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Abstract. An asymptoticanalysigs givenfor the heatequationwith mixedboundarycon-

ditionsrapidly oscillatingbetweerDirichlet andNeumanrtype.Wetry to presentgeneral
frameavork wheredeterministichomogenizatiormethodscan be appliedto calculatethe

secondermin theasymptoticexpansiorwith respecto thesmallparametecharacterizing
the oscillations.

1. Intr oduction

The paperdealswith the asymptoticbhehaiour of solutionsu, of ahomo-
genizatiorproblemfor theheatequationin acylindricaldomain2 x (0, T)
subjectto mixedboundaryconditions.Theboundaryconditionsarerapidly
oscilating betweenDirichlet and Neumanntype. Since the areafraction
of the setD* wherethe homogeneou®irichlet boundaryconditionsare
prescribeds orderl andin asensédense”, in thefirsttermof theexpansion
the Neumannrboundaryconditionsare forgotten. The Neumanrboundary
conditionsare prescribedn the set /¢, the complementf D¢ on 3<2. In
orderto seethe asymptoticeffect of the Neumannboundaryconditions
on the solutiononehasto go to the secondterm of the expansion.In two
dimensionsandin a specialgeometricsettingthis problemwas already
consideredn [6].

Herewetry to presenti“most general’framenvork wheredeterministic
homogenizatiomethodscanstill be appliedto calculatethe seconderm
in theasymptoticexpansion.

Theconditionwe arrive atis roughlyspeakingasymptotialmostperio-
dicity andasa specialexamplequasi-periodicityof the characteristidunc-
tion of the setD#. Almost periodicity hasto be understoodn the metric

J.Filo: Instituteof Applied MathematicsComeniudUniversity, Mlynskadolina,
84248 Bratislaa, Slovakia

Supportedy the Alexandervon HumboldtFoundation
S. Luckhausinstitutfir Mathematikder UniversitatLeipzig, Augustusplat40/11,
04109Leipzig, Germary

MathematicsSubjeciClassification(1991): 35K20,35C20,35B27



218 JanFilo, StepharLuckhaus

givenby L2-capacity(seeAssumptior(P)). Thehomogenizatiomethodve
emplg is ablow-up techniquecombinedwith a suitablystronguniqueness
resultfor solutions— in this caseof a boundaryproblemfor the Laplace
eqguationin the half space.The techniqueis similar to the one usedfor
convergenceof saturatiorin thematrixin [3]. For otherapproachefor ho-
mogenizatiorof boundaryconditionsseee.g.[8] andthereferencegherein.
Our original aim wasto study a flow problemin porousmediawith
a partof the boundarycoveredby afluid. For oneincompressibldluid in
aporousmediumonehasto solve theequation

30(p)
at

wherep is theunknavn pressure thewatercontentk theconductvity of
the porousmediumand—e thedirectionof gravity (see[1] andreferences
therein,for example).The part of the boundarywhich is coveredby the
fluid andwherethe infiltration takes placeis supposedo behae like an
imperviouslayer with mary small holes.It is assumedhat the holesare
distributed“uniformly” andcreatea “periodic” structurewith the periode.
The pressurds supposedo be 0 on the holes,wherethe fluid infiltrates
into the porousmediumandthe zeroflux condition(k(Vp+€)) - v =0is
prescribedon the imperviouspart of the boundary As the periodandthe
diameterof theholesis of orderes andthe domainoccupiedby the porous
mediumis “large”, it is naturalto let

=V-(k@E(P)(Vp+e) 1.1)

e—0

andto investigatehe asymptotidoehaiour of solutionsto (1.1). Sincethis
nonlinearproblemwas not yet treatable herethe linear heatequationis
studiedj.e.f(p) = p andk(9) = 1.

Our studyinitially, in Sect.2, parallelsthe correspondingnvestigation
in [6] concerningbasicapriori estimateslt is demonstratedyeside®thers,
that

[Us — UllL2c@x(0,1y) + Ve — Ull 290 0,1)) < Cé,

whereu is the solutionof the homogenizegroblemwith purely Dirichlet
boundaryconditions Section3 investigatefiarmonidunctionsonthehalf—
spacesubjectto mixed boundaryconditionson the boundaryhyperplane.
Herethe mainresultsaysthatif a solutionwith homogeneouboundary
conditionsis sublinearthenit is thetrivial solution.Usingthe blow—upar
gumentSects4,5 provideadetailedanalysisof aweaklimit of therescaled
differenceof the solutionu, andits first termu in the expansiondivided
by e. In Sect.6 the limit u? of (u, — u)/e on Q x (0, T) is characterized
asthe solutionof a first orderhomogenizegroblem,provided that some
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averagef limit solutionsof scaledproblemsexist. This conditionis the
key subjeciof thepaperandit is furtheranalyzedn theconcludingsections.
In Sect.7 aconnectiorbetweera capacityassumptioron alimit boundary
setfor Dirichlet dataandanalmost-periodicityconditionwhichimpliesthe
requiremenimentionedaboveis dravn. Finally, Sect.8 presentanexample
of anontrivial structureof theboundaryset.

We finish this introductorysectionby introducingsomenotation.For
atypical pointin R" we write X = (X1, ..., Xn) Or X = (X, X,), where
X' = (X1, ..., X—1) andwesetR!} = {x e R" | X, > 0}, Q1 = Qx (0, T),
Nt =N x (0, T), etc.An openball in R" with centerx andradiusr will
bedenotedchy

Bix,r)={yeR"| [x—y| <r} and B(r) = B(0,r).
Similarly in R" %, i.e.
BX,n={yeR"| X —-y|<r} and B'(r)= B(0,r)

andwe setB, (r) = B(r) N R".. An opencubein R" with a centerx and
theside2r wedenoteC(x,rN ={yeR" | |x — Vil <r,i=12...,n}
andC(r) = C(0, r). AnalogouslyC(x, r) andC'(r) in R" 1. E denoteghe
closureof E. Next, set AAB = AUB\ ANB for A, B c R We
denotetheaverageof f overthesetQ c R" andoverits boundaryby

1
fdx = f(x) dx,,
][Q X [Z”(Q)/Q (X) dx

1
fdH"1(x) = 7/ f(x) dH""(x),
7£Q 00 = gy J,, 100 dH™ 00

where £" is the n dimensionalLebesguemeasurgn R" and A" is the
n—1dimensionaHausdorineasurén R". «(k) = 7¥2/I'(1+k/2) denotes
volumeof theunit ball in R¥. By ¢ we shalldenotesmall parametefinally
tendingto zeroandby — weakconvemgence.The function spacesve use
are ratherfamiliar and we omit the definitions.Finally, by J® we shall
denoteJacobiarof ®.

2. Thefirst term in the e-expansion

In this sectionwe studythe problem

ol — Au, = (X, 1) in Qr,

AU, + o.U, = 9.(X, 1) on NZ,
u=0 on D%, (2.2)
U, = ug on Q x {t =0}

subjectto thefollowing assumptions:
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(A) @ c R"is open,boundedand connectedetwith Lipscitz boundary
ox2.
(B) Forany0 < ¢ < 1let

a0 = DEUNE,

whee D¢ is a relatively openportion of a2 fulfilling the following
structue condition: Thele existtwo numbes

O<d<p
sud thatfor anyx° e 9Q2 thereis x e D? satisfying
B(x, £8) N a2  B(X°, ep) N D?. (2.2)
(C) f,, f, f1 € L?(Qr) andsud that

f,— f
)

F = —~ f1 in L%Qr) as ¢ — 0.

(D) o, 00, € L®°(027) andtherexistsa positiveconstantC independent
of ¢ sud that ||O'g|||_00(3QT) < C.

(E) 9,0, 89, € L2(3Q7) andsud that

D, — O in  L%20Q7) as ¢— 0.

(F) U, up € WH%(Q), up = 00ndQ, u§ = 0onD?, Ui € LA(Q) andsuth
that

ug — Up

P, = — u} in L%Q) as &— 0.

&

Notethatsomeof theabore assumptionsanberelaxed, but for simplicity
we do hot give the mostgenerahypotheses.

Now we statethe rate of convergenceof solutionsu, of (2.1) to the
solutionu of thefollowing problem:

ou = Au+ f(x,t) in Qr,
u=20 on 0Qr, (2.3)
U= ug on Q x {t=0}.

