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Abstract. We constructa classof conformallyinvariantmeasure®n sets(or paths)and
we studythe critical exponentscalledintersectiorexponentsassociatedo thesemeasures.
We shav that theseexponentsexist and that they correspondo intersectionexponents
betweerplanarBrownian motions.More precisely usingthe definitionsandresultsof our
papen[27], we shav thatary setdefinedundersucha conformalinvariantmeasurdehaes
exactly asa pack(containingmaybea non-intger number)of Brownian motionsasfar as
all intersectionexponentsare concernedWe shav how conjecturesaboutexponentsfor
two-dimensionakelf-avoiding walks and critical percolationclusterscanbe reinterpreted
in termsof conjecture®n Brownianexponents.

1. Introduction

Many critical two-dimensionalattice modelsin statisticalphysicsfor in-
stanceself-avoiding walks (polymers)andcritical percolationareconjec-
turedto have continuumlimits thatarein somesenseonformallyinvariant.
This conformalinvariancecan be exploited to obtainpredictionsfor crit-
ical exponentsandtheseconjecturesare consistenwith valuesobtained
by Monte Carlo simulation.It appearsrery difficult to make theseamgu-
mentsrigorous,yet they do suggesthatconformalinvarianceis crucialin
understandinghe behaior of thesesystems.

A mathematicallyanalogousystenthatdoesnotapriori seento corres-
ponddirectlyto amodelfrom statisticalphysicsis non-intersectin@rown-
ianmotionsor non-inersecing simpe randbmwalks,i.e.,random pahstha
canhaveself-intersecting butsuchthatdifferert patrsdonotintersed. This
is anexamplewherethecritical exponentsaremathematicallyvell-defined
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(andtheexponentdor thecontinuumlimit, non-intersectinggrownianmo-

tions,turnoutthesameastheexponentdor thelatticemodel,non-intersect-
ing randomwalks) and conformalinvariancecan be usedto prove some
theoremaboutheexponerns.However, while exactvaluesfor theexponents
have beenconjecturedthesevalueshave notbeenverifiedrigorously

Supposeéhatn + p independenplanarBrownian motionsg?, - - - , g"
and y1, ..., yP are startedfrom points 85 = --- = g = (0,0) and
v == y§ = (1,0) in thecomplex plane,andconsiderthe probability

thatfor all j < nandl < p, thepathsof 8/ uptotimet andof y' uptotime
t do notintersectmoreprecisely:

n p
fop(D) = P(Uﬁi[o, tinlJy'0.11= @).
=1

j=1

It is easyto seethatthis probabilitydecaysast — oo roughlylike apower
of t. The(n, p)-intersectiorexponentt(n, p) is definedasbeingtwice this
power, i.e.,

fop(t) A~ tEMP20 5 00

(we write a(t) ~ b(t) andsay a(t) is logarithmically asymptoticto b(t)
if log(a(t))/log(b(t)) — 1). We call £&(n, p) the intersectionexponent
betweenone paclet of n Brownian motionsand one paclet of p Brown-
ian motions(for a list of referencen Brownian intersectionexponents,
sedg27]). In[27], we shawvedthatthereis anaturalandrigorouswayto gen-
eralizethedefinitionof intersectiorexponentdbetweerpacksof Brownian
motionsto the casewhereeachpackof Brownian motionsis the union of
a“non-integer number”of paths;for instancepnecandefinethe exponent
&(a, o) for ary realsa, o > 1.

In the presentpaper we definea classof measure®n sets(or paths)
that have a certainconformalinvarianceproperty This classof measures
containsBrownian paths(and unionsof independenBrownian pathsand
collectionsof non-intersectind@rownian paths).The nonrigorouspredic-
tions of conformalfield theory suggesthat other 2-dimensionaimodels
may (in the scalinglimit) fit into this cateyory, or at leasthave the same
exponentsaasmeasuredn this cateyory. Examplesare:self-avoiding walks
(or, perhapspairsof non-intersectingelf-avoiding walks)andcritical per
colationclusters.

Themainresultsof thepresenpapercanbelooselyspeakinglescribed
asfollows. Take ameasure. belongingto our conformallyinvariantclass
of measuresThen, thereexists a deterministicnumbera = a(u), such
thatasfar asintersectionexponentsareconcernedthe pathdefinedunder
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themeasurew behaesasapackof a Brownianmotions.For instancethe
intersectionexponentbetweenN independentopiesof the pathsdefined
underu is simplytheintersectiorexponentbetweerN packsof o« Brownian
motionseach.

Thisleadsto thethreefollowing openquestions:

e Are therereally other (i.e. non-Bravnian) measuresn our classof
conformallyinvariantmeasures?

e Dothemeasureassociatetb two-dimensionaself-aoiding walksand
critical percolationclustersconverge (in the scalinglimit) to measures
in the class(or at leastin the same“universality class”asmeasuresn
thisclass)?

o And of courseHow couldwe prove the exactconjecturegor thevalue
of theexponents?

Ourresultsareconsistentvith physicists’predictionsfor valuesof ex-
ponentsandshednew light onwhy theconjecturesor seriesof intersection
exponentdhave thesamegeneraktructurgaquadratidunctionof thenum-
ber of packs)in the differentmodels.Also, they indicatethat if one can
prove rigorouslythe valuesof the exponentsor Brownian motion (or ary
othermeasurean our class),onegetsall otherexponentdor free.In terms
of nonrigorousconformalfield theory(seege.qg.,[17, Chapt.9]), ourresults
couldbeformulatedasfollows: ary intersectiorexponentcorrespondingo
amodelwith centrachageequalto zero canbeinterpreted asaninterecion
exponentbetweerBrownian motions.For instancewe give a nonrigorous
justificationof thefactthattheBrownianfrontier (thefrontierof aconnected
componenbf the complemenof a Brownian path),the “scalinglimit” of
self-avoiding walk, andthat of the outerfrontier of a macroscopicritical
percolationclusterhave the samedimension(and multifractal spectrum).
We also derive (nonrigorously)some (nonrigorously)well-knowvn expo-
nentsfor self-asoiding walk in two dimensionsusing the predictionsfor
Brownianexponentsin particular we discusswhy it is naturalto consider
a self-avoiding walk as“5/8 of a Brownian motion”, andusethis andthe
Brownianconjectureso derive theintersectiorexponentdor self-avoiding
walk. See[12] for asimilar, but somevhatdifferent,nonrigorousargument
thata = 5/8 correspondso self-avoiding walk.

Thepapelis structuredasfollows. In thenext sectionwedefinetheclass
of conformallyinvariantmeaueson“bridges’ in theunit disk, andwe study
someof its propertiesSection3 is devotedto theproofof the“universality”
resultfor measurein this class.In Sect.4, we focuson the corresponding
measuresnbridgesn annuliandtheircorrespondingxponentsin Sect5,
we discusghetwo relatedmodels(planarself-avoiding walks andcritical
percolationfrom a nonrigorousgerspectie.
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2. Conformally invariant measures
2.1. Somepreliminaries

Let D betheopenunitdiscwith boundaryoD. Welet A = (A1, A>) denote
apairof disjointclosedarcsof aD, i.e.

AL = A1, 0p) = | : 0 €[61,0,]},
Az = A(B3, ),
With 01 < 0> < 63 < 04 < 01 + 2. Given A, Ay, we define
As = A(62, 63) and Az = A(0s, 01 + 2m)

sothat A;, A4, A; and Az areorderedcounterclockwis@n theunit circle.
SupposeD’ ¢ D is simply connectecnd

ALUA, Cc oD
By the Riemanrmmappingtheoremthereis aunique

L = L(Ag, Ay; D)
suchthatthereis a conformalmap

V:D - {x+iy:0<x<L,0<y<um}, 1)
with
V(A ={iy:0<y<=<m},
W(A) ={L+iy:0<y<n}.

Wewill call L theextremaldistanceébetweenA; andA, in D’. Ourdefinition
is actuallyz timesthe usualdefinitionof extremaldistanceasin, e.g.,[1].
Forall § € (0, 7/2), define

Vs = (V15, V2,5)
where

Vl’g = A(]T -8, T+ 8),
Vo = A(=38, 8).

Thereexists a uniqgues = §(A;, Ay; D) suchthat thereis a conformal
transformatior®® mappingD’ ontothe unit disc D in suchaway that

® (A1) = Visandd(Az) = Va .



