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Abstract. This is the last of a seriesof threepaperswherewe computethe unramified
cohomologyof quadricsin degreeup to 4. Completeresultswere obtainedin the two
previouspapersfor quadricsof dimension� 4 and � 11.Herewe dealwith theremaining
dimensionsbetween5 and10. We alsoprove that the unramifiedcohomologyof Pfister
quadricswith divisible coefficientsalwayscomesfrom thegroundfield, andthat thesame
holdsfor their unramifiedWitt rings.We apply theseresultsto realquadrics.For mostof
the paperwe have to assumethat the groundfield hascharacteristic0, becausewe use
Voevodsky’s motivic cohomology.

Intr oduction

Thispaperis thefinal partof our projectof computationof thelow-degree
unramifiedcohomologyof quadrics.Unramifiedcohomologygroupsare
stablebirationalinvariantsof smoothprojective varieties.They wereorigi-
nally introducedin relationwith theso-calledNoetherproblem(see[5], [4]
for moredetails).Thesearesubtleinvariants,relatedto other interesting
oneslike Chow groups;they have beencompletelyunderstoodonly for
very few varieties.For varietiesover a field F stablybirationalto Pn, they
are determinedby the Galois cohomologygroupsof F. After varieties
birationalto Pn, thenext simplestcaseis thatof anisotropicquadrics.Yet
anothermotivationfor studyingthesegroupsis theconjecturein [15], which
predictsthat low rank unramifiedquadraticforms over function fields of
quadricsover a field F (of characteristicdifferent from 2), are actually
definedover thegroundfield F.

Throughoutthis paper, we assumethat the groundfield F is of char-
acteristicdifferent from 2. In the later partsof the paper, we needF to
beof characteristiczeroaswe useVoevodsky’s motivic cohomology[32].
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Let X be a smoothprojective quadric definedover F and F � X � be its
function field. For n � 0, recall that the n-th unramifiedcohomology
groupof theextensionF � X ��� F with coefficientsin Q � Z � n 	 1� , denoted
Hn

nr � F � X ��� F 
 Q� Z � n 	 1����
 is definedby (see[4])

Hn
nr � F � X ��� F 
 Q� Z � n 	 1���
�

Ker� Hn � F � X ��
 Q � Z � n 	 1���
�
x � X � 1�

Hn� 1 � F � x��
 Q � Z � n 	 2�����

wherethecohomologygroupsareGaloiscohomologygroups,F � x� is the
residuefield at a codimensiononepoint x � X � 1� andthemapcomesfrom
the residuehomomorphisms;for n � 0, the map is trivial. The natural
restrictionmapin factinducesamap

Hn � F 
 Q� Z � n 	 1����� Hn
nr � F � X ��� F 
 Q� Z � n 	 1���

which we denoteby � n
X as in our previous papers[17] and [18], or just

by � n, when there is no ambiguity on X. The principal resultsin these
earlierpapersareasfollows.Firstly, weprovedthatKer � n is generatedby
symbolsfor n � 4 andany X (thisis conjecturedto holdwithoutrestriction
onn). Secondly, wecomputedCoker � 3 for any X andCoker � 4 (assuming
charF � 0) for any X of dimension � 4. We showed that Coker � 3 is
always0, exceptwhen X is of dimension4 anddefinedby ananisotropic
Albert form, in which casethis group hasorder 2. As for Coker � 4, we
found that it is 0 for dim X � 3. When X is 4-dimensional(i.e. defined
by a 6-dimensionalform q), Coker � 4 is again 0, except when q is an
Albert form or a “virtual Albert form”. In thesetwo cases,we found an
interstingdescriptionof this group in termsof invariantsattachedto the
orthogonalgroup of q. We also obtainedsomeinformationon Coker � 4

whendim X � 4: thisgroupis canonicallyasubgroupof 2CH3 � X � , which
is at mostZ � 2 andis 0 for dim X � 10by resultsof Karpenko.

The contentsof the presentpaperare as follows. First, we get more
preciseinformation on Coker � 4 when dim X � 4 in casecharF � 0.
Second,weprove(still in characteristic0) thatCoker � n

X � 0 for all n when
X is definedby a Pfisterneighbour(Theorem3 in Sect.3). It follows that,
for X definedby aPfisterneighbour, themap

W� F �
� Wnr � F � X ��� F �
is surjective(Theorem4 in the samesection).The proof of this result
makesfull useof the techniquesof Voevodsky in his proof of the Milnor
conjecture[33]; however, we don’t usetheMilnor conjectureitself. Third
andlast,wegivesomecomputationof the � -cohomologyof realquadrics.

We now describeour resultsprecisely. Let X bea (smoothprojective)
quadricof dimension� 4. By [17, Th. 6 (1)], thereis anexactsequence
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0 � Coker � 4 � CH3 � X � tors � H3 � F 
 2��� H5 � F 
 3���
The proof of loc. cit., suitablyadapted,in fact yields in characteristic

zeroanexactsequence

0 � Coker � 4 � CH3 � X � tors
cl3	 � H6 � X 
 Z � 3��� (1)

(cf. also[16, diagramin 5.4]),which is theoneweshallusehere.
Theorem1 gives a generalresult on quadricsX of dimension � 6,

reducingthecomputationof Coker � 4 to thatof 2CH3 � X � .
Theorem 1. Letq beananisotropicquadratic formof dimension� 9 over
a field F of characteristic0; supposethatq is notof theform !#"%$ a& with
! similar to a 3-fold Pfisterform. Let X be theprojectivequadricdefined
byq. Then

a) Theétalemotiviccyclemap

cl3 ' CH3 � X ��� H6(
et � X 
 Z � 3���

is trivial onCH3 � X � tors.
b) There is an isomorphism

Coker � 4 )� 2CH3 � X ���

Corollary 1. Supposein addition to the hypothesisof Theorem1 that F
containsall 2-primary roots of unity and that q is not a 4-fold Pfister
neighbour. Then

Coker � 4
2 * 2CH3 � X �

where � 4
2
' H4 � F 
 Z � 2�+� H4

nr � F � X ��� F 
 Z � 2� is the analogousmapwith
Z � 2-coefficients.

Indeed,in thiscasethemapCoker � 4
2 � Coker � 4 isanisomorphism[18,

Th. 1].
Theorem2 collectssomecasesin which we can actually determine

Coker � 4.

Theorem 2. Let q bea quadratic form of dimension� 7 over a field F of
characteristic0 andd, q denoteits signeddiscriminant:

(i) If dimq � 7 and indc � q�-� 2, thenCoker � 4 � 0.
(ii) If dimq � 8, thenCoker � 4 � 0 in thefollowingcases:. d, q � 1.. d � d, q /� 1 and qF�10 d� is similar to a Pfister form (which is

automaticallynonzero).
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(iii) If dimq � 9, thenCoker � 4 � 0 in thefollowingcases:. q representsits discriminant.. q containsanAlbert formand indc � q�2/� 2.
(iv) If dimq � 10, thenCoker � 4 � 0 in thefollowingcases:. d � d, q /� 1, qF� 0 d� is isotropic but � qF� 0 d� � an is not similar to

a nonzero Pfisterform.. q containsanAlbert form,d, q � 1 and indc � q�-/� 2.
(v) If dimq � 11, thenCoker � 4 � 0 in thefollowingcases:. q *43 "45 , with dim 3 � 8, 3 � I 2F 6 I 3F, dim 57� 3 and 3 F�98 �

is notsimilar to ananisotropic Pfisterform.. q containsanAlbert formandq ":$�	 d, q&+�� I 3F.
(vi) If dimq � 12, thenCoker � 4 � 0 in thefollowingcases:. q *43 "45 , with dim 3 � 8, 3 � I 2F 6 I 3F, dim 57� 4 and 3 F�98 �

is notsimilar to ananisotropic Pfisterform.. q containsanAlbert formandq �� I 3F.
(vii) If dimq � 12, thenCoker � 4 � 0.

Moreover, if q is a genericquadratic form of dimension12 such that q �
I 3F, thenCoker � 4 /� 0.

Theorems1 and2 representby no meansa completecomputationof
Coker � 4 for quadricsof dimension� 4, andwe felt happy to leave it to
othermathematiciansto take upourwork from wherewehadleft it. While
wewerecompletingthispaper, welearntthatOleg Izhboldinhaddonejust
this:in aremarkablepieceof work [12], hesupersedesTheorem2(iii)–(vii)
by actuallycomputingCoker � 4

X for anyquadricX of dimension� 6. The
significanceof this fact is thatheusesthevanishingof this groupwhenX
is definedby suitabletypesof 9-dimensionalquadraticformsto construct
thefirst known exampleof afield of u-invariant9.

Finally, hereareourpreciseresultsfor Pfisterquadrics:

Theorem 3. Let ; beann-foldPfisterformoverafield F ofcharacteristic0,
5 a neighbourof ; and X theassociatedprojectivequadric.Then,for any
m � 0, themap

� m< 1 ' Hm< 1 � F 
 Q� Z � m���=� Hm< 1
nr � F � X ��� F 
 Q � Z � m���

is surjective.

After proving this theorem,we learnt from A. Vishik that a key step
of its proof,establishedindependently, will alsoappearin theforthcoming
paper[27].

Theorem 4. Let ;>
 X beasin Theorem3. Then,for anyn � 0, themap

I nF � I n
nr � F � X ��� F �

is surjective.
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Theorem4 is all themorestrikingas,in general,theextensionF � X ��� F
is notexcellent[11]. Wethink thatthis theoremshouldhave anelementary
proof, i.e.notusingtheMilnor conjectureor any Galoiscohomology.