Theorem 2.1. Assumehat (A)—(F) are satisfied.Thentherre existsa pos-
itive constaniC, independentf ¢, sud that

maxf U, — ul?(x, t) dx +/ IV(u, — u)|2(x, t) dx dt < Ce,
Q QT

o<t<T
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/ lu, — ul?(x, t)y dH"1(x) dt+/ lu, — ul?(x, t) dx dt < Ce?,
QT QT

max / U, — Ul2(X, t)ep(x) dx
Q

o<t<T
+/ |V (Uu; — u)|2(X, H)p(x) dx dt < Ce?
QT
and

esssup [ |V(u, — u)2(x, hHp3(x) dx
0<t<T JQ

+/ 18: (U, — U)|?(X, @3 (x) dx dt < Ce?,
Qr

wheee ¢ is the principal eigenfunctionof the problem
Ap+2rp =0 in €,
=0 on 92,
with the correspondingorincipal eigervaluexr = A; > 0.

Proof. Thisis almostexactly like the proof of the correspondingissertion
of [6]. Thereforewe prove hereonly thefollowing

Proposition2.2. AssumdA), (B) aresatisfiedThenther existsa positive
constaniC sud that

lull 20 < CVe lullw22(ag) (2.4)
for anyu € W>2(Q), u = 0onD".

Proof of Proposition2.2. 1. SincedS2 is compactit canbecoveredby afi-
nite numberof opensetsU?, ... , U™ suchthat 9 N U¢ is the graph
of a Lipschitz functionand 2 N U*¢ is on onesideof 32 N U¢. To be
moreprecisefor each? € {1, ... , m} thereexist an Euclideancoordi-
natesystemel, ... , € in R", positve numbers ¢, h® anda Lipschitz
continuoudunctiony® : R™* — R, %(0) = 0, suchthatif we denote
x=Y,x‘e for x e R",

U'={xeR"||x| <r® and |x;—y"(x{,....x\_4)| <h‘},

NV = {xeQ|x) =y (X ... x5 1)}

andif 0 < xt —yx{, ..., x5 ;) < ht, thenx € . Notenext that

ZdHn—l f ZdHn—l .
/8 uool ) < ; [ ol )
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2. Fixnow £ € {1, ..., m} anddenote

n—-1
U()/) =\u (Z leZ + Ve()/)eﬁ> s )/ = (yl’ D] yn—l) .

i=1
Then

f UGOP dH™ () = f () Pacy) dy .
aNU*

cm
whereC'(n={y eR" | |yl <r,i=1,...,n—1}and
ay) = (1+ [Dp(y)HY2.

For simplicity of notationwe shall not indicatethe dependencef the
dataon¢.
3. Take C'(r) anddivide it into k~! subcube®f sidelengthr /k., where

ke = [L} .
&p
Callthesesubcube®q, ... , Q-1 Then

kn—1

[ oo™ 00 =3 [ juy)Pacay
aQnue j=1YQi
Obsenre now
N o /|12
[ e ay = [ FE=E0y - zrayiay @9)
j j

forary Z € D%, where

D?E{}/GQJ

n—1
x=" v +r(y)e € Df} :
i=1

We claimthatthereexistsa positive constanK, independentf j ande,
suchthat

L£"(D5) = K@)t (2.6)
Indeed(B) yieldsthetheexistencex! € D? suchthat

B(x!, £8) N 0Q C Df

E{XEDS

n—1
x=> yiel +y ()&, ¥ € Dj?}-
i=1
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Then,however,

£t (B’ (aa/ 1+ Lipz(y)))

< H"Y D) = /D ayHdy < C, L"H(D5)
i
andthe estimate(2.6) follows. Note thatby Lip (y) we meanLipschitz
constanof y.
4. Integratenow (2.5) over D§ throughz' andoneeasilyarrivesat

fQ uy)IPaty) dy

G2 Iv(y) w22
51 // — - ay)az)dy dz.

Summingon j gives

f U002 dH™ ()
aQNUL

_ 2
< csg/ / ) = Y@F g40-2(y) gHn-2z)
enut Jagnue 1y —2|"

andfinally, addingupthrough?¢ = 1, ... , mwearrive at(2.4). O

3. Harmonic functions on the half-space

This sectionstudiesharmonicfunctionsin the half spacesubjectto the
mixed boundarycondition. We will heremostly dealwith the boundary-
valueproblem

Aw=0 in R},
w=0 on Dg =D x {x, =0}, (3.2)
d,w=4¢ on Ng=N x {x, =0},
whereg € R is given, 8,0 = —dw/d%,, N = R"1 \ D andan openset

D c R"! is asymptoticallydensein R"~ in the senseof the following
definition.

Definition 3.1. AsetD ¢ R"!is saidto beasymptoticallydensen R"*
if there exist positivenumbes 8, p sud thatanyball with radiusp in R"*
containsat leastone ball with radiusé$ entirely lying in D, i.e. for any
y € R"! ther existsat leastonepointx’ € B(Y/, p) sud that

B(X,8) C B(Y,p)ND. (3.2)
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Definition 3.2. We sayw € WisZ(R1) is a weaksolutionof Problem(3.1)

if o = 0 onDg andtheintegral identity

J

holdsfor anyy e Wlé’z(RDr), Y = 0onIDy, with a compackupportin Ri.

C

VoV dx =/

RN

gy (X, 0) dx’ (3.3)

n
+

Note
W= —0gXn

is a solutionof Problem(3.1). We will seein a moment thatthereis also
aboundedsolutionof our problem.Thus,the differenceof thosesolutions
satisfies

Aw=0 in RY,
w=0 on Dy, (3.4)
3va) =0 on NO )

anddoesnot equalzero.Themainresultof this sectionsays however, that
if asolutionof (3.4)is sublinearthenit is thetrivial solution.

Theorem 3.3. Assumew is a solution of Problem (3.4) in the senseof
Definition3.2. Supposéurther w satisfies

lim inf wldx /R = 0. (3.5)

R-oco JBu(R)
Then
w = 0.
Proof 1.Firstof all, if wedefine

w(X) if X >0
wX', —Xp) ifXxXy <0’

ux) = {

then|u(x)| is aweaksubharmonidunction,i.e. Ju| € W#(R") and

/ Viu|Vydx < 0
Rn

+

for ary ¥ € WX2(R"), v > 0, with acompactupport.Therefore,

loc

U] < ][ u(y)l dy
B(x,R)
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andthus,
sup |o| < 2”][ || dX . (3.6)
B+(R) B+ (2R

Now let {R}°,, R — oo asi — oo besuchthat

lim 7[ lwldx /R = 0. (3.7)
'=oe JBL(2R)
Ourintentionnext is to dealwith the problemin the half ball
Aw =0 in B.(R),
=0 on DgN B(R),
dyo =0 on NoN B(R),
assuminghat
sup lw| = M. (3.8)
B+(R)

2.Claim#1: Thereexist constant® < y < 1,0 < d < oo suchthat

sup lw| < y*M (3.9)
B’(R—zlk—zjkzl dj)X(O,l)

for

d
dy=—
14

j € {4,...,Kk}, whenaer 4k + Z'j‘:l d; < R. The constantsy, d are
independenof R, M.

Beforeproving Claim#1, let usintroducetwo auxiliary assertions.
3.Claim#2: Assume

lo| < K
inB'(L) x (0,4),4<L <R. Then
lo| < BK
in B'(L —4) x (0,1) forsome0 < 8 < 1,independentf R, K andL.

Notethatfor simplicity of notationwe have put p = 1 in Definition 3.1
which applieshere.
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Proofof Claim #2. It suficesto prove the following statementLet z =
(Z,0) besut that B(z, 4) ¢ B(R) and

sup |w| < K.
B+ (z4)

Then
sup |o| < BK (3.10)
B+ (z1)

for some0d < B8 < 1.
As D is asymptoticallydense thereis y = (y',0) € Dg suchthat
B(y, 8) c DandB(y, 3) Cc B(R). Moreover

Aw=0 in B.(y,3),
w=0 on DoN B(y, 3),
d,w=0 on NoN B(y, 3)
and
sup |w| < K.
B+(y,3)
If we compare» with thesolutionsv,, v_ of theproblem
Av=20 in By(y,3),
v=~0 on B(Y, 8) x {x, =0},
v =20 on (B(y,3)\ B(Y,8)) x {xn =0},
v==+K on 8B, (y,3)NRY,
we obtain

—BK <v_ <w<vy <K

on B, (y, 2) for some0 < g < 1, i.e.(3.10) holds and the assertionof
Claim#2follows easily

4.Claim#3: Letw, R, M beasabore,|w| < MonB,(R)andlet0 < ¢ < 1,
0 < ¢ < o0 and0 < a < 1 begiven.Moreover, choosea constant? > 0
suchthat

(1—w)4c -
— =
Then
lo| < (¢ +&)M (3.11)
onB/(L —¢) x (0, 4), wheneer
o] < aM

onB/(L) x {x, = 0}.
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Proofof Claim#3.Letz = (Z, 0) andp > 0. Consideffirst theproblem

Au, =0 in B.(z,20),
U, =0 on B(Z, 20) x {x, =0}, (3.12)
u, =1 on 9B, (z, 20) NRY .