Universalityfor conformallyinvariantintersectiorexponents 295

If we write
L(8) = L(Vys, V25 D),
thens is givenby
L(A1, Ag; D) = L ().
It is notdifficult to shawv thatass — 0+,
L(8) = 2log(1/8) + O(1), 2
sothat
§=<et®2 5§ 5 0+.

(We write < to meanshothsidesarecomparablei.e., eachsideis bounded
by aconstantimesthe otherside.)

2.2. Bridges

Let C denotehesetof all connectedompacsubsetd?® of the closedunit
disc D, suchthat D \ D° consistsof two disjoint connecteccomponents
thatintersectheunitcircle.In particular 9D° N aD consistf two disjoint
arcs(singlepointsareconsideredrcs).We call C the setof bridgesin the
unit disc.

Supposéhat D° € C, thatd,, d, arethetwo connectecomponent®f
oD°NaD, andthatD,; andD; arethetwo connecte@omponentsf D\ D°.
Welabeld;, D,, d, D, in suchawaythatd,, dD, N dD, d,, 9D, N dD are
ordereccounterclockwisarounddD. Therearetwo possibilitiesdepending
on which of thetwo boundaryarcswe call d;. We thereforedefinethe set
C° of pairs(D°, d;) (whered; is oneof thetwo connectecomponent®f
dD° N aD andD° e C). We call Cy the setof orientedbridgesin the unit
disc.When(D®, d;) € C°, we write

d=d, D =Dy, d=d, D' =Dy

(I andr standfor left andright, + and— for abore andbelow). By a slight
aluseof notationwewill oftenidertify D° with (D°, d;). Notethatanelem-
entof C° canbe specifieceitherby giving (D, d;) or by giving (D', D).
Sincewe will beinterestedn intersectiondetweerbridgeswe endav
the setC with the o-field generatedby the r-systemof all setsof the form
{D° e C : D°NK = @} whereK rangesoverthesetC* of all finite unions
of compactconnectedsubsetof D thatintersecthe unit circle. Thereare
otherpossiblechoiceshut this o -field will be suficientfor our purposes.
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Fig. 1. A bridge

Supposenow that A = (A, Ay) is a pair of disjoint arcsas before.
Define

C(A) =C(A, Ay = {(Do, d|) € Co, d c A andd, C Az}.

Thisis thesetof orientedbridgesfrom A; to A, in D. Similarly, if D’ c D
with A; U A, C dD’, we definethe setof orientedbridgesfrom A; to A,
in D’”:

C(A; D) = C(A1, Ap; D)) = {(D° d) e C(A), D°ND c D'}
We will oftenusetheset
Cs =C(Vs) =C(V1s5, Vo)

of orientedbridgesfrom V; s to V, 5 in D.

2.3. Completelyconformalinvariant measues

We arenow readyto defineour classof measuresiWe saythatthemeasure
w onCeis completelyconformallyinvariant(in short:CCl) if it satisfieghe
following two conditions.

e Thereexistsana = a(u) > 0suchthatasé — O+,
wlCs] ~ §%. 3

We call o the crossingexponentof the measureu.
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e SupposeD’ is ary simply connectedubsebf D, A ary disjoint pair of
arcson dD N aD’, and ® the correspondingonformalmapasbefore.
Let u 4 pr betherestrictionof u to the setC(A; D). The conformal
transformatiom givestheimagemeasve o 4 pr (-) = A p (P71(-)
onthesetC(®(A)) = C((P(A1), P(Ay))). Thentheassumptions

Do paDp = Hao).D (4)
(for ary A andD’).

The secondconditionis the mostimportantone; we call it the “con-
formal andrestrictioninvarianceproperty”. Note thatwhen D’ = D, and
when @ is a Mébius transformationjt implies a usual“invarianceunder
Mdbius transformationgroperty” (i.e., if ® is a Mobius transformation
then® o 1 = w). Thisnew propertyis muchstronger

Thecrossingexponenimeasures somesensdnow difficult it is to have
bridgeswith “narrow entrancegates”.

We now list somegenerakconsequencead this definition.

First, note that (3) ensureghat, there exists § > 0 suchthat0 <
unlCs,] < oo sothatthe massof bridgeswith smallentrancegatess finite.
Ontheotherhand,u is necessarilyaninfinite measureTake § = §. It is
easyto constructafamily of disjointarcs(A,, n > 0) suchthatfor ary n,

L(Vis, An; D) = L(V15, Vo 55 D)

andtherefore using(4) andthefactthatthe A,’s aredisjoint,

pICl = Y ulC(Vas, ANl =) ulCsl = +oc.

n>0 n>0

This shaws that it is necessaryo considerinfinite measuresn orderto
geta conformalinvarianceproperty Note thatwe usedonly theinvariance
underMdbiustransformationsere.

Supposethat © is a simply connecteddomain that can be mapped
conformallyontothe unit disc D via a conformalmap . Supposdhat A
is a pair of disjoint arcson 9D asbeforeanddefineU; = ¥—1(A;) and
U, = W~ 1(Ay) (viewed assetsof prime ends,see[31] for moredetails).
Then,the preimageof the measureu on C is a measureon “bridges” in
the domain2. This measurdnheritsthe conformalinvarianceproperties
from u, andthe crossingexponentmeasureshe asymptoticdecayof the
massof the setof “bridges” that connectU; to U, in the limit whenthe
extremaldistancel (Uq, U,; ) tendgoinfinity. Henceu in factrepresents
awhole classof measuresn “bridges” in (almost)ary simply connected
domainin theplane A particularlyimportantexampleistheL x & rectangle
describedn (1) with Uy, U, beingthe verticalboundarieslin this casethe
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rectanglds conformallyequialentto thecircle,andU,, U, canbemapped
conformallyontothearcsV, s, V. s for somes = §(L). Notethat

S(Ly<e 2 L > .

In particular the crossingexponenta canbe interpretedas follows: The
massof the setbridgesbetweenJ; andU, in the L x 7 rectangledecays
roughlylike exp(—aL) whenL — oo.

Proposition 1. For any CCl measue u, the crossingexponenta(w) is
greateror equalto 1.

Proof. Definethe upperandlower half-planes
Ht={zeC : J(2 >0 andH™ ={ze C : J(2) <0).
Forary e € {+, —} andk € {1, 2} andé > O, put
VS5 = Vs N HE
It is very easyto checkthatfor ary § < /4,forary €1, €2 € {—, +},

L (V15 Va3: D) < L(Vis2, Vas/2; D) = L(8/2).

Define
f(8) = wn[Cs] .
Clearly f is anon-decreasinfunctionof § and
f= > ule(vis Vi)l
€1,62€{+,—}
Then,conformalinvarianceandnon-decreasef f shavsthat
f(8) > Z f(6/2) = 41(5/2).
€1,€2€{+,—}

Henceas f isnon-decreasingnd f(8y) < oo weconcludehatthereexists
C < oo suchthatfor ary § < 8o,

f(8) < c8?

sothata(u) > 1 andthis concludeghe proof of the proposition We shall
seethata(u) = 1in thecaseof the Brownianexcursionmeasure.



Universalityfor conformallyinvariantintersectiorexponents 299

Z(T)

Fig. 2. A Brownianexcursion

2.4. Brownianexcursion measue

As a first example,we constructthe Brownian excursionmeasurdan D,
whichwasimplicitly usedin [27].

Lemma 2. Thee existsa CCl measue v correspondindo hulls of Brown-
ian excursionsin D, with ¢(v) = 1.

We will startby definingthe excursionmeasureasa measuren paths
in thehalf-planeH = {z : 3J(2) > 0} andthenuseconformalinvariance
to extendit to othersimply connectedlomains An excursionon adomain
Q is a continuouspath Z : [0, T] — Q for somepositve T, suchthat
Z(0), Z(T) € 02 andZ(0, T) c €. Throughoutthis subsectionywe will
implicitly usethe topology (and weak corvergence)associatedvith the
distancebetweencontinuougpathsZ : [0, T] - CandZ' : [0, T'] —» C
definedby d(Z, Z') = infg sup .1y 1Z(T) — Z'(¢(1))| whereg rangesover
allincreasingijectionsbetweeri0, T]and[0, T']. In particularweidentify
Z andZ’ whenZ' canbeobtainedby increasingeparametrizationf Z.

