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Abstract. In this paperwe give a characterizationof theheightof K3 surfacesin charac-
teristic p � 0.Thisenablesusto calculatethecycleclassesin familiesof K3 surfacesof the
loci wheretheheightis at leasth. Theformulasfor suchloci canbeseenasgeneralizations
of thefamousformulaof Deuringfor thenumberof supersingularelliptic curvesin charac-
teristic p. In orderto describethetangentspacesto theseloci westudythefirst cohomology
of higherclosedforms.

0. Intr oduction

Elliptic curvesin characteristicp comein two sorts:ordinaryandsupersin-
gular. Thedistinctioncanbeexpressedin termsof theformal groupof an
elliptic curve.Multiplication by p on theformalgrouptakestheform

�
p��� t �	� atph 


higherorderterms� (1)

wherea �� 0 andt is a local parameter. Thenumberh satisfies1 
 h 
 2
andis calledtheheight. By definition,theelliptic curve is ordinaryif h � 1
andsupersingularif h � 2. Thereis a classicalformulaof Deuringfor the
numberof supersingularelliptic curvesover analgebraicallyclosedfield k
of characteristicp:

E supers.����
1

#Aut � E � � p � 1

24
�

wherethesumisoversupersingularelliptic curvesoverk uptoisomorphism.
If one views K3 surfacesas a generalizationof elliptic curves, one

canmake a similar distinctionof K3 surfacesin characteristicp by using
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the formal Brauer group as Artin showed. The formal Brauer group is
a1-dimensionalformal groupassociatedto the secondétalecohomology
with coefficients in the multiplicative group.Multiplication by p in this
formal grouphasthe form (1), but now we have 1 
 h 
 10 or h ��� ,
the latter if multiplication by p is zero.The heightcanbe usedto define
a stratificationof themoduli spacesof K3 surfaces.A genericK3 surface
will have h � 1; thosewith h ��� aremostspecialin this respectand
calledsupersingular.

In this paperwe first expresstheheightof a K3 surfacein termsof the
actionof the Frobeniusmorphismon the secondcohomologygroupwith
coefficientsin thesheafW� OX � of Witt vectorsof thestructuresheafOX.
Thenaturalco-filtrationWn � OX � of W� OX � inducesco-filtrationsontheco-
homologywhichcorrespondto approximationsof theformalgroup.Using
this characterizationwe cancalculatethecycle classesof thestratain the
moduli spacewherethe height � h. This is doneby interpretingthe loci
asdegeneracy loci of mapsbetweenbundles.The resultingformulascan
be viewed as a generalizationof Deuring’s formula. Generalizationsof
Deuring’s formula to principally polarizedabelianvarietieswereworked
out in joint work of Ekedahlandoneof us andcanbe found in [G]. The
supersingularlocuscomeswith amultiplicity.

In orderto describethetangentspacesto our stratawe usedifferential
formsratherthancrystallinecohomology. We calculatethedimensionsof
cohomologygroupsH1 � Zi � andH1 � Bi � , wherethesheaves Zi and Bi are
thesheavesof certainclosedformsintroducedby Illusie. We studythedi-
mensionsof thecohomologygroupsH1 � Zi � andH1 � Bi � andof theirimages
in H1 � X ��� 1 � . We think that thesespacesarequite helpful to understand
thegeometryof surfacesin characteristicp.

1. Witt vector cohomology

Let X be a non-singularcompletevariety definedover an algebraically
closedfield k of characteristicp � 0. We denoteby Wn � Wn � OX � the
sheafof Witt ringsof lengthn asdefinedby J.-P. Serre,cf. [S]. Thesheaf
Wn � OX � is acoherentsheafof ringswhichcomeswith threeoperators:

i) FrobeniusF � Wn � OX ��� Wn � OX � ,
ii) VerschiebungV � Wn � OX ��� Wn� 1 � OX � ,
iii) RestrictionR � Wn� 1 � OX ��� Wn � OX � ,
definedby theformulas

F � a0 � a1 ��� � �!� an" 1 ��� ap
0 � ap

1 ��� � �#� ap
n" 1 �

V� a0 � a1 ��� � �!� an" 1 ���$� 0 � a0 � a1 ��� � �!� an" 1 �%�
R� a0 � a1 ��� � �!� an ���$� a0 � a1 ��� � �!� an" 1 �%�
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They satisfytherelations

RVF � FRV � RFV � p �
The cohomologygroups H i � X � Wn � OX �&� are finitely generatedWn � k� -
modules.Theprojective system' Wn � OX �%� R( n� 1) 2)+* * * inducesasequence

� � �-,.� H i � X � Wn � OX �&� R,.� H i � Wn� 1 � OX �&�/,.�0� � �
sothatwecandefine

H i � X � W� OX �&��� proj. lim H i � X � Wn � OX �&�%�
ThisisaW� k� -module,butnotnecessarily afinitelygeneratedW� k� -module,
cf. Sect.3. Thesemi-linearoperatorsF andV acton it andthey satisfythe
relationsFV � VF � p.

2. Formal groups

SmoothformalLie groupsof dimension1 overanalgebraicallyclosedfield
k of characteristic�� 0 are characterizedby their height, cf. [H], [Ma].
To a smoothformal Lie group 1 of dimensiononeonecanassociateits
covariantDieudonnémoduleM � D �21/� , afreeW� k� -module.It possesses
two operatorsF and V with the following properties:the operatorF is3 -linear, theoperatorV is 3 " 1-linearandtopologicallynilpotentandthey
satisfyFV � VF � p. Here 3 denotestheFrobeniusmaponk. ThenM is
a freeW� k� -modulewith thefollowing properties:

a) dim �21/��� dimk � M4 VM � ,
b) height�&15��� rankW � M �%�
Notethatonehastheequalities

rankW � M ��� dimk � M4 pM �6� dimk � M4 FM � 
 dimk � M 4 VM �%�

3. The formal Brauer group of Artin-Mazur

For a propervariety X 4 k onemay considerthe formal completionof the
Picardgroup.The groupof S-valuedpointsof Pic� X � fits into the exact
sequence

0 �7� Pic� X �%� S�8�7� H1 � X 9 S� m�/�7� H1 � X � m �
forany localartinianschemeSwith residuefieldk.Herecohomology isétale
cohomology. This ideaof studyinginfinitesimalpropertiesof cohomology
wasgeneralizedto thehighercohomologygroupsHr � X � m � by Artin and
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Mazur, cf. [A-M]. Theirwork leadstocontravariantfunctors1 r � Art � Ab
with

1 r � S��� ker' Hr � X 9 S� m�/�7� Hr � X � m �2(%�
whichundersuitablecircumstancesarerepresentableby formalLie groups.
For aK3 surfaceX this is thecaseandwefind for r � 2 theformalBrauer
group 1:�;1 X �$1 2. Its tangentspaceis

T<=� H2 � X � OX �%�
For aK3-surfaceX wehave two possibilities:

i) h �&1/�>�?� and 1@�BA a, theformal additive group.TheK3-surfaceis
calledsupersingular(in thesenseof Artin).

ii) h �&1/�5C:� . Then 1 isa p-divisibleformalgroup.Moreover, it is known
that1 
 h �&15�/
 10.This follows from thefollowing theoremof Artin,
cf. [A]. Weshallwrite simplyh for h �21/� .

(3.1)Theorem. If the formal Brauer group 1 X of a K3 surfaceX is p-
divisiblethenits heightsatisfiestherelation2h 
 B2 �ED , where B2 is the
secondBetti numberand D therankof theNéron-Severi group.

For theproofonecombinesTheorem(0.1)of [A] with Deligne’s [D] result
onlifting K3 surfaces,seealso[I]. Wegiveaproofin Sect.10.Thistheorem
implies that if DF� 22 thennecessarilywe have h �G� . If h ��G� then
it follows that 1 
 h 
 10. Oneshouldview h � 1 asthe genericcase.
It wasconjecturedby Artin that if h �H� then DI� 22. This is known
for elliptic K3 surfaces,see[A]. Notethata surfacewith DJ� 22 is called
supersingularby Shioda,cf. [Sh].

Thefollowing resultby Artin andMazuris crucial:

(3.2)Theorem. TheDieudonnémoduleof theformalBrauergroup 1 X is
givenby

D �21 X ��K� H2 � X � W� OX �&�%�
For theproofwe referto [A-M]. Thepoint to noticeis that

D �&1 X �6� H2 � X � D m��� H2 � X � W� OX �&�%�
(3.3)Remark.Note that this explainswhy theWitt vectorcohomologyis
sometimesnot finitely generated:if 1 X K� A a then H2 � X � W� OX �&� is not
finitely generatedover W� k� becauseD �LA a �6� W� k� ��� T ��� .
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4. Vanishingof cohomology

We collecta numberof resultson thevanishingof cohomologygroupsfor
K3 surfacesthatweneedin thesequel.

(4.1)Lemma. Let X be a K3 surface. We haveH1 � X � Wn � OX �&�M� 0 for
all n � 0, henceH1 � X � W� OX �2��� 0.

Proof. Since X is a K3 surfacewe have by definition H1 � X � OX �N� 0.
The lemma is deducedfrom this by induction on n. Assume that
H1 � X � Wn" 1 � OX �&��� 0. Thentheexactsequence

0 �-� Wn" 1 � OX � V�7� Wn � OX � RnO 1�-� OX �-� 0

inducesanexactsequence

H1 � X � Wn" 1 � OX �&� V�-� H1 � Wn � OX �&� RnO 1�7� H1 � X � OX �%�
This impliesthat H1 � X � Wn � OX �&��� 0. PQ
(4.2)Lemma. For aprojectivesurfaceX with H1 � X � OX ��� 0 theinduced
map R � H2 � X � Wn � OX �&�R� H2 � X � Wn" 1 � OX �&� is surjectivewith kernel
K� H2 � X � OX � .
Proof. This follows from theexactsequence

0 � OX �-� Wn � OX � R�7� Wn" 1 � OX ��� 0

andthevanishingof H1 � X � OX � andof H3 � X � OX � . PQ
(4.3)Lemma. In H2 � X � Wn � OX �2� wehave

RV� H2 � X � Wn � OX �&�2��� V� H2 � X � Wn" 1 � OX �2�&�%�
Proof. Thecommutativity of thediagram

Wn � OX � V�S� Wn� 1 � OX �
R R

Wn" 1 � OX � V�S� Wn � OX �
givesin cohomologyacommutative diagram

H2 � X � Wn � OX �&� V�S� H2 � X � Wn� 1 � OX �&�
R R

H2 � X � Wn" 1 � OX �&� V�S� H2 � X � Wn � OX �&�%�
Thesurjectivity of theleft handR,whichfollowsfromtheprecedinglemma,
impliestheclaim. PQ
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(4.4)Lemma. Assume that for some n � 0 the map F � H2 � X �
Wn � OX �&�T�-� H2 � X � Wn � OX �&� vanishes.Thenfor all 0 
 i 
 n themap
F � H2 � X � Wi � OX �&�/�7� H2 � X � Wi � OX �2� is zero. Moreover, for all
0 
 i 
 n themoduleH2 � X � Wi � OX �&� is a vectorspaceover k.