Thenthereexist positive constants,, ¢, (independenof o) suchthat

G _ M _ @ (3.13)
0

for ary x € B,(z o). This follows easily if we first considero = 1 and
thenputu,(X) = ui(X/0).

Assumenow that|w| < M on B, (R), |w| < aM on B'(L) x {x, = 0}
and/ is choosernn suchaway that

(1 —;{)C24 <

for givene. Let zin (3.12)besuchthat
Izl <L —2¢.
Thenit is notdifficult to seethat
lw| < aM + (1 —a)Mug
in B, (z,2¢). Hence,
o] < aM 4+ (1 — a)M4c, /¢

on BT (z, &) N {Xx | X, < 4}, i.e.|w| < (¢ + &)M. As this holdsfor ary

z=(Z,0), |zl < R—2¢,(3.11)holdson B'(R— ¢) x (0, 4). Claim#3is
proved.

5. Proof of Claim#1. Accordingto Claim#2,

sup ol < M
B'(R—4)x(0,1)

for given0 < B < 1. Putc = ¢; (see(3.13))in Claim#3 andwe have

sup lw| < (B+e1)M,
B/(R—4—¢)x(0,4)

wheree £ = 4c. Choosesg > 0 suchsmallthat

y =B+ <1
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andsete; = Beg. Then

sup lw| < yIM, (3.14)
B’(R—4—d;)x(0,4)

for

_ 4 4c(l+eg 1
~ Beo g0yt
Now we apply Claim#2 again,andwe arrive at

ds

sup lw| < ByM,
B’(R—8—d;) x(0,1)

thatdueto Claim#3 gives
lw| < (By +€2)M
onB'(R—8—d; — dy) x (0, 4). Takinge, = yBeo,
ol < By(L+e0)M = y*M

and
4c 4c(l+e) 1
d; = = — -
Beoy g0 ¥
Hence by iterationwe gettherequiredestimatg3.9) for
_d d— 4c(1+ &o)
a y ’ B €0 .
This provesClaim#1.

6. Finally, we arenow preparedo prove Theorem3.3.
Choosdfirst integersk; suchthat

k
vR < 4k + ) dj < R/2,
j=1
whereR, aregivenby (3.7).It is not difficult to seethatthisis possibleif
v is sufiiciently small,say2v < y. Moreover, notethat ki < xIn R for
somepositive constank . Next, Claim#1yields

su |
sup | < . Ry 1@l
B'(Ri/2)x(0,1) URj — 4k| + const.
thattogethemvith (3.6)yields
sup o] < C][ lw|dx / R
B/(R/2)x(0,1) B+(2R)

for somepositive constantC independentf i. Making useof (3.7) one
easilygetsw = 0 onR]. O
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Theorem 3.4 (Existenceof weak solution). Thee existsa boundedveak
solutionof (3.1). Moreover, this solutionis positivein R} if g > 0 and
No # 0.

Proof. The boundedsolutionof Problem(3.1) arisesasthe limit of weak
solutionsto the problemson boundeddomains:

Aug =0 in BL(k),

u=0 on DgN B(K),

u=0 on &, (3.15)
U =1 on NonN B(k),

ask — oo, whereS = {x € B,.(k) | |x| = kandx, > 0}.
Note,thatwithoutlossof generalitywe canconsiderg = 1,asotherwise
theresultfollows by multiplication.

Lemma 3.5. Thekexistsa positiveconstantM, independendfk, sud that
O<u=<M on B, (K). (3.16)

Proofof Lemma3.5. 1. As D is supposedo be asymptoticallydensein
R"1, thefollowing statementollows.
Claim #1: There exists a sequenceZ}®,, Z € R"! suchthat
B(Z,8) c D,
B(z.40) N B(Z.4p) =0 (i # j) and R"*c | JC(Z.10p).

i=1
2. Next, let v beaboundedhonngative solutionof theproblem
Av=0 in RY, (3.17)
v=f on R x {x, =0},
wheref e C*([R"1),0< f < land
0 if X e U=, B(Z,8/2),
f(x) = _
1 if X e R\ U™, B(Z,9).
We claim thatthereexistsaconstanD < 8 < 1 suchthat

O<vx)<1-2 on | JB(z.20). (3.18)
i=1

where
Z = (ZI,, 4,0) .
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To seethis, supposehe contraryanddenoteby {z};°, thesequencef
thosepointsof {z}°, for which

max v(X) — 1 as k— oo,
B(z«,2r)

zc = (7, 4p). Write
Q = B'(4p) x (0, 6p)
anddefine
wk(X) = v(X' + Z, Xn)
for x € Q. Sowe getthesequencef harmonicfunctionsin Q suchthat
O<wux<1 on Q,
wi(X) — 1 as k— oo
for x« € B(a, 2p), a= (0, 2p) and
7[ weX)dH" (%) < 1—« (3.19)
0Q
for some0 < a < 1 andeachk. Hence,thereexists a subsequence
{w|Q }il conwemging uniformly on B (a, 2p), to a harmonicfunction w

andw(X»)= 1, wherex, — X, asi — oo. Then,however, w = 1
on Q —acontradictionto (3.19),aswy, — w weaklystarin L*(9Q).

Indeed notethat
/ Wy, Y = / wi, Ay
0Q Q

for ary sufficiently smoothtestfunctions suchthaty = 0 on9Q. We
canleti — oc to obtain

fwwavw=qu =f8Qauw.

Assumingthatd,y» = 1 ondQ we obtain
][ wx)dH"(x) = 1,
aQ

thatcontradictdo (3.19),aswe have mentionedabove.
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3.

Furthermoreleti € {1, 2, ...} bearbitraryanddenoteby v; thebounded
solutionof the problem

Avi =0 in Ri \ B(z, 2p),
vi=1-p8 on 4dB(z, 2p),
v =1 on R"™x {x,=0}.

It follows from Hopf'slemma thatthereexistsapositive number?} such
that

vi(x,00>19>0 (3.20)
forary x' € B(z, 10p). Owingto estimatg3.20)we prove
Claim#2: 9,v > ¢ >0 on R"1\ | J*, B(Z,$) .
Proofof Claim#2.Fixi € {1,2,...}. As
v<vy and v=v; =1 on (R”_l\B(Zf,(S)) x {Xn =0},
oneeasilygets
0<? <3 <dv on (R"'\B(Z,8)) x {x, =0} .

As this holdsfor ary i, theassertiorof Claim#2 follows.

. Finally, set

U=-—.
B

We utilize (3.17)andClaim #2to concludethat
AU =0 in R},
U=0 onU Z,58/2) x {X, = 0},
U>0 on U zl,s \ B(Z,8/2)) x {X» = 0},
3U>1  on (R”l\U Zf,(S)x{Xn:O}.

Hence is asubsolutiorandU is asupersolutiorio Problem(3.15)for
ary k, i.e.

O<u<U on B, (k).

The fact, that uy > 0 on B, (k) follows from the fact that harmonic
functionug # 0 cannotattainits minimumin interior point of B, (K).
This provesLemma3.5.
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Finally, it follows from (3.16)that
[ v < meiew
B+(K)

forarnyk > K. Hencepythediagonaprocesweobtainaseqience {uy; }52;
suchthatit corvergesto a boundedweaksolutionw of Problem(3.1) on
ary compactsubsedf R} . O

4. Blow-up

Assumefor this andthe next sectionghat 2 ¢ R", thatwe have already
supposedo beopen,boundedandconnectedet,is C?, i.e. neareachpoint
X € 9Q, 0 is thegraphof a C? function.For our purposeshowever, it will
be convenientto formulateit moreprecisely

Definition 4.1. We say 92 is C? if there is r > 0 sud that for eadh
point X° e 3%, there exist an orthogonal matrix O and a C? mapping
y: R = R, »(0) = 0, Dy (0) = 0 sud thatwe have

QNBX, N ={XxeR"| x=x"+ 0&, p(&) <&INBX° ). (4.1)

Notethat O, y dependn x° andwe write down this dependencas O (x°)
andy(x°, -), if it needgo be.