It6’s one-dimensionaxcursionmeasureés aninfinite measuren paths
Y : [0, T] — [0,00) with Yo, YT = 0andY; > 0for0O <t < T. The
measureanbe constructeds

; ~1
lim € e,
e—0+

where. is the probability measuregiven by startinga Brownian motion

at ¢ andkilling it whenit reacheghe origin (seee.g.[32]). The (two-
dimensiongl excursionmeasurdn the half-planeH startingatx € R is
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the measurey x givenby X; + iY; whereY; is anexcursionand X; is an
independenBrownian motion startingat x and stoppedat the sametime
asY. Thisis aninfinite measurelt canalsobe thoughtof asa consistent
family of finite measureqvy x a} Where A is a closedsubsetof R not
containingx. The measurevy x o denotesthe measurevy x restrictedto
pathsthatterminatein A. If z, € H with z, — X, andvy ,, o denoteshe
measuren Brownian pathsstartedat z, killed uponreachingherealaxis,
restrictedto pathsthathit R at A, thenit is easyto seethat

1
(Zn) "VH,z0, A —> VHx A-

Supposeb : H — H is aMobiustransformatiorwith ®(x) € R. Then
for eachclosedA ¢ Rwith x ¢ A, usingconformailinvarianceof Brownian
motion (andthefactthat ® is continuouson the setof excursionsstarting
atx andendingin A),

; -1
do VH,x,A = lim CD(G VH,x+ie,A)
e—0+

. -1
= liMm € vy oxtie), oA
e—0+

. -1
= liMm € "VH,ax0+i10/(0le+o(e), B(A)
e—0+

= |¢/(X)|VH,CI>(X),<D(A)- (5)

If A1, A, aredisjointclosedsubset®f R, we define
VH A, A, =/ VH, x, Ay dx.
Ar
If ®isaMobiustransformatiorfrom H ontoH,
D ovya A = / D (Vi x Ap) OX
A1
- / 1@/ 1VH, 00,0 OX
Al
= / VH,y,a(A) dY = VH o(A), o(Ay)- (6)
D(A1)

Notethatthe scalingfactor|®’(x)| is balancedy thechangeof variablein
theintegrationover the startingpointsin A;. We now definethe excursion
measurey to betheconsistensetof measuregvy a, a,}, Or equivalently

V= / VH,x OX.
R

Themeasurey is invariantunderMoébiustransformationsf H by (6).
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Supposehat® is aconformalmappingrom H ontoasimplyconnected
domaing, suchthat®’ canbe extendedcontinuouslyto x € R. Let A be
aclosedintenal in R notcontainingx andlet ®(x) = %, ®(A) = A. Then,
we definethemeasureyg, 5 4 onexcursionsin €2, startedrom X by

vQ,f(,A = |CD/(X)| do VH,x, A-

By (5), thisdefinitionis independentf thechoiceof X, A and®. Similarly,
if Ay, Ay aredisjointclosedsubset®f R, ®(A;) = A, P(A)) = Ay, and
@' canbeextendedcontinuousiyto A;, we define

Vo A, Ay = A | D' (X)| D o v x A, OX
1

:[ vQ,y,Az dk(y)
Ar

Here A(-) denotesLebesgueneasureon A;. The measurev,, is defined
similarly.

Supposeow Q2 is a simply connectedsubsetof the upperhalf-plane
whoseboundancontainsarealneighborhooaf x andtheclosedsetA ¢ R
with x ¢ A, andlet ® be a conformalmappingfrom H onto Q with
d(x) = x and®'(x) = 1. Let A = ®~1(A). Conformalinvarianceof
planarBrownianmotionandthefactthat®(x +ie) = X +ie + 0(¢) shaw
easily that vy, 4 is the limit whene — 0 of e"1P*+ where P+ is
the law of Brownian motion B startedfrom x + ie, killed atits first exit
Z(T) of ©, restrictedto theevent Z(T) e A. This shaws readily thatthe
measurey, , 4 canbe obtainedby restrictingvy x to the setof excursions

with Z(0, T) c Q andZ(T) € A:
Vo x,A = VH,x,Al{Z(o,T)cQ}-
Similarly, if Q2 containgdisjointclosedsubsetsA;, A, of R,

Vo, A1 A, = VH AL A L{Z(0.T)c}- (7

For Q = D, weobtaintheexcursionmeasur®nthediskvp. It is easyto
seethatthis is thesameasthelimit of 2re~ timesthe probabilitymeasure
on Brownian pathsstarteduniformly on the circle of radius1 — e, killed
whenthey reachthe unit circle. Supposenow that (asin the definition of
the CCl property) D’ is a simply connectedubsebf the unit disc D, that
the two arcs A; and A, are disjoint subsetsof dD’ N dD, andthat @ is
a conformalmappingfrom D’ onto D thatmapsA; ontoV; s and A, onto
V, s (for well-choserns). By mappingD and D’ backontothe upperhalf-
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plane,andusing(7), we getthatthemeasurep restrictedo theexcursions
suchthat{Z(0) € A, Z(T) € Ay, Z(0, T) C D'}, is theconformalimage
of the measurevp restrictedto {Z(0) € Vi, Z(T) € Vo5}. Also, it is
straightforvardto checkdirectly that

vo({Z(0) € Vi 5, Z(T) € Vo)) ~ 82, whens — 0 +.

To eachexcursionZ in thedisk suchthat Z(0) # Z(T), onecanthe
associatanorientedbridgeasfollows. ConsidethecomplemenD® (in C)
of the unboundedconnecteccomponentof C \ Z[0, T]. In otherwords,
DC is obtainedby filling in the holesof thetraceof Z. Then,(D°, {Z(0)})
is an orientedbridge. It is easyto checkthat the mappingZ +— D° is
measurablesothatarny measureon excursionsdefinesanimagemeasure
on orientedbridges.We usev to denoteto imageof vp. The propertiesof
vp thatwe just derived shav immediatelythat v is a CCl measurewith
a(v) = 1.

2.5. Unionsof bridges

Let p beapositive integerandsupposehat iy, ... , up areCCl measures
onC°. Defineindependentlyi.e. with respecto the productmeasure)

(D7, DY, D7), (D3, D3, D). ... . (D, D, D)

usingthemeasuregs, ... , up respectrely. Thendefine

Df=DiND;N---ND}
D™ =D;NnD;N---NDg.
Let u = U(ua, - -+, up) bethe measurecorrespondingo (D, D7) (re-

strictedto theevent{D* # @ andD~ # @}). It is theneasyto checkthatu
is alsoa CCl measureNotethat

o) = a(py) +a(pnz) +--- +alup).
Thislastprocedurewith
M1 = M2 ="=Up=1V

definesa measurehatwe will denoteby v“P. This is the measuresorres-
pondingto the“unionsof p independenBrownianexcursions”in D.



Universalityfor conformallyinvariantintersectiorexponents 303

3. Intersection exponents
3.1. Intersectionexponentsand crossingexponent

Supposeow thatp > 1 andthatus, ... , up areCCl measuresDefine

(D1, D%.Dy)... . (D} D D)

independently(i.e. accordingto the productmeasurelsingthe measures
Ky - s Mp-

Fig. 3. Threeorderedbridges

We saythatthe p (oriented bridgesD?, ... , D are orderedif

DfNDcCDjy, j=1....,p-1

Let O = O(p) denotethis event.Notethatthis eventis the sameas
D‘j’m D cC Dj+_l, i=2,...,p.
Theintersectionexponentx = (1, - .. , up) is definedby
H1®- - @ up((C)PNO) ~ 6%,  §— O+,

in the casewheresuchan « exists. In otherwords, 8% is the approximate
measuref thesetof bridgessuchthatfor all j’ < jin{1,---, p}, D‘J?, and
D‘J? arein Cs and

Df, stays'strictly belov” DS.
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Note that the intersectionexponenta can be viewed as the crossing
exponentof anothersingle CCl measurdgandthis justifiesthefactthatwe
usethe samenotation).If O is satisfieddefine

+_ pt — pt +
D* = D} = Df N---n D},
D™ =D; =D,n---NDj

andthecorrespondind®. Themeasure.; ® - - - ® up restrictedo theevent
O thusdefinesameasure. = E(uq, - - - , ip), andit is easyto checkthat
thisisaCCl measur®nC°® with crossingexponentx (i) = a(ua, - - - , ip).

