

Firstsuppose isotropic.Writeq ~ H L ¢/, andletY betheprojective
quadricwith equationq’ = 0. Thenthereis anisomorphismCH?3(X) ~
CH?2(Y). If g is nota neighbourof ananisotropic3-fold Pfisterform, then
»CH?2(Y) = 0[19, Th.6.1], hencexCH?3(X) = 0 andin particulara = 0.

Supposeaow g anisotropicandlet K = F(X). We have acommutatie
diagram

CH3(Xk) —25 H3(K, Q/Z(2))

I I

CH3X) —2 H3(F, Q/Z(2).

By Arasons theorem[1, Satz 5.6] (and the Merkurjev-Suslin theo-
rem),themapH3(F, Q/Z(2)) — H3(K, Q/Z(2)) is injective, unlessq is
a neighbourof a 3-fold Pfisterform. By theisotropiccaseayk = 0, hence
(under the assumptionf the proposition)a = 0 anda € F2H8(X,
Z(3)) = F3HS8(X, Z(3)). This provesb), noting that F3H%(X, Z(3)) =
H5(F, Q/Z(3)). i

2.3. Proposition. Let dimg > 7. Assumeq is anisotopic and is not
a neighbourof a 3-fold Pfister form. Thenq is exceptionalif and only
if it is of oneof the followingthreetypes:

a)dimg = 7: indc(q) = 2

b)dimg = 8: d = d.q # 1andgg 5 € GPs(F(vd)) \ {0}.
c)dimg=9: q>~x L (d) withm € GP3(F).
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Proof We musthave 7 < dimqg < 10.Let X = Xg. If dimg = 10, then
drx € 13F(X), henced.q = 1, ¢(q) = O sinceH'F — H'K is injective
fori = 1, 2. But thenq is isotropic by [28, Satz14], contradiction.So
dimg < 9.

If dimq = 9, we seesimilarly thatq L (—d.q) € I3F, hencethat
g representsts discriminantd = d.q. Writing q ~ = L (d), we find
7 e I3F, hencer e GPs(F). Corverselyary formof thistypeis obviously
exceptional.

If dimq = 8, write d = d.q andK = F(X). Notethatd,= 1 since
d = d+(gk)an and (gk)an is a 6-dimensionaPfisterneighbourLet E =
F(+/d). By assumptiongke ~ 0, henceqe € GP;(E). Butif g ~ 0, then
q is divisible by (1, —d), henceq € |12F, contadictingd # 1. Corversely
supposeéhatq satisfiesthe conditionof b). Then,for ary a € F*, c(q L
—a(l, —d)) is of theform (b, d) for someb. By changinga into ab, we can
arrangethatq L —a(1, —d) e I3F. Then,applying[28, Satz14] againwe
find (g L —a(l, —d))an =: m € GP3(F). Supposeéhati(qx) > 1. Then
k. ~ 0; by thesubformtheoremthis forcess to besimilarto g, whichis
absurdHencei (gx) = 1 and(gk)an is aneighbourof 7k .

Finally, letdimqg = 7. Thenindc(gg(x)) = 2, hencendc(q) = 2 by the
index reductiontheoremCorversely supposéehatq satisfieghis condition.
Theni(ggx)) = 1: otherwise by [15, Prop.3 (ii)], q1 = (Qex))an Would
bedefinedover F andq 1. —q; would be similarto a Pfisterform, absurd.
Sinceindc(qy) = 2, g, is aPfisterneighbour O

2.4. Proposition. For anyexceptionafform g, onehasCokern* = 0.

Proof. By [17, Th. 6 (3)], we may supposehatq is not a neighbourof a
3-fold Pfisterform. Thengq is classifiedby Proposition2.3. If dimqg =7,
by Proposition2.3 a), q is a subformof an 8-dimensionaform ¢ in |12F
with Clifford invariantof index 2. Thenqg andq’ areequialentin thesense
that q/F(Xq) and Or(xy) are isotropic (in the latter case,note that AF(x)
representgts discriminanthenceis isotropic,seeendof proof of Proposi-
tion 2.3).By [17, Prop.2.5], Cokernf4 ~ Cokern;‘, and,by [17,Th. 6 (3)],
Cokerng, = 0.If dimq = 9, q is a Pfisterneighbourby Propaosition2.3 ¢),
henceCokern* = 0 againby [17, Th. 6 (3)].

Finally, assumehatdimq = 8. Let X = Xq. We shall apply results
from [19] to shaw that CH3(X)ors = Z/2, but thatthe motivic cycle map
is injective in codimensiors.