Notation. Fix x° € 8, 0 < ¢ « 1, andset

Q) ={yeR"| x=x"+60y € Q},
12X ={yeR"| x=x"+e0y € 4},
D.(X%) ={yeR"| x=x"+¢0y € D° C 9Q}.

Moreover, let x, be the characteristicfunction of the set D,(x°), i.e.
% (X0, ) 1 82, (x%) — {0, 1} suchthat

(X% y) =1 iff yeD,(x°. (4.2)

Notethatwhaterer a positive constant_ is, ©,(x%) N B(L) approximately
equalsthe half ball B, (L) for smallenoughe > 0. Recallthatthe small
parametee shallfinally tendto zeroandthereforeL € R, canbetaken
arbitrarily large.

We hencefortrassumehe following structureassumptiongoncerning
thesetD, (x°), or equivalently its characteristiéunction x, .
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Hypothesis (H). Thee exists a relatively closedsetI” ¢ 92 sud that
H"1(I") = 0 andfor anyx® € G = aQ \ T there exista function

x: R — (0,1},
avectorr, = (r/, 0) € R" anda Lipscitz one—to—onenap
o, Q.(x%NBL) —RY, @.(0=0
with thefollowing five properties:

(i) ThesetD = {y € R" 1| x(y) = 1} isasymptoticallydensen R" 1.
(i) Vectoss t/ are uniformly boundedwith respecto ¢, i.e. |t/| < m for
somegivenpositiveconstanim independentf ¢.

(iii)
&, : Q2. (X% NB(L) — R x {z,=0}.
(iv)

ess sup ||DP, (W, (2)) — I —0 as ¢—0 (4.3)
zeRe(L)

uniformlyin G, whee
W, =d", Re(L)=({zeR}| z=d(y), ye 2N B(L))
and|| - || denoteghe matrixnorm.

Asthequantitiesy, 7., ®,, ¥,, R, dependn x°, we shall henceforth
indicatethis dependencerriting x(x°, -), 7.(x%), ®,(x°, -), W, (x°, -)
andR.(x9, -).

(v) Foreadt« € Z, ther existsarelativelyclosedsetl", c 992 sud that
H"™MT) <1k, TeaCTe, T=n0Z0
andfor fixed
xe G- = aQ\ I,

defineH, € W32(B,.(R)), R < L to beaweaksolutionoftheproblem

AH, =0 in Us=B,.(RN{z|] 0<z <1},
H, =0 on B, (R) \ Ug,
H. =1 on P.(x°, R,

d,H. =0 on Sr(x%,
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whee

P.0X°, R) = {z € B(R) x {z, = 0}‘

Ixe (X%, Wo(x°, 2)) — x(x°, Z + 7L(x?)) | = 1}

and
Sr(x%) = dUgr\ {z€ BL(R) | z, =1} UP.(X°, R).
Then
esssup IVH,|?dz— 0 as ¢ >0 (4.4)
x0eGe JBL(R)

for anyfixedx.

Notation. For fixedL € R, and0 < ¢ < 1 we define

x9eoQ ZeR(x0,L)

2.(L) = esssup <ess sup | D@ (x% W, (x°, 2) — | H) .

Remarks.(1) Notethatfor eachL € R,, (H) (iv) yields
li_)rnoes(L) =0 (4.5)
and
B:(L(1—¢)) C Re(x’, L) C By(L(1+¢))

for ary x° € 9. Indeed,accordingo (iv)

1
D (y) = y+/0 (DD.(sy) — 1) dsy

forary y € Q.(x°) N B(L) suchthatsy € ©,(x° for s € [0, 1], that
togethemwith thelnverseFunctionTheorenygive (1).
(2) Thehypothesiqv) is satisfiedrivially if
xe (X%, W (X, 2)) = % (X°, Z + 7.(X9))

foraryze R.(x% L)N{z| z, = 0.
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Now we arereadyto readoff moredetailedinformationconcerninghe
weaklimit of

u, —u
&€

W, =

on 9Qt making usethe blow-up of Q arounda point x° € 4Q (see[5,
p. 198)]). Recallfirst that W, is the solutionof

oW, = AW, + F.(X, 1) in Qr,

W, = & 1g,(x, 1) on N%,
W, =0 on D5, (4.6)
W, =P, on Q x {t=0},

with
g = 795 — 0U; — auu
in thefollowing sense:

/ W, (D)¢: (7) dx — / / (W, — YW, Vg, + Fog,) dxdt
@ 0 7@ 4.7)

- f Pron(@ dx+ 6 L f / g.¢. dH™ L00) dit
Q 0 R

holdsfor ary ¢, € W*2(Q7), ¢, = 0 onD%.

Next fix x° € G andset
w, (X%, y, 1) = W,(x° 4+ e O(x%)y, 1) (4.8)

fory e Q,(x9,t e (0, T),andsimilarly n.(x%, y, t) = ¢, (X°+cO(X°)y, t).
Moreover, take atestfunctiong, in (4.7) suchthat

spte, ¢ B(x% eL).

(4.7)thenfor x = x° + eO(x%)y yields

S
Og(xo,s)+// Vw,Vn, dydt
0 JQ.(x%NB(L)
(4.9)

S
= / f 9:(x° + e0y, Hn.(x°, y, t) dH" L(y) dt,
0 JaQ.(x9NB(L)
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whereV meanderethegradientin the y variableand
0.0¢.9 = (wene (9 = PoO° + £0Y)7,(0))
s(xONB(L)

S
- Szf / (wgatﬂs + F‘s(X0 + €0y, t)ng) dydt.
£ (X9)NB(L)
Lateronit will benotdifficult to shawv that
f O:(x°,9dH"*(x") — 0 as ¢} 0 (4.10)
EleA

forary s € (0, T) andtherefordet usomit O, in furtherconsiderations.

Next we changevariablesin (4.9) utilizing Hypothesis(H) above and
write

z=o,x%y), ie y=v.(x%2). (4.11)

Then,afteralittle tedious but not difficult manipulationsve arrive at

s n
oV, 0&,
/ / / > &l %tz dHm1 )t
0 JorJrL) iTy T I a2

_ / f / G.(2) n(¥.(2). 1 (4.12)
0 kK JOR(L)

L+ DL (WL(2)) 2 3W,(2) dZ dH () it

where

(‘1’ (2) .

al = JW.(2) Z ™
V.(x% z,t) = w. (X0, W, (x° ,z),t), £.(x% z,t) = n.(x%, W, (x°, 2), 1),
W= (W, (W), W.(Z) = (¥XZ,0),...,¥"Z,0),
/ 1 7 0 ONAYY (o
L(Y) =—vey), Ge= 9:(X° +eO(X%) W(2), 1),

IR, (L) = &,(3Q,(x° N B(L)) andx beingarbitrarily large.
Now let 6(x°, z, t) be a sufficiently smoothfunction,sayé e L2(d%2t;
WeZ(R")), suchthat
0x%,z,t) =0 if ze DX
and6 hasa compactupportying in B, (L —m), i.e.

sptd € Bo(L —m).
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NotethatB,(L —m) c R.(L). Then
W0
0 (X, 1) = 6, (XO, ®, <x0, O‘l(xo)u> + 1., t) :
&
where

0.(x% z,t) = 0(x°, 2, 1) (1 — H(x°, 2))

is admissibletest function in (4.7), satisfyingspt ¢. ¢ B(x° ¢L), and
correspondingestfunctionin (4.12)hasthentheform

£(x%,2,) =0(x% z+ 7., t) (1— Ho (X%, 2+ 7))

andoneeasilyobtains
® - v, 90
/ / / Y alz— ) 2 (<0, 2, t) dzdHM 1 O) dit
o JgrJBrL-m Ty 0z 07

:/ / / G:(Z — %) 6.(x, 2,0, (4.13)
0 «JB(L—m)

VI DLWz — )2 J(Z — 7)) dZ dH" (<) o,

where
v (X%, 2 ) =V, (x0, z— .. t) .

If welete — 0, wearrive at

S
/ / / Vo Ve (X0, z t) dzdH"(x%) dt
0 JGr JBi(Lom) (4.14)

S
= / / / g(x%, 1) 6(x°, Z, 0, t) dZ dH"1(x?) dt,
0 L3 '(L—m)

where
gx,t) = ?(X, 1) — d,u(x, t)

andwherev is aweaklimit of {v.}. As x waschooserarbitrarily large,we
canconcludethat(4.14)holdsalsofor G in placeof G*, i.e.for 9L2.