3.2. Someesultsfor Brownianintersectionexponents

We now review someof the definitionsandresultsderivedin [27].

e Inthecaseu; = --- = up = v, theexponenta (i, ... , p) is known
to exist andit is exactly the Brownianintersectiorexponentt (12P) for
p Brownianpathsin a half-planeasdefinedin [27].
e Supposehatny, - - - , n, arepositve integers.Thenthe exponent
oM, v

exists.Thisexponents calledthe“intersectionexponentetweerpacks
of Brownianmotionsin the half-plane”andis denotedby

E(Ng, ..., Np).
e Thereexistsauniguenatural(see[27]) extensionof
EGuy oty Ap)
for ary nonn@atve realsi,, ... , A, in suchaway thatfor ary | €
{1,...,p—1},
EQuy oo A EQits oo Ap)) =E(Ay o 4 Ap) (8)

(we calledthisrelationthe“cascadeelation”),andfor ary permutation
ocof{l, ..., p}

Eoys -+ s Motp) = EA1, -+ Ap). 9)

Also,

EOar . 3 0) = E(Aa. ... L Ayp).
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£(1y, .-+, Ap) canbeinterpretedastheintersectiorexponentfor packs
of Brownian motionsin a half-spacesuchthat eachpackis respectiely
theunionof 14, - - - , 1, Brownianpaths(eventhoughthisis notrealizable

whenthe’sarenotintegers).Thevaluesof all exponents aredetermined
by thefunction

n,A) — E(, 1, 0).

Note alsothat A — £(1, 1) is bijective on [0, co) (see[27] for all these
results).

Let usnow sayafew wordsabouthow £(, 1, 2)) canbedefinedin the
presentontet. In orderto clarify thenotationof thesubsequergroofs,we
will usethefollowing notation:SupposéhatW = W° is definedunderthe
CClmeasure. In otherwords,W is thehull of aBrownianexcursionin the
unitdisc(with specifiednitial point). We will write W = D*(W), W~ =
D~ (W) for thecorrespondingets.If W e Cs, definefor € € {+, —},

Vi (W) = Vy 5N WS
V5 5(W) = Vo5 N QWS
L5(W) = L(V,(W), V5 ,(W); W),
Then,theintersectiorexponenté(k, 1, )') is characterizedy therelation:
v (Lwee &xp{ — AL (W) — 'Ly (W)})
~exp|—E0,LA)L©)), §—>0+.

It canbeeasilyshavn usingSchwarz'sinequalityimmediately(se€[27])
thatthe mapping(x, 1) — &(A, 1, )') is conca&e. In [25], the following
resultis proved.

Proposition 3. LetA’ > 0 andletg(x) = £(x, 1, A'). Theng()) is C2 for
A > 0withg’(n) < 0.

Let)’ = 0, andlet
a0 = —E(, 1
ST
Thenthestrict concaity of g canbeusedto shav thatfor everye > 0,

v (1{W6C5}} exp{ — )‘L;}1{|LlS*(W)—a(A)L(S)|§eL(8)}> ~ exp{—&(x, DL (5)}.

Thefollowing lemmais thena simplecorollary of Proposition3.
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Lemma4. Suppose. > OisfixedandthatW : R, — R, isanoninceas-
ing functionsud thatwhens — 0+,

v (Liweey W(L3 (W))) ~ exp{—&(x, DL(3)}

then
() ~ exp(—Aal), | — oo.

Letusnow concludehis sectionwith thefollowing obseration: Define
u = Z(v, v) asin theprevioussectionwith thecorrespondingets

D =D =D NDJ andD™ = D; = D; N D,

(whenthesecondrownianexcursionis “above” thefirst one).Now, if this
eventholds,define
D™ = Dj N D;.

Thisis theset‘between’thetwo excursionsCall 37", 33" thetwo connected
componentsf D™ N aD, and

LM = L(aT, oy, Dm).
Then,defineus ;1 by
dua 1 = exp(—=AL™) dp.

Itiseasytocheckthatu, ; 1 satisfiesheconformakndredrictioninvariance
property(simply becausé." is a conformalinvariant)and(see[27]) thatit
hascrossingexponentt (1, A, 1). Notethatthefunctionx — £(1, £(1, 1))
is abijectionfrom R, onto [£(1, 1), 00), sothat:

Proposition 5. For anyag > £(1, 1), there existsa CCl measue x with
a(p) = ao.

3.3. Universality

Supposeow thatu isaCClmeasur®nC®. Recallthatthisgivesameasure
on pairs (D°, d;), or equivalently on pairs (D", D). If D° € Cs, € €
{+, —}, define, asbefore,

Vs = Vi4(D° = Vi3 N3D"
Vs s = V5 5(D° = Vo5 N 3D"
L§ = L5(D°) = L(Vf;, Vs g D).
Definefor all A > 0ands € (0, /2),
W, L(9) = p(exp{ — AL5} Lpeecy) -
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Thegenenlizedexponenis<(u, 1) is definedby
We(h, L(8) ~ exp{—L(8)B (n, M)}, 8 — O+,
in thecasewheresucha ¢ (u, A) exists.

Theorem 6. Foranya > 0,thegenealizedintersedionexponerts 81 (i, )
and S~ (u, A) exist. They are equal,andthey are alsoequalto

Blu, 1) = E(a(p), 1)

Proof Wewill shawv thatg* (i, 1) = &(a(), A); asimilarargumentworks
for B~ (u, A). Let usfirst introducesomenotation.Supposehat (D°, d,),
or equivalently (D*, D7), is choserusingthe CCl measureu. If D° € Cj,
defineL; asabaove. DefineindependentlyV = W° underthe measure.
In otherwords,W is thehull of aBrownianexcursion.lf W < Cs, we define
LS (W), Ly (W) andthedomainsW*, W~ asbefore.

Supposeaow thatW is “above” D°, i.e.,thatW c D* (moreprecisely
we shouldsayW N D c D7, but for notationaleasewe will write just
W c D*). Let D = D(D°, W) bethedomainbetweenD® andW:

D=D(D°%W) =Dtnw-.
We definethecorrespondingxtremaldistance
|~_5 = |:5(D0, W) = L(Vl,,; N 3'5, V2’5 N 8'5, f))

Let . > 0 befixed. We aregoingto studythe asymptotichehaior as
8§ — 0+ of Q(§) definedby

Q) =pn®v (1{We(,’5,D°eC5,WCD+} exp{ — Al:a}) .

Suppos¢hatweintegratefirstwith respectov. Forary fixedD*, symmetry
of the Brownian excursionmeasuraen D™, which canbe establishedy
conformalinvariance shavs that

v (1{W665,WCD+} expf{ — AE5}> = v (Lwec; wephy exp{ — ALF (W)}).

Hencewe canreplacel s with L3 (W) in thedefinitionof Q(§). In particu-
lar, by changinghe orderof integration,we seethat

Q) = v (Lwecs xp{ — ALF (W)} ({D° € Cs andD° c W™})).

But completeconformalinvarianceof p andthe definition of a(u) shav
thatwhens — 0+,

n({D° e CsandD® c W™}) ~ exp{ — a(u)Ls (W)}.
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Hence,
Q) ~ exp{—E(X, L a())L(8)}, & — 0+. (10)

On the other hand, if we use the initial definition of Q(§) and the
completeconformalinvarianceof ., we seethatwhens — 0+,

QW) =v (1{W€C,;}M[1{D°ec,;,D°cW*} exp{ — M:a}])
= v (Lwecy ¥ (1, Ly (W))) .

We know from (10) thatthis quantityis logarithmicallyasymptotico
exp{—L (&R, 1, a(u)))-
But (8) and(9) imply that
E La(w) =EQL a(w), 1) = E(L E@p), 1).
Hencewe canapplyLemma4 to deducethat
(LD & expi—lE@), b)), |- oo
In otherwords, 8" (u, 1) existsand
B (1, ) = E@(w), 1)
This completeghe proof.

Theorem 7. Supposeéhat 4, ... , up are CCl measues. Thenthe inter-
sectionexponentx(iiy, . .. , iup) eXistsand

(i, o s pp) = E@(1), - -, (1))

Proof We proceedby inductionover p. Thecasep = 1is trivial. Assume
thatp > 2,thata(u, ... , up) existsandis equalto & (ar(2), . . . sa(ip)).

Completeconformalinvarianceof themeasuresgy, . .. , up Shavsimme-
diatelythata(u, ... , up) existsandthat

(X(,LL]_, E) Mp) = ﬁ(uls ‘X(MZ, DR Mp))

Hence,

‘X(Mla e Mp) = S(a(ul)’ 05(#«2, ey /va))
= E(a(ur), E(@(i2), - .., alp)))
= E(a(p1), a(U2), - -+ > a(ip)).

andthetheoremnis proved.
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In particulara(uy, . .. , p) = d(ie@), - - - 5 Ho(py) fOr ary permutation
o of {1,---, p} asé& is invariantunderpermutationHence « is the (“un-
ordered”)intersectiorexponentassociatedo 1, - - - , i in thefollowing
sense:

pi® @ pp({Vi # i’ e{l.....p. DIN DY =@} NcP)
~ exp(—L(®a(pg, ..., up)), 66— 0+.