By [19, Cor. 4.5],for thefirst claimit suficesto provethatG3K (X)iors =
Z/2,whereG*K(X) is theassociatedradedf thetopologicalfiltration on
Ko(X). We notethatq ¢ 12F; by [19, Th. 3.10], GPK(X)tors is Of orderat
most2 and|G*K(X)ors] = 25, wheres is suchthat Co(q) >~ Mys(D) with
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D adivision algebra.Here,one computeseasily from Proposition2.3 b)
thats = 3. Moreover, GPK(X)iors = 0for p=0, 1, 2, 6 by [19, Prop.2.4,
Prop.2.6andTh. 6.1]. It follows that GPK(X)iors = Z/2 for p = 3,4, 5.
More precisely we have GPK (X)ors = Z /26 p-1 for p = 3,4,5, where
lo, 11, I arethe Ko-classeslefinedby Karpenlo in [19, (2.1)and(3.7)]and
I; aretheirimagesin theassociategraded.

Considemow the situationover K = F(X). Theni(gx) = 1, hence,
over K, we still have diml, > diml; > 1. Thereforel; andl, still de-
fine torsionclassesn G*K(Xk), of codimensions< 4. But GPK(Xy) is
torsion-freefor p < 2, sowe musthave codim(l,) = 3, codim(l,) = 4.
This agumentshaws in particularthatthe mapCH3(X) — CH3(Xy) is
injective ontorsion.

Write gk >~ ¢ L H, whereg is a 6-dimensionalPfister neighbour
Let Y be the quadricwith equationgp = 0. By [16, Prop. 8.1], thereis
acommutatie diagram

CH%Y) —— CH3(Xx)

clzl cl?i
HY(Y,Z(2)) —— H®Xk,Z(3)
in which the top horizontalmapis anisomorphismandthe bottomoneis
a split injection. Moreover, d? is injective by [9, Th. 1.1] or [16, diagram
in 5.3].

By [19,Th.6.1], CHZ(Y)ors = Z /2, henceCH3(Xk iors = Z /2. Letting
€ denoteits generatqrthe diagramshaws that cl®(¢') # 0. Sinceby the
above € is theimageof thetorsionelemente of CH3(X), this shaws that
d3(e) # 0 aswell. Then(1) shaws thatCokern* = 0. i

2.5. Lemma. LetqbeaformofdimensioriOin | ?F sudthatind c(q) = 2.
Thenthecycleclassmap

CI3 N CHs(Xq)torS — HG(Xq’ 2(3))
is identicallyO.

Proof. Let D bethe quaternioralgebrawhoseBrauerclassis ¢(g) andlet
E be a maximalcommutatie subfieldof D. The quadraticform gg is in
I3E, hencege ~ ¢ L H, wheregp € GP3(E). By [18, Lemma4.2], we
geteasilycl®(e) = dl(h) - 7*Be*(p), wheree is the (nonzero)generator
of CH3(Xge)tors = CH2(YViors, With Y = X,,. But the quadraticextension
E/F is excellent,hencey is definedover F. It follows that

d3(Ng/re) = Corg/r d3(e) = Corg/r(d*(h) - 7*B3(9)) = 0.

By Lemmal.2 andProposition1.9, the map Ng/r : CH3(XqE)tOrs —
CH3(Xq)tOrs is surjectve. This concludeghe proof of Lemmaz2.5. O
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Proof of Theorem 1. By Proposition2.2,for g nonexceptional(1) refines
into anexactsequence

0 — Cokern* — CH3(X)iors = H(F, 3).

In particular b) follows from a) andto prove a), we have to shawv that
the right mapis O for q asin the theorem.By functoriality it is enough
to do this for dimg = 9. By Propositionl.10andfunctoriality again,it is
enoughto dealwith dimq = 10,q e I2F. Applying now Propositionl.9,
we canreduceto the casewhereindc(q) = 2. But this caseis coveredby
Lemma2.5. O

Proof of Theorem 2. Thisis a case-by-caseheckcollectingthe previous
results.Assertion(i) follows from Proposition2.4 and2.3. Assertion(ii)
followsfrom[17, Theoren® (3)] andProposition®.4and2.3(notethatthe
proofof Propositior2.3b) shavstha, if dim g = 8,d = d.q # 1anddg g,
is similar to a Pfisterform, thenthis Pfisterform is necessarilynonzero).
Assertion(iii) followsfrom Proposition®2.4and2.3whenc(q) = 1. Other-
wise, it follows from Theoreml, Lemmal.14 and Proposition1.17 (v).
Assertions(iv), (v) and (vi) follow from Theorem1, Propositionsl1.15
and1.17.Assertion(vi) follows from [17, Theoren6 (3)]. Finally, thelast
statementollows from Theoreml and[20, Th. 2.4].

