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Abstract. An asymptoticanalysisis givenfor theheatequationwith mixedboundarycon-
ditionsrapidlyoscillatingbetweenDirichlet andNeumanntype.Wetry to presentageneral
framework wheredeterministichomogenizationmethodscanbe appliedto calculatethe
secondtermin theasymptoticexpansionwith respectto thesmallparametercharacterizing
theoscillations.

1. Intr oduction

Thepaperdealswith theasymptoticbehaviour of solutionsu� of a homo-
genizationproblemfor theheatequationin acylindrical domain����� 0 � T 	
subjectto mixedboundaryconditions.Theboundaryconditionsarerapidly
oscilatingbetweenDirichlet and Neumanntype. Sincethe areafraction
of the set 
 � wherethe homogeneousDirichlet boundaryconditionsare
prescribedisorder1andin asense“dense”,in thefirst termof theexpansion
theNeumannboundaryconditionsareforgotten.TheNeumannboundary
conditionsareprescribedon theset � � , thecomplementof 
 � on �
� . In
order to seethe asymptoticeffect of the Neumannboundaryconditions
on thesolutiononehasto go to thesecondtermof theexpansion.In two
dimensionsand in a specialgeometricsettingthis problemwas already
consideredin [6].

Herewetry to presenta “mostgeneral”framework wheredeterministic
homogenizationmethodscanstill beappliedto calculatethe secondterm
in theasymptoticexpansion.

Theconditionwearriveat is roughlyspeakingasymptoticalmostperio-
dicity andasaspecialexamplequasi-periodicityof thecharacteristicfunc-
tion of the set 
 � . Almost periodicity hasto be understoodin the metric
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givenby L2-capacity(seeAssumption(P)).Thehomogenizationmethodwe
employ is ablow-up techniquecombinedwith asuitablystronguniqueness
result for solutions– in this caseof a boundaryproblemfor the Laplace
equationin the half space.The techniqueis similar to the one usedfor
convergenceof saturationin thematrix in [3]. For otherapproachesfor ho-
mogenizationof boundaryconditionsseee.g.[8] andthereferencestherein.

Our original aim was to study a flow problemin porousmediawith
a partof theboundarycoveredby a fluid. For oneincompressiblefluid in
aporousmediumonehasto solve theequation

����� p	
� t

��� � � k ����� p	�	�� � p � e	 	 (1.1)

wherep is theunknown pressure,� thewatercontent,k theconductivity of
theporousmediumand � e thedirectionof gravity (see[1] andreferences
therein,for example).The part of the boundarywhich is coveredby the
fluid andwherethe infiltration takesplaceis supposedto behave like an
imperviouslayer with many small holes.It is assumedthat the holesare
distributed“uniformly” andcreatea “periodic” structurewith theperiod � .
The pressureis supposedto be 0 on the holes,wherethe fluid infiltrates
into theporousmediumandthezeroflux condition � k � � p � e	 	 ��� � 0 is
prescribedon the imperviouspart of the boundary. As the periodandthe
diameterof theholesis of order � andthedomainoccupiedby theporous
mediumis “large”, it is naturalto let

����� 0

andto investigatetheasymptoticbehaviour of solutionsto (1.1).Sincethis
nonlinearproblemwasnot yet treatable,herethe linear heatequationis
studied,i.e. ��� p	 � p andk �!�"	#� 1.

Our studyinitially, in Sect.2, parallelsthecorrespondinginvestigation
in [6] concerningbasicapriori estimates.It is demonstrated,besidesothers,
that

$
u� � u

$
L2%'&)(*% 0+ T ,', � $

u� � u
$

L2%'-.&)(*% 0+ T ,',0/ C���
whereu is thesolutionof thehomogenizedproblemwith purelyDirichlet
boundaryconditions.Section3 investigatesharmonicfunctionsonthehalf–
spacesubjectto mixed boundaryconditionson the boundaryhyperplane.
Here the main resultsaysthat if a solutionwith homogeneousboundary
conditionsis sublinear, thenit is thetrivial solution.Usingtheblow–upar-
gument,Sects.4,5provideadetailedanalysisof aweaklimit of therescaled
differenceof the solutionu� andits first term u in the expansiondivided
by � . In Sect.6 the limit u1 of � u� � u	�12� on �3�3� 0 � T 	 is characterized
asthe solutionof a first orderhomogenizedproblem,provided that some
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averagesof limit solutionsof scaledproblemsexist. This conditionis the
key subjectof thepaperandit is furtheranalyzedin theconcludingsections.
In Sect.7 aconnectionbetweenacapacityassumptionona limit boundary
setfor Dirichlet dataandanalmost-periodicityconditionwhichimpliesthe
requirementmentionedaboveis drawn.Finally, Sect.8 presentsanexample
of a nontrivial structureof theboundaryset.

We finish this introductorysectionby introducingsomenotation.For
a typical point in n we write x � � x1 �54"4"46� xn 	 or x � � x 7!� xn 	 , where
x 7 � � x1 �54"4"4)� xn8 1 	 andweset n9 ��: x ; n < xn = 0> , � T �?�@�@� 0 � T 	 ,
� T ���A�B� 0 � T 	 , etc.An openball in n with centerx andradiusr will
bedenotedby

B � x � r 	0�C: y ; n <D< x � y <FE r > and B � r 	0� B � 0 � r 	)4
Similarly in n8 1, i.e.

B � x 7 � r 	#�G: y7 ; n8 1 <H< x 7 � y7 <FE r > and B7 � r 	#� B � 07 � r 	
andwe set B9 � r 	I� B � r 	)J n9 . An opencubein n with a centerx and
theside2r wedenoteC � x � r 	#�G: y ; n <I< xi � yi

<KE r � i � 1 � 2 �54"4"46� n>
andC � r 	0� C � 0 � r 	 . Analogously, C � x 7!� r 	 andC7�� r 	 in n8 1. LE denotesthe
closureof E. Next, set AM B � A N B O A J B for A � B P n8 1. We
denotetheaverageof f over thesetQ P n andover its boundaryby

Q
f dx � 1Q

n � Q	 Q
f � x	 dx �

- Q f dHn8 1 � x	 � 1R
n8 1 �!� Q 	 - Q f � x	 dHn8 1 � x	S�

where
Q n is the n dimensionalLebesguemeasurein n and

R n8 1 is the
n � 1dimensionalHausdorfmeasurein n. T#� k	 ��U kV 2 12WX� 1� k1 2	 denotes
volumeof theunit ball in k. By � weshalldenotesmallparameterfinally
tendingto zeroandby Y weakconvergence.Thefunctionspaceswe use
are ratherfamiliar and we omit the definitions.Finally, by JZ we shall
denoteJacobianof Z .

2. The first term in the [ -expansion

In this sectionwestudytheproblem

� tu� �]\ u� � f � � x � t	 in � T �
��^ u� �]_ � u� ��` � � x � t	 on � �

T �
u� � 0 on 
 �T � (2.1)

u� � u
�
0 on �]�a: t � 0>

subjectto thefollowing assumptions:
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(A) �bP n is open,boundedandconnectedsetwith Lipschitz boundary
�
� .

(B) For any0 E � E 1 let

�
�c�d
 � Ne� � �
where 
 � is a relatively openportion of �f� fulfilling the following
structure condition: There exist two numbers

0 EhgiEhj
such that for anyx0 ;k�f� there is x ;l
 � satisfying

B � x �m� g 	nJo�
�pP B � x0 �m� j 	nJq
 � 4 (2.2)

(C) f � � f � f 1 ; L2 ��� T 	 andsuch that

F� � f � � f

� Y f 1 in L2 ��� T 	 as �I� 0 4
(D) _ � , � t _ � ; L r@���
� T 	 andthereexistsapositiveconstantC independent

of � such that
$ _ � $ L s %'-t& T , / C .

(E) ` � � ` , � t
` � ; L2 �!�f� T 	 andsuch that

` � Y ` in L2 �!�
� T 	 as �H� 0 4
(F) u�0, u0 ; W1+ 2 ���X	 , u0

� 0 on �f� , u�0 � 0 on 
 � , u1
0 ; L2 ���X	 andsuch

that

u � � u�0 � u0

� Y u1
0 in L2 ���X	 as �H� 0 4

Notethatsomeof theabove assumptionscanberelaxed,but for simplicity
wedonotgive themostgeneralhypotheses.

Now we statethe rate of convergenceof solutionsu� of (2.1) to the
solutionu of thefollowing problem:

� tu � \ u � f � x � t	 in � T �
u � 0 on �
� T � (2.3)

u � u0 on �]�v: t � 0>)4
Theorem 2.1. Assumethat (A)–(F) aresatisfied.Thenthereexistsa pos-
itive constantC, independentof � , such that

max
0w t w T & < u� � u < 2 � x � t	 dx � &

T

< � � u� � u	 < 2 � x � t	 dx dt / C�x�
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-.&
T

< u� � u < 2 � x � t	 dHn8 1 � x	 dt � &
T

< u� � u < 2 � x � t	 dx dt / C� 2 �

max
0w t w T & < u� � u < 2 � x � t	�y0� x	 dx

� & T

< � � u� � u	 < 2 � x � t	�y0� x	 dx dt / C� 2

and

ess sup
0w t w T & <

� � u� � u	 < 2 � x � t	zy 3 � x	 dx

� & T

< � t � u� � u	 < 2 � x � t	�y 3 � x	 dx dt / C� 2 �
where y is theprincipal eigenfunctionof theproblem

\Iy{�]|�y � 0 in �x�
y � 0 on �
�v�

with thecorrespondingprincipal eigenvalue | � | 1 = 0.