Indeed.,if the setsD? aredisjoint in Cs, thenfor somepermutations of
{1,...,pl,thep bridges(Dg(l), e, Dg(p)) areordered.

Finally, let us simply rewrite the previous theoremin the casewhere
u1 = --- = pp; it will be useful whenwe will try to interpretsome
conjectures:

Corollary 8. Whenu is a CCl measue, thenfor all p > 1,

a(u®P) = E(a(pn)®P).

RemarkWe couldhave derived Theorenb in thecase, > 1 (andtherefore
alsoTheorem?7 and Corollary 8) without usingthe strict concaity result
(i.e. Lemmad4). More precisely fix A’ > 1, andchooser > 0 suchthat

£(1, 1) = ). DefineQ($) justasin the proof of Theorem6. Equation(10)
shavs that

Q(8) ~ exp{—§(1', (1)L (8)) whens — 0+ .
Ontheotherhand,
Q(8) =  [Lipoecyyv (EXP(—AL™ (W) Liwecs,wept) ] -
But completeconformalinvarianceof v shavs that
v (eXp(—AL*" (W) Liwec,,wept)) =~ exp(—A'L* (y)) whens — 0+ .

Hence(usingsimply the continuity of the mappingx — &(a, 1)), we get
that

Q) ~ W+, L(§)) whens — O+
sothateventually* (u, A') existsandis equalto (), a(1)).

We preferedto give the generalproof of Theorem6 aswe will usean
analogousrgument(involving strict concaity) in thenext section.
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4. Bridgesin annuli
4.1. Conformalinvariantmeasuesin annuli

Supposethat 1 is a CCl measureon C°. As we have alreadyseen,by
conformallytransforminghe measures

vy 5,0 5,D

we canobtainmeasuresn orientedbridgesconnectinglisjoint, connected
subset®f boundarie®f simply connectedlomains Oneimportantfamily
of suchmeasuress the family of measure®sn therectanglessin (1). In
this sectionwe shav thatwe canalsoassociat¢o . afamily of measures
onbridgesin annuli.

Let us first introducesomenotation.For ary | > 0, we definethe
annulusQ;,

Q=1{re’ : 6eR, re(éd).

Theboundaryof Q; consistf theunit circle
Co=1{€’ : 6 [0, 2n)}
andtheoutercircle
C = (" : 0 €0, 2n1).

We will considemmeasuresn the set Z; of connecteccompactsubsetf
Q, thatintersectbothof thesetwo circles.

SupposeK € Z is simply connectedThen, K doesnot disconnect
0 from infinity (thereexists a continuouspathfrom 0 to C; that doesnot
intersectK) and there exists only one connecteccomponentof Q, \ K
thatintersectsoth Cy andC;. We denoteit by A* = A¥#(K). Definealso
A°(K) = Q \ A*. WhenK = A°(K), we saythatK is abridge over Q.
If K isabridge,then

A*NQ =Q \ K.

By slight akuse of notation,we will alsouse A* to denotethe openset
A* N Q. We let ZP bethe setof all bridgesover Q. It is easyto check
that a simply connecteccompactsetK in Z; is a bridgeover Q, if and
only if K NCpandK N C; arenon-emptyconnectedircs(singlepointsare
consideredrcs).

Let § betheinfinite verticalstrip

S={zeC:0< R <},
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andlet
h={iy:0=y=2n}
dp = 02(1) = {l +iy: —00 <y < o0}
It is straightforvard to shav that
L(31, 02; §) = logl + O(D), | — oo.

For eachl, thereis auniques = §(1) suchthatthereis a conformaltrans-
formationy, taking D to § with

W (Vi) = 01, W (Va5) = 2.
From(2) we seethat
sH=1""24+ 01, | — .

Let u beaCClmeasuravith crossingexponentr = «(w). Themeasure
w (restrictedto Cs) givesa measured, () on bridgesin S connectingd;
to 3,. The exponentialmaptakesthesebridgesto compactsetsin Z;. We
will usef, to denotethe measuren Z; derivedfrom w in thisway. Since
theexponentiaimapis notinjective from § to Q,, theimagecompacsetis
not necessarilgimply connectedNotethat

w2y =17, | - oo.

In particular thetotal massof themeasurgoesto zeroslowerthane=2 for
alla> 0.
We definethe measurgi, on 2, by

= ulikezp)-

We canalsoview i, i1, asfamiliesof measuresncompacsetsn cylinders
of heightl (usingthe conformalcorrespondencbetweenthe annulusQ,
andthecylinder Cqy x [0, 17).

We definethe disconnectiorexponentx = a(u) by

mZ) =m2E)~e |- o,

in thecasewheresuchana exists.
Supposel C Q is asimply connectedegion suchthat

do.5 = a3 N Cy,
and

3|’J=3JﬂC|
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arenontriial connectedarcs.Supposelsothat J doesnot disconnecthe
origin, i.e, thatthe origin is in the unboundedccomponenof C \ J. There
existauniques = §(J) andaconformaltransformatiorb from D to J with

D(Vis) =003, DP(Vos) =01 3.

This definesa measured(u) onthe setof K € Z which stayin J. It is
straightforvard to checkthat this is the samemeasureas 1, restrictedto
bridgesthatgo from 9y ; to 9; 5 Stayingin J.

Example:Non-disconnectindgdrownian crossings.In the casewherethe
measureu is v (the measurecorrespondingo Brownian excursions)it is
easyto seethatthe measurey, is the measureorrespondingo Brownian
crossing®of theannulusrestrictedo thosecrossingshatdonotdisconnect
the origin. More precisely pick 89 uniformly on the unit circle. Consider
aBrownianmotionstartedromré® withr > 1 until it exits theannulusQ;.
Keeponly thosepathsthatexit Q; throughtheoutercircle C;, andmultiply
the measureon pathsby (r — 1)~1. Whenr — 1+, this measureon paths
converges to a measureon pathsthat can be interpretedas “Brownian
crossingf Q,”. If we restrictto non-disconnectingrossingsandfill in
theholesof theirtrace we getthemeasure, . We denotethebridgesunder
this measureby W = A°(W) andwe let W = A#(W). We alsocall the
bridgesthe hulls of the Browniancrossings.

4.2. Intersectionexponentsn annuli: Definition

We will definethe intersectionexponentin annulifor orderedp-tuplesof

CCl measureslf p = 1, we definethe intersectionexponentfor annuli

to be the disconnectiorexponentasin Sect.4.1.Let p > 2 andsuppose
M1, ... , ip areCCl measuresSupposehat

(82.89). .. (a5 &)

arechosenindependenthyaccordingto the measuresiy |, ... , fip (asso-
ciatedrespectiely to u1, ... , up). Let O = O(p) betheeventthatthe p
setsAf, ... , A} arepairwisedisjoint,andthatthey areorderedclockwise
in Q.

We saythata = a(u, ..., ip) is theintersectionexponentn annuli
associatedo themeasuregiy, . .. , iy, if

®)_1i2j1(0) ~ exp{—al}, | — oo

in thecasewheresuchana exists.
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Fig. 4. Orderedbridgesin theannulus

Notethat
®F_11j1(0) = ®_11}1(0)
(if thesetsdo notintersecthey necessarilylo notdisconnectheorigin).

As in the previous section,it is easyto seethata (i, ... , up) canbe
viewedasthedisconnectiorexponentassociatedb a singleCCI measure.

Lemma9. Definen = E(us, ... , up) asattheendof Sect.3.1.Then,

a(p) = a(py, -« 5 p)-

Proof. Definethe sets(AY, ..., A9) “independently’(i.e. with respecto
the_productmeasgremsingthemeasureslu, .-+, tp,. Now, discardthem
if O isnottrue.If O istrue,definetheconnectedomponent” of Q, \U;j A‘J?
suchthat

AS, ..., A, A

areorderedclockwisearound0. Let A° = Q, \ A*. Thisdefinesameasure
on bridgesover the annulus Q. It is straightforvard to checkthat this
measures preciselyy wherep = E(uq, ... , 1p)-

4.3. Brownianintersectionexponentsn annuli

In [27], we focusedon the casewherej, = vW™, ..., up = v, Letus
statesomeof theresultsthatwe derivedin thatpaper

e For ary positve integersny, ... , n,, the exponenta(uy, ... , ip) is
well-definedandis denotedby

&Ny, ..., Np).
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e Theresauniquesxtensiorg(iy, ... , Ap) tononngatverealis, ... , A,
satisfying

Ai, Ap =1

for somei # i’ sothaté satisfieghe cascadeelation

EQty oo hp) =E(A oo s AL ERgts -, Ap)),s (11)
foralli < j < p— 1, andthesymmetryrelation
E(Ao(1)s -+ s Ao(p) = E(A1, ..., Ap). (12)
Hereo denotesa permutatiorof {1, ... , p}.

e Thereexists anincreasingfunctionr : [E(1, 1), 00) — R, suchthat

E§=nok.