3. Unramified cohomologyof Pfister quadrics

3.1. Proof of Theorem 3. In this subsectionwe occasionallyrefer to
a preliminary version of [27] which waskindly communicatedo us by
A. Vishik. We dont useresultsfrom [27], but just point out that someof
our resultswill independenthappeaiin this paper(andhencewerefound
by theauthorsearlierthanus).

By [17, Prop.2.5 (c)], Cokeri™! doesnot dependon the choice of
the neighboury; henceforthwe choosey with dimy = 2"1 + 1. Then
dimX = 2"-! — 1. On the otherhand,by [17, Prop.2.5 (b)], the group
Cokeri™*! is isomorphicto

Coler(y™* : H™(F, Q2/Za(m)) — HEF(F(X)/F, Q2/Z2(m))).

Recallfrom [33] the simplicial schemeC(X), with C(X), = XP+1, the
facesanddegeneraciebeingtheolviousprojectionsandpartialdiagonals.
In [16, Th. A.1], we provedthatCokern™* is isomorphicto a subgroupof
H™3(C(X), Z2(m)), wherethelattergroupis weightm motivic cohomo-
logy of C(X) (it is denotedwith anindex B in [33]). Theorem3 therefore
follows from themoreprecisestatement:
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3.1. Proposition. Lety bea Pfisterneighboumfdimensigrﬂr‘*l +1and
X betheassociatedPfisterquadric. Thenthegroup H™3(C(X), Z 2,(m))
isOforall m> 0.

This propositionis alsoa specialcaseof a theoremwhich will appear
in [27]. The proof faithfully follows the methodof Voevodsky [33] in his
proof of the Milnor conjecturelt is slightly simplerthanthe proofin the
versionof [27] we saw, but they prove more thanwhat we needfor our
purposesin ary casewe dont claim ary particularoriginality in finding
theagumentAll unexplainednotationshouldbefoundin [33].

Proof Recallfrom [33, §3.2] the stablehomotoyy categyory of schemes
SH(F). For ary simplicialschemeX, over F, thereis anassociatedbject

P (Xe)4 € SH(F).
By [33, Th. 3.12],thegroupHP(X,, Z (1)) coincideswith thegroup
HPA(X,, Z(2) = Homsy (25 (X4, S*T A Hz,)

whereHz, is the motivic Eilenbeg-Mac LanespectrumSimilarly when
replacingZ ) by Z/2. For suchan X,, we denoteasin [33, §3.3] by
HPI(X,, Z ) thegroupHPA(X,, Z ) whereX, is thehomotoyy fibre of
the naturalmorphism

2P (XD — S
sothatwe have long exactsequences
o= HPAX., Z) = HP(X.. Z(2(9)
— HP(F, Z»(q) — HPTM(X,,Z5) — ...

andsimilarly with Z /2 coeficients.Finally, recallfrom [33, §3.3]themo-
tivic Steenrocbperations

Qi : HPY(S Z/2) — HPH ' -La+2-1(g 7 1))

whicharenaturalin S e SH(F). SincedimX = 2"-1 —1,by[33,Th.3.25
andLemmad4.11],thesequence

2 B E0), 272) 2 ARHE(X), 2/2)
& A E(%),2/2) 5

is exactfor all i < n — 1. Asin [33], we shall usethis resultonly up to
i=n-—2.

We now follow faithfully the computationf [33, §4], only replacing
the group H"4"(C(X), Z/2) by H™3™(C(X),Z/2). For j <n—1, let
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usexaminetheeffect of theoperationQ; - - - Q1 onthisgroup.ltsimageis
containedn

H 20+2 m—j—1,20+m—| _Z(é(X) Z/2)
TheoperationQj., reacheshis groupfrom
H™ M= C(X), Z/2).