Proof. Thefirst resultfollows from thecommutativity of thediagram

H2 � X � Wn � OX �&� RnO i�7� H2 � X � Wi � OX �&�
F F

H2 � X � Wn � OX �&� RnO i�7� H2 � X � Wi � OX �&�
and Lemma(4.2). The secondclaim follows from p � FVR and k K�
Wi � k�&4 pWi � k� . PQ
(4.5)Lemma. Assumethat X is a K3surface. Thefollowingtwosequences
are exact:

0 � H2 � X � Wn" 1 � OX �&� V�-� H2 � X � Wn � OX �&� RnO 1�-� H2 � X � OX ��� 0 �
0 � H2 � X � W� OX �&� V�-� H2 � X � W� OX �2� RU�7� H2 � X � OX ��� 0 �

where RV is themapinducedby Wn � OX � RnO 1�-� W1 � OX � asn �W� .

Proof. Thefirst exactsequencefollows from theexactsequence

0 � Wn" 1 � OX � V�-� Wn � OX � RnO 1�S� OX � 0

andLemma(4.2).Becausetheprojective systemH2 � X � Wn � OX �&� satisfies
theMittag-Leffler conditionwemaytake theprojective limit. PQ

5. Characterization of the height

Let X beaK3 surfaceandlet 1 X beits formalBrauergroupin thesenseof
Artin-Mazur. Theisomorphismclassof this formalgroupis determinedby
its heighth. Thefollowing theoremexpressesthis heightin termsof Witt
vectorcohomology.

(5.1)Theorem. The height satisfiesh �&1 X �I� i



1 if and only if the
FrobeniusmapF � H2 � X � Wi � OX �&�6� H2 � X � Wi � OX �&� is thezero map.

(5.2)Corollary. Wehavethefollowingcharacterizationof theheight:

h �&1 X ��� min' i � 1 � � F � H2 � Wi � OX �2��� H2 � Wi � OX �&�&�>�� 0(%�
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Proofof thetheorem. “ X ” In caseh �&1 X �5�Y� the implication X is im-
mediate.So we may considerthe casewherethe heightof 1 X is finite.
Assumethat themap F � H2 � X � Wi � OX �&�Z� H2 � X � Wi � OX �&� is thezero
map.Weset

M � D �&15� K� H2 � X � W� OX �&�%� thecovariantDieudonnémodule.

Sincedimk � H2 � X � W� OX �&�&4 VH2 � X � W� OX �&�[� 1 by Lemma(4.5), we
have by b) in Sect.2

dimk � H2 � X � W� OX �&�&4 FH2 � X � W� OX �2��� h � 1 �
The surjectivity of the projection H2 � X � W� OX �&�\�S� H2 � X � Wi � OX �&�
impliesthesurjectivity of

H2 � X � W� OX �&�&4 FH2 � X � W� OX �&�/�S�
H2 � X � Wi � OX �&�&4 FH2 � X � Wi � OX �2�%�

By assumptionwe have H2 � X � Wi � OX �&�&4 FH2 � X � Wi � OX �2� K� H2 � X �
Wi � OX �&� andby Lemma(4.5)wehave

dimk H2 � X � Wi � OX �2��� i �
i.e.wefind h � 1 � i , or equivalently, h � i



1.

Conversely, we now prove “ ] ”. If h �&1 X �^�_� then 1 X � A a, the
formal additive group of dimension1. So F actsas zero on D �`A a �=�
D �21 X �	� H2 � X � W� OX �&� . As in Lemma(4.4)we concludethat F actson
H2 � X � Wi � OX �2� asthezeromap.Thereforewemayassumethath �&1 X �6�
h Ca� . We thusassumethath �&1 X �/� i



1. Weset

H � H2 � X � W� OX �&�
andhave

Vh" 1H b0� � �cb V2H b VH b H �
Underprojectionthis is mappedsurjectively to

0 b Vh " 2H2 � OX �5bd� � �-b VH2 � Wh " 2 � OX �&�5b H2 � X � Wh" 1 � OX �&�%�
All theinclusionsarestrictbecauseof Lemma(4.5).

Claim. Wehave Vh " 1H2 � X � W� OX �&��� FH2 � X � W� OX �&� .
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Proofof theclaim. Sinceour modulesare free over W we deducefrom
Manin’s results[M] (but seealso[H] becauseweusethecovarianttheory):

D �&1 X �6K� W
�
F � V ��4 W

�
F � V ��� F � Vh" 1�%�

NotethatF � Vh" 1 is writtenon theright. But wecantransferit to theleft
usingFV � p � VF asfollows:

F ai j F
i V j � aei j FF i V j � aei j F

i V j F �
� aei j F

i V j Vh" 1 � Vh " 1 ae h

i j F i V j �
This togetherwith Theorem(3.2)provestheclaim.

We now find FH2 � Wh" 1 � OX �2�>� 0. By Lemma(4.4)we concludethat
F actson H2 � Wi � OX �&� for i 
 h � 1 aszero. PQ
(5.3)Corollary. Theheightof 1 X is � if andonly if theFrobeniusendo-
morphismF � H2 � X � W10 � OX �&��� H2 � X � W10 � OX �&� is zero.

Proof. If theheightis finite, thenwe know by Artin andMazur(see(3.1))
thatwehave h 
 10. PQ
(5.4)Corollary. SetH � H2 � X � W10 � OX �&� andconsiderthefiltration

' 0(/b R9V9H b R8V8H b0� � �-b Rh" 1Vh" 1H bf� � �-b H �
If h is theheightof 1 X thenF � H �g� Rh" 1Vh" 1 � H � .
Proof. The � h � 1� -th stepVh" 1H2 � W� OX �&� in thefiltration

V10H2 � W� OX �2�/b V9H2 � W� OX �&�/b0� � �cb H2 � W� OX �&�
mapssurjectively to the correspondingstep Rh" 1Vh" 1H of the filtration
on H. By ourclaimwehave

Vh" 1H2 � W� OX �&��� FH2 � W� OX �&�%�
This impliestheassertion. PQ
(5.5)Corollary. If h �&1 X ��� h Ca� andif '&hi� Vhi� V2hi��� � �!� Vh" 1 h6( is a
W-basisof H2 � X � W� OX �&� thenF actsaszero on H2 � X � Wi � OX �&� if and
only if F �kjh��6� 0, with jh theimage of h in H2 � X � Wi � OX �&� .
(5.6)Corollary. If h �&1 X �l� h CN� , thendimk ker

�
F � H2 � Wi ��� H2 � Wi �&�� min' i � h � 1( .

Proof. By Lemma (4.5) and Corollary (5.2), we have dimk ker
�
F �

H2 � Wi �m� H2 � Wi �&�Z� i if i 
 h � 1. Assumei � h. Using the no-
tation in Corollary(5.5),we know that n V i " h� 1Ri " h � 1 jhi� V i " h� 2Ri " h � 2 jhi�
V i " h� 3Ri " h � 3 jhi��� � �#� V i " 1Ri " 1 jh6o is abasisof kerF. PQ
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The caseh � 2 is characterizedby the vanishingof Frobeniuson
H2 � OX � . We now formulatein aninductive waya similar characterization
of theconditionh � n



1. If for aK3 surfaceX oneassumesthatF is zero

on H2 � Wi �5� i � 1 ��� � � n � 1� thenonehasFH2 � Wn �Zb Vn" 1H2 � OX � and
F vanishesonVH2 � Wn" 1 � . Sincewehaveanatural � 3 " 1 � n" 1-isomorphism
H2 � OX ��K� Vn" 1H2 � OX � , onehasaninducedhomomorphism

p
n � H2 � OX � K� H2 � Wn �&4 VH2 � Wn" 1 �6� Vn" 1H2 � OX � K� H2 � OX �%�I� 2�

This mapis 3 n-linear. The following theoremis clearby theconstruction
of

p
n.

(5.7)Theorem. SupposeF is zero on H2 � Wi � for i � 1 ��� � � n � 1. ThenF
vanisheson H2 � Wn � if andonly if

p
n � H2 � OX ��� H2 � OX � vanishes.