Note (see[27]) thatthe exponent&(ny, ny) is theintersectiorexponent
for packsof Brownian motionsin the planeasdefinedin theintroduction.
Let usrecallhow the exponentst(1, 1) aredefinedin the presentontext.
SupposéhatW = WP isthehull of anon-disconnectingrowniancrossing
underthemeasure; andlet W# = Q, \ W asbefore.Define

L*(W) = L(Co, Ci; W¥).

Looselyspeaking=-"W) measurekow difficult it is for anotheBrownian
motionto crosstheannuluswithouttouchingW. Then theexponent(1, 1)
is characterizetby therelation:

b (exp{—AL*(W)}) ~ exp{—I&(L 1)}, | — oo.

Schwarz’s inequalityimpliesthat i — £(1, 1) is concae. Onerigorously
known value(see[21]) is &(1, 2) = £(2, 1) = 2, andit is known that

£(1,0) > 0and&(l, A) ~ A/2wheni — oo.
Thisimpliesimmediatelythe following.
Lemma 10. Theonly solutionof
r=E&1,2)
forA>0isA =2.
In [24] it wasshavn thatthefunction
A— &1, Q)

is strictly concae. Hencethe analogueto Lemmad4 holds for & aswell
asé.
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4.4, Intersectionexponentsn annuli; Universality

Supposédhat i is a CCl measurel > 0, andthat K = A°(K) is defined
underthemeasuregy. Let K¥ = A*(K) andlet

L*(K) = L(Co(K), Ci(K); K¥),
where
Co(K) = Co N dK# andC(K) = C, N aK*,

If & > 0, the generalizedntersectionexponentin annuli (associated
to u) B(u, 1) is definedby

i (exp{—AL*(K)}) ~ exp{—IB(u, M)}, | — oo,

provided sucha B(u, 1) exists. We arenow readyto statethe counterpart
of Theoren6 for annuli.

Theorem 11. For any CCI measue 1, andfor any 1 > 1, the exponent
B(u, 1) existsand

B, 2) = &(@(m), ).

Proof Wefirstintroducesomenotation.SupposéhatK is definedusingthe
measurei;, andthat W is definedusingthe non-disconnectin Brownian
crossingmeasure,. We defineL*(K) andL*(W) asbefore.

Suppos¢hatWNKNQ, = ¢¥. NotethatthisisequivalenttoKNQ, ¢ W*
which is equivalentto W N Q; ¢ K¥. Let A*(W, K) be the connected
componenbf K# N W# suchthat

W, A*(W, K), K

areordereccounterclockwis@ theannulusQ,. Definealsothecorrespond-
ing extremaldistance

L*(W, K) = L(Co N aA*(W, K), C N aA*(W, K); A*(W, K)).
Supposéhat) > 1lisfixed.Let)' > 0 bedefinedby
E(L,N) = A.
We aregoingto studythe asymptoticbehaior asl — oo of

Q) = ju ® 1 (Lwnknai=g) eXP{—1'L*(W, K)}) .
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Supposéhatonefirstintegrateswith respecto 1. By conformalinvariance,
for fixed W¥,

i (L cwr eXp{—A'L*(W, K)})
=L (1{D°e(35} eXp{ — )»/L,s_()/)})

wheres is choserin suchawaythatL (§) = L#(W). But this lastquantity
is logarithmicallyasymptotico

exp{—B(u, A)L(8)} = exp{—pB(u, 1 )LF(W)}

when L*’*(V\{) — oo (andthereforealsowhenl — o0). By Theorem6,
Bu, 1) = &(a(n), A). Hence,

Q) ~ B (exp{—& (@), )L (W)}
~ expl—IE(L &), 1))

whenl — oc. From(11)and(12), we seethat
E(L, E(a(p), 1) = E(@(i), E(L, 1)) = E(a(p), 1).

Therefore, )
QW) ~ exp{—l&(a(p), 1)}, | — oc.

Letusnow returnto thedefinitionof Q, andthistime integratefirstwith
respecto v. WhenK is fixed,

B (Lwna ke exp{—A'L*(W, K)})
=V (1{W605} eXp{ - )»/L;_(VV)})

wheres$ is chosenin suchaway that L (§) = L#(K). But this quantityis
logarithmicallyasymptoticdo

exp{—L*(K)&(L, 1)} = exp{—L*(K)A}

whenL#(K) — oo (andthereforealsowhenl — oc). Hence,we finally
seethatthereexistsafunction®(-) suchthat

OX) ~ exp{—AX}, X > o0
suchthat
i (O(L*(K))) ~ exp{—I&(a(w), M)}, | — oo.

Theanalogueof Lemma4 for & canthenbeusedto seethat 8(x, A) exists
andis equalto &(a(w), A).
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Theorem 12. Supposéhatp, ... , up, are CClmeasuesandthat p > 2.
Then theintersectionexponentx (i1, . .. , up) existsand
a(pas -5 mp) = E(@(pa), ..., a(pp)))-

In particular, for any CClI measue 1 andanyinteger p > 2,
a(u®P) = E(@(u)®P).

Proof Supposehat i1, ..., up are p CClI measuresyve have seenthat
a(wi) > 1for all i. Becauseof the completeconformalinvarianceof the
measuresi,, . .. , iLp, Oneseegeadilythat

a(py, ..., up) = a(py, a(pz, ... , ip)).
FromCorollary7, we getthat
a(ua, ..., pwp) = Ea(pa), E(@(ua), . .., a(p))),
andusingthe cascadeelationsfor &, we getimmediately
a(pa, ., pp) = E(@(pa), ..., a(pp)).

Theseconcdequalityin thetheoremis justthefirst equalityin thecasewhere

M1 == [p= M.
Note thatthe symmetryof & impliesthe symmetryof «, i.e., underthe
sameassumptiorasin (12),for ary permutations of {1, ..., p},
&(:U“ls ey ,U“p) = (_X(:U“U(l)a ] ,U“U(p))

Justas for «, this shaws that @ is indeedthe “unordered” intersection
exponentin thesense

®JP:1/1J,| (thesetsA?, ... , A} arepairwisedisjoini)
~ exp{—a (i, ... , up)l}

whenl — oc.

5. Conjecturesand predictions

In contrasto therestof this paperthissectioncontainsonrigorousonsid-
erations.The goal of this sectionis to try to corvince on anheuristiclevel
thatit is possibleto interpretthe conjecturegor non-intersectionbetween
self-avoiding walks or percolationclustersin termsof non-intersections
of Brownian paths.Thesemodelsare believed to behae in a conformally
invariantmanneiin thescalinglimit. We do not give moredetailson what
sucha statemenpreciselymeang(it is actuallynot clearwhatthe precise
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conjectureshouldbe). One could expectthat somewell-chosendiscrete
measure®n paths/setsvill cornverge weakly in the scalinglimit towards
CClmeasurefor atleastmeasurethatsatisfyanalogougonditionsto CCl
measures).

If this is the case,thenour results(or our resultsgeneralizedo the
correspondingompletelyconformalinvarianceproperty)shav thatin the
scalinglimit, aswhat intersectionexponentsare concernedthesemodels
behaelikeageneralizegbackof BrownianexcursionsThisgivesanonrig-
orougustificationto the“equivalence’ betwea thevariousnon-intersecion
exponentonjectureshatwe will present.

5.1. Discreteexcursionmeasug

In this subsectionye pointout somefactsconcerninghediscretecounter
partto the Brownianexcursionmeasure.

Supposehat D is a fixed simply connectedlomainopenboundeddo-
mainin R2. Considefe > 0 andtheset

D, = DN eZ?

the setof pointsof thelattice Z? thatbelongto D. Thediscreteboundary
of D, is simply

D, = A, = {ze €Z? : dist(z, D.) = 1}.