We canusetheseresultsto computethe cohomologygroupsH p � Qd 

� q � Z � 2��� for real anisotropicquadricsQd (cf. § 4). For any smoothvar-
iety X, thecohomologygroupsH p � X 
?� q � Z � 2��� occurasthe Ep@ q

2 terms
of the Bloch-Ogusspectralsequencefor mod 2 étalecohomology. These
groupsare known to be finite for real varietieswhenever q � d, where
d � dim X (see[30], forexample).However, for pA q B d, eventheirfinite-
nessis unknown in general.In [17], thesegroupswerecomputedfor all real
quadricswhenp A q � 4.Herewecomputethesegroupsfor p A q � 5 and
prove the injectivity of thecycle mapcl3 ' CH3 � Qd ��� 2 � H6(

et � Qd 
 Z � 2�
(cf. Theorem4.6).

1. Torsion in CH3 of quadrics

We collect herea few resultson CH3 of quadricsthat are usedin the
next section.If X is a smoothvarietyover F, we denoteby GC K0 � X � the
associatedgradedof thetopologicalfiltration on K0 � X � . For any p thereis
asurjective map

CH p � X �
� GpK0 � X � (2)

with kernelkilled by � p 	 1��D ; in particularit is bijective for p � 2. Recall
first

1.1. Lemma. [19, Cor. 4.5] If X is a quadric,theabovemapis bijective
for p � 3.

Let q be a quadraticform and Xq the associatedprojective quadric.
Recallfrom [21] that theelementarypart of CH p � Xq � is by definitionthe
subgroupgeneratedby hp, whereh is the classof a hyperplanesection.
ThequotientNEp � Xq ��� CH p � Xq ���EB hp � is thenonelementarypart of
CH p � Xq � . ThegroupCH p � Xq � is elementaryif NEp � Xq �F� 0. Thesame
definitionsapply to the associatedgradedGC K0 � Xq � of the topological
filtrationon K0 � Xq � (notationNEK p � Xq � for thenon-elementarypart).We
have

1.2. Lemma. For p � 3, (2) inducesan isomorphism

NEp � X � )� NEK p � X �
for anyquadric X.
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Proof. This follows easily from Lemma1.1 and the remarkspreceding
it. GH
If dim Xq � 2p, ordim Xq � 2p,d, q /� 1,thenaturalmapCH p � Xq � tors �
NEp � Xq � is anisomorphism[19, (2.7)].On theotherhand,NEp � Xq �-/� 0
if p � max � dim Xq � 2 
 dim Xq 	 i � q��� , wherei � q� is theWitt index of q,
or if p � dim Xq � 2 
 d, q � 1 (cf. [17, Prop.1.1(c) and(d)]). Moreover, if
q * ;I" H, thenNEp � Xq � * NEp� 1 � X J�� for 0 B p B dim Xq, asfollows
from theisomorphismCH p � Xq � * CH p� 1 � X J � [19, (2.2)].

Also recall that, for a quadraticform q, CH1 � Xq � is torsion-free[19,
Prop. 2.4] and CH2 � Xq � tors /� 0 if and only if q is a neighbourof an
anisotropic3-fold Pfister form, in which caseCH2 � Xq � tors * Z � 2 [19,
Th. 6.1]. Thesefacts and the previous oneswill be usedin the sequel
without furthermention.

The following complicateddefinition will be justified by Lemma1.5,
Proposition1.6,Corollary1.7andTheorem1.8.

1.3. Definition. Let p � 0.
a)A quadraticform K isCH p-elementary(resp.GpK-elementary) if CH i L X MON
(resp.Gi K0

L X M N ) is elementaryfor i P p.
b) The form ; is stably CH p-elementaryin codimensioni (resp.stably
GpK-elementaryin codimensioni ) if it has the following property: for
any extensionK � F andany quadraticform q over K containing; K , with
dimq � dim ;QA i , q is CH p-elementary(resp.GpK -elementary).
c) It is stablyCH p-elementary(resp.stablyGpK-elementary) if it is stably
CH p-elementary(resp.stablyGpK -elementary)in codimensioni for any
i � 0.
d) It is stablyCH p-elementaryin codimension� 0 (resp.stablyGpK-ele-
mentaryin codimension� 0) if it is stablyCH p-elementary(resp.stably
GpK -elementary)in codimensioni for any i � 0.

Examples.

1a) A quadraticform ; of dimension� 3 is CH1-elementaryif andonly
if oneof thefollowing holds:
– dim ;R� 4
– dim ;S� 4 andd, ;T/� 1
– dim ;S� 3 and ; is anisotropic.

This follows easilyfrom theremarksbeforeDefinition1.3.
1b) A quadraticform ; of dimension � 3 is stablyCH1-elementaryif

and only if dim ;:� 4. Sufficiency is clear by the remarksbefore
Definition 1.3. For necessity, note that if dim ;U� 4 andd, ;V� 1,
then ; is notelementary, andthatthisconditionis satisfiedaftersome
quadraticextension.
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2a) A quadraticform ; of dimension� 3 is CH2-elementaryif andonly
if oneof thefollowing holds:

– dim ;R� 6 and ; is notaneighbourof ananisotropic3-fold Pfister
form

– dim ;W� 6, d,X;Y/� 1 and ; is not a neighbourof an anisotropic
3-fold Pfisterform

– dim ;S� 5 and; is notaneighbourof ananisotropic3-fold Pfister
form

– dim ;S� 5 andi �Z;[�-B 2
– dim ;S� 4 andd,X;T/� 1
– dim ;S� 3 and ; is anisotropic.

As in Example1, this follows easilyfrom the remarksbeforeDefin-
ition 1.3.

2b) A quadraticform ; of dimension� 3 is stablyCH2-elementaryif and
only if oneof thefollowing holds:

– dim ;R� 8
– dim ;S� 8 and; containsanAlbert form (i.e. ; F� 0 d\ J � is isotropic)
– dim ;]� 7 and ; containsanAlbert form (i.e. ;R":B^	 d,_;`� is

isotropic).

Sufficiency isclearbytheremarksbeforeDefinition1.3:theconditions
imply that ; is not a neighbourof a 3-fold Pfisterform, andthey are
clearlyinvariantunderbasefield extension.Althoughwedon’t really
neednecessityin thesequel,weprove it for thereader’s pleasure.We
first notethatnoneof theconditionsin 2a) is stableunderbasefield
extensionif dim ;a� 6. For example,if dim ;b� 5, ; is anisotropic
and not a Pfisterneighbour, then ; becomesan anisotropicPfister
neighbourover F � X Jdc�e � d\ Jdf � (thisis theonlynonobviouscase).Also,
any anisotropic7-dimensionalform whichdoesnotcontainanAlbert
form is containedin an anisotropic8-dimensionalform of discrimi-
nant1. It is thereforesufficient to show that,if dim ;g� 8 and ; does
not containanAlbert form, then ; becomessimilar to ananisotropic
Pfisterform over someextensionof thebasefield. Usinga quadratic
extension,wecanassumethatd,_;h� 1.To make ; similarto aPfister
form, we passto the functionfield K of theSeveri-Brauervarietyof
C �Z;[� . Thereremainsto seethat ; K is anisotropic.If indC �Z;[�2� 4, this
is [23, Th. 4], andif indC �Z;[��� 8, this is [9, Th. 9.1].

2c) A quadraticform ; of dimension � 3 is stablyCH2-elementaryin
codimension1 if oneof thefollowing holds:

– dim ;T� 8
– dim ;S� 7 and ; containsanAlbert form
– dim ;S� 6 and ; is a (possiblyisotropic)Albert form.
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The proof is easy. (Conversely, one easily seesthat no form of di-
mension � 5 is stably CH2-elementaryin codimension1 and that
the condition for 7-dimensionalforms is necessary.) Note that, by
Remark1b),all theseformsarealsostablyCH1-elementary.

1.4. Lemma. a) Let X bea smoothvarietyover F. Then,for any p � 0,
themapCH p � X ��� CH p � XF� t � � is bijective.

b) If X is a quadric,thenNEp � X � )� NEp � XF� t � � .
Proof. a) Surjectivityfollowsfromthecommutativediagram

CH p � X i F A1
F ��	j�9� CH p � XF� t � �k l

CH p � X �
where the vertical map is bijective by homotopyinvariance. Injectivity
follows from a classicalspecialisationargument(using the existenceof
closedpoints of coprimedegreesin any opensubsetof A1

F). b) follows
immediatelyfroma). GH

Thefollowinglemmaandpropositionslightlyrefinethesubstanceof [21,
Lemma6.2].

1.5. Lemma. Let ; beaquadraticformover F, CH p� 1-elementary, stably
CH p� 2-elementaryin codimension0andstablyCH p� 1-elementaryin codi-
mension1. Let 5m�n$ a1 
 a2 & , andsupposethat ; E is CH p� 1-elementary,
whereE � F �Zo 	 a1a2 � . Let K � F � t� and p5q� a1t2 A a2 � K C . Then
thereis anaturalisomorphism

NEp � X Jrc 8 � * NEp � X J K cseut8 f ���

Proof. Weproceedexactlyasin [21]. Thereis anexactsequence

CH p� 1 � X Jdc�e a1 f ��� CH p � X Jdc�e a1 @ a2 f ��� CH p � U ��� 0

whereU is theaffinequadricX Jdc�e a1 @ a2 f 6 X Jdc�e a1 f . Fromit andthedefinition
of NEC , wededuceanotherexactsequence

NEp� 1 � X Jdc�e a1 f �
� NEp � X Jdc�e a1 @ a2 f �>� CH p � U �>� 0 � (3)

Ontheotherhand,projectiononthesecondcoordinategivesamorphism
U � A1, henceanotherexactsequence

v � A1
F

CH p� 1 � Uv �>� CH p � U �>� CH p � U wd��� 0 (4)



Motivic cohomologyandunramifiedcohomologyof quadrics 153

wheretheleft summationisoverall closedpointsof A1
F , and � is thegeneric

pointof A1
F .