6. Closeddifferential forms

Let F � X � X q pr betherelative Frobeniusmorphismof a K3 surfaceX.
By meansof the Cartier operatorC �s�5tX ) closed � �5tX we can define
sheaves Bi � 1

X of rings inductively by B0 � 1
X � 0, B1 � 1

X � dOX and
C" 1 � Bi � 1

X �u� Bi � 1 � 1
X. Similarly, we definesheavesZi � 1

X inductively by
Z0 � 1

X �;� 1
X, Z1 � 1

X �;� 1
X ) closed, thesheafof d-closedformsandby setting

Zi � 1 � 1
X �v� C " 1 Zi � 1

X �
Usuallywe simply write Bi andZi . Thesheaves Bi and Zi canbeviewed
aslocally free subsheavesof � F i �&wx� 1

X on X q pi r . They wereintroducedby
Illusie in [Il] andcanbeusedto provide deRham-cohomologywith a rich
structure.TheinverseCartieroperatorgivesriseto anisomorphism

C " i �-� 1
X y pi z[{�7� Zi 4 Bi

or a 3 " i -linearisomorphism� 1
X K� Zi 4 Bi . Notethatwehave theinclusions

0 � B0 b B1 b0� � �cb Bi bf� � �-b Zi bf� � �cb Z1 b Z0 �$� 1
X �

Wealsohave anexactsequence

0 � Zi � 1 �S� Zi
dCi�!�!�S� d � 1

X � 0 � � 3�
(6.1)Lemma. If X is a K3 surfaceX wehavei) H0 � Bi ��� 0 for all i � 0;
ii) the natural inclusion Bi � Bi � 1 inducesan injectivehomomorphism
H1 � Bi ��� H1 � Bi � 1 � .
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Proof. i) Thenaturalinjection Bi � � 1
X inducesan injection H0 � Bi �/�

H0 �&� 1
X � andwe know H0 �&� 1

X �>� 0. ii) This follows from i) andtheexact
sequence

0 � Bi �S� Bi � 1
Ci�S� B1 � 0

with C theCartieroperator. PQ
There is a close relationshipbetweenthe Witt vector cohomology

and the cohomologyof Bi as follows. Serre introducedin [S] a map
Di � Wi � OX �5�-� � 1

X of sheavesin thefollowing way:

Di � a0 � a1 ��� � �!� ai " 1 ��� api O 1 " 1
0 da0


 � � � 
 ap" 1
i " 2 dai " 2



dai " 1 �

It satisfiesDi � 1V � Di , andSerreshowed that this inducesan injective
mapof sheavesof additive groups

Di � Wi � OX �&4 FWi � OX �/�7� � 1
X

inducinganisomorphism

Di � Wi � OX �&4 FWi � OX � ��-� Bi � 1
X � � 4�

The exact sequence0 � Wi
F�7� Wi �7� Wi 4 FWi � 0 givesrise to the

exactsequence

0 � H1 � Wi 4 FWi ��� H2 � Wi � F�7� H2 � Wi ��� H2 � Wi 4 FWi ��� 0 � 5�
and we thushave an isomorphismH1 � Wi 4 FWi � K� ker

�
F � H2 � Wi �N�

H2 � Wi �2� . Combiningthe result on the dimensionof the kernel of F on
H2 � Wi � from Sect.5 with (4) we get an interpretationof the heighth in
termsof thegroupsH1 � Bi � .
(6.2)Theorem. Wehave

dim H1 � Bi ��� min' i � h � 1( if h ��0�|�
i if h �0�|�

TheVerschiebunginducesanexactsequence

0 � Wi 4 FWi
V�7� Wi � 1 4 FWi � 1 � OX 4 FOX � 0

andthisgivesriseto

0 � H1 � Wi 4 FWi � V�-� H1 � Wi � 1 4 FWi � 1 �/�S� H1 � OX 4 FOX �6� � � �
i.e.,Verschiebunginducesfor all i aninjectivemap.Moreover, it issurjective
if andonly if h ��0� andi � h � 1.
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We have a commutative diagram(with } i the naturalmapinducedby
Bi b0� 1

X)

H1 � Wi 4 FWi � Di�7� H1 � 1
X

�� �
H1 Bi � 1

X

~
i�!�!�7� H1 � 1

X

We study the kernel of Di , equivalently the kernel of the natural map
} i � H1 � Bi � 1

X ��� H1 �&� 1
X � in Sects.9–11.

(6.3)Lemma. TheEuler-Poincarécharacteristicsof Bi and Zi are given
by ��� Bi ��� 0 and �6� Zi ���$� 20.

Proof. Sincethe kernelandthe cokernelof F on H2 � Wi � have the same
dimensionby (5) the result for Bi follows from (4) and(5). The identity
�6� Bi � 
 ���&� 1

X �J�B�6� Zi � resulting from the isomorphismZi 4 Bi K� � 1
X

impliestheresult. PQ

7. DeRham cohomology

ThedeRhamcohomologyof a K3 surfaceis thehypercohomologyof the
complex �&��tX � d � . The dimensionshp) q of the gradedpiecesaregiven by
theHodgediamond.

1
0 0

1 20 1
0 0

1

On H2
dR wehave aperfectpairing nS��o givenby Poincaréduality;cf. [D].

The Hodge spectralsequencewith Ei j
1 � H j � X ��� i

X � converges to
H w

dR � X � . The secondspectralsequenceof hypercohomologyhasas E2-
term Ei j

2 � H i ��� j �&� tX �&� abutting to H i � j
dR � X 4 k� . But theCartieroperator

yieldsanisomorphismof sheaves

C " 1 �-� i
X y pz ��7�f� i Fwl�&� tX � k � �

sothatwecanrewrite thisas

Ei j
2 � H i � X V ��� j �&� t �&��K� H i X V ��� j

X U ] H
w
dR � X �%�

whereX VL� X q pr is thebasechangeof X underFrobenius.Wethusgettwo
filtrationson thedeRhamcohomology:theHodgefiltration

� 0�/b F2 b F1 b H2
dR �
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andtheso-calledconjugatefiltration

� 0�/b G1 b G2 b H2
dR �

Wehave rank� F1 ��� rank� G2 ��� 21,rank� F2 �6� rank� G1 ��� 1 and

� F1 �&��� F2 and G�1 � G2 �
Wehave also

F1 4 F2 K� H1 X ��� 1
X � G2 4 G1 K� H1 X ��� 1

X �
cf. [D]. Moreover, from thedescriptionwith thesecondspectralsequenceit
followsthatG1 is theimageunderFrobeniusof H2

dR andalsoof H2 � X � OX � .
The conjugatefiltration is an analogueof the complex conjugateof the
Hodgefiltration in characteristiczero.

Therelativepositionof thesetwo filtrationsis aninterestinginvariantof
aK3 surface.Wehave thethreecases

a) F1 � G1 �0' 0( ;
b) G1 b F1; G1 �� F2;
c) G1 � F2.

The first casehappensif andonly if F � H2 � X � OX �^� H2
dR � X �^�

H2 � X � OX � is not zero, i.e. if h � 1. Such X are called ordinary. The
secondcasehappensif h � 2, while thelastcaseis by definitionthesuper-
specialcase.In this casethe two filtrationscoincide.It is known that two
superspecialK3 surfacesareisomorphic(asunpolarizedvarieties)(cf.[O]).

We have the following resultof Ogus(cf. [O]) which providesuswith
aninterpretationof H1 � Z1 � .
(7.1)Proposition. Wehavean isomorphismF1 � G2 K� H1 � X � Z1 � .
Proof. The map z1 � H1 � Z1 ��� H2

dR given by ' f i j (�� � � 0 ��' fi j (%� 0� is
injective.Indeed,if ' fi j ( representsanelementin thekernel,thenit is of the
form ��� hi j � dhi j


 h j �Fh i � dh i � for a hi j � C1 � OX � , h i � C0 �2� 1
X � . Then

the h i areclosedandhi j definesacocycle.SinceH1 � OX �6� 0 wecanwrite
dhi j �G� j ��� i and fi j is a coboundary. Theimageis containedin F1 and
is orthogonalto the imageG1 of Frobenius.Indeed,take a classF � a� and
considerthecupproductn F � a� � z1 � fi j �2o . Applying theCartieroperatorwe
seethatit is zero.But C � H4

dR � H4
dR is a bijection.Hencetheimagelies

in F1 � G2. This impliesthatdim H1 � Z1�/
 20if X is notsuperspecialand

 21 for superspecialX. Theexactsequence

0 � H1 � B1��� H1 � Z1 � C�S� H1 � 1
X � H2 � B1��� H2 � Z1 ��� 0

implies togetherwith the value of h1 � B1��� h2 � B1 � and ��� Z1 ����� 20
that h1 � Z1 �I� 20 unless X is superspecial.But if X is superspecial
then becauseof F2 � G1 the Cartier operatorgives an isomorphism
C � H1 � Z1 �&4 H1 � B1 ��K� H1 �2� 1

X � implying thath1 � Z1 ��� 21. PQ
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8. An extensionof deRham cohomology

We definean extensionof de Rhamcohomologyby consideringan en-
largedcomplex. (It capturesthe

�
0 � 1� -partof crystallinecohomology.) It is

definedasfollows.Wedenoteby H i
dRWn

� X 4 S� thecohomologyof thedou-
ble complex CWn of additive groupswhich is definedby thecommutative
diagram: ��� �m� ���

C2 � Wn � OX � S�&� Dn�-� C2 � 1
X � S

d�-� C2 � 2
X � S��� �m� ���

C1 � Wn � OX � S�&� Dn�-� C1 � 1
X � S

d�-� C1 � 2
X � S��� �m� ���

C0 � Wn � OX � S�&� Dn�-� C0 � 1
X � S

d�-� C0 � 2
X � S �

whereCi are the i -th Čech cochains,Dn are the mapsinducedby the
differentialof Serregiven in Sect.6, thedifferentialsd aredefinedby the
exteriordifferentiationof differentialformsandtheverticaldifferentialsare
takenin theČechsense.Asusual,wedenoteby � thedifferentialof thesingle
complex associatedwith CWn. An elementof H2

dRWn
� X 4 S� is represented

by a triple ��� 0 ��� 1 ��� 2 � � C2 � Wn � OX � S�&�#� C1 �&� 1
X � S�#� C0 �&� 2

X � S� . In case
n � 1, H2

dRW1
� X 4 S� is nothingbut the de RhamcohomologyH2

dR � X 4 S� .
On H2

dRWn
� X 4 S� wehave theHodgefiltration

0 b F2 b F1 b H2
dRWn

� X 4 S�%�
Herethe F i (for i �� 0) is naturallyisomorphicto the F i -partin theHodge
filtration of H2

dR � X 4 S� . Wehave a naturalisomorphism

H2
dRWn

� X 4 S�&4 F1 K� H2 � X � Wn � OX � S�2�%�
SincetheFrobeniusmorphismF is azeromapon F1, wehave aninduced
homomorphism

F � H2 � X � Wn � OX � S�&�/�7� H2
dRWn

� X 4 S�%�
ThemapVn" 1 � OX � S �-� Wn � OX � S� givesriseto ahomomorphism

Vn" 1 � Ci � OX � S�5�-� Ci � Wn � OX � S�&�%�
Usingthishomomorphismandtakingtheidentitymappingfrom Ci �&� j

X � S�
to Ci �&� j

X � S� , we have a homomorphismof complexesof additive groups
CW1 �-� CWn. Therefore,wehave ahomomorphismof additive groups:

Vn" 1 � H2
dR � X 4 S�8�7� H2

dRWn
� X 4 S�%�
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Let X0 beaK3 surfaceoverafieldk andassumenow thatF � H2 � Wi � OX0 �&��7� H2 � Wi � OX0 �&� is zero for i � 1 ��� � �!� n � 1. Then, by the same
argumentas in Sect.5, we have FH2

dRWn
� X0 �Fb Vn" 1H2

dR � X0 � . There-
fore, using the inverse of the natural isomorphismof additive groups
H2

dR � X0 ��K� Vn" 1H2
dR � X0 �5b H2

dRWn
� X0 � , wehave ahomomorphism

1 n � H2 � Wn � OX0 �&� F�7� Vn" 1H2
DR � X0 � K� H2

DR � X0 �%�
SincewehaveH2 � Wn

� OX0 ����� VH2 � Wn� 1
� OX0 ���#�� H2 � OX0 �#�� H2

DR
� X0��� F1,

andsince 1 n mapsVH2 � Wn" 1 � OX0 �&� to F1, themap 1 n inducesa homo-
morphismfrom H2 � OX0 � to H2 � OX0 � . Thishomomorphismcoincideswith
themap

p
n whichwasconstructedin Sect.5.