By [33,Cor. 2.13(1)], thelattergroupinjectsinto H"~ (C(X), Z/2(m—
j — 1), whichin turnis isomorphicto H[’H (F,Z/2(m — j — 1)) byloc.
cit., Prop.2.7. The latter groupis 0 by loc. cit., Th. 4.1. By the exact-
ness mentioned abose, we conclude that Qj;1 is injective on
H2m-i-12m—i-2($(x) 7 /2) forall j € [0, n—2], henceQn 2 - - - Q1
is injective on H™3™(C(X), Z/2). Moreover, HP9(C(X), Z ) is natur-
ally a subgroupof HP9(C(X), Z/2) for p > g andthesesubgroupsare
presered by the operationQ; [33]. It thereforesufiicesto shav that

H2n+mfn+1,2nil+m7n(é(x)’ Z(2))
= HZH™L(C(X), Z (2" + m—n)) =0.

Todothis,wecomputehelattergroupby usingtheexacttriangleof [33,
Th. 4.4]

MC(X) (2"t — D[2" — 2] - My, — M(C(X))
— MCX) @ = p[2" —1].

Herethistriangleis definedin the cateyory D mer! (F) of [32], andM,,
is the Rostmotive associatedo i [29]. We getanexactsequence

H™M2(E(X), Zg (M =+ 1) — HZHMMC(X), Zgy "1+ m— )
@ @
— HZHMH (MY, 75 (2 + m = ).

As seermabore, theleft groupis 0. Theright oneis a directsummandf
H2”+m—n+1(x’ Z(z)(zn_l +m— n))

But2"+m—-n+1—2"14+m—-n) > 21 -1 =dimX, sothis
groupis also0 by [33, Cor. 2.4].
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Thefollowing corollarywaspointedout by A. Vishik.
3.2. Corollary. For anyquadric X, theinjectionof [16, Th.A.1]
Cokern™* — H™3(C(X), Zz (M)
is anisomorphism.

Proof. Theprecisestatemenbf loc. cit. is thatthereis anexactsequence
0 — Cokern™* — H™3(C(X), Z(m)) = H™(F, Q2/Z5(m))

which is contravariantin X. In particular let C € X be a smoothsub-
conic of X (obtainedby taking someplanesection).By Proposition3.1,
H™3(C(C), Z(m)) = 0, hencepc = 0. By functoriality, this implies
POx = O

3.3. Remark. In[16, Th. A.1], anisomorphism
Kern™?1 ~ H™2(C(X), Z (M)
is alsoproven. The sameargumentsasabove thenyield aninjection
Kerp™?t s HZHMN(CE(X), Z5 (2"t + m—n))
andanexactsequence

AO(MW Kr'xlfnﬂ) — Kﬁinﬂ(F)
5 HZHMNE(X), Z (2" T+ m—n)) — 0.

Mostlikely this correspond$o anexactsequencef [27]:

Ao(X, KM L) — KM L (F) <@ KM 1(F)/2 = KX (F(X))/2.

In ary case,it impliesfor m = n — 1 thatKerp" = Kern} hasorder
< 2, which is suficient to imply the secondMilnor conjecturethat €" :
I"F/I"F — H"F is a well-definedisomorphism{13, Remarkp. 555].
This resultis [27, 2.1]. F. Morel hasrecentlygiven anindependenproof
of the bijectivity of €, usingananalogueof the Adamsspectralsequence
corvemging to the stablehomotoyy of the motivic spherd26].
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3.2. Proof of Theorem 4. We may assumeF finitely generatedThen
its virtual 2-cohomological dimension vcd(F) is finite; similarly,
veth(F(X)) < +oc.

We shalluse[33] andthefactthate™ : I™F/I™1F — H™F isawell-
definedisomorphisnfor all m andall F [27], [26] andthe above remark).
By Theoren3 and(the proofof) [17, Th. C.1], thisimpliesthatthenatural
map

IMF/I™E — IM(F(X)/F)/ 1M F(X)/F)

is surjectve for all m, wherel (F(X)/F) = I™(F(X)/F) N Wi (F(X)/F).
It is thereforeenoughto prove thatthemap

I™F — I7(F(X)/F)

is surjectie for m suficiently large.
Thefollowing lemmais well-known, but we includeit for lack of refer
ence.

3.4. Lemma. Suppos¢hatcd,(F) = d. Thenl “1F = 0.

Proof. Let ¢ be a (d + 1)-fold Pfister form over F. Then é*t1(p) e
HI+F = 0, hencep e 19%2F and¢ = 0 by the Arason-Pfistetheo-
rem.

If F(X) isnotformally realtheproofisfinishedsincethenl (F(X)/F) = 0
for m > ch(F(X)) by Lemma3.4.In the sequelof the proof, we areonly
concernedvith theothercase.

For afield K, let spelK denotehe spaceof orderingg“real spectrum”)
of K: thisis acompactotally disconnectedbpologicalspace.