For all x , Uv is theaffine quadricX J F � y � c�e xy fz6 X J over theresiduefield
F �Zx{� , wherexv is the imageof a1t2 A a2 in F �Zx{� . If xv /� 0, the form
; F� v � "|$ xv & is nondegenerate.If xv � 0 (let usdenotethecorresponding
point x by x 0), then F �Zx 0 �}� E. By [21, Lemma5.3], CH p� 1 � U v 0 � gets

identified with Coker� CH p� 2 � X J E ��~ h� CH p� 1 � X J E ��� . Finally, from (3)
and(4), wegetacommutative diagramwith exactrow andcolumns

v � A1
F @ xy��� 0

NEp� 2 � X � F � y � �1� NEp� 2 � X � E � NEp� 1 � X ����� a1� � NEp� 1 � X � F � t � �

v � A1
F @ xy��� 0

NEp� 1 � X � F � y � ��� xy � �9� NEp� 1 � X � E � NEp � X �Z��� a1 � a2 � � NEp � X � F � t � ������ � �

v � A1
F @ xy �� 0

CH p� 1� U y �9� CH p� 1 � U y 0 � � CH p � U � � CH p � U ���1� 0

0 0 0

Let us now usethe assumptionson ; . Since ; is CH p� 1-elementary,
Lemma1.4 implies that NEp� 1 � X J F � t � �h� 0. Since ; is stably CH p� 2-
elementaryin codimension0, thetopleft termin thediagramis 0 too.Since
; is stablyCH p� 1-elementaryin codimension1, thetop middletermis 0,
aswell asthe first summandof the middle left term.Finally, since ; E is
CH p� 1-elementary, thesecondsummandof themiddle left term is 0 too.
Hencethebottomleft termis 0 andthediagramsimplifiesas

NEp � X Jdc�e a1 @ a2 f � NEp � X J F � t � c�e t8 f �k k
CH p � U � )� CH p � U wd���

HenceLemma1.5. GH

1.6. Proposition. Let ; bequadratic formover F, andlet r � 2. Suppose
that ; is stablyCH p� 2-elementary, CH p� 1-elementaryandstablyCH p� 1-
elementaryin codimensioni for all i ��� 0 
 r � . Let 5���$ a1 
�������
 ar & be
anotherform, and supposefinally that ; F� X � � is CH p� 1-elementary. Let
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K � F � t1 
�������
 tr � 1 � and p5Y� a1t2
1 A������ ar � 1t2

r � 1 A ar � K C . Thenthere is
a natural isomorphism

NEp � X Jrc 8 � * NEp � X J K cseut8 f ���

Proof. We proceedby inductionon r , the caser � 2 having beendealt
with in Lemma1.5.Let ;_� ��;�"m$ a1 & and 5��j�q$ a2 
�������
 ar & , sothat ;�"
5 * ; � "75 � . Then; � verifiesthefirst threeassumptionsof Proposition1.6
(relatively to r 	 1 for thethird one).Therefore

NEp � X Jdc 8 ��� NEp � X Jd� c 8 � � * NEp � X J �
L
cse t8 � f �

with L � F � t2 
�������
 tr � 1 � and p5 � � a2t2
2 A4����� ar � 1t2

r � 1 A ar � L C . Wehave

; �L "%$ p5 � & * ; L "%$ a1 
 p5 � &��
The form ; L is CH p� 1-elementaryby Lemma 1.4, stably CH p� 2-

elementaryin codimension0 and stablyCH p� 1-elementaryin codimen-

sion 1. Moreover ; E is CH p� 1-elementary, where E � L � 	 a1 p5 � �S�
F � X 8 � . Thereforethe triple � L 
�; L 
�$ a1 
>p5 � &�� satisfiesthe conditionsof
Lemma1.5.Hencewehave

NEp � X J �
L
c�e t8 � f � * NEp � X J K c�e t8 f �

andtheproof is complete. GH
1.7. Corollary. AformstablyCH p� 1-elementaryandstablyCH p-elemen-
tary in codimension1 is stablyCH p-elementaryin codimension� 0. GH

This corollaryallows us to give a slightly strongervariantof Proposi-
tion 1.6:

1.8. Theorem. Let ; be stably CH p� 2-elementary, CH p� 1-elementary
and stably CH p� 1-elementaryin codimension1. Let 5�� $ a1 
�������
 ar &
beanotherform, andsupposethat ; F� X � � is CH p� 1-elementary. Let K �
F � t1 
������ 
 tr � 1 � and p5¡� a1t2

1 A¢����� ar � 1t2
r � 1 A ar � K C . Then there is

a natural isomorphism

NEp � X Jrc 8 � * NEp � X J K cseut8 f ���
Thisappliesnotablywith p � 3and; asin Example2c)afterDefinition1.3.

GH
Wenow observe thattheproofof [21,Cor. 4.9] in factyieldsthefollow-

ing (cf. loc. cit., Lemma7.2):
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1.9. Proposition. Let ; be a quadratic form over F and E� F a finite
extensionsuch that thenormmap

NE£ F
' K0 � C0 �Z; E ����� K0 � C0 �Z;[���

is surjective(e.g. E maybeanysubfieldof thedivisionalgebra derivedfrom
C0 ��;¤� ). If, for somep, ; E is Gp� 1K-elementary, thenthemap

NE£ F
' NEK i � X J E �>� NEK i � X J �

is surjectivefor i � p. GH
Proof. Wesketchaprooffor thereader’sconvenience.Theassumptionthat
; E is Gp� 1K -elementaryimpliesthat(cf. loc. cit., Lemma4.4)

NEK i � X J E ��� Coker� K0 � X J E � i < 1 � K0 � X J E ���¥B H �¦�
for i � p, where B H � denotesthe subgroupgeneratedby the elem-
entshi .Wehaveacommutativediagramwith surjectivehorizontalmaps[21,
Th. 4.2]

K0 � C0 �Z; E ���#	j	[	§� K0 � X J E ���¥B H �
NE ¨ F NE ¨ F
K0 � C0 �Z;[���©	j	[	§� K0 � X J ���EB H �7�

Thus the hypothesisthat the left vertical map is surjective implies the
surjectivity of the right vertical arrow. The propositionnow follows on
usingthis surjectivity (with i � p) in the following naturaldiagramwith
exactrows

K0 � X J E � � i < 1� 	 	¤	 � K0 � X J E ���EB H �¡	 	¤	 � NEK i � X J E �b	j	[	§� 0

K0 � X J ��� i < 1� 	 	¤	 � K0 � X J ���EB H � 	 	¤	 � NEK i � X J �¢	j	[	§� 0 �
GH

Similarly, theproofof [21, Cor. 4.5] in factgives

1.10. Proposition. Let 5 be an odd-dimensionalquadratic form over F
andset ;S�ª5Y":$«	 d,_5�& . If, for somep, ; is Gp� 1K-elementary, thenthe
pull-back map

NEK i � X J �>� NEK i � X 8 �
is surjectivefor i � p. GH
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1.11. Corollary. Let 3 � I 2F suchthat 3 isGp� 2K-elementaryfor somep.
Letd � F C . Thenthepush-forward map

NEK i � 1 � X ¬���� NEK i � X ¬ c�e df �
is surjectivefor i � p.

Proof. Let ;R�:5^"­$�	 d& *®3 " H. For i � p 	 1, we have Gi K0 � X J �
* Gi � 1K0 � X ¬�� , hence; is Gp� 1K -elementary. It remainsto seethat the
composition

Gi � 1K0 � X ¬�� )� Gi K0 � X J �>� Gi K0 � X 8 �
coincideswith thepush-forwardmap,which is clearfrom theconstruction
of thefirst isomorphism. GH

Also, theproofof [21, Cor. 4.7] in factgives

1.12. Proposition. Let 3 bean even-dimensionalquadratic form of non-
trivial discriminantd. Supposethat 3 containsa 1-codimensionalsubform
; such that thequadratic extensionE � F � o d� preservesindC0 ��;¤� . If, for
somep, ; is Gp� 2K-elementary, thenthepush-forward map

NEK i � 1 � X J ��� NEK i � X ¬r�
is surjectivefor i � p. GH

Finally, thefollowingpropositioncapturesthesubstanceof theargument
in theproofof [21, Prop.6.3].

1.13. Proposition. Let ; beanodd-dimensionalformand5 anotherform.
Write C0 �Z;[�F� Mn � D � , where D is a divisionalgebra. Assumethat �Z;=
�5¦�
verifiesthe conditionsof Proposition1.6 or Theorem1.8 for p � 3 (for
instancethat ; is stablyCH2-elementary),andassumefurther that there is
no F-algebra homomorphismC0 ��$ d,s;{&>"75¦��� D. Then

NE3 � X Jrc 8 ��� 0 �

Proof. Let K 
>p5 beasin Proposition1.6or in Theorem1.8.By thisproposi-
tionortheoremandLemma1.2,it sufficestoshow thatNEK3 � X J K c�e¯t8 f �°� 0.
By Proposition1.12,thiswill bethecaseif wecanshow thatindC0 ��; K ���
indC0 �Z; K ± o d\ � J K cseut8 f �³² � . But K d,
�Z; K ":$ p5}&«� � F � X e d\ Jrf´c 8 � , so

theresultfollows from theindex reductionTheorem[24]. GH
Wearenow readyto refine[21, Th. 6.1] somewhat.
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1.14. Lemma. Let ;T� I 2F 6 I 3F bean8-dimensionalform,anda � F C .
Then;I"�B a � is CH3-elementary.

Proof. Since ;µ�� I 3F, it is CH2-elementary;theclaim thenfollows from
Corollary1.11. GH

1.15. Proposition. Let 3 � I 2F 6 I 3F be an anisotropic 8-dimensional
form, 5 beanotherformof dimension� 2 andq � 3 "ª5 . Thenq is CH3-
elementary, exceptperhapsif 3 F� X � � issimilar toananisotropicPfisterform.
Thelatter happensexactlyif c � 3 �
� c �Z¶·� for some¶¸� P2 � F �F	T¹ 0º and

(i) either 5 is a neighbourof ¶ ;
(ii) or 5 * c $ 1 
�	 a& with $ 1 
�	 a&-�W¶ and 3 F� 0 a� is anisotropic.