We saythatthe finite sequencev = (w(0), - -- , w(n)) is anexcursionin
D. of lengthn = n(w) if

n>1 w0 € A, wh) € A, {w(),...,wn—1)} cC D, (13)
and
lw(l) —wO)| = w@) —w@)|="--=|wh) —wh—1)|=e

Let Q. denotethe setof suchdiscreteexcursions(with no condition on
n(w)). Notethatit is aninfinite countableset.On ., we definethemeasure
e asfollows: Forary w € €.,

1
pme({w}) = m
Notethatthereareno conditionson w(0) andw(n). In this discretesetting,
“invarianceunderrestrictionof the discretedomain D.” of the measure
is trivial: . (w) is aryway either (274"™)~1 or zero(dependingonly on
whether(13) holdsor not).



Universalityfor conformallyinvariantintersectiorexponents 319

When the meshe of the grid tendsto O, it is easyto seethat this
measureu. (or more precisely the correspondingneasureon suitably
renormalizedcontinuouspaths)corverges weakly towardsthe Brownian
excursionmeasure’. Notethatthereis noneedto renormalizéhemeasure
itself:Whene is small,andif 3D is smooththenumbeiof possblevaluesfor
w(0) explodedike e~ whereasheproportionof “macroscopic’excursions
(sayof diametemgreatethansomefixeds) decaydike ¢, sothatthesetwo
termscancelout.

HencetheBrownianexcursionmeasuresanbeviewedasscalinglimits
of measure®n discreteexcursions.lt hasbeenproved (see[26] andthe
referencesherein)thatintersectionexponentsfor Brownian motions(the
exponentst describedn the presenpaper)canalsobeenviewed asinter
sectionexponentdhetweersimplerandomwalks, so thatlooselyspeaking
critical exponentsarepresered by theinvarianceprinciple.

DuplantierKwon conjecturedn [13] that

s Py __ p(2p+1)
§(1 )——3
and ,
4p- -1
Py _
E1°F) = 2

In [27], we proved thatthereexist two functionsU andn suchthatfor all
)\.l,... ,)\.pz 1,

E(y - hp) =U T UG + ...+ UGp)
and
EOg, ... hp) =noU UMy + -+ + UQp)).

Thesefunctionalrelations,the DuplantierKwon conjecturesandthe cas-
caderelationsleadto thefollowing conjecturegseeagain[27]):

V24x+1-1
V24
(WV24y+1-1°—-4
48 ’
andif weputu; = /24% +1—1(fori € {1,..., p}),

CA4urt-tupi-1

- 24

(Up+---+up?—4
48 ‘

Ux) =

ny) =

E(y--v s hp)

EAg, ..., Ap) =
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In particular
- 1 2_1
goory = CHPI 2 (14)
2012 _ 4
f0:0) = £ (15)

whereu = /240 +1— 1.

5.2. Self-avoidingvalks

We now shawv how somewell-known conjecturegor self-avoiding walksin
7? canbeinterpretednonrigorously)jn termsof Brownianintersectiorex-
ponentsA self-avoidingwalk (SAW) in Z? of N stepds anearesheighbor
randomwalk path

w=[w(0), ..., w(N)]

with w(0) = 0 andw(j) # w(k),0 < j < k < N. Welet Qy denotethe
setof SAWs of N stepsanduy the uniform probabilitymeasuren Qy. It
is well known (se€[28] for detailson SAWSs) that

#on ~ BN, N = oo

whereg is the (lattice dependentronnectie constantlt is generallybe-
lieved that when N — oo and in someappropriatescaling limit, the
self-avoiding walk (more precisely the uniform measureon SAWS) be-
haves (somevhat) in a conformally invariant mannerand that exponents
thatdescribehe decayof non-intersectiomprobabilitiesbetweenindepen-
dentself-avoiding walksareindependenof thelattice usedto definethem.
In particular De Genne$9] noticedthatthesecritical exponentcanbeseen
aslimits whenN — O+ of the exponentscorrespondindo the so-called
O(N) model.This hasled to somegeneralconjecturegor the exactvalue
of theseexponentqseg[30]).
Forinstanceijt is believedthat

#Qn =< N°BN, N — o0,

forsomes > 0.Theexponent is believedto belattice-independerfasiong

asit isaregularplanarattice)andcanbeviewedasanintersectiorexponent
asit measureghe decayof the probability py thattwo self-avoiding walks
of N stepsstartedfrom neighboringpointsdo not intersect.If thesetwo

self-avoiding walks do not intersect thenthey form (oncegluedtogether)
aself-avoiding walk of 2N stepsHence,

#Q0oN 1

= ——- N .
@2 Ne %

PN
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CorverselyaSAW atapointin its “middle” canbeviewedastwo mutually
avoiding SAWs startingatthatpoint. It hasbeenpredictedby Nienhuis(see
e.g.[28]) thats = 11/32.

Anotherexponentis themean-squaredisplacemengxponentv defined
by

pnllon?l~ N, N — oc.

This exponentcan also be given in termsof the fractal dimensiond =
1/v. Oneexpectsthatthe pathsof the continuumlimit of SAW will have
dimensiond. Flory first predictedhatv = 3/4, i.e.,thatd = 4/3, andthis
hasbeenconfirmednonrigorouslyin a numberof ways (seee.qg.[28] for
areview).

If wl, ..., wP denotep independenself-avoiding walks of N steps
startedrespectiely from (1, 1), --- , (p, 1) underthe uniform probability
measurePy, thenanexponentc, canbe definedby

Pv{vi<i<j<p:w[0NNwi(0N=¢~N* N- cc.

Notethatx, = 8. An explicit prediction(seeformula(20) belov) hasbeen
givenfor «, in termsof p by DuplantierSaleur{14]. Similarly, if H denotes
the upperhalf plane the exponentc, canbe definedby

PuiVi<i<j<p: w0 N Nw0 N =¢and
vi<i<p, w'[0 N CcH~N¥* N oo

An explicit formula for k, in termsof p hasalso beenconjecturedby
DuplantierSaleur[14] (seeformula(21) below).

Supposehatthelimit of self-avoiding walksgivesaconformallyinvari-
antmeasurg.S*W asin this paperwith crossingexponente. Thena SAW
correspondso “« Brownianmotions”for somex. More preciselyconsider
a naturalmeasureon self-avoiding excursionsin a disc, and supposehat
this measureonvemgesto a conformallyinvariantmeasure.SAW. Define

2SAW — SAW SAW
i = B>, u2™)

themeasurenpairsof non-intersecing sdf-avoiding excursions.Onecould

alsoinsteadassumehe convergenceof measuresn discretepairsof non-

intersectingself-asoiding excursionsowardsa CCl measurg:?SAV, Let

aZSAW — ZSAW) .

a(u
Notethatif «5"W = o(u5AW) thenoneexpectsa?SAW = & (oSAW, ¢SAW),
We conjecturethat a typical SAW which goesa distanceof aboute-
(andhencehasaboutN = €’ steps)shouldhave only afew pointswhere
thesecondoordinatds minimal. (If therearemary suchminima,thereare
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mary waysto form nev SAWs with only two minima by attachingthree
bonds-i.e."“a tooth"—atoneof theminima.)Hence jf we choosearandom
pointon sucha SAW, theprobabilitythatthe secondtoordinatds minimal

shouldbe of ordere~9-. In otherwords, the probability that two mutually
avoiding SAWSs (choserfrom theuniformdistribution onmutuallyavoiding

SAWsin theannulusof radiuse-) stayin theupperhalf planeshouldbe of

ordere9-. But by conformalinvariancethe measuref mutuallyavoiding

pathsin theannulugyoingfromradiusl toradiuse" stayingin theupperhalf

planeshouldbethe sameasthe exponentfor crossinganL x 7 rectangle.
Hencewe getthe conjecture

(XZSAW — n(aZSAW) + d. (16)
A seconcconjecturecomesfrom considering

|EL |
—2SAW
|/’LL

whereE = E(u?5AW, v) andv is the Brownian (simplerandomwalk) ex-
cursionmeasureWewill usethefollowing rigorousresultin our heuristics.

Lemma13. Thee existO < ¢; < ¢ < oo sud thatthefollowingis true.
Let A C Z? bea connectegubsetind R its diameteri.e.,

R=supg|x—Y|,X ye Al

Let S be a simplerandomwalk in Z? startedfrom x e Z2? under the
probability measue P*, and

t=ta=Iinf{t>1: St) € A}.
Then
<) P{r=R}<c

xXeA
Proof. (sketch)By monotonicityit sufficesto shav that

2R?