3.5. Lemma. Letm > d = vcd(K). Thenthe signatue mapinducesan
isomorphism

sgn: ™K = C(sperK, 2"Z)
whee C denoteshegroup of continuoudunctions.

Proof Considerthe field L = K(+/—1). ThencdhL = d and hence
91 = 0 by Lemma3.4. By [2, Lemma3.6], the group | “*1K is then
torsion-free,hencesgn is injective on 19t1K by Pfisters theorem[31,
Th. 7.3 p. 56]. Let & € C(speK, 2"Z). By [31, Th. 6.1, p. 128], there
existn > 0 andg € W(F) suchthat sgn(q) = 2"&. Hencesgn(q) €
C(speiK, 2"tMZ). Further for m asabove, we have isomorphismg2]
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IMK /1ML B {2 /2) 2 C(speik, Z/2), (5)

suchthatfor ¢ € 1K, hnén([¥]) = sgn(y) (mod 2).

Considerthe form 29t1q e 191K, We have sgn(29*+1q) e C(speiK,
2mtmtd+17y By the isomorphismg5), we seethat 24+1q e |Mm+d+1K,
We have acommutatie diagram

Imk 2, C(speK, 2mZ)

2n+d+ll 2n+d+1l

| Hmd+1 ﬂ) C(SpelK, 2n+m+d+1z)'

But theverticalarravs areisomorphismsincem > d [2]. Hencezd“q =
proved. O

We cansplit spelf into aunionof two clopensets:
speF =S| [S
where

Ss = {v e spelF | Xg, isanisotropi¢
S = {v e spefF | Xg, isisotropic}

HereF, denotesarealclosureof F atwv.
Forv € S, F,(X) is notformally real,hencel "F,(X) = 0.Forv € §,
theextensionF,(X)/F, is purelytranscendentahencethemap

I"F, — IR (F.(X)/F)

is anisomorphism(comparg17, Prop.2.5]).
3.6. Lemma. Undertheaboveidentification,theimage of themap

0: 1RFOO/F) — [T IRE/F) = []1ImR -2 272)

v € spelF ve§

is containedn C(S, 2"2).
Proof Theprojectionmap

7 : spelr(X) — spelF



Motivic cohomologyandunramifiedcohomologyof quadrics 169

hasimage§. Letq € IJ(F(X)/F). It is clearthat,for ary v € sperF(X),
sgh, () = 6(q) (;r(v)). In otherterms thefollowing diagramcommutes:

spefF(X) —— §

s\ e(q)l
2mz

wheres, isthemapv — sgn, (). Sinces, is continuoussper(X) compact
andr surjectve, it follows thato(q) is continuougoo. O

End of proof of Theoem4. Let q € IJF(X)/F) and§ € C(S,2"2)
be the elementassociatedo it by Lemma3.6. Extends; as an elem-
entof C(speiF, 2"Z) (still denotedby s;) by mapping$S, to 0. As noted
above this definesa (unique)elementgy € |I™F. Theimagesof (to)gx)
andq in C(sper(X), 2MZ) coincideby construction;since |"F(X) —
C(spef(X), 2"Z) is injective, we have g = (o) r(x) asdesired. O

4. Realquadrics

In this section,we specialiseto the casewhenthe groundfield is R. We
denoteby Qq the real anisotropicquadricof dimensiond, definedby the
form (d 4+ 2). < 1 >. Recallthatthe quadricscanbe groupedaccording
to the level of their function fields,andall quadricsin a groupare Pfister
neighboursof the maximal dimensionalguadricin that group, which is

definedby a Pfisterform [6, 83]. Further the level of the functionfieldsin

thegroupB; is 21, andHX (R(Qq)) = Ofor all k > i, andall thequadrics
Qq in Bj. We shall freely usethe fact that by the resultsof the previous
sectionthenaturaimapH"(R, Z/2) — H}; (R(Qq), Z/2) is surjectie for

all n. We shall alsousewithout mention,the resultsfrom [17, Prop.1.1]

onthe Chaw groupsof quadrics Recallalsothat,CH3(Qq) ~ Z /2 if and
only if Qq is definedby a 3-Pfistemeighboul{19, Th. 6.1]. We denotethe
étalecohomologygroupsHj (X, Z/2) of avariety X by H"(X). Finally,

we shallview the quadricQq_1 asa hyperplanesectionin Q4 anddenote
theaffine opencomplemenby Uy. We first computethe étalecohomology
groupsof therealquadrics.