In particular, if either indc � 3 �R� 4 or dim 5�� 4, 5»�� I 2F, then q is
CH3-elementary.

Proof. By Examples1b) and 2c) after Definition 1.3, 3 is stably CH1-
elementaryandstablyCH2-elementaryin codimension1. We want to ap-
ply Theorem1.8; for this, we need3 F� X � � to be CH2-elementary. This is
guaranteedby theassumptions(seeExample2a)afterDefinition 1.3).We
thengetanisomorphism

CH3 � Xq � tors * CH3 � X ¬ cseut8 f � tors �

Sincethefield of definition L of p5 is purelytranscendentalover F, 3 L

is not in I 3L; by Lemma1.14,theright-hand-sideis 0.
Thereremainsto show that theconditionof Proposition1.15happens

exactly in cases(i) and (ii). The condition c � 3 � F� X � � � 0 implies that
indc � 3 �Q� 2, hence(since 3 �� I 2F) c � 3 �2�¼� a 
 b�½/� 0 for somea 
 b. Let
¶��4¾ a 
 b ¿ . Then ¶ F� X � �ÁÀ 0, hence5 is similar to a subformof ¶ . If
5 is a neighbourof ¶ , then 3 F� X � � is anisotropicby [23, Th. 4]. Otherwise,
dim 5^� 2 andwe mustimpose3 F� 0 d\ 8 � /À 0. Conversely, it is clearthat
(i) or (ii) impliestheconditionof Proposition1.15. GH

1.16. Corollary. Let q bean anisotropic form of dimension10, with d �
d, q /� 1, andlet E � F � o d� . Assumethat qE is isotropic, but that � qE � an

is notsimilar to a nonzero Pfisterform.ThenCH3 � Xq � tors � 0.

Proof. The fact that i � qE �Â� 0 implies that q *¢3 "Ã$ a 
�	 ad& for some

3 � I 2F and a � F C . Then qE À 3 E, and the secondcondition is just
a reformulationof theconditionin Proposition1.15. GH
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1.17. Proposition. Let q be a form of dimension � 9 containing an
anisotropic Albert form.SupposethatCH3 � Xq � tors /� 0. Then:

(i) dimq � 12.
(ii) If dimq � 12, thenq � I 3F.
(iii) If dimq � 11, thenq "Ä$«	 d, q&2� I 3F.
(iv) If dimq � 10, thentwocasesarepossible:. d, q /� 1. Thenq isof theform ÅE" aÅE" b $ 1 
�	 d& , with dim ÅE� 4

andd � d, q � d,XÅ .. d, q � 1. Thenindc � q�
� 2.
(v) dimq � 9. Thenindc � q�
� 2.

Proof. Write q ��;V"©5 , where ; containsan anisotropicAlbert form
and dim ;7� 7. By Example2b) after Definition 1.3, ; is stably CH2-
elementary.

Let D be the division algebrasimilar C0 �Z;[� : then D is a biquaternion
algebra.By Proposition1.13,if CH3 � Xq � tors /� 0, thentheremustexist an
F-algebrahomomorphismA � D, wherewesetC0 ��$ d,X;{&�"45Æ�
� A for
simplicity. Thisfirst givesaconditionondimq:

. If dim 5 is even,thenA is centralsimple.We thenmusthave dim A �
dim D, thatis, dim 5�� 4, i.e. dimq � 11.. If dim 5 is odd, then A is eithersimplewith centreF � o 	 d,X; d,X5�� ,
or a productof two isomorphicsimplealgebras,andthen 	 d,X; d,X5 is
asquare.In thefirst case,wemustagainhavedim 5®� 4; in thesecond
one,wemusthave dim 5�� 5. In bothcases,thisgivesdimq � 12.

Let us now look at the extremecases.It is useful to notethat d, q �
��	 1� dim 8 d, ; d, 5 andthatc � q�
� c �Z;[�sA c � d, ;S"75¦� .
. If dimq � 12,thentheabovediscussionshowsthatd, q � 1; moreover,

D * A, whichgivesc � q�
� 0. Henceq � I 3F.. If dimq � 11, thenwegetsimilarly c � q��� 0, hencec � q "%$�	 d, q&«��� 0
andq ":$«	 d, q&2� I 3F.. If dimq � 10 and d, q � d /� 1, then E � F � o d� embedsinto
D and A is isomorphicto its commutant.Therefore,DE À A and
c � qE ��� 0.Write q *7Ç "7¶ , whereÇ is ananisotropicAlbert form and
dim ¶#� 4. Thend, ¶#� d andc � Ç E �È� c �Z¶ E � , henceÇ E is isotropic,
i.e. ÇV* Å¸" a $ 1 
�	 d& for suitableÅÁ
 a. But Å E and ¶ E areconjugate
4-dimensionalforms1, hencearesimilar by [10, Cor. 2.10]; a theorem
of Wadsworth [34, Th. 7] thenimpliesthat Å and ¶ aresimilar.

1 Recallthat two forms É Ê�Ë areconjugateif ÉÍÌµÎ¤Ë is similar to a (possiblytrivial)
Pfisterform, cf. [22, Def. 8.7].
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Finally, let us look at the casesdimq � 10, d, q � 1 anddimq � 9.
In the first case,A � B i B and B injects into D, henceindc � q�Q� 2.
In the secondcase,A is a quaternionalgebraand injects into D, hence
indc � q�
� 2 too. GH
1.18. Remarks.

1. Thefirst casein (iv) of Proposition1.17is a specialcaseof theexcep-
tionalcasein Corollary1.16.

2. Weknow byKarpenko[21] that, in fact,CH3 � Xq � tors � 0fordimq � 12
whetherq containsananisotropicAlbert form or not.

2. Proof of Theorems1 and 2

In this sectionweassumethat F hascharacteristic0.

2.1. Definition. An anisotropicquadraticform q of dimension � 7 is
exceptionalif
. q is aneighbourof a3-fold Pfisterform, or. writing qF� Xq � * H " q� , the form q� is ananisotropicneighbourof a

3-fold Pfisterform.

2.2. Proposition. Letdimq � 7 and X � Xq.

a) ThemapH5 � F 
 Q � Z � 3��� )� H6 � F 
 Z � 3���
� H6 � X 
 Z � 3��� is injective.
b) Assumeq is anisotropic and not exceptional.Thenthe cyclemapcl3 '
CH3 � X ��� H6 � X 
 Z � 3��� inducesa map

2CH3 � X ��� H5 � F 
 Q � Z � 3���
still denotedbycl3.

Proof. Recallfrom [16] thespectralsequence

Ep@ q
2 � H p� q(

et � F 
 CHq � Xs�XÏ Z � 3����Ð H p< q

with H p< q mappingto H p< q � X 
 Z � 3��� by anisomorphismif p A q � 6 and
aninjectionif p A q � 7. It givesa (decreasing)filtration FqH6 � X 
 Z � 3���
on H6 � X 
 Z � 3��� in four steps,whoseassociatedgradedaresubquotientsof
the E2-terms

E6@ 0
2 � H6 � F 
 Z � 3���

E5@ 1
2 � H4 � F 
 CH1 � Xs�XÏ Z � 2���

E4@ 2
2 � H2 � F 
 CH2 � Xs�XÏ Z � 1���

E3@ 3
2 � H0 � F 
 CH3 � Xs�����
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By Hilbert 90 in weight1, thethird E2-termis 0. Similarly, by Hilbert
90 in weight2, onehasE4@ 1

2 � 0. Sotheonly possiblynonzerodifferential
hitting E6@ 0

2 � E6@ 0
3 is

d3@ 2
3

' E3@ 2
3 � E6@ 0

3 �
But by [16, Prop.6.5 a)], E3@ 2

2 � E3@ 2Ñ provided the mapCH2 � X ���
CH2 � Xs� is surjective;thisis thecasewhendim X � 4, i.e.whendimq � 6
(cf. loc. cit., Remark6.6).Thisprovesa).

Let now ebeanelementof 2CH3 � X � , andlet xI� cl3 � e� beits imagein
H6 � X 
 Z � 3��� underthecyclemap.SinceCH3 � Xs� is torsion-free,its image
via the edgehomomorphismH6 � X 
 Z � 3���]� CH3 � Xs� GF is 0. Hence
x�� F1H6 � X 
 Z � 3��� . Let Òx beits imagein E5@ 1

2 � H4 � F 
 CH1 � Xs�OÏ Z � 2��� .
Since dim X � 2, CH1 � Xs�T� Zh (where h is a hyperplanesection)
andH4 � F 
 CH1 � Xs�[Ï Z � 2��� is canonicallyisomorphicto H4 � F 
 Z � 2��� )Ó
H3 � F 
 Q� Z � 2��� .

Firstsupposeq isotropic.Write q * H " q� , andlet Y betheprojective
quadricwith equationq� � 0. Thenthereis an isomorphismCH3 � X � *
CH2 � Y� . If q� is nota neighbourof ananisotropic3-fold Pfisterform, then
2CH2 � Y��� 0 [19, Th. 6.1],hence2CH3 � X ��� 0 andin particular ÒxS� 0.

Supposenow q anisotropic,andlet K � F � X � . Wehaveacommutative
diagram

CH3 � XK � cl3	j	[	§� H3 � K 
 Q� Z � 2���

CH3 � X � cl3	j	[	§� H3 � F 
 Q� Z � 2�����
By Arason’s theorem[1, Satz 5.6] (and the Merkurjev-Suslin theo-

rem),themapH3 � F 
 Q� Z � 2���Ô� H3 � K 
 Q� Z � 2��� is injective, unlessq is
a neighbourof a 3-fold Pfisterform. By theisotropiccase,Òx K � 0, hence
(under the assumptionsof the proposition) ÒxÄ� 0 and x¼� F2H6 � X 

Z � 3���¥� F3H6 � X 
 Z � 3��� . This proves b), noting that F3H6 � X 
 Z � 3���E�
H5 � F 
 Q� Z � 3��� . GH

2.3. Proposition. Let dimq � 7. Assumeq is anisotropic and is not
a neighbourof a 3-fold Pfister form. Thenq is exceptionalif and only
if it is of oneof thefollowing threetypes:

a) dimq � 7: indc � q�
� 2.
b) dimq � 8: d � d, q /� 1 andqF�90 d� � GP3 � F � o d���_6Õ¹ 0º .
c) dimq � 9: q * !b":$ d& with !µ� GP3 � F � .
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Proof. We musthave 7 � dimq � 10. Let X � Xq. If dimq � 10, then
qF� X � � I 3F � X � , henced, q � 1, c � q�F� 0 sinceH i F � H i K is injective
for i � 1 
 2. But then q is isotropic by [28, Satz14], contradiction.So
dimq � 9.