Proof. This is almostexactly like theproof of thecorrespondingassertion
of [6]. Thereforeweprove hereonly thefollowing

Proposition2.2. Assume(A), (B) aresatisfied.Thenthereexistsapositive
constantC such that

$
u
$

L2 %'-.& , / C } � $ u $ W1~ 2 � 2 %�-.& , (2.4)

for anyu ; W1+ 2 ���X	 , u � 0 on 
 � .
Proofof Proposition2.2. 1. Since�f� is compact,it canbecoveredby afi-

nite numberof opensetsU1 �54"4"4)� Um suchthat �f��J U � is the graph
of a Lipschitz function and ��J U � is on onesideof �f��J U � . To be
moreprecise,for each�e;�: 1 �54"4"46� m> thereexist anEuclideancoordi-
natesysteme�1 �54"4"4)� e�n in n, positive numbersr � , h � anda Lipschitz
continuousfunction �0�H� n8 1 � , �0��� 0	 � 0, suchthatif wedenote
x � n

i � 1 x �i e�i for x ; n,

U � � x ; n x �i E r � and x �n ��� � x �1 �54"4"4)� x �n8 1
E h� �

�f�aJ U � � x ; L� x �n � � � x �1 �54"4"4)� x �n8 1

andif 0 E x �n �a�0��� x �1 �54"4"4)� x �n8 1 	 E h � , thenx ;�� . Notenext that

-.& < u � x	 <
2 dHn8 1 � x	 /

m

� � 1
-.&f� U �

< u � x	 < 2 dHn8 1 � x	)4
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2. Fix now �l;�: 1 �54"4"4)� m> anddenote

� � y7 	 � u
n8 1

i � 1

yi e�i �]� � � y7 	 e�n � y7 � � y1 �54"4"4S� yn8 1 	)4

Then

-t&
� U �
< u � x	 < 2 dHn8 1 � x	 �

C � % r ,
< � � y7 	 < 2a � y7 	 dy7 �

where C7t� r 	#��: y7�; n8 1 <I< yi
<KE r � i � 1 �54"4"46� n � 1> and

a � y7 	 � � 1 � < D��� y7 	 < 2	 1V 2 4
For simplicity of notationwe shall not indicatethe dependenceof the
dataon � .

3. TakeC7!� r 	 anddivide it into kn8 1� subcubesof sidelengthr 1 k� , where

k� � r

� j 4
Call thesesubcubesQ1 �54"4"4)� Qkn� 1� . Then

-.&f� U �
< u � x	 < 2 dHn8 1 � x	 �

kn� 1�
j � 1 Q j

< � � y7 	 < 2a � y7 	 dy7 4

Observe now

Q j

< � � y7 	 < 2a � y7 	 dy7 �
Q j

< � � y7�	�� � � z7�	 < 2< y7 � z7 < n
< y7 � z7 < n a � y7 	 dy7 (2.5)

for any z7 ; D � j , where

D
�
j � y7 ; Q j x �

n8 1

i � 1

yi e�i �]� � � y7 	 e�n ;�
 � 4

WeclaimthatthereexistsapositiveconstantK , independentof j and� ,
suchthat

Q n8 1 D � j � K � g ��	 n8 1 4 (2.6)

Indeed,(B) yieldsthetheexistencex j ;l
 � suchthat

B � x j �m� g 	nJo�
��Pv
 � j
� x ;l
 � x �

n8 1

i � 1

yi e�i �]� � � y7 	 e�n � y7 ; D
�
j 4
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Then,however,

Q n8 1 B7 � g 1 1 � Lip2 �!��	

/ R n8 1 
 � j �
D
�
j

a � y7 	 dy7 / C1
Q n8 1 D � j

andtheestimate(2.6) follows. Notethatby Lip �!��	 we meanLipschitz
constantof � .

4. Integratenow (2.5)over D � j throughz7 andoneeasilyarrivesat

Q j

< � � y7 	 < 2a � y7 	 dy7

/ � C2
j n8 1

g n8 1
D
�
j Q j

< � � y7�	�� � � z7�	 < 2< y7 � z7 < n a � y7 	 a � z7 	 dy7 dz7 4
Summingon j gives

-.&
� U �
< u � x	 < 2 dHn8 1 � x	

/ C3 � -t&
� U � -.&
� U �
< u � y	�� u � z	 < 2< y � z< n dHn8 1 � y	 dHn8 1 � z	��

andfinally, addingup through� � 1 �54"4"4)� m wearrive at (2.4). ��

3. Harmonic functions on the half-space

This sectionstudiesharmonicfunctionsin the half spacesubjectto the
mixed boundarycondition.We will heremostly dealwith the boundary-
valueproblem

\I� � 0 in n9 �
� � 0 on 0 � �a: xn

� 0>S� (3.1)

�*^�� � g on 0 � �a: xn
� 0>S�

whereg ; is given, ��^�� � �X�*� 1*� xn, � n8 1 O andan openset
P n8 1 is asymptoticallydensein n8 1 in the senseof the following

definition.

Definition 3.1. A set P n8 1 is saidto beasymptoticallydensein n8 1

if thereexistpositivenumbers g � j such thatanyball with radius j in n8 1

containsat least one ball with radius g entirely lying in , i.e. for any
y7�; n8 1 there existsat leastonepoint x 7�; B � y7�� j 	 such that

B � x 7 � g 	HP B � y7 � j 	�J 4 (3.2)



224 JánFilo, StephanLuckhaus

Definition 3.2. We say �p; W1+ 2
loc � n9 	 is a weaksolutionof Problem(3.1)

if � � 0 on 0 andtheintegral identity

� n 
� � �i¡ dx � �

n� 1
g ¡ � x 7 � 0	 dx 7 (3.3)

holdsfor any ¡ ; W1+ 2
loc � n9 	 , ¡p� 0 on 0, with a compactsupportin L n9 .

Note

� � � gxn

is a solutionof Problem(3.1).We will seein a moment,that thereis also
a boundedsolutionof our problem.Thus,thedifferenceof thosesolutions
satisfies

\I� � 0 in n9 �
� � 0 on 0 � (3.4)

��^�� � 0 on 0 �
anddoesnotequalzero.Themainresultof thissectionsays,however, that
if asolutionof (3.4)is sublinear, thenit is thetrivial solution.

Theorem 3.3. Assume� is a solution of Problem(3.4) in the senseof
Definition3.2.Supposefurther � satisfies

lim inf
R¢ r B  % R,

< � < dx R � 0 4 (3.5)

Then

�£� 0 4
Proof. 1. Firstof all, if wedefine

u � x	 � �I� x	 if xn � 0
�I� x 7!�5� xn 	 if xn

E 0
�

then < u � x	 < is aweaksubharmonicfunction,i.e. < u < ; W1+ 2
loc � n 	 and

� n 
� < u < �i¡ dx / 0

for any ¡ ; W1+ 2
loc � n 	 , ¡ � 0, with acompactsupport.Therefore,

< u � x	 < /
B% x+ R,

< u � y	 < dy
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andthus,

sup
B  % R,

< � < / 2n

B  % 2R,
< � < dx 4 (3.6)

Now let : Ri >�ri � 1, Ri � ¤ asi �¥¤ besuchthat

lim
i ¢ r B  % 2Ri ,

< � < dx Ri
� 0 4 (3.7)

Our intentionnext is to dealwith theproblemin thehalf ball

\I� � 0 in B9 � R	)�
� � 0 on 0 J B � R	)�

�*^�� � 0 on 0 J B � R	)�
assumingthat

sup
B  % R,

< � < � M 4 (3.8)

2. Claim#1: Thereexist constants0 E � E 1, 0 E d E ¤ suchthat

sup
B ��¦ R8 4k8¨§ k

j © 1 d j ª (*% 0+ 1,
< � < / � kM (3.9)

for

d j � d

� j

j ;3: 1 �54"4"4)� k> , whenever 4k � k
j � 1 d j

E R. The constants��� d are
independentof R� M.

Beforeproving Claim#1, let usintroducetwo auxiliaryassertions.
3. Claim#2: Assume

< � < / K

in B7�� L 	��]� 0 � 4	 , 4 E L / R. Then

< � < /�« K

in B7�� L � 4	��]� 0 � 1	 for some0 E « E 1, independentof R� K andL.
Notethatfor simplicity of notationwehave put j � 1 in Definition3.1

whichapplieshere.
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Proofof Claim #2. It suffices to prove the following statement.Let z �
� z7 � 0	 besuch that B � z� 4	�P B � R	 and

sup
B  % z+ 4,

< � < / K 4
Then

sup
B  % z+ 1,

< � < /�« K (3.10)

for some0 E « E 1.
As is asymptoticallydense,there is y � � y7�� 0	¬; 0 such that

B � y7 � g 	IP andB � y � 3	�P B � R	 . Moreover

\I� � 0 in B9 � y � 3	)�
� � 0 on 0 J B � y � 3	)�

�*^�� � 0 on 0 J B � y � 3	
and

sup
B  % y+ 3,

< � < / K 4
If wecompare� with thesolutions� 9 � � 8 of theproblem

\ � � 0 in B9 � y � 3	)�� � 0 on B � y7 � g 	���: xn
� 0>)�

��^ � � 0 on � B � y7 � 3	SO B � y7 � g 	z	��v: xn
� 0>)�� ��­ K on � B9 � y � 3	�J n9 �

weobtain

� « K / � 8 / � / � 9 /®« K

on B9 � y � 2	 for some0 E « E 1, i.e. (3.10) holds and the assertionof
Claim#2 follows easily.

4.Claim#3: Let � , R� M beasabove, < � < / M onB9 � R	 andlet0 E � E 1,
0 E c E ¤ and0 E T E 1 begiven.Moreover, choosea constant� = 0
suchthat

� 1 �aT�	 4c

� / �X4
Then

< � < / ��Tl�]��	 M (3.11)

on B7 � L ���5	 �B� 0 � 4	 , whenever
< � < / T M

on B7¯� L 	��a: xn
� 0> .
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Proofof Claim#3.Let z � � z7!� 0	 and ° = 0. Considerfirst theproblem

\ u± � 0 in B9 � z � 2°�	S�
u± � 0 on B � z7 � 2°�	��a: xn

� 0>)� (3.12)

u± � 1 on � B9 � z � 2°�	nJ n9 4
Thenthereexist positive constantsc1 � c2 (independentof ° ) suchthat

c1

° / � u±
� xn

/ c2

° (3.13)

for any x ; B9 � z �m°�	 . This follows easily, if we first consider° � 1 and
thenputu± � x	 � u1 � x12°�	 .

Assumenow that < � < / M on B9 � R	 , < � < / T M on B7�� L 	���: xn
� 0>

and � is choosenin suchaway that

� 1 �aTK	 c24

� / �
for given � . Let z in (3.12)besuchthat

< z< / L � 2��4
Thenit is notdifficult to seethat

< � < / T M �G� 1 �aT�	 Mu�
in B9 � z � 2�*	 . Hence,

< � < / T M �²� 1 ��TK	 M4c2 1*�
on B

9 � z�m�2	³J®: x < xn / 4> , i.e. < � < / �!Te����	 M. As this holds for any
z � � z7!� 0	 , < z < / R � 2� , (3.11)holdson B7�� R �v�*	��´� 0 � 4	 . Claim #3 is
proved.

5. Proofof Claim#1. Accordingto Claim#2,

sup
B� % R8 4, (*% 0+ 1,

< � < /®« M

for given0 E « E 1. Putc � c2 (see(3.13))in Claim#3andwehave

sup
B � % R8 48 � , (*% 0+ 4,

< � < / � « �]� 1 	 M �

where� 1 � � 4c. Choose� 0 = 0 suchsmallthat

��� « � 1 �]� 0 	 E 1
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andset � 1
� « � 0. Then

sup
B � % R8 48 d1 , (*% 0+ 4,

< � < / � 1M � (3.14)

for

d1
� 4c

« � 0

� 4c � 1 �]� 0	
� 0

1

� 1
4

Now weapplyClaim#2again,andwearrive at

sup
B� % R8 88 d1 , (�% 0+ 1,

< � < /�« � M �
thatdueto Claim#3gives

< � < / � « �e�]� 2 	 M
on B7¯� R � 8 � d1 � d2 	��]� 0 � 4	 . Taking � 2

� � « � 0,

< � < /®« ��� 1 �]� 0 	 M � � 2M

and

d2
� 4c

« � 0 �
� 4c � 1 �µ� 0 	

� 0

1

� 2
4

Hence,by iterationwegettherequiredestimate(3.9) for

d j � d

� j
� d � 4c � 1 �]� 0 	

� 0
4

ThisprovesClaim#1.
6. Finally, wearenow preparedto prove Theorem3.3.

Choosefirst integerski suchthat

� Ri / 4ki �
ki

j � 1

d j / Ri 1 2 �

whereRi aregivenby (3.7). It is not difficult to seethat this is possibleif� is sufficiently small,say2� / � . Moreover, notethat ki /�¶ ln Ri for
somepositive constant¶ . Next, Claim#1yields

sup
B� % Ri V 2, (*% 0+ 1,

< � < / supB  % Ri , < � <� Ri � 4ki � const.

thattogetherwith (3.6)yields

sup
B � % Ri V 2, (*% 0+ 1,

< � < / C
B  % 2Ri ,

< � < dx Ri

for somepositive constantC independentof i . Making useof (3.7) one
easilygets��� 0 on n9 . ��
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Theorem 3.4 (Existenceof weaksolution). There existsa boundedweak
solutionof (3.1). Moreover, this solutionis positivein n9 if g = 0 and

0 ·�p¸ .

Proof. Theboundedsolutionof Problem(3.1) arisesasthe limit of weak
solutionsto theproblemsonboundeddomains:

\ uk
� 0 in B9 � k	)�

uk
� 0 on 0 J B � k	)�

uk
� 0 on Sk � (3.15)

� ^ uk
� 1 on 0 J B � k	)�

ask ���¥¤ , whereSk �C: x ;´LB9 � k	 <k< x < � k andxn = 0> .
Note,thatwithoutlossof generalitywecanconsiderg � 1,asotherwise

theresultfollows by multiplication.

Lemma 3.5. ThereexistsapositiveconstantM, independentofk, such that

0 E uk / M on B9 � k	S4 (3.16)

Proofof Lemma3.5. 1. As is supposedto be asymptoticallydensein
n8 1, thefollowing statementfollows.

Claim #1: There exists a sequence: z7i > ri � 1, z7i ; n8 1 such that
B � z7i � g 	IP ,

B z7i � 4j J B z7 j � 4j ��¸ � i ·� j 	 and n8 1 P r
i � 1

C z7i � 10j 4

2. Next, let � beaboundednonnegative solutionof theproblem

\ � � 0 in n9 � (3.17)
� � f on n8 1 �a: xn

� 0>)�
where f ; C r � n8 1	 , 0 / f / 1 and

f � x 7 	 � 0 if x 7�; r
i � 1 B � z7i � g 1 2	6�

1 if x 7 ; n8 1 O r
i � 1 B � z7i � g 	)4

Weclaim thatthereexistsaconstant0 E « E 1 suchthat

0 E � � x	 / 1 � « on
r

i � 1

B � zi � 2j 	)� (3.18)

where
zi
� z7i � 4j 4
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To seethis,supposethecontraryanddenoteby : z7k > rk� 1 thesequenceof
thosepointsof : z7i > ri � 1 for which

max¹
B% zk + 2r ,

� � x	I�f� 1 as k �¥¤º�

zk
� � z7k � 4j 	 . Write

Q � B7 � 4j 	��]� 0 � 6j 	
anddefine

»
k � x	#� � x 7 � z7k � xn

for x ; Q. Sowegetthesequenceof harmonicfunctionsin Q suchthat

0 / »
k / 1 on LQ �

»
k � xk 	H�
� 1 as k �¥¤

for xk ;´LB � a � 2j 	)� a � � 07!� 2j 	 and

- Q
»

k � x	 dHn8 1 � x	 / 1 �aT (3.19)

for some0 E T E 1 and eachk. Hence,thereexists a subsequence»
ki
r
i � 1 converging uniformly on LB � a � 2j 	 , to a harmonicfunction »

and » � xr 	 � 1, wherexki � xr as i � ¤ . Then,however, » � 1
on Q – a contradictionto (3.19),as » ki � » weaklystarin L r �!� Q 	 .
Indeed,notethat

- Q
»

ki ��^ ¡¼�
Q

»
ki \ ¡

for any sufficiently smoothtestfunction ¡ suchthat ¡C� 0 on � Q. We
canlet i �¥¤ to obtain

- Q
» ��^ ¡½�

Q
\ ¡½� - Q ��^

¡ 4

Assuming,that �*^ ¡ � 1 on � Q weobtain

- Q
» � x	 dHn8 1 � x	 � 1 �

thatcontradictsto (3.19),aswehave mentionedabove.
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3. Furthermore,let i ;�: 1 � 2 �54"4"4�> bearbitraryanddenoteby � i thebounded
solutionof theproblem

\ � i
� 0 in n9 O B � zi � 2j 	S�

�
i
� 1 � « on � B � zi � 2j 	)�

�
i
� 1 on n8 1 ��: xn

� 0>)4
It followsfromHopf’s lemma,thatthereexistsapositivenumber̀ such
that

�*^ � i � x 7 � 0	 � ` = 0 (3.20)

for any x 7�; B � z7i � 10j 	 . Owing to estimate(3.20)weprove

Claim#2: ��^ � � ` = 0 on n8 1 O r
i � 1 B � z7i � g 	 .

Proofof Claim#2.Fix i ;k: 1 � 2 �54"4"4�> . As

� / �
i and � � �

i
� 1 on n8 1 O B z7i � g � : xn

� 0> �
oneeasilygets

0 E ` / �*^ � i / �*^ � on n8 1 O B z7i � g � : xn
� 0> 4

As thisholdsfor any i , theassertionof Claim#2 follows.

4. Finally, set

U � �
` 4

Weutilize (3.17)andClaim#2 to concludethat

\ U � 0 in n9 �
U � 0 on r

i � 1
B z7i � g 1 2 �a: xn

� 0>S�
U � 0 on r

i � 1
B z7i � g O B z7i � g 1 2 ��: xn

� 0>)�
��^ U � 1 on n8 1 O r

i � 1
B z7i � g �a: xn

� 0>)4
Hence,0 is asubsolutionandU is asupersolutionto Problem(3.15)for
any k, i.e.

0 / uk / U on B9 � k	)4
The fact, that uk = 0 on B9 � k	 follows from the fact that harmonic
functionuk ·� 0 cannotattainits minimum in interior point of B9 � k	 .
ThisprovesLemma3.5.
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Finally, it follows from (3.16)that

B  % K ,
< � uk

< 2 / M
Q n8 1 � B7 � K 	�	

forany k � K .Hence,bythediagonalprocessweobtainasequence : uk j > r j � 1
suchthat it convergesto a boundedweaksolution � of Problem(3.1) on
any compactsubsetof L n9 . ��

4. Blow-up

Assumefor this andthe next sectionsthat �¾P n, that we have already
supposedto beopen,boundedandconnectedset,is C2, i.e.neareachpoint
x ;k�
� , �
� is thegraphof aC2 function.For ourpurposes,however, it will
beconvenientto formulateit moreprecisely.

Definition 4.1. We say �f� is C2 if there is r = 0 such that for each
point x0 ;p�f� , there exist an orthogonal matrix O and a C2 mapping
�h� n8 1 � , ��� 0	 � 0, D �e� 0	 � 0 such thatwehave

��J B � x0 � r 	 � : x ; n < x � x0 � O ¿D�����!¿ 7 	 E ¿ n >nJ B � x0 � r 	)4 (4.1)

Notethat O, � dependon x0 andwewrite down thisdependenceasO � x0 	
and ��� x0 � � 	 , if it needsto be.

Notation. Fix x0 ;@�
� , 0 E �IÀ 1, andset

� � � x0	 ��: y ; n < x � x0 �]� O y ;��X>)�
�f� � � x0	 ��: y ; n < x � x0 �]� O y ;��f��>S�


 � � x0 	#��: y ; n < x � x0 �µ� Oy ;Á
 � P¬�
�X>)4
Moreover, let Â � be the characteristicfunction of the set 
 � � x0	 , i.e.
Â � � x0 � � 	I�"�
� � � x0 	#� : 0 � 1> suchthat

Â � � x0 � y	 � 1 iff y ;�
 � � x0 	)4 (4.2)

Notethatwhatever apositive constantL is, � � � x0 	�J B � L 	 approximately
equalsthe half ball B9 � L 	 for small enough� = 0. Recall that the small
parameter� shall finally tendto zeroandthereforeL ; 9 canbe taken
arbitrarily large.

We henceforthassumethefollowing structureassumptionsconcerning
theset
 � � x0 	 , or equivalently, its characteristicfunction Â � .
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Hypothesis (H). There exists a relatively closedset W½PÃ�f� such thatR n8 1 �!W0	 � 0 andfor anyx0 ;eÄÅ���
�aOXW there exist a function

Âµ� n8 1 �
�¥: 0 � 1>S�
a vector Æ � �?�!Æ 7� � 0	�; n anda Lipschitz one–to–onemap

Z � � L� � � x0 	�J B � L 	Ç�
� L n9 � Z � � 0	 � 0

with thefollowingfiveproperties:

(i) Theset ��: y7 ; n8 1 < Â � y7 	 � 1> is asymptoticallydensein n8 1.
(ii) Vectors Æ 7� are uniformlyboundedwith respectto � , i.e. < Æ 7� < / m for

somegivenpositiveconstantm independentof � .
(iii)

Z � �i�f� � � x0 	nJ B � L 	X�
� n8 1 ��: zn
� 0>)4

(iv)

ess sup
zÈÊÉ � % L ,

$
D Z �n��Ëi� � z	 	 � I

$ ��� 0 as �I� 0 (4.3)

uniformlyin Ä , where

Ëi� �ÌZ 8 1� � Í � � L 	0�C: z ; L n9 < z � Z � � y	�� y ;CL� � � x0 	nJbLB � L 	�>
and

$ � $ denotesthematrixnorm.

AsthequantitiesÂ , Æ � , Z � , Ëi� , Í � dependon x0, weshall henceforth
indicatethis dependencewriting Â � x0 � � 	 , Æ � � x0 	 , Z � � x0 � � 	 , Ëi� � x0 � � 	
and Í � � x0 � � 	 .

(v) For each ¶ ; 9 thereexistsa relativelyclosedsetW0ÎxP¬�f� such that

R n8 1 �!W³Îm	 / 11 ¶ �¼W0Î 9 1 P¬W0Î �½W � J rÎ � 1 W³Î
andfor fixed

x0 ;�Ä Î ���
��O�W³Î
defineH� ; W1+ 2 � B9 � R	�	 , R E L to beaweaksolutionof theproblem

\ H� � 0 in UR � B9 � R	nJo: z < 0 E zn
E 1>)�

H� � 0 on B9 � R	SO UR �
H� � 1 on

u � � x0 � R	)�
�*^ H� � 0 on SR � x0 	)�
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where

u � � x0 � R	 � z ; B7 � R	���: zn
� 0>

Â � x0 � Ëi� � x0 � z	 ��Â x0 � z7 �]Æ 7� � x0 	 � 1

and

SR � x0 	#��� UR O z ;´LB9 � R	 < zn
� 1 N u � � x0 � R	)4

Then

esssup
x0 ÈÊÏ
Ð B  % R,

< � H� < 2 dz �
� 0 as �I� 0 (4.4)

for anyfixed ¶ .

Notation. For fixedL ; 9 and0 E � E 1 wedefine

�2�m� L 	#� esssup
x0 È -t& ess sup

zÈÊÉ � % x0 + L , D Z�� x0 � Ë �"� x0 � z	 � I 4

Remarks.(1) Notethatfor eachL ; 9 , (H) (iv) yields

lim� ¢ 0
�*��� L 	 � 0 (4.5)

and

LB9 � L � 1 �a� � 	�	�P®Í � � x0 � L 	HPÑLB9 � L � 1 �]� � 	�	
for any x0 ;k�f� . Indeed,accordingto (iv)

Z��"� y	 � y �
1

0
� D Z���� sy	�� I 	 dsy

for any y ; L� � � x0 	6J B � L 	 suchthatsy ; L� � � x0 	 for s ;¬Ò 0 � 1Ó , that
togetherwith theInverseFunctionTheoremgive (1).

(2) Thehypothesis(v) is satisfiedtrivially if

Â�� x0 � Ë ��� x0 � z	 � Â x0 � z7 �]Æ 7� � x0 	
for any z ;ÁÍ � � x0 � L 	nJo: z < zn

� 0> .
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Now wearereadyto readoff moredetailedinformationconcerningthe
weaklimit of

W� � u� � u

�
on �f� T making usethe blow-up of � arounda point x0 ;µ�f� (see[5,
p. 198]).Recallfirst thatW� is thesolutionof

� tW� � \ W� � F� � x � t	 in � T �
�*^ W� � � 8 1g� � x � t	 on � �

T �
W� � 0 on 
 �T � (4.6)

W� � u � on �]��: t � 0>)�
with

g� �G` � �a_ � u� �a�*^ u
in thefollowing sense:

& W� �!Æm	�Ô � �!Æ�	 dx � Õ
0 & � W� � t Ô � � � W� � Ô � � F� Ô �z	 dx dt

(4.7)
� &

u � Ô � � 0	 dx �]� 8 1 Õ
0 -.& g� Ô � dHn8 1 � x	 dt

holdsfor any Ô � ; W1+ 2 �z� T 	 , Ô � � 0 on 
 �T .

Next fix x0 ;ÖÄ andset

» � � x0 � y � t	#� W� � x0 �µ� O � x0	 y � t	 (4.8)

for y ;�� � � x0	 , t ;�� 0 � T 	 , andsimilarly × � � x0 � y � t	#��Ô � � x0 �Ö� O � x0 	 y � t	 .
Moreover, take a testfunction Ô � in (4.7)suchthat

spt Ô � P B � x0 �m� L 	S4
(4.7) thenfor x � x0 �]� O � x0	 y yields

Ø � � x0 � s	n�
s

0 & � % x0 , � B% L ,
� » � � × � dydt

(4.9)

� s

0 -.& � % x0, � B% L , g�"� x
0 �]� O y � t	�×���� x0 � y � t	 dHn8 1 � y	 dt �
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where� meansherethegradientin the y variableand

Ø � � x0 � s	 ��� 2

& � % x0 , � B% L ,
» � × � � s	�� u � � x0 �]� O y	"× � � 0	 dy

�Ö� 2
s

0 & � % x0 , � B% L ,
» �Ù� t ×"��� F��� x0 �]� O y � t	�×�� dydt 4

Lateron it will benotdifficult to show that

-.&
Ø � � x0 � s	 dHn8 1 � x0 	H�
� 0 as ��Ú 0 (4.10)

for any s ;Å� 0 � T 	 andthereforelet usomit
Ø � in furtherconsiderations.

Next we changevariablesin (4.9)utilizing Hypothesis(H) above and
write

z � Z � � x0 � y	S� i 4 e4 y � Ëi� � x0 � z	S4 (4.11)

Then,aftera little tedious,but notdifficult manipulationswearrive at

s

0 Ï Ð É � % L ,
n

l + k� 1

akl� � V�� zk

��¿ �
� zl

dzdHn8 1 � x0 	 dt

� s

0 Ï Ð - É � % L , G � � z7 	)×��fÛË 7� � z7 	�� t	
1 � < DÜ � � Ë 7� � z7 	�	 < 2 JË 7� � z7 	 dz7 dHn8 1 � x0 	 dt �

(4.12)

where

akl� � JËi� � z	
n

i � 1

�
Z k�
� yi

�!Ëi� � z	 	 �fZ l�
� yi

�!Ëi� � z	 	 �
V� � x0 � z � t	 � » � � x0 � Ëi� � x0 � z	�� t	S��¿ � � x0 � z � t	 �Ì× � x0 � Ëi� � x0 � z	�� t �

ÛË 7� � Ë 7� �mÜ � � Ë 7� 	 � Ë 7� � z7 	#� Ë 1� � z7 � 0	��54"4"4)� Ë n8 1� � z7 � 0	 �
Ü � � y7 	0� 1

� ���!� y7 	)� G� � g� x0 �µ� O � x0 	 ÛË 7� � z7 	�� t �
�2Í � � L 	0�?Z � ���
� � � x0 	nJ B � L 	�	 and ¶ beingarbitrarily large.

Now let ��� x0 � z� t	 bea sufficiently smoothfunction,say ��; L2 ���
� T Ý
W1+ 2

loc � n9 	z	 , suchthat

��� x0 � z � t	 � 0 if z ; � x0	
and � hasacompactsupportlying in LB9 � L � m	 , i.e.

spt�ePÑLB9 � L � m	)4
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Notethat LB9 � L � m	�P®Í � � L 	 . Then

Ô � � x � t	���� � x0 �5Z � x0 � O 8 1 � x0 	 x � x0

� �µÆ � � t �

where

�"��� x0 � z� t	 �C� x0 � z� t 1 � H�m� x0 � z	
is admissibletest function in (4.7), satisfyingspt Ô � P LB � x0 �m� L 	 , and
correspondingtestfunctionin (4.12)hasthentheform

¿��m� x0 � z � t	 � � x0 � z �]Æ���� t 1 � H� x0 � z �]Æ��
andoneeasilyobtains

s

0 Ï
Ð B  % L 8 m,
n

l + k� 1

akl� � z �aÆ � 	 �
� �
� zk

�*�"�
� zl

� x0 � z � t	 dzdHn8 1 � x0 	 dt

� s

0 Ï Ð B� % L 8 m, G� z7 �aÆ 7� � � � x0 � z7 � 0 � t	
1 � < DÜ � � Ë 7� � z7 �aÆ 7� 	�	 < 2 JË 7� z7 ��Æ 7� dz7 dHn8 1 � x0	 dt �

(4.13)

where

� � � x0 � z� t	#� V� x0 � z �aÆ � � t 4
If we let ����� 0, wearrive at

s

0 Ï
Ð B  % L 8 m,
� � � �q� x0 � z � t	 dzdHn8 1 � x0 	 dt

� s

0 Ï�Ð B � % L 8 m, g � x
0 � t	
��� x0 � z7 � 0 � t	 dz7 dHn8 1 � x0 	 dt �

(4.14)

where

g � x � t	 �G` � x � t	��a�*^ u � x � t	
andwhere � is a weaklimit of : � � > . As ¶ waschoosenarbitrarily large,we
canconcludethat(4.14)holdsalsofor Ä in placeof Ä Î , i.e. for �f� .

This stepwill be verified in the next section.Now let us continueour
considerationsimplyassumingthat(4.14)holdsfor any sufficiently smooth
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test function � with compactsupport(asthe function of z) andsuchthat
� � 0 on , andthatthefunction � satisfiesthefollowing apriori estimates:

-t&
T B� % R, (�% 0+ R, � 1 � zn 	 < � � < 2 � x0 � z � t	 dzdHn8 1 � x0 	 dt / CRn8 1 �

(4.15)

-t&
T B� % R,

< � < 2 � x0 � z7 � 0 � t	 dz7 dHn8 1 � x0 	 dt / CRn8 1 �
for any positivenumbersRgreaterthansomegivenpositivenumberR0 and
somepositive constantC independentof R.

Weidentifynow thefunction � determinedby(4.14)andfulfilli ng(4.15).

Theorem 4.2. Assume� ; L2 ���
� T Ý W1+ 2
loc � n9 	z	 , � � x0 � z � t	 � 0 if

z ; 0 � x0 	#��: z � � z7 � 0	I; n < Â � x0 � z7 	 � 1>
for a.e. � x0 � t	I;@�
� T , andsuch that (4.14),(4.15)hold.Then

� � x0 � z � t	0� g � x0 � t	f�I� x0 � z	)� (4.16)

where � is theonlyboundedweaksolutionof theproblem

\ z � � 0 in n9 �
� � 0 on 0 � (4.17)

�*^�� � 1 on 0 �
where � n8 1 O .

Proof. 1. UsingFatou’s Lemmaand(4.15)weobtain

-.& T

lim inf
R¢ r R18 n

B� % R, (*% 0+ R,
< � � < 2 � 1 � zn 	 dz

�
B� % R,

< � < 2 � z7 � 0	 dz7 dHn8 1 � x0 	 dt / C �
i.e. thereexistsasequence: Ri > ri � 1, Ri � ¤ suchthat

R18 n
i

B� % Ri , (*% 0+ Ri ,
< � � < 2 � 1 � zn 	 dz �

B � % Ri ,
< � < 2 � z7 � 0	 dz7

/ F � x0 � t	 E ¤
(4.18)

for a.e. � x0 � t	Ö;��f� T , whereF ; L1 ���
� T 	 . Moreover, for a.e. � x0 � t	Ö;
�f� T , (4.14)yields

� n 
� � �i¡ dz � � n� 1

g � x0 � t	 ¡ � z7 � 0	 dz7
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for any test function ¡ ; W1+ 2
loc � n9 	 with compactsupportandsuchthat¡p� 0 on 0 � x0 	 , i.e. � is aweaksolutionof

\ z
� � 0 in n9 �� � 0 on 0 � (4.19)

� ^ � � g � x0 � t	 on 0 4
2. Claim #1. Thereexistspositive constantC � C � x0 � t	 , independentof
R � max: 1 � m> , suchthat

B� % R, (*% 0+ R,
< � � z	 < dz / C 1 �G� ln R 	 1V 2 4

Proofof Claim#1. Notethatfor 1 / zn / R wehave

< � � z7 � zn 	 < � < � � z7 � 1	 < /
R

1
_ � �
� zn

� z7 �m_f	
2

d_
1V 2
� ln R	 1V 2

by Hölderinequality. Next integratewith respectto z7 over B7�� R	 andwith
respectto zn over � 1 � R	 to find

B � % R, (*% 1+ R,
< � � z	 < dz /

B � % R,
< � � z7 � 1	 < dz7

� 1

T Þ n ß 1à
1

Rn8 1
B� % R, (*% 1+ R, zn

� �
� zn

� z7 � zn 	
2

dz

1V 2
� ln R	 1V 2 4

To finish theproofweneedonly observe

B� % R,
< � � z7 � zn 	 < dz7 /

B� % R,
< � � z7 � 0	 < dz7

� 1

T Þ n ß 1à Rn8 1
B� % R, (*% 0+ 1,

� �
� zn

� z	 dz

for any 0 / zn / 1. Indeed,thisand(4.18)yield

B� % Ri , (*% 0+ Ri ,
< � � z	 < dz / 4

F � x0 � t	
T#� n � 1	 1 � ln Ri 4

ThisprovesClaim# 1.

3. We know alreadythatthereis a boundedweaksolution � b � g � x0 � t	��
of Problem(4.19)(seeTheorem3.4),i.e. V � � � �

b satisfies

\ V � 0 in n9 �
V � 0 on 0 �

��^ V � 0 on 0 �
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and

B  % Ri ,
< V� z	 < dz / M 1 � ln Ri

for any i . Hence,Theorem3.3 in Sect.3 implies V � 0. This proves
Theorem4.2. ��

5. A priori estimates

Wenow ascertaintheapriori estimatesfor � � ,
� � � x0 � z � t	 � u� � u

� á � � x
0 � z	�� t �

where

á � � x
0 � z	#� x0 �]� O � x0	 Ëi� x0 � z ��Æ � � x0 	 �

announcedin theprevioussection. Notethatfor simplicity of notationwe
shallnotalwaysindicatethedependenceof á ��� O � Ë �"� � � on x0.

Theorem 5.1. Let (A)–(H) be satisfied. Thenfor any R ;´� m �m¤B	 there
exists a positive � 0

� � 0 � R	 such that for any ��;²� 0 �m� 0 	 the following
estimateshold:

I � � -.&
T â % R,

< � � � < 2 � 1 � zn 	 dzdHn8 1 � x0 	 dt / C Rn8 1 � (5.1)

where � is thegradientin thez variable,
ã � R	#� LB7 � R	��]Ò 0 � RÓK�

and

J� � -.&
T B� % R,

< � � � z7 � 0	 < 2 dz7 dHn8 1 � x0 	 dt / C Rn8 1 � (5.2)

wherein thepositiveconstantC doesnotdependon �¨� R.

As aconsequenceof Theorem5.1wehave

Corollary 5.2. Thereexistsa function � ; L2 ���
� T Ý W1+ 2
loc � n9 	z	 anda sub-

sequenceof :���> , denotingfor simplicityagainby � , such that

� ��Y � in L2 �!�f� T Ý W1+ 2 � Q 	�	 as �lÚ 0

for anyrelativelycompactsetQ P n9 . Moreover, theestimates(4.15)and
theintegral identity(4.14)hold.
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Proofof Theorem5.1.1. Notefirst that

� � �
� zi

� n

j � 1

ai j� � u�
� x j

� � u
� x j

for i � 1 �54"4"4)� n, where

ai j� �
n

k� 1

o jk � x0 	 � Ë k�
� zi

x0 � z ��Æ � 4

Then

I � / c -.& T â % R, � 1 � zn 	 < � � u� � u	 < 2 á � � x
0 � z	�� t dzdHn8 1 � x0	 dt 4

Putnow

x � á � � x
0 � z	S� i 4 e4 z � á

8 1� � x0 � x	
andweget

I � / C1 -.& T ä � % x0 + â ,
< � � u� � u	 < 2
� x � t	�� 1 �]� 8 1 y#� x	z	 Já

8 1� � x	 dx dHn8 1 � x0 	 dt

/ C2 � 8 n

-.& T ä � % x0 + â ,
< � � u� � u	 < 2 � 1 �]� 8 1 y�	 dx dHn8 1 � x0 	 dt �

where

á � � x
0 � ã � R	�	#��: x ; L� < x � á � � x

0 � z	)� z ; ã � R	�>)4
Let Â �â � x0 � x	 betheindicatorfunctionof theset á � � x0 � ã � R	�	 , i.e.

Â �â � x0 � x	 � 1 � x ; á � � x0 � ã � R	�	
0 � x ; L�aO á ��� x

0 � ã � R	�	 4
Thentheabove inequalitycanberewrittenasfollows:

I � / C3 � 8 n

-.&
T
& < � � u� � u	 < 2 � 1 �µ� 8 1 y�	zÂ �â � x0 � x	 dx dHn8 1 � x0 	 dt

� C3 � 8 n

& T

< � � u� � u	 < 2 � 1 �µ� 8 1 yK	 -.& Â
�â � x0 � x	 dHn8 1 � x0 	 dx dt

by Fubini’s theorem.It remainsto estimatetheintegral

-.& Â
�â � x0 � x	 dHn8 1 � x0 	 for fixed x ; L�v4
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2. Claim #1: Thereexists a positive constantM, independentof x �m�¨� R
andapositive constant� 0

� � 0 � R	 suchthat

-.& Â
�â � x0 � x	 dHn8 1 � x0 	 / M � R � m	 n8 1 � n8 1

for any �{;Å� 0 �m� 0 Ó .
Proof of Claim #1: Note first that Z � � Ëi� � z	�	 � z andthat D Z � � Ëi� � z	�	
D Ë �m� z	 � I for

Q n a.e.z ;ÅÍo�m� L 	 , wherewe take L å R � m andfor
amomentwedonot indicatethedependenceof thequantitieson x0. Next,
D Z � � Ëi� � z	�	 � I � E � � z	 for “small” E � (seeRemark(1) above) and

D Ë �m� z	 � I � F �m� z	�� F �"� z	#� E ��� z	 � D ZH� 	 8 1 � Ë �m� z	�	)4
Denoting

a� � L 	0� esssup
x0 È -.& ess sup

zÈÊÉ � % x0+ L , F � � x0 � z	 �
(5.3)

lim� ¢ 0
a� � L 	 � 0 4

Hence,

Ëi� � x0 � z	 � I �
1

0
F � � x0 � sz	 ds z (5.4)

for any z ; B9 � L � 1 ��� � � L 	�	�	 . Observenow thatfor fixedx ; L� , Â �â � x0 � x	
couldequal1 only for thosex0 ;k�
� for which

x � x0 �µ� O � x0	 Ëi� x0 � z �aÆ � � x0	
for somez ; ã � R	 . Hence,dueto (5.4), Â �â � x0 � x	 couldbe1 only if

< x � x0 < / �¨� } 2 R � m	�� 1 � a� 	)4
Then,however,

-.& Â
�â � x0 � x	 dHn8 1 � x0 	 / R n8 1 � �f�aJ B � x �m� L � 	 	

/
B� % � L � , 1 � < D �e� x � y7 	 < 2 dy7 / � 1 � c� � L 	�	
T0� n � 1	
� n8 1Ln8 1� �

whereL � �Ì� } 2R � m	�� 1 � a� 	 and

c� � L 	#� esssup
x È -.& ess sup

y� È B� % � L ,
< D ��� x � y7 	 < 2 4
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As ��; C2 andD ��� x � 0	 � 0 ,

lim� ¢ 0
c� � L 	 � 0 (5.5)

andtherequiredassertionfollows.

3. To derive estimate(5.2)weshallproceedsimilarly asabove.Notefirst

J� � -.&
T B � % R,

u� � u

� x0 �]� O � x0 	SÛË 7� z7 �aÆ 7� � t
2

dz7 dHn8 1 � x0	 dt

where

�æÛË 7� z7 �aÆ 7� � � Ë 7� x0 � z7 �aÆ 7� � 0 �m� � Ë 7� x0 � z7 �aÆ 7� � 0 4
Putnow

y7 � � Ë 7� z7 �aÆ 7� � 0 � i.e. z7 � Æ 7� �²Z 7� x0 �m� 8 1y7 �m� � 8 1y7
andwearrive,aftersomecomputations,at

J� / C1� 18 n

-.&
T
-.&

u� � u

�
2

� x � t	
Â �U � x0 � x	 dHn8 1 � x	 dHn8 1 � x0 	 dt �
where

Â �U � x0 � x	 � 1 � x ; U � x0 �m� R	
0 � x ;��f��O U � x0 �m� R	

and

U � x0 �m� R	 � x ;@�f� < x � á � � x
0 � z	 for z ; B7 � R	���: zn

� 0> 4
(5.6)

Thus,by Fubini’s theorem,

J� / C1 � 18 n

-t& T

u� � u

�
2

� x � t	 -.& Â
�
U � x0 � x	 dHn8 1 � x0 	 dHn8 1 � x	 dt 4

Now, let x ;��f� befixed. Then

Â �U � x0 � x	 � 0 if x0 ;k�f�aO B � x �m�f� R � m	�� 1 � a� 	�	)�
i.e.

-.& Â
�
U � x0 � x	 dHn8 1 � x0 	

/ � 1 � c� � L 	�	�T0� n � 1	)�!�¨� R � m	�� 1 � a� � L 	�	�	 n8 1
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(seetheproofof Claim#1above). Hence,

J� / C3 Rn8 1

-.& T

u� � u

�
2

� x � t	 dHn8 1 � x	 dt �
which togetherwith the correspondingestimateof Theorem2.1 givesthe
desiredestimate. ��
Proofof Corollary 5.2. Observe first that for any R ; 9 (5.1) and(5.2)
yields

-ç& T B  % R,
< � � � < 2 � < � � < 2 dzdHn8 1 � x0	 dt / C � R	)�

provided � is sufficiently small.To bemoreprecise,for any R thereexists
� 0
� � 0 � R	 suchthat

$ � � $ X % R, / C � R	S� X � R	 � L2 �!�f� T Ý W1+ 2 � B9 � R	�	�	
for any 0 E � / � 0. Now let : Rn > rn� 1 be a sequenceof positive numbers
suchthat Rn � ¤ asn � ¤ . By the relative weakcompactnessof the
sequence: � � > in X � R1 	 wecanpick asubsequence: � 1� n > rn� 1 suchthat � 1� n
weaklyconvergesto afunction � ; X � R1 	 . Wecannow pick asubsequence
: � 2� n >zrn� 1 of : � 1� n >zrn� 1 suchthat � 2� n weaklyconvergesto � 7 in X � R2 	 .Clearly,

� 7 � � on B9 � R1 	
andtherefore,we shallwrite � insteadof � 7³; B9 � R2 	 . Continuingin this
fashionweobtainasubsequence: � j � n > rn� 1 weaklyconvergentto � in X � Rj 	 .

Considernow the “diagonal” sequence: � n� n > rn� 1. We have : � n� n > rn� j
a subsequenceof : � j � n >�rn� 1 andso : � n� n > weakly convergesto � in X � Rj 	
for any fixed j . Thisestablishesthefirst assertionof Corollary5.2,andthe
secondonefollows easily. ��

6. The secondterm in the � -expansion

As notedearlier, we are interestedin specifyingthe secondterm in the
� –expansionof u� . Assumefor a momentÜ�; C2+ 1

2 � � T 	 , Ü � 0 on �
� T ,
and Ü � 0 on �G�B: t � T > , and insert it as a test function into (4.7).
Consequently, wehave

-.& T

W� ��^�Üi� x0 � t	 dHn8 1 � x0 	 dt

�
& T

W� �!� t Üè�G\IÜD� F� 	 dx dt � &
u � Ü�� 0	 dx 4 (6.1)
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Send�H� 0 – throughasubsequenceif necessary– to find

-.&
T

W0 �*^�Ü dHn8 1 � x0 	 dt

� &
T

u1 � t Üè�G\IÜD� f 1 dx dt � & u1
0 Ü�� 0	 dx (6.2)

whereourhypotheses(C)–(F) have beenappliedand

W0 � u1 areweaklimits of W�
in L2 �!�f� T 	 , L2 ��� T 	 , respectively. Notethatu1 ; L2 ��� T 	�J W2+ 1

2 �z� 7T 	 for
any �X7�P�� with apositive distancefrom �f� andsuchthat

&
T

< u1 < 2dx dt � max
0w t w T & < u

1 � t	 < 2y dx � &
T

< � u1 < 2 y dx dt / C �

ess sup
0w t w T & < � u1 � t	 < 2 y 3dx � &

T

< � tu
1 < 2 y 3 dx dt / C 4

Moreover, u1 is theuniqueveryweaksolutionof theproblem

� tu
1 � \ u1 � f 1 in � T �

u1 � W0 on �
� T � (6.3)

u1 � u1
0 on �µ�a: t � 0>

in thesenseof thevalidity of theintegral identity(6.2)for any testfunction
ÜÅ; W2+ 1

2 ��� T 	 suchthat Ü � 0 on �f� T . It is not difficult to show thatif Ûu1

is anotherveryweaksolutionof (6.3)with ÛW0 and Ûu1
0, then

&
T

< u1 � Ûu1 < dx dt / C
$
W0 � ÛW0

$
L2 %'-t& T , � u1

0 � Ûu1
0 L2 %'& , 4

Sinceourgoalis to determinethefunctionW0, weshallfocusthefirst term
of (6.1).

Theorem 6.1. LetHypothesis(H) besatisfiedandassumethat

lim
R¢ r B � % R, �I� x

0 � z7 � 0	 dz7 (6.4)

exists for a.e. x0 ;C�f� . We shall denoteit by M � x0 	 and supposethat
M ; L r{�!�f��	 . Then

lim� ¢ 0 -.&
T

W� �*^�Ü � -.&
T

M � x0 	 g � x0 � t	
�*^�Ü�� x0 � t	 dHn8 1 � x0 	 dt

(througha subsequenceif necessary)for any Ü�; W2+ 1
2 ��� T 	 .
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Proofof Theorem6.1.Weprove thatfor
R n8 1 a.e.x ;��f� ,

W0 � x � t	 � M � x	 g � x � t	)� g � x � t	 ��` � x � t	 ����^ u � x � t	)4
To this goal,fix arbitrarily choosenX ;aÄ andnotethat thereexist é = 0
and ¶ ; 9 suchthat

B � X � 2é�	nJ��f�CPBÄ Î 4
Recallthat Äæ��Ä Î areintroducedin Hypothesis(H) in Sect.4. Wetake now
Ôv; C � L� T 	 suchthat sptÔ{Jo�
�CP B � X � 2é�	 , but arbitraryotherwise,and
show thatfor any × = 0 thereexists � 0 ��×"	 = 0 suchthat

-t& T

W��� x0 � t	�� M � x0 	 g � x0 � t	 Ô³� x0 � t	 dHn8 1 � x0 	 dt E × (6.5)

for any 0 E � / � 0.

Denote

I � � I I � � -.& T

W� � x0 � t	

�
U % x0 + � R, W� � x � t	 dHn8 1 � x	 Ô³� x0 � t	 dHn8 1 � x0 	 dt

� -.& T U % x0 + � R, W� � x � t	 dHn8 1 � x	
Ô³� x0 � t	 dHn8 1 � x0 	 dt �
wherethesetU � x0 �m� R	 is givenby (5.6)above.Denotingthecharacteristic
functionof thesetU � x0 �m� R	 by Â �U � x0 � x	 (see(5.6)above),usingFubini’s
theoremandrelabelingthe integrationvariablein the first term of I � we
arrive at

I � � -.&
T

W� � x � t	)�!Ô³� x � t	æ�aÔ � � x � t	z	 dHn8 1 � x	 dt �
where

Ô � � x � t	 � -t&
Â �U � x0 � x	�Ô³� x0 � t	R

n8 1 � U � x0 �m� R	z	 dHn8 1 � x0	)4
Claim #1: For any R ; 9 and ��;®� 0 � 1	 thereexistsa positive constantê � � R	 suchthat

lim� ¢ 0

ê � � R	 � 0

and R n8 1 � U � x0 �m� R	�	Q
n8 1 � B� �!� R	�	 � 1 / m

R
� ê � � R	

for any x0 ;�Ä .
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Proofof Claim#1: As < Æ � < / m,

U � R � m	HP U � x0 �m� R	IP U � R � m	)�
where

U � N 	 � x ;��f� < x � x0 �]� O � x0 	 ÛË 7� � x0 � z7 	 for z7 ; B7 � N 	 4
Weclaimnow that

R n8 1 � U � N 	�	 � Q n8 1 � B7 ��� N 	�	 1 � h� � x0 � N 	 � lim� ¢ 0
h� � x0 � N 	 � 0

uniformly in x0 ;eÄ for any fixedN. Indeed,

R n8 1 � U � N 	z	 � -.&
� B% x0+ r , Â U % N , � x	 dHn8 1 � x	
� � n8 1

B � % N , 1 � D � x0 �m� Ë 7� � x0 � z7 	 2
JË 7� � x0 � z7 	 dz7

andtheassertionfollowseasilydueto (5.3)andthefactthatD ��� x0 � 0	 � 0
for any x0 ;��f� . Thus,

1 � m

R

n8 1
1 � h� � x0 � R � m	 /

R n8 1 � U � x0 �m� R	�	Q
n8 1 � B� ��� R	�	

/ 1 � m

R

n8 1
1 � h �m� x0 � R � m	 �

whichproves(6.7)aftersomemanipulations.ThisprovesClaim# 1.

Hence,

Ô � � x � t	 � Ô³� x � t	Q
n8 1 � B� �!� R	�	 -.& Â

�
U � x0 � x	 dHn8 1 � x0	i�

(6.6)
1Q

n8 1 � B7 �!� R	�	 -.& Â
�
U � x0 � x	 Ô³� x0 � t	��aÔ³� x � t	��a� � � x0 � R	

1 �µ� � � x0 � R	 dHn8 1 � x0 	)�
where

� � � x0 � R	��
R n8 1 � U � x0 �m� R	z	Q

n8 1 � B� �!� R	z	 � 1

anddueto Claim# 1,

< � � � x0 � R	 < / m

R
� ê � � R	�4 (6.7)



248 JánFilo, StephanLuckhaus

Claim #2: For any R ; 9 and ��;®� 0 � 1	 thereexistsa positive constantë � � R	 suchthat

lim� ¢ 0

ë � � R	 � 0

and R n8 1 �'ìa� x	z	Q
n8 1 � B� ��� R	�	 � 1 / m

R
� ë � � R	 (6.8)

for any x ;eÄ , where

ìa� x	 ��: x0 ;k�f� < x ; U � x0 �m� R	�>)4
Proofof Claim#2: Notefirst that

R n8 1 �'ì�� x	�	 � -.&f� B% x0+ r , Â
�
U � x0 � x	 dHn8 1 � x0 	

for smallenough� = 0 anddenotefor amoment
í � x	#� x0 ;��f� x � x0 / r � � r � �C�¨� R � m	�1
� 1 �]� � � L 	�	)�î � x	 � x0 ;��f� x � x0 / R� � R�0�C�¨� R � m	�� 1 � a�"� L 	�	)�

where� � is givenin (4.5),a� in (5.3)andL = R � m beinggiven.
Then

í � x	HPvìa� x	IP î � x	 for any x ;eÄ andthus,
R n8 1 � í � x	�	 / R n8 1 ��ìa� x	�	 / R n8 1 � î � x	�	)4

Indeed,let x0 ; í � x	 . Settingz � Æ � � x0 	S�bZ � � x0 �m� 8 1O 8 1 � x0 	�� x � x0 	z	�	
onecanseethat

< z < / m �]� 8 1 � 1 �µ� � � L 	�	 < x � x0 < / R � i.e. x0 ;lìa� x	S4
Now, let x0 ;´ìa� x	 , i.e. thereexists z ; B7¯� R	i�´: zn

� 0> such that
x � á � � x0 � z	 . Then,however,

< x � x0 < / R�)� i.e. x0 ; î � x	S4
Next, it is notdifficult to seethat

R n8 1 � î � x	�	 / � 1 � c� � L 	�	 Q n8 1 � B7 � R� 	�	
and

Q n8 1 B7 r � 1 1 � Lip2 ��� <
B � % r � , 	 / R n8 1 � í � x	�	)4

(6.8) follows againaftersomemanipulationsandClaim# 2 is proved.
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NotethatClaim# 2 yields

-.& Â
�
U � x0 � x	 dHn8 1 � x0 	 � Q n8 1 � B7 ��� R	�	�� 1 �]¿ � � x � R	�	S� (6.9)

where

< ¿ � � x � R	 < / m

R
� ë � � R	

uniformly in x ;ÖÄ .
Now, with theassistanceof theestimatesfrom Theorem2.1, (6.7) and

(6.9) in (6.6),wearrive at

Claim#3: ThereexistaconstantC independentof �f� Randfor any R ; 9 ,
0 E � E 1 apositive constant_ � � R	 suchthat

lim� ¢ 0
_ � � R	 � 0

for any fixed R, and

< I � < / C
m

R
�ï_ � � R	è� maxð

x8 x0 ð w R� + 0w t w T

< Ô³� x0 � t	 ��Ô³� x � t	 < 4

Proofof Claim#3: Indeed,as

< Ô³� x � t	��aÔ � � x � t	 < / < Ô³� x � t	 <�< ¿ � � x � R	 < � 1 � < ¿ � � x � R	 <
1 � esssupx0 È -.& < � � � x � R	 <

� maxð
x8 x0 ð w R�

< Ô³� x0 � t	��aÔ³� x � t	 < � esssup
x0 È -.&

< � � � x0 � R	 < �

theassertionof Claim# 3 follows easilydueto (6.7)and(6.9).

Claim #4: Thereexists a constantCm independentof �¨� R and for any
R ; 9 and0 E � E 1 thereexistsapositive constants��� R	 suchthat

I I � � -.& T B� % R, �I� x
0 � z7 � 0	 dz7 g � x0 � t	
Ô³� x0 � t	 dHn8 1 � x0 	 dt

� s��� R	S� Cm

R

and
lim� ¢ 0

s� � R	 � 0

for any fixed R.
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Proofof Claim#4: Notethatdueto thenotationprior to (6.7),

I I � � Ï ÐT
1

1 �µ� � � x0 � R	 B� % R,
� � � x0 � z7 � 0 � t	 1 � D � x0 �m� Ë 7� 2

� JË 7� x0 � z7 ��Æ 7� � x0 	 dz7 Ô³� x0 � t	 dHn8 1 � x0 	 dt

andtheassertionfollows dueto (6.7),(5.3)andCorollary5.2.
Now we arereadyto prove (6.5).Employing Claim # 3 andClaim # 4 we
canwrite

-.&
T

W� � x0 � t	�� M � x0 	 g � x0 � t	 Ô³� x0 � t	 dHn8 1 � x0 	 dt (6.10)

/ C

R
� Ø � � R	i� C maxð

x8 x0 ð w R� + 0w t w T

< Ô³� x0 � t	 �vÔ³� x � t	 <

� -t& T B� % R, �I� x
0 � z7 � 0	 dz7 � M � x0 	 g � x0 � t	

< Ô³� x0 � t	 < dHn8 1 � x0	 dt �
where

lim� ¢ 0

Ø � � R	 � 0 for fixed R 4
Finally, wechooseR largeenoughin orderto havethefirst termandthelast
oneon theright handsideof (6.10)lessthan ×"1 2 andthen � 0 smallenough
to have theadditionaltwo termslessthan ×�1 2 for each0 E � E � 0.

We have so far proved that for any X ;¬Ä thereexists a ball B � X �mé�	��
é = 0 suchthat for

R n8 1 a.e.x ;Å�f�®J B � X �mé�	 , W0 � x � t	 � M � x	 g � x � t	 .
Therefore,we canconcludethat this equalityholdsfor

R n8 1 a.e.x ;Å�
�
andthetheoremfollows. ��

7. Capacity

In this sectionwe introducecapacityasa way to find sufficiently general
structuralconditionson theset in orderto guaranteetheexistenceof the
meanvalueof � for xn

� 0, see(6.4) above. As thedependenceof � on
x0 ;k�
� doesnotplayany role in thisconsiderations,let usomit to write it
down here.Recall

\I� � 0 in n9 �
� � 0 on 0 � (7.1)

��^�� � 1 on 0 �
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0 � ��: xn
� 0> , andtill now wehavesupposedthat is asymptotically

densein n8 1 (seeDefinition 3.1). In order to be able to formulateour
result, it is convenientto introducesomepreliminaries,developedin the
theoryof almostperiodicfunctions(seee.g.[2], [10], [11]).

Definition 7.1. Givena function � ; L r � n8 1	 andnumbers 0 E × E 1,
0 E Rñ E ¤ , avector|Å; n8 1 is saidtobea translationvectorbelonging
to × if

sup
R ò Ró C � % R,

< � � x 7 �µ|�	 � � � x 7 	 < dx 7 / ×�4 (7.2)

Recall,C 7 � R	 ��: y7 ; n8 1 <I< yi
<KE R � i � 1 � 2 �54"4"46� n � 1> .

A set E P n8 1 is said to be � –relativelydenseif there is a number
� = 0 such thatanycubeof side � in n8 1 containsat leastonepointof E.

Theorem 7.2. Assumethat for any × = 0 correspondnumbers Rñ = 0
and �2ñ = 0 such that the setof all translationvectors of � ; L r{� n8 1 	
belongingto × is �2ñ – relativelydensein n8 1. Thenthe meanvalueof �
exists,i.e. thelimit of

B� % R,
� � x 7 	 dx 7 as R � ¤º�

exists.

Proof. Let k ;�: 1 � 2 �54"4"4�> anddenoteby C 7!� xi � R	 for xi ; B7�� kR	 open
disjoint cubesin n8 1, i.e.

C 7 � xi � R	 � y7 ; n8 1 xi
j � y j

E R � j � 1 �54"4"46� n � 1

suchthat

B7 � kR	µP Ck �
Nk

i � 1

LC 7 � xi � R	µP B7 ��� k � 2	 R	S4

As for A P C P D,

A

� �
C

� / 2
$ � $

L s % � n� 1 ,
Q n8 1 � D	 � Q n8 1 � A	Q

n8 1 � A	 �

wehave

B� % kR,
� � x 7 	 dx 7 �

Ck

� � x 7 	 dx 7 / c

k
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with aconstantc ; 9 independentof k � R. Computenow

Ck

� � x 7 	 dx 7 �
Nk

i � 1 C � % R,
� � y7 �]| i 	 dy7 �

C � % xi 8
ô i + R,'õ C � % R,
� � y7 �]| i 	 dy7

�
C � % R,'õ C � % xi 8
ô i + R,

� � y7 �µ| i 	 dy7

� Nk
C � % R,

� � y7 	 dy7 �
Nk

i � 1 C � % R,
� � y7 �]| i 	�� � � y7 	 dy7 � Rn8 1Nk � R �

where

< � R
< / c

R
�

i.e.

Ck

� � x 7 	 dx 7 �
C � % R,

� � y7 	 dy7 � ` ñ ×��]� R �
for some< ` ñ < / 1. In summary,

B� % kR,
� � x 7 	 dx 7 �

B � % � R,
� � x 7 	 dx 7 / ×@� c

1

R
� 1

k
� 1

� 4
Thus,for arbitrarily largenumbersX j , j � 1 � 2 let k j besuchthatk j R /
X j

E k j R � 1 andwearrive at

B� % X1 ,
� � x 7 	 dx 7 �

B� % X2 ,
� � x 7 	 dx 7 / c ×v� 1

R
� 1

k1
� 1

k2

andtheassertionof Theorem7.2.follows. ��
Our planis hereafterto find circumstancesunderwhich boundedweak

solution� of Problem(7.1)satisfieshypothesesof Theorem7.2for xn
� 0.

Weproposeherethefollowing assumptions.Denote

ô � �]|Á� ô
0 � ô ��: xn

� 0>
for |Å; n8 1, recall 0 M ô

0 � 0 N ô
0 O 0 J ô

0 anddefine

CapL 0 M ô
0 � sup

Rò L
R18 n infö È V% R, B  % R,

< � R < 2 � (7.3)

where

V� R	 �C: R ; W1+ 2 � B9 � R	z	 < R � 1 � on 0 M ô
0 J B � R	

0 � for xn = 1
>

andL ; 9 , |Å; n8 1 given.
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Assumption(P). For any × = 0 there exist positivenumbers �*ñ , L ñ anda
�2ñ – relativelydensesetEñ in n8 1 such that

CapL ó 0M ô
0 / × (7.4)

for any |Å; Eñ .
Theorem 7.3. Assumethat � is a boundedweaksolutionof Problem(7.1),
where theset satisfiesAssumption(P).

Thenthefunction�I� x 7 � 0	 for x 7 ; n8 1 satisfiesall hypothesesrequired
in Theorem7.2above.

Proof. 1. Fix |Å; Eñ givenin Assumption(P) anddefine

u � x	 ���I� x 7 �µ|6� xn 	��a�I� x 7 � xn 	)� uD � x 7 	#� u � x 7 � 0	)4
Then

\ u � 0 in n9 �
u � 0 on 0 J ô

0 �
u � uD on 0 M ô

0 �
��^ u � 0 on 0 J ô

0 �
in thesensethatu ; W1+ 2

loc � n9 	 , u � uD on 0M ô
0 and

� n 
� u �i¡÷� 0 (7.5)

for any ¡ ; W1+ 2
loc � n9 	 , ¡p� 0 on 0 N ô

0, with acompactsupportin n9 .

2. Takenext sufficiently large R andinsert

¡p� u y 2
R � 1 � R R	 2

asatestfunctionin (7.5),wherefunctions
R

R andy R aredefinedasfollows:R
R is theminimizerof Dirichlet’s integral

J� R 	 �
B  % 3R,

< � R < 2

on V� 3R	 (see(7.3)above), i.e.

\ R R
� 0 in U3R � B9 � 3R	SJo: x < 0 E xn

E 1>)�R
R
� 0 on B9 � 3R	SO U3R �R

R
� 1 on 0M ô

0 J B � 3R	)�
��^ R R

� 0 on S3R �
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where

S3R ��� U3R O : x ;´LB9 � 3R	 < xn
� 1>SN 0 J ô

0 �
and

\Hy R
� 0 in B9 � 3R	)�

y R
� 0 on � B9 � 3R	)J n9 �

y R
� 1 on B � 2R	nJo: x < xn

� 0>)�
��^�y R

� 0 on � B � 3R	nO B � 2R	 	 JÅ: x < xn
� 0>)4

Thus,

B  % 3R,
< � u < 2 � 1 � R R	 2 y 2

R

/ C1
B
  % 3R,

< � R
R
< 2 < u < 2 y 2

R �
B
  % 3R,

< � y R
< 2 � 1 � R R	 2 < u < 2 4

Since,

B  % 3R,
< � y R

< 2 / C2Rn8 2 �
0 / y R � R R / 1 on B9 � 3R	 , 0 E � / y R on B9 � 2R	 andu ; L r@� n9 	 ,
theinequalityabove implies

B  % 2R,
<�� � u � 1 � R R	�	 < 2 / C3 Rn8 2 �

B  % 3R,
< � R

R
< 2 4 (7.6)

Notethatthefactsthat is asymptoticallydensein n8 1, u � 1 � R R	 � 0
on 0 N ô

0 and(7.6)yield

B  % 2R, ��ø x ð xn � 1ù
< u < 2 / C4 Rn8 2 �

B  % 3R,
< � R

R
< 2 4 (7.7)

3. Assumenow thatuh is asolutionof

\ uh
� 0 in U2R �

uh
� < u < on B9 � 2R	SJo: x < xn

� 1>)�
uh
� 0 on 0 N ô

0 J B � 2R	)�
��^ uh

� 0 on S2R �
(S2R is therestpartof � U2R). Notethatuh is theminimizerof theDirichlet’s
integral J� » 	 � U2R

< � » < 2 over theset

X � » ; W1+ 2 � U2R	 < » <
xn � 1

� < u < and » � 0 on 0 N ô
0 4
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As < u < � 1 � R R	I; X, (7.6)yields

U2R

< � uh
< 2 / C Rn8 2 �

B  % 3R,
< � R

R
< 2 4 (7.8)

4. Claim#1: Let M � $ � $ L s % � n  , , then
< u < / uh � M

R
R � 2M Ô R

onU2R, where

\HÔ R
� 0 in B9 � 2R	S�

Ô R
� 0 on 0 N ô

0 J B � 2R	)�
Ô R

� 1 if < x < � 2R �
� ^ Ô R

� 0 on S2R �
whereS2R denotestherestof � B9 � 2R	 .
Proofof Claim#1. Notefirst that < u < is asubsolutionof theproblem

\ � � 0 in U2R �� � 0 on 0 J ô
0 J B � 2R	)�

� � < uD < on 0 M ô
0 J B � 2R	)� (7.9)� � < u < on B9 � 2R	SJÅ: x < xn

� 1 or < x < � 2R>)�
��^ � � 0 on 0 J ô

0 J B � 2R	)�
i.e.

U2R

� < u < �i¡ dx / 0

for any ¡ ; W1+ 2 � U2R	 , ¡ � 0 and ¡´� 0 on 0 J ô
0 andon : x < xn

� 1
or < x < � 2R>SJúLU2R.

Thefunction V � uh � M
R

R � 2M Ô R is, however, asupersolutionof
Problem(7.9),i.e.

< u < / V

onU2R andtheassertionfollows.

5. Finally, Claim#1yields

B� % R,
< u � x 7 � 0	 < 2 dx 7 (7.10)

/ C5
$
uh
$ 2

W1 � 2 % U2R, �
$ R

R
$ 2

W1 � 2 % U2R, �
B� % R,

< Ô R � x 7 � 0	 < 2 dx 7

/ C6 Rn8 2 �
B  % 3R,

< � R
R
< 2 �

B� % R,
< Ô R � x 7 � 0	 < 2dx 7 �
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where(7.7),(7.8)have beentakingaccount.It remainsto estimatethelast
integral on the right handsideof (7.10).Herewe apply argumentsof the
proofof Theorem3.3andwecanconcludethat

< Ô R
< / C 1 R

on B7¯� R	���: x < 0 / xn / 1> for somepositive constantsC independent
of R. Hence,

B � % R,
< �I� x 7 �]|6� 0	��a�I� x 7 � 0	 < dx 7 / C7

1

R
�

B  % 3R,
< � R

R
< 2 1V 2

andthiscompletestheproofof thetheorem. ��

8. Applications

In thissectionwe identify conditionsensuringtheexistenceof a nontrivial
structureof theset satisfyingAssumption(P)of theprevioussection.

By the trivial structureof theset we meanits periodicstructure.To
bemoreprecise,let F � n8 1 �¥: 0 � 1> beaperiodicfunctionin eachof its
variable, say, with period1 andlet therearey7�; n8 1 and é = 0 suchthat
B � y7¯�mé�	�P]: x 76; n8 1 < F � x 7û	 � 1> . In additionto, let A ; L � n8 1 � n8 1 	
bea regularmatrix, i.e.detA ·� 0. If wedefine

Â � x 7 	0� F � Ax 7 	 for x 7 ; n8 1 (8.1)

and

��: x 7 ; n8 1 < Â#� x 7 	 � 1>)�
then satisfiesAssumption(P) trivially andit is asymptoticallydenseas
well.

Definition 8.1. We shall call a function ÂC� n8 1 � : 0 � 1> quasiperiodic
if for any × = 0 there existsa continuousquasiperiodicfunction Ô ñ such
that theset

á ñ���: x 7 ; n8 1 <ü< Â � x 7 	��aÔKñ2� x 7 	 < = 0 >
hasa smallcapacityin thefollowingsense:Let

R ñ satisfy

\ R ñ � 0 in n8 1 �]� 0 � 1	)�R ñ*� x 7 � 0	 � 1 for x 7 ; á ñ0�R ñ*� x 7 � 1	 � 0 for x 7 ; n8 1 �
��^ R ñ*� x 7 � 0	 � 0 for x 7 ; n8 1 O á ñ#�
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then

ý � á ñþ	 � supÿ
xÈ � n� 1 (*ø xn � 0ù sup

Rò 1 B% ÿx+ R, ��ø x ð 0 � xn � 1ù
< � R � < 2 dx / ×æ4 (8.2)

Proposition8.2. Let Â � n8 1 � : 0 � 1> be a quasiperiodicfunctionand
assumethat there are y7�; n8 1 and é = 0 such that

B � y7 �mé�	IP �C: x 7 ; n8 1 < Â � x 7 	 � 1>)4
Then the set satisfiesAssumption(P) (see(7.4) above) and it is the
asymptoticallydensesetin thesenseof Definition3.1.

Proof. Note first that by a continuousquasiperiodicfunction in n8 1 we
meana function Ô�; C � n8 1 	 suchthat

Ô³� y7 	#� f � By7 	S� (8.3)

where f ; C � k 	 , k � 1 is periodicin eachof its variablewith period1 and
B ; L � n8 1 � k 	 . Moreover, without lossof generalityonemay assume
that

B � n8 1 � k

is densein k (see[12]).
Ouraimis to show thatfor any × = 0 thereexist positivenumbers� ñ , L

and �*ñ – relative densesetEñiP n8 1 suchthat

CapL 0M ô
0 / ×

for any |Å; Eñ .
1. As Â is supposedto be quasiperiodic,for any × = 0 there exists
acontinuousquasiperiodicfunction ÔFñ suchthat

ý � á ñ 	 / ×�4
Fix × = 0. It follows from Kronecker–Weyl’s Theorem(seee.g. [10,
11], [12]) that for any g = 0 thereexists ��� and a ��� –relative denseset
E� in n8 1 suchthatfor any |Å; E� ,

ÔFñ2� x 7 �]|�	��aÔKñ2� x 7 	 � ÔFñ2� x 7 �]| � � x 7 	�	��aÔFñ � x 7 	 (8.4)

and

< | � � x 7 	 <IEcg �



258 JánFilo, StephanLuckhaus

x 7i; n8 1 being arbitrary. As ÔFñ is uniformly continuouson n8 1 (see
(8.3)),(8.4)yieldsthat < ÔKñ2� x 7 �]|�	��aÔFñ2� x 7 	 <FE 1, say,

max
x � È � n� 1

ÔFñ2� x 7 �µ|�	 ��ÔKñ2� x 7 	 / 11 2 (8.5)

if g is choosensufficiently small.

2. If |Å; E� ,

< Â#� x 7 �]|�	��aÂ � x 7 	 < / < Â#� x 7 �]|�	��aÔ ñ � x 7 �µ|�	 < � 11 2
� < ÔFñ � x 7 	��aÂ � x 7 	 < �

wherein the left handside can attain only two values,zero and one. If< Â � x 75�3|�	Ç��Ô ñ � x 7 �3|�	 < � 0 andat thesametime < Ô ñ � x 7 	Ç��Â#� x 7û	 < � 0,
thenalso < Â#� x 7 �]|�	��aÂ � x 7 	 < � 0.

Thus, < Â#� x 7ç�o|�	F�{Â � x 7�	 < couldequaloneonly if x 7�; á ñ or x 7ç�o|o; á ñ .Thisyields

0M ô
0 P á ñ �

hence

Cap1 0 M ô
0 / ý � á ñ 	 / ×

for any |Å; Eñ�� E� . Thisprovesourstatement. ��
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