This stepwill be verifiedin the next section.Now let us continueour
consideratiosimplyassumindhat(4.14)holdsfor ary sufiiciently smooth
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testfunction 6 with compactsupport(asthe function of z) andsuchthat
6 = 0onD, andthatthefunctionv satisfieghefollowing apriori estimates:

f / 1+ z,)| Vo2 (X% z,t) dzdH"%(x%) dt < CR™ !,
QT J B (R %(0,R)
(4.15)
/ / v (x°, Z,0,t) dZ dH" 1 (x% dt < CR" 1,
T JB'(R)
for ary positve numbersR greatethansomegivenpositve numberR, and

somepositive constanC independendf R.
Weidentifynow thefunctionv determinedby (4.14)andfulfilli ng(4.15.

Theorem4.2. Assume € L2(3Q1; Wl (R)), v(x%, z, t) = O if
z2eDo(X®) ={z=(Z,0) e R"| x(x°, ) =1}
for a.e (x9,t) € 3y, andsud that(4.14),(4.15)hold. Then
v(x°, z,t) = g(x% ) w(x°, 2), (4.16)

whee w is the only boundedveaksolutionof the problem

A,w=0 in RY,
w=0 on Dg, (4.17)
ow=1 on Ny,

wheeN = R"1\ D.

Proof. 1. UsingFatous Lemmaand(4.15)we obtain

/ lim inf RN {/ |Vv|?(1+ z,) dz
aQr R B'(Rx(0,R)

+f lv2(Z, 0) dZ} dH"1(x%dt < C,
B'(R)
i.e. thereexistsasequencgR; }7°;, R — oo suchthat

R“‘{/ |Vv|2(1+z)dz+/ lv?(Z, O)dz’}
B'(R)x(O,R) " B'(R) (4.18)

< Fx% 1t < oo

for a.e.(x%,t) € aQt, whereF e L(3Q7). Moreover, for a.e.(x%,t) e
0QT, (4.14)yields

/ VoV dz = / g(x°, tyy(Z, 0) dZ
R

Rn-1
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for ary testfunctionyr € V\/lé’cz(RL‘r) with compactsupportand suchthat

¥ = 00onDy(x%), i.e. v is aweaksolutionof

sz - 0 In Rj_ N
v=0 on Dy, (4.19)
v = gx, t) on Np.

2. Claim#1 Thereexists positve constaniC = C(x°, t), independenof
R > maxX1, m}, suchthat

][ lu(2)|dz < C(1+ (InR)*?) .
B'(R)x(0,R)

Proofof Claim#1. Notethatfor 1 < z, < Rwehave

ov
8_Zn(z/a U)

R > 1/2
w(Z, z)| — v(Z, 1] < ( f o da) (InR*?
1

by Holderinequality Next integratewith respecto Z over B'(R) andwith
respecto z, over (1, R) to find

][ lv(2)|dz < ][ lv(Z,1)|dZ
B'(Rx(1,R B'(R)

L1 1f ]
an-1 \ R Jewrxwr "

To finishthe proof we needonly obsere

7[ |v(Z,zn)|dZ§][ lv(Z, 0)| dZ
B'(R)

B'(R)

ov
8_Zn (Z,’ Zn)

2 1/2
dz) (InRY2 .

ov
—(z
azn( )

dz

1
+ -
amn-1R-1 ./I;’(R)x(o,l)
forary O < z, < 1.Indeedthisand(4.18)yield

F(x0,1)
d 4 7 (1+/InR ).
][B%F«mo,m vz = a(h—1) < +vinR >

ThisprovesClaim# 1.
3. We know alreadythatthereis a boundedveaksolutionv, = g(x°, t)w
of Problem(4.19)(seeTheoren3.4),i.e.V = v — v, satisfies
AV =0 in RY,
V=0 on Dy,
V=20 on Np,
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and
f7 V@ldz < M (1+ VIR
B+ (R)

for ary i. Hence,Theorem3.3 in Sect.3 implies V = 0. This proves
Theorem4.2. O

5. A priori estimates
We now ascertairthe a priori estimategor v,,

u. —u
vS(Xov Z7 t) = =

(A:(x% 2), 1),
where
A (X%, 2) = X2+ eO(XO) W (X°, z— 7. (x9)),

announcedh the previous section. Notethatfor simplicity of notationwe
shallnotalwaysindicatethedependencef A,, O, ¥,, v, on x°.

Theorem5.1. Let (A)—(H) be satisfied. Thenfor any R € (m, co) there
exists a positivegy = g9(R) sud that for any e € (0, gg) the following
estimatesold:

Ing / |V (1 + z,) dzdH"™ 1 (x%) dt < CR" 2, (5.1)
QT JB(R)

whee V is thegradientin the z variable
B(R) = B'(R) x [0, R],

and
J = f f lve(Z, 0)[?dZ dH"1(x%) dt < CR™2, (5.2)
QT JB(R)

wheeein the positiveconstantC doesnotdependne, R.
As aconsequencef Theorenmb.1we have

Corollary 5.2. Thee existsa functionv € L2(3Q1; WigZ(R")) anda sub-

sequencef {¢}, denotingfor simplicityagain by ¢, sud that
v, — v in L%0Q:;WH2(Q) as £,0

for anyrelativelycompacsetQ C R'. Moreover, theestimateg4.15)and
theintegral identity (4.14)hold.
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Proofof Theoem5.1.1. Notefirst that
e - i (OU, du
_F = T
0Z; ZaE (3Xj 3Xj>
j=1
fori =1,...,n,where

Wk
azf (x,z—1).

n
aigj = Z Ojk(XO)
k=1
Then
I < c/ / 1+ z)|V(U; — W]*(A(X°, 2), t) dzdH"(x%) dt.
QT JB(R)
Putnow
x=A:x%2,ie z=A*x%x
andwe get
e=ef [ va-up
QT JA:(X0,B)
X, DL+ e 2p(x) IATH(x) dx dH" 1 (x%) dt
<G, a”/ / V(U — )21+ e 1) dx dH"(x%) dt,
QT J A (X0, B)
where
A% BR)={xeQ| x=A.(2, ze B(R}.
Let x5(x°, ) betheindicatorfunctionof thesetA,(x°, B(R)), i.e.

co0 |1 o xe A0 B(R)
w00 = {5 XS AUhe ARy

Thentheabore inequalitycanberewritten asfollows:
l. < Cs a—”/ f V(U — W21+ e 1) x5 (X%, x) dx dH"(x%) dt
QT JQ
=C3 s”/ IV (Ue — w21+ 81¢)/ x5 (X%, %) dH" 1 (x%) dx dt
QT Q2
by Fubini’'stheorem. It remaingo estimateheintegral

f x5(x%, x)dH"1(x°%)  forfixed x € Q.
R
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2. Claim#1. Thereexistsa positive constantM, independentf x, ¢, R
anda positive constantg = ¢o(R) suchthat

/ xp(X%, ) dH" (X% < M(R+m)"te"t
02

forary ¢ € (0, &o].

Proof of Claim #1: Note first that ®,(¥,(2)) = z andthat D®,(V.(2))
DW,.(2) = | for £L" a.e.z € R.(L), wherewe take L > R+ m andfor
amomentwe do notindicatethe dependencef the quantitieson x°. Next,
Do, (¥.(2) = | + E.(2) for “small” E, (seeRemark(1) abose) and

DV (2) = | + F.(2), Fc(2) = E<(2) (DP:) ™" (¥.(2) .

Denoting

a.(L) = esssup <ess sup |[F.(x° Z)H) ;

x0e9Q 2eR:(XO,L)
(5.3)
l‘%""f“) = 0.
Hence,
1
v, (x%, 2) = <I +/0 F.(x°, s2) ds) z (5.4)

forany z € B, (L(1—£.(L))). Obsere now thatfor fixedx € €, x5(x°, X)
couldequall only for thosex® e 32 for which

X =X+ eO(X°) W, (x% z — 7,(x%)
for somez € B(R). Hence dueto (5.4), Xg(xo, X) couldbel only if
X=X < e(vV2R+m)(1+a,).