If dimq � 9, we seesimilarly that q "�$�	 d, q&]� I 3F, hencethat
q representsits discriminantd � d, q. Writing q * !%"�$ d& , we find
!µ� I 3F, hence!µ� GP3 � F � . Conversely, any formof thistypeisobviously
exceptional.

If dimq � 8, write d � d, q and K � F � X � . Note that d � � 1 since
d � d, � qK � an and � qK � an is a 6-dimensionalPfisterneighbour. Let E �
F � o d� . By assumption,qKE À 0, henceqE � GP3 � E� . But if qE À 0, then
q is divisible by $ 1 
�	 d& , henceq � I 2F, contadictingd /� 1. Conversely,
supposethat q satisfiesthe conditionof b). Then,for any a � F C , c � q "
	 a $ 1 
�	 d&�� is of theform � b 
 d � for someb. By changinga into ab, wecan
arrangethatq ":	 a $ 1 
�	 d&+� I 3F. Then,applying[28, Satz14] again,we
find � q "©	 a $ 1 
�	 d&�� an � ' !�� GP3 � F � . Supposethat i � qK �¥� 1. Then
! K À 0; by thesubformtheorem,this forces! to besimilar to q, which is
absurd.Hencei � qK ��� 1 and � qK � an is aneighbourof ! K .

Finally, let dimq � 7.Thenindc � qF� X � ��� 2, henceindc � q�
� 2 by the
index reductiontheorem.Conversely, supposethatq satisfiesthiscondition.
Then i � qF� X � �È� 1: otherwise,by [15, Prop.3 (ii)], q1 ��� qF� X � � an would
bedefinedover F andq "%	 q1 wouldbesimilar to a Pfisterform, absurd.
Sinceindc � q1 �
� 2, q1 is aPfisterneighbour. GH

2.4. Proposition. For anyexceptionalformq, onehasCoker � 4 � 0.

Proof. By [17, Th. 6 (3)], we maysupposethatq is not a neighbourof a
3-fold Pfisterform. Thenq is classifiedby Proposition2.3. If dimq � 7,
by Proposition2.3 a), q is a subformof an8-dimensionalform q� in I 2F
with Clifford invariantof index 2. Thenq andq� areequivalentin thesense
that q�F� Xq � and qF� Xq� � are isotropic (in the latter case,note that qF� Xq� �
representsits discriminant,henceis isotropic,seeendof proof of Proposi-
tion 2.3).By [17, Prop.2.5], Coker � 4

q * Coker � 4
q� and,by [17, Th. 6 (3)],

Coker � 4
q� � 0. If dimq � 9, q is a Pfisterneighbourby Proposition2.3c),

henceCoker � 4 � 0 againby [17, Th. 6 (3)].
Finally, assumethat dimq � 8. Let X � Xq. We shall apply results

from [19] to show thatCH3 � X � tors � Z � 2, but that themotivic cycle map
is injective in codimension3.

By [19,Cor. 4.5],for thefirstclaimit sufficestoprovethatG3K � X � tors �
Z � 2,whereG C K � X � is theassociatedgradedof thetopologicalfiltrationon
K0 � X � . We notethatq �� I 2F; by [19, Th. 3.10],GpK � X � tors is of orderat
most2 and Ö G C K � X � tors Ö � 2s, wheres is suchthatC0 � q� * M2s � D � with
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D a division algebra.Here,onecomputeseasily from Proposition2.3 b)
thats � 3. Moreover, GpK � X � tors � 0 for p � 0 
 1 
 2 
 6 by [19, Prop.2.4,
Prop.2.6 andTh. 6.1]. It follows that GpK � X � tors � Z � 2 for p � 3 
 4 
 5.
More precisely, we have GpK � X � tors � Z � 2Òl6� p� 1 for p � 3 
 4 
 5, where
l0 
 l1 
 l2 aretheK0-classesdefinedby Karpenko in [19, (2.1)and(3.7)] andÒl i aretheir imagesin theassociatedgraded.

Considernow the situationover K � F � X � . Then i � qK �×� 1, hence,
over K , we still have dim l2 � dim l1 � 1. Thereforel1 and l2 still de-
fine torsionclassesin G C K � XK � , of codimensions� 4. But GpK � XK � is
torsion-freefor p � 2, so we musthave codim� l2 �×� 3, codim� l1 �×� 4.
This argumentshows in particularthat themapCH3 � X �2� CH3 � XK � is
injective on torsion.

Write qK * ;�" H, where ; is a 6-dimensionalPfisterneighbour.
Let Y be the quadricwith equation;Y� 0. By [16, Prop.8.1], thereis
acommutative diagram

CH2 � Y� 	·	·	§� CH3 � XK �
cl2 cl3

H4 � Y
 Z � 2���#	·	·	§� H6 � XK 
 Z � 3���
in which the top horizontalmapis an isomorphismandthebottomoneis
a split injection.Moreover, cl2 is injective by [9, Th. 1.1] or [16, diagram
in 5.3].

By [19,Th.6.1],CH2 � Y� tors � Z � 2,henceCH3 � XK � tors � Z � 2.Letting
e� denoteits generator, the diagramshows that cl3 � e� �Â/� 0. Sinceby the
above e� is the imageof thetorsionelemente of CH3 � X � , this shows that
cl3 � e�-/� 0 aswell. Then(1) shows thatCoker � 4 � 0. GH
2.5. Lemma. Letqbeaformofdimension10in I 2 F suchthatindc � q�
� 2.
Thenthecycleclassmap

cl3 ' CH3 � Xq � tors � H6 � Xq 
 Z � 3���
is identically0.

Proof. Let D bethequaternionalgebrawhoseBrauerclassis c � q� andlet
E be a maximalcommutative subfieldof D. The quadraticform qE is in
I 3E, henceqE * ;Ø" H, where ;7� GP3 � E� . By [18, Lemma4.2], we
get easilycl3 � e�}� cl1 � h� � ! CrÙ e3 �Z;[� , wheree is the (nonzero)generator
of CH3 � XqE � tors * CH2 � Y� tors, with Y � X J . But thequadraticextension
E� F is excellent,hence; is definedover F. It follows that

cl3 � NE£ Fe�
� CorE£ F cl3 � e��� CorE£ F � cl1 � h � � ! C Ù e3 ��;¤����� 0 �
By Lemma1.2 andProposition1.9, the map NE£ F

' CH3 � XqE � tors �
CH3 � Xq � tors is surjective.Thisconcludestheproofof Lemma2.5. GH
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Proof of Theorem 1. By Proposition2.2,for q nonexceptional(1) refines
into anexactsequence

0 � Coker � 4 � CH3 � X � tors � H5 � F 
 3���
In particular, b) follows from a) andto prove a), we have to show that

the right map is 0 for q as in the theorem.By functoriality, it is enough
to do this for dimq � 9. By Proposition1.10andfunctoriality again,it is
enoughto dealwith dimq � 10,q � I 2F. Applying now Proposition1.9,
we canreduceto thecasewhereindc � q�Õ� 2. But this caseis coveredby
Lemma2.5. GH
Proof of Theorem 2. This is a case-by-casecheckcollectingtheprevious
results.Assertion(i) follows from Propositions2.4 and2.3.Assertion(ii)
followsfrom[17,Theorem6(3)] andPropositions2.4and2.3(notethatthe
proofof Proposition2.3b)showsthat, if dim q � 8,d � d, q /� 1andqF� 0 d�
is similar to a Pfisterform, thenthis Pfisterform is necessarilynonzero).
Assertion(iii) followsfrom Propositions2.4and2.3whenc � q�
� 1. Other-
wise, it follows from Theorem1, Lemma1.14 andProposition1.17 (v).
Assertions(iv), (v) and (vi) follow from Theorem1, Propositions1.15
and1.17.Assertion(vi) follows from [17, Theorem6 (3)]. Finally, thelast
statementfollows from Theorem1 and[20, Th. 2.4].

3. Unramified cohomologyof Pfister quadrics

3.1. Proof of Theorem 3. In this subsection,we occasionallyrefer to
a preliminary versionof [27] which was kindly communicatedto us by
A. Vishik. We don’t useresultsfrom [27], but just point out that someof
our resultswill independentlyappearin this paper(andhencewerefound
by theauthorsearlierthanus).

By [17, Prop.2.5 (c)], Coker p� m< 1 doesnot dependon the choiceof
the neighbour5 ; henceforthwe choose5 with dim 5Ä� 2n� 1 A 1. Then
dim X � 2n� 1 	 1. On the otherhand,by [17, Prop.2.5 (b)], the group
Coker p� m< 1 is isomorphicto

Coker��� m< 1 ' Hm< 1 � F 
 Q2 � Z2 � m����� Hm< 1
nr � F � X ��� F 
 Q2 � Z2 � m�������

Recallfrom [33] thesimplicialschemeÚC � X � , with ÚC � X � p � Xp< 1, the
facesanddegeneraciesbeingtheobviousprojectionsandpartialdiagonals.
In [16, Th. A.1], weprovedthatCoker � m< 1 is isomorphicto asubgroupof
Hm< 3 � ÚC � X ��
 Z � 2� � m��� , wherethelattergroupis weightm motivic cohomo-
logy of ÚC � X � (it is denotedwith an index B in [33]). Theorem3 therefore
follows from themoreprecisestatement:
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3.1. Proposition. Let 5 bea Pfisterneighbourof dimension2n� 1 A 1 and
X betheassociatedPfisterquadric.Thenthegroup Hm< 3 �ÛÚC � X ��
 Z � 2� � m���
is 0 for all m � 0.