Y Pz =R

XeA j=R2

and

R2
Z Z Pt > j} < R

XeA j=R2/2
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Thesawo aredonesimilarly; we will considethefirst. By reversingpaths,
we canseethat

2R?
YX Pr= =) PR <1 <2R.
XeA j=R? yez?

Theinvarianceprincipleandconnectiity of theset A canbe usedto shav
thatthereis ac > 0 suchthatthe numberof pointswith

PYRR<t<2R’} >cC
is atleastcR?. It is notdifficult to estimatethe othertermssothat

ZPV{R2§1:§2R2}XR2

yeZ?

andprovesthelemma.
It follows from Lemmal3, thatif Aisaconnectedubsedf Z?2 of radius
R anda pointx is choserfrom A usingthe uniformdistribution on A, then
1
E[P{r > R}] =< —.
[P = R = oz
(Here the expectationis over x.) Note that R? is the numberof stepsof
asimplerandomwalk neededo obtaina pathof radiusaboutR. Usingthis
lemmaasa guide,we conjecturehat

|EL| __dL

~ e
‘/_LESAW}

(Recallthatthe SAW in the annulusof radiuset hasaboute® points.)In
otherwords,

&(NZSAW’ l)) — &(MZSAW) 4 d.
But
&(MZSAW’ 1)) — S(O(ZSAW, 1)
Hencewe getthe conjecture
E@* W, 1) = n@*>™) +d. (17)
Notethat(16)and(17)imply

O[ZSAW — é(CIZSAW, 1)

If thisis true,thenLemmal0impliesthat

O[ZSAW =2
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This shaws thatthe exponentfor pairsof nonintersectinggAWSs in a half
planeshouldbethesameastheexpmert for pars of (interecing) Brownian
motionsin a half plane.Notethatwe have not usedthe conjecturedralues
for ary of the exponentsn this (nonrigorousymgument.Also, combining
thiswith (16) yields

d=2-—17(2.

Recallthatwe know rigorously([22]) thatthe Hausdorf dimensionof the
outerfrontier of a planarBrownian pathis precisely2 — n(2), sothatthis
confirmsMandelbrots obseration (via simulations see[29]) on theclose
relationshipbetweenself-avoiding walks and Brownian frontiers. An ex-
tensionof thisargumentevenindicateghatthey have thesamemultifractal
spectrum(via the correspondenceerivedin [23]).

We now assumethe conjecturesfor the Brownian exponents,(14)

and(15).Then

4
=2-nQ2) = -.
d n(2) 3

Therelationa?AW = £ (oW, ¢5AW) = 2 impliesthat

i.e, that SAWs shouldbe consideredas“5 /8 of a Brownian motion”. The
interpretatiorof £(a®P) andé (a®P) asintersectionrexponentssuggesthat
(we now write o = o>AW)

dep = £(@®P) — p&(e) (18)
ditk = §(@®P) — pé(w). (19)
Usinga = 5/8 we getthe conjectures
9p?> —5p—4
K'p = T, (20)
. 18p? + 7p
Rp=—Fp (21)
Thesdasttwo conjecturesarepredictionsamadeby [7,14]. In particular
|
-3y

Theproblemwith thisheuristicargumen istha wehaveshownthatthere
is no CCl measurevith « = 5/8. Onepossiblewvay outis to focusonly on
the (CCI ?) measureu?SAW given by the union of two mutually avoiding
self-avoiding excursionsin a domain (this one would have «?S"W = 2).
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Actually, it couldbethatthestrict CCl propertymaynotholdin thescaling
limit andthattheremight be someadditionalmultiplicative scalingfactors
after conformalmappingghatdepencdbon the densityof thelattice(i.e.,on
themetricon the plane).However, we believe thatthe spirit of our method
will beadaptabléo theconformalinvariancepropertythatwill hold for the
scalinglimits of SAW andthattheformalidentificationbetween, k, and
the Brownianexponentsnakessense.

5.3. Percolationclustes

Analogousamgumentscan be developedfor percolationclusters.We will

be very brief here.Considerplanarbond percolation(see,e.g.,[16]) in
the squarelattice at the critical probability p = 1/2 (eachbondis open
with probability1/2). Then,defineameasur@®n percolatiorclustersMore
preciselytake asimply connectedlomainD anddefineD, andaD, justas
in Sect.5.1. Performcritical bondpercolationin D, (i.e.onthebondssuch
thatat leastoneendis in D,). Definefor ary simply connecteddiscrete
bridge” K c D., the event A(K) thatthe discreteouterboundaryof the
bridgedK N D, is thesubsebf anouterboundaryof onesingleclusterand
put

pe(K) = P(A(K)). (22)

This givesa measuren “discretebridges”in D.. Onecanexpectthat 1,
will corverge (for somewell-chosentopology) whene — 0O+ towards
aninfinite measureu ¢ on setsin D. A simpleduality agumentshavs
indeedhatthemasof these of macrescoic bridgeswil | staybounded. The
conformalinvarianceconjecturegor percolation(seee.g.[20] for areview
andalso[6]) shav thatit is naturalto conjecturethatthis infinite measure
will have a conformalinvarianceproperty On the otherhand,invariance
underrestrictionof the domainin the discretesettingis a straightforvard
consequenagf thedefinition (22) andthe existence of thecrossing exponernt
seemgo follow from a submultiplicatvity agument.Hence we areledto
conjecturehat . P9¢ is a CCl measure.

Thisleadgo aninterpretatiorof intersectiorexponentdbetweerclusters
in termsof BrownianexponentsNotethatif two independensuchclusters
do not intersectthenthey canbe viewed astwo clustersbelongingto the
samepercolationrealization.We do not wantto detail herethe agument,
but justin theway thanfor self-avoiding walks,oneis led to the conjecture
thatit is possibleto sumup all conjecturedy the simpleheuristic

“one percolationcluster= unionof 2 Brownianpaths”
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(P =2

andthis is consistentvith the predictions(seee.g.[15,8,5] andthe ref-

erencedherein).In particular the fractal dimension(andthe multifractal
spectrunviewed from outside)of the outerfrontier of a macroscopiper

colationclusteris identicalto that of the outerfontier of a planarBrown-

ian path. Similarly, one canrecover the intersectionexponentspredicted
in [15,8] betweerclusters.

5.4. Concludingremarks

The main commonfeaturebetweenself-asoiding walks, percolationand
simplerandomwalksis thefactthatthesearedefinedin alocal way.

e The evolution of a simplerandomwalk in a domaindoesnot depend
onwheretheboundaryof thedomainactuallyis. It hasprobability1/4
to move in ary direction(if the lattice is €Z?) regardlessof wherethe
boundaryis.

e Theexistenceof a given percolationclusterin a domaindependonly
onthebondsof thelatticewherethis percolationclusteris; asthe state
of the different edgesare independentthis shavs that it is therefore
independentf wherethe boundaryof the domainis.

e A similar obseration may hold for a well-chosenmeasureon self-
avoiding excursions.

This leadsto the predictionthatif the discretemeasure®n pathscor
respondingo oneof thesemodelscorverge to ameasuravith aconformal
invariancepropertythenthis measurevill alsohave a strongconformalin-
variancepropertycomparabldo the CClI propertydescribedn the present
paper

It is clearthat this type of locality propertywill fail for mary other
modelsin statisticaphysicsg.g. thelsingmodelandtheuniformspanning
treemodel.For thelatterwhichis closedrelatedto theloop-erasedandom
walk, Kenyon[18,19] hasrecentlyderivedrigorouslythevaluesof intersec-
tion exponentsThis work confirmsconjecturegierived from nonrigorous
conformalinvarianceassumption$10,27]. Thelocality propertydoesnot
holdfor loop-erasedandomwalks: A loop-erasedandomwalk “feels” the
boundaryof thedomainvia its erasedoopssothatthe exponentsomputed
by Keryoncannotbeinterpretedn termsof Brownianexponentsit would
beinterestingo seewhethersomeof theconformallyinvariantsetsrecently
constructedy Schramn{33] satisfysucha locality property
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More generally oneis led to the following generalconjectureFor ary
measureon pathsthat combinesa locality propertyand conformalinvari-
ancethentheHausdorf dimensiorof its outerboundaryandits multifrac-
tal spectrum)s identicalto thatof the outerboundaryof a Brownian path.
In particularthedimensiond/3is universalin thatsenselFromtheperspec-
tive of conformalfield theory this locality propertyseemgo correspondo
“centralchage0” in thecorrespondingirasoroalgebra.

Adknowledgments. It is a pleasurdo thankBertrandDuplantier Rick Keryon andOded
Schramnfor very usefuldiscussiongandcomments.
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