Then,however,

f x5 (X%, %) dH1(x0) < H"L (3 N B(x, eLy))
02

< V14+Dy (x, y)I2dy < (1+c(L)a(n—1)e" LT,
B'(eLe)

whereL, = (vV2R+m)(1+ a,) and

Xeo2 y'eB/(eL)

c.(L) = esssup (ess sup |Dy(x, )/)|2) .
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Asy e C?2andDy(x,0) =0,
Iimocg(L) =0 (5.5)

andtherequiredassertiorfollows.
3. To derive estimatg5.2) we shallproceedsimilarly asabore. Notefirst

o
QT JB'(R)

where

2

LR (X0 + £00OW(Z — 7. 1))| dZ dH"1(O) dit

&

e/ (2 — ré) = (slllé(xo, Z -1, 0), y(sllfé(xo, 71, 0)))

&

Putnow
y = 8\Dé(z’ -1, O) ,ie. Z=14+9, (XO, ey, y (8_1)/))

andwe arrive, aftersomecomputationsat

2

J. < Cpet™" fm fm ufg_” X, ) x5 (X% x) dH"(x) dH"(x%) dit ,
T

where
e 0w |1 x e UX%, eR)
Xu(x’x)—{o . x €\ UK, eR)

and

U eR) ={xed| x=A,(x° 2 for ze B'(R) x {z,=0}}.
(5.6)

Thus,by Fubini's theorem,

J. < Cyet™ /
QT

Now, let x € 02 befixed. Then

u, —u
)

2
(X, t) / x5 (X%, x) dH"1(x%) dH"(x) dt .
0

x50, %) =0 if x°ed\Bx e(R+m)(l+a)),
i.e.
/ x5 (X%, x) dH"(x°)
Q2
< 1+ c(L)a(n—1) (e(R+m)(L+a(L))"*
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(seetheproofof Claim#1 above). Hence,

J <C3 R”1/

QT

2

e — 4 x, ) dH" L(x) dt,

which togethemwith the correspondingestimateof Theorem2.1 givesthe
desiredestimate. O

Proofof Corollary 5.2. Obsere first thatfor ary R € R, (5.1)and(5.2)
yields

[ [ vul+ uf?) dzan tofydt < c(R.
QT JBL(R)

providede is suficiently small. To be moreprecisefor ary R thereexists
g0 = &o(R) suchthat

lvellxry < C(R),  X(R) = L2(3Qr; W-3(B1.(R)))

forary 0 < ¢ < go. Now let {R,}72, beasequencef positve numbers
suchthat R, — oo asn — oo. By therelative weakcompactnessf the
sequencév,} in X(Ry) we canpick asubsequencfy,,}52; suchthatvy,,
weaklycorvergesto afunctionv € X(Ry). We cannow pick asubsequence
{v2e, 102 1 OF {v1,, }5o2 ; SUChthatv,,, weaklycorvergesto v’ in X(Ry). Clearly

v=v on By (Ry)

andtherefore we shallwrite v insteadof v € B, (Ry). Continuingin this

fashionweobtainasubsequenci,, }o2 ; weaklycorvergenttov in X(R;).
Considernow the “diagonal” sequenc€une, }o2;. We have {vne,}n2;

asubsequencef {vj,,}o2; andso {v,.,} weakly corvergesto v in X(R;)

for ary fixed j. This establishethefirst assertiorof Corollary5.2,andthe

secondnefollows easily O

6. The secondterm in the e-expansion

As notedearlier we are interestedin specifyingthe secondterm in the
e—expansionof u,. Assumefor a moments € C5*(Qr), ¢ = 0 0on dQr,
and¢ = 0on Q x {t = T}, andinsertit asa testfunctioninto (4.7).
Consequentjywe have

W, 8,¢ (X%, t) dH"1(x%) dit
QT

= | W.(3¢ + A¢ + F)dxdt — / P.L0)dx. (6.1)
Q

QT
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Sends — 0 —througha subsequencié necessary-to find

Wo 8, dH™1(x0%) dit
QT

:/ ut (3 + A¢+ fh dxdt—/ug;(O) dx (6.2)
QT Q

whereour hypothese$C)—(F) have beenappliedand
W,, ul areweaklimits of W,
in L2(3Q7), L2(Q7), respectiely. Notethatu® € L2(Q21) NWZ () for
ary Q' C Q with apositive distancerom 92 andsuchthat
/ lut|?dx dt + max/ lut(®)]?pdx + f IVuli?pdxdt < C,
Qr 0<t<T Jq Qr

esssup [ |Vul(t)|?¢p3dx +/ |8ut|?¢S dxdt < C.
o<t<T JQ QT

Moreover, ut is theuniquevery weaksolutionof the problem

aul = Aut + 1 in Qr,
ult =Wy on AT, (6.3)
ul = uj on  x {t =0}

in thesensef thevalidity of theintegralidentity (6.2) for ary testfunction
¢ € W (@) suchthats = 0on Q. It is notdifficult to shav thatif 01

is anothevery weaksolutionof (6.3)with W and(3, then
f ut —atdxdt = C(IWo = Woll 2ior) + U — 08 g ) -
QT

Sinceourgoalis to determinghefunction W, we shallfocusthefirstterm
of (6.1).

Theorem 6.1. LetHypothesigH) be satisfiedandassumehat

R— 00

lim 7[ w(x%, Z, 0)dZ (6.4)
B'(R)

existsfor a.e x° € 9Q. We shall denoteit by M(x°) and supposethat
M e L*°(932). Then

£—0

lim W,9,¢ = f M(x%) g(x°, t) 8,¢(x°, t) dH""1(x?) dt
QT IQT

(througha subsequencié necessaryjor any¢ e sz’l(QT).
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Proofof Theoem6.1.We prove thatfor H" ! a.e.x € 92,
Wox, 1) = M(X) g(x, 1), g t) =23(X1 —adulx1).

To this goal, fix arbitrarily choosenX € G andnotethatthereexist: > 0
andkx € Z, suchthat

B(X,2)Na2 c G“.

RecallthatG, G* areintroducedn HypothesigH) in Sect.4. We take now
@ € C(221) suchthat sptp N a2 C B(X, 2u), but arbitraryotherwiseand
shaw thatfor ary n > 0 thereexistseq(n) > 0 suchthat

f (W.(x%, ) — M(x%) g(x°, 1)) (X%, y dH" 2 (x% dt < (6.5)
QT

forary 0 < ¢ < &q.
Denote

l, + ||SE/ (wg(xo, t)
o0QT

— 7[ W, (X, 1) dH”—l(x)><p(x°, t) dH"1(x%) dt
Ux9%¢eR)

+ / ][ W, (x, t) dH" 1 (x) (X, t) dH"1(x?) dit
QT U(XO,sR)

wherethesetU(x°, ¢R) is givenby (5.6) abose. Denotingthe characteristic
functionof thesetU(x%, ¢R) by x§ (x°, x) (see(5.6) abore), usingFubini’s
theoremand relabelingthe integration variablein the first termof I, we
arrive at

le = WL (X, 1) (@(X, 1) — @ (X, 1)) dH" (%) dt,
0T
where
x5 (X2, X)X, 1)
s H"LUXO, eR))

Claim#1: Forary R € R, ande € (0, 1) thereexists a positve constant
o, (R) suchthat

(X, 1) = dH"1(xY) .

Iim0 o,(R) =0

and
HLUXO, eR)) B
L-1(B (¢R))

1 Eg-i-ws(R)

forany x° € G.
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Proof of Claim#1: As|z.| < m,
UR—m) c Ux% eR) c UR+m),
where
U(N) = {x cd| x=x0 400V (x0,7) for 7 B/(N)} :
We claim now that

H"HU(N)) = LB/ (eN)) (1 + h.(x°, N)), Iirrg) h.(x°, N) =0
uniformly in x° € G for ary fixed N. Indeed,

HUUN)) = / oo 00 dH™ (%)

aQ2NB(x0,r)

ot [ i oy, ewo0, ) w06 2102
'(N)

andtheassertiorfollows easilydueto (5.3) andthefactthat Dy(x°%, 0) = 0
for any x° € 9. Thus,

myn-1 0 HTUCS, o)
(1-R)  (@+hoCR-m) < — e

<1+ %)n_l (1+hx°, R+m)) ,

which proves(6.7) aftersomemanipulationsThis provesClaim # 1.

A

Hence,
_ (p(X, t) & (0 n-1,,0
Qe (X, 1) = LB R) X0 (X7, X) dH" 2 (X") +
(6.6)
1 0 (p(xoa t) - (,D(X, t) - GE(XO’ R) n—-1,.,0
S — 3 H
LB (eR) /asz Ky %) 140,00 R R0,
where
H LU, eR))
98 0’ R = 7 - -1
0SSR = T EeR)
anddueto Claim# 1,

10,0, R)| < 2 +@.(R) . 6.7)
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Claim#2: Forary R € R, ande € (0, 1) thereexistsa positive constant
e (R) suchthat

|im0 ne(R) =0
and

n-1
") ‘ + ue(R) (6.8)

Lr-1(B'(¢R) 1=

ol 3

forary x € G, where
Fx)={x"€dQ| xeUX’ eR)}.