This propositionis alsoa specialcaseof a theoremwhich will appear
in [27]. The proof faithfully follows themethodof Voevodsky [33] in his
proof of the Milnor conjecture.It is slightly simplerthantheproof in the
versionof [27] we saw, but they prove more thanwhat we needfor our
purposes.In any casewe don’t claim any particularoriginality in finding
theargument.All unexplainednotationshouldbefoundin [33].

Proof. Recall from [33, §3.2] the stablehomotopy category of schemesÜ �`� F � . For any simplicialschemeX Ý over F, thereis anassociatedobject
Þ Ñ

T � X Ý � < � Ü �`� F ���
By [33, Th. 3.12],thegroupH p � X Ý 
 Z � 2� � q��� coincideswith thegroup

H p@ q � X Ý 
 Z � 2� ��� Homß à½� Þ ÑT � X Ý � < 
 Sp@ q á HZ � 2� �
whereHZ � 2� is themotivic Eilenberg-Mac Lanespectrum.Similarly when
replacingZ � 2� by Z � 2. For such an X Ý , we denoteas in [33, §3.3] by
pH p@ q � X Ý 
 Z � 2� � thegroupH p@ q � pX Ý 
 Z � 2� � where pX Ý is thehomotopy fibreof
thenaturalmorphism

Þ Ñ
T � X Ý � < � S0

sothatwehave longexactsequences

����� � pH p@ q � X Ý 
 Z � 2� �>� H p � X Ý 
 Z � 2� � q���
� H p � F 
 Z � 2� � q���
� pH p< 1@ q � X Ý§
 Z � 2� ��� �����

andsimilarly with Z � 2 coefficients.Finally, recall from [33, §3.3] themo-
tivic Steenrodoperations

Qi
' H p@ q � S
 Z � 2�=� H p< 2i â 1 � 1@ q < 2i � 1 � S
 Z � 2�

whicharenaturalin S � Ü �W� F � . Sincedim X � 2n� 1 	 1,by [33,Th.3.25
andLemma4.11],thesequence

����� Qi	 � pH C @ C � ÚC � X ��
 Z � 2� Qi	 � pH C @ C � ÚC � X ��
 Z � 2�
Qi	 � pH C @ C �ÛÚC � X ��
 Z � 2� Qi	j� �����

is exact for all i � n 	 1. As in [33], we shall usethis resultonly up to
i � n 	 2.

We now follow faithfully thecomputationsof [33, §4], only replacing
thegroupHn< 1@ n � ÚC � X ��
 Z � 2� by Hm< 3@ m � ÚC � X ��
 Z � 2� . For j � n 	 1, let
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usexaminetheeffectof theoperationQ j
����� Q1 on thisgroup.Its imageis

containedin

H2 j â 2< m� j � 1@ 2 j â 1 < m� j � 2 � ÚC � X ��
 Z � 2���

TheoperationQ j < 1 reachesthisgroupfrom

Hm� j @ m� j � 1 � ÚC � X ��
 Z � 2���

By [33,Cor. 2.13(1)], thelattergroupinjectsinto Hm� j
L � ÚC � X ��
 Z � 2 � m 	

j 	 1��� , which in turn is isomorphicto Hm� j
L � F 
 Z � 2 � m 	 j 	 1��� by loc.

cit., Prop.2.7. The latter group is 0 by loc. cit., Th. 4.1. By the exact-
ness mentioned above, we conclude that Q j < 1 is injective on
H2 j â 2 < m� j � 1@ 2 j â 1< m� j � 2 � ÚC � X ��
 Z � 2� forall j �-� 0 
 n 	 2� , henceQn� 2

����� Q1

is injective on Hm< 3@ m � ÚC � X ��
 Z � 2� . Moreover, H p@ q � ÚC � X ��
 Z � 2� � is natur-
ally a subgroupof H p@ q � ÚC � X ��
 Z � 2� for p � q andthesesubgroupsare
preservedby theoperationsQi [33]. It thereforesufficesto show that

H2n < m� n< 1@ 2n� 1 < m� n � ÚC � X ��
 Z � 2� �
� H2n < m� n< 1 � ÚC � X ��
 Z � 2� � 2n� 1 A m 	 n����� 0 �

Todothis,wecomputethelattergroupbyusingtheexacttriangleof [33,
Th. 4.4]

M � ÚC � X ��� 2n� 1 	 1��� 2n 	 2��� M8 � M � ÚC � X ���
� M � ÚC � X ��� 2n� 1 	 1��� 2n 	 1�r�

Herethis triangleis definedin thecategory DMef f� � F � of [32], andM8
is theRostmotiveassociatedto 5 [29]. Wegetanexactsequence

Hmã nä 2 å§æC å X ç�è Z é 2ê å m ë n ì 1çíçsî H2n ä mã nä 1 å�æC å X ç�è Z é 2ê å 2nã 1 ì m ë nç«ç
î H2n ä mã nä 1 å Mï
è Z é 2ê å 2nã 1 ì m ë nç«ç�ð

As seenabove, theleft groupis 0. Theright oneis adirectsummandof

H2n < m� n< 1 � X 
 Z � 2� � 2n� 1 A m 	 n�����

But 2n A m 	 n A 1 	ñ� 2n� 1 A m 	 n�Q� 2n� 1 	 1 � dim X, so this
groupis also0 by [33, Cor. 2.4].
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Thefollowing corollarywaspointedoutby A. Vishik.

3.2. Corollary. For anyquadric X, theinjectionof [16, Th.A.1]

Coker � m< 1 � Hm< 3 � ÚC � X ��
 Z � 2� � m���
is an isomorphism.

Proof. Theprecisestatementof loc. cit. is thatthereis anexactsequence

0 � Coker � m< 1 � Hm< 3 ��ÚC � X ��
 Z � 2� � m��� J X	j� Hm< 2 � F 
 Q2 � Z2 � m���
which is contravariant in X. In particular, let C ò X be a smoothsub-
conic of X (obtainedby taking someplanesection).By Proposition3.1,
Hm< 3 � ÚC � C��
 Z � 2� � m���½� 0, hence; C � 0. By functoriality, this implies
; X � 0.

3.3. Remark. In [16, Th. A.1], anisomorphism

Ker � m< 1 * Hm< 2 � ÚC � X ��
 Z � 2� � m���
is alsoproven.Thesameargumentsasabove thenyield aninjection

Ker � m< 1 ó � H2n < m� n � ÚC � X ��
 Z � 2� � 2n� 1 A m 	 n���
andanexactsequence

A0 M J 
 K M
m� n< 1 � K M

m� n< 1 � F �v� H2n < m� n �°ÚC � X ��
 Z � 2� � 2n� 1 A m 	 n����� 0 �

Most likely thiscorrespondsto anexactsequenceof [27]:

A0 X 
 K M
m� n< 1 � K M

m� n< 1 � F � ~ e
n � J �	j� K M

m< 1 � F ��� 2 � K M
m< 1 � F � X ����� 2 �

In any case,it implies for m � n 	 1 that Ker � n � Ker � n
2 hasorder

� 2, which is sufficient to imply the secondMilnor conjecturethat en '
I nF� I n< 1F � HnF is a well-definedisomorphism[13, Remarkp. 555].
This result is [27, 2.1]. F. Morel hasrecentlygiven an independentproof
of thebijectivity of en, usingananalogueof theAdamsspectralsequence
converging to thestablehomotopy of themotivic sphere[26].
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3.2. Proof of Theorem 4. We may assumeF finitely generated.Then
its virtual 2-cohomological dimension ô cd2 � F � is finite; similarly,
ô cd2 � F � X ���2BØA×õ .

Weshalluse[33] andthefactthatem ' I mF� I m< 1F � HmF is a well-
definedisomorphismfor all m andall F [27], [26] andtheabove remark).
By Theorem3 and(theproofof) [17, Th. C.1], this impliesthatthenatural
map

I mF� I m< 1F � I m
nr � F � X ��� F ��� I m< 1

nr � F � X ��� F �
is surjectivefor all m, whereI m

nr � F � X ��� F �
� I m � F � X ��� F �°ö Wnr � F � X ��� F � .
It is thereforeenoughto prove thatthemap

I mF � I m
nr � F � X ��� F �

is surjective for m sufficiently large.
Thefollowing lemmais well-known, but we includeit for lackof refer-

ence.

3.4. Lemma. Supposethatcd2 � F �
� d. ThenI d< 1F � 0.

Proof. Let ; be a � d A 1� -fold Pfister form over F. Then ed< 1 �Z;[�Y�
Hd< 1F � 0, hence;:� I d< 2F and ;7� 0 by the Arason-Pfistertheo-
rem.

If F ÷ X ø isnotformallyrealtheproofisfinishedsincethenI m
nr ÷ F ÷ X ø�ù F ø�ú 0

for m � cd2 � F � X ��� by Lemma3.4.In thesequelof theproof,we areonly
concernedwith theothercase.

For afield K , let sperK denotethespaceof orderings(“real spectrum”)
of K : this is acompacttotally disconnectedtopologicalspace.

3.5. Lemma. Let m � d �qô cd2 � K � . Thenthesignature mapinducesan
isomorphism

sgn ' I mK )� C � sperK 
 2mZ �
where C denotesthegroupof continuousfunctions.