4.1. Lemma. Thenatural mapH"(R) — H"(Uy) is anisomorphisnfor
0<n<d,andH"(Uyg) =0forn > d.

Proof. Let Ug bethe comple quadricUy xr C. It is well-known [8] that
Hi(Ug) = 0fori # 0, d, andH%Uy) ~ HY(Ug) ~ Z/2. On the other
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hand,by Cox’s Theorem[7, Th. 2.1], Hi(Ug) = Ofori large, becausdJgy
hasno realpoints.Usingthisin thelong exactsequence

ci — HI(Ug) —> HI(Ug) —> HI(Ug) 2 Hi+ L (Uy) —> ...

we seethatthelemmafollows, sincethe naturalmapH®(R) — HO%Uy) is
anisomorphism. O

4.2. Lemma. Let X be a smoothprojectivevariety of pure dimensiond
over R, with noreal points.Thenthetracemapinducesanisomorphism

H2(X) > Z/2
and, via thisisomorphismg¢up-poductinducesperfectpairings

H'(X) x H®(X) — Z/2.

Proof. (WethankO. Gabbeffor pointingoutthis proof) By [7, Prop.1.2],
therearenaturalisomorphisms

HL (X) = H'(X(C) xz,2 EZ/2)
wherethe right handsideis singularcohomologyZ/2 actson X(C) via
Gal(C/R) andEZ /2 is somecontractiblespaceon which Z /2 actsfreely.
SinceX(R) = @, theactionof Z/2 on X(C) is freeandthefirst projection
inducesa homotoly equivalence

X(C) xz/, EZ/2~ Y

with Y := X(C)/(Z/2). ThenY is a smoothcompactreal manifold of
dimension2d, andtheresultfollows from standardPoincaréduality. O

Thefollowing propositionwasannouncedh [17].

4.3. Proposition. We have

n .
[§]+1 ifd>n
dimH"(Qq) =
2d —n

1 ifd .
5 }-1— ifd<n
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Proof. We usethe Gysinexactsequence
— H'"2(Qq-1) — H'(Q4) = H'(Ug) > H(Qu_1) — ...

for Qq_1 < Qg andtheaffine opencomplementJy. By Lemma4.1,the
restrictionmap H'(Qqg) — H'(Uy) is surjectve for i < d. Thereforewe
getshortexactsequences

0~ H'2(Qq-1) — H'(Qu) — H'(Ug) — Ofor 2<i <d,

andH' (Qq) ~ H'2(Qq_1) ford < i < 2d. Furtherby Lemma4.2wehave
dim H"(Qg) = dim H¥-"(Qy). An inductionargumenmnow completeshe
proof. O

Recallthe Bloch-Ogusspectrakequence
EST = HP(X, Hq) = H"(X)

for X a smoothvariety over k. We now computesomeES’q termsof the
Bloch-Ogusspectrakequencéor Qq. Let usfirst recordtheresultsof [17,
AppendixB]:

4.4, Theorem. a) For anyd > 1, wehave:

dim H(Qq, #?) + dim H%(Qq, #*) = dim H3(Qq);
dimCH?Qq ® Z/2+dimHY(Qq, #3)4+dim H°(Qq, H*) =dim H*(Qy).
b) The“edge homomorphism'H?(Qq, #3) — H%(Qq) is injective
c) We have:
ford=1
ford=2
for3<d<6
ford>7

dimHY(Qq, #?) =

RN PO

and

ford <3
ford<d<6
forr<d<14
ford > 15

dimHY(Qq, #3) =

BN P O

Moreover, Theorem3 impliesthefollowing generalisationf [17, Th. B.1]
(usingthe resultson level recalledabore and noting that Hf) (R(Qq)) =
HO(Qq, H") [4]:
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4.5. Theorem. For anyi,d > 0, the map_H‘(R) — HO(Q_d,%‘) is sur
jective If d > 2' — 2, it is bijective;if d < 2 — 2, HO(Qq, #') = 0.
O

We shallnow prove thefollowing resultwhich is a higheranalogueof
Theoremy.4:

4.6. Theorem. We have

a)

ford <2
ford=3
ford=4
forb<d<7?7
for8<d<14
ford > 15

dimH?(Qq, H%) =

P N WwWDN - O

and
ford<7

for8<d<14
for15<d <30
ford > 31

dimHY(Qq, H* =

= N = O

b) Thecyclemapd?® : CH3(Qq)/2 — H%(Qy) is injectivefor all d.
c)dim H(Qq, H*) +dim H2(Qq, H3) +dim H%(Qq, H°) = dim H>(Qq).

d) The “edge homomorphism"H?(Qq, #*) — H®(Qqg) is injective for
all d.