Proof of Claim#2 Notefirst that

H(F0) = f 6 (X, %) dH™(x0)

aQNB(XO,r)

for smallenoughs > 0 anddenotefor amoment

A = {x°ea@| x—x°| <1}, r.=e(R—m)/(L+¢.(L)),
Z = {x°e Q| [x-=x°| <R}, R=eR+ml+al(l),

wherel, is givenin (4.5),a. in (5.3)andL > R+ mbeinggiven.
Then A(x) c F(x) c Z(x) forary x € G andthus,

H"HAX) < HHFX) < HHZX).

IndeedJet x° € A(x). Settingz = 7, (x°) + ®,(x%, e 1O71(x%) (x — x%)))
onecanseethat

1zl < m+e 1A+ 6L)x—x < R, ie. x°eFX.

Now, let x° € F(x), i.e. thereexists z € B'(R) x {z, = 0} suchthat
X = A.(x%, z). Then,however,

X—x| <R, ie. xXeZ(X).
Next, it is notdifficult to seethat
H"HZ (X)) < L+ c (L)L HB(R))

and

£t (B’ (rs/\/l+ Lip?(y |B’(r6)))> < H"HAM) .

(6.8) follows againaftersomemanipulationandClaim # 2 is proved.
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NotethatClaim# 2 yields
/B GO0 dHTI00) = LB ER) L+ E(CR). (69)
where
£ RI = 2 + (R

uniformlyin x € G.
Now, with the assistancef the estimategrom Theorem2.1,(6.7) and
(6.9)in (6.6),we arrive at

Claim#3: ThereexistaconstanC independerntfe, Randforary Re R, ,
0 < ¢ < 1l apositive constant, (R) suchthat

Iim0 o.(R =0

for ary fixed R, and

m
el < C(— + 0.(R) + max lp(x%, ) — p(X, t)l) .
R x—X0|<R,,0<t<T
Proof of Claim#3: Indeedas

1+ 15X, R)|
1 — esssUPocyq 10: (X, R

lp(X, D) — (X, D] = lo(X, D] [5(X, RI| +

[x—x0|<Re x0edQ

X < max_ |o(x% t) — ¢(x, )| + esssup |6, (X, R)I) :

theassertiorof Claim# 3 follows easilydueto (6.7) and(6.9).

Claim #4: There exists a constantC,, independenbf ¢, R and for ary
R e R, andO < ¢ < 1thereexistsa positive constant, (R) suchthat

', = / ][ o(x°, Z,0)dz g(x°, t) p(x°, t) dH""1(x°) dt
QT JB(R

Cm
R —
ts(R+ 4

and
Iimosa(R) =0

for ary fixed R.
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Proofof Claim#4: Notethatdueto thenotationpriorto (6.7),

1 2
Ny= | ———— (X%, Z,0,t)\/1+ |Dy(x0, ew!
/% 1+95(X0, R) B'(R) v ( )\/ | )/( € )\

x W, (x°, Z — 7/(x%)) dZ o(x°, t) dH"~*(x°) dt
andtheassertiorfollows dueto (6.7), (5.3)andCorollary5.2.

Now we arereadyto prove (6.5). Employing Claim # 3 andClaim # 4 we
canwrite

f (Wg(xo,t)—M(xo)g(xo,t))w(xo,t)dH”‘l(xo)dt‘ (6.10)
QT

C
<5+ O0:(R+C  max TI(/)(XO, t) — o(x, 1)

[x—x0|<Re,0<t<
+ /
QT

][ w(x’,Z,00dZ — M(x°) g(x°, t)‘
B'(R)

lo(x°, 1) dH"(x°) dt,,
where

IimOOS(R) = 0 forfixed R.

Finally, we chooseR largeenoughn orderto have thefirst termandthelast
oneontheright handsideof (6.10)lessthann/2 andtheney smallenough
to have theadditionaltwo termslessthann /2 for eachO < ¢ < &o.

We have sofar proved thatfor ary X € G thereexistsa ball B(X, ),
t > 0 suchthatfor "1 a.e.x € 3Q N B(X, 1), Wo(X, t) = M(X) g(X, 1).
Therefore we canconcludethatthis equalityholdsfor H"! a.e.x € 4Q
andthetheoremfollows. O

7. Capacity

In this sectionwe introducecapacityasa way to find sufficiently general
structuralconditionsonthesetD in orderto guarante¢he existenceof the
meanvalueof w for x, = 0, see(6.4) above. As the dependencef w on

x0 e 9Q doesnotplay ary rolein this considerationdet usomit to write it

down here.Recall

Aw=0 in RY,
w=0 on Dy, (7.1)
dw=1 on Ny,
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Do = D x {X, = 0}, andtill now we have supposethatD is asymptotically
densein R"~! (seeDefinition 3.1). In orderto be ableto formulateour
result,it is corvenientto introducesomepreliminaries,developedin the
theoryof almostperiodicfunctions(seee.g.[2], [10], [11]).

Definition 7.1. Givena functionv € L>®°(R"1) andnumbes0 < n < 1,
0 < R, < oo, avectori € R"!issaidtobeatranslationvectorbelonging
tonif

sup (X' + 1) —v(xX)|dx < n. (7.2)
R>R, JC'(R

RecallC'(R ={y eR" 1| |yi| <R, i=12...,n—1}.
A setE c R"! is saidto be ¢—relatively denseif ther is a number
¢ > 0sud thatanycubeof side¢ in R"~! containsat leastonepoint of E.

Theorem7.2. Assumethat for any n > 0 correspondnumbes R, > 0
and ¢, > 0 sud that the setof all translationvectos of v € L>*(R"?)
belongingto 7 is ¢,— relativelydensein R"~1. Thenthe meanvalueof v
exists,i.e. thelimit of

7[ v(X)dx’ asR— oo,
B'(R)

exists.

Proof. Letk € {1,2,...} anddenoteby C'(x', R) for x' € B'(kR) open
disjointcubesn R"1, i.e.

CX,R={yeR" |xj—yj|<R,j=1....n—1}

suchthat

Nk
B'kR c Cc=|JC,R c B(k+2R.
i=1

Asfor Ac Cc D,

AR A
A C
‘ ][ v(X) dx’ — ][ v(X') dx’
/(kR) Ck

L"1(D) — L"HA)
LML(A) ’

< 2|l egn-1)

we have

=

c
k
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with aconstant € R, independendf k, R. Computenow

Nk

f v(x)dx =" U v(y’+k‘)dy’+f vy + 1) dy
Ck C'(R

i=1 C'(x =21, R\C'(R)

—/ o v()/+)»i)d)/}
C/(R\C/(X—A1,R)
Nk .
= Nkf v(y) dy + Z/ vy + 1) —v(y)| dy + R *Nibr ,
(R i1 JC(R
where

C
|Or| < R’

Foooa = uyray + 0,00,
Ck C'(R)

for somel,| < 1. In summary

‘ ][ v(X)dx' — ][ v(X) dx’
'(kR) B'(¢R)

Thus,for arbitrarily large numbersX;, j = 1, 2 letk; besuchthatk;R <

Xj < kjR+ landwe arrive at
/ / / ’ 1 1 1
v(x) dX’ — vxX)dX'| < cln +=+—+—
B/(X1) B/(X2) R ki ks

andtheassertiorof Theorem7.2.follows. O

R k ¢

1 1 1
=n+cClgs+z-+-].

Our planis hereaftetto find circumstanceanderwhich boundedveak
solutionw of Problem(7.1)satisfiehypothesesf Theorenv.2for x, = 0.
We proposeherethefollowing assumptionsDenote

D*=D+xr, D§j=D"x {x,=0}
for A € R"2, recall Dy A Df = Do U D} \ Do N D} anddefine

Cap (DoAD?Z) = sup R inf / VH|?, 7.3
A (DoADG) RZP VR B+(R)| | (7.3)

where

1 : on(DoAD§) N B(R)
0 : forx,>1

V(R) = {H € W"3(B,.(R)) | Hz{ }

andL € R, » e R given.
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Assumption (P). For anyn > 0 there exist positivenumbes ¢,, L, anda
¢,~ relativelydensesetE, in R"-* sud that

Cap, (DoADG) < 7 (7.4)
foranyi € E,,.

Theorem 7.3. Assuméhatw is a boundedveaksolutionof Problem(7.1),
wheee thesetD satisfiesAssumptior{P).