Proof. Considerthe field L � K � o 	 1� . Then cd2L � d and hence
I d< 1L � 0 by Lemma3.4. By [2, Lemma3.6], the group I d< 1K is then
torsion-free,hencesgn is injective on I d< 1K by Pfister’s theorem[31,
Th. 7.3 p. 56]. Let ûY� C � sperK 
 2mZ � . By [31, Th. 6.1, p. 128], there
exist n � 0 and q � W� F � such that sgn � q�g� 2n û . Hencesgn � q�`�
C � sperK 
 2n< mZ ��� Further, for m asabove,wehave isomorphisms[2]



168 BrunoKahn,R. Sujatha

I mK � I m< 1K
em	j� Hm � K 
 Z � 2� hm	 � C � sperK 
 Z � 2��
 (5)

suchthatfor 5�� I mK , hmem ���15��¯�
ü sgn �Z5Æ�]� mod 2���
Considerthe form 2d < 1q � I d < 1K . We have sgn� 2d< 1q�S� C � sperK 


2n< m< d< 1Z � . By the isomorphisms(5), we seethat 2d< 1q � I n< m< d < 1K �
Wehave acommutative diagram

I mK
sgn	·	·	O� C � sperK 
 2mZ �

2nâ dâ 1 2nâ dâ 1

I n< m< d< 1K
sgn	·	·	O� C � sperK 
 2n< m< d< 1Z ���

But theverticalarrows areisomorphismssincem � d [2]. Hence2d< 1q �
2n< d < 1 ; , for a form ;^� I mK suchthat sgn ��;¤�E��û , and the lemmais
proved. GH

Wecansplit sperF into aunionof two clopensets:

sperF � Sa Si

where

Sa �7¹�ô}� sperF Ö XF ý is anisotropicº
Si �7¹�ô}� sperF Ö XF ý is isotropic.º

HereFþ denotesa realclosureof F at ô .
For ô×� Sa, Fþ§� X � is not formally real,henceI mFþ§� X �>� 0. For ô}� Si ,

theextensionFþ§� X ��� Fþ is purelytranscendental,hencethemap

I mFþÿ� I m
nr � Fþ§� X ��� Fþ?�

is anisomorphism(compare[17, Prop.2.5]).

3.6. Lemma. Undertheaboveidentification,theimage of themap

� ' I m
nr � F � X ��� F �-	j�

þ � sperF

I m
nr � FþO� X ��� Fþ?� * þ � Si

I mFþ � sgný9�	d	[	·	 � � 2mZ � Si

is containedin C � Si 
 2mZ � .
Proof. Theprojectionmap

! ' sperF � X ��� sperF
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hasimageSi . Let q � I m
nr � F � X ��� F � . It is clearthat,for any ô¥� sperF � X � ,

sgnþO� q��� � � q���Z!F��ôr��� . In otherterms,thefollowing diagramcommutes:

sperF � X � �	j	[	§� Si

sq ��� � q�
2mZ

wheresq is themap ô�� � sgnþO� q� . Sincesq iscontinuous,sperF � X � compact
and ! surjective, it follows that

� � q� is continuoustoo. GH
End of proof of Theorem 4. Let q � I m

nrF � X ��� F � and Òsq � C � Si 
 2mZ �
be the elementassociatedto it by Lemma 3.6. Extend sq as an elem-
ent of C � sperF 
 2mZ � (still denotedby sq) by mappingSa to 0. As noted
above this definesa (unique)elementq0 � I mF. The imagesof � q0 � F� X �
and q in C � sperF � X ��
 2mZ � coincideby construction;since I mF � X �Â�
C � sperF � X ��
 2mZ � is injective,wehave q �%� q0 � F� X � asdesired. GH

4. Realquadrics

In this section,we specialiseto the casewhenthe groundfield is R. We
denoteby Qd the real anisotropicquadricof dimensiond, definedby the
form � d A 2���
B 1 � . Recall that the quadricscanbe groupedaccording
to the level of their functionfields,andall quadricsin a grouparePfister
neighboursof the maximal dimensionalquadric in that group, which is
definedby a Pfisterform [6, §3]. Further, thelevel of thefunctionfieldsin
thegroupBi is 2i � 1, andHk

nr � R � Qd ����� 0 for all k � i , andall thequadrics
Qd in Bi . We shall freely usethe fact that by the resultsof the previous
section,thenaturalmapHn � R 
 Z � 2��� Hn

nr � R � Qd ��
 Z � 2� is surjective for
all n. We shall alsousewithout mention,the resultsfrom [17, Prop.1.1]
on theChow groupsof quadrics.Recallalsothat2CH3 � Qd � * Z � 2 if and
only if Qd is definedby a 3-Pfisterneighbour[19, Th. 6.1]. We denotethe
étalecohomologygroupsHn(

et � X 
 Z � 2� of a variety X by Hn � X � . Finally,
we shallview thequadricQd� 1 asa hyperplanesectionin Qd anddenote
theaffineopencomplementby Ud. Wefirst computetheétalecohomology
groupsof therealquadrics.

4.1. Lemma. Thenatural mapHn � R�ÿ� Hn � Ud � is an isomorphismfor
0 � n � d, and Hn � Ud ��� 0 for n � d.

Proof. Let ÒUd bethecomplex quadricUd i R C. It is well-known [8] that
H i � ÒUd ��� 0 for i /� 0 
 d, and H0 � ÒUd � * Hd � ÒUd � * Z � 2. On the other
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hand,by Cox’s Theorem[7, Th. 2.1], H i � Ud �¦� 0 for i large,becauseUd

hasno realpoints.Usingthis in thelongexactsequence

����� 	j� H i � Ud �2	j� H i � ÒUd �2	j� H i � Ud ��� � � 1�	?	[	[	�� H i < 1 � Ud �Õ	·� �����
weseethatthelemmafollows,sincethenaturalmapH0 � R ��� H0 � Ud � is
anisomorphism. GH

4.2. Lemma. Let X be a smoothprojectivevariety of pure dimensiond
overR, with norealpoints.Thenthetracemapinducesan isomorphism

H2d � X � )� Z � 2
and,via this isomorphism,cup-productinducesperfectpairings

H i � X �
i H2d� i � X ��� Z � 2 �

Proof. (We thankO. Gabberfor pointingout this proof)By [7, Prop.1.2],
therearenaturalisomorphisms

H i(
et � X � * H i � X � C �
i Z £ 2 EZ � 2�

wherethe right handsideis singularcohomology, Z � 2 actson X � C � via
Gal � C � R� andEZ � 2 is somecontractiblespaceon which Z � 2 actsfreely.
SinceX � R �
�
	 , theactionof Z � 2 on X � C � is freeandthefirst projection
inducesa homotopy equivalence

X � C�
i Z £ 2 EZ � 2 � Y

with Y ' � X � C���·� Z � 2� . Then Y is a smoothcompactreal manifold of
dimension2d, andtheresultfollows from standardPoincaréduality. GH

Thefollowing propositionwasannouncedin [17].

4.3. Proposition. Wehave

dim Hn � Qd ���

n

2
A 1 if d � n

2d 	 n

2
A 1 if d � n �
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Proof. WeusetheGysinexactsequence

� H i � 2 � Qd� 1 �>� H i � Qd �
� H i � Ud �
� H i � 1 � Qd� 1��� � � �
for Qd� 1

ó � Qd andtheaffine opencomplementUd. By Lemma4.1, the
restrictionmap H i � Qd �È� H i � Ud � is surjective for i � d. Thereforewe
getshortexactsequences

0 � H i � 2 � Qd� 1 �>� H i � Qd �
� H i � Ud �
� 0 for 2 � i � d 

andH i � Qd � * H i � 2 � Qd� 1� for d B i � 2d. Further, byLemma4.2wehave
dim Hn � Qd ��� dim H2d� n � Qd � . An inductionargumentnow completesthe
proof. GH

RecalltheBloch-Ogusspectralsequence

Ep@ q
2 � H p � X 
?� q �
��Ð Hn � X �

for X a smoothvariety over k. We now computesomeEp@ q
2 termsof the

Bloch-Ogusspectralsequencefor Qd. Let usfirst recordtheresultsof [17,
AppendixB]:

4.4. Theorem. a) For anyd � 1, wehave:

dim H1 � Qd 
?� 2�XA dim H0 � Qd 
?� 3 ��� dim H3 � Qd ���
dimCH2Qd Ï Z � 2A dim H1 � Qd 
?� 3 ��A dim H0 � Qd 
?� 4 �O� dim H4 � Qd ���
b) The“edge homomorphism”H2 � Qd 
?� 3 ��� H5 � Qd � is injective.
c) Wehave:

dim H1 � Qd 
?� 2 ���
0 for d � 1

1 for d � 2

2 for 3 � d � 6

1 for d � 7

and

dim H1 � Qd 
?� 3���
0 for d � 3

1 for 4 � d � 6

2 for 7 � d � 14

1 for d � 15.

Moreover, Theorem3 impliesthefollowing generalisationof [17,Th. B.1]
(usingthe resultson level recalledabove andnoting that Hn

nr � R � Qd ���×�
H0 � Qd 
?� n � [4]:
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4.5. Theorem. For any i 
 d � 0, themap H i � R �2� H0 � Qd 
?� i � is sur-
jective. If d � 2i 	 2, it is bijective;if d � 2i 	 2, H0 � Qd 
?� i ��� 0.

GH
We shallnow prove thefollowing resultwhich is a higheranalogueof

Theorem4.4:

4.6. Theorem. Wehave
a)

dim H2 � Qd 
?� 3���

0 for d � 2

1 for d � 3

2 for d � 4

3 for 5 � d � 7

2 for 8 � d � 14

1 for d � 15

and

dim H1 � Qd 
?� 4 ���
0 for d � 7

1 for 8 � d � 14

2 for 15 � d � 30

1 for d � 31�
b) Thecyclemapcl3 ' CH3 � Qd ��� 2 � H6 � Qd � is injectivefor all d.

c) dim H1 � Qd 
?� 4 �§A dim H2 � Qd 
?� 3 �§A dim H0 � Qd 
?� 5 ��� dim H5 � Qd ���
d) The “edge homomorphism”H2 � Qd 
?� 4 �Â� H5 � Qd � is injective for
all d.