Proof. We shallrepeatedlyusethelong exactlocalisationsequence

0— H%(Qq, H) > HOUg, H) - H(Qq1, H'™)
= HYQu, H) - HYUg, H) = --- . (8)

Recallthatfor all d, themapH?(Qq, #3) — H®(Qq) of the Bloch-Ogus
spectrakequences injective (cf. Th. 4.4 b)). Our basicstratgy will beto

analysevhenthis mapis anisomorphismandwewill dothisby computing
the dimensionof H?(Qg, #?) in eachcase.Note that by the resultson
HO(Qq, #°), the contritutionsto H3(Qq) (resp. H®(Uy)) in the Bloch-
Ogusspectrabequenceanbefrom E23(Qq) andEL4(Qq) (resp.E23(Uq)

andEL4(Uy)). HoweverasH%(Uy) >~ Z/2, atleastoneof theseE,, terms
for Uq is zero,andthe commonthreadin all the casess to pin dowvn the
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precisecontributing termsfor Qg by analysinghespectrakequencéor Uqy
andusingthelocalisationsequencg6).

Westartwith thefirstnon-trivial cased = 3.Inthiscase H>(Qs3) ~ Z /2
and,CH3(Q3) = 0andH%(Q3, #° = 0.As H(U3, #%) — H*@U3) and
the latter groupis trivial [Lemma4.1], using (6) we getan injectve map
H1(Q,, H?) < H?(Qa, H3). But HY(Q,, H?) ~ Z/2 [Th. 4.4¢)] and
henceH?(Qs, H3) ~ H5(Q3) ~ Z/2. Clearly d? isinjective, E3*(Q3) =
H(Qs, H*) = ELX(Qy) istrivial.

Ford = 4, we have dimH%(Q,) ~ 2 and,CH3(Q,) ~ Z/2 [19,
Th.5.511]. WeclaimthatH?(Q,4, #°) hasdimensionatleast2. To seethis,
consideithecommutatre diagram

CH?(Uy)/2 —— CH?(Uy)/2

| | (7)

H4Us) —— H*Uy).

Thelowerhorizontaimapis surjectve (cf. proofof Lemmad.1)andtheright

verticalmapis anisomorphismTo prove the latter assertionwe consider
thequadricsCy = Qg xc R. We have thefollowing commutatve diagram
of localisationexactsequences

CHY(C3)/2 —— CH?(Cy)/2 —— CH?Uy/2) —— 0

J» l» l ®

H2(C;) —— H%Cy) —— HYUy) —— 0

wheretheexactnessfthebottomhotizontal row followsfrom[6, Prop.2.2].
Thecyclemapscl! andd? areisomorphismgcf. [17, Prop.1.5]),hencehe
rightverticalmapis alsoanisomorgism. Asall groupsin (7) areisomorphic
to Z/2,weseethatall mapsin this diagramareisomorphismsThisimplies
that HY (U4, H3) = EL3(U,) is trivial. The localisationsequencé6) with
d = 4, i = 3thereforegivesaninclusion H1(Qs, #?) — H2(Qa4, H3).
Henceourclaimis provedandasH?(Qa, H3) — H%(Q.), theseggroupsare
isomorphic Thesequencé6) with d=4, i =4 alsogivesH(Qq4, H*) =0,
andthereforetheinjectivity of cl®.

We now treatthe cased = 5, wherewe have dimH3(Qs) = 3 and
»CH3(Qs) ~ Z/2[19, §8]. We shallneedthe exactsequencé3, 3.6]

0— H?(Qq, K3)/2 - H*(Qu, #) — 2CH*(Qq) -0 (9)
andthefollowing resultof Rostfor d > 3 [25]:
Ker(H?*(Qq, K3) — H?(Cq, K3)) ~ Ker(H*(R) — H*(R(Qq))). (10)



174 BrunoKahn,R. Sujatha

In this casewe have a split exactsequence
0— (KerH*R) - H*(R(Qs))) - H*(Qs, K3) - H?(Cs, K3)¢ — 0.