We now take a basish 0 of H0 � X0 ��� 2
X0
� andtake the dualbasis� 0 of

H2 � X0 � OX0 � . Via theHodgefiltration of H2
dR � X0� , wecannaturallyregard

H0 � X0 ��� 2
X0
� asa subspaceof H2

dR � X0 � . Therefore,we mayassumeh 0 is
anelementof H2

dR � X0 � .
SinceRn" 1 � H2 � Wn � OX0 �&� � H2 � OX0 � is surjective, thereexists an

element� 0 � H2 � Wn � OX0 �&� suchthat Rn" 1 ��� 0 ���¡� 0. Then,by Theo-
rems(5.1)and(5.7)wehave thefollowing proposition.

(8.1)Proposition. Supposethat for a K3 surface X0 the map F �
H2 � Wi � OX0 �&��� H2 � Wi � OX0 �&� is zero for i � 1 ��� � �¢� n � 1. Then,with the
notationintroducedabove, h �21 X0 �i� n



1 if andonlyif n21 n ��� 0�%��h 0 o�� 0.

9. The dimensionsof the spacesof closedforms

Westudythedimensionsof thespacesH1 � X � Bn � andH1 � X � Zn � . Wealso
considertheir imagesin H2

dR � X � andthisgivesafinerstructureonthesede
Rhamcohomologygroups.

Let us considerthe naturalmap } n inducedin H1 by the inclusion
Bn b0� 1

X:
} n � H1 � Bn �5�S� H1 �2� 1 � �

(9.1)Proposition. If } n is not injectivethen } m is not injectivefor every
m � n anddim H1 � Bm �5C dim H1 � Bm� 1� .
Proof. The maps } n are compatiblewith the natural maps H1 � Bn �£�
H1 � Bn� 1� andby (6.1) thesemapsH1 � Bn �Z� H1 � Bn� 1 � areinjective. If
} n is not injective it follows that } n� 1 is not injective. To prove thesecond
statement,we startwith thecasen � 1. If } 1 � H1 � B1�u� H1 �&� 1

X � is not
injective thenthereexistsa non-trivial cocycle fi j � C1 � OX 4 FOX � anda
1-cochainh i of 1-formssuchthat d fi j �Gh j �\h i . Sincefor affine open
setsU theCartiermapH0 �&� 1

U ) closed�8� H0 �&� 1
U � is surjective we canfind
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closedforms ¤h i andregular functionsgi j on Ui
� U j suchthat we have

a relation

f p" 1
i j d fi j



dgi j �¥¤h j �?¤h i � � 6�

Note that this implies that the map H1 � B2�^� H1 � Z1 � hasa non-trivial
kernel.Supposethat the left-hand-sideof (6) representsanelementin the
imageof H1 � B1�>� H1 � dOX �>� H1 � B2� . Thenwe find a relationdhi j �
Ah j � Ah i with Ah i closed.Then since C annihilatesdhi j the C Ah i define
a global1-form andthis mustbezero.Hencewe canwrite Ah i � d

p
i and

this shows thatdhi j representsthezero-classin H1 � dOX � , contraryto the
assumption.Hencewefind anon-trivial elementin H1 � B2 � whichdoesnot
lie in the imageof thenaturalinclusionH1 � B1��� H1 � B2� . Carryingout
thisargumentfor all n provestheclaim. PQ
(9.2)Corollary. Assumethat h C¦� . Then for all n � 1 the natural
map } n � H1 � Bn �	� H1 � X ��� 1

X � is injectiveandtheimage hasdimension
min' n � h � 1( .
Proof. Sinceby (6.2) dim H1 � Bn � stabilizesfor h ��¦� , non-injectivity
wouldcontradicttheprecedingproposition. PQ

Note that the naturalmap H1 � Bn �§�7� H1 �&� 1
X � is not necessarilyin-

jective for h �G� becausedim H1 � Bn ��� 20 for n � 20. In the caseof
h ��|� , we often identify H1 � Bn � with the imageof thenaturalinclusion
H1 � Bn ��� H1 �&� 1

X � in Corollary(9.2).
Let Zn � � 1

X bethenaturalinclusion.Wehave aninducedmap

zn � H1 � Zn �/�7� H1 � 1
X �

We would like to characterizeboth the imageandthe kernelof this map.
Weoftenwrite Im � H1 � Zn �&� for theimageof zn.

(9.3)Lemma. i) We have Im � H1 � Bn �2��¨ Im � H1 � Zn �&� � , in particular,
Im � H1 � Bn �&�/¨ Im � H1 � Bn �&� � . ii) Assumethath C:� . If C � H1 � Bn� 1 ���
H1 � Bn � is surjective then we have the equality Im � H1 � Zn �&���
Im � H1 � X � Bn �&� � .

Proof. We first show that Im � H1 � Bn �2� and Im � H1 � Zn �&� are orthogonal.
Let � � Im � H1 � B1�&� and } � Im � H1 � Z1�&� . Then we find an element
�[©:} � H2 �2� 2

X � K� k representingthe cup product nª����}#o . If we apply
Cartierto ��©N} asuitablenumberof timesthenit is zero.Now usetheexact
sequence

0 � d � 1
X �-� � 2

X ) closed
C�7�G� 2

X � 0 � � 7�



274 G. vanderGeer,T. Katsura

andthefactthat � 2
X ) closed ��� 2

X.Then,wehavefromthelongexactsequence
theexactsequence

H2 d � 1
X �-� H2 � 2

X
C�-� H2 � 2

X � 0 �
The fact that dim H2 �&� 2

X �^� 1 implies that C � H2 �&� 2
X �R� H2 �&� 2

X � is
an isomorphismas a p-linear mapping.Therefore,for x � H2 �&� 2

X � we
have x � 0 if and only if Cn � x�m� 0 for somen. Hence,we conclude
�«©¬}|� 0. We now prove equality by induction. For n � 1 we have
Im � H1 � B1�&� � � Im � H1 � Z1 �&� becauseIm � H1 � B1�&� is thekernelG1 4 F2 of
theCartieroperatorandIm � H1 � Z1 �&� is F1 � G2 � F1 � G �1 .Supposethatwe
haveprovedthatIm � H1 � Bi �&� � � Im � H1 � Zi �&� for i 
 n. If } � Im � H1 � Z1 �&�
isorthogonaltoall � � Im � H1 � Bn� 1�&� thenwehave n C��� C}#ou� 0andsince
C � H1 � Bn� 1�6� H1 � Bn � is surjective this impliesthatC} � Im � H1 � Zn �&� ,
i.e. } � Im � H1 � Zn� 1 �2� . PQ
(9.4)Lemma. TheCartieroperatorC � H1 � Bn ��� H1 � Bn" 1� issurjective
for n 
 h � 1. Moreover, for n 
 h � 1 CI� wehavedimIm � H1 � Zn �&�6�
20 � n.

Proof. Note that we know that h1 � Bn �^� n for n 
 h � 1 and thus the
exactsequence0 � B1 � Bn � Bn" 1 � 0 impliesthatC � H1 � Bn �8�
H1 � Bn" 1� is surjective for n 
 h � 1. Therestfollows from (9.3). PQ
(9.5)Corollary. If h ��;� wehavethe following orthogonal filtration in
H1 �&� 1 � :

0 b H1 � B1�/b H1 � B2 �5bf� � �cb H1 � Bh" 1�/b Im � H1 � Zh" 1 �&�5b
b Im � H1 � Zh" 2 �&�5bf� � �cb Im � H1 � Z1 �2�/b H1 � 1

X � (8)

Theexactsequence(3) givesfor i � 0 riseto theexactsequence

0 � H0 d � 1
X �-� H1 � Z1 �/�7� H1 � 1

X
d�7� H1 d � 1

X �S� H2 � Z1 ���
The naturalmap H1 � Z1��� H1 �&� 1� is the compositionof H1 � Z1 ���
H2

dR and the projection H2
dR � F1 4 F2, i.e. by (7.1) it is the map

F1 � G2 � F1 4 F2. This is an isomorphismfor h � 1 andit hasa1-di-
mensionalkernelotherwise.It follows that

dim H0 � d � 1 ��� dim H1 � d � 1 ��� 0 if h � 1

1 if h �� 1 �
Fromtheexactsequence

0 � H0 d � 1
X �7� H1 � Zn� 1 �

­
n® 1�#�!�7� H1 � Zn �5�-� H1 d � 1

X �
with ¯ n� 1 themapinducedby inclusionwededucethatfor h �� 1

¯ n� 1 is surjective X=] dim H1 � Zn� 1 �i� dim H1 � Zn �%� � 9�



Onastratificationof themoduliof K3 surfaces 275

(9.6)Lemma. For h ��0� wehavedim H1 � Zn ��� 20.

Proof. If h � 1 we have h0 � d � 1
X �u� 0 andh1 � d � 1

X �>� 0 henceall ¯ n are
isomorphisms.Sinceweknow h1 � Z0 ��� 20 theresultfollows for h � 1. If
h �� 1 thenH0 � d � 1

X � K� k. For n 
 h � 1 we have Im � H1 � Zn �&�u� 20 � n
by Lemma(9.3) anddim H1 � Bn �°� min' n � h � 1( . Supposethereexists
an n � n 
 h � 1� suchthat ¯ n is surjective. Take the smallestsuchn.
Then,the imageof zn coincideswith theimageof zn" 1, which contradicts
dimIm � H1 � Zn �&���� Im � H1 � Zn" 1 �2� . Hence,h1 � Zn �°� 20 for n 
 h � 1.
Considerfor n � h thecommutative diagramof exactsequences

0 0

B1 � B1

0 �7� Bn �7� Zn
Cn�S� � 1

X �7� 0

C C �
0 �7� Bn" 1 �7� Zn" 1

CnO 1�S� � 1
X �7� 0

0 0 �
The diagramshows that Ch � H1 � Zh �«�7� H1 �&� 1

X � factorsthroughthe
imageof Ch " 1. This implies thatdim H1 � Zh �8�±� h � 1�T
 20 �±� h � 1� .
Sinceh1 � Zn �^� 20 for all n � 1 we geth1 � Zh �5� 20. We canrepeatthis
argumentfor H1 � Zm � with m � h. PQ

10. Chern classesof line bundlesand closedforms

We startwith a well-known resultdueto Ogus[O, Cor. 1.5]. We give here
theproofby Shafarevich [Sh] for thereader’s convenience.

(10.1)Proposition. Themapc1 � NS� X �&4 pNS� X ���7� H2
dR is injective

andfactors throughF1H2
dR.

Proof. (Shafarevich) We take an affine opencovering ' Ui ( of X. A class
in H2

dR is representedby a tripel � a � b � c� � C2 � OX �²� C1 �&� 1
X �#� C0 �&� 2

X � .
Theboundariesareof theform ��� hi j � dhi j


 h j �³h i � dh i � with � hi j ��h i � �
C1 � OX ��� C0 �&� 1

X � .Soif aChernclassc1 � L � , representedby � 0 � d log fi j � 0� ,
is zeroin H2

dR thenthereexists � hi j ��h i � � C1 � OX �´� C0 �&� 1
X � with dh i � 0

and � hi j � 0 and we have d log fi j �µh j �Ih i



dhi j . By the relation
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�`� hi j �R� 0 the hi j definesa classin H1 � X � OX �R� 0, so we have hi j �
� j ��� i with � i regularandwecanreplaceh i by h i



d � i andobtainarelation

d log f i j �fh j �Eh i with h i closed� � 10�
Applying theCartieroperatorwefind

d log fi j � Ch j � Ch i � � 11�
Subtracting(1) from(2)wefindCh i �^h i � Ch j �Rh j . Thisdefinesaglobal
1-form which mustbe zero.Hencewe seeCh i �_h i and it follows that
h i � d log

p
i (aftershrinkingtheUi if necessary).Wefind

d log fi j � d log
p

i
p " 1

j �
hence

fi j � p
i
p " 1

j ¯ p
i j

for somē i j � O � Ui
� U j � . Thusmoduloa p-th power L is trivial. The

proofalsoshows thattheimagelandsin F1H2
dR. PQ

(10.2)Proposition. If h C¶� thenwe have n c1 � NS� X �&�&o � Im � H1 � Bn �&��;' 0( for all n. Moreover, c1 � NS� X �&� is orthogonal with Im � H1 � Bn �2� for
all n.

Proof. First we show thatc1 � NS� X �&� � Im � H1 � Bn �&�5�H� 0� for all n � 0.
If it is not, thentake a minimal n suchthat Im � H1 � Bn �&� containsa Chern
class0 �� �

d log fi j � . Wecanwrite a (non-trivial) relationas

d log fi j �f} i j

 h j �·h i � � 12�

wherethe } i j areforms in Bn, but not in Bn" 1. Apply the inverseCartier
operatorasin (9.1)to geta relation

d log fi j � ¤} i j

 ¤h j �¸¤h i � 13�

wherethe ¤h i areclosedforms with C �k¤h i � ��h i andthe ¤} i j areforms in
Bn� 1 with C � ¤} i j �6�d} i j . Subtracting(12) from (13) shows that ¤} i j �·} i j is
aboundary. Since} i j definesanon-zeroelementof H1 � Bn � whichis not in
the imageof H1 � Bn" 1� thecocycle ¤} i j givesanelementof H1 � Bn� 1� not
in the imageof H1 � Bn � . Hencethe left handsideis not zeroin H1 � Bn� 1�
andthisshows that H1 � Bn� 1�6� H1 �&� 1� is not injective.

Supposenow that n c1 � NS� X �&�&o � Im � H1 � Bn �2�§�� 0. Consideringall n
whichsatisfythiscondition,we thenhave a relationwith m � 2 minimal

d log f q 1ri j

 m

¹ � 2

a¹ d log f q ¹ ri j �f} i j

 h j �.h i �
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Wemayassumethatm � 2andthata¹ � � p for all ºm� 2.Thenbyapplying
C" 1 asbeforewefind

d log f q 1ri j

 m

¹ � 2

ap¹ d log f q ¹ ri j � ¤} i j

 ¤h j �?¤h i �

wherethe ¤h i areclosedandC ¤h i �fh i . Subtractingthetwo relationswefind
a shorterrelation(m smallerbut with n maybelarger).This contradiction
shows that n c1 � NS� X �2�&o � Im � H1 � Bn �&��� 0.

The orthogonalityof n c1 � NS� X �&�&o and Im � H1 � Bn �&� follows from the
factthat n c1 � NS� X �&�2o5b Im � H1 � Zn �&� andLemma(9.3). PQ
(10.3)Proposition. Supposethath Ca� . ThentheChernclassmap

c1 » k � NS� X �&4 pNS� X � » k � H1 � X ��� 1
X �

is injective.

Proof. Supposewe have a relation r¹ � 1 a¹ c1 � L ¹ �J�Bh j �±h i for line
bundlesL ¹ anda¹ � k.Wemayassumethata1 � 1andthattherelationisthe
shortestpossible(r minimal). Furthermore,wecanassumethata¹ 4 a¼[� � p

for ºm��f½ ; otherwisewecaneasilyfindashorterone.Now applytheinverse
CartieroperatorC " 1 to therelationaswedid before.Wefind anew relation

dgi j



c1 � L1 � 

r

¹ � 2

ap¹ c1 � L ¹ �6�|¤h i

 ¤h j � 0 �

wherethe gi j are regular on Ui
� U j . If the cocycle dgi j definesa zero

classin H1 � X ��� 1
X � , we canwrite dgi j �¾� j �±� i , andwe canreplacethe

relationby a shorteroneby subtractingthetwo relationscontradictingthe
minimality of r . Hence' dgi j ( definesa non-zeroclassin H1 � X ��� 1

X � and
wefind anon-zeroelementin Im � H1 � B1 �2� � n c1 � NS� X �2�&o . PQ

As a corollaryof (6.2), (10.2)and(10.3)we now find thewell-known
resultof Artin andMazuron therank D of theNéron-Severi group:

(10.4)Corollary. For h ��0� wehaveDE
 22 � 2h.

(10.5)Remark.A line bundleL definedby transitionfunctions f i j defines
acocycled log fi j with valuesin Zn � 1

X for all n � 0. Wethuscanview the
classc1 � L � asa classin H1 � Zn � for all n � 0 aswell asin H2

dR. If h CI�
themaps

c1 » k � NS� X �&4 pNS� X � » k �7� H1 � Zn �
areinjective for all n � 0.
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11. The supersingularcase

Themapc1 � NS4 pNS � H2
dR is injective andfactorsthroughH1 � Z j � for

all j � 1. However, the mapc1 » k � NS » k � H2
dR is not necessarily

injective.For X supersingularin Shioda’ssense,i.e. D�� B2 � 22,it cannot
beinjective sincedimk H1 � Z1 ��� 20or 21, thelatterif X is superspecial.

Wedefinefor j � 0 � 1 � � �
U j � � ker c1 » k � NS » k � H1 � Z j �

andweset
dimU1 � 3

0 �
Using the naturalmaps H1 � Zi �=� H1 � Zi " 1 � we have U j � 1 ¨ U j for
j � 0 � 1 � 2 ��� � � . Wedefinetwo bijective operatorson NS » k

¿ � 1 » F and À£� 1 » F " 1 �
with theFrobeniusactionF � a � � ap on thesecondfactork.

(11.0)Remark.If we assumethat D«� B2 � 22 (i.e. thetruth of theArtin
conjecturethath �0� implies Dm� 22)thenonecanshow thattheinvariant3

0 just introducedequalstheArtin invariant3 0, i.e. theintersectionform on
thelatticeNS� X � hasdiscriminant

disc� NS� X �&�g�;� p2e 0 �
(11.1)Lemma. We have ÀÁ� U j � 1�£¨ U j ; equivalently, we haveU j � 1 ¨¿ � U j � . Moreover, wehaveU j � 1 ¨ U j

� ¿ � U j � .
Proof. This follows from thecommutativity of thediagram

NS » k Â�7� NS » k

c1 Ã k c1 Ã k

H1 � Z j � 1� C�7� H1 � Z j �
with C the Cartieroperator. The secondresult follows from this and the
inclusionU j � 1 b U j . PQ

Now choosean elementumin � uq j r
min �� 0 of minimal length in U j

undertheassumptionthatU j is non-zero,i.e.write umin � m
i � 1 ai

�
L i � and

requirem � 2 to beminimal. We alsomayassume– andwe shall – that
a1 � 1.

(11.2)Lemma. For j � 1 we have umin � � ¿ � U j � . Similarly we have
umin � � ÀÁ� U j � . If X is notsuperspecialtheconclusionholdsalsofor j � 0.
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Proof. If umin � ¿ � U j � issuchaminimalelementwith a1 � 1thenÀÁ� umin �Ä�
umin wouldbeashorterelementor zero.If it is zero,thenumin � NS» Fp

�
U1 �f' 0( . For j � 0 theargumentis similar. NotethatNS » Fp

� U0 ��0' 0(
if andonly if X is superspecial,cf. [O 1], Cor. 1.4.

(11.3)Lemma. Themapc1 » k � ¿ � U j ��� H1 � Z j � 1� factorsvia H1 � B1���
H1 � Z j � 1 � andtheinducedmap¿ � U j ��� H1 � B1� is surjectiveif U j ��0' 0( .
Proof. If u � U j thereexist closedforms � x � Z j � Vx � for someopen
covering Vx suchthat � c1 » k� � u� is a coboundary:� ~ �Å�ÇÆ . Now usethe
localsurjectivity of C to write

� c1 » k�%� ¿ � u�&�6� ¤� ~ � ¤�ÇÆ 
�p Æ ~
with ¤� x � Z j � 1, C ¤� x �0� x,

p Æ ~ � B1 onasuitableopencovering.Thenthisp Æ ~ definesacocycle, thusanelementin H1 � B1�/b H1 � Z j � 1� .
Toprovethesurjectivity, chooseanon-zeroelementumin � U j . Suppose

that
p Æ ~ ��� ~ �±� Æ with � � B1. Then ¿ � umin � � U j , henceUmin � ÀÁ� U j �

whichcontradictsLemma(11.2).

(11.4)Corollary. We have U j � 1 � U j
� ¿ � U j � and dim � U j � 1���

max' dim � U j �>� 1 � 0( .
Proof. Thekernelof c1 » k � ¿ � U j ��� H1 � Z j � 1 � equalsU j � 1 by(11.1)and
hascodimension1by(11.3).SinceU j �� ¿ � U j � , andsincetheirintersection
containsU j � 1 we must have U j � 1 � U j

� ¿ � U j � . The statementabout
dimensionsfollows.

If weassumethat 3 0 � 1 thenwehave astrictly increasingsequence

' 0(�� Ue 0 � 1 b Ue 0 bf� � �cb U2 b U1 � 14�
andthis implies:

(11.5)Proposition. Themapc1 » k factors throughan injection

NS� X �&4 pNS� X � » k � H1 � Z e 0� 1 �%�
Wecangeneralizetheresultof Corollary(11.4).

(11.6)Lemma. Wehave¿ k � U j � � U j � U j � k. In particular ¿ e 0 � U1� � U1�0' 0( .
Proof. Weprovethisby inductiononk, thecasek � 1wasprovedin (11.4).
Supposeit holdsfor k. Then

¿ k� 1 � U j � � U j b ¿ � ¿ k � U j " 1� � U j " 1�ub ¿ � U j � k" 1 � �
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Ontheotherhandwehave

¿ � U j � k" 1 � � ¿ k� 1 � U j �ib ¿ � U j
� ¿ k � U j �&��� ¿ � U j � k �%�

But by aneasyinductiononehas

¿ � U j � k � � U j b U j � k� 1 �
In view of dim � ¿ k� 1 � U j � � U j �5� dim � U j �	�I� k 


1� theresultfollows.

(11.7)Lemma. Supposethat U1 ��d' 0( andlet umin � U1. ThenÀÁ� umin� �
U0È U1. In particular, � c1 » k� ��ÀÁ� umin �2� � H0 �&� 2�/b H1 � Z1 �5b H2

dR.

Proof. SinceÀÁ� umin � doesnot lie in U1, but lies in U0 we seethat � c1 » k�
��ÀÁ� umin�&� mustlie in thekernelof H1 � Z1 ��� H1 �&� 1 � , which is H0 �&� 2

X � .
(11.8)Lemma. The Chern classmap c1 » k � ¿ m � U j �.�7� H1 � Z j � m �
factors through H1 � Bm� . For any t � 1 the natural image of H1 � Bt � in
H1 � Ze 0 � 1 � is containedin theimageof NS� X �&4 pNS� X � » k underc1 » k.

Proof. As in theproof of (11.3)we canwrite � c1 » k� � u���Y� ~ �·�ÇÆ with
� x � Z j � Vx � . Now usethelocal surjectivity of C to write

¿ m � u��� ¤� ~ � ¤�ÇÆ 
Ip Æ ~
with ¤� � Z j � m, Cm ¤� x �¾� x,

p Æ ~ � Bm. Thenthis
p Æ ~ definesa cocycle,

thusanelementin H1 � Bm�ib H1 � Z j � m � . Thisprovesthefirst statement.
We prove the secondstatementby induction. Note that by (11.3)

the image of H1 � B1 � in H1 � Z e 0 � 1 � is contained in the image of
NS� X �24 pNS� X � » k under c1 » k. Let � be an elementof the image
of H1 � Bt � and }F� C� in the imageof H1 � Bt " 1� . Then }Å�¥� c1 » k�%�2ÉÊ�
for someÉ � NS » k. But then�s�·� c1 » k�%� ¿ �&ÉÊ�2� is anelementof H1 � B1� .
By inductionthis is in the imageof � c1 » k�%� NS » k� . Hence� lies in the
imageof � c1 » k� � NS » k� .
(11.9)Proposition. Let 3 0 � 1. Thedimensionof theimage of H1 � Be 0 � in
H1 � Z1 � equals3 0. Theimage in H1 �&� 1

X � is 3
0 � 1-dimensional.

Proof. Thefirst statementfollowsdirectly from (11.6)and(11.8).Arguing
similarly for U0 we find thatc1 » k � ¿ e 0 � U0 �u� H1 �&� 1

X � factorsthrough
the naturalmap H1 � Be 0 �Z� H1 �&� 1

X � . The intersection¿ e 0 � U0 � � U0 has
dimension1.

(11.10)Theorem. For a K3 surfaceX with B2 �0D andArtin invariant 3 0,
we havedim � Im H1 � Z e 0 �&�M� 21 � 3

0 for the image in H1 �&� 1
X � and it is

generatedbyChernclasses.
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Proof. Sincewehave

n c1 � NS� X �24 pNS� X �2�&o5b Im H1 � Z e 0 �5bd� Im H1 � Be 0 �&� � b H1 � 1
X

anddim n c1 � NS� X �&4 pNS� X �&�&o>� dim � Im H1 � Be 0 �&� � � 20 ��� 3 0 � 1� by
(11.9),wehave

n c1 � NS� X �&4 pNS� X �&�2o�� Im H1 � Z e 0 ���$� Im H1 � Be 0 �&�&�
andsodimIm H1 � Z e 0 ��� 21 � 3

0. PQ
Sincethe codimensionof Im H1 � Zi � 1 � in ImH1 � Zi � is at mostone,we
concludethat

Im H1 � Z e 0 ��� Im H1 � Z e 0 " 1�ib Im H1 � Z e 0 " 2 �/b0� � �
b Im H1 � Z1 �/b H1 � 1

X

and Im H1 � Zn �·� Im H1 � Z e 0 � for n � 3
0. Here, the inclusionsare

strict inclusions. Moreover, we see that the injection c1 » k �
NS� X �24 pNS� X � » k � H1 � Z e 0 � 1 � is anisomorphism:

c1 » k � NS� X �&4 pNS� X � » k K� H1 � Z e 0 � 1 �%�
Wenow needthefollowing lemma.

(11.11)Lemma. Let X bea K3 surfaceX with B2 �¶D andArtin invari-
ant 3 0. For every n � 0 the natural map H1 � Z e 0 � n� 1 �T� H1 � Z e 0 � n � is
surjective.

Proof. By Theorem(11.10) the dimensionof the imageof H1 � Z e 0 � in
H1 �&� 1 � is21� 3

0. By (14)it followsthattheimageof H1 � Z e 0 " 1 � in H1 �&� 1�
hasdimensionat least22 � 3

0 � 1. SincethemapH1 � Ze 0 � 1 �u� H1 �&� 1�
factorsthroughH1 � Z e 0 � themapH1 � Ze 0 � 1 ��� H1 � Ze 0 � mustbesurjective.

We now prove that if the naturalmapping H1 � Zn� 1 �[� H1 � Zn � is
surjective, thenso is H1 � Zm� 1 �/� H1 � Zm � for any m � n. Supposethat
the naturalhomomorphismH1 � A � Zn� 1 �^� H1 � A � Zn � is surjective. By
thediagramof exactsequences

0 � B1 �7� Zn� 2
C�7� Zn� 1 � 0

� Ë n® 2 Ë n® 1

0 � B1 �7� Zn� 1
C�7� Zn � 0

wehave adiagramof exactsequences

� H1 � X � B1��� H1 � X � Zn� 2 � C�7� H1 � X � Zn� 1 ��� H2 � X � B1�
� Ë n® 2 Ë n® 1 �

� H1 � X � B1��� H1 � X � Zn� 1 � C�7� H1 � X � Zn �?� H2 � X � B1�%�
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FromthisdiagramweseethatthenaturalhomomorphismH1 � X � Zn� 2 ���
H1 � X � Zn� 1 � is alsosurjective. Sothis lemmanow follows by induction.

PQ
(11.12)Corollary. Let X be a K3 surface X with B2 �ÌD and Artin
invariant 3

0. For n � 3
0 we have Im � H1 � Bn �&��� Im � H1 � Zn �&� � and

dimIm � H1 � Bn �&��� 3
0 � 1.

Proof. By theproofof (11.10),wehaveImH1 � Z e 0 � � � ImH1 � Be 0 � . There-
fore, for n � 3

0, wehave

ImH1 � Zn � � � ImH1 � Z e 0 � � � ImH1 � Be 0 �/b ImH1 � Bn �%�
Ontheotherhand,by theproofof (9.3),wehaveImH1 � Zn � �EÍ ImH1 � Bn � .
Hence,wegetthedesiredresults. PQ

Sincec1 » k � NS� X �&4 pNS� X � » k �7� H1 � Zi � is injective for i �3
0



1, wehave thefollowing proposition.

(11.13)Proposition. For a K3 surfaceX with B2 �;D the following four
conditionsareequivalent.

(i) Thenatural mapH1 � Zi ��� H1 � Zi " 1 � is surjective.
(ii) TheCartier operator C � H1 � Zi ��� H1 � Zi " 1 � is surjective.
(iii) dim H1 � Z10�5� 31 � i .
(iv) 3

0 
 i .

12. The Kodaira-Spencermap

Let X0 be a K3 surface, and let Î�� X �7� S be the versal formal
k-deformationof X0. Then, as is well-known (cf. [D]), we have S �
Spfk

���
t1 ��� � �!� t20��� with variablest1 ��� � �!� t20. We denoteby Ï the Gauss-

Maninconnectionof H2
dR � X 4 S� :

Ï¶� H2
dR � X 4 S���7� � 1

S� k » H2
dR � X 4 S�%�

We take a basish of H0 � X ��� 2
X � S� . Then, Ï composedwith cup product

with h givesanisomorphism:

D-Ð�� H1 X ��� 1
X � S

��7�G� 1
S� k �

We denoteby m themaximalidealof theclosedpoint of S. By evaluating
D Ð atzerowehave anisomorphism:

D-Ð ) 0 � H1 X0 ��� 1
X0 � k ��7� m4 m2 �
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(12.1)Remark.Ogusgave an explicit expressionof the isomorphismD-Ð
as follows. For an element� � H1 � X ��� 1

X � S� we choosea lifting �ÁV �
F1H2

dR � X 4 S� of � . Since nª� V ��h6o�� 0, wehave

D-ÐÑ���Ñ���$n�Ï°� V ��h6og�;�Rnª� V ��Ï°h6o �
For details,seethepaperby Deligne/Illusie[D], cf. alsoOgus[O].

13. Horizontality

WeconsiderthemodulispaceM � M2d of K3 surfaceswith apolarization
of degree2d in characteristicp. Let � X � D� beapolarizedK3 surfacewith
a polarizationof degree2d. The existenceof this moduli spacesfollows
from work of Gieseker. We view thesemoduli spacesasalgebraicstacks.
If theChernclassc1 � D � is not zeroin thedeRhamcohomologyof X then
themoduli spaceis formally smoothat

� � X � D �2� .
We shall assumefor simplicity that the degree2d of the polarization

is primeto p. Let furthermoreÎ|�ÁÒÓ�7� M2d be theuniversalfamily of
polarizedK3 surfacesover k. Weset

M q hr � �f' s � M � h � Xs�/� h ( �
Then,by Artin [A], M q hr is analgebraicsubvarietyof codimension
 h � 1
in M for h � 1 ��� � �!� 10.Weshallshow thattheir codimensionis h � 1.

Thedirect imagesheaves R2 Î#w Wi � OÔi� arecoherentsheavesof rings,
but notcoherentOM-modules.If therewouldexist asuitableGrothendieck
group of suchobjectswe could calculateChernclassesby using Theo-
rem (5.1). Sincewe do not know how to do this, we resortto a different
methodto calculatecycleclassesof loci of givenheight.

Let X0 beaK3 surface,andassumethattheheightof theformalBrauer
group 1 X0 is greaterthan or equalto h, i.e., X0 correspondsto a point
in M q hr . Then the Frobeniusmorphismis zero on H2 � X � Wi � OX � S�&� for
i � 1 ��� � �¢� h � 1. We let Sbea formalneighborhoodof M q hr at thepoint,
andwe alsodenoteby Ï the Gauss-Maninconnectionof H2

dR � X 4 S� . We
considertheHodgefiltration 0 b F2 b F1 b H2

dR � X 4 S� , andconstruct,in
thesamewayasin Sect.8, a homomorphism

1 h � H2 � Wh � OX � S�&�/�7� H2
dR � X 4 S�%�

We take a basis h of H0 �&� 2
X � S� and take the dual basis � of H2 � OX � S� .

We take a lifting ¤� � H2
dR � X 4 S� of � . Then we have n ¤����h6o§� 1. Since

Rn" 1 � H2 � Wn � OX � S�&�=� H2 � OX � S� is surjective, we take an element
� � H2 � Wh � OX � S�&� suchthat Rh" 1 ���Ñ���f� . Weset

gh ��n�1 h ���Á� ��h6o �



284 G. vanderGeer,T. Katsura

Since 1 h ���Á� � gh ¤� is orthogonalto h , it follows that 1 h ���Ñ�°� gh ¤� is
containedin theF1-stepof theHodgefiltration.Therefore,usingthenatural
isomorphismH2

dR4 F1 K� H2 � OX � S� , weconcludethat
p

h ���Ç��� gh � in H2 � OX � S�%�
where

p
h was definedin Sect.5. This meansthat the equationgh � 0

givestheschemetheoreticlocusof zeroof
p

h, andby Proposition(8.1),the
supportof this locusin M q hr coincideswith M q h � 1r .
(13.1)Proposition. Underthenotationandassumptionsmadeabove, the
image Im 1 h is horizontalwith respectto theGauss-Maninconnection.

Proof. It suffices to prove Ï��&1 h ���Ñ�&�T� 0. The element� is represented
by a cocycle � i jk �W��� q 0ri jk ��� � �!��� q h" 1r

i jk � with respectto a suitableaffine
open covering ' Ui ( of X 4 S. Since the Frobeniusmorphismis zero on
H2 � Wh" 1 � OX � S�&� , thereexists a cochainÀ i j �ÅÕ � Ui

� U j � Wh" 1 � OX 4 S�&�
suchthatFR���Á�	�

�
'&À i j (��0'&À jk ��À ik


 À i j ( � � C2 � Wh " 1 �2� . Hencewehave

F ���Ñ�	�
�
��'%��À i j � 0�&(&���f'%� 0 ��� � �#� 0 � gi jk �2(%� � 15�

Put ¤À i j �$��À i j � 0� , anelementin Õ � Ui
� U j � Wh � OX � S�&� . Then

p
h ���Ç���f' gi jk (

and

1 h ���Á���;� gi jk ��� Dh �Ä¤À i j �%� 0� � C2 � OX � S�²� C1 � 1
X � S � C0 � 2

X � S �
Wewrite thisas

1 h ���Ñ���0'%� gi jk � bi j � 0�2(%�
We have to calculate Ï��&1 h ���Á�2� . We use the explicit descriptionof the
Gauss-Maninconnection.KatzandOdadefinein [K-O] two operators

LS � Cq �&� p�6� Cq �2� p� 1�%� LS �&��}Ñ� � i0 ��� � �!� iq �&��� di
S ��}g� i0 ��� � �!� iq �&�

and

Ö � Cq �&� p ��� Cq� 1 �2� p �%� Ö ��}c�%� i0 ��� � �¢� iq� 1�
�;�&� 1� p � I i0 � I i1 �%��}�� i1 ��� � �!� iq� 1�&� �

Herewe follow the notationof loc. cit. The (substitution)operatorI i0 is
given by p

t � 1 subs� dxt � � di0
S � and is zero for p � 0. In our casethis

givesLS � gi jk ��� di
S � gi jk � � C2 �&� 1� , Ö � gi jk ��� 0 andLS � bi j �8� di

S � bi j � �
C1 �2� 2 � , Ö � b�%� i jk ���;�R� I i � I j �%� b jk � � C2 �&� 1� . Sowefind

Ï��&1 h ���Ñ�&��� di
Sbi j



di

Sgi jk � I i b jk



I j b jk � � 16�
Herethefirst termlies in C1 �2� 2 � .
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Using di
S insteadof d we can make an operatorDi

h ) S similar to the
operatorDh definedby Serre.It is zeroon the imageof Frobeniusandso
therelation(15)gives

� Di
h) S �

�
'2À i j (&��� di

S � gi jk � �
Thissaysdi

S � gi jk ��� I i � b jk � bik



bi j � . Collectingthetermsweget

Ï��&1 h ���Ñ�&��� di
Sbi j



I i �&� bik



bi j � 
 I j b jk �

Putci j �;� Dh ��À i j � . Now notethatwehave

di
S � Dh ��À i j �&��� d Di

h) SÀ i j �
Thereforetheright handsideof (16) is aboundaryin thetotalcomplex. We
concludeÏ�1 h ���Á��� 0 in � 1

S� k » H2
DR � X 4 S� . PQ

14. The tangentspacesto the stratification

We denoteby D0 the polarizationclassof X0 of degree2d andwe shall
assumethat it is prime to p. Let M q hr be the closedlocusof the moduli
spaceM � M2d of polarizedK3 surfacesgiven by the conditionheight
� h for h � 1 ��� � �¢� 10 andh �¶� . We now determinethe tangentspace
of M q hr at the point x0 �×� X0 � D0 � . We denoteby Im H1 � X0 � Z Ø2� the
imageof H1 � X0 � Z Ø%� 1

X0
� in H1 � X0 ��� 1

X0
� inducedby thenaturalinclusion

Z Ø � 1
X0

� � 1
X0

.

(14.1)Proposition. Supposethat � X0 � D0� representsa point x0 of M q hr �
M q�Ù r . Thenfor 1 
 h 
 10 thetangentspaceof M q hr at x0 is in a natural
wayisomorphicto Im H1 � X0 � Zh" 1 � � c1 � D0� � .

Proof. Note that by (9.2) the map H1 � X0 � Bh " 1�T� H1 � X0 ��� 1
X0
� is in-

jective. Sincewe have H1 � X0 � Bh" 1�Rb c1 � D0� � , by Corollary(10.2)and
Lemma(9.3),it sufficesto provethat n H1 � X0 � Bh " 1�%� c1 � D0�&o is thenormal
spaceof M q hr at x0. We will show this by induction.Note that we know
dim H1 � X0 � BØ��6�0Ú for ÚM� 0 ��� � �!� h � 1.

Supposeh � 1. Then,we have H1 � X0 � B0 �^� 0, andby the general
theoryof moduli spacesthe tangentspaceof M q 1r � M at x0 is given by
c1 � D0 � � b H1 � X0 ��� 1

X0
� .

Now, we assumethat the statementholdsuntil h. We usethe notation
above. Then,by (8.1) M q h� 1r is definedby gh �¾n21 h ���Ñ�%��h6o8� 0 in M q hr .
UsingProposition(13.1),wehave

dgh �$n�Ï�1 h ���Ñ�%��h6o 
 n21 h ���Ñ�%��Ï°h6o
�$n21 h ���Ñ�%��Ï°h6o5�
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We denoteby m (resp.m0) the maximal ideal which correspondsto the
point x0 in the versalformal moduli spacearoundx0 (resp.in the formal
moduliaroundx0 in M q hr ). Then,underthenaturalhomomorphism

H1 X0 ��� 1
X0

K� m4 m2 �7� m04 m2
0

�R1 h ���Á� � 0� correspondsto the cotangentvector gh by the argumentof
Ogus[O]. Thekernelof thishomomorphismisisomorphic to n H1 � X0 � Bh" 1 � �
c1 � D0 �2o by induction.Wehave

�R1 h ���Á� � 0���$��' Dh �%¤À i j �2(
�$�

h" 1

m� 0

��À q mri j � ph O m " 1d log À q mri j

andDh � H2 � Wh � OX0 �24 FWh � OX0 �&��� H1 � X0 ��� 1
X0
� is injectiveby Corol-

lary (9.2).Since 1^���Á� � 0� lies in H1 � X0 � Bh � but not in H1 � X0 � Bh" 1 � , we
concludethatgh 4� m2

0. By inductionwe thusseethat thetangentspaceto
M q h� 1r canbeidentifiedwith H1 � X0 � Zh � � c1 � D0� � . PQ

This argumentdoesnot work for h �|� , but canbemadeto work for
the supersingularpoints for which the subspacen Im � H1 � Bh �2�%� c1 � D �&o of
H1 �&� 1 � hasdimensionh. In Sect.12 we gave conditionsfor this. Under
the assumptionthat DÛ� B2 this is the caseif the Artin invariant 3 0 of
asupersingularK3 surfacesatisfies3 0 � h. We thusfind:

(14.2)Theorem. For h � 1 ��� � �!� 10 theopenstratumM q h r , if notempty, is
purelyofdimension� 20� h � andnonsingular at anypointof thestratumM q hr
where thesubspacen Im � H1 � Bh" 1 �2�%� c1 � D0�&o of H1 �&� 1

X0
� hasdimensionh.

In particular, it is non-singularat non-supersingular pointsandassuming
theArtin conjecture at all supersingularpointswith Artin invariant 3 0 � h
andc1 � D0�i� � Im � H1 � Bh �&� .

Wereferhereto a forthcomingpreprintof Ogusfor adescriptionof the
singularitiesof the strata.Ogusproved in [O, Prop.2.6] that for p �� 2
the stratum M q 2r has a quadraticsingularity at the superspecialpoints.
A variationof hisargumentthereshows thatatapointwith Artin invariant3

0 � h � 1 thesingularlocushasmultiplicity 2. In particularthestratum
M q 11r hasmultiplicity 2 atpointswith 3

0 � 10,cf. hisforthcomingpreprint
andthediscussionin thenext section.

15. The loci of K3 surfacesof given height

Wenow cometo thedescriptionof thecycleclassesof thestratadefinedby
theheight.Let M q hr be theclosedstratumof themoduli spaceM � M2d
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wheretheheightof theformalgroup 1 X isatleasth,with theconventionthat
M q 11r � M q�Ù r . Forsimplicityweshallassumethatp doesnotdivide2d. By
ourcharacterizationof h thesestratacanbegivenanaturalschemestructure
andthesearereducedfor h ��d� by our resultsin Sect.14. It is known by
Artin thatthestrataM q hr for h � 1 ��� � �!� 11 have codimension
 h � 1 in
M2d, see[A].

Definea line bundleV on M by V �¸Î#wk�&� 2Ô � M � andlet thefirst Chern
classbe É .
(15.1)Theorem. Let M � M2d be the moduli stack of polarized K3
surfacesover k with a polarization of degree 2d prime to p. Then for
h � 1 ��� � �¢� 10� 11 thescheme-theoretic locusM q hr of surfaceswith height
� h, if not empty, is of codimensionh � 1 and for h �� 11 it is a local
completeintersection.Theclassof M q hr in theChowgroupCHh" 1Ü � M � is
givenby

� p � 1�%� p2 � 1�#� � �Ä� ph" 1 � 1�%É h" 1 �
Proof. Weprove thisby induction.Let M bethemodulispaceof polarized
K3 surfacesof degree2d asabove. We know that the genericK3 surface
hasheight1, andsofor h � 1 theformula is correct.Thecodimensionof
M q hr is 
 h � 1 for 1 
 h 
 10asfollows from (5.7).For h � 2 thelocus
M q 2r is thenon-ordinarylocus.This locusis characterizedby thefact that
theFrobeniusmapH2 � X � OX �	� H2 � X � OX � vanishes.This is a p-linear
mapandthe correspondingOM-linear mapis � R2 Î#w OÔi� q pr � R2 Î#w OÔ
with associatecycle class� p � 1�%É . Locally, at apointof M q 2r anequation
is givenby g1 � 0, seetheproof of (14.1)anddg1 �� 0. So if M q 2r is not
emptythenit is purely18-dimensional.

Supposenow thattheclassof M q h" 1r isgivenby theclassin theformula.
By Proposition(5.7) the locus in M q h" 1r where the height increasesis
givenby thevanishingof themap

p
h" 1 �¢� R2 Î#w OÔ/� q phO 1 r � R2 Î#wx� OÔi� ,

equivalently, by thevanishingof a sectionof V ph O 1 " 1. By (14.1)it follows
that for a local equationgh � 0 we have dgh �� 0. Hencethe locus is
reducedfor h ��0� andtheclasson M q h" 1r is givenby � ph" 1 � 1�%É .

Let jh � M q hr � M q h" 1r and j � M q h" 1r � M bethenaturalinclusions.
Thentheclassof thelocusM q hr in CHh" 1Ü � M � is givenby

j w jh w � M q h r �!� j w � � M q h " 1r � � j
w
h" 1 � ph" 1 � 1�%ÉÊ���;� ph" 1 � 1�%É � � j w � M q h" 1r ���

by theprojectionformula. PQ
The locus M q 11r comeswith a multiplicity in the formula becauseof

(14.2).For p �� 2 themultiplicity is 2. It makessenseto call the reduced
locusM q 11r

red thesupersingularlocus.
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(15.2)Remark.In [G] a formulafor theclassof thesupersingularlocuson
themodulispaceof principallypolarizedabeliansurfaceswasgiven.Com-
parisonwith Kummersurfacesshows thatthis is compatiblewith multipli-
city 2 alongthesupersingularlocus,cf. [G-K].

We shallnow assumethat the line bundleV �¶Î w �&� 2Ô � M � is ampleon
themoduli space.It is known by thetheoryof Baily andBorel (see[B-B])
that V is ampleon themoduli spacesin characteristic0; indeed,modular
formsof sufficiently highweightdefineanembedding.

(15.3)Theorem. Supposethat the class É is ample. Let Ò¡� S with S
completebea propersmoothfamilyof polarizedK3 surfaceswith constant
h ��0� . Thenthis family is isotrivial.

Proof. It follows from the precedingtheoremthat thestrataSq h r � Sq h � 1r
wheretheheightis constantarequasi-affine for h � 1 ��� � �¢� 10.

Wedonotknow whethertheclassÉ is ampleonthemodulispacesM2d,
but weexpectit to beso.

Supposethat thereexistsa goodBaily-Borel compactification.By this
we meanthat thereexistsa projective variety (stack)M2d containingM2d

suchthatM2d � M2d is 1-dimensionalandconsistsof aconfigurationof el-
liptic modularcurves.Thisis thecasein characteristiczero,cf. Kondo[Ko].
Thenit follows from our theoremthata family of K3 surfaceswith h � 3
doesnotdegenerate.Indeed,it follows from our formulathataclassof the
form É m with m � 3 haszerointersectionwith the‘boundarycomponents’.
This implies that for eachboundarycomponentthe locuswith h � 3 ei-
ther hasemptyintersectionwith this boundarycomponentor containsit.
The boundarycomponentsform a connectedsetandthe genericpoint of
eachcomponentcorrespondsto a degenerateK3 surfacecorrespondingto
anordinaryelliptic curve. For thedegeneratesurfacestheheightis 1 or 2.
Comparethediscussionin [R-Z-Sh].

16. An extensionfor other varieties

Thoughthetheoremin Sect.5 wasformulatedfor K3 surfacesit holdsfor
amoregeneralclassof surfaces.

(16.1)Theorem. Supposethat X is a smoothalgebraic surfacesuch that

i) Pic0 � X � is reduced,
ii) dim H2 � X � OX ��� 1.

Then 1 2 is representedby a formal group of dimension1 and its
height satisfiesh �&1 X �·� i



1 if and only if the Frobeniusmap F on

H2 � X � Wi � OX �2� is thezero map.
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(16.2)Corollary. For such a surfacewehavethefollowing characteriza-
tion of theheight:

h �&1 X ��� min' i � 1 � � F � H2 � Wi � OX �2��� H2 � Wi � OX �&�&�>�� 0(%�
Proof. Theproof is analogousto theproof given for K3 surfaces.Instead
of thevanishingof H1 � X � OX � oneusesthevanishingof theBocksteinop-
erators.Recallthat H1 � X � Wn � OX �&� is thesubgroupof k

�vÝ ��4-� Ý n� 1 � -valued
pointsof the connectedcomponentof the PicardschemeP at the origin,
cf. [Mu]. A k

�vÝ ��4 Ý 2-valuedpoint (tangentvector) is tangentto Pred at the
origin if andonly if it canbelifted to k

�vÝ ��4-� Ý n � -valuedpoint for all n. That
is, thesecorrespondpreciselyto the elementsof H1 � X � OX � that canbe
lifted to H1 � X � Wn � OX �&� for all n. So if P � Pred then all elementsof
H1 � X � OX � canbe lifted andthis implies the analoguesof Lemmas(4.2)
and(4.5) thatweneed.

(16.3)Example. 1) An abeliansurfacesatisfiestheassumptions.2) A sur-
faceof generaltype with H1 � OX �N� 0 and pg � 1. Examplesof such
surfacesare surfaceswith K2 � pg � 1. Thesehave h1 � X � OX �=� 0
andareresolutionsof surfacesof type (6,6) in weightedprojective space
� 1 � 2 � 2 � 3 � 3� , cf. [C].

A nonsingularcompletealgebraicvariety X of dimensionn is called
a Calabi-Yau variety if the canonicalinvertible sheaf h X is trivial and
H i � X � OX �u� 0 for 1 
 i 
 n � 1. By a criterionof Artin-Mazur [A-M],
theArtin-Mazurformalgroup 1 n ispro-representablebyaone-dimensional
formalLie groupfor suchavariety. In thesamewayasin Sect.5, wehave
alsoacharacterizationof theheightof theformalgroup 1 n.

(16.4)Proposition. For a Calabi-Yau variety X of dimensionn we have
thefollowingcharacterizationof theheight:

h 1 n
X � min' i � 1 � � F � Hn � Wi � OX �2��� Hn � Wi � OX �2�&�>�� 0(%�
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