Proof. Weshallrepeatedlyusethelongexactlocalisationsequence

0 � H0 � Qd 
?� i �>� H0 � Ud 
?� i �>� H0 � Qd� 1 
?� i � 1 �
� H1 � Qd 
?� i �
� H1 � Ud 
?� i ��� ����� � (6)

Recallthat for all d, themapH2 � Qd 
?� 3 �¦� H5 � Qd � of theBloch-Ogus
spectralsequenceis injective (cf. Th. 4.4b)). Our basicstrategy will beto
analysewhenthismapis anisomorphism,andwewill dothisbycomputing
the dimensionof H2 � Qd 
?� 3� in eachcase.Note that by the resultson
H0 � Qd 
?� 5 � , the contributions to H5 � Qd � (resp. H5 � Ud � ) in the Bloch-
Ogusspectralsequencecanbefrom E2@ 3Ñ � Qd � andE1@ 4Ñ � Qd � (resp.E2@ 3Ñ � Ud �
andE1@ 4Ñ � Ud � ). However asH5 � Ud � * Z � 2, at leastoneof theseEÑ terms
for Ud is zero,andthe commonthreadin all thecasesis to pin down the
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precisecontributing termsfor Qd by analysingthespectralsequencefor Ud

andusingthelocalisationsequence(6).
Westartwith thefirstnon-trivial cased � 3.In thiscase,H5 � Q3 � * Z � 2

and2CH3 � Q3 �>� 0 andH0 � Q3 
?� 5 ��� 0. As H1 � U3 
?� 3� ó � H4 � U3� and
the latter groupis trivial [Lemma4.1], using(6) we get an injective map
H1 � Q2 
?� 2 � ó � H2 � Q3 
?� 3��� But H1 � Q2 
?� 2� * Z � 2 [Th. 4.4 c)] and
henceH2 � Q3 
?� 3 � * H5 � Q3 � * Z � 2 � Clearly, cl3 is injective, E1@ 4

2 � Q3 ���
H1 � Q3 
?� 4 ��� E1@ 4Ñ � Q3 � is trivial.

For d � 4, we have dim H5 � Q4 � * 2 and 2CH3 � Q4 � * Z � 2 [19,
Th.5.5II]. WeclaimthatH2 � Q4 
?� 3� hasdimensionat least2. To seethis,
considerthecommutative diagram

CH2 � ÒU4��� 2 	 	¤	 � CH2 � U4��� 2

H4 � ÒU4 � 	 	¤	 � H4 � U4���
(7)

Thelowerhorizontalmapissurjective(cf. proofof Lemma4.1)andtheright
verticalmapis an isomorphism.To prove the latterassertion,we consider
thequadricsCd � Qd i C R. We have thefollowing commutative diagram
of localisationexactsequences

CH1 � C3��� 2 	j	[	§� CH2 � C4��� 2 	 	¤	 � CH2 � ÒU4� 2�b	j	[	§� 0

cl1 cl2

H2 � C3� 	j	[	§� H4 � C4 � 	 	¤	 � H4 � ÒU4� 	j	[	§� 0

(8)

wheretheexactnessof thebottomhorizontalrow followsfrom[6,Prop.2.2].
Thecyclemapscl1 andcl2 areisomorphisms(cf. [17,Prop.1.5]),hencethe
rightverticalmapisalsoanisomorphism.Asall groupsin (7) areisomorphic
to Z � 2,weseethatall mapsin thisdiagramareisomorphisms.This implies
that H1 � U4 
?� 3 �-� E1@ 3Ñ � U4� is trivial. The localisationsequence(6) with
d � 4 
 i � 3 thereforegivesan inclusion H1 � Q3 
?� 2� ó � H2 � Q4 
?� 3 � .
HenceourclaimisprovedandasH2 � Q4 
?� 3 � ó � H5 � Q4 � , thesegroupsare
isomorphic.Thesequence(6) with d � 4 
 i � 4 alsogivesH1 � Q4 
?� 4 �°� 0,
andthereforetheinjectivity of cl3.

We now treat the cased � 5, wherewe have dim H3 � Q5 �½� 3 and
2CH3 � Q5 � * Z � 2 [19, §8]. Weshallneedtheexactsequence[3, 3.6]

0 � H2 � Qd 
�� 3 ��� 2 � H2 � Qd 
?� 3 ��� 2CH3 � Qd �>� 0 (9)

andthefollowing resultof Rostfor d � 3 [25]:

Ker� H2 � Qd 
�� 3 ��� H2 � Cd 
�� 3 ��� * Ker� H4 � R �>� H4 � R � Qd ������� (10)
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In this case,wehave asplit exactsequence

0 � � Ker� H4 � R �>� H4 � R � Q5������� H2 � Q5 
�� 3 �>� H2 � C5 
�� 3 � G � 0 �
Indeed,sinceH2 � C5 
�� 3 � * K1 � C ��Ï H2 � C5 
�� 2 � , hencethe last term in
the above exact sequenceis isomorphicto R C , and the splitting is given
by tensoringwith theclassof thehyperplanesection(cf. [17, Prop.1.1]).
Usingthis in (9), we have dim H2 � Q5 
?� 3 �ÿ� 3 andhenceH2 � Q5 
?� 3 � *
H5 � Q5 � . To seethat the cycle map is injective, we usethe commutative
diagram

CH2 � Qd� 1��� 2 	j	[	§� CH3 � Qd ��� 2
cl2 cl3

H4 � Qd � 1� 	j	[	§� H6 � Qd �
(11)

with d � 5. Theleft verticalmapis injective for all d by [6, Cor. 2.8].The
proof of Prop.4.3 shows that bottomhorizontalmapis also injective. In
particularthetophorizontalmapis injective for all d. For d � 5, it is in fact
anisomorphismasbothsideshave thesamedimension,andtheinjectivity
of cl3 is now clear. Finally, it alsoemergesfrom all this discussionthat
E1@ 4

2 � Q5 ��� E1@ 4Ñ � Q5 ��� 0.
Whend � 6, for thesamereasonsasfor Q5, we have H2 � Q6 
?� 3 � *

H5 � Q6 � . We argue as in the caseof Q4, but with CH2 and CH3 in the
diagram(8). Fromthedescriptionof theChow groupsof C5 andC6 (resp.
Q5 andQ6) [17, I], andthelocalisationsequenceweseethatCH3 � ÒU6 ��� 2 *
H6 � ÒU6 � * Z � 2, (resp.CH3 � U6 ��� 2 * H6 � U6� * Z � 2). We usethis in the
commutative diagramof localisationexactsequences(cf. proofof 4.3)

CH2 � Q5 ��� 2 ��������� CH3 � Q6 ��� 2 ��������� CH3 � U6 ��� 2 ��������� 0

cl2 cl3

0 ��������� H4 � Q5 � ��������� H6 � Q6� ��������� H6 � U6 � ��������� 0 �
Sincecl2 is injective,it isplainthatcl3 is injective.In particular, E1@ 4

2 � Q6 ���
E1@ 4Ñ � Q6 ��� 0 �

Ford � 7,CH3 � Q7 � * Z � h3 � Z � 2; theexistenceof torsioncanbeseen
by analysingtheinvariants andGC�� K � Q7 ��� (cf. [19]). As before,wehave
H2 � Q7 
?� 3 � * H5 � Q7 � * Z � 2 � Z � 2 � Z � 2,sincethelevel of R � Q7 � is 8.
Theargumentusingthecommutative diagram(11) givesthe injectivity of
thecyclemapandthevanishingof H1 � Q7 
?� 4� .

In the range8 � d � 14, we have 2CH3 � Qd �È� 0. For d � 10, this
followsfromKarpenko’sresult[21], for theremainingones,it followsfrom
Theorem1(b),notingthatCoker � 4 is trivial for Qd, when8 � d � 10,and
thatthelevelof thefunctionfield is8.Thusfor all d in therange8 � d � 14,
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we seethat H2 � Qd 
?� 3� hasdimension2. SinceCH3 � Qd � * Z � h3 
 the
injectivity of thecycle mapis clear. As H5 � Qd � hasdimension3, we must
thereforehave H1 � Qd 
?� 4 ��� E1@ 4Ñ � Qd � * Z � 2.

For d � 15, we have CH3 � Qd � * Z � h3 and that the natural map
H4 � R�¥� H4 � R � Qd ��� is injective. Therefore,we seefrom (9) and(10)
that H2 � Qd 
?� 3 � * Z � 2. The injectivity of the cycle map is obvious,
henceH1 � Qd 
?� 4 �2� E1@ 4Ñ � Qd � . For 15 � d � 30, the level of R � Qd � is
16, henceH5

nr � Qd �}� 0, which implies that H1 � Qd 
?� 4� necessarilyhas
dimension2.Ford � 30,themapH5 � R ��� H5 � R � Qd ��� is injective,hence
H5

nr � R� Qd ��� * H5 � R� , andthis impliesthat H1 � Qd 
?� 4� * Z � 2.
Thiscompletestheproofof a)andb). Assertionc) is obvious,sincethe

above discussionshows that the relevant differentialsin the Bloch-Ogus
spectralsequencevanish.Assertiond) follows from Theorem4.5. This
completestheproofof thetheorem. GH
4.7. Remark. The computationsabove actuallyshow that the restriction
mapH p � Qd< 1 
?� q ��� H p � Qd 
?� q � is anisomorphismfor d large,at least
for p A q � 5. This fits with a generalconjecturethat,for any field F and
any quadricX over F, thenaturalmapCH p � X �°Ï Hq� p � F �
� H p � X 
?� q �
is anisomorphismfor dim X largeenoughwith respectto p andq, although
we have not checked that this last fact holdsfor F � R and p A q � 5.
(Thisconjectureis truefor p A q � 3 by [14, Th. 1 and2].)

Finally, let us notethe following nice consequenceof Theorem4 and
thesubformtheorem:

Theorem 5. For any d � 0, thegroupWnr � R � Qd ��� R� is cyclic of order2n,
where2n is thesmallestpower of 2 which is � d A 2. GH
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