Indeed,since H?(Cs, KC3) ~ K1(C) ® H?(Cs, K»), hencethelasttermin
the abore exact sequences isomorphicto R*, and the splitting is given
by tensoringwith the classof the hyperplanesection(cf. [17, Prop.1.1]).
Usingthisin (9), we have dim H?(Qs, #°) = 3 andhenceH?(Qs, H3) ~
H5(Qs). To seethat the cycle mapis injective, we usethe commutatie
diagram

CH?(Qqg-1)/2 —— CH3(Qqg)/2

ldz lds (11)
H*Qg4-1) —— H®%Qu)

with d = 5. Theleft verticalmapis injective for all d by [6, Cor. 2.8]. The
proof of Prop.4.3 shaws that bottomhorizontalmapis alsoinjective. In
particularthetophorizontalmapis injective for all d. Ford = 5, it isin fact
anisomorphismasboth sideshave the samedimensionandtheinjectivity
of d® is now clear Finally, it alsoemegesfrom all this discussiornthat
E;*(Qs) = EX*(Qs) =0.

Whend = 6, for the samereasonssfor Qs, we have H2(Qg, #H°) ~
H5(Qg). We amgue asin the caseof Q,, but with CH? andCH? in the
diagram(8). Fromthe descriptionof the Chaw groupsof Cs andCg (resp.
Qs andQg) [17, 1], andthelocalisatiorsequenceve seethatCH?3(Ug) /2 ~
H8(Ug) ~ Z/2, (resp.CH3(Ug) /2 ~ H®Ug) ~ Z/2). We usethisin the
commutatre diagramof localisationexactsequencegf. proof of 4.3)

CH2%(Qs)/2 —> CH3(Qg)/2 —— CH3(Ug)/2 — 0
|

lclz J'cl3 l
0 —— H*%Qs) —— H®%Qs —— HUs —— 0

Sinced? isinjective, it is plainthatdl 2 is injective. In particular E%"‘(QG) =
EL*(Qe) = 0.

Ford = 7,CH3(Qy) ~ Z.h3@ Z /2; theexistenceof torsioncanbeseen
by analysingheinvariants andG*(K(Q-7)) (cf. [19]). As before we have
H2(Q7, H3) ~ H3(Q7) ~ Z/2@® Z/2&® Z /2,sincethelevel of R(Q5) is 8.
The agumentusingthe commutatie diagram(11) givesthe injectivity of
the cycle mapandthevanishingof H(Q7, H%).

In therange8 < d < 14, we have ,CH3(Qq) = 0. Ford > 10, this
follows from Karpenlko’sresult[21], for theremainingonesjt follows from
Theoremil(b), notingthatCoker5# is trivial for Qq, when8 < d < 10,and
thatthelevel of thefunctionfieldis 8. Thusfor all d in therange8 < d < 14,
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we seethat H2(Qg, %) hasdimension2. SinceCH3(Qq) ~ Z.h3, the
injectivity of the cycle mapis clear As H>(Qq) hasdimension3, we must
thereforehave H1(Qq, H*) = EL*(Qq) ~ Z/2.

For d > 15, we have CH3(Qq) ~ Z.h® and that the natural map
H4R) — H*R(Qq)) is injective. Therefore,we seefrom (9) and (10)
that H?(Qq, H3) ~ Z/2. The injectivity of the cycle map is obvious,
henceH(Qq, H*) = EL4(Qq). For 15 < d < 30, thelevel of R(Qq) is
16, henceH> (Qq) = 0, which implies that H1(Qq, H*) necessarilyjhas
dimensior2. Ford > 30,themapH®(R) — H>(R(Qy)) isinjective,hence
H2 (R(Qq)) =~ H5(R), andthisimpliesthat H'(Qq, H*) ~ Z/2.

This completeghe proofof a) andb). Assertionc) is obvious, sincethe
above discussiorshawvs that the relevant differentialsin the Bloch-Ogus
spectralsequencevanish. Assertiond) follows from Theorem4.5. This
completeghe proof of thetheorem. O

4.7. Remark. The computationsabove actually shav that the restriction
mapHP(Qqg,1, HY — HP(Qq, HY) isanisomaorphisnfor d large,atleast
for p + q < 5. Thisfits with a generakonjecturehat,for ary field F and
ary quadricX over F, thenaturalmapCHP(X) @ HA"P(F) — HP(X, H9)
is anisomorphisnfor dim X largeenoughwith respecto p andq, although
we have not checled thatthis lastfactholdsfor F = Randp + g < 5.
(This conjecturds truefor p+ q < 3by[14,Th.1and2].)

Finally, let us notethe following nice consequencef Theorem4 and
thesubformtheorem:

Theorem5. Forary d > 0, thegroupW,(R(Qg)/R) is cyclic of order2",
where2" is thesmallespower of 2 whichis > d + 2. O
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