Thenthefunctionw(x/, 0) for x’ € R"~! satisfiesall hypothesesequired
in Theoem7.2above

Proof 1. Fix A € E, givenin Assumption (P) anddefine

ux) = o(X + A, X,) — (X, X,), uPx)=u,0).

Then
Au=0 in R},
u=0 on Dy N DA,
u=uP on DoADg,
3,u=0 on No NN,

in thesensehatu € WeZ(R"), u = uP onDyAD}) and

/ Vuvy =0 (7.5)
RY

forary v € Wl’Z(RS‘r), ¥ = 0 onDo U D, with acompacsupportin R} .

loc

2. Take next sufiiciently large R andinsert
¥ =U¢g(1—Hr)?

asatestfunctionin (7.5),wherefunctionsH g andgr aredefinedasfollows:
‘Hr is theminimizerof Dirichlet’s integral

IH) = / VHP?
B+(3R)

onV(3R) (see(7.3)abore),i.e.

AHr=0 in Usr=B,(BR) N{Xx| 0<x, <1},
Hr=0 on B, (3R) \ Uzg,
Hr=1 on (DoADG) N B3R,

WHr=0 on SR,
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where
Sr=dUsr \ ({x € BL(3R) | Xp = 1} U (Do N Dy)) ,
and
Agpr =0 in BL(3R),
pr=0 on dB,(3R)NR" ,
or=1 on B2R) N {x | x, = 0},
d,pr =0 on (BBR)\ B2R) N {x | x, = 0}.
Thus,

/ VU (1= He)2
B+(3R)

scl(/ |V%R|2|u|2¢é+f |V¢R|2(1—%R>2|u|2>.
B+(3R) B*(3R)

Since,
f |Vorl® < CR"Z,
B+(3R)

0<¢r, Hr <10nB,(3R),0 < v < ¢gr 0N B, (2R) andu € L*(R),
theinequalityabore implies

f |V<u<1—HR>>|2§C3(R”2+f |VHR|2)' (7.6)
B+ (2R) B+ (3R)

NotethatthefactsthatD is asymptoticallydensen R, u(1 — Hg) = 0
onDy U D and(7.6)yield

/ lu? < C4(R”‘2+/ |VHR|2) ) (7.7)
B+ (2R)N{X| Xn=1} B;+(3R)

3. Assumenow thatuy, is asolutionof

Aup, =0 in Uzg,
Unh = U on By(2R) N{X| Xy =1},
up =0 on (DoUD§) N B(2R),
dup =0 on SR,

(Sristherestpartof 0U,R). Notethatuy, is theminimizerof theDirichlet’s
integral J(w) = [, |Vw|? overtheset

X = {w € Wl’Z(UZR) | W |x,=1= |U] and w=0 on D()U]D%} .
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As |ul(1—HR) € X, (7.6)yields

/ |Vu,?2 < C (R”z +/ |V”HR|2> . (7.8)
Uzr B, (3R)

4. Claim#1: LetM = ||| ~®n), then
lul < Unh + MHRr + 2Mggr

onU,g, Where

Apr=0 in BL(2R),
pr=0 on (Do UDg) N B(2R),
or=1 if x| =2R,
dvpr=0 on S,

whereSg denotegherestof 9B, (2R).
Proofof Claim#1. Notefirstthat|u| is a subsolutiorof the problem

Av=20 in UZR,
v=0 on (Do NDg) N B2R),
v =|uP| on (DoADS) N B2R), (7.9
v=|U| on BL2R) N{x| x, =1or|x| = 2R},
dv=0 on (NoNNg) N B2R),

/ ViulvVydx <0
Uzr

forary ¢ € W-2(Ugr), ¥ > 0andyr = 0onDpNDjandon{x | x, = 1
or x| = 2R} N Ugg.

Thefunction V = u, + MHR + 2Mggr is, however, asupersolutiorof
Problem(7.9),i.e.

u <V
on U, andthe assertiorfollows.
5. Finally, Claim#1yields

/B/(R)|u(x’, 0)|2 dx’ (7.10)

< cs(nuhnsvlz(uw + IHRIZ 20,0y + / [oR(X. 0>|2dx’)
B'(R)

sc6<R“2+f |VHR|2+f |¢R<x/,0>|2dx/),
B, (3R B'(R



256 JanFilo, StepharLuckhaus

where(7.7),(7.8) have beentakingaccountlt remainsto estimatethe last
integral on the right handside of (7.10). Herewe apply agumentsof the
proof of Theorem3.3andwe canconcludethat

lorl < C/R

on B'(R) x {x | 0 < x, < 1} for somepositive constant$C independent
of R. Hence,

1 1/2
][ (X' + A, 0) —w(X,0)|dx < Cy (— + ][ |VHR|2>
B(R) R Je.@m

andthis completeghe proof of thetheorem. O

8. Applications

In this sectionwe identify conditionsensuringthe existenceof a nontriial
structureof the setD satisfyingAssumption(P) of the previoussection.
By the trivial structureof the setlD we meanits periodicstructure.To
bemorepreciselet F : R"! — {0, 1} beaperiodicfunctionin eachof its
variable, say with period1 andlet therearey’ € R"~! and: > 0 suchthat
B(Y,)C {X € R"! | F(x') = 1}. In additionto, let A € L(R", R"1)
bearegularmatrix,i.e.detA # 0. If we define

x(X') = F(AX) for x eR"™? (8.1)
and
D={xeR"| x(X)=1},

thenD satisfiesAssumption(P) trivially andit is asymptoticallydenseas
well.

Definition 8.1. We shall call a functiony : R"! — {0, 1} quasiperiodic
if for anyn > 0 ther existsa continuousquasiperiodicfunctiong, sut
thatthe set

Ay =1{X eR" | [x(X) —¢,(X)| > 0}

hasa smallcapacityin thefollowing sense:Let H, satisfy

AH,=0 in R~ x (0, 1),
H,(xX,0=1 for X' € A,
H,(X,1) =0 for X € R,

H,(X,0)=0 for X e R"™™\ A,
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then

C(A,) = sup  sup IVH?dx < n. (8.2

KRN 1x {x,=0} R=1 JB(% RIN{X| 0<xn<1}

Proposition8.2. Let x : R"! — {0, 1} be a quasiperiodicfunctionand
assumehattherearey € R"!and ( > 0 sud that

B(y,) cD={x eR"| xx)=1}.

Thenthe setD satisfiesAssumption(P) (see(7.4) above) and it is the
asymptoticallydensesetin the senseof Definition3.1.

Proof Note first that by a continuousguasiperiodidunctionin R"! we
meanafunctiong € C(R"1) suchthat

o(y) = f(BY), (8.3)

wheref e C(R¥), k > 1is periodicin eachof its variablewith period1 and
B e L(R"1, R¥). Moreover, without lossof generalityone may assume
that

B-R"!+ZK
is densdn RX (see[12]).
Ouraimis to shaw thatfor ary n > 0 thereexist positve numbere,, L
and¢,—relative densesetE, C R"! suchthat
Cap. (DoADG) < 7
forary A € E,.

1. As yx is supposedo be quasiperiodicfor ary n > 0 there exists
acontinuousquasiperiodidunctiong, suchthat

C(Ay) <.

Fix n > 0. It follows from KronecleWeyl's Theorem(seee.g. [10,
11], [12]) thatfor ary § > O thereexists ¢s; and a ¢s—relatve denseset
Es in R"! suchthatfor ary A € Ej,

P (X' + 1) — (X)) = @y (X' + A5(X)) — @ (X) (8.4)
and

IAs(X)| < 8,
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X' € R"1 beingarbitrary As ¢, is uniformly continuouson R"* (see
(8.3)),(8.4)yieldsthat|g, (X' + 1) — ¢,(X)| < 1, say

max |@,(X' + 1) —¢,(X)| < 1/2 (8.5)
X eRN—1

if & is choosersuficiently small.
2. If 1 € Es,

XX +2) = x| < [x(X' +2) —@,(X' +1)| + 1/2
+ 1oy (X)) — I,

whereinthe left handside can attain only two values,zero and one. If
[x(X'+ 1) — ¢,(X' + A)| = 0 andatthe sametime |¢,(X') — x(X)| = O,
thenalso|x(X' + 1) — x(x)| = 0.

Thus,| x(X'+A) — x(X)| couldequaloneonlyif X' € A, orx'+1 € A,,.
Thisyields

DoADG C A,
hence
Cap (DoADg) < C(A,) <7
forary A € E, = E;. This provesour statement. O
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