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Abstract. We constructa classof conformallyinvariantmeasureson sets(or paths)and
we studythecritical exponentscalledintersectionexponentsassociatedto thesemeasures.
We show that theseexponentsexist and that they correspondto intersectionexponents
betweenplanarBrownianmotions.More precisely, usingthedefinitionsandresultsof our
paper[27], weshow thatany setdefinedundersuchaconformalinvariantmeasurebehaves
exactly asa pack(containingmaybea non-integernumber)of Brownianmotionsasfar as
all intersectionexponentsareconcerned.We show how conjecturesaboutexponentsfor
two-dimensionalself-avoiding walks andcritical percolationclusterscanbe reinterpreted
in termsof conjectureson Brownianexponents.

1. Introduction

Many critical two-dimensionallatticemodelsin statisticalphysics,for in-
stanceself-avoiding walks(polymers)andcritical percolation,areconjec-
turedto havecontinuumlimits thatarein somesenseconformallyinvariant.
This conformalinvariancecanbe exploited to obtainpredictionsfor crit-
ical exponents,andtheseconjecturesareconsistentwith valuesobtained
by Monte Carlo simulation.It appearsvery difficult to make theseargu-
mentsrigorous,yet they do suggestthatconformalinvarianceis crucial in
understandingthebehavior of thesesystems.

A mathematicallyanalogoussystemthatdoesnotapriori seemtocorres-
ponddirectlyto amodelfrom statisticalphysicsis non-intersectingBrown-
ianmotionsornon-intersectingsimplerandomwalks,i.e.,randompathsthat
canhaveself-intersections,butsuchthatdifferent pathsdonotintersect.This
is anexamplewherethecritical exponentsaremathematicallywell-defined
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(andtheexponentsfor thecontinuumlimit, non-intersectingBrownianmo-
tions,turnoutthesameastheexponentsfor thelatticemodel,non-intersect-
ing randomwalks) andconformalinvariancecanbe usedto prove some
theoremsabouttheexponents.However,whileexactvaluesfor theexponents
havebeenconjectured,thesevalueshavenotbeenverifiedrigorously.

Supposethatn � p independentplanarBrownianmotions � 1 � ����� � � n

and � 1 � ����� � � p are startedfrom points � 1
0 � ����� � � n

0 � � 0 � 0	 and
� 1

0 � ����� � � p
0 �
� 1 � 0	 in thecomplex plane,andconsidertheprobability

thatfor all j � n andl � p, thepathsof � j upto time t andof � l upto time
t donot intersect;moreprecisely:

fn� p � t	 � P
n

j 
 1

� j � 0 � t ���
p

l 
 1

� l � 0 � t � ��� �

It is easyto seethatthisprobabilitydecaysast ��� roughlylikeapower
of t. The � n � p	 -intersectionexponent� � n � p	 is definedasbeingtwice this
power, i.e.,

fn� p � t	�� t ����� n� p "! 2 � t � �
(we write a � t	#� b � t	 and say a � t	 is logarithmicallyasymptoticto b � t	
if log � a � t	$	$% log � b � t	$	&� 1). We call � � n � p	 the intersectionexponent
betweenonepacket of n Brownian motionsandonepacket of p Brown-
ian motions(for a list of referenceson Brownian intersectionexponents,
see[27]). In [27], weshowedthatthereis anaturalandrigorouswayto gen-
eralizethedefinitionof intersectionexponentsbetweenpacksof Brownian
motionsto thecasewhereeachpackof Brownianmotionsis theunionof
a “non-integernumber”of paths;for instance,onecandefinetheexponent
� �(' � '*) 	 for any reals' � '+)-, 1.

In the presentpaper, we definea classof measureson sets(or paths)
that have a certainconformalinvarianceproperty. This classof measures
containsBrownianpaths(andunionsof independentBrownianpathsand
collectionsof non-intersectingBrownian paths).The nonrigorouspredic-
tions of conformalfield theory suggestthat other 2-dimensionalmodels
may (in the scalinglimit) fit into this category, or at leasthave the same
exponentsasmeasuresin this category. Examplesare:self-avoiding walks
(or, perhaps,pairsof non-intersectingself-avoiding walks)andcritical per-
colationclusters.

Themainresultsof thepresentpapercanbelooselyspeakingdescribed
asfollows. Take a measure. belongingto our conformallyinvariantclass
of measures.Then, thereexists a deterministicnumber '/�0'1� .2	 , such
thatasfar asintersectionexponentsareconcerned,thepathdefinedunder
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themeasure. behavesasapackof ' Brownianmotions.For instance,the
intersectionexponentbetweenN independentcopiesof the pathsdefined
under. issimplytheintersectionexponentbetweenN packsof ' Brownian
motionseach.

This leadsto thethreefollowing openquestions:

3 Are there really other (i.e. non-Brownian) measuresin our classof
conformallyinvariantmeasures?3 Do themeasuresassociatedto two-dimensionalself-avoidingwalksand
critical percolationclustersconverge (in thescalinglimit) to measures
in theclass(or at leastin thesame“universalityclass”asmeasuresin
thisclass)?3 And of course:How couldwe prove theexactconjecturesfor thevalue
of theexponents?

Our resultsareconsistentwith physicists’predictionsfor valuesof ex-
ponentsandshednew light onwhy theconjecturesfor seriesof intersection
exponentshavethesamegeneralstructure(aquadraticfunctionof thenum-
ber of packs)in the differentmodels.Also, they indicatethat if onecan
prove rigorouslythevaluesof theexponentsfor Brownianmotion(or any
othermeasurein our class),onegetsall otherexponentsfor free.In terms
of nonrigorousconformalfield theory(see,e.g.,[17, Chapt.9]), ourresults
couldbeformulatedasfollows:any intersectionexponentcorrespondingto
amodelwith centralchargeequaltozerocanbeinterpretedasanintersection
exponentbetweenBrownianmotions.For instance,we give a nonrigorous
justificationof thefactthattheBrownianfrontier(thefrontierof aconnected
componentof thecomplementof a Brownianpath),the“scaling limit” of
self-avoiding walk, andthatof theouterfrontier of a macroscopiccritical
percolationclusterhave the samedimension(andmultifractal spectrum).
We also derive (nonrigorously)some(nonrigorously)well-known expo-
nentsfor self-avoiding walk in two dimensionsusing the predictionsfor
Brownianexponents.In particular, we discusswhy it is naturalto consider
a self-avoiding walk as“5/8 of a Brownianmotion”, andusethis andthe
Brownianconjecturesto derive theintersectionexponentsfor self-avoiding
walk. See[12] for asimilar, but somewhatdifferent,nonrigorousargument
that '4� 5% 8 correspondsto self-avoiding walk.

Thepaperisstructuredasfollows.In thenext section,wedefinetheclass
of conformallyinvariantmeasureson“bridges” in theunit disk,andwestudy
someof its properties.Section3 is devotedto theproofof the“universality”
resultfor measuresin this class.In Sect.4, we focuson thecorresponding
measuresonbridgesin annuliandtheircorrespondingexponents.In Sect.5,
we discussthetwo relatedmodels(planarself-avoiding walksandcritical
percolation)from a nonrigorousperspective.
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2. Conformally invariant measures

2.1. Somepreliminaries

Let D betheopenunit discwith boundary5 D. Welet 6 �
� A1
� A2 	 denote

apairof disjointclosedarcsof 5 D, i.e.

A1 � A �(7 1
� 7 2 	 � ei 8:9 7<; � 7 1

� 7 2 � �
A2 � A �(7 3

� 7 4 	 �
with 7 1 = 7 2 = 7 3 = 7 4 = 7 1 � 2> . Given A1

� A2, wedefine

A4 � A ��7 2
� 7 3	 andA3 � A �(7 4

� 7 1 � 2>?	
sothat A1, A4, A2 andA3 areorderedcounterclockwiseon theunit circle.

SupposeD )+@ D is simplyconnectedand

A1 A A2 @ 5 D ) �
By theRiemannmappingtheorem,thereis aunique

L � L � A1
� A2 B D ) 	

suchthatthereis aconformalmap
C 9 D ) ��D x � i y 9 0 = x = L � 0 = y = >FE � (1)

with
C � A1 	 � D i y 9 0 � y �G>FE �

C � A2 	 � D L � i y 9 0 � y �G>FE �
Wewill call L theextremaldistancebetweenA1 andA2 in D ) .Ourdefinition
is actually > timestheusualdefinitionof extremaldistanceasin, e.g.,[1].

For all H ;I� 0 � >?% 2	 , define
J+K �L� V1� K � V2� K 	

where

V1� K � A � >NM&H � >O�PHQ	 �
V2� K � A � MRH � HQ	 �

Thereexists a unique H � H � A1
� A2 B D ) 	 suchthat thereis a conformal

transformationS mappingD ) ontotheunit disc D in suchaway that

S � A1 	 � V1� K and S � A2 	 � V2� K �
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If wewrite

L � HT	 � L � V1� K � V2� K B D 	 �
then H is givenby

L � A1
� A2 B D ) 	 � L � HU	 �

It is notdifficult to show thatas HV� 0� ,

L � HU	 � 2log � 1%WHU	-� O � 1	 � (2)

sothat

HYX e� L �
K  Z! 2 � HY� 0 � �

(Wewrite X to meansbothsidesarecomparable,i.e.,eachsideis bounded
by aconstanttimestheotherside.)

2.2. Bridges

Let [ denotethesetof all connectedcompactsubsetsDo of theclosedunit
disc D, suchthat D \ Do consistsof two disjoint connectedcomponents
thatintersecttheunit circle.In particular, 5 Do �]5 D consistsof two disjoint
arcs(singlepointsareconsideredarcs).We call [ thesetof bridges in the
unit disc.

Supposethat Do ; [ , thatd1
� d2 arethetwo connectedcomponentsof

5 Do �^5 D, andthatD1 andD2 arethetwo connectedcomponentsof D \ Do.
We labeld1

� D2
� d2
� D1 in suchaway thatd1

� 5 D2 �_5 D � d2
� 5 D1 �_5 D are

orderedcounterclockwisearound5 D. Therearetwopossibilitiesdepending
on which of thetwo boundaryarcswe call d1. We thereforedefinetheset
[ o of pairs � Do � d1 	 (whered1 is oneof the two connectedcomponentsof
5 Do �I5 D and Do ; [ ). We call [ 0 thesetof orientedbridges in theunit
disc.When � Do � d1 	 ; [ o, wewrite

dl � d1
� D � � D2

� dr � d2
� D ` � D1

(l andr standfor left andright, � and M for above andbelow). By a slight
abuseof notation,wewill oftenidentify Do with � Do � d1 	 .Notethatanelem-
entof [ o canbespecifiedeitherby giving � Do � d1 	 or by giving � D ` � D � 	 .

Sincewewill beinterestedin intersectionsbetweenbridges,weendow
theset[ with the a -field generatedby the > -systemof all setsof theform
D Do ; [ 9 Do � K �b� E whereK rangesover theset[dc of all finite unions
of compactconnectedsubsetsof D that intersecttheunit circle.Thereare
otherpossiblechoicesbut this a -field will besufficient for ourpurposes.
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DD

Do

+
-

1

Fig. 1. A bridge

Supposenow that 6 �g� A1
� A2 	 is a pair of disjoint arcsas before.

Define

[ � 6]	 � [ � A1
� A2 	 � � Do � dl 	 ; [ o � dl @ A1 anddr @ A2 �

This is thesetof orientedbridgesfrom A1 to A2 in D. Similarly, if D )+@ D
with A1 A A2 @ 5 D ) , we definethesetof orientedbridgesfrom A1 to A2

in D ) :
[ � 6 B D ) 	 � [ � A1

� A2 B D ) 	 � � Do � dl 	 ; [ � 6]	 � Do � D @ D ) �
Wewill oftenusetheset

[ K � [ � J*K 	 � [ � V1� K � V2� K 	
of orientedbridgesfrom V1� K to V2� K in D.

2.3. Completelyconformalinvariant measures

Wearenow readyto defineourclassof measures.Wesaythatthemeasure
. on [ o is completelyconformallyinvariant(in short:CCI) if it satisfiesthe
following two conditions.

3 Thereexistsan '<�b'1� .h	Vi 0 suchthatas HY� 0� ,

. � [ K �d�jH 2k � (3)

Wecall ' thecrossingexponentof themeasure. .
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3 SupposeD ) is any simplyconnectedsubsetof D, 6 any disjointpairof
arcson 5 D �&5 D ) , and S thecorrespondingconformalmapasbefore.
Let .�l � D m be the restrictionof . to the set [ � 6 B D ) 	 . The conformal
transformationS givestheimagemeasure Sonp. l � D m � � 	 � . l � D m � S � 1 � � 	$	
on theset[ � S � 6#	$	 � [ �$� S � A1 	 � S � A2 	$	$	 . Thentheassumptionis

Sqno.rl � D m � .2s � l  Z� D (4)

(for any 6 andD ) ).
The secondcondition is the most importantone;we call it the “con-

formal andrestrictioninvarianceproperty”.Note that when D )-� D, and
when S is a Möbius transformation,it implies a usual“invarianceunder
Möbius transformationsproperty” (i.e., if S is a Möbius transformation
then StnY. � . ). Thisnew propertyis muchstronger.

Thecrossingexponentmeasuresin somesensehow difficult it is to have
bridgeswith “narrow entrancegates”.

Wenow list somegeneralconsequencesof thisdefinition.
First, note that (3) ensuresthat, there exists H 0 i 0 such that 0 =. � [ K 0 � = � sothatthemassof bridgeswith smallentrancegatesis finite.

On theotherhand,. is necessarilyan infinite measure.Take H � H 0. It is
easyto constructa family of disjointarcs � An

� n , 0	 suchthatfor any n,

L � V1� K � An B D 	 � L � V1� K � V2� K B D	
andtherefore,using(4) andthefactthatthe An’saredisjoint,

. � [d� ,
nu 0

. � [ � V1� K � An 	$� �
nu 0

. � [ K � � �^� �
This shows that it is necessaryto considerinfinite measuresin order to
geta conformalinvarianceproperty. Notethatwe usedonly theinvariance
underMöbiustransformationshere.

Supposethat v is a simply connecteddomain that can be mapped
conformallyonto theunit disc D via a conformalmap

C
. Supposethat 6

is a pair of disjoint arcson 5 D asbeforeanddefineU1 � C � 1 � A1 	 and
U2 � C � 1 � A2 	 (viewed assetsof prime ends,see[31] for moredetails).
Then,the preimageof the measure. on [ is a measureon “bridges” in
the domain v . This measureinherits the conformalinvarianceproperties
from . , andthe crossingexponentmeasuresthe asymptoticdecayof the
massof the setof “bridges” that connectU1 to U2 in the limit whenthe
extremaldistanceL � U1

� U2 B vR	 tendsto infinity. Hence,. in factrepresents
a wholeclassof measureson “bridges” in (almost)any simply connected
domainin theplane.A particularlyimportantexampleis theL wx> rectangle
describedin (1) with U1

� U2 beingtheverticalboundaries.In this casethe
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rectangleis conformallyequivalentto thecircle,andU1
� U2 canbemapped

conformallyontothearcsV1� K � V2� K for someH � H � L 	 . Notethat

H � L 	1X e� L ! 2 � L ��� �
In particular, the crossingexponent ' canbe interpretedas follows: The
massof thesetbridgesbetweenU1 andU2 in the L wG> rectangledecays
roughlylike exp � M ' L 	 whenL � � .

Proposition 1. For any CCI measure . , the crossingexponent '1� .2	 is
greateror equalto 1.

Proof. Definetheupperandlowerhalf-planes

H ` � D z ; 9Vy � z	Ri 0E andH � � D z ; 9oy � z	 = 0E �
For any z ; D$� � MRE and { ; D 1 � 2E and H|i 0, put

V }~ � K � V~ � K � H } �
It is veryeasyto checkthatfor any H = >?% 4, for any z 1

� z 2 ; D�M � �^E ,
L V } 11� K � V } 22� K B D � L � V1� K ! 2 � V2� K ! 2 B D 	 � L � H�% 2	 �

Define

f � HQ	 � . [ [ K ] �
Clearly f is anon-decreasingfunctionof H and

f � HT	 ,
} 1 � } 2 ��� ` � ���

. [ V } 11� K � V } 22� K �

Then,conformalinvarianceandnon-decreaseof f shows that

f � HT	 ,
} 1 � } 2 ��� ` � ���

f � HU% 2	 � 4 f � HU% 2	 �

Hence,as f is non-decreasingand f � H 0	 = � weconcludethatthereexists
c = � suchthatfor any H = H 0,

f � HU	o� cH 2

sothat '�� .2	 , 1 andthis concludestheproof of theproposition.We shall
seethat '1� .2	 � 1 in thecaseof theBrownianexcursionmeasure.
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Z(0) 

Z(T) 

Fig. 2. A Brownianexcursion

2.4. Brownianexcursionmeasure

As a first example,we constructthe Brownian excursionmeasurein D,
whichwasimplicitly usedin [27].

Lemma 2. Thereexistsa CCI measure � correspondingto hullsof Brown-
ian excursionsin D, with '1� �W	 � 1.

We will startby definingtheexcursionmeasureasa measureon paths
in thehalf-planeH � D z 9�y � z	|i 0E andthenuseconformalinvariance
to extendit to othersimplyconnecteddomains.An excursionona domain
v is a continuouspath Z 9 � 0 � T �x� v for somepositive T, suchthat
Z � 0	 � Z � T 	 ; 5�v and Z � 0 � T 	 @ v . Throughoutthis subsection,we will
implicitly usethe topology (and weak convergence)associatedwith the
distancebetweencontinuouspathsZ 9 � 0 � T �2� and Z ) 9 � 0 � T ) �2�
definedbyd � Z � Z ) 	 � inf � supt ��� 0� T ��� Z � T 	�M Z )(�(�1� t	$	 � where� rangesover
all increasingbijectionsbetween� 0 � T � and � 0 � T ) � . In particular, weidentify
Z andZ ) whenZ ) canbeobtainedby increasingreparametrizationof Z.

Itô’sone-dimensionalexcursionmeasureis aninfinite measureonpaths
Y 9 � 0 � T ��� � 0 � �:	 with Y0

� YT � 0 andYt i 0 for 0 = t = T. The
measurecanbeconstructedas

lim}�� 0` z �
1 . } �

where . } is theprobabilitymeasuregivenby startinga Brownianmotion
at z and killing it when it reachesthe origin (seee.g. [32]). The (two-
dimensional) excursionmeasurein the half-planeH startingat x ; is
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themeasure� H� x givenby Xt � iYt whereYt is anexcursionand Xt is an
independentBrownian motion startingat x andstoppedat the sametime
asY. This is an infinite measure.It canalsobe thoughtof asa consistent
family of finite measuresD�� H� x� A E where A is a closedsubsetof not
containingx. The measure� H� x� A denotesthe measure� H� x restrictedto
pathsthat terminatein A. If zn ; H with zn � x, and � H� zn � A denotesthe
measureonBrownianpathsstartedat zn killed uponreachingtherealaxis,
restrictedto pathsthathit at A, thenit is easyto seethat

y � zn 	�� 1 � H� zn � A M���� H� x� A �
SupposeS 9 H � H is aMöbiustransformationwith S � x	 ; . Then

for eachclosedA @ with x � ; A, usingconformalinvarianceof Brownian
motion(andthefact that S is continuouson thesetof excursionsstarting
at x andendingin A),

Stno� H� x� A � lim}�� 0` S z �
1 � H� x` i } � A

� lim}�� 0` z �
1 � H� s � x ` i }  "� s � A 

� lim}�� 0` z �
1 � H� s � x ` i � s m � x �� } ` o� }  Z� s � A 

� � S ) � x	 � � H� s � x "� s � A � (5)

If A1
� A2 aredisjoint closedsubsetsof , wedefine

� H� A1 � A2 �
A1

� H� x� A2 dx �
If S is aMöbiustransformationfrom H onto H,

StnV� H� A1 � A2 �
A1

S � � H� x� A2 	 dx

�
A1
� S ) � x	 � � H� s � x Z� s � A2  dx

� s � A1  � H� y� s � A2  dy � � H� s � A1  Z� s � A2  � (6)

Notethatthescalingfactor � S ) � x	 � is balancedby thechangeof variablein
theintegrationover thestartingpointsin A1. We now definetheexcursion
measure� H to betheconsistentsetof measuresD$� H� A1 � A2 E , or equivalently,

� � � � H� x dx �
Themeasure� H is invariantunderMöbiustransformationsof H by (6).
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Supposethat S isaconformalmappingfrom H ontoasimplyconnected
domain v , suchthat S ) canbeextendedcontinuouslyto x ; . Let A be
aclosedinterval in notcontainingx andlet S � x	 ���x � S � A	 � �A. Then,
wedefinethemeasure�Q� ���x� �A onexcursionsin v , startedfrom �x by

�Q� �(�x � �A � � S ) � x	 � Stno� H� x� A �
By (5), thisdefinitionis independentof thechoiceof x, A and S . Similarly,
if A1

� A2 aredisjoint closedsubsetsof , S � A1 	 � �A1
� S � A2 	 � �A2, and

S ) canbeextendedcontinuouslyto A1, wedefine

� � � �A1 � �A2 �
A1
� S ) � x	 � Stno� H� x� A2 dx

� �A1

�W� � y� �A2
d� � y	 �

Here � � � 	 denotesLebesguemeasureon �A1. The measure� � is defined
similarly.

Supposenow v is a simply connectedsubsetof the upperhalf-plane
whoseboundarycontainsarealneighborhoodof x andtheclosedset �A @
with x %; �A, and let S be a conformalmappingfrom H onto v with
S � x	 � x and S )(� x	 � 1. Let A � S � 1 � �A	 . Conformal invarianceof
planarBrownianmotionandthefactthat S � x � i z�	 � x � i z�� o � z�	 show
easily that � � � x� �A is the limit when z�� 0 of z � 1 �Px` i } where �Px ` i } is
the law of Brownian motion B startedfrom x � i z , killed at its first exit
Z � T 	 of v , restrictedto theevent Z � T 	 ; �A. This shows readily that the
measure� � � x� �A canbeobtainedby restricting� H� x to thesetof excursions
with Z � 0 � T 	 @ v andZ � T 	 ; �A:

� � � x� A � � H� x� A1� Z � 0� T  Z� � � �
Similarly, if 5�v containsdisjoint closedsubsetsA1

� A2 of ,

� � � A1 � A2 � � H� A1 � A21� Z � 0� T  Z� � � � (7)

For v � D, weobtaintheexcursionmeasureonthedisk � D. It iseasyto
seethatthis is thesameasthelimit of 2>?z � 1 timestheprobabilitymeasure
on Brownian pathsstarteduniformly on the circle of radius1 M�z , killed
whenthey reachthe unit circle. Supposenow that (asin the definition of
theCCI property)D ) is a simply connectedsubsetof theunit disc D, that
the two arcs A1 and A2 are disjoint subsetsof 5 D ) ��5 D, and that S is
a conformalmappingfrom D ) onto D thatmapsA1 ontoV1� K and A2 onto
V2� K (for well-chosenH ). By mappingD and D ) backonto theupperhalf-
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plane,andusing(7),wegetthatthemeasure� D restrictedto theexcursions
suchthat D Z � 0	 ; A1

� Z � T 	 ; A2
� Z � 0 � T 	 @ D ) E , is theconformalimage

of the measure� D restrictedto D Z � 0	 ; V1� K � Z � T 	 ; V2� K E . Also, it is
straightforwardto checkdirectly that

� D � D Z � 0	 ; V1� K � Z � T 	 ; V2� K E$	1�jH 2 � when HY� 0 � �
To eachexcursionZ in the disk suchthat Z � 0	4�� Z � T 	 , onecanthe

associateanorientedbridgeasfollows.ConsiderthecomplementDo (in )
of the unboundedconnectedcomponentof \ Z � 0 � T � . In other words,
Do is obtainedby filling in theholesof thetraceof Z. Then, � Do � D Z � 0	�E$	
is an orientedbridge. It is easyto checkthat the mappingZ � � Do is
measurable,so thatany measureon excursionsdefinesan imagemeasure
on orientedbridges.We use� to denoteto imageof � D. Thepropertiesof
� D that we just derived show immediatelythat � is a CCI measurewith

'1� �W	 � 1.

2.5. Unionsof bridges

Let p bea positive integerandsupposethat . 1
� ����� � . p areCCI measures

on [ o. Defineindependently(i.e.with respectto theproductmeasure)

D1̀
� Do

1
� D �1 � D2̀

� Do
2
� D �2 � ����� � D `p � Do

p
� D �p

usingthemeasures. 1
� ����� � . p respectively. Thendefine

D ` � D1̀ � D2̀ � ����� � D `p
D � � D �1 � D �2 � ����� � D �p �

Let . � A � . 1
� ����� � . p 	 be the measurecorrespondingto � D ` � D � 	 (re-

strictedto theevent D D ` ��j� andD � ��b� E ). It is theneasyto checkthat .
is alsoaCCI measure.Notethat

'1� .2	 �b'�� . 1 	-� '1� . 2 	-� ����� � '�� . p 	 �
This lastprocedurewith

. 1 � . 2 � ����� � . p � �
definesa measurethatwe will denoteby ��� p. This is themeasurecorres-
pondingto the“unionsof p independentBrownianexcursions”in D.
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3. Intersection exponents

3.1. Intersectionexponentsandcrossingexponent

Supposenow that p i 1 andthat . 1
� ����� � . p areCCI measures.Define

D1̀
� Do

1
� D �1 � ����� � D `p � Do

p
� D �p

independently(i.e. accordingto the productmeasure)usingthe measures
. 1
� ����� � . p.

Do
1

D
o

D2
o

3

Fig. 3. Threeorderedbridges

Wesaythatthe p (oriented) bridgesDo
1
� ����� � Do

p areordered if

Do
j � D @ D � j ` 1

� j � 1 � ����� � p M 1 �
Let   �   � p	 denotethisevent.Notethatthiseventis thesameas

Do
j � D @ D ` j � 1

� j � 2 � ����� � p �
The intersectionexponent'4�j'1� . 1

� ����� � . p 	 is definedby

. 1 ¡ ����� ¡ . p �$� [ K 	 p �& x	��bH 2k � HY� 0� �
in thecasewheresuchan ' exists. In otherwords, H 2k is theapproximate
measureof thesetof bridgessuchthatfor all j ) = j in D 1 � ����� � pE , Do

j m and
Do

j arein [ K and
Do

j m stays“strictly below” Do
j �
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Note that the intersectionexponent ' can be viewed as the crossing
exponentof anothersingleCCI measure(andthis justifiesthefact thatwe
usethesamenotation).If   is satisfied,define

D ` � D `p � D1̀ � ����� � D `p �
D � � D �1 � D �p � ����� � D �p

andthecorrespondingDo. Themeasure. 1 ¡ ����� ¡ . p restrictedto theevent
  thusdefinesa measure. �£¢h� . 1

� ����� � . p 	 , andit is easyto checkthat
thisisaCCImeasureon [ o with crossingexponent'1� .2	 �b'�� . 1

� ����� � . p 	 .

3.2. Someresultsfor Brownianintersectionexponents

Wenow review someof thedefinitionsandresultsderivedin [27].

3 In thecase. 1 � ����� � . p � � , theexponent'�� . 1
� ����� � . p 	 is known

to exist andit is exactly theBrownianintersectionexponent �� � 1¤ p 	 for
p Brownianpathsin a half-planeasdefinedin [27].3 Supposethatn1

� ����� � np arepositive integers.Thentheexponent

'1� � � n1 � ����� � � � np 	
exists.Thisexponentis calledthe“intersectionexponentbetweenpacks
of Brownianmotionsin thehalf-plane”andis denotedby

�� � n1
� ����� � np 	 �

3 Thereexistsauniquenatural(see[27]) extensionof

�� � � 1
� ����� � � p 	

for any nonnegative reals � 1
� ����� � � p in sucha way that for any j ;D 1 � ����� � p M 1E ,

�� � � 1
� ����� � � j

� �� � � j ` 1
� ����� � � p 	$	 � �� � � 1

� ����� � � p 	 (8)

(wecalledthis relationthe“cascaderelation”),andfor any permutation
a of D 1 � ����� � pE ,

�� � �¦¥ � 1 � ����� � �¦¥ � p 	 � �� � � 1
� ����� � � p 	 � (9)

Also,

�� � � 1
� ����� � � p

� 0	 � �� � � 1
� ����� � � p 	 �
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�� � � 1
� ����� � � p 	 canbeinterpretedastheintersectionexponentfor packs

of Brownian motionsin a half-spacesuchthat eachpack is respectively
theunionof � 1

� ����� � � p Brownianpaths(eventhoughthis is not realizable
whenthe � ’sarenot integers).Thevaluesof all exponents�� aredetermined
by thefunction

� � � � ) 	1� M�� �� � � � 1 � � ) 	 �
Note alsothat ���� �� � 1 � �¦	 is bijective on � 0 � �§	 (see[27] for all these
results).

Let usnow saya few wordsabouthow �� � � � 1 � � ) 	 canbedefinedin the
presentcontext. In orderto clarify thenotationof thesubsequentproofs,we
will usethefollowing notation:SupposethatW � Wo is definedunderthe
CCI measure� . In otherwords,W is thehull of aBrownianexcursionin the
unit disc(with specifiedinitial point).Wewill write Ẁ � D ` � W 	 � W� �
D � � W 	 for thecorrespondingsets.If W ; [ K , definefor z ; D$� � MRE ,

V }1� K � W 	 � V1� K �¨5 W}
V }2� K � W 	 � V2� K �¨5 W}
L }K � W 	 � L V }1� K � W 	 � V }2� K � W 	 B W} �

Then,theintersectionexponent�� � � � 1 � � ) 	 is characterizedby therelation:

� 1� W�ª©�« � exp M&� L `K � W 	rMq� ) L �K � W 	

� exp M �� � � � 1 � � ) 	 L � HT	 � HY� 0 � �
It canbeeasilyshownusingSchwarz’sinequalityimmediately(see[27])

that the mapping � � � � ) 	^�� �� � � � 1 � � ) 	 is concave. In [25], the following
resultis proved.

Proposition 3. Let � )1, 0 and let g � �¦	 � �� � � � 1 � � ) 	 . Theng � �¦	 is C2 for
�¨i 0 with g) ) � �¦	 = 0.

Let � ) � 0, andlet

a � �¦	 � 5
5T� �� � � � 1	 �

Thenthestrict concavity of g canbeusedto show thatfor every zxi 0,

� 1� W�ª©�« �"� exp M&� L `K 1� � L ¬ « � W  � a�Z­  L �
K  �� ® } L �

K  � � expD�M �� � � � 1	 L � HQ	�E �
Thefollowing lemmais thenasimplecorollaryof Proposition3.
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Lemma 4. Suppose�¨i 0 is fixedandthat
C 9 ` � ` is a nonincreas-

ing functionsuch thatwhenHo� 0� ,

� 1� W�ª©�« �
C

L `K � W 	 � expD�M �� � � � 1	 L � HT	$E
then C � l 	�� exp � MR� l 	 � l ��� �

Let usnow concludethissectionwith thefollowing observation:Define
. �¯¢h� � � �W	 asin theprevioussectionwith thecorrespondingsets

D ` � D2̀ � D1̀ � D2̀ andD � � D �1 � D �1 � D �2
(whenthesecondBrownianexcursionis “above” thefirst one).Now, if this
eventholds,define

Dm � D1̀ � D �2 �
Thisis theset“between”thetwo excursions.Call 5 m

1
� 5 m

2 thetwo connected
componentsof Dm �O5 D, and

Lm � L 5 m
1
� 5 m

2 B Dm �
Then,define. 1� ­ � 1 by

d. 1� ­ � 1 � exp � MR� Lm 	 d. �
It iseasytocheckthat. 1� ­ � 1 satisfiestheconformalandrestrictioninvariance
property(simplybecauseLm is aconformalinvariant)and(see[27]) thatit
hascrossingexponent �� � 1 � � � 1	 . Notethatthefunction �4� � �� � 1 � �� � 1 � �¦	$	
is abijectionfrom ` onto � �� � 1 � 1	 � �§	 , sothat:

Proposition 5. For any ' 0 , �� � 1 � 1	 , there existsa CCI measure . with

'1� .h	 ��' 0.

3.3. Universality

Supposenow that . isaCCImeasureon [ o. Recallthatthisgivesameasure
on pairs � Do � d1 	 , or equivalently, on pairs � D ` � D � 	 . If Do ; [ K , z ;D$� � MRE , define,asbefore,

V }1� K � V }1� K � Do	 � V1� K �O5 D }
V }2� K � V }2� K � Do	 � V2� K �O5 D }

L }K � L }K � Do 	 � L V }1� K � V }2� K B D } �
Definefor all �¨i 0 and H ;I� 0 � >?% 2	 ,C } � � � L � HU	$	 � . exp M&� L }K 1� Do �ª©�« � �
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Thegeneralizedexponent� } � . � �¦	 is definedby
C } � � � L � HQ	$	1� expD�M L � HT	$�?} � . � �¦	$E � HY� 0� �

in thecasewheresucha � } � . � �¦	 exists.

Theorem 6. For any�&i 0, thegeneralizedintersectionexponents � ` � . � �¦	
and � � � . � �¦	 exist.They are equal,andthey arealsoequalto

� � . � �¦	 � �� �('1� .2	 � �¦	 �
Proof. Wewill show that � ` � . � �¦	 � �� �('1� .2	 � �¦	 ; asimilarargumentworks
for � � � . � �¦	 . Let usfirst introducesomenotation.Supposethat � Do � d1 	 ,
or equivalently, � D ` � D � 	 , is chosenusingtheCCI measure. . If Do ; [ K ,
defineL `K asabove. DefineindependentlyW � Wo underthemeasure� .
In otherwords,W is thehull of aBrownianexcursion.If W ; [ K , wedefine
L `K � W 	 , L �K � W 	 andthedomainsẀ � W� asbefore.

Supposenow thatW is “above” Do, i.e., thatW @ D ` (moreprecisely,
we shouldsay W � D @ D ` , but for notationaleasewe will write just
W @ D ` ). Let �D � �D � Do � W 	 bethedomainbetweenDo andW:

�D � �D � Do � W	 � D ` � W� �
Wedefinethecorrespondingextremaldistance

�L K � �L K � Do � W 	 � L V1� K �O5 �D � V2� K �O5 �D B �D �
Let �°i 0 befixed.We aregoing to studytheasymptoticbehavior as

HY� 0� of Q � HT	 definedby

Q � HQ	 � . ¡ � 1� W�ª©�« � Do �ª©�« � W� D ¬ � exp Mq� �L K �
Supposethatweintegratefirstwith respectto � . Forany fixedD ` , symmetry
of the Brownian excursionmeasurein D ` , which canbe establishedby
conformalinvariance,shows that

� 1� W�ª©�« � W� D ¬ � exp M&� �L K � � 1� W�ª©�« � W� D ¬ � exp Mq� L `K � W	 �
Hence,wecanreplace�L K with L `K � W 	 in thedefinitionof Q � HQ	 . In particu-
lar, by changingtheorderof integration,weseethat

Q � HT	 � � 1� W�ª©�« � exp Mq� L `K � W 	 . Do ; [ K andDo @ W� �
But completeconformalinvarianceof . andthe definition of '1� .2	 show
thatwhen HY� 0� ,

. Do ; [ K andDo @ W� � exp M '1� .2	 L �K � W 	 �
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Hence,

Q � HQ	r� expD�M �� � � � 1 � '1� .2	$	 L � HQ	�E � HY� 0 � � (10)

On the other hand, if we use the initial definition of Q � HQ	 and the
completeconformalinvarianceof . , weseethatwhen Ho� 0� ,

Q � HQ	 � � 1� W�ª©�« � . 1� Do �ª©T« � Do � W± � exp Mq� �L K

� � 1� W�ª©T« �
C ` � � � L �K � W 	$	 �

Weknow from (10) thatthisquantityis logarithmicallyasymptoticto

expD�M L � HT	 �� � � � 1 � '�� .h	$	�E �
But (8) and(9) imply that

�� � � � 1 � '1� .2	$	 � �� � 1 � '�� .2	 � �¦	 � �� � 1 � �� �('�� .h	 � �¦	�	 �
HencewecanapplyLemma4 to deducethat

C ` � � � l 	�� expD�M l �� �('�� .h	 � �¦	�E � l ��� �
In otherwords,� ` � . � �¦	 existsand

�?` � . � �¦	 � �� ��'�� .2	 � �¦	 �
Thiscompletestheproof.

Theorem 7. Supposethat . 1
� ����� � . p are CCI measures.Thenthe inter-

sectionexponent'1� . 1
� ����� � . p 	 existsand

'1� . 1
� ����� � . p 	 � �� �('1� . 1 	 � ����� � '�� . p 	$	 �

Proof. We proceedby inductionover p. Thecasep � 1 is trivial. Assume
that p , 2, that '�� . 2

� ����� � . p 	 existsandis equalto �� �('1� . 2 	 � ����� � '1� . p 	$	 .
Completeconformalinvarianceof themeasures. 1

� ����� � . p shows imme-
diatelythat '1� . 1

� ����� � . p 	 existsandthat

'1� . 1
� ����� � . p 	 � � � . 1

� '1� . 2
� ����� � . p 	�	 �

Hence,

'1� . 1
� ����� � . p 	 � �� �('1� . 1	 � '1� . 2

� ����� � . p 	$	
� �� �('1� . 1	 � �� �('�� . 2	 � ����� � '1� . p 	$	$	
� �� �('1� . 1	 � '1� . 2 	 � ����� � '1� . p 	$	 �

andthetheoremis proved.



Universalityfor conformallyinvariantintersectionexponents 309

In particular, '1� . 1
� ����� � . p 	 �j'1� .h¥ � 1 � ����� � .2¥ � p 	 for any permutation

a of D 1 � ����� � pE as �� is invariantunderpermutation.Hence,' is the(“un-
ordered”)intersectionexponentassociatedto . 1

� ����� � . p in thefollowing
sense:

. 1 ¡ ����� ¡ . p ² j �� j ) ; D 1 � ����� � pE � Do
j � Do

j m �b� �4[ pK

� exp � M L � HT	 '�� . 1
� ����� � . p 	$	 � Ho� 0 � �

Indeed,if the setsDo
j aredisjoint in [ K , thenfor somepermutationa of

D 1 � ����� � pE , the p bridges� Do¥ � 1 � ����� � Do¥ � p 	 areordered.
Finally, let us simply rewrite the previous theoremin the casewhere

. 1 � ����� � . p; it will be useful when we will try to interpret some
conjectures:

Corollary 8. When. is a CCI measure, thenfor all p , 1,

'�� . ¤ p 	 � �� �('1� .2	 ¤ p 	 �
Remark.WecouldhavederivedTheorem6 in thecase� , 1 (andtherefore
alsoTheorem7 andCorollary8) without usingthe strict concavity result
(i.e. Lemma4). More precisely, fix � ) , 1, andchoose� , 0 suchthat
�� � 1 � �¦	 � � ) . DefineQ � HU	 just asin theproof of Theorem6. Equation(10)
shows that

Q � HT	r� expD�M �� � � ) � '1� .2	$	 L � HQ	�E when HY� 0 � �
Ontheotherhand,

Q � HQ	 � . 1� Do �ª©T« � � exp � MR� L ` � W 	�	 1� W� C « � W� D ¬ � �
But completeconformalinvarianceof � shows that

� exp � MR� L ` � W 	�	 1� W� C « � W� D ¬ � � exp � MR� ) L ` � ��	$	 when HY� 0 � �
Hence(usingsimply thecontinuityof themapping�I�� �� �(' � �¦	 ), we get
that

Q � HT	�� C ` � � ) � L � HT	$	 when Ho� 0�
sothateventually � ` � . � � ) 	 existsandis equalto �� � � ) � '1� .2	$	 .

We preferedto give thegeneralproof of Theorem6 aswe will usean
analogousargument(involving strictconcavity) in thenext section.
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4. Bridges in annuli

4.1. Conformalinvariantmeasuresin annuli

Supposethat . is a CCI measureon [ o. As we have alreadyseen,by
conformallytransformingthemeasures

. V1 ³ « � V2 ³ « � D
wecanobtainmeasuresonorientedbridgesconnectingdisjoint,connected
subsetsof boundariesof simplyconnecteddomains.Oneimportantfamily
of suchmeasuresis the family of measureson the rectanglesasin (1). In
this sectionwe show thatwe canalsoassociateto . a family of measures
onbridgesin annuli.

Let us first introducesomenotation.For any l i 0, we define the
annulusQl ,

Ql � D rei 8:9 7<; � r ;´� 1 � el 	$E �
Theboundaryof Ql consistsof theunit circle

C0 � D ei 8 9 7µ; � 0 � 2>?	$E
andtheoutercircle

Cl � D el ` i 8 9 7<; � 0 � 2>?	$E �
We will considermeasureson theset ¶ l of connectedcompactsubsetsof
Ql thatintersectbothof thesetwo circles.

SupposeK ; ¶ l is simply connected.Then, K doesnot disconnect
0 from infinity (thereexists a continuouspathfrom 0 to Cl that doesnot
intersectK ) and thereexists only one connectedcomponentof Ql \ K
that intersectsbothC0 andCl . We denoteit by · # � · # � K 	 . Definealso
· o � K 	 � Ql \x· #. WhenK � · o � K 	 , we saythat K is a bridge over Ql .
If K is abridge,then

· # � Ql � Ql \ K �
By slight abuseof notation,we will also use · # to denotethe openset
· # � Ql . We let ¶ o

l be the setof all bridgesover Ql . It is easyto check
that a simply connectedcompactset K in ¶ l is a bridgeover Ql if and
only if K � C0 andK � Cl arenon-emptyconnectedarcs(singlepointsare
consideredarcs).

Let Sl betheinfinite verticalstrip

Sl � D z ; 9 0 =°¸ � z	 = l E �
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andlet

5 1 � D i y 9 0 � y � 2>FE
5 2 � 5 2 � l 	 � D l � i y 9 MR� = y = �§E �

It is straightforwardto show that

L � 5 1
� 5 2 B Sl 	 � log l � O � 1	 � l ��� �

For eachl , thereis a uniqueH � H � l 	 suchthat thereis a conformaltrans-
formation

C
l taking D to Sl with

C
l � V1� K 	 � 5 1

� C
l � V2� K 	 � 5 2 �

From(2) weseethat

H � l 	 � l � 1! 2 � O � 1	 � l ��� �
Let . beaCCI measurewith crossingexponent'4�j'1� .2	 . Themeasure

. (restrictedto [ K ) givesa measure
C

l � .2	 on bridgesin Sl connecting5 1

to 5 2. The exponentialmaptakesthesebridgesto compactsetsin ¶ l . We
will use ¹. l to denotethemeasureon ¶ l derivedfrom . in this way. Since
theexponentialmapis not injective from Sl to Ql , theimagecompactsetis
notnecessarilysimplyconnected.Notethat

¹. l � ¶ l 	�� l � k � l ��� �
In particular, thetotalmassof themeasuregoesto zeroslowerthane� al for
all a i 0.

Wedefinethemeasureº. l on ¶ l by

º. l � ¹. l1� K �ª» o
l � �

Wecanalsoview º. l
� ¹. l asfamiliesof measuresoncompactsetsin cylinders

of height l (usingthe conformalcorrespondencebetweenthe annulusQl

andthecylinderC0 w � 0 � l � ).
Wedefinethedisconnectionexponentº'<� º'r� .2	 by

º. l � ¶ l 	 � ¹. l � ¶ o
l 	r� e� l ¼k � l ��� �

in thecasewheresuchan º' exists.
SupposeJ @ Ql is asimplyconnectedregionsuchthat

5 0� J � 5 J � C0
�

and

5 l � J � 5 J � Cl
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arenontrivial connectedarcs.Supposealsothat J doesnot disconnectthe
origin, i.e, that theorigin is in theunboundedcomponentof \ ºJ. There
exist auniqueH � H � J 	 andaconformaltransformationS from D to J with

S � V1� K 	 � 5 0� J � S � V2� K 	 � 5 l � J �
This definesa measureS � .h	 on the setof K ; ¶ l which stayin J. It is
straightforward to checkthat this is the samemeasureas ¹. l restrictedto
bridgesthatgo from 5 0� J to 5 1� J stayingin J.

Example:Non-disconnectingBrownian crossings.In the casewherethe
measure. is � (themeasurecorrespondingto Brownianexcursions),it is
easyto seethat themeasureº. l is themeasurecorrespondingto Brownian
crossingsof theannulus,restrictedto thosecrossingsthatdonotdisconnect
the origin. More precisely, pick 7 0 uniformly on the unit circle. Consider
aBrownianmotionstartedfrom rei 8 0 with r i 1until it exits theannulusQl .
Keeponly thosepathsthatexit Ql throughtheoutercircleCl , andmultiply
themeasureon pathsby � r M 1	 � 1. Whenr � 1� , this measureon paths
converges to a measureon pathsthat can be interpretedas “Brownian
crossingsof Ql ”. If we restrictto non-disconnectingcrossings,andfill in
theholesof theirtrace,wegetthemeasureº. l . Wedenotethebridgesunder
this measureby W � · o � W 	 andwe let W# � · # � W 	 . We alsocall the
bridgesthehullsof theBrowniancrossings.

4.2. Intersectionexponentsin annuli: Definition

We will definethe intersectionexponentin annuli for orderedp-tuplesof
CCI measures.If p � 1, we definethe intersectionexponentfor annuli
to be the disconnectionexponentasin Sect.4.1. Let p , 2 andsuppose
. 1
� ����� � . p areCCI measures.Supposethat

· o
1
� · #

1
� ����� � · o

p
� · #

p

arechosenindependentlyaccordingto the measuresº. 1� l � ����� � º. p� l (asso-
ciatedrespectively to . 1

� ����� � . p). Let º  � º  � p	 betheevent that the p
sets· o

1
� ����� � · o

p arepairwisedisjoint,andthatthey areorderedclockwise
in Ql .

We saythat º'q� º'�� . 1
� ����� � . p 	 is the intersectionexponentin annuli

associatedto themeasures. 1
� ����� � . p, if

¡ p
j 
 1 º. j � l � º x	�� expD�M½º' l E � l ���

in thecasewheresuchan º' exists.
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Fig. 4. Orderedbridgesin theannulus

Notethat

¡ p
j 
 1 º. j � l � º x	 � ¡ p

j 
 1 ¹. j � l � º x	
(if thesetsdonot intersectthey necessarilydonotdisconnecttheorigin).

As in theprevioussection,it is easyto seethat º'r� . 1
� ����� � . p 	 canbe

viewedasthedisconnectionexponentassociatedto a singleCCI measure.

Lemma 9. Define. �Ä¢2� . 1
� ����� � . p 	 asat theendof Sect.3.1.Then,

º'1� .2	 � º'r� . 1
� ����� � . p 	 �

Proof. Definethe sets � · o
1
� ����� � · o

p 	 “independently”(i.e. with respectto
theproductmeasure)usingthemeasuresº. 1� l � ����� � º. p� l . Now, discardthem
if º  isnottrue.If º  is true,definetheconnectedcomponent· # of Ql \ A j · o

j
suchthat

· o
1
� ����� � · o

p
� · #

areorderedclockwisearound0. Let · o � ºQl \�· #. Thisdefinesameasure
on bridgesover the annulusQl . It is straightforward to check that this
measureis precisely º. l where. �Ä¢h� . 1

� ����� � . p 	 .

4.3. Brownianintersectionexponentsin annuli

In [27], we focusedon thecasewhere. 1 � ��� n1 � ����� � . p � ��� np. Let us
statesomeof theresultsthatwederivedin thatpaper.

3 For any positive integersn1
� ����� � np, the exponent º'�� . 1

� ����� � . p 	 is
well-definedandis denotedby

� � n1
� ����� � np 	 �
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3 Thereisauniqueextension� � � 1
� ����� � � p 	 tononnegativereal� 1

� ����� � � p

satisfying

� i
� � i m , 1

for somei �� i ) sothat � satisfiesthecascaderelation

� � � 1
� ����� � � p 	 � � � 1

� ����� � � j
� �� � � j ` 1

� ����� � � p 	 � (11)

for all i � j � p M 1, andthesymmetryrelation

� � �¦¥ � 1 � ����� � �¦¥ � p 	 � � � � 1
� ����� � � p 	 � (12)

Here a denotesapermutationof D 1 � ����� � pE .3 Thereexists an increasingfunction Å 9 � �� � 1 � 1	 � �§	^� ` suchthat
� � ÅFn �� .
Note(see[27]) that theexponent� � n1

� n2 	 is the intersectionexponent
for packsof Brownianmotionsin theplaneasdefinedin the introduction.
Let usrecallhow theexponents� � 1 � �¦	 aredefinedin thepresentcontext.
SupposethatW � Wo is thehull of anon-disconnectingBrowniancrossing
underthemeasureº� l andlet W# � Ql \ W asbefore.Define

L# � W 	 � L C0
� Cl B W# �

Looselyspeakinge� L# � W  measureshow difficult it is for anotherBrownian
motionto crosstheannuluswithouttouchingW. Then,theexponent� � 1 � �¦	
is characterizedby therelation:

º� l expD�MR� L# � W 	�E � expD�M l � � 1 � �¦	$E � l ��� �
Schwarz’s inequalityimpliesthat �_� � � � 1 � �¦	 is concave. Onerigorously
known value(see[21]) is � � 1 � 2	 � � � 2 � 1	 � 2, andit is known that

� � 1 � 0	Vi 0 and � � 1 � �¦	�Æj�¦% 2 when �½��� �
This impliesimmediatelythefollowing.

Lemma 10. Theonlysolutionof

� � � � 1 � �¦	
for � , 0 is � � 2.

In [24] it wasshown thatthefunction

�½� MÇ��� � 1 � �¦	
is strictly concave. Hencethe analogueto Lemma4 holds for � aswell
as �� .
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4.4. Intersectionexponentsin annuli: Universality

Supposethat . is a CCI measure,l i 0, andthat K � · o � K 	 is defined
underthemeasureº. l . Let K# � · # � K 	 andlet

L# � K 	 � L C0 � K 	 � Cl � K 	 B K# �
where

C0 � K 	 � C0 �O5 K# andCl � K 	 � Cl �O5 K# �
If � , 0, the generalizedintersectionexponentin annuli (associated

to . ) º� � . � �¦	 is definedby

º. l expD�MR� L# � K 	$E � expD�M l º� � . � �¦	$E � l ��� �
providedsucha º� � . � �¦	 exists.We arenow readyto statethecounterpart
of Theorem6 for annuli.

Theorem 11. For any CCI measure . , and for any � , 1, the exponentº� � . � �¦	 existsand
º� � . � �¦	 � � ��'�� .2	 � �¦	 �

Proof. Wefirst introducesomenotation.SupposethatK is definedusingthe
measureº. l , andthat W is definedusingthenon-disconnecting Brownian
crossingmeasureº� l . WedefineL# � K 	 andL# � W 	 asbefore.

SupposethatW� K � Ql ��� .Notethatthisisequivalentto K � Ql @ W#

which is equivalent to W � Ql @ K#. Let · # � W� K 	 be the connected
componentof K# � W# suchthat

W� · # � W� K 	 � K

areorderedcounterclockwisein theannulusQl . Definealsothecorrespond-
ing extremaldistance

L# � W� K 	 � L C0 �¨5Ç· # � W� K 	 � Cl �O5Ç· # � W� K 	 B · # � W� K 	 �
Supposethat � , 1 is fixed.Let � )+, 0 bedefinedby

�� � 1 � � ) 	 � � �
Wearegoingto studytheasymptoticbehavior asl ��� of

ºQ � l 	 � º. l ¡ º� l 1� WÈ K È Ql 
�É � expD�MY� ) L# � W� K 	$E �
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Supposethatonefirst integrateswith respectto º. l .By conformalinvariance,
for fixedW#,

º. l 1� K È Ql � W# � expD�MR� ) L# � W� K 	�E
� . 1� Do �ª©�« � exp Mq� ) L �K � ��	

whereH is chosenin sucha way that L � HT	 � L# � W 	 . But this lastquantity
is logarithmicallyasymptoticto

expD�MY� � . � � ) 	 L � H�	$E � expD�MR� � . � � ) 	 L# � W 	$E
when L# � W 	�� � (and thereforealsowhen l � � ). By Theorem6,
� � . � � ) 	 � �� �('1� .2	 � � ) 	 . Hence,

ºQ � l 	��Êº� l � expD�M �� �('1� .h	 � � ) 	 L# � W 	�E$	
� expD�M l � � 1 � �� �('1� .2	 � � ) 	$	$E

whenl ��� . From(11)and(12),weseethat

� � 1 � �� �('�� .h	 � � ) 	$	 � � �('�� .h	 � �� � 1 � � ) 	$	 � � ��'�� .2	 � �¦	 �
Therefore, ºQ � l 	r� expD�M l � ��'�� .2	 � �¦	$E � l ��� �

Let usnow returnto thedefinitionof ºQl andthistimeintegratefirst with
respectto º� l . WhenK is fixed,

º� l 1� WÈ Ql � K# � expD�MR� ) L# � W� K 	�E
� � 1� W�ª©�« � exp M&� ) L `K � W	

where H is chosenin sucha way that L � HQ	 � L# � K 	 . But this quantityis
logarithmicallyasymptoticto

expD�M L# � K 	 �� � 1 � � ) 	$E � expD�M L# � K 	$�¦E
whenL# � K 	V� � (andthereforealsowhenl � � ). Hence,we finally
seethatthereexistsa function Ë � � 	 suchthat

Ë � x	1� expD�MY� x E � x ���
suchthat

º. l Ë � L# � K 	�	 � expD�M l � ��'�� .2	 � �¦	$E � l ��� �
Theanalogueof Lemma4 for � canthenbeusedto seethat º� � . � �¦	 exists
andis equalto � �('1� .2	 � �¦	 .
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Theorem 12. Supposethat . 1
� ����� � . p areCCI measuresandthat p , 2.

Then,theintersectionexponentº'r� . 1
� ����� � . p 	 existsand

º'�� . 1
� ����� � . p 	 � � �('1� . 1	 � ����� � '�� . p 	$	�	 �

In particular, for anyCCI measure . andanyinteger p , 2,

º'r� . ¤ p 	 � � �('�� .h	 ¤ p 	 �
Proof. Supposethat . 1

� ����� � . p are p CCI measures;we have seenthat

'1� . i 	 , 1 for all i . Becauseof the completeconformalinvarianceof the
measures. 2

� ����� � . p
� oneseesreadilythat

º'r� . 1
� ����� � . p 	 � º'�� . 1

� '1� . 2
� ����� � . p 	$	 �

FromCorollary7, wegetthat

º'r� . 1
� ����� � . p 	 � � �('1� . 1 	 � �� �('1� . 2	 � ����� � '�� . p 	�	$	 �

andusingthecascaderelationsfor � , wegetimmediately

º'r� . 1
� ����� � . p 	 � � �('�� . 1	 � ����� � '1� . p 	$	 �

Thesecondequalityin thetheoremis justthefirstequalityin thecasewhere
. 1 � ����� � . p � . .

Notethat thesymmetryof � impliesthesymmetryof º' , i.e., underthe
sameassumptionasin (12), for any permutationa of D 1 � ����� � pE ,

º'�� . 1
� ����� � . p 	 � º'r� .h¥ � 1 � ����� � .h¥ � p 	 �

Just as for ' , this shows that º' is indeedthe “unordered” intersection
exponentin thesense

¡ p
j 
 1 º. j � l � thesets· o

1
� ����� � · o

p arepairwisedisjoint	
� expD�M#º'�� . 1

� ����� � . p 	 l E
whenl ��� .

5. Conjectures and predictions

In contrastto therestof thispaper, thissectioncontainsnonrigorousconsid-
erations.Thegoalof this sectionis to try to convinceon anheuristiclevel
thatit is possibleto interprettheconjecturesfor non-intersectionsbetween
self-avoiding walks or percolationclustersin termsof non-intersections
of Brownianpaths.Thesemodelsarebelieved to behave in a conformally
invariantmannerin thescalinglimit. We do not give moredetailson what
sucha statementpreciselymeans(it is actuallynot clearwhat theprecise
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conjecturesshouldbe). Onecould expect that somewell-chosendiscrete
measureson paths/setswill converge weakly in the scalinglimit towards
CCI measures(or atleastmeasuresthatsatisfyanalogousconditionsto CCI
measures).

If this is the case,then our results(or our resultsgeneralizedto the
correspondingcompletelyconformalinvarianceproperty)show that in the
scalinglimit, aswhat intersectionexponentsareconcerned,thesemodels
behavelikeageneralizedpackof Brownianexcursions.Thisgivesanonrig-
orousjustificationtothe“equivalence” betweenthevariousnon-intersection
exponentsconjecturesthatwewill present.

5.1. Discreteexcursionmeasure

In thissubsection,wepointoutsomefactsconcerningthediscretecounter-
partto theBrownianexcursionmeasure.

Supposethat D is a fixedsimply connecteddomainopenboundeddo-
mainin 2. Considerzxi 0 andtheset

D } � D �Oz 2

thesetof pointsof thelattice z 2 thatbelongto D. Thediscreteboundary
of D} is simply

5 D } � · } � z ; z 2 9 dist� z� D } 	 � 1 �
We saythat thefinite sequenceÌ �¯� Ì � 0	 � ����� � Ì � n	$	 is anexcursionin
D } of lengthn � n � ÌF	 if

n , 1 � Ì � 0	 ; · } � Ì � n	 ; · } � D�Ì � 1	 � ����� � Ì � n M 1	$E @ D } (13)

and

� Ì � 1	2MPÌ � 0	 � � � Ì � 2	2MPÌ � 1	 � � ����� � � Ì � n	rMPÌ � n M 1	 � � z �
Let v } denotethe set of suchdiscreteexcursions(with no conditionon
n � Ìr	 ). Notethatit is aninfinite countableset.On v } wedefinethemeasure
. } asfollows: For any Ì ; v } ,

. } � D�ÌFE$	 �
1

2> 4n�"Í  �
Notethattherearenoconditionson Ì � 0	 and Ì � n	 . In thisdiscretesetting,
“invarianceunderrestrictionof the discretedomain D} ” of the measure
is trivial: . } � ÌF	 is anyway either � 2> 4n�ZÍ  	 � 1 or zero(dependingonly on
whether(13)holdsor not).
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When the mesh z of the grid tendsto 0, it is easyto seethat this
measure. } (or more precisely, the correspondingmeasureon suitably
renormalizedcontinuouspaths)convergesweakly towardsthe Brownian
excursionmeasure� ) . Notethatthereis noneedto renormalizethemeasure
itself:Whenz issmall,andif 5 D issmooth,thenumberof possiblevaluesfor
Ì � 0	 explodeslike z � 1 whereastheproportionof “macroscopic”excursions
(sayof diametergreaterthansomefixed H ) decayslike z , sothatthesetwo
termscancelout.

Hence,theBrownianexcursionmeasurescanbeviewedasscalinglimits
of measureson discreteexcursions.It hasbeenproved (see[26] andthe
referencestherein)that intersectionexponentsfor Brownianmotions(the
exponents� describedin thepresentpaper)canalsobeenviewedasinter-
sectionexponentsbetweensimplerandomwalks,so that looselyspeaking
critical exponentsarepreservedby theinvarianceprinciple.

Duplantier-Kwon conjecturedin [13] that

�� � 1¤ p 	 � p � 2p � 1	
3

and

� � 1¤ p 	 � 4p2 M 1

12 �
In [27], we proved that thereexist two functionsU and Å suchthat for all
� 1
� ����� � � p , 1,

�� � � 1
� ����� � � p 	 � U � 1 � U � � 1	-� ����� � U � � p	$	

and
� � � 1

� ����� � � p 	 � Å2n U � 1 � U � � 1	-� ����� � U � � p 	�	 �
Thesefunctionalrelations,theDuplantier-Kwon conjectures,andthecas-
caderelationsleadto thefollowing conjectures(seeagain[27]):

U � x	 �
Î

24x � 1 M 1Î
24

Å � y	 � � Î 24y � 1 M 1	 2 M 4

48
�

andif weputui �
Î

24� i � 1 M 1 (for i ; D 1 � ����� � pE ),

�� � � 1
� ����� � � p 	 � � 1 � u1 � ����� � up 	 2 M 1

24

� � � 1
� ����� � � p 	 � � u1 � ����� � up 	 2 M 4

48 �
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In particular,

�� � � ¤ p 	 � � 1 � pu	 2 M 1

24
(14)

� � � ¤ p 	 � p2u2 M 4

48
(15)

whereu �
Î

24�^� 1 M 1.

5.2. Self-avoidingwalks

Wenow show how somewell-known conjecturesfor self-avoidingwalksin
2 canbeinterpreted(nonrigorously)in termsof Brownianintersectionex-

ponents.A self-avoidingwalk (SAW) in 2 of N stepsis anearestneighbor
randomwalk path

Ì � � Ì � 0	 � ����� � Ì � N 	$�
with Ì � 0	 � 0 and Ì � j 	^�� Ì � k	 � 0 � j = k � N. We let v N denotethe
setof SAWsof N stepsand . N theuniformprobabilitymeasureon v N. It
is well known (see[28] for detailsonSAWs) that

# v N �b� N � N ���
where � is the (lattice dependent)connective constant.It is generallybe-
lieved that when N � � and in someappropriatescaling limit, the
self-avoiding walk (more precisely, the uniform measureon SAWs) be-
haves (somewhat) in a conformally invariant mannerand that exponents
thatdescribethedecayof non-intersectionprobabilitiesbetweenindepen-
dentself-avoiding walksareindependentof thelatticeusedto definethem.
In particular, DeGennes[9] noticedthatthesecriticalexponentscanbeseen
aslimits when N � 0� of the exponentscorrespondingto the so-called
O � N 	 model.This hasled to somegeneralconjecturesfor theexactvalue
of theseexponents(see[30]).

For instance,it is believedthat

# v N X N
K
� N � N ��� �

for someHxi 0.TheexponentH isbelievedtobelattice-independent(aslong
asit isaregularplanarlattice)andcanbeviewedasanintersectionexponent
asit measuresthedecayof theprobability pN thattwo self-avoiding walks
of N stepsstartedfrom neighboringpointsdo not intersect.If thesetwo
self-avoiding walksdo not intersect,thenthey form (oncegluedtogether)
aself-avoiding walk of 2N steps.Hence,

pN � # v 2N

� # v N 	 2 X
1

N
K � N ��� �
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Conversely, aSAW atapointin its “middle” canbeviewedastwo mutually
avoidingSAWsstartingatthatpoint.It hasbeenpredictedby Nienhuis(see
e.g.[28]) that H � 11% 32.

Anotherexponentis themean-squareddisplacementexponent� defined
by

. N
� � Ï N � 2 �?� N2Ð � N ��� �

This exponentcan also be given in termsof the fractal dimensiond �
1%W� . Oneexpectsthat the pathsof the continuumlimit of SAW will have
dimensiond. Flory first predictedthat � � 3% 4, i.e., thatd � 4% 3, andthis
hasbeenconfirmednonrigorouslyin a numberof ways(seee.g. [28] for
a review).

If Ì 1 � ����� � Ì p denotep independentself-avoiding walks of N steps
startedrespectively from � 1 � 1	 � ����� � � p � 1	 underthe uniform probability
measurePN, thenanexponent{ p canbedefinedby

PN ² 1 � i = j � p 9 Ì i � 0 � N �*�GÌ j � 0 � N � �b� � N � ~ p � N ��� �
Notethat { 2 � H . An explicit prediction(seeformula(20)below) hasbeen
givenfor { p in termsof p byDuplantier-Saleur[14]. Similarly, if H denotes
theupperhalf plane,theexponent �{ p canbedefinedby

PN D ² 1 � i = j � p 9 Ì i � 0 � N �*�GÌ j � 0 � N � �b� and

² 1 � i � p � Ì i � 0 � N � @ H E�� N � �~ p � N ��� �
An explicit formula for �{ p in termsof p hasalso beenconjecturedby
Duplantier-Saleur[14] (seeformula(21)below).

Supposethatthelimit of self-avoidingwalksgivesaconformallyinvari-
antmeasure. SAW asin this paperwith crossingexponent' . Thena SAW
correspondsto “ ' Brownianmotions”for some' . Moreprecisely, consider
a naturalmeasureon self-avoiding excursionsin a disc,andsupposethat
thismeasureconvergesto aconformallyinvariantmeasure. SAW. Define

. 2SAW �¯¢h� . SAW � . SAW 	
themeasureonpairsof non-intersectingself-avoidingexcursions.Onecould
alsoinsteadassumetheconvergenceof measureson discretepairsof non-
intersectingself-avoiding excursionstowardsaCCI measure. 2SAW. Let

' 2SAW �b'�� . 2SAW 	 �
Notethatif ' SAW �b'1� . SAW 	 thenoneexpects' 2SAW � �� ��' SAW � ' SAW 	 .

We conjecturethat a typical SAW which goesa distanceof abouteL

(andhencehasaboutN � edL steps)shouldhave only a few pointswhere
thesecondcoordinateis minimal.(If therearemany suchminima,thereare
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many waysto form new SAWs with only two minima by attachingthree
bonds– i.e.“a tooth”–atoneof theminima.)Hence,if wechoosearandom
pointonsuchaSAW, theprobabilitythatthesecondcoordinateis minimal
shouldbeof ordere� dL . In otherwords,theprobabilitythat two mutually
avoidingSAWs(chosenfromtheuniformdistributiononmutuallyavoiding
SAWsin theannulusof radiuseL) stayin theupperhalf planeshouldbeof
ordere� dL . But by conformalinvariance,themeasureof mutuallyavoiding
pathsin theannulusgoingfromradius1toradiuseL stayingin theupperhalf
planeshouldbethesameastheexponentfor crossingan L wt> rectangle.
Hencewegettheconjecture

' 2SAW � Å �(' 2SAW 	-� d � (16)

A secondconjecturecomesfrom considering

� º¢ L �
º. 2SAW

L

where ¢&�0¢h� . 2SAW � �W	 and � is theBrownian(simplerandomwalk) ex-
cursionmeasure.Wewill usethefollowing rigorousresultin ourheuristics.

Lemma 13. There exist 0 = c1 = c2 = � such that thefollowing is true.
Let A @ 2 bea connectedsubsetand R its diameter, i.e.,

R � supD � x M y � � x � y ; AE �
Let S be a simple randomwalk in 2 started from x ; 2 under the
probabilitymeasure Px, and

Ñ � Ñ A � inf D t , 1 9 S� t	 ; AE �
Then

c1 �
x � A

Px D Ñ , R2 Eo� c2 �
Proof. (sketch)By monotonicityit sufficesto show that

x � A

2R2

j 
 R2

Px D Ñ , j EÒX R2

and

x � A

R2

j 
 R2 ! 2
Px D Ñ , j E1X R2 �



Universalityfor conformallyinvariantintersectionexponents 323

Thesetwo aredonesimilarly; wewill considerthefirst.By reversingpaths,
wecanseethat

x � A

2R2

j 
 R2

Px D Ñ , j E �
y�TÓ 2

Py D R2 � Ñ � 2R2 E �
Theinvarianceprincipleandconnectivity of thesetA canbeusedto show
thatthereis ac i 0 suchthatthenumberof pointswith

Py D R2 � Ñ � 2R2 Eoi c

is at leastcR2. It is notdifficult to estimatetheothertermssothat

y�TÓ 2

Py D R2 � Ñ � 2R2 E�X R2

andprovesthelemma.
It followsfromLemma13,thatif A isaconnectedsubsetof 2 of radius

R andapoint x is chosenfrom A usingtheuniformdistribution on A, then

E Px D Ñ , R2 E X 1

#A �
(Here the expectationis over x.) Note that R2 is the numberof stepsof
asimplerandomwalk neededto obtainapathof radiusaboutR. Usingthis
lemmaasaguide,weconjecturethat

� º¢ L �
º. 2SAW

L

� e� dL �
(Recallthat theSAW in theannulusof radiuseL hasaboutedL points.)In
otherwords,

º'�� . 2SAW � �Q	 � º'r� . 2SAW 	-� d �
But

º'�� . 2SAW � �Q	 � � �(' 2SAW � 1	 �
Hencewegettheconjecture

� �(' 2SAW � 1	 � Å �(' 2SAW 	*� d � (17)

Notethat(16)and(17) imply

' 2SAW � � �(' 2SAW � 1	 �
If this is true,thenLemma10 impliesthat

' 2SAW � 2 �
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This shows that the exponentfor pairsof nonintersectingSAWs in a half
planeshouldbethesameastheexponent for pairsof (intersecting) Brownian
motionsin a half plane.Notethatwe have not usedtheconjecturedvalues
for any of theexponentsin this (nonrigorous)argument.Also, combining
thiswith (16) yields

d � 2 MÔÅ � 2	 �
Recallthatwe know rigorously([22]) that theHausdorff dimensionof the
outerfrontier of a planarBrownianpathis precisely2 M/Å � 2	 , so that this
confirmsMandelbrot’s observation(via simulations,see[29]) on theclose
relationshipbetweenself-avoiding walks andBrownian frontiers.An ex-
tensionof thisargumentevenindicatesthatthey have thesamemultifractal
spectrum(via thecorrespondencederivedin [23]).

We now assumethe conjecturesfor the Brownian exponents,(14)
and(15).Then

d � 2 MPÅ � 2	 � 4

3 �
Therelation ' 2SAW � �� �(' SAW � ' SAW 	 � 2 impliesthat

' SAW � 5

8
�

i.e, thatSAWs shouldbeconsideredas“5 % 8 of a Brownianmotion”. The
interpretationof � �(' ¤ p 	 and �� �(' ¤ p 	 asintersectionexponentssuggestthat
(wenow write '<�b' SAW)

d{ p � � �(' ¤ p 	2M p� �(' 	 (18)

d �{ k � �� �(' ¤ p 	2M p �� �(' 	 � (19)

Using '<� 5% 8 wegettheconjectures

{ p � 9p2 M 5p M 4

64
� (20)

�{ p � 18p2 � 7p

64 � (21)

Theselasttwo conjecturesarepredictionsmadeby [7,14]. In particular,

H � { 2 � 11

32 �
Theproblemwith thisheuristicargument isthat wehaveshownthatthere

is noCCI measurewith '<� 5% 8. Onepossiblewayout is to focusonly on
the (CCI ?) measure. 2SAW given by the union of two mutuallyavoiding
self-avoiding excursionsin a domain(this one would have ' 2SAW � 2).
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Actually, it couldbethatthestrictCCI propertymaynothold in thescaling
limit andthattheremight besomeadditionalmultiplicative scalingfactors
afterconformalmappingsthatdependon thedensityof thelattice(i.e.,on
themetricon theplane).However, webelieve thatthespirit of ourmethod
will beadaptableto theconformalinvariancepropertythatwill holdfor the
scalinglimits of SAW andthattheformal identificationbetween{ p

� �{ p and
theBrownianexponentsmakessense.

5.3. Percolationclusters

Analogousargumentscanbe developedfor percolationclusters.We will
be very brief here.Considerplanarbond percolation(see,e.g., [16]) in
the squarelattice at the critical probability p � 1% 2 (eachbond is open
with probability1% 2).Then,defineameasureonpercolationclusters.More
precisely, takeasimplyconnecteddomainD anddefineD} and 5 D } justas
in Sect.5.1.Performcritical bondpercolationin D} (i.e.onthebondssuch
that at leastoneendis in D } ). Definefor any simply connected“discrete
bridge” K @ D } , the event A � K 	 that the discreteouterboundaryof the
bridge 5 K � D } is thesubsetof anouterboundaryof onesingleclusterand
put

. } � K 	 � P � A � K 	�	 � (22)

This givesa measureon “discretebridges”in D} . Onecanexpectthat . }
will converge (for somewell-chosentopology) when z�� 0� towards
an infinite measure. perc on setsin D. A simpleduality argumentshows
indeedthatthemassof theset of macroscopicbridgeswil l staybounded.The
conformalinvarianceconjecturesfor percolation(seee.g.[20] for a review
andalso[6]) show that it is naturalto conjecturethat this infinite measure
will have a conformalinvarianceproperty. On the otherhand,invariance
underrestrictionof the domainin the discretesettingis a straightforward
consequenceof thedefinition(22)andtheexistenceof thecrossingexponent
seemsto follow from a submultiplicativity argument.Hence,we areled to
conjecturethat . perc is aCCI measure.

Thisleadstoaninterpretationof intersectionexponentsbetweenclusters
in termsof Brownianexponents.Notethatif two independentsuchclusters
do not intersect,thenthey canbeviewedastwo clustersbelongingto the
samepercolationrealization.We do not want to detail heretheargument,
but just in thewaythanfor self-avoiding walks,oneis ledto theconjecture
thatit is possibleto sumupall conjecturesby thesimpleheuristic

“onepercolationcluster� unionof 2 Brownianpaths”
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i.e.

'�� . perc 	 � 2

and this is consistentwith the predictions(seee.g. [15,8,5] and the ref-
erencestherein).In particular, the fractal dimension(andthe multifractal
spectrumviewedfrom outside)of theouterfrontier of a macroscopicper-
colationclusteris identicalto thatof theouterfontier of a planarBrown-
ian path.Similarly, one canrecover the intersectionexponentspredicted
in [15,8] betweenclusters.

5.4. Concludingremarks

The main commonfeaturebetweenself-avoiding walks, percolationand
simplerandomwalksis thefactthatthesearedefinedin a local way.

3 The evolution of a simplerandomwalk in a domaindoesnot depend
onwheretheboundaryof thedomainactuallyis. It hasprobability1% 4
to move in any direction(if the lattice is z 2) regardlessof wherethe
boundaryis.3 Theexistenceof a givenpercolationclusterin a domaindependsonly
on thebondsof thelatticewherethis percolationclusteris; asthestate
of the different edgesare independent,this shows that it is therefore
independentof wheretheboundaryof thedomainis.3 A similar observation may hold for a well-chosenmeasureon self-
avoidingexcursions.

This leadsto thepredictionthat if thediscretemeasureson pathscor-
respondingto oneof thesemodelsconvergeto ameasurewith aconformal
invariancepropertythenthismeasurewill alsohave astrongconformalin-
variancepropertycomparableto theCCI propertydescribedin thepresent
paper.

It is clear that this type of locality propertywill fail for many other
modelsin statisticalphysics,e.g.,theIsingmodelandtheuniformspanning
treemodel.For thelatterwhich is closedrelatedto theloop-erasedrandom
walk,Kenyon[18,19]hasrecentlyderivedrigorouslythevaluesof intersec-
tion exponents.This work confirmsconjecturesderived from nonrigorous
conformalinvarianceassumptions[10,27]. The locality propertydoesnot
holdfor loop-erasedrandomwalks:A loop-erasedrandomwalk “feels” the
boundaryof thedomainvia its erasedloopssothattheexponentscomputed
by Kenyoncannotbeinterpretedin termsof Brownianexponents.It would
beinterestingto seewhethersomeof theconformallyinvariantsetsrecently
constructedby Schramm[33] satisfysucha locality property.
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More generally, oneis led to thefollowing generalconjecture.For any
measureon pathsthat combinesa locality propertyandconformalinvari-
ance,thentheHausdorff dimensionof its outerboundary(andits multifrac-
tal spectrum)is identicalto thatof theouterboundaryof a Brownianpath.
In particular, thedimension4% 3 is universalin thatsense.Fromtheperspec-
tiveof conformalfield theory, this locality propertyseemsto correspondto
“centralcharge0” in thecorrespondingVirasoroalgebra.
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