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Abstract. In this paperwe give a characterizatioof the heightof K3 surfacesin charac-
teristic p > 0. Thisenablesisto calculatethecycle classesn familiesof K3 surfacesof the
loci wheretheheightis atleasth. Theformulasfor suchloci canbe seerasgeneralizations
of thefamoudormulaof Deuringfor thenumberof supersingulaelliptic curvesin charac-
teristic p. In orderto describehetangenspaceso thesdoci we studythefirst cohomology
of higherclosedforms.

0. Intr oduction

Elliptic curvesin characteristigp comein two sorts:ordinaryandsupersin-
gular Thedistinctioncanbe expressedn termsof the formal groupof an
elliptic curve. Multiplication by p ontheformal grouptakestheform

[pl(t) = at” + higherorderterms 1)

wherea # 0 andt is alocal parameterThe numberh satisfiesl < h < 2
andis calledthe height By definition,theelliptic curveis ordinaryif h = 1
andsupersingulaif h = 2. Thereis a classicaformulaof Deuringfor the
numberof supersingulaelliptic curvesover analgebraicallyclosedfield k
of characteristiq:

Z 1 _p-1
#AUWE) 24 °

E superg/=

wherethesumis oversugersngularelliptic curvesoverk uptoisomorphism.
If oneviews K3 surfacesas a generalizationof elliptic curnes, one
canmale a similar distinctionof K3 surfacesin characteristiqp by using
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the formal Brauer group as Artin shaved. The formal Brauer group is

al-dimensionaformal group associatedo the secondétalecohomology
with coeficientsin the multiplicative group. Multiplication by p in this
formal grouphasthe form (1), but nov we have 1 < h < 10orh = oo,

the latter if multiplication by p is zero.The heightcanbe usedto define
a stratificationof the moduli space®f K3 surfaces.A genericK3 surface
will have h = 1; thosewith h = co aremostspecialin this respectand
calledsupersingular

In this paperwe first expressthe heightof a K3 surfacein termsof the
actionof the Frobeniusmorphismon the secondcohomologygroupwith
coeficientsin the sheafW(Oy) of Witt vectorsof the structuresheafOx.
Thenaturalco-filtrationW, (Ox) of W(Oy) inducesco-filtrationsontheco-
homologywhich correspondo approximation®f theformal group.Using
this characterizationve cancalculatethe cycle classeof the stratain the
moduli spacewherethe height> h. This is doneby interpretingthe loci
asdegenerag loci of mapsbetweenbundles.The resultingformulascan
be viewed as a generalizatiornof Deurings formula. Generalizationof
Deurings formulato principally polarizedabelianvarietieswere worked
outin joint work of Ekedahlandoneof usandcanbe foundin [G]. The
supersingulalocuscomeswith a multiplicity.

In orderto describethetangentspacego our stratawe usedifferential
forms ratherthancrystallinecohomologyWe calculatethe dimensionsof
cohomologygroupsH(Z;) andH(B;), wherethe sheaes Z; andB; are
the sheaesof certainclosedformsintroducedoy Illusie. We studythe di-
mension®fthecohomologygroupsH(Z;) andH!(B;) andof theirimages
in H(X, Q1). We think that thesespacesare quite helpful to understand
the geometryof surfacesin characteristi.

1. Witt vector cohomology

Let X be a non-singularcompletevariety definedover an algebraically
closedfield k of characteristicp > 0. We denoteby W, = W,(Ox) the
sheafof Witt rings of lengthn asdefinedby J.-P Serre cf. [S]. The sheaf
W, (Oyx) is acoherensheafof ringswhich comeswith threeoperators:

i) Frobeniugk : W, (Ox) — W,(Ox),

i) VerschiebngV : W,(Ox) — Wh,1(Ox),
iii) RestrictionR : W 1(Ox) — W, (Ox),
definedby theformulas

Fa. a,...,a—1) = (af,af,....a} ;).

V(a'()’ a‘l’ R af1_l) = (09 a'O’ al’ ety af1_l)’
R(ag, a1, ..., @) = (a0, &1, ... ,an-1).



On astratificationof themoduliof K3 surfaces 261

They satisfytherelations
RVF = FRV = RFV = p.

The cohomologygroups H' (X, W,(Ox)) are finitely generatedWh (k)-
modulesThe projectie system{W,(Ox), R}n—1.2... inducesasequence

- — HI(X, Wh(0x)) << HT (W1 (0x)) «— ...
sothatwe candefine
H' (X, W(Ox)) = proj. lim H' (X, Wy(Ox)).

ThisisaW(k)-module putnotnecessail y afinitely gererated W(k)-module,
cf. Sect.3. Thesemi-lineamperatord= andV actonit andthey satisfythe
relationsFV = VF = p.

2. Formal groups

SmoothformalLie groupsof dimensioril over analgebraicallyclosedfield

k of characteristic£ O are characterizedy their height cf. [H], [Ma].
To a smoothformal Lie group @ of dimensionone one canassociatéts
covariantDieudonnénoduleM = D(®), afreeW(k)-module It possesses
two operatorsF and V with the following properties:ithe operatorF is
o-linear the operatorV is o ~*-linearandtopologicallynilpotentandthey
satisfyFV = VF = p. Hereo denoteghe Frobeniusnaponk. ThenM is
afree W(k)-modulewith thefollowing properties:

a) dim(®) = dimy(M/VM),
b) heigh{®) = ranky(M).

Notethatonehasthe equalities

ranky(M) = dimg(M/pM) = dim(M/FM) + dim,(M/VM).

3. The formal Brauer group of Artin-Mazur

For a propervariety X/k one may considerthe formal completionof the
Picardgroup. The group of S-valuedpointsof Pic(X) fits into the exact
sequence

0 — Pic(X)(S) — HYX x S Gy) — HYX, Gm)

for ary localartinianschemeSwith residudield k. Herecoromology isétale
cohomologyThis ideaof studyinginfinitesimalpropertiesof cohomology
wasgeneralizedo thehighercohomologygroupsH' (X, Gp,) by Artin and
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Mazur, cf.[A-M]. Theirworkleadgo contravariantfunctors®': Art — Ab
with

(9 = ker{H' (X x § Gm) — H' (X, Gm)},

whichundersuitablecircumstancearerepresentabley formalLie groups.
For aK3 surfaceX thisis thecaseandwe find for r = 2 theformal Brauer
group® = dy = $. Itstangenispaceds

To = HA(X, Ox).

For aK3-surface X we have two possibilities:

i) h(®)=occand® = G., theformal additive group.TheK3-surfaceis
calledsupesingular (in the senseof Artin).

i) h(®) < oo. Thend isa p-divisibleformalgroup.Moreover, it is knowvn
thatl < h(®) < 10.Thisfollows from thefollowing theorenof Artin,
cf. [A]. We shallwrite simply h for h(®).

(3.1) Theorem. If the formal Brauer group ®x of a K3 surfaceX is p-
divisiblethenits heightsatisfiegherelation2h < B, — p, whee B, is the
secondettinumberand p therankof the Néon-Seeri group.

For theproof onecombinesTheorem(0.1) of [A] with Delignes[D] result
onlifting K3 surfacesseealso[l]. Wegiveaproofin Sect.10.Thistheorem
impliesthatif p = 22 thennecessarilywe have h = oco. If h # oo then
it follows thatl < h < 10. Oneshouldview h = 1 asthe genericcase.
It was conjecturedby Artin thatif h = oo thenp = 22. This is known
for elliptic K3 surfaces se€e[A]. Notethata surfacewith p = 22is called
supesingularby Shiodacf. [Sh].
Thefollowing resultby Artin andMazuris crucial:

(3.2) Theorem. TheDieudonnémoduleof theformal Brauergroup ®y is
givenby

D(®x) = H3(X, W(Ox)).
For the proofwe referto [A-M]. Thepointto noticeis that
D(®x) = H*(X, DGm) = H3(X, W(Ox)).

(3.3) Remark. Note that this explainswhy the Witt vectorcohomologyis
sometimesot finitely generatedif ®x = G, thenH?(X, W(Ox)) is not
finitely generatedver W(k) becaus®(G,) = WK)[[T]].
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4. Vanishingof conomology

We collecta numberof resultson the vanishingof cohomologygroupsfor
K3 surfaceghatwe needin thesequel.

(4.1)Lemma. Let X be a K3 surface We have H(X, W,(Ox)) = 0 for
all n > 0, henceH(X, W(Ox)) = 0.

Proof Since X is a K3 surfacewe have by definition H1(X, Ox) = 0.
The lemma is deducedfrom this by induction on n. Assume that
HY(X, Wh_1(Ox)) = 0. Thentheexactsequence

n—1
0 —> Wy_1(Ox)—5> W, (0x) X5 0y —> 0

inducesanexactsequence

n—1
HL(X, Wo_1(Ox))—> HY (W (Ox)) S H(X, Ox).
Thisimpliesthat H(X, W,(Ox)) = 0. ]

(4.2)Lemma. For aprojectivesurfaceX with HX(X, Ox) = Otheinduced
map R: H?(X, W,(0x)) — H?(X, W,_1(Ox)) is surjectivewith kernel
= H2(X, Ox).

Proof. Thisfollows from theexactsequence

0 — Ox —> Wa(Ox)—>Wa_1(Ox) — 0
andthevanishingof H(X, Ox) andof H3(X, Ox). o
(4.3)Lemma. In H2(X, W,(Ox)) wehave

RV(H?(X, Wa(0x))) = V(H*(X, Wh-1(0x))).
Proof. Thecommutatiity of thediagram
Wa(Ox) —> Wh;1(Ox)
Ln Js
Wo_1(Ox) —>  Wh(Ox)
givesin cohomologya commutatie diagram
HZ(X, Wa(0x))  —> HZ(X, Wh,1(Ox))

R R

H2(X, Wa_1(0x)) —>  HZ(X, Wn(Ox)).

Thesurjectvity of theleft handR, whichfollowsfromtheprecedindemma,
impliestheclaim. O
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(4.4)Lemma. Assume that for some n>0 the map F: H?(X,
W, (Ox)) — H2(X, W, (Ox)) vanishesThenfor all 0 <i < n themap
F: H3(X, W, (Ox)) — H2(X, W (Ox)) is zeo. Moreover for all
0 <i < nthemoduleH?(X, W, (Ox)) is a vectorspaceover k.

Proof. Thefirst resultfollows from thecommutatiity of thediagram

H2(X, Wa(0x)) 5 HZ(X, Wi(0x))

F F

H2(X, Wa(0x)) 5 HZ(X, Wi(0x))

and Lemma (4.2). The secondclaim follows from p = FVR andk =
Wi (k) / pWi (k). O

(4.5)Lemma. Assumehat X is a K3 surface Thefollowingtwosequences
are exact:

0 — H2(X, Wh_1(0x)) ~> H2(X, Wh(0x)) £ HZ(X, 05) — 0.
0 — H2(X, W(Ox)) —% H2(X, W(Ox)) —> H%(X, Ox) — 0,
whee R isthemapinducedbyWn(OX)Rnéiwl(Ox) asn — oo.
Proof. Thefirst exactsequencéollows from the exactsequence
0= Wh_1(Ox) —5 Wn(Ox) > Ox — 0

andLemma(4.2). Becausehe projective systemH?(X, W, (Ox)) satisfies
the Mittag-Leffler conditionwe maytake the projectie limit. O

5. Characterization of the height

Let X beaK3 surfaceandlet ®x beits formal Brauergroupin thesensef
Artin-Mazur. Theisomorphisntlassof this formal groupis determinedy
its heighth. Thefollowing theoremexpresseghis heightin termsof Witt
vectorcohomology

(5.1) Theorem. The height satisfiesh(®yx) > i + 1 if and only if the
FrobeniusmapF : H2(X, W;(Ox)) — H2(X, W (Ox)) is thezeo map.

(5.2) Corollary. We havethefollowing characterizationof the height:

h(®x) = min{i > 1: [F : H3(W;(Ox)) — H*(W;(Ox))] # 0}.



On astratificationof themoduliof K3 surfaces 265

Proof of thetheoem. “ <" In caseh(®yx) = oo theimplication < is im-
mediate.So we may considerthe casewherethe heightof ®y is finite.
AssumethatthemapF: H2(X, W;(Ox)) — H?(X, W (Ox)) is the zero
map.We set

M = D(®) = H?(X, W(Ox)), thecovariantDieudonnémodule.

Since dim(H?(X, W(Ox))/VH?(X, W(Ox)) = 1 by Lemma(4.5), we
have by b) in Sect.2

dime(H2(X, W(Ox))/FH?(X, W(Ox)) = h — 1.

The surjectvity of the projection H2(X, W(Ox)) —> H?(X, Wi(Ox))
impliesthe surjectvity of

H2(X, W(Ox))/FH?(X, W(Ox)) —>
H2(X, W, (Ox))/FH?(X, W (Ox)).

By assumptionwe have H?(X, Wi(Ox))/FH?*(X, W(Ox)) = H*(X,
W (Ox)) andby Lemma(4.5)we have

dime H2(X, Wi (Ox)) =i,

i.e.wefindh — 1> i, orequvalently h > i + 1.

Corversely we now prove “=". If h(®x) = oo then®dy = @a, the
formal additive group of dimensionl. So F actsas zero on DGy =
D(®x) = H?(X, W(Ox)). As in Lemma(4.4) we concludethat F actson
H?(X, W (Ox)) asthe zeromap.Thereforewe mayassumehath(®y) =
h < co. Wethusassumehath(®yx) > i + 1. We set

H = H?(X, W(Ox))

andhave
V'"-IH c...c V?H c VH C H.

Underprojectionthisis mappedsurjectiely to
0 C V"2H2(0y) C ... € VH?2(Wh_2(0Ox)) C H3(X, Wh_1(Ox)).

All theinclusionsarestrictbecausef Lemma(4.5).

Claim. We have VP 1H2(X, W(Ox)) = FHZ(X, W(Ox)).
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Proof of theclaim. Since our modulesare free over W we deducefrom
Manin’'s resultgM] (but seealso[H] becauseve usethe covarianttheory):

D(®x) = W[F, V]/W[F, V](F — V"1,

Notethat F — V"1 is written on theright. But we cantransferit to theleft
usingFV = p = VF asfollows:

F(Y aFVi) =) aFFvi =) (afF'V)F =
=3 (@ Fvivh = v (Y e Fivi).
Thistogethemith Theorem(3.2) provestheclaim.

We now find FH2(W,_1(Ox)) = 0. By Lemma(4.4) we concludethat
F actson H2(W; (Ox)) fori < h — 1 aszero. o

(5.3)Corollary. Theheightof ®y is oo if andonly if the Frobeniusendo-
morphismF : H2(X, Wio(Ox)) — H?(X, Wio(Ox)) is zeo.

Proof. If theheightis finite, thenwe know by Artin andMazur(see(3.1))
thatwe have h < 10. O

(5.4)Corollary. SetH = H?(X, Wyo(Ox)) andconsiderthefiltration
O cRVHCRV,HC...c R"WMH c ... c H.
If h is theheightof ®x thenF(H) = R*™~1V"-1(H).
Proof The(h — 1)-th stepV""1H2(W(Ox)) in thefiltration
VI°H2(W(Ox)) ¢ VOH2(W(Ox)) C ... C H2(W(Ox))

mapssurjectiely to the correspondingtep R"~1V"-1H of the filtration
on H. By ourclaimwe have

VITH2(W(Ox)) = FH?(W(Ox)).
Thisimpliestheassertion. O

(5.5)Corollary. If h(®x) = h < co andif {w, Vw, V2w, ... ,V" 1w} isa
W-basisof H2(X, W(Ox)) thenF actsaszeo on H2(X, W, (Ox)) if and
onlyif F(®) = 0, with & theimage of w in H2(X, W, (Ox)).

(5.6) Corollary. If h(®x)=h < oo, thendimg ke F : H>(W,) — H?(W)]
=min{i,h — 1}.

Proof. By Lemma (4.5) and Corollary (5.2), we have dimgkerF :
H2(W) — H2(W)] =i ifi < h— 1. Assumei > h. Using the no-
tationin Corollary (5.5), we know that (V1R -1 Vvi-h+2Ri-h+24,
Vi-h3R-h+35 .., VITIR 1) is abasisof kerF. O
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The caseh > 2 is characterizedby the vanishingof Frobeniuson
H?(0x). We now formulatein aninductive way a similar characterization
of theconditionh > n+ 1. If for aK3 surfaceX oneassumethatF is zero
onH2(W) (i =1,...n— 1) thenonehasFH?(W,) c V"~1H?(Oy) and
F vanisheon VH?(W,_1). Sincewe have anatural(c—)"1-isomorphism
H?(0x) = V"1H?(Oy), onehasaninducedhomomorphism

¢n: HA(0x) = HA(Wh)/VHZ (W, 1) — V" THZ(0x) = H2(0x). (2)

This mapis o"-linear The following theoremis clearby the construction
of ¢n.

(5.7) Theorem. Supposé iszeoonH?(W,) fori =1,...n— 1. ThenF
vanisheon H2(W,) if andonlyif ¢, : H>(Ox) — H?(Ox) vanishes.

6. Closeddifferential forms

Let F : X — X® betherelative Frobeniusmorphismof a K3 surface X.
By meansof the Cartier operatorC : Q5 oseq — 2% We can define
sheaes B;Q} of rings inductively by ByQ% = 0, BiQ% = dOx and
C LB} = Bi,1Q%. Similarly, we definesheaes Z; Q% inductively by
ZoQ2y = 2y, 212y = Q2 q0seq thesheafof d-closedformsandby setting

Zi1Qy := CHZ,95).

Usually we simply write B; and Z;. Thesheaes B; and Z; canbe viewed
aslocally free subsheeesof (F'),Q% on X®) . They wereintroducedby
lllusie in [ll] andcanbeusedto provide de Rham-cohomologyvith arich
structure.TheinverseCartieroperatomgivesriseto anisomorphism

c.t . =7/B

X(P)
oraa—i-Iinearisomorphiser%( = Z;/B;. Notethatwe have theinclusions
0=BycBiC...CBC...CZC...CZ1C Zo=Q}.

We alsohave anexactsequence

0 Ziy — z—2sdal — 0. ©)
(6.1)Lemma. If X is aK3 surfaceX wehavei) H(B;) = Ofor all i > 0;
i) the natural inclusion B; — Bj,; inducesan injective homomorphism
H(B)) — H(Bi ).
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Proof. i) The naturalinjection B; — Q% inducesaninjection H°(B;) —
H%(Q%) andwe know HO(Q2}) = 0.ii) This follows from i) andthe exact
sequence

0— B — Bi+1i>Bl—>O

with C the Cartieroperator O

Thereis a close relationshipbetweenthe Witt vector cohomology
and the cohomologyof B; as follows. Serreintroducedin [S] a map
Di :W (Ox) — Q% of sheaesin thefollowing way:

Di(ao, a1, ... , 8 1) = &)

It satisfiesD;;1V = Dj, and Serreshaved that this inducesan injective
mapof sheaesof additive groups

Di : Wi (Ox)/FW (Ox) — Q&%

T ldag+ ...+ aPtda o+ da_s.

inducinganisomorphism
Di : Wi (Ox)/FW (Ox)—> B2} )

The exactsequenc® — V\/i—F>VVi —> W;/FW, — 0 givesriseto the
exactsequence

0— HIW/FW) — HZ(W)—>H2(W) — H2W/FW) — 0 (5)

andwe thus have an isomorphismH(W, /FW) = kerlF : H?(W)) —
H?(W)]. Combiningthe resulton the dimensionof the kernel of F on
H?(W) from Sect.5 with (4) we get an interpretationof the heighth in
termsof thegroupsH*(B;).

(6.2) Theorem. We have

minfi,h —1) if h + oo,

dimHY(B) =
IMHZB) =1, it h=oo.

TheVerschiebnginducesanexactsequence
0 — Wi/FW—>Wi,1/FWi 3 — Ox/FOx — 0
andthis givesriseto

0— HYW/FW)—> HY (W41 /FWi 1) —> HY(Ox/FOx) — ...

i.e.,Verschiebnginduaesfor al i aninjectivemap Moreo\er, it is surjective
if andonlyif h # oo andi > h — 1.
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We have a commutatie diagram(with ;i the naturalmapinducedby
B C Q%)

HIW/FW) =5 HY(QL)

HY(B2Y) —— HY(2))
We study the kernel of D;, equialently the kernel of the natural map
Bi - HY(BiQY) — HY(QL) in Sects9-11.

(6.3)Lemma. TheEulerPoincarécharacteristicsof B; and Z; are given
be(Bi) = OandX(Zi) = -20.

Proof Sincethe kernelandthe cokernelof F on H?(W,) have the same
dimensionby (5) the resultfor B; follows from (4) and(5). The identity
x(Bi) + x(Q%) = x(Z) resultingfrom the isomorphismz;/B; = Q%
impliestheresult. 0

7. De Rham cohomology

The de Rhamcohomologyof a K3 surfaceis the hypercohomologyf the
complex (2%, d). The dimensionsh?% of the gradedpiecesare given by
theHodgediamond.

On HZ; we have a perfectpairing (, ) givenby Poincaréuality; cf. [D].

The Hodge spectralsequencavith Eilj = HI(X, Q) converges to
Hir(X). The secondspectralsequenceof hypercohomologyhasas E,-
term E; = HI (H!(Q3)) atutting to H:! (X/K). But the Cartieroperator
yieldsanisomorphisnof sheaes

C™h: QL —H (Fu(Q%).
sothatwe canrewrite this as
E) = H' (X, #(2%) = HI (X, 2)) = HiRz(X),

whereX’ = XP isthebasechangeof X underFrobeniusWe thusgettwo
filtrationson thede Rhamcohomologythe Hodgefiltration

(0) ¢ F2c F! c HZ,,
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andthe so-calledconjugatefiltration
(0) € G1 C G, C H:.
We have rank F!) = rank(G,) = 21,rankF?) = rankG;) = 1 and
(Fh-=F*> and Gi =G..
We have also
FY/F?= HY(X, Q%), G2/G1 = HY(X, Q%),

cf. [D]. Moreover, from thedescriptionwith thesecondspectrakequencé
followsthatG; istheimageunderFrobeniusf H2; andalsoof H?(X, Ox).
The conjugatefiltration is an analogueof the complex conjugateof the
Hodgefiltration in characteristizero.

Therelative positionof thesawo filtrationsis aninterestingnvariantof
a K3 surface.We have thethreecases

a) F1N Gy = {0}
b) G, C F'; Gy # F?;
c) Gy = F2.

The first casehappensf andonly if F : H2(X, Ox) — H3Zx(X) —
H?(X, Oyx) is not zero,i.e. if h = 1. Such X are called ordinary. The
secondcasehappensf h > 2, while thelastcasds by definitionthe super
specialcase.n this casethe two filtrations coincide.lt is known thattwo
superspecid3 surfacesareisomorphic(asunpolarizedsarieties)(cf[O]).

We have the following resultof Ogus(cf. [O]) which providesuswith
aninterpretatiorof H(Z,).

(7.1)Proposition. We haveanisomorphisnF! N G, = H(X, Zy).

Proof Themapz : HY(Z;) — H3Z; givenby {fi;} — (O, {fi;},0) is
injective. Indeedjf { f;;} representanelementin thekernel,thenit is of the
form ((Shij, dhij + wj — wi, dw;) for ahij € C1(Ox), wi € Co(Qg‘(). Then
thew; areclosedandh;; definesacogycle. SinceH!(Ox) = 0we canwrite
dh; = n; — ;i and f;; is acoboundaryTheimageis containedn Fland
is orthogonalto theimageG, of Frobeniusindeed take a classF(a) and
considerthe cupproductF(a), z1(fij)). Applying the Cartieroperatowe
seethatit is zero.But C : Hj; — Hix is abijection.Hencetheimagelies
in F1 N G,. Thisimpliesthatdim H(Z,) < 20if X is notsuperspeciand
< 21for superspeciaK. Theexactsequence

0— HY(By — HY(Z)—HY(QY) — HZ(By) — H2(Zy) — 0
implies togetherwith the value of h'(B;) = h?(B;) and x(Z;) = —20
that h'(Z;) = 20 unless X is superspecialBut if X is superspecial

then becauseof F2 = G; the Cartier operatorgives an isomorphism
C: HY(Zy)/HY(By) = HY(Q}) implying thath'(Z;) = 21. |



On astratificationof themoduliof K3 surfaces 271

8. An extensionof de Rham cohomology

We definean extensionof de Rhamcohomologyby consideringan en-
largedcomplex. (It captureshe[0, 1)-partof crystallinecohomology) It is
definedasfollows. We denoteby Hyg,, (X/S) thecohomologyof thedou-
ble complex CW,, of additive groupswhichis definedby the commutatie
diagram:
J 1 J 1 J 1
Dn d
C2(Wh(Ox/s)) — C2(R2%,s) — Cz(Qi/S)
J 1 d 1 J 1
Dn d
C1(Wh(Ox/s)) — Ci1(R2%,5) — Cl(Qi/S)
J 1 J 1 J 1
Dn d
Co(Wh(Ox/s)) — Co(R2%,s) —> Co(2%s)-
where C; are the i-th Cechcochains,D, are the mapsinducedby the
differentialof Serregivenin Sect.6, the differentialsd aredefinedby the
exterior differentiationof differentialformsandtheverticaldifferentialsare

takenin theCechsenseAs usualwedenotby § thedifferentialof thesingle
compl associateavith CW,,. An elementof Hngn(X/S) is represented

by atriple (ao, a1, a2) € Co(Wh(Ox;s)) @ Cl(Q%(/S) ® Co(Qi/S). In case
n = 1, Hiqw, (X/9 is nothingbut the de RhamcohomologyHg(X/S).
On Hiqy. (X/S we have the Hodgefiltration

0C F?C F' C Hiqy, (X/9).

Herethe F' (fori # 0) is naturallyisomorphicto the F' -partin the Hodge
filtration of H§R(X/S). We have a naturalisomorphism

Haaw, (X/9)/FY = H2(X, Wa(Ox;s)).

Sincethe FrobeniugmorphismF is azeromapon F!, we have aninduced
homomorphism

F : H3(X, Wq(Ox/s)) —> Haw, (X/9.
ThemapV"1: Ox;s —> Wh(Ox,s) givesriseto ahomomorphism
V"1 Ci(Ox/s) —> Ci(Wh(Ox/s))-

Usingthis homomorphisnandtakingtheidentity mappingfrom C; (Qiqs)

to G (Qi(/s), we have a homomorphisnof complees of additive groups
CW; — CW,. Thereforewe have ahomomorphisnof additve groups:

V'L HER(X/S) —> Hiqw, (X/9.
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Let X, beaK3 surfaceoverafield k andassumeow thatF : H2(W (Oy,))
—> H2(W(Oy,)) is zerofor i = 1,...,n — 1. Then, by the same
algumentasin Sect.5, we have FHi,, (Xo) C V" tHi(Xo). There-
fore, using the inverse of the natural isomorphismof additve groups
Hir(Xo) = V'THZ:(X0) C Hiaw, (Xo), we have ahomomorphism

F _ ~
@y, 1 H2(Wi(Ox,))—> VM THE(Xo) = H3R(Xo).

Sincewehave H2(Wh (Ox,))/VHZ(Wh_1(0x,)) = H?(Ox,) = H3x(Xo)/F,
andsince®, mapsVHz(Wn_l(Oxo)) to F1, themap®,, inducesa homo-
morphismfrom H2(Oyx,) to H2(Ox,). Thishomomorphisntoincideswith
themapg¢, whichwasconstructedn Sect.5.

We now take a basiswy of H%(Xo, Qio) andtake the dual basis¢g of
H2(Xo, Ox,)- ViatheHodgefiltration of H2;(Xo), we cannaturallyregard
HO(Xo, ©2%,) asa subspacef Hiz(Xo). Thereforewe may assumeny is
anelemenof H35(Xo).

SinceR"™! : HZ(W,(Oyx,)) — H?(Oy,) is surjectie, thereexists an
elementag € H?(W,(Ox,)) suchthat R™(ap) = &o. Then, by Theo-
rems(5.1)and(5.7)we have thefollowing proposition.

(8.1) Proposition. Supposethat for a K3 surface X, the map F:
H2(W; (Ox,)) — H?(Wi(Oy,))iszeofori =1,...,n—1 Thenwiththe
notationintroducedabove h(®yx,) > n+ 1if andonlyif (®, (), wo) = 0.

9. The dimensionsof the spacef closedforms

We studythedimension®f thespaceH*(X, B,) andH(X, Z,). We also
considettheirimagesin Hi5(X) andthis givesafiner structureon thesede
Rhamcohomologygroups.
Let us considerthe naturalmap B, inducedin H?! by the inclusion
Bn C Q%!
Bn - HY(Bn) — HY(QY).

(9.1)Proposition. If B, is not injectivethen gy, is not injective for every
m > nanddimH(B,) < dimH(Bp,1).

Proof The mapsg, are compatiblewith the naturalmapsH(B,) —
H(B,.1) andby (6.1) thesemapsHi(B,) — H!(B,.1) areinjective. If
Bn is notinjective it follows that 8,1 is notinjective. To prove thesecond
statementyve startwith thecasen = 1.1f 8; : HY(B;) — H(Q%) is not
injective thenthereexists a non-trvial cogycle fj; C!(Ox/FOyx) anda
1-cochainw; of 1-formssuchthatdfij; = w; — ;. Sincefor affine open
setsU the Cartiermap HO(Q]) yosed — HO(R]) is surjectie we canfind
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closedforms @; andregular functionsg;; on U; N U; suchthatwe have
arelation

fi?_ldfij +dgij = 5)] — . (6)

Note that this implies that the map H'(B,) — H'(Z;) hasa non-triial
kernel.Supposeahatthe left-hand-sideof (6) representan elementin the
imageof H'(B;) = H}(dOx) — H(B,). Thenwe find arelationdh;; =
i — @& with &; closed.Thensince C annihilatesdh;; the C&; define
a global 1-form andthis mustbe zero.Hencewe canwrite @; = d¢; and
this shaws thatdh;; representshe zero-classn H(dOx), contraryto the
assumptionHencewe find anon-trivial elemenin H!(B,) whichdoesnot
lie in theimageof the naturalinclusionH'(B;) — H*(B,). Carryingout
thisamgumentfor all n provestheclaim. O

(9.2)Corollary. Assumethat h < oo. Thenfor all n > 1 the natural

mapg, : HY(By) — H(X, Q}) isinjectiveandtheimage hasdimension
min{n, h — 1}.

Proof. Sinceby (6.2) dimH?(B,) stabilizesfor h # oo, non-injectvity
would contradictthe precedingproposition. O

Note thatthe naturalmap H(B,) — H(Q%) is not necessarilyin-
jective for h = oo becausalimHY(B,) > 20for n > 20. In the caseof
h # oo, we oftenidentify H'(B,,) with theimageof the naturalinclusion
H(B,) — H(Q%) in Corollary(9.2).

Let Z, — Q% bethenaturalinclusion.We have aninducedmap

z,: HY(Zy) — HY(QY).

We would like to characterizéooth the imageandthe kernelof this map.
We oftenwrite Im(H(Z,)) for theimageof z,.

(9.3)Lemma. i) We haveIm(H(B,)) < Im(H(Z,)*, in particular,
Im(HY(By,)) € Im(H(By))*. ii) Assumehath < co. If C: HY(B,1) —
H(B,) is surjective then we have the equality Im(H(Z,)) =
Im(H(X, By))* .

Proof. We first shaw that Im(H*(B,)) andIm(H*(Z,)) are orthogonal.
Let « € Im(H(By)) and B e Im(H%(Z,)). Thenwe find an element
a A B € H3(Q2) = k representinghe cup product(«, B). If we apply
Cartierto a A B asuitablenumberof timesthenit is zero.Now usetheexact
sequence

0— dQ])-( - Q?(,closedi>g2§( — 0, (7
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andthefactthatQ% oceq = 2%. Thenwehavefromthelongexactseqience

theexactsequence
H2(dQk) — H(Q2)—>H(22) — 0.

Thefactthatdim H?(Q2) = 1impliesthatC : H3(Q%) — H?(Q2) is
an isomorphismas a p-linear mapping.Thereforefor x € H2(Q%) we
have x = 0 if andonly if C"(x) = 0 for somen. Hence,we conclude
a A B = 0. We now prove equality by induction. For n = 1 we have
Im(HY(By))* = Im(H(Z,)) becausém(H*(By)) is thekernelG,/F? of
theCartieroperatoandim(H*(Z,)) is F*1NG, = F!NG7. Suppos¢hatwe
haveprovedthatim(H(B;))* = Im(H(Z;)) fori < n.If 8 € Im(H(Z4))
isorthogonatoalla € Im(H*(B,41)) thenwehave (Ca, C8) = Oandsince
C: HY(Bn;1) — HY(B,) is surjective thisimpliesthatCg € Im(H(Z,)),
i.e.f e Im(HY(Zq11)). o
(9.4)Lemma. TheCartieropeiatorC : H*(B,) — H(B,_1) issurjective

forn < h — 1. Moreovet forn < h — 1 < co wehavedimim(H(Z,)) =
20—n.

Proof Note thatwe know thath!(B,) = n for n < h — 1 andthusthe
exactsequenc® — B; — B, — B,_1 — OimpliesthatC : HY(B,) —
H(B,_1) is surjectve for n < h — 1. Therestfollows from (9.3). O

(9.5)Corollary. If h # oo we havethe following orthagonalfiltration in
HL(QY:
0cC HYBy) c HY(By) C ... C HY(By 1) € Im(HY(Zy 1)) C
C Im(HY(Zn—2)) C ... C Im(H'(Zy) C HY(QY). (8)
Theexactsequencé€3) givesfor i = O riseto theexactsequence
0 — HO(dRL) — HY(Zy) — HY(QY)-SHY(dQY) — H2(Zy) —

The naturalmap H(Z;) — HY(Q?) is the compositionof H(Z,) —
Hi; and the projection H3; — F!/F?, i.e. by (7.1) it is the map
F1N G, — F/F,. Thisis anisomorphisnfor h = 1 andit hasa 1-di-

mensionakernelotherwiselt follows that
dim Hodo?) = dimHi@al = 1° T =1
1 if h#1l

Fromtheexactsequence

0 — HO(dQX) — HY(Zny)—25 HY(Zy) —> H(dQY) —
with v, 1 themapinducedby inclusionwe deducehatfor h = 1
Vni1 issurjectve <= dimHY(Z,;1) > dimH(Z,). 9)
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(9.6)Lemma. For h # oo wehavedim H(Z,) = 20.

Proof If h = 1 we have h°(dQ2}) = 0 andh(d2}) = 0 henceall v, are
isomorphismsSincewe know hi(Zg) = 20theresultfollows for h = 1. If
h # 1thenH%dQY) = k. Forn < h — 1wehave Im(HY(Z,)) =20—n
by Lemma(9.3) anddim H(B,)) = min{n, h — 1}. Supposehereexists
ann (n < h — 1) suchthat vy, is surjectve. Take the smallestsuchn.
Then,theimageof z, coincideswith theimageof z,_1, which contradicts
dimIim(HY(Z,)) # Im(H%(Z,_1)). Hence,h'(Z,) = 20forn < h — 1.
Consideffor n = h thecommutatie diagramof exactsequences

0 0

The diagramshaws thatC" : H1(Z,) — H(Q}) factorsthroughthe
imageof C"1. ThisimpliesthatdimH(Z,) — (h — 1) < 20— (h — 1).
Sinceh(Z,) > 20for all n > 1 we geth%(Z,) = 20. We canrepeathis
argumentfor H(Z,) with m > h. o

10. Chern classef line bundlesand closedforms

We startwith a well-known resultdueto Ogus[O, Cor. 1.5]. We give here
the proof by Shafrevich [Sh] for thereaders convenience.

(10.1)Proposition. Themapc; : NS(X)/pNS(X) — HZ; is injective
andfactors through F1H3.

Proof. (Shafrevich) We take an affine opencovering {U;} of X. A class
in HZ; is representedy atripel (a, b, ¢) € C?(Ox) & CL(Q}) & Co(Q2).
Theboundariesreof theform (8h;j, dhij + @; — i, dw;) with (hjj, @) €
CL(Ox)®C2(22}). Soif aCherrclass (L), representebly (0, d log fij, 0),
is zeroin H3; thenthereexists (hij, @) € C1(Ox) & CO(QY) with dw; = 0
andsh;; = 0 andwe have dlog fij = o; — w; + dh;;. By the relation
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8(hjj) = 0 theh;; definesa classin H(X, Ox) = 0, sowe have hij =
n;j —ni with n; regularandwe canreplacew; by w; +dn; andobtainarelation

dlog fij = wj — w; with @; closed (10
Applying the Cartieroperatomve find
d Iog fij = Ca)j — Cuw;. (11

Subtracting1) from (2) wefind Cw; — i = Cwj —wj. Thisdefinesaglobal
1-form which mustbe zero.Hencewe seeCw; = w; andit follows that
w; = dlog¢; (aftershrinkingtheU; if necessary\Wefind

dlog fij = dlog¢i; ™,

hence

fij = i,
for somey;; € O(U; NUj). Thusmoduloa p-th power L is trivial. The
proof alsoshavs thattheimagelandsin F1HZ.. o

(10.2)Proposition. If h < oo thenwe have (c;(NS(X))) N Im(H(B,))
= {0} for all n. Moreover, c;(NS(X)) is orthogonal with Im(H(B,)) for
all n.

Proof Firstwe shaw thatc;(NS(X)) N Im(H(B,)) = (0) for alln > O.
If it is not, thentake a minimal n suchthatim(H(B,,)) containsa Chern
classO # [dlog fj;]. We canwrite a (non-triial) relationas

dlogfij:ﬂij+a)j—a)i, (12

wherethe g;; areformsin By, but notin B,_1. Apply theinverseCartier
operatorasin (9.1)to getarelation

dlog fij = Bij + @j — @ (13

wherethe @; areclosedformswith C(@j) = o andthe Bij areformsin
Bns1 With C(Bij) = Bij. Subtracting12) from (13) shawvsthatBi; — B is
aboundarySinceg;; definesanon-zercelemenof H!(B,) whichis notin
theimageof H(B, ;) thecog/cle §;j givesan elementof HY(B,.1) not
in theimageof H1(B,). Hencethe left handsideis not zeroin H(B,,,1)
andthisshovsthatH(B,,1) — H(Q?) is notinjective.

Supposenow that (c;(NS(X))) N Im(H(B,)) # 0. Consideringall n
which satisfythis condition,we thenhave arelationwith m > 2 minimal

m
dlog f” + > "a,dlog f” = Bij + @) — a.
v=2
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Wemayassuméhatm > 2andthata, ¢ Fforall v > 2. Thenby applying
C~! asbeforewe find

m
dlog ' + Y "aPdlog £\ = Bij + &; — @,
v=2
wherethe; areclosedandCao; = wj. Subtractinghetwo relationswefind
a shorterrelation(m smallerbut with n maybelarger). This contradiction
shavsthat(c;(NS(X))) N Im(H(By)) = 0.
The orthogonalityof (c;(NS(X))) and Im(H(B,)) follows from the
factthat (ci(NS(X))) C Im(H(Z,)) andLemma(9.3). o

(10.3)Proposition. Supposehath < co. Thenthe Chernclassmap

c1 ®k: NS(X)/pNS(X) @ k — HY(X, Q%)
is injective
Proof. Supposewe have a relation Z:Zi aci(L,) = o; — w; for line
bundled., anda, € k. Wemayassumé¢hata; = 1andthattherelationisthe
shortespossiblgr minimal). Furthermorewe canassumehata,/a, ¢ F,

forv # u; otherwisewe caneasilyfind ashorterone.Now applytheinverse
CartieroperatoiC—* to therelationaswe did before We find anew relation

r
dgj +ci(Ly) + Y aPeu(L,) — @ + @) =0,
v=2

wherethe g;; areregularon U; N Uj. If the cogycle dg;; definesa zero
classin H(X, ©%), we canwrite dgi; = n; — n;, andwe canreplacethe
relationby a shorteroneby subtractinghe two relationscontradictingthe
minimality of r. Hence{dg;;} definesa non-zeroclassin H(X, ©3) and
we find anon-zercelemenin Im(H(B1)) N (c1(NS(X))). O

As a corollary of (6.2),(10.2)and(10.3)we now find the well-knovn
resultof Artin andMazurontherank p of the Néron-Seeri group:

(10.4)Corollary. For h # co wehavep < 22— 2h.

(10.5)Remark.A line bundleL definedby transitionfunctions f;; defines
acogcledlog fij with valuesin Z,Q3, for all n > 0. We thuscanview the
classci(L) asaclassin H(Z,) for all n > 0 aswell asin H§R. If h < o0
themaps

¢ ®K: NS(X)/pNS(X) ® k — H(Z,)

areinjective for alln > 0.
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11. The supersingularcase

Themapc; : NS/pNS — HZ; is injective andfactorsthroughH(Z;) for

all j > 1. However, themapc; ® k : NS® k — HZ; is not necessarily

injective. For X supersingulain Shiodas sensei.e. p = B, = 22,it cannot

beinjective sincedim, H'(Z,) = 20 0or 21, thelatterif X is superspecial.
Wedefinefor j =0, 1...

U= ker{cl®k: NS® k — Hl(Zj)}

andwe set
dimU; = oy.

Using the naturalmapsH*(Z;) — H(Z_;) we have Uj,; < U; for
j =0,1,2,.... Wedefinetwo bijective operatoron NS® k

p=1QF and y=1Q F1,
with theFrobeniusactionF : a — aP onthesecondactork.

(11.0)Remark.If we assuméhatp = B, = 22 (i.e. thetruth of the Artin
conjecturghath = oc impliesp = 22)thenonecanshav thattheinvariant
op justintroducedequalgheArtin invariantoyg, i.e. theintersectiorformon
thelattice NS(X) hasdiscriminant

disaNS(X)) = —p>®°.

(11.1)Lemma. We havey(Uj;1) € Uj; equivalentlywe haveU; 1 C
¢(U;). Moreaver wehaveU;, 1 € Uj N p(Uj).

Proof. Thisfollows from thecommutatiity of thediagram

NS k - NS®k

lq@k lC1®k

HY(Zj30) = HY(Z))

with C the Cartier operatar The secondresultfollows from this andthe
inclusionUj; C U;. O

Now choosean elementuyin, = u,ﬁifn # 0 of minimal lengthin U;
undertheassumptiorthatU; is non-zeroj.e. write Upmin = Zi”ll a[Li]and
requirem > 2 to be minimal. We alsomay assume- andwe shall— that
a=1.

(11.2)Lemma. For j > 1 we haveumin ¢ ¢(U;). Similarly we have
umin € y(Uj). If Xis notsupespecialtheconclusiorholdsalsofor j = 0.
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Proof. If uymin € ¢(Uj) issuchaminimalelemenwitha; = 1theny(Umin)—
Umin Would beashorterelemenbr zero.If it is zero,thenumin € NS FpN
U, = {0}. For j = O thearguments similar. NotethatNS® F, N Ug # {0}
if andonly if X is superspeciakf. [O 1], Cor. 1.4.

(11.3)Lemma. Themapc,®k : p(U;) — H(Zj;1) factorsviaH(B;) —
H(Z;1) andtheinducedmapg(U;) — H(B,) is surjectiveif U; # {0}.

Proof If u € U; thereexist closedforms ¢, € Z;(Vy) for someopen
covering Vy suchthat (c; ® k)(u) is a coboundaryzg — ¢,. Now usethe
local surjectvity of C to write

(€1 ® K (p(U) = g — Co + bugp

with ¢, € Z;,1, C&x = &x, dap € B1 Onasuitableopencovering. Thenthis
bqp definesacogycle, thusanelementin H(B;) ¢ HY(Z;14).

To provethesurjectvity, chooseanon-zeraelemenun, € U;. Suppose
thatpes = ng — ne With n € B1. Theng(umin) € U;, henceUmin € y(Uj)
which contradictdemma(11.2).

(11.4)Corollary. We have Uji1=UjNeU;) and dimUj;) =
max{dim(U;) — 1, 0}.

Proof. Thekernelof c;®k : ¢(Uj) — H(Z;1) equaldJj 4 by(11.1)and
hascodimensiorl by (11.3).SinceU; # ¢(U;), andsincetheirintersection
containsU;;1 we musthave Uj.1 = U; N ¢(U;). The statementabout
dimensiongollows.

If weassumdhatog > 1 thenwe have astrictly increasingsequence
{0} =Upr1 C Uy C...CUpC Uy (149
andthisimplies:
(11.5)Proposition. Themapc; ® k factors throughaninjection
NS(X)/pNS(X) ® k > H'(Zoy41).
We cangeneralizgheresultof Corollary(11.4).

(11.6)Lemma. We have<p"(Uj) NUj = Ujik. In particular ¢?°(Uy) N Uy
= {0}.

Proof. Weprovethisbyinductiononk, thecasek = 1wasprovedin (11.4).
Supposét holdsfor k. Then

PFHU) NU; C 0le*(Uj_1) NUj_1] € o(Uj 1k 1).
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Ontheotherhandwe have
o(Uj k1) N U) C oU) N U))) = p(Uj 0.
But by aneasyinductiononehas

eUj10 NUj C Ujppa.
In view of dim(¢**1(U;) N U;) > dim(U;) — (k + 1) theresultfollows.

(11.7)Lemma. SupposehatU; # {0} andlet umin € U;. Theny(Umin) €
Uo\Us. In particular, (¢; ® K)(y(Umin)) € H%(Q?) c HY(Zy) € Ha:

Proof Sincey(umin) doesnotlie in Uy, but liesin Ug we seethat (¢; ® k)
(¥(Umin)) mustlie in thekernelof H1(Z;) — H(Q'), whichis HO(Q2%).

(11.8)Lemma. The Chernclassmapc; ® k : ¢™(Uj) — HY(Zj;m)
factors through H(B,,). For anyt > 1 the natural image of H'(B,) in
H1(Z,,+1) is containedn theimage of NS(X)/ pNS(X) ® k underc; ® k.

Proof. Asin the proofof (11.3)we canwrite (¢; ® K)(U) = &g — ¢, with
{x € Zj(Vx). Now usethelocal surjectvity of C to write

™(U) = Cp — Lo+ Bup

With ¢ € Zjim, CM¢x = &x, dup € Bm. Thenthis ¢,, definesa cogycle,
thusanelemenin H(By) ¢ HY(Z;.1m). This provesthefirst statement.

We prove the secondstatementby induction. Note that by (11.3)
the image of H(B;) in H(Z,1) is containedin the image of
NS(X)/pNS(X) ® k underc; ® k. Let o be an elementof the image
of H1(By) andpB = Cu« in theimageof H'(B;_1). ThenpB = (¢1 ® k) (v)
for somev € NS® k. Butthena — (¢1 ® K) (¢(v)) is anelemenbf HY(By).
By inductionthisis in theimageof (¢; ® K)(NS® k). Hencex liesin the
imageof (c; ® K)(NS® k).

(11.9)Proposition. Letop > 1. Thedimensiorof theimage of HY(B,,) in
H1(Z,) equalsog. Theimagein H1(Q}) is oo — 1-dimensional.

Proof. Thefirst statementollows directlyfrom (11.6)and(11.8).Arguing
similarly for Up we find thatc; ® k : ¢°°(Ug) — H(Q%) factorsthrough
the naturalmap H(B,,) — H(Q%). Theintersectiony®(Ug) N Up has
dimensionl.

(11.10)Theorem. For a K3 surfaceX with B, = p andArtin invariantoyg,
we havedim(Im H(Z,,)) = 21 — oy for theimage in H}(Q%) andit is
geneatedby Chernclasses.
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Proof Sincewe have
(c1(NS(X)/pPNS(X))) C Im HY(Z,,) C (I H*(By,))*" € H(92%)

anddim(c; (NS(X)/pNS(X))) = dim(Im H(B,,))* = 20— (0p — 1) by
(11.9),we have

(C1(NS(X)/PNS(X))) = Im H(Z5,) = (IM H*(By,))*
andsodimim H(Z,,) = 21— oy. i
Sincethe codimensionof Im H(Z;,,) in ImH(Z;) is at mostone, we
concludethat

Im HY(Z,,) = Im HY(Z,_1) C Im HY(Z,,2) C ...

C Im HY(Zy) ¢ HY(Q))

andIm HY(Z,) = Im H(Z,,) for n > o¢. Here, the inclusionsare
strict inclusions. Moreover, we see that the injection ¢ ®K:
NS(X)/pNS(X) @ k — H1(Z(,O+1) is anisomorphism:

¢ ®k: NS(X)/pNS(X) ® k = HY(Zgp11).
We now needthefollowing lemma.
(11.11)Lemma. Let X bea K3 surfaceX with B, = p andArtin invari-

ant og. For everyn > 0 the natural map HY(Z,y1n11) — HY(Zygun) is
surjective

Proof By Theorem(11.10)the dimensionof the image of H(Z,,) in
H1(Q1) is21—09. By (14)it followsthattheimageof H1(Z,, 1) in HY(Q1)
hasdimensionatleast22 — oo — 1. SincethemapH(Z,,,1) — HY(Q1)
factorghroughH!(Z,,) themapH*(Z,,.1) — H(Z,,) mustbesurjectve.

We now prove that if the naturalmappingH(Z..1) — H(Z,) is
surjectve, thensois H(Zn,.1) — H(Z,) for arny m > n. Supposehat
the naturalhomomorphismH(A, Z,,1) — H(A, Z,) is surjectie. By
thediagramof exactsequences

0— Bl_) Zn+2—c) Zn+1—>0

FoT T

0— B — Zn+1—c> Zn — 0
we have a diagramof exactsequences

> HY(X, By) — HY(X, Zni2) - HY(X, Znp1) — HZ(X, By)

= In+2 in+1 =

— HL(X, By) — HY(X, Zny1) —> HL(X, Zy) — H2(X, By).
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Fromthis diagramwe seethatthe naturalhomomorphisnH*(X, Z,,,,) —
H(X, Zn,1) is alsosurjectve. Sothislemmanow follows by induction.
O

(11.12)Corollary. Let X be a K3 surface X with B, = p and Artin
invariant og. For n> oy we have Im(H(B,)) = Im(H(Z,))* and
dimim(HY(B,)) = 0p — 1.

Proof By theproofof(11.10)wehareimH(Z,,)* = ImH!(B,,). There-
fore,for n > og, we have

ImH*(Z)" = ImHY(Z,)" = ImH*(B,,) C ImH*(By).

Ontheotherhand by theproofof (9.3),wehave ImH(Z,)* > ImH(B,).
Hence we getthedesiredresults. O

Sincec; ® k : NS(X)/pNS(X) ® k — H(Z)) is injective for i >
oo + 1, we have thefollowing proposition.

(11.13)Proposition. For a K3 surfaceX with B, = p thefollowing four
conditionsare equivalent.

() Thenatural mapH*(Z;) — H(Z,_1) is surjective

(i) TheCartier opemtor C : H(Z;) — H(Z_,) is surjective
(i) dimHY(Zy) > 31—1i.

(iv) oo <i.

12. The Kodaira-Spencermap

Let Xy be a K3 surface,andlet = : X — S be the versal formal
k-deformationof Xg. Then, as is well-knowvn (cf. [D]), we have S =
SpiK[[ty, ..., tyo]] with variablest,, ... , t,o. We denoteby V the Gauss-
Manin connectiorof H2:(X/S):

Vi Hi(X/9 — Qf, ® HE(X/9.

We take a basisw of HO(X, Q§/§. Then,V composedwith cup product
with w givesanisomorphism:

po : HY(X, Q% o) — Q8-

We denoteby m the maximalideal of the closedpoint of S. By evaluating
0 atzerowe have anisomorphism:

Pu,0 0 HY(Xo, Q% ) —>m/n?.
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(12.1)Remark.Ogusgave an explicit expressionof the isomorphismp,,
asfollows. For an elemente € H'(X, Q2},5) we choosea lifting o €

FIHZ(X/9 of . Since(e’, w) = 0, we have
Po(a) = (Vo' , w) = — (o', Vo).

For details,seethe paperby Deligne/lllusie[D], cf. alsoOgus[O].

13. Horizontality

We considetthemodulispaceM = M,y of K3 surfaceswith apolarization
of dggree2d in characteristiq. Let (X, D) beapolarizedK3 surfacewith
a polarizationof degree 2d. The existenceof this moduli spacedollows
from work of Gieseler. We view thesemoduli spacesasalgebraicstacks.
If the Chernclassc; (D) is notzeroin thede Rhamcohomologyof X then
themodulispacds formally smoothat [(X, D)].

We shall assuméfor simplicity that the degree2d of the polarization
is primeto p. Let furthermorer : X — Myq be the universalfamily of
polarizedK3 surfacesover k. We set

MM :={se M :h(Xs) > h}.

Then,by Artin [A], M(™ is analgebraicsubvarietyof codimensionc h — 1
inMforh=1,...,10.Weshallshav thattheir codimensiorish — 1.

The directimagesheaes R°7, W, (Oy) arecoherenisheaesof rings,
but not coherentOy-modules|f therewould exist a suitableGrothendieck
group of suchobjectswe could calculateChernclassesby using Theo-
rem (5.1). Sincewe do not know how to do this, we resortto a different
methodto calculatecycle classe®f loci of givenheight.

Let X beaK3 surface,andassumehatthe heightof theformal Brauer
group ®x, is greaterthanor equalto h, i.e., Xo corresponddo a point
in M®™. Thenthe Frobeniusmorphismis zeroon H2(X, W, (Ox/s)) for
i =1,...,h—1.Welet Sbeaformal neighborhoodf M™ atthe point,
andwe alsodenoteby V the Gauss-Manirconnectionof Hiz(X/S). We
considetthe Hodgefiltration 0 ¢ F2 ¢ F! ¢ H3(X/S), andconstructjn
thesameway asin Sect.8, ahomomorphism

®p : H3(Wh(Oxs)) —> H3:(X/S).

We take a basisw of HO(Qi/S) andtake the dual basis¢ of H?(Ox;s).

We take a liting ¢ € H2,(X/S of ¢. Thenwe have (¢, ) = 1. Since
R™1 : H2(W,(Ox;s)) — H?(Oxs) is surjectve, we take an element
o € H%(Wh(Ox/s)) suchthatR"1(a) = ¢. We set

Oh = (Ph(a), w).
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Since @ (a) — gnl is orthogonalto o, it follows that ®n(e) — gnl is
containedn the F1-stepof theHodgefiltration. Thereforepsingthenatural
isomorphismHZz/F! = H?2(Oy;s), we concludethat

¢n(¢) = Gn¢  In H3(Oy)s),

where ¢, was definedin Sect.5. This meansthat the equationg, = 0
givestheschemeheoretidocusof zeroof ¢y, andby Proposition(8.1),the
supportof thislocusin M™ coincideswith MM+,

(13.1)Proposition. Underthe notationand assumptionsnadeabove the
image Im @y, is horizontalwith respecto the Gauss-Manirconnection.

Proof. It suficesto prove V(@ («@)) = 0. The elementx is represented

by a cog/cle aij = (aff. ... .o ) with respectto a suitableaffine

opencovering {U;} of X/S. Sincethe Frobeniusmorphismis zero on
H2(Wh_1(Ox,s)), thereexists a cochainy; € I'(U; N Uj, Wh_1(Ox/9)
suchthatFR(a) = d{yij} = {yjk — vik + »ij} (€ Co(Wh-1)). Hencewe have

Fla) — 0({(yij, 0)}) = {(O,..., 0, Gijx)}. (15

Putyi; = (%, 0), anelementn I'(U; NU;, Wy (Ox;s)). Thengn (¢) = {gij}
and

Pn(@) = (Gijk. —Dn(74)), 0) € Ca(Oxy9) ® C1(R,5) ® Co(2%)s)-

We write thisas
®p(@) = {(ijk, bij, 0)}.

We have to calculateV(®y(a)). We usethe explicit descriptionof the
Gauss-ManirtonnectionKatz andOdadefinein [K-O] two operators

Ls: Cq(P) — Cq(2P™),  Ls((B)io,--- ,ig) = ds(Bo, - .. »ig))
and
A1 Cq(RP) = Cqr1(RP),  A(B)o,- - »igr1)
= (=DP™ — I")(B(i1, ... ,ig+1))-

Herewe follow the notationof loc. cit. The (substitution)operatorl © is
given by thzlsuwat — d&) andis zerofor p = 0. In our casethis
givesLs(gij) = ds(Gijk) € C2(21Y), A(gij) = 0andLs(bj) = dg(byj) €
C1(Q2), (D) (i k) = —(1I" — 1T)(by) € Co(2Y). Sowefind

V(®Ph () = diSbij + disgijk — |ibjk + |jbjk. (16)

Herethefirst termliesin C1(Q2?).
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Using d insteadof d we can make an operatorD‘h’S similar to the
operatorDy;, definedby Serre.lt is zeroon the imageof Frobeniusandso
therelation(15) gives

—D}, s} = ds(Gije)-
Thissaysdis(gijk) = I‘(bjk — bi + bij). Collectingthetermswe get
V(@n(e) = dghij + I (=bi + bij) + 1 by.
Putcij = —Dn(%j). Now notethatwe have
ds(Dn(xi))) = d(D}, svi)-

Thereforetheright handsideof (16) is aboundaryin thetotalcomplex. We
concludeV @, (o) = 0in Qg ® HZR(X/9). m

14. The tangentspacedo the stratification

We denoteby Dg the polarizationclassof X, of degree2d andwe shall
assumehatit is primeto p. Let M™ be the closedlocus of the moduli
spaceM = My of polarizedK3 surfacesgiven by the condition height
>hforh=1,...,10andh = co. We now determinghe tangentspace
of MM at the point xo = (Xo, Do). We denoteby Im H(Xo, Z,) the
imageof H*(Xo. Z,Q%) in H'(Xo, 2%,) inducedby the naturalinclusion
Z,Q%, — Q-

(14.1)Proposition. Suppos¢hat (Xo, Do) representsa pointxq of MM —
M©)_ Thenfor 1 < h < 10thetangentspaceof M(™ at x, is in a natural
wayisomorphicto Im H(Xo, Zn_1) N ¢y (Dg)*.

Proof Note that by (9.2) the map H'(Xo, Bh_1) — H'(Xo, Q%)) is in-
jective. Sincewe have HY(Xo, By_1) C c1(Dg)*, by Corollary(10.2)and
Lemma(9.3),it sufficesto prove that (H(Xo, Bn_1), ¢1(Dg)) isthenormal
spaceof MM at xo. We will shaw this by induction. Note that we know
dimH(Xo, B)) =¢fore =0,... ,h—1.

Supposeéh = 1. Then,we have H(X,, By) = 0, and by the general
theoryof moduli spaceghe tangentspaceof MY = M at X, is given by
(Do)t € H (X, Q%,)-

Now, we assumehatthe statementoldsuntil h. We usethe notation
abave. Then,by (8.1) MMV is definedby g = (®p(a), @) = 0in M®,
UsingProposition(13.1),we have

dgh = (VPn(a), ) + (Pn(@), Vo)
= (®h(a), Vo) .
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We denoteby m (resp.mgp) the maximalideal which correspondgo the
point Xg in the versalformal moduli spacearoundxg (resp.in the formal
moduliaroundxo in M™). Then,underthe naturalnomomorphism

H*(Xo, Q%,) = m/m* — mg/mj

—®n(a)(0) corresponddo the cotangentvector g, by the agumentof
OgugQ]. Thekernelof thishomomorphisnsisomomphicto (H*(Xg, By_1),
¢1(Dg)) by induction.We have

—®p(a)(0) = —{Dn(2j)}
h-1
=~ [ S om " diogy)
m=0

andDy, : H2(Wh(Ox,)/FWh(Ox,)) — H(Xo, 2%) isinjective by Corol-
lary (9.2). Since®(a)(0) liesin HY(Xo, Bn) but notin H(Xo, Bn_1), we
concludethatg, ¢ m3. By inductionwe thusseethatthe tangentspaceto
M®"+D canbeidentifiedwith H(Xo, Zn) N ¢1(Do)* . o

This agumentdoesnot work for h = oo, but canbe madeto work for
the supersingulapoints for which the subspacdlm(H(By)), c1(D)) of
H1(Q') hasdimensionh. In Sect.12 we gave conditionsfor this. Under
the assumptiorthat p = B, this is the caseif the Artin invariantog of
asupersingulaK3 surfacesatisfiesrg > h. We thusfind:

(14.2)Theorem. Forh = 1, ... , 10theopenstratumM ™ if notemptyis
purelyofdimensior20—h) andnonsngular at anypointof thestratumM ™
whee thesubspaceim(H(B_1)), c1(Do)) of H(22} ) hasdimensiorh.
In particular, it is non-singularat non-supesingula pointsandassuming
the Artin conjectue at all supesingularpointswith Artin invariantog > h
andcy (Do) ¢ Im(H(By)).

We referhereto aforthcomingpreprintof Ogusfor a descriptionof the
singularitiesof the strata.Ogusproved in [O, Prop.2.6] thatfor p # 2
the stratum M® hasa quadraticsingularity at the superspeciapoints.
A variationof hisagumentthereshavs thatat a pointwith Artin invariant
oo = h — 1 thesingularlocushasmultiplicity 2. In particularthe stratum
M@ hasmultiplicity 2 atpointswith oy = 10, cf. hisforthcomingpreprint
andthediscussiorin thenext section.

15. The loci of K3 surfacesof given height

We now cometo thedescriptiorof the cycle classe®f thestratadefinedby
the height.Let M™ be the closedstratumof the moduli spaceM = My
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wheretheheightof theformalgroup @ « isatleast, with thecorvertiontha
MDY = M© Forsimplicity weshallassuméhat p doesnotdivide 2d. By
ourcharacterizatioof h thesestratacanbegivenanaturalschemestructure
andthesearereducedor h £ oo by ourresultsin Sect.14. It is knowvn by
Artin thatthestrataM™ forh = 1, ... , 11 have codimension< h — 1 in
Mag, See[A].

Definealine bundleV onM by V = n*(waM) andlet thefirst Chern
classbew.

(15.1)Theorem. Let M = M,y be the moduli stadk of polarized K3
surfacesover k with a polarization of degree 2d prime to p. Thenfor
h=1,...,10 11thescheme-theatic locusM® of surfaceswith height
> h, if not emptyis of codimensiorh — 1 andfor h # 11it is a local
completdntersection.Theclassof M™ in the Chowgroup CH(gfl(M) is
givenby

(p—D(P?—1)...(p" ="t

Proof. We provethisbyinduction.Let M bethemodulispaceof polarized
K3 surfacesof dggree2d asabave. We know thatthe genericK3 surface
hasheightl, andsofor h = 1 theformulais correct.The codimensiorof
M®™ js < h —1for 1 < h < 10asfollows from (5.7).For h = 2 thelocus
M® s the non-ordinarylocus.This locusis characterizedby the factthat
the FrobeniusmapH?2(X, Ox) — H?(X, Ox) vanishesThisis a p-linear
map and the correspondingy-linear mapis (R°7,Ox)P — R°m,Oy
with associateycle class(p — 1)v. Locally, ata pointof M@ anequation
is givenby g; = 0, seethe proof of (14.1)anddg; # 0. Soif M@ is not
emptythenit is purely 18-dimensional.

Suppos@ow thattheclassof M1 s givenby theclassin theformula.
By Proposition(5.7) the locus in M1 wherethe height increasess
given by the vanishingof themap¢n_1 : (R27,0x)®" ™ — R2z,(Oy),
eguivalently by the vanishingof a sectionof Wiy By (14.1)it follows
that for a local equationg, = 0 we have dg, # 0. Hencethe locusis
reducedor h # oo andtheclasson M-V is givenby (p"~* — 1)v.

Let jn: M® — M®-D andj : M®-D — M bethenaturalinclusions.
Thentheclassof thelocusM® in CH(&‘l(M) is givenby

JeinIM®] = LM DT i (P = Do) = (p" = Do- (JIME)
by the projectionformula. O

The locus MY comeswith a multiplicity in the formula becauseof
(14.2).For p # 2 the multiplicity is 2. It makessenseéo call the reduced

locusM%; thesupersingulalocus.
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(15.2)Remark.In [G] aformulafor the classof the supersingulalocuson
themodulispaceof principally polarizedabeliansurfacesvasgiven.Com-
parisonwith Kummersuriacesshaws thatthis is compatiblewith multipli-
city 2 alongthe supersingulalocus,cf. [G-K].

We shallnow assumehattheline bundleV = 7.(Q%,,) is ampleon
themodulispacelt is knonn by thetheoryof Baily andBorel (see[B-B])
thatV is ampleon the moduli spacesn characteristi®; indeed,modular
formsof sufficiently highweightdefineanembedding.

(15.3)Theorem. Supposehat the classv is ample Let ¥ — Swith S
completebea propersmoothfamily of polarizedK3 surfaceswith constant
h # co. Thenthisfamilyis isotrivial.

Proof. It follows from the precedingtheoremthat the strataS™ — S+D
wherethe heightis constanarequasi-afineforh =1, ... , 10.

We donotknow whethertheclassv is ampleonthemodulispacedMyg,
but we expectit to beso.

Supposeéhatthereexists a goodBaily-Borel compactificationBy this
we meanthatthereexists a projective variety (stack) M,y containingMayg
suchthat Mg — My is 1-dimensionaindconsistof a configuratiorof el-
liptic modularcurves.Thisis thecasdn characteristizero,cf. Kondo[K 0].
Thenit follows from our theorenthat a family of K3 surfaceswith h > 3
doesnotdegeneratelndeedi,it follows from our formulathata classof the
form v™ with m > 3 haszerointersectiorwith the ‘boundarycomponents’.
This implies that for eachboundarycomponenthe locuswith h > 3 ei-
ther hasempty intersectionwith this boundarycomponenbr containsit.
The boundarycomponentgorm a connectedsetandthe genericpoint of
eachcomponentorresponds$o a degeneratekK3 surfacecorrespondingo
anordinaryelliptic curve. For the degeneratesurfacesthe heightis 1 or 2.
Comparehediscussiornn [R-Z-Sh].

16. An extensionfor other varieties

Thoughthetheoremin Sect.5 wasformulatedfor K3 surfacesit holdsfor
amoregeneraklassof surfaces.

(16.1)Theorem. Suppos¢hat X is a smoothalgebraic surfacesud that
) Pic’(X) isreduced,
i) dimH?(X, Ox) = 1.

Then @2 is representedby a formal group of dimensionl and its
height satisfiesh(®yx) > i + 1 if and only if the Frobeniusmap F on
H?(X, W (Ox)) is thezeo map.
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(16.2)Corollary. For sud a surfacewe havethe following characteriza-
tion of theheight:

h(®x) = min{i > 1: [F : H*(W(Ox)) — H*(W(Ox))] # O}.

Proof The proofis analogougo the proof givenfor K3 surfaces.Instead
of thevanishingof H'(X, Ox) oneuseshevanishingof the Bocksteinop-
eratorsRecallthat H1(X, W,(Ox)) is the subgroupof k[e]/(e"*1)-valued
points of the connecteccomponenbf the PicardschemeP at the origin,
cf. [Mu]. A k[e]/e2-valuedpoint (tangentvector)is tangentto Piq at the
originif andonly if it canbelifted to k[¢]/(e™)-valuedpointfor all n. That
is, thesecorrespondpreciselyto the elementsof H(X, Ox) thatcanbe
lifted to H(X, W,(Ox)) for all n. Soif P = Piq thenall elementsof
H(X, Ox) canbe lifted andthis implies the analogue®f Lemmas(4.2)
and(4.5)thatwe need.

(16.3)Example 1) An abeliansurfacesatisfieghe assumptions2) A sur
faceof generaltype with H'(Ox) = 0 and p; = 1. Examplesof such
surfacesare surfaceswith K2 = pg = 1. Thesehave hi(X,0x) = 0
andareresolutionsof surfacesof type (6,6) in weightedprojectve space
P(1,2, 2,3, 3), cf. [C].

A nonsingularcompletealgebraicvariety X of dimensionn is called
a Calabi-Yau variety if the canonicalinvertible sheafwy is trivial and
H(X,0x) =0forl1<i<n-1. By a criterion of Artin-Mazur[A-M],
theArtin-Mazurformalgroup®" is pro-representabley aone-dimensional
formalLie groupfor suchavariety In thesameway asin Sect.5, we have
alsoacharacterizationf the heightof theformal group®".

(16.4)Proposition. For a Calabi-Yau variety X of dimensionn we have
thefollowing characterizationof the height:

h(®%) = min{i > 1: [F : H"(W(Ox)) — H"(W(Ox))] # 